
Ii— — 
__ --. — 

— —

A0 A057 Sole AIRESEARCH MFG CO OF ARIZONA PHOENIX F/S 20/i
TRANSOtIIC 3—0 FLOW ANALYSIS OC COMPRESSOR CASCADE WITH SPLITTfl—ETC(U)
MAY 76 P R DOUSE. L S LIEBER F33615 76 C—2071

IiMCLASS IF I • 21—252U (3) AFAPL —TR—7 R—23 ML

.

~~~~~~

. . 

~ E!~ PUU I
I_I!_ _

Sn’
~J1IflCBUDUIII WI,

_ 
_ _ _ _ _

IL 
1± I .

•.



- V ~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

c3~ LEVEL~-AFAPL-TR-78--23
21-2524(3)

TRANSONIC 3-D FLOW ANAL YSIS OF

~ COMPRESSOR CASCADE WITH SPLITTER VANES

P. R. Dodge and L. S. Lieber

AIRESEARCH MANUFACTURING COMPANY OF ARIZONA
A Division of The Garrett Corporation
111 South 34th Street
Phoenix , Arizona 85034

MAY 1978

Fina l Report for Period 13 Februa ry 1916 — 13 February 1918

D D C
Approved for public release; distribution unlimited. 1] AUG 15 1978

AIR FORCE PROPULSION LABORATORY
AIR FORCE WRIGHT AERONAUTICAL LABORATORIES
AIR FORCE SYSTEMS COMMAND

~~~ WRIGHT-PATTERSON AiR FORCE BASE, OHIO 45433

78 ~~ ~7 ~~~
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ j



-~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

1 •

NOTICE

When Government drawings , specifications, or other data are
used for any purpose other than in connection with a definitely
related Government procurement operation, the United States
Government thereby incurs no responsibility nor any obligation
whatsoever; and the fact that the government may have formulated,
furnished , or in any way supplied the said drawings, specifica—
tions, or other data, is not to be regarded by implication or
otherwise as in any manner licensing the holder or any other
person or coporation, or conveying any rights or permission to
manufacture, use, or sell any patented invention that may in any
way be related thereto.

This report has been reviewed by the Information Office (01)
and is releasable to the National Technical Information Service
(NTIS). At NTIS, it will be available to the general public,
including foreign nations.

This technical report has been reviewed and is approved for
publication.

c~~%~ fi ~L~44Z~5— 5~’7~~~~’ARTHUR J. WENNERSTROM WALKER H. MITCHELL
Project Engineer Acting Chief , Technology Branch

For the Commander

H. I ,, BUSH
Deputy Dir.ot~~
Turbine Bngine DiviCt~~

“If  your address has changed , if you wish to be removed from
our mailing list , or if the addressee is no longer employed by
your organization please notify A. 3. Wennerstrom (AFAPL/TBX) ,
W-PAFB, OH 45433 to help us maintain a current mailing lift” .

Copies of this report should not be returned unless return is
required by security considerations, contractual obligations,
or notice on a specific document.

AIR FORCE/567$O,I14 July 1978 — 200



— - ~~~~~~~~~~~ ‘~~~~~~~~~~~~ ~~~~~~~~~ 
—

~

)
Unclassified

siCurnTv,~ CT~.Ic. CAv, o N OF 1’Hl8 .*oc (I~ gi~ D.i. £.,.r. Ø

7 (j  ~j’) REPORT DOCUMENTATION PAGE BEFOR E COMPLE Tt NG FORII( ~~ _ _ _ .. a. GOV1 ACCt$~ SON NO 3. 8 Nt ’ $ C A TA ~~0G

>~ ~FAPL~~ R~~~~~~ _____________________

4. ?SYI.E ( Sub uS.) I. YVP
J~ 0 CO VC# CO

cOMP RESSOR .CA5CADE ’
~~ TH $PLITTER ~ eJ Fe -~~e

— .~~~~~~~~~~~~~~ 2 5 2 4 ( 3 )
~~~~ ~~~~~~~~~

~~5~
) __ r (~~~~~~~~~ 6l5-76-c-2ø7z~~

8. PC8FO8~~IN0 O*GANIZA N .* AMI ANO ADD RESS 10. OR6GRA M £L~~MINT. PROJE CT , TAS K

AiResearch M~~üfacturing Co. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ill South 34th Street s.—~ __ t ~~~ 7fr57 ”28U1~J~~~/ (  ‘ ‘ ‘

Phoenix, Ar ona -B~ U34 7,, .i
I I .  C0NTR0l.L.lNO OFFICE NA~~1 AND AODRUS #U#tJlRT *hFS — -

Air Force Aero Propulsion Laboratory (’rBx I May 1~ 78
Wright—Patterson AF Base, Ohio 4543~
________________________________________________ 87
14. MONITO~~$NG AGENCY NAME 8 AOO~~~~S(IV dgff.r . . , , I,.., C~s.ift.IUMg Oi’f lc.I IS.  SECURITY CI. ASS. (.1 hi. s. .n) 

. ~~~~~~~i’ 

~J Unclassified- / 1I~ .
SCHEDULE

14. OIITRISUTION STATE MENT (.~ S M .  RS~ OrI)

Approved for public release; distribution unlimited.

17. QISTRlUUTION STATEMENT (.~ l~. .b.lr.ct ...S... d In 8I.c$ 20, If dUV.r.,I fr~~ R.~.n)

II. IUPPI.(MEMTA RY NOTES

IS. KEY SOROS (C~~ffi,u. ~~ ,v.ta• .Idi It n.c..a y ed Id.,, ’Ily b~’ W.ck n. .b ,)

Transonic Compressors
Transonic Viscous Flow
Three Dimensions
Splitter Vanes

10. A•$TRACT (C.i.fMu. ...r.. .id. II n.c.. .~’? a~d Sd.MlIty b~ $Iock ni sb.f)

—-—-----
~~~~~ Ai~ esearch has been develop in~ ,t~~~~te~91nologY to perform

transonic analysis of compressors~
’with and without splitter

vanes. This has generally followed five phases of develor ment ,
proceeding from a single—bladed cascade to spu ttered cascades ,
and f ina l ly  a ~u 1ly—rotat ing compressor . The sections in this
report describe the basic method (description of georetry ,
ra .iial equilibr ium , anc~ relaxation port ions)  & compirison data .

