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Abstract

We consider Lagrange dual problems in which the vector of Lagrange

' multipliers, in addition to the usual nonnegativity conditions, satisfies
certain linear constraints. Of course, the maximum dual value, for such
restricted classes of multipliers, need not equal the primal value, even
if various 'constraint qualifications’ are appended.

' We obtain expressions'for this maximum "constrained dual" value, in
terms of perturbation functions for the primal convex program, and value
functions associated with thc lin.ir constraints. At least some infor-

mation on the primal perturbation functions appears to be necessary in

Badh canea G

order to put upper or lower bounds on the '"constrained dual" value. For i
the case that the constraints are, simply, that a positive weighted sum
of the multipliers shall not exceed some given bound (plus, of course, the i
usual nonnegativities), only two values of an associated one-dimensional

perturbation function is needed to obtain such upper and lower bounds.
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Lagrange Dual Programs with Linear Constraints on the Multipliers

by
C. E. Blair and R. G. Jeroslow

Dedicated to Dick Duffin

Let S be a nonempty convex subset of a vector space and f,gl, oo Byt S=-R
be convex (not necessarily continuous) functions. An ordinsry constrained

convex optimization program (see e.g., [7, Section 28]) is

- mini—~ize f£(x)
(P) subject to gi(x) <0 for1<i<k
and xe8S.

Throughout the paper, we assume that (P) is consistent.

T For amy hj,..uh > 0 the Lagrange dual problem is

k
minimize £(x) + X Aigi(x)
i=1

®,)
subject to x¢S.

The value v(D}\) of (D}\) clearly does not exceed the value v(P) of (P)
and it may be - . One uses the unconstrained optimization problem (Dh) to
give information about the constrained one (P). If v(D) = s;g v(D)\), then
v(D) < v(P). i

In this paper, we study (Dh) for those A > 0 satisfying certain

conditions, for example:

k : - s
(a) Si‘. Ay SM
or
(b) Ay SM, 1 <1<k s P 52
or, more generally, ‘1 8 Y 8 0 >

(c) A <b, where b ¢R" and AcRka.




In other words if T is a finite system of linear constraints on the Ai ’
we are interested in v(nT) = sup {v(DA) IA satisfles 7).

We establish relations between v(DT) and certain relaxations of (P).
In the spirit of Duffin [ 4], Blair [ 1], Charnes, Cooper, and Kortanek
[3], Duffin and Jeroslow [ 5], and Duffin and Karlovitz [6 ], we will
use theorems about systems of linear inequalities systematically.

We begin with the situation in which {) IAA < b, A > 0} is bounded
(i.e., a polytope). This case includes (1) and (2) above; and has

simpler conclusions than the case of arbitrary A, which we treat later.

Section 1: {A |AA <b, A > 0} is bounded

Lemma 1: Let P = {) {Ak <b, A2 0} be nonempty and bounded (i.e., a polytope).

There is no A ¢ P such that
k
(1 £(x) + T M8, (x) 2 L
‘ 1
for every xe¢S, if and only if, there is a single point x €S such that the finite

system of linear inequalities in unknowns )\1, e oy

k
AL <D
k
(5, Zg Ny 2L - £(x)
= i=1
A>0

alone has no solution.




=

Proof: The "if'" part is immediate. We now prove the "only if" part.
Let x ¢S and denote, by 'l‘x c Rk, the set of solutions to Sx. 'I'x is
compact for every x, since it is closed by virtue of being a polyhedron,

and bounded as it is a subset of P. Now N Tx =0 if (1)
xeS

fails. Therefore, there is a finite F £ S such that N Tx is empty, by

xeF
standard compactness results. Then the system of linear inequalities

A\ <D
k
2) > gi(x)xi >L - r(x), for all xe¢F
i=1
A2>0

has no solution.
By the Kuhn-Fourier Theorem [ 8] there are nonnegative w eR", u, eR

such that wA - I u (8;(X),. .8 (x)) >0 and wb+ T u (£(x) - 1) <0.

xeF xeF
Since P is nonempty ux' > 0 for at least one xe¢F. Let N= X u >0,
xeF
and x -% z u x. Since F € S, clearly x¢S. By convexity,

xeF

1 1
f&®) <y xle u £(x) and g, (x) < N uxgi(x). Therefore

g
xeF
VA - NG, (), .. -,8, ) > T and wh + N(f(x) - L)) <0, i.e., the system

(Sx) has no solutions.