DO ~~~~~ 1473 EDITION OF ‘ NOV 08 IS ~~~~~~ Unclassi f ied \
I SECURITY CI. AU,FICATSON OF THIS PAGE (UtIsil Oas. tnl.,PdI

— 

- — S. 

~_~_~_ 
—-

~~~~~~~~~~~~~~~~~~~~~ .- ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —



S.’ - .  - ~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~

-
~~~

-— ‘r’ - ‘~~~~
-
~
- ~~

—
~~ v-- 

~~~~~~~ _____

PREFACE
U

This report describes a contractual effort performed by the
AiResearch Manufacturing Company of Arizona for the Technology
Branch (TBX) of the Turbine Engine Division (TB), Air Force Aero
Propulsion Laboratory, Air Force Systems Command, Wright-
Patterson Air Force Base, Ohio, under Project 2307, “Turbine
Engine Technology” , Task Si, “Turbine Technology”, Work Unit 28,
“Transonic Three—Dimensional Flow Analysis of Compressor with
Splitter Vanes” .

The work reported herein was performed during the period
13 February 1976 to 13 February 1978 under the direction of
Arthur J. Wennerstrom (AFAPL/TBX) , project engineer. The report
was released by the authors in May 1978.
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SECTION I

INTRODUCTION

AiRcsearch, under contract to USAF/APL (Contract Number
F 3 3 b 1 5- 7 6— C — 2 0 7 1) ,  has been developing the technology to perform
tr an s o n i c  ana lys i s  of compressors wi th  and without splitter vanes.
This has generally followed five phases of development, proceed—
ing from a single—bladed cascade to splittered cascades, and
finally to a fully—rotating compressor . The following sections
describe the basic method (Jescr ip t ion  of g eometry,  radial
equilibrium , and relaxation portions) and present a comparison
to data .

SECTION II

THE METHOD

By necessity , the design of transonic compressors has al-
ways been performed utilizing methods that are incapable of
pred i c t i ng  the real f l ow  f ie lds in te rna l  to such devices.
C o n s e q u e n t l y ,  there  has been a heavy rel iance on test—based
development programs.  The cost of tes t ing has , however ,
increased so rap id ly  tha t  the amount of tes t ing, and there fore
the performance of new components , is largely controlled by
fiscal constraints. The bright spot , in what would otherwise
be a ~ 1oomy outlook , is tha t the cost of computing has s teadily
declined as larger and larger  computers are developed . This ,
coupled with vastly improved numerical methods , has resulted,
for at least some turbomachiner y devices, in the replacement of
t e s t i ng  by computa t iona l  exper imen t s .  However , of all  turbo—
machinery devices , the transonic compressor is one of the most
com plicated . Computational developments for this device
initiall y concentrated on transo~ii~ flow . Among these develop-
ments has been the work of Dodye 1’ applying transonic relax-
ation to internal flows .

Rae3’4 has applied similar techniques to the full 3—i)
compressor . The c a l c u l a t ions were l imited to ex t remely  low—
p r e s s u r e — r a t i o  compressors, due to the pe r tu rba t ion  assumption
u t i l i z e d  by Rae.  Tompk i n s  et a l . 5 have app lied t ime—dependent
techniques to fully—rotating compressors.

Mor e r e c e n t l y ,  Dodge ’s method has been extended to t r anson i c
f u l l y — v i s c o u s  so lu t ions  to s ta tor  systems having nea r ly  i r r o t a —
tiona l vector d i ag rams .  I t  would appear na tu r a l  to extend th i s
method to more genera l  compresso!: cases. However , in the
presence of large circulation gradients , difficulties confront
the direct  appl ica t ion  of such an approach.  The fo l lowing  sec-
tions outline a numer ica l  method for  these p a r t i c u l a r  cases.

1
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’ 
~oscr ibe~1 a successful t e ch n i que o- v ,i-~1 ‘:‘:i:~~V tS~~~~~ 1 O~~ in turbom.ich ine  s t a t  or s . The ‘as i o: t~ ii  s

:i~~~~u~’ is su~~st  ituting a p o t e n t ia l  tj r a J i en t  plu~
; a rotitional

~•o~u ‘o nen t or t ie vol oc i ty  vec tor

= \ ‘
~~ + U (1)

~~ien Equa t ion  ( 1) is subs titut ed  in to  the in~~~ent u~i 1 -~~ua t L o l l
( 2 )  , t~ ie ro sul  t is a spi it between p o t e n t i a l  anLi vi sc~-)u:; ternis

= — p + ~ \ \‘ + ‘, ~~de fW ( )

wh er e

the densi ty

velocity vector

ef f e c t i v e  v iscosi ty

P static pressure
\ ‘ + ( V~~) * where ( V a)  * is the t ranspose  Ut \ 1

second coefficient of viscos ity

Pressure is related to po ten t ial , as ~i i v o n  by Equation ( 3)
f or  compressible f low , leaving a viscous Equat ion  ( 4 )  .

~* V 4~~\ (V 4 ’ )  = —VP (3)

+ p~~. V ( V ~~) - (~~ *_ ~~ ) [\‘~~. V ( V ~~) ]  = (4)
\7 ( \ ‘ ~‘ . W)  + 

~~~

• 1
~ e 

def WI

V p . V~ l/~~— l ( 5 )
p~ ( l~ —

~-p- /

where

= reference density

reference stagnation enthalpy
= ra t io  of specific heats

Equation (3) combined w i t h  an equ a t i o n — o f — s t a t e  and the conti-
n u i t y  equation yields an equation for po ten t ial , which is
solved by transonic relaxation . Dodge indicates that such a
sp1ittin~1, with appropriate boundary conditions , results in an
equa t ion  for  which a potential vector satisf yinq Equation (6)
can .always be found . 

~~~~~~~~~~~~~~~~ -~~~
—-

~~~~
-- - -

- - — —  - - --~~~~ 
- . 

_ A_



‘ ‘ I  \‘ • V . ~ ‘I

~ 1 —

W 10 i t ’

~ 1
1 ~ ‘ 1 1

1-’~ ’t  e;e:; i n ~’ol v in~i l i t t 1 ’  ~~~~ no s}~a : l wis ( ’ c i  icu l a t ion
‘.1’. t~I 1011 t ‘ , ~~~~~~~~ ii t ’1t t V t ’ 11 t 5 .1 i’ ‘i’ t 31 11043 1~\ Si IOh  1 1 1 t ’ t h~ )~i .
ex.t~i:’ I t ’, F t~~ui 0 1 shows the suc t i o n — • ; u r t  ace stat i c— p r e s s u r e  i s —

t o n  on a h i  ~1h ‘~t~’h numl ’ei st a t  ox r ece nt .  i v  t t ’st e~i n a
t 3~ 7 ’  con i 1:11 3t  I Ofl ~. ‘V AFAI’i . F t  ~ U r t ’ .1 show:; t lie .li st  r ib u t .  ion

o~ i~ ’s~; a t  t he ex i t  . F i qu r e  3 show:; c.~lculated r a d i a l — l o s s  :‘t  o—

I ~~~~ ‘31 e~i t o :; n and t w o  43 i t  e r en t  red uc t t on : ;  0 t t he
3:; U rod d i  t a . T~ to comi’u tat .  ton :;  r e p r e sen t  a r ea soll.i 1’ 1 e repro: :  t ’~~ 

—

ta t t o t  o t  t i l e  lata .

who n a pp 1 vi n~i sit cl i  a t e c h n iqu e  t o  cases wi t h la r e
ht i l — t o— sh r ou d  c r u  1 a t  i on Va t -  i.i t t o l l s , di f t icu l  t it ’s a r  iso . For
ex imp le , con: ; It ’ ~ a x i a l  f l e w  in  i cy 1 m d i  i ca l  duo t w i t h  a
con st  a n t  ix -‘ 1 ye 1 oc t tV a 1143 no sw i r 1 11 the ab s o l u te  r ame— o —

r o t  o i e n c e  see F igur e  4) • N ’ circulation e j r a l i  ou t  ox i st s in
lit ’ il’s ’ l u t e ’ re f~-t o n o e  t r a m o . H owever  , con sider  the r ot a t  in ~
r ime— ’ t — t o t  orence  tha t wou 143 occur • The vo rt  IL’ 1 t. in t hi s

— t o  f e r en c e  i s  2 where  is the rotational t r equ encv
Equa t 0 - 

‘ ‘i i  Vt ’ S t i l t ’ VO 1 ‘0 i t y  ye ct  Or t (‘V t 11 i S 0350

whor e

C — u n i t  vec tor  in the C d i re ct  ion
= it  y e ’  tor in  the direct ion

~ rad t U :~

7110 ~~~‘ c ’U t il ~~ot i 0 n  t i S q i V e i l  by P 3ii.a t ion ~ , t o  di n~~

t O i l S  ~

1 ‘ 1 ‘

V -• r + ~ ~

• t — C .i t 1

1. 1
-
~ I — . r I, 1 1’ ’

3



0.6
(

7 0.70
0.55

0.50

V 
F i q u r e  1. Suction Sar~ ace bines of Cohstant

Static Pressure Ratio for APL I l i q h —
Through—Flow Stator

- 4 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- -  - - -_ .  - -~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~_ •  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I

PRESSURE / / SUCTION
SURFACE SURFACE

/

~~~~~~~~~~~~~~~~~~

/
0.10

= 1 - (W21V 2)

1’ i - ~u r e  2 . Lines  of C on s tan t  Los:; 0 . ~~~1t i c ~
Downstream ot T ra i l  inq l d i o
A1’L lLiLlh—Th r iuq h — P l o t s - S t  I t  01~

I

-

~

---- -

~

., V -V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ p—--.-. -~~ V—--V --V~~~



~ - . .  —---
~
- ‘—- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ -~~~~ - ---- ‘~~~~~~~ 
- -

I

1.00

( : 1  \) 
_ _ _  _ _ _z O.50 \ I~~~

2
\

$ “~x~4 -
~~

U.

/ 
b

0
0 0.05 0.10 0.15 0.20 0.25

‘~INLET

• 
- DESIGN , CONVENTIONAL ANALYSIS

3-0 VISCOUS CALCULAT ION
DERIVED j ACROSS THE BLADE 019 THROTT LE

DATA 
~ ~~~~~~~THROUGH THE BLADE 019 THRQTT LE

USING STAGE PEAK TOTAL PRESSURE
BLOCKAGE DISTRIBUTION FACTOR - 1.00

Figure 3. Radial Variation of Loss Coefficient --
Comparison of Design , Experiment and
3—D Viscous Calculation for APL
High-Through-Flow Stator

6



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V — ~~~~~~~~~ ‘~~~ O. -_~~- -_ ,_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~

SHROUD
\\\\\\\ ~~~~~~~~ \\\ \\\\~~~~~~~~~\\\\\ \~~

-~~~~~~~~~~~~~~~~~

—\
HUB

_ _ _-_ _  V V -V V -V~~~~~ - C”t - - -

P itlllro 4 . T~x jal El ow i i i  .i Cy 1 indr  ica I

7

_ __  ~~~~~~~~~~~ - V V~~~V 
• • - -- V . ~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V -



- - - V ~~~~~~~~~~~~~~~~~~~~~~~~~~ -V-V
~~~~~ 

-
~~~~~ •

~ 
u W

~~i l ’ . t p ) ’ I ’3 ’l i  V~ t o  a~~ ’l~ ’ t l i t ’ i i i) o ~ ~~ t l l t I t  t j t ’ i i S  0)  I ) o It ~ t ’ . P t
0~~i : 1 , , t t ’  i ’ t  i t  i t ’ t l ( 3 ~~~~~~~ t i  i i  l i i l i : , (  l ’ s  t t i t ~ t t t  t o a l  l\ •~~t ’ l . 4  1- t -—-

1 t ~ ~n t :~pt i t  t t ’ i i : ;  ( I ~ . I t i~’ 3 I 1 s ’  ;hit )\~ti t . h i . t  t thie: ;o s u i  I i~
‘ i l i n t ’) I - ;~~ ( I V I )  j -

‘ I

:~ ~

1 1
1 , 

— - ‘~~ — ~~
‘ (1 i l I t )

‘

~~

‘

~ 
‘\

.• 
I Cc)

i’~ it ’ i t  i t  ‘~~~‘ prt’:;:;ut’t’ ) ‘ r t ) t  j It ’ j:; co t i :;t . , t i i t  , a:; ly o n  by Equtt.it ’ii i i  1)

-
~~ ~~ 

,.~ ~/~ — l  3
1’ I’~ (1 - 

\ 4~~~~~~~~-i ) - ( 3 M

liv t n t  o q t~~i t  I t ’l l  t~~i P 1i i ~i t  ion: ;  1 1) 3 ) )  .l I i & i  (1t)~~) , .1 v a l u e ’  o t  pot  o nt  i~ i i
can ~~~~~ oI’t a ~llOt . I

h~ I W •~ ( 1 )  ( t t l )  I l. ’)

i’ t ~i u r e 5 :;hiow s 3 I 03’ V ~. OW of ~ pot t ’t i t  i.i l surt t O t ’ . Not e t h at
t h i t ’ po ton t: I a 1 surf ace i s on rvex t in th i t ’  rad .i a 3 di t t ’c I ion . Thus
t h i s ’ der  i vat t Vt’ of ~ cannot  ho .te!1o in t h e  r a d ia l  ~1i~~~cL.ion.
I)it I O l t ’ f lt i 3 t  ion  of Equa t ion ( 1 2)  y i o ld : i  t h e  same r e su l t .

~ .l,t r i 1 C l  f l

Thus , I t q u at  i o i i  ( lOa) can not be :;atist jod , .iiid the stat Ic
• pr essu re  i :; not const  an t  in s ’i  thor  the  r a l  al or C direction

i ’ t i e t t ’ t h s t ’ t ’ , to ~‘ht a i i i  a I e,i1t ;tic sot i t t  ion , t h e l e ) t L L t_ iOf l, l l
ct) 1U1’OliOflt  inns I lie ct ’l l t  - ii nod in 31. Thus

( 3 4 )

I ~~ 3 “a)
I ~~

:~
‘ 0 (1

( 3 ” - ’

-_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — -———‘--~~~‘-~~~ -—~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ______