Q.E.D.
Theorem 1: Let P be as in the lemma. Let V: Rk - R be defined by:
3) V(u) = max {uk |AA < b, A > 0}.
k

Let p: R = R be defined by:

%) p(u) = inf {£(x) | g, (x) Suy for 1 <4 <k and xeS},
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where we set p(u) =+ if there is no xe$§ satisfying gi(x) < ug for

1<i<k, and r+» = +® for all reals r ¢R. Also, deiine

(5) L = inf {V(u) + p(u)}.
k
ueR
If L = -», then V(Dl) = - for all A satisfying A > 0 and AA <b.
In fact, if L ¢ R U{-=}, then v(D,) < L for all A with X >0, A\ <b.

Moreover, there exists A > 0 with AL < b and v(Dx) = L.

Proof: First, suppose that L eR.
Let A ¢ P. We show thst v(D)\) < L. In fact, if v(D)\) > L, then
for some ¢ > 0,
k
(6) f(x)+ Z A,8,(x) > L+ ¢ for all xeS.
i=1 i®i =
Let u ch be arbitrary. If p(u) #+ =, then p(u) eR, since p(u) = -
is ruled out by LeR (note that V(u) e¢R for all u eRk, by inspection of
(3)). For any xeX(u) = {x eS| g;(x) <u, for 1 <1< k} # 9, (6) gives
k
6)’ £x)+ T Mu >L+e
i=1
as all A\, > 0. From (6)’, it follows at once, by taking the infimum over
x ¢X(u), that
k
7 p(w) + T Aju >L+e.
i=1

Then invoking the definition (3) of V(u), we have

(8) p(u) + V(u) > L+ e.

Also, if p(u) =+ ®, (8) is true. Therefore, (8) holds for all ueRk,

contradicting the definition (5) of L.

R




Continuing with our a;‘st‘nnpt::l.on L ¢R, note that, for any x¢8S,

€)) L - f(x) < L-pgx),...,8,(x))

IA

V(gy(X),--58 (X)),

using u = (gl(x),...,gk(x)) in the definition (5) of L. From (9), (Sx)

has a solution. By Lemma 1, a A, as described in the Theorem, exists.
Finally, suppose that L = - ». Then we repeat the discussion, in

equations (6)-(8), with any finite value L’ replacing L + ¢ on the r.h.s.

in (6). Again, we obtain a contradiction. This proves that v(D)\) = -®

1f A > 0 and A\ <b.
Q.E.D.

The function p above is the usual perturbation function [7]. V is the
criterion '"value function' associated with a linear program, and as is
well known, it can be written as the maximum of finitely many linear
affine functions, each of which corresponds to an extreme point of the

feasible region.

Theorem 1 tells us how good a value we can hope for in the program
(D}\) given that the A must lie in P. Consider a family of polytopes
. {\» | A\ <ab,1>0} for @ > 0, beR", b >D. As o increases, By
becomes larger. Given L we can ask what the smallest o is such that there
exist A cPa with v(Dx) > L. This is a '"converse'" of the question answered

by Theorem 1.

Theorem 2: Let Pa be polytopes as above. Define a ''generalized pertur-

bation function" G: R" = R,. depending on A, by

(10) G(w) = inf {£(x) | subject to x ¢S and (g,(x),.-.,8, (X)) < wiA).

Sl o bttt i WESESERPEVSVIN ST N,




Define a '"modulus'" for L ¢R, by:

(11) hy(A,L) = sup L—‘éﬂl
w0 w b
where we conventionally assign -g =0, (-®) =4+, Lt® =+o, % = -®
for o < 0, % =+ fora >0, L-® = -, and we set G(w) =+ ® if there
m
exists no x ¢S satisfying g.(x) < I w.a,, for 1 <1 <k.
i o j’l j ji = o

Suppose that o > 0, o ¢R, b > 0.
Then there exist A ¢ Po: such that v(D)\) > L if and only 3f o > h.b(A,L).
(In particular, if hb(A,L) =+, then L is not obtainable for any «; and

consequently also, v(D) <L if b'> 0.)