- 
~~~~~~~~~~~~~~~~~ 

— 
~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~ ~-w.-~~~~~~~ ---~~—-—-- - -  ~~~~~~~~~~~~~ ~~~~~ _ - V  _
~~ ~r.Vw__ ~

VV.~. ~~~~~~~~~~ ~~~~~

8

r 1 —
~ ~-. r3

/ N r 1

2 
‘
~~s,.. ‘\ r r 2

r r3

~~ z

0 -

Wi

F igu r e  5 . ~ Sur face  of C on s t an t  P o t e n t i a l

-i

9

— --— ~~~~
-‘

~~~~~~~~~~
- - . - L

_ _ _  _ _ _  
V



-
~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 

- —---- - -w~~~~~~~~;~~~~~~ ‘-~~~~~~‘. 
-
-

I

IV t t l U 3 t . ion ( 1 4 )  m d  E q m i m t  i ens ( 1 5 )  meet the requl. renien t
but the p o t e n t i a l  vt ’c tor .i s severely misa 1 iqned f r o m  the i’e 1 ‘c i t  v
vector • For a typ  1 L 3  1 a x i a l  compressor , the m i s a l  m ’; nmen t can
approach 71) degrees . Such a cons isten t  m i sa l ign me n t  w i l l  m ike
the  application of norma l t ran sonic  r e laxa  t ion  methods imposs ib i t ’.
Thus St techni que to more closely ii  iqn  the p o t e n t i a l  and
ye Leo i ty  vec t o rs mus t be estib I ished • ‘ru e te l lowing is Su ch a
method.

3 —CotUj x fl( ’ n t ile thod

Rep lace the vol  oc i ty  vee t or , , with E~ ua t ion (l I t )

W — q -t- \ V t  + U (Md

where

= i n i t ia l guess at  flow solution
\h~ = perturbation velocity potential

U = viscous perturbation

A solution for potential is obtained by first startinq with the
momentum equation in a rotating frame—of—reference ( E q u a t i o n  17 1

o [ (l~
.
~’) ~ + 2 (~ x — V (C /2) j = — VP + ‘ ( 1 7 )

where

= velocity vector
= angular velocity vector

o = density
2 2 2 2 2C = (w r ) , where r = x + y
P static pressure

= shear and Reynold’s stress vector

Eauation (17) is then dotted by ~ to yield

~){ T i 1 .  [ ( ~ •v )~ ] + i~• (2(~ x ~) ]  — ~~~~~~ = — ~~~ + ~~~~~~ (18 )

The static pressure gradient may be expressed in the
following form for an ideal gas (y and R = constant).

VP = a V p  + pa2 (~j’)vs (19)

10
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where

a = speed of sound (static)
= ratio of specific heats

R = t i as  constant
S = entropy

I ) t i t  t i ng  Equ a t ion ( 1 9 )  by 3~ y ie lds

-)  

~ 
V) —1 ~= u~ (W~~\ p )  + p a  

( ~k ) ( w . v s )  1 2 0 )

The c o n t i n u i ty  e q uat i o n  f o r  s teady , compress ib le  f l o w  is
qiven by

V (pW) = 0 ( 2 f l

or , expand in q  and r e ar r an q in q  Equa t ion  ( 2 1 )  gives

I i

= — p ( V . 3 ~) ( 2 2 )

Replacing Equat ion  (22) into Equation ( 2 0 )  resul ts  in

~~~~ (V.a) + ~a2(Y~~~) (~~.\~~ ) ( 2 1 )

Examininq the cross—product term in Equa t ion  ( 18)  ,

x ‘v~ is a vector normal to both W and ~‘ .

-
~ T h e re f o r e ,

~~
. (~ x %~) = 0 (24)

S u b s t i t u t i n g  Equations (23) and (24) into E q u at i o n  118 1 violds

-)

~~~4 . 4 ~ -* c~ 1[ (W V ) W  I — w . t (  
~ ) ~V.,. -.

= (v’W) + 
~a — ( - ~_i~

_ ) ( w . \ s )j  + i t •

• 11
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or dividing by p, and rearranging

. 2
—,. - , .  ,.- —4 C \ 2 -~W [ (W ~ V) 3 ’J ] —  w .v (~ .—) — a (V W)

( 2 6 )

= 12 ( L l ) ( ~ .vs ) + ~~
- (~~

.•
~ )

The ve loc i ty  vector , may then he separated into three
components as in Equation (16)

- 4  . .
~ 

V-s

W = G + v 1 + u ( 2 7 )

Substitutinq Equation (27) into Equation (26) yields

~ . [ ( ~~‘V )  (
~ + V~ + t~)J - (~ + V~ + 3~) • \ ( ~~~- - )

-a
2 

[
~~~V 

~~ + + 3~) ]  
• 

(28)

= _a 2
(~ j -~) (3~~V S )  + (3~~~)

Rearranging Equation ( 2 8 )  , leaving onl y \‘~~ terms on the l e f t-
hand side , yields

2
— v~ .v( ~—) — a 2 V ” ( V t ~) 

2
+ U)] + (1~ +

+ ~
2 ( V ( ~ + ~) ]  -a2 (~~~~) ( ~~ vs)

+ ~ (t~’~ ) (29)

However ,

V • (Vq ) = V 2l~l (30)

12
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~ind there fore , Equation (29) finally becomes

(3~. V )  
~~

j - 
2 ( \ .2~~) -

(~ + 35 ) .\ ( ~~~
. .

) — 3~. L ( t ~. \ ’ ) ( t ~ + t~)

+ a2\. (~ ~ t~) - a 2
(~~~~ ) (~~~\‘ S)  

~ ~~~~ (31)

wh o rt ’ a 1 1 terms on the right— hand side of the equa t. j o l t  are
presumed known f ront  p r ev ious  computations .

Si floe v iscous ca l c u l a t i o n s  are no~ the ob j t ’ct o f  the curren t
proej r ant , the approp r l a t e  eq nat  ion t o  r U w ii 1 not be do ~‘e loped
Howeve r , this deve1o~

-’me ;it  parallels that t i i  von  by l) o t lqe t’ . A
genera l. outline o t h i t ’ l equi red n u m e r i cal  method  is q von as
tollow s

o Establ ish r i d  sy stem
o Ca lou  ISVI t 0 i i i  1 t Lii  ques s
o Calculate i - c l . tx at io n  sol u t  ~on

‘ i ’ I io  so m a  jot s ec t  i~~’ ii: ;  o I the pi es en t. nume r i cal me thod are
5losci. ibed below

t~j m d  S~’steni

T~it ’ ,‘l I t )  1 0 0  0 t a ~i i  i ~i s \ s t . O f l l  i_ ’ st  iL’ i I ~hit ’:; f l l . t f lV 0! tb4 - rt ’t 3 ~~t t i e —
mon t : ;  t o i - the SUl SOt itit ’li t oa1.c’~m la t wus , .~~~ ; well 51s d . t ct  ~t t  l l i ~ ; t h i t ’
i i i  t orma t iou and loq I~~’ si F U t ’ I ;ui ~ ’ o t th e  comput  or ~‘ed~’ .
inl et ci i  ~-u l . i t  ion q i  u~1 t c i i )  ~~on:;  i~I~’ia t ions , tlisciis:;e.i in t h e  p i t - —

- , Ii ui ~ ;~~‘ ‘ 1 i t  ‘ : t  , t i . t  ye w ; ‘ . 1 0  t eli lb i ohio ice . Co ;t: ;  i do t  t l ie

t J S V S I  eli: U t  l 1 ; ~~~ by ~\. ‘d ~ ie t ’ . I t 1:; t i on o t  1 l ioe ~on~i I en a
S u000 :; ;io t i  t ’ I p1 an t ’:; . l u c k  p h . iuic , h~’t~’eV - ’ 1 , 1 5  o r t  i,~ t ; ,~~fl,i I t o  .1 V
vt ’ct  01 j ole_I I t ’ruile d I l O U t  1 SOt  4 ) 1  t 1 i.~~!.s 1 — s I t  e.iiii.l f lie s .

la r qe C ;  t c u l i t  i o u  t j r . i t i t e nt : ;  a t e  3~ i o s o u i t  , such a tirt ~ 1 :;v s I om  15
n ot  :‘os- i b le  . To ~h ’m o u i n t  r . i t . t ’ L i i  t: ; , con;;  itle r t h~’ ~;t ’n~’i al t ’~ ; u ; —
t i t ’ll I e m  a S i l t  I . i t ’t ’ I i i  Space

~V 
( X , \ , ~~~ = C

1

w h o  i ’ C ~; a couis t a u t

1 3
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\ v~’ c t o m  ~ vo i t  by 1:quat ion (33)

di V V  dx ~ + dy \> + d V ~ (

1 ie s  oi i  a su r t  t O t ’ when

t i  • ) t .dx * dy + dz I.)

Wj t host  los:; o I ~uener,i lit \‘ I t can be assumed t l i i  t t ’f l t ’ cc ’~ ‘r ~i I n i  t o
d i re c t  ion  h - m s  ~i f lOn_ ~!O 10  ~Ier i  vat I Vt ’ 50 th at

= — (~~-f tix + ~A y ) /  :~

or
8 it ~ ~ttdr = dx x + dy 9 — 

( 
.~~

- dx + dy / / ( ~~)

If the surface s t
V

, is to be normal everywhere to an ar b i t r. i r v
vector field , V , then

0 for all directions given 1W dx and dy (36)

thus ,

af ~3f
d x V X + d Y Vy _ ( ~~~~

d X +
~~S~~

dY ) V z/~~~~~~
0 (37)

or

dx(v ~ ~~~~~ 

- v~ ~~
) + dy (v~ }~ 

— -
~~

-
~~

- v~~) = o.

Since dx and dy are arbitra ry

= (39a )
a f/ 3 z
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( t U b )

it can be shown that Equations ( 39a) and ( 3 9 b )  hold on i  ‘.- i f  
V

Equa  t r on  ( 4 0 )  holds .

v \ V f  ( 4 0 )

There t o  U t -’ , there is not  a single s ur face everywhere normal  to ii

vector  icid unless  that  f i e l d  is  i r r o t a t i o n al .  L i k e w i s e , no

~ imele sinyic low ar e a  e x i s t s  d e s c r i b i ng  any f l o w  d e v i c e , such
as a l o w — h u b —  t ~i’— rat io axial compressor. The view most util i :~edby ct ’n k ’r cs : ;t ’ ~lo~; iq n er s  is the blade— to—blade Section. dornial s