Proof: First we establish the '"only if'" part.

Suppose £(x) + T A (x) > L for all xeS, i.e., v(D)\) > L, with

181

A €P,. Letw> 0. Choose € > 0 and let X be such that, assuming G(w) finite,

t f
(gl(xo),...,gn(xo)) <wA and f(xo) < G(w) + e. Since A ePa,

L-Gw)-e SL-f(x) <IAg (x) < WA < a(wb). Since e was

181
arbitrary, L-G(w) < oz(wtb). The same result holds if G(w) = + ®; and

the same reasoning shows that G(w) = - ®» cannot occur (as v(‘D)\) = -ofor all A > 0).

If w'b # 0, then w >0 (as w> 0 and b > 0), so (L-G(w))/(wtb) < a.
1f w'b = 0, we have L < G(w), and so by our conventions (L -G(w))/(wtb) <a
as @ > 0. Thus hb(A,L) < a, as w > 0 was arbitrary.

We now establish the "if" part. Let o > h.b(A,L). We show the system
(Sx) , with b replaced with ob, has solutions for all xe¢S and apply Lemma 1.

let x ¢8. By the Kuhn-Fourier Theorem, and the fact that Fy is
nonempty, (Sx) has no solutions only if there is a w > 0 such that
th > (gl(x),...,gk(x)) and dwtb <L - f(x). Since L - f(x) <L - G(w),

we obtain aw'd < L - G(w). 1If w'b > 0, we have @ < (L -G(w))/wtb, which

contradicts o > hb(A,L). 1f wtb = 0, we have G(w) < L, hence




(L -G(w))/wr'b = + © by our conventions. Therefore, hb(A,L) =+ o, again
contradicting o > hb(A,L).
Q.E.D,
For the case where some components of b are negative there is the

result:

Theorem 3: Let c€¢R", ¢ >0, P¥ = {A [ >0, A\ <b+ac}, >0, a¢R, and
suppose that P # §, and P, is nonempty and bounded.

Then there exist A eP&k such that v(D)\) > L iff

a3 oop LGl oWb
w20

The proof is essentially the same as that for Theorem 2, which is a
special case.

Theorem 2 for @ = 1 can be rephrased in terms of conjugate functions,
if we restrict G to the domain {w|w > 0}, and P = {A > 0| AN <D} is
nonempty and bounded. Indeed, by Theorem 2, there exists A ¢P with

v(‘D}\) > L if and only if
(12a) 1> (L-Gw))/w'b for all w >0,

or, equivalently,

(12b) wh > L - Gw) for all w > 0, with w'd > 0;
and
(12¢) L - G(w) <0 for all w > 0, with w'd = 0.

Now (12) is in turn equivalent to w'b > L-G(w) for all w > 0, i.e.,
(13) G(w) - w'(-b) > L for all w > 0.

Finally, (13) is equivalent to -Gc(-b) > L, where G° is the conjugate

function for G [71].

——
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We now give some corollaries of the previous results, where the cases

(a) and (b) referred to are those of the introduction.
Corollary 1: There exist A > 0 such that v(D}\) > L and (a) is satisgfied

iff L < inf {Me + h(e)}, where h(e) = inf {f(x) | g;(x) < efor 1 <i<kand xeS}.
e>0

Proof: We take A to be the 1xk matrix of ones and apply Theorem 1.
For any ueRE let o = max {Q, max (ui | 1 <i <k}}. Then V(u) = M and

p(u) > p(@,...,@) so inf {V(u) + p(u)} = inf {Me + h(e)}.
u €>0
Q.E.D.

We note that Corollary 1 aiso tuliows directly from Theorem 2, since,
for a 1 xk matrix of ones, C = h where G is defined in (10) and h is
defined in Corollary 1. Then the condition w'b > L-G(w) for all w > 0,

of the discussion following Theorem 2, becomes w.M > L -h(wl) for all

1
W, = €2 0, and we obtain Corollary 1.

Corollary 2: There exist A such that v(D)‘) > L and (b) is satisfied iff

L < inf {M(Zu) +pw}
u>0
k

Proof: Here A is an identity matrix and V(u) =M £ max {ui,o}. 1f
i=1

! = max {ui,O}, V(u') = V(u) and p(u’) < p(u), so we need only look at

i

those u > 0 in taking inf {V(u) + p(u)}.
u

u

Q.E.D.
Corollary 2 can also be obtained directly from Theorem 2; we omit the
proof.
To give an application of these results in a computational setting,
we take Theorem 2 for the case of one row (m=1); in particular, we
focus on the case (a) of the introduction for M=1 (though the case of

k

a constraint £ a,A, < 1, for all a
1 i1 - i

a perturbation function h(e) of Corollary 1 is involved in obtaining

> 0, is similarly treated). Since




upper bounds on v(DX), which already embodies a significant amount of
information on the primal problem (P) (note that h(0) aione is the value
of (P)), our bounds will necessarily require some knowledge of the primal
problem. It turns out, however, that to get bounds on hb(A,L) of

Theorem 2 in this case, does not r2quire a knowledge of all of h, but
only of h(el) and h(ez) for values 0 < € < €, The analysis follows

in the next paragraphs; it is straightforward.

One trivially proves that G as defined in (10) is convex on its
domain. By the paragraph foliowing vorollary 1, so is h of Corollary 1.
Now assume that h(0) is defined (i.e., (P) has finite value v(P)) and
h(e) is defined for at least one ¢ > 0. (From Theorem 2, if h(e) =-
for any ¢ > 0, then V(Dk) =-o for all A > 0.) By convexity, h(e) is
then defined for all ¢ > 0, and continuous for e¢ > 0; clearly, h is
nonincreasing in ¢ > 0. Therefore, the graph of h looks like the
function drawn in Figure 1.

In Figure 1, we have drawn the case where L# = sup {h(e) | ¢ > 0}
< h(0) = v(P), vhich can occur if h is discontinuous at its boundary
point ¢ = 0 (of course, L# = h(0) = v(P) is forced if there is a Slater
point for (P), for then h(e) is defined for some ¢ < 0 and 0 is an
interior point of the domain of h, hence a point of continuity). This
need not be the case; if h is continuous at ¢ = 0, L# = h(0) = v(P).
Also in Figure 1, we have h’/ (0) = - », where h'(O) indicates the right
directional derivative of h at 0, which exists as h is convex. This
also need not be the case, for h/ (0) >- = is possible, and then (as
h’ (0) < 0 by monotonicity) h’ (0) would be finite. Thus there are

actually four possibilities at e¢ = 0 in drawing the graph of h
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E Now assume that h(0) is defined (i.e., (P) has finite value v(P)) and
h(e) is defined for at least one ¢ > 0. (From Theorem 2, if h(eg) =~
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(corresponding to L# < v(P) or L# = v(P), and h’ (0) = -« or h’/ (0) >-=),

of which we have drawn only one. Furthermore, in our picture h has a
horizontal asymptote, which simply means that the criterion function £ ﬁ
of (P) is bounded below; but this need not be the case in general.

Note that Poz’ as defined above Theorem 2, is always nonempty for all

a > 0, for the constraint (a) with M=1. By Theorem 2, there exists A

k
with A > 0 and T )‘i <« if and only if o > hb(A,L). The supremum quotient ]
1 {
| on the r.h.s. in (11) has an interesting interpretation; here w = (wl) and |
- b= (b)) = (1). {1

For this quotient to be finite, one certainly requires (L -G(0))/(0-1) ]
= (L-h(0))/0 <+, which, by the conventions in Theorem 2, necessitates
L <h(0) = v(P). This fact is well known: the dual value v(D) cannot
exceed v(P).

Moreover, in addition to L < v(P), for this quotient to be finite
for L = L#, requires that the right-s.ided directional derivative g' (e) |
of the function g(e) be finite at zero, where g is the continuous convex |
function defined by: i

L#, if ¢ = 0; ;
(14) gle) = |
h(e), 1f ¢ > 0.