V ’O : l st ru c t ed across  the channe l canno t be stacked US i n to  a n y t h i ng
app r o a c h  rig a surface or thogona l  to the streaim~ise d i r e c t i o n .
i - a r  the modern l o w — h u b — t ip — r a t i o  comoressor , th is  is a n y t h i n g
b u t  a sm a l l  et ~ect. Large differences in surface shanes occur
between those con s t r u c t e d  by d r o p p in q  no rmals  f rom the mean
rad ius  s ect i o n , and those obta ined  by s t ack ing  b l a d e — t o — b l a d e
normals. rphu s , one is forced to consider a gr id  system and ii

solution technique tha t is comp le tel y nonorthogonal. The gr id
system j~ selected by s t a r t i n g  f rom the mean section ( h u b — t o —
shroud) on a user—selected master  s u r f a c e , which  is also u ti l i~~et1
wr  tad i . m I  equ i  L i b r  i urn c a l c u l a t i o n s  . Thi s s u r f a c e , r un n i nj
from hub to sht -ud , inlet to exit, bu t at a mean loca tion
between b lades , is c5 ’nstructod to be two—dimensionall y orthogonal
(X2—X3 p la ne , w h o r e  ~ I is blade—to—blad e , X2 h u b — t o — s h r o u d , and

X 3  inlet—to--ex it di IV t~~O I  t o i t s )  . The tirid system is then construct—
ca i rom normals ~n the blade—to—blade direction. This conforms
w i t h  the not - r i  I t w e — d  i r ;ens iona l  p r a ct i c e  in turbomachincrv
Blade— t o—b Lade :‘ro c o t  ons  w t ii have the anpearance (but not
the rea l  i t \ - ) o being ~ - t t  h o c a n al  . Rub— to—shroud  views w i l l
clearly be n o n o r t i t ~’~t oi ;a~ in cases where a p p r e c iab l e  s 1- ’an \ ti s t’
c i  i -cula t  ion  g i ad icnbs ox is t • S itch an examp l~ ii ; shown in
l- it~ure b Lor au axial : s 1’t  s i n i il a r  to t h a t  of  F i gu r e  1.

Once the basi c ‘ m t  t a t - n ~~t the qrid system has been select ed ,
the a f t . ua i mechanic :;  of  t i l t ’ ~ie n er at  ion mus t  be dove l c : ’e t l .
Iiodqo ‘ b a s i c al  lv  used a t’5 - - o — s t  op p r o c e s s.

( 1 )  Ls.�nerate q;t5isi—s trtian iline s . 
V

( 2 )  Carve  the streamlines by pro lectiny normals
f rom known p o i n t s  to unknown points.

Both processes con sume cons  i ~1ei - a h I e  amo unts  of compute r time
in th e program de ve lo pe d  by Dodge 4’ . Sonic effort was expended
to speed up t h i s  process , r e s u l t i n g  in approximate ly  a 30 to 1
improvement .  A b r i e f  d i s c u ssi o n  of this  new method f o l l o w s . 

V
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A computer code can he viewed as an information r~’cesso;
The code starts with what  is usuall y a very l i m i ted  a mou n t  o t
i n f o r m a t i o n  conta ined in the input  deck . I t  is then exn and t ’d ,
u t  i ii .ed , and ul tiniate 1y compacted back to an a m o u n t  sm.t 11
enough for the human mind to q u i c k l y  assi m i l ate the r e s u l t; ; .
Input geometry typifies this process. The user descr ib e s  o n ly
the boundary surfaces. The computer fills out the rest of the
turid system by l ay i nq  in a bundle of q u a s i — s t r eam i  in es .
However thi s is accomp lished , the quasi—streamlines can only
he a function of the input data points. Eq u a t i on 41) must
represent a general relation between a point on a q u as i - s t re am -
l i n e  and the inpu t  da t a .

N

x.  -

~~ ~~ 

f . . x .  ( - h i )

where

= coordinate on a quasi—streamline
x 1 = i n p u t  b lade  s u r f a c e  coord ina te

= m t  l ut - ’nce cot ’ ft Ic ient

The met hod used by t)c,dge t
~ to obtain quasi—st rear’ II :u-s

i n vo l ve d  so V m o  a n u m ber  o 2 — P  s t r e a m — f u n c t io n  pr ‘b I ~‘f l ; - :  to
i r :; t do t  c U r l  110 55! Lice  5 0 1 e \~c’l Ut  OIl and then to es t al- ’

bi i d e — t o — b  1 mdc  st r e a m  ijuies . The cur  t e n t  p t o ~t r am use a~m t  o t - :’oI at ive  method . S u rf ac e s  of  roya l Ut  105 are dot etm; sod by

u t  ~-‘ I S O  la t t on  be twet ’il b i t ) an t i s l i l o u d  on an e5; ua 1 a r e .~ Hi
L ik e w i s e , b l a d e — t o — b  l a l t ’ : ;u r t  a ce s  ar e  e s t V l l - ’ l  i s h e~1 by f ’ I a d e — t
b l a d e  m t  c r ;-c~~at ion .  I t  wo u l ~ be ex:’ect~ ’d t h i t  t h e se  t ; t t  e t V : o~~.i_
t i o u  at ’ t a i-s co u ld  no t  be r n 5 leuenden  t ot -  eve r ’- sUch s u r : .  ice
Th us  , ~in e t i c  i en t a: ’: ‘t oach is to ci’ ta i n  a i na 1 set  of I a c uce
coo t i c  j e st s  I I : S ~~ Ua t i on 4 1 by a convo 1 Ut  ‘i O f l  a hub— to— :;h i-au d
md I ’ h i d e — t  c — b l a d e  a c t  a t - s .  Thet ;  the a c t u a l  st r ew- : ’ • :‘o i n t s
c m  H’ c a lc u l a t e d  by the 10110 vec to !V mU 1 t i  t ’l ~ c a t  t c t ’  . idd  t l o t ’.
0 1 - :  t i _ i t t an ( 411 • Su ch  a n a;’; ‘roach e 1 imi n a t  e s much o f t h
ov e r h o id t h a t  c rec~’:; i T i t ~ ’ at  h o t  m ’ l t ’ t r a qm en t  t - ’~ a;’ ’r ’_ i i ;os .

juice qu as  i — ;; t r e a m i  inos have  been obta  i nod , th ey mus be
cut into a or id s v s  tom by ca s t  i no norma is f rots SO l o ot  od s t  i e a : ~~
l i n e s  t o  n e i — ; h b o t - s. The a l o or i t hm  t o  acconn’l  i s h t  t h i s  u t  i i  j o e s
t he t o  1 low I no s teps

o Pstab li sh  the order  o t  c o n n e c t i o n  o t  q:t~t s r —
s t rea m l i nes . The ~i r i d p o i n t  ofl any  i u a s i —
s tV reami inc is p l aced by c o nst r u c t  i no a 110 t~~r I V ;  1
front .i n e i o hb t ’i- i no q u a s i —st r e a m l i n e  w I tli ~c o - . ::
no i nts . The -‘rde t of  this c o n ne c t i o n  in  a
single X3—plane is shown in l-’iuure  7 .