Indeed, the supremum quotient on the r.h.s. in (11), for w = (wl) >0,
d ' is simply the negative of this right-sided directional derivative. Thus,

when (as in Figure 1) this directional derivative is - «, one has

fach

i

V(Dl) < 1# for all A > 0 (as @ = +® is forced, by Theorem 2); when this

i
i
;i directional derivative is finite, there is A > 0 with v(D,) = L# and in i i
| K !
¥ fact ¥ }‘i < -g' (0) = hl(A,L#) (by Theorem 2). By the same reasoning,
1
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one camnot have vCDk) 2L for A >0, if L > L#, for then the r.h.s. in

(11) must be unbounded: this is a consequence of the well-known fact

that lim {p(cl,...,ck)l ¢1,...,ek\;6+} is the value of the dual in (P).
Now the analysis of the previous paragraph extends to a point

¢* > 0, for this yields a convex program when translated to the origin

(using convex constraints g_{x)-e* <0, for 1 <i <k). Thus, the

negative of the right-sided directional derivative of g at ¢ = e*

k
(which is that of h, by continuity at ¢ = e¢*) is a lower bound on I Ai

1
for the translated program. By convexity of h, this directional

derivative is not less thau the directional derivative at ¢ = 0. Hence,
k

a lower bound on I Ai for (P) is -h(e*) for any ¢* > 0. (Since h(e) is
defined also for é < ¢ < e¢*, the same is true of the left-sided
directional derivative, by convexity of h, and the left-sided derivative
of course gives a better lower bound. In Figure 1, we have drawn the
case that h is differentiable at ¢ = e*,)

Now the directional derivative of a perturbation function can be
hard to compute, but again the convexity of h simplifies the matter.
In fact, if we tnow h(el) and h(cz) for two values 0 < €1 < € then a
lower bound on T ki is given by the negative of the slope of the secant

1
line CD, to whit,

(15) (h(‘l) = h(ez))/(ez far 31)'

Indeed, this secant line has slope not less than h'(el), and -h'(cl) is
k
a lower bound on £ hi. Clearly, the lower bound given by (15) improves
1
as ¢, nears zero, and €, > ¢ is nearer to € - k
However, all the quantities (15) are lower bounds on T Ai. If,
1
in a computational setting, any of these bounds (15) is excessively large,

et e o P—

Y, 2 et - s
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one knows that the theoretically optimal dual value L# = v(0) cannot be
computationally attained, and one will have to settle for a lower value
L < L#.

For L < L#, the supremum quotient in equation (11) clearly gives
the negative of the slope of a line through (0,L) that is tangent to
the graph of h(-), or, lacking such a point of tangency, asymptotic to it
or parallel to an asymptote of it. Clearly, if the directional derivative
at ¢ = <, > 0 intersects the vertical axis in Figure 1 at a point not below
L, then € is at or to the leit of this point of tangency, if it exists (if
an asymptote exists, we view all ¢ > 0 as "to the left of'" the "point of
tangency'"). Hence an upper bound on % ki to attain vQDA) > L is -hf(cz),
so another (generally weaker) upper bound is given by (15). Thus, if the
value of (15) is computationaliy feasible, it yields a number L such that

V(DA) > L for some A > 0 with ? ki computationally feasible.

Section 2: {A |A\ <b, A > 0} may be unbounded

One way of approaching the case treated in this section is by a simple
reduction to the bounded case of the previous section. Again
P={\]A <b, A >0}, V(u) is as defined in equation (3), and p(u) is

defined as in equation (4). We shall also need the notationms:

k
(16) P/ ={\|AA <b, A >0, A, <M}
M = B
and
’ - /
(17 vy (u) = max {m]xepn].

Here is a result one can obtain as an immediate application of

Theorem 1.




Corollary 3: Suppose that P ¥ §, and set

(18) L¥ = lm  inf [v&(u) + p(uw)}.
M= +o ueR

If L* ¢RU {-=}, then v(D,) < L* for all A with A > 0 and Ak <b.
Moreover, if L* ¢R and L’ < L*, there exists A > 0 with AA <b and
!

Finally, I*¢RU{-=].

Proof: C(Clearly, V;I(u) is monotone nondecreasing in M for any u eRk,

hence the same is true of inf {V;{(u) + p(u)}. Thus, the limit indicated
ueR

in (18) exists.

If L* = - o, then by monotonicity infk {V;((u) + p(u)} = -=
ueR

for all M > 0. If A > O satisfies A\ < b, then ) ep{4 for sufficiently
large M, and Theorem 1 applies, showing v(D)\) = -0,

If L*eR, let L# > L*. By momotonicity, inf {V;i(u) + p(u)} < L#
ueR

for all M. If A > O satisfies AA < b, then A el’;4 for sufficiently
large M, and by 'mgorem 1 we have v(P)\) < L#. Since v(P)\) < L# holds
for all L# > L*, actually we have V(PA) < L* also.

Next, if L’ < L*, by monotonicity, for sufficiently large M,

'.!.nf.k {v;d(u) + p(u)} >L'. By Theorem 1, for M, sufficiently large,
ueR

‘there is A ¢P/, & P with v(D, ) = inf {v/ (u) + p(u)} > L’.
M0 A uch M0

Fihally, by the last para;raph, if L* = +® then v(D)\) > v(P) for
some )\ ¢P, since (P) is assumed consistent. However, as v(D) < v(P),
and v(D) = sup [v(D)‘) | A > 0}, we have a contradiction.

Q.E.D.

dhatitian o s s
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The proof of Corollary 3 makes it evident, that there is )\ ¢ P with

v(DA) = L% if and only if the limiting operation in (18) is vacuous, i.e.,

if and only if

; (19) L* = inf {VL(u) + p(u)} '
ueR |

for all sufficiently large M.

It is clear that
3 (20) V;I(U) + p(u) < V(u) + p(u)
E for all ueRk, where one may interpret « -« on the r.h.s. of (20) to be -=.

Taking the infimum over u ¢R* and then applying the limiting operation to

i both sides of (20) yields

(21) L* < inf, {V(u) + p(w)}.
ueR

However, unlike the bounded case, strict inequality can occur in (21), i.e.,

one can have

(22) sup {v(,) [AeP} < inik {V(u) + pu)}
ue

as our next example shows.

Example. Let P = {A [A > 0}. Then we have for uch, u = (u,4,),

0, :lfuISOanduZSO;
1 (23) V(u) = |
d +o, ifu1>00ru2>0; 5
and |
} 1 0, if u; < 0andu, <0;
- (24) v, (v) =

M max {ul,uz], if u >0 or u, > 0.
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We calculate, using the fact that p(u) is monotone non-increasing in u,

(25) inf. {V(u) + p(u)} = inf {p(u)| u; <0 and u, < 0}

uch
= p(0)

provided that p(u) is never - .

Now p(0) is the value v(P) of the primal problem (P), while
v(D) = sup {v(D)\) | x > 0} is the value of the dual. As is well-known,
one can have v(DA) < v(P) even if p(u) is never - o,
For example, in R® with & = [(wl,wz) le >0 and w, > 0}, £(x) = £(w;,v,)
= max {-1,-./71w—2] (recall that JTWZ is concave), k = 1, g, (x) = g;(w;,w,)
= w,, we have v(P) = p(0) = 0. However, p(u) = inf {max {-1,-,[‘Twz H wy < ul
3 is such that p(u) = +® if u <0, p(u) = -1 if u > 0 (since -,/uw, < -1 for
| w, > 0 sufficiently large, whenever u > 0). Therefore v(D) = lim {p(u)|ud 0+}
= -1 < v(P) (or one may demonstrate that v(D) = -1 directly). In this
example, all functions are continuous on S.
Without introducing some form of '"constraint qualification' which
rules out examples of the type just given, there is another result, beyond
that of Corollary 3, which involves a different analysis. First we need a

preliminary lemma on semi-infinite systems of linear inequalities.

Lemma 2: Let ai ¢R", bi eR for i¢I, I # . If the semi-infinite system

(26) alx>b, 1er1

is inconsistent, and F & I is a finite subset of I, there exists ¢ cRu, deR
such that cx > d is obtained as a nonnegative linear combination of the

inequalities alx 2by, 1e¢F (plus possibly a decrease in the right-hand-side),

with the property that the semi-infinite system
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(26)’ aibe ieI\F

T
cx >d
is also inconsistent.
In particular, for F fixed and finite, F € I, if every system of the
form (26)’ is conmsistent, with cx > d obtained as described, then (26) is

also consistent.

Proof: LetQ; = {x | alx >b,, ieF} and let Q, = {x | alx >b,, i ¢I\F}.
Both Q, and Q, are closed convex sets, and an Q, = P by the inconsistency
of (26).