17
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n

~-r t_ n ’ •n i a - :  j — - : t  t o ~i nt I In c  ~le I m i  i on  - ‘ 1 i t : ~
w i t h  ost  aPi ished t j i  i~ l c ’s :t t c t  i ’ s .

t ’ ot ::; - a t e  the t I - I t ’ t lo i la  1 10011 1 ) 1 1 , 5 , 0 ! no r illal s
I ~ ‘i~ - ~1ua ;; i — s t  t c i i n l  1fl0 po j i l t : ;  to t ? ie i  r c n t t n o c  ed

l I t ’ 1 tJ PL’O 1:;  a l i t)  a ss  ure t l ta  t_ t h i  is a r r ay  is 0 r L ie  rt - 5i
see i~i s O i l  c ~

o ~ o l np u t  o a ct  n a l  g r i d  p o i n t s  by es tabi  i sh i n s  t._ ht ~
no en th e m i s tc i - s t r e a m lin e . ‘i h e n  i i ;t  e r ’ ’O —

la t e  in the t a b l e  o t  normals to find t he  b -ou t  ion
I ‘ 01 the next point.

S U~~~i in i I so r 1 t his m i n i m  i ~e i; c~il cu L i t  ton s  by c a l c u l a t i ng  normals
on - i i  i t l  1 t n t ’ :; t h a t  ac t  u a l l v  c o n n e c t ;  c a l cu l a tin t i  n o r m a l s  based
L)Il t h e  t n a u  t onus ; — st r eami  ‘sflC p o In t  s , w h i c h  5ire u s u a l l y  much
l ess  i i i  uiii:ilu ’: - than a r i d  p o i n t s ;  and by arrulic tnt: d a t a  s t r u c t - 5t t  e
~~~~‘ ii Low i-cc to t i  ted loops

iiiitial— fticss Solution

The natural initial— guess solution is based on a 2—i )
sal ution on a htii — tn—shroud surface . Such solution t echn iques
were devcloned  in the  e a r ly  SO ’ s by Wu 7 . Since that time ,
t h ey  h ive been h iqh  lv r e f i n e d  u s in ~ , both t m l  te—di f f~-rence and
curvat :ir~- — ’t—strcan: l inc  techniques. However, if the mean
s u r  f ice sh~ine  is spec i fled , the q o v er r u in q  s t r e a m  f u n c t ion
un d o  I- coos in obv i ails e l l i p t i c —  t o — h y p e  rho 1 ic t r a n s i t i o n  as the
Ma ch  numb er  nisses t i o u ~ih unity (in the r e l a t i ve  f r ink ’
B ec au se  o this , so lu t  ion  t echniques have  concen t ra  tc-1  on
t h e  5~~ eC i !  t ed  is- a t -k  i o r m u l a t i o n , w h i c h  1- em a in s  ellintic u n t i l
the :~it ’ r :  a ‘sal conh -ones t of ye b c  ty  become s su : Ier son  I c
t l oweve  i - , he wo rk  f o r m  is in c o n ve ni en t  when ~miia l v  li  f l s I  all

a lr e a dy  e x i s t L f l s I  500fle t rv , Si nce  i t  is difficult to r e l a te  a
: ‘ u :  t i o u  i i  s h a  e to a work distribution • For these r e as o n s , a
ra~iso’i 1 0 U L ’ j i x i t  LO S  sol U t  t o n  to a W u — t v p c  stream— tunction

ion •.~ is  developed • An out line of the technique fol.  1o~-.s

Pie  h i s  c ccua t I on to dove 1op a stream— fu n c t i o n  s o lu t i on
- s t h~~~ n ’ :  i t  no i- c ns ton of the C re c c o— V a  zsonvi  ct~ua t I o:i as

- T i  ‘ 011 h- c -~~t re k

— P x ( f x W ) — \ i  + T \ S  ~ ( 4~~~~~ 1

19 
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where

velocity vector

ro tat iona l vector
I rothalpy

T static temperature

S entropy
viscous stress vector

density

Wu concentrated on cy l i n d r i c a l  c o o r d i n a t e s,  To be use f u l
for  i l l  con f i gur a ti ons , an equivalen t  f o r m  ii i  arbitrary cui- v I —

linear coordinates is required . Only one component of  Equation
(43) is actually utilized ; in this case , the component in the
X2 direction. It  is assumed that  f l ow onl y exists parallel to
the master sur face , yieldinq W 1 :0.

8 3W 3W w 3h W , 3h ,1 3 1 2 3 3 — ‘ a ‘
~‘~~ J 1i

2 
J > t

2 

— 

h 3 3~ 
+ h E ~ D X , 

— 

h V , h ) ~~~ l 3

(4  b

— T 15  
— ~~ 

i~~~ 
1. 2

— 

u~ ~X 2 lv , iN
2

\ stream function can be defined that aut omu t i c i l i  v sd v ’s
cen t inu l ty.

~ ‘ ‘~ U”i
~~ t I

~~~2 

-
~ t . 14 )

- 
- I ~‘l — — 11W ~ ~

h 3 3> 1 3 
— 2:

4 w he r e  ii is a I ac t o r  to t a k e  t n t  o a c c o u n t  b l a d t ’ — t c — b l  ide st  t eam—
sheet convergence .