Suppose first that Q, # #. Let cx > d be a hyperplane which strictly 1
separates Q, from Qs i.e., cx > d for x€eQ; and cx < d for X €Q,- Then
since a'x >b,, i¢F, implies cx > d and Q # #, cx > d is a nonnegative
combination of the inequalities of Ql’ with possibly a decrease in the
r.h.s. d. Since cx <d for all x¢Q,, (26)’ is inconsistent. E

Next, suppose Q1 = f. Then O'x > 1 is obtainable as a nonnegative
combination of the constraints of Q. Take ¢ =0, d =1 in (26)’, and

note that (26)’ is clearly inconsistent.

Q.E.D.
The following is a version of the alternative result that we mentioned

above Lemma 2; we will rephrase it in final form as Theorem 4 below

(compare Lemma 3 with Lemma 1).

lemma 3: Suppose that P ¥ §.
There is no A ¢P with v(D)‘) > L if and only if there is a u ch with

V(u) <+ o such that for every M, there is an x such that the finite system

of inequalities




.

-

is inconsistent.

Proof: The existence of )\ ¢P such that V(Dl) > L is precisely equivalent

to the consistency of the semi-infinite system

(28) A <b 1
k
z Si(x))\i Z L~ f(X), xeS
1=1 :
x> 0. ]

By Lemma 2, (28) is inconsistent if and only if there exists a vector

of multipliers © > 0 such that :

6A\ < @b

k
(28)’ z

; si(x)li >L - f(x), xeS :

1

A>0

is inconsistent. Put u = @A; since V(u) < 6b, we see that V(u) <+

and (28)’ remains inconsistent with V(u) replacing 6b.

Thus, for any M, the following semi-infinite system is inconsistent:




e |

¢
i
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(284 uk < V(u)

k
z gi(x))\i >L - £f(x), xeS
i=1

k

£ A <N

g2 L

A>0

Since the polyhedron QM = {\ > 0] il%l Ay <M, u\ <V(u)} is either empty
or nonempty and bounded, by Lemma 1 (with P replaced by QM) there is an x
such that (27)5,}1,11 is inconsistent.
Q.E.D.

As preliminary remarks to Theorem 4 just below, we note that always
V(u) > - since P # f. Also, V(u) is convex, as is well-known (for
example, note that V(u) = min {6b | @A > u, @ > 0} if V(u) <+, from
duality; and a minimizing linear program is convex in its r.h.s. u).
Clearly, V(qu) = oV(u) for all o > 0, when V(u) <+ >,

Lemma 3 can be rephrased, in terms of the perturbation fumctiom p,

as follows.

Theorem 4: Suppose that P ¢ #. Define

(29) J = inf  lim inf {aW(u) + p(ou + Be)}
ueR p=0 a>0
V(u) <+

where e = (1,...,1)" is a vector of one's. Then:

(30a) If L < J, there exists A ¢P with v(DA) > L.

(30b) If L > J, there does not exist A ¢P with v(b)‘) > L.

i.e., J = L*, where L* is given in equation (18).
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Proof: We first prove (30a). Fix u eRk with V(u) <+, Define the
function
(31) h @) = inf {aV(u) + p(ou + ge)].

>0
We note that hu is a convex function of . In fact, let Bl’ 52 > 0 be

given and let Py > hu(sl), P, > hu(ﬁz). Then there exists ¥, ¥ > 0 with

(32a) P, > dlv(u) + p(alu + B le)

(32b) P, > ozzv(u) + p(ozzu + ﬂze).

Now if 0 <A <1, using the convexity of V and p, we obtain from (32)
(33) Ap, + (1-Mp, > )\V(alu) + (1 -)\)V(azu)

+Ap(@u +gie) + (1-1)p(ayu + Boe)

v

V(()\arl + (1 -)\)az)u)

+ P(()\O'l + (1 ')\)az)u+ O\Bl + (l'l)pz)e)

v

inf {V(u) + plau + OB, + (L-1B,)e)}
a>0 d

hy OBy + (1-2),).

Since p, > h ) and p, > h_ (,) were arbitrary, from (33) we obtain
17 %1 2 "av2

Xhual) + (1 -A)hu(pz) > hu()\pl + (1 -x)pz) and our proof of the convexity ‘

of hu(-) is complete.
Let L < J. Then, by the definition of J as the r.h.s. of (29), also
L < 11m+ h B). Using the convexity of h (+), h ®) > L - Mp for all
B\0 u u u
p > 0, provided only that M is chosen sufficiently large (M need only not

be less than the negative of the slope of the line through (0,L), which

R0 St e N o TN S AP e 3 N B R SR e 3 At e e L Wb G T i e § T ——
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is either tangent or asymptotic to the curve given by v = hu(B) for
k
B >0). since P # §, ve can also assume that there is A ¢P with ), <M.
1

We now prove that, for any x ¢S, the system (27)x u 18 consistent.

M,
Then by Lemma 3, there is A ¢P with v(‘D)\) > L and we have (30a).

Now if (27) is inconsistent, let ¢ > 0 be the multiplier on the

Xx,M,u
first row, 8§ > 0 the multiplier for the second row, and > O the

multiplier on the third row, such that, by the Kuhn-Fourier Theorem [8],

(34a) au - 8(g;(X)5--.,8,(x)) +Be 20

(34b) avV(u) + §(£(x) - L) + pM < 0.

In (34), we must have § > 0, since the system (27)
k E’M,u

deleted, is consistent (let x ¢ P be such that T }‘i < M; then A solves this
1
system). Without loss of generality, 6§ = 1.

Now (34a) becomes
(35) (8(%)5:-.,8,(x)) <au + e
so that f(x) > p(eu + Pe). Combining this with (34b), we obtain
(36) aV(u) + p(ou + fe) <L - BM

from which follows hu@) <L - BM. However, from the choice of M,
hu(ﬁ) > L - BM, and we have a contradiction. Thus (27)x,M,u cannot be
inconsistent. %

We next prove (30b). First assume J > -, Let L > J, and choose
n so that L > J + 3/n. Then for some u eRk with V(u) <+ o, we have

11m+ h @) <J+ 1/n. Let M be arbitrary. For all g sufficiently small,
BNO

there exists an o > 0 with

, with the second row
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[ (36) aV(u) + p(ou +Be) < J + 2/n.
By choosing § so small that BM < 1/n, we have
a7 aV(u) + p(ou + Pe) + pM < L. 1

From (37), there exists a vector x ¢S with

(3&) (31(5)3"°’gk(§_)) Sotu+ﬁe
{ (38b) av(u) + (£(x)-L) +BM < 0.
; Now (38) shows that (27) . is inconsistent. Since M was arbitrary,
X,M,u

[“ Lemma 3 shows that V(D)\) > L is impossible for A eP.
In the case J =-®, (37) is easily obtained, and the same argument
will work.
Q.E.D.
Our next and final characterization of sup {V(DA) | A P} for the

case of P # P and P possibly unbounded, is a direct application of

Theorem 3. First we define the altered perturbation function, depending
on A, by:
39) H(w,w ;) = inf {£(x) | subject to x ¢S and (81 (%)« - 58 (X))
SwA+ wm_'_le]
mt1 m T
where (w,wmi_l) ¢R ,weR , and e = (1,...,1)" is again the vector of
one's (compare (39) with (10)). Now (39) is easily seen to be the

previous perturbation function of type (10) for the constraint system

A\ b 0
40) |3 < + o
ZA Y 1
1 1
k
in which a row Z Ay 2 1 has been added to the constraints of P to
1

obtain a bounded polyhedron, and y ¢R.

PR reees
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Theorem 5: Suppose that P # f and b > 0.
There exists A € P such that V(DX) > L if and only if the supremum

41) o= sup L - H(w,wn+1) - Wb)/wn-i-l

w,wm_lzo

is finite. When this supremum is finite, in fact there is A ¢P with
v(‘D)\) > L and l% )‘i = ¢o; and there is no A ¢P with v(D)\) > L and % )‘1 <o.
Proof: We apply Theorem 3 with (:) replacing b, and with ((D replacing c,
where y = min [;I: Ay | A eP}.
Q.E.D.
It is worth noting that, in 'I‘heoremé 4 ax_u? 5 (the Vh]'.atter with H as
defined in (39)), the vector e can be replaced by any vector with all

components strictly positive. In fact, the same proofs are valid with

this change.

June 16, 1978
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