2: 1
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From these etlua  lions , o t to  c iii fol low W it ’ s t1~~ve I 0p 111( ’ I it  t I  i rec t l v ,
y i e l d i ng  a s t r e a m —  fu n e t  ion equation q I v e t i  by Equat ion t4 t~)

2: 2 .1 2 , ~‘. ,h 3~~) 2: 1(a  h
2

) 

~~ 

— 

11
2

11
3 1>1

2
1>1
3 

(a _ w j )  
h~ a1~

+ !~ ~~~~~ —- + ~~ - V~~~
” - = o. ( 4 6 )

h~ 3X
2 h 3 3>1

3

where

2 2 1 T.) 3S 1 31 2

N = ( a -W ) ri~

W 3h 3 1 
~. :~h , ~ W W 2 i~~~~

+ 2 U 3 W 1 

— h h •

~~~~~~~

• j — — 

~~~~~~~~~ ~~~~ 

— 

h ~ h 3 ~VT~2 2 2 —

1 ~ 2 a2 I3lnB i (S/R)
- 

c ~~~~~~~~~ 
(i + ~

._ )  - E~ ~~1X ) 
- _____

( 1 nh.,
M = (a V . _ W V V .

) h 2h3 ~ç - ~~~~~~~~~

1 a / C2 \ a2 I ~ln B — 
LI (S/R)

- iç 
~ç 

t~’~T~J — ç 1. ~x 3
W 3h 2 W 2 3h

- h 2h 3~~~~~~~~~~~~~~~~

C = wr
2 2w C ._ ,  ,.,I = h + 

~~~~~

-. — = 51
0 

—

= stagnation enthalpy at the streamline inlet

V 00 = absolute pr e swir l
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l’llt ’ s(~ l u t  1 0 11 p I’t ) Ct t l t l  I t ’ i S u S s t~~fl L i a I ly s imi lar  to t h a t . P ‘r
l ’O t n i l t  iii equations . The coefficients art’ computed f ro m
l-~~~~~ t l i t  1011 (4t- ) - The r e s ul t  is then a cu e)  t ic ien t  m a t ri x  whose
r c j  i on  o f in luence  .i s contro l bed by the loca l  f t tch  n umber i-u t: li
boundary  c )lldl t ions wh Lot- i spec i t  \‘ ~ on i l l  b ou n t l ar i  c i-; . The
stream L nfl- ’ t i oii 1:; t h e ll  d i t 1 c r c i t  t~ i a ted to f o r m  a - W p r o d u c t
wh i c h  can be t w o— v a l ued in W . Both supersonic i i i t l  su l ’son  i c

sd Ut  10115 ire  obta i t ied by not id  i moss in I T i a l  i z in t j  the - l~ 5 - t t r v e s to
the fo r m  g i v e n  by E q u a t i o n  ( 4 7 )

/
_____ — 

W~ ( W*~ ~ ( 4 7 )
— lb ft — 

~l 
—

I ’ a ~~
—

where

=

= sta gna tion densi ty in the r e l a t ive  frame

= stagnation enthaloy in the relative frame

a ” =

Both  the subsonic and supersonic veloci t ies  are obtained
from approximation to an inverse of Equation (47) , as given by
Equation (48) for subsonic flow and ( 4 9 )  for  supersonic f low .

= w~ [i — 

(48)

= [v ~~-W~~] [1_G/G m ]
82 

+ ( 4 9 )

‘1 +1
—I

1 = —
‘

)m y-f l

J 2 ( y — 1 )
=

q and “~rn r ep r e s e n t  the maximum value o I 11 ow and the
yt ’lü~~i Ly a t this maximum , ~~~~~~~~~~~~~~

23
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tdtie must still decide which solution to select . Th i s
accomplished based on a direct analoqy to potential solution .
A potential—I ike n ar a m e t er  is computed a long  stream i. m et ; f rom
i n l e t  to ex i t  by comput ing  the f o l l o w i ng :

Exitf  W h3dx 3 
(SO)

I 5 I t - ’ t.

The following conditions can be a p p l ied  to W , de pt ’n ci inq on
the case.

Case ____

Subsonic Irrelevant——always take
Throughout

Supersonic In Read a desired value of
Subsonic out r ( ’ l~) ,  make a t r a n s i t i o n

from W2* to W1~ at the
point yielding an exit
integral of l’(~’) equa l to
that  desired .

Supersonic  Tip On hub use subsonic va l ue
Subsonic flub throughout. An ex i t:-

circulation spanwise r
va r i a t ion  i s then s p e c i f ie d

Subsonic In Make transition at m i n i m u m
Superson ic  Out area loca t ion

Supersonic In Use only supersonic va l ues
Supersonic Out

W i t h  the spec i f i ca t ion  of these condit ions, a s o l u t i o n  to the
flow on the mean stream surface is provided . For cases with
supersonic in and subsonic out , the actual  shock location is
a r b i t r a r i l y  dependent on the choice of the circulation parameter.
In these cases , the initial guess may be too realistic. To
illustrate , consider the equivalent of Equation (31) for f l o w
in a l—D duct with area variations .

24
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where

1. dA’ - 
1 dA 

- i r!\ .d~
~~~~~~~~~~~ k y R  /d x

A is the cross—sectional ~trea

For t h i s  case , ent  ropy changes  are m d i  stiiguishable f r o m
area v a r iat i o n s .  Cons i tle r in s -j the diverging por t i o n  of a
c o f l ve r t j i  n y — d i  ver g i ng  nozzle at  a hi gh back p re s su t- e , a shock
S Lands  in the so_i _ i l e  - 1-’1OW u p s tr e a m  and downst- ream of this
shock ap pr oX i f l i a  t o  ly obeys the l—D e tlua t  ions. Ac ross t he shock
the Rank in e— I lu g on i o t  r e l a t i o n s  a p p ly  - The .tc t ‘a ,t 1 1 oc~i t  ion o
the  shock is f ixed by e s t ab l i sh i n g  the pr oc  i s o  t x ) i n L i - ;  where  t i l t -
R a n k  i n e —f l  us_ J on  io I rel  a t ion is i T - i  ba 1 a f i c t ’ w i th  i t ~ ‘st i~’ant .ini!
downs  t r o a m  s olut  10115. I f  t he  Lj iiess is very  good , such  . i i ;

so I v i  ntj  i sen t  t~~ ‘p ic t o  1 a t  ions bt ‘ t ii ahead t ’ t and beli ud a di  so on—
1) u i t v • t rb i t i -a  i - i b y  local  ed , then a nv ad us t im ‘nt : in  sI i~

pos i l i o n  must be •t cc t ’mp  I i shed by recoqni -
~~ i nq t he or Ito at t h e

sh~’-~~ - Thi s  e i t t) r  m u s t  then  p r op a t l a t  o t o  t h e  wlis - l e  I l ow t t o l d ,
as i n i l  c i t e d  s c h i e m a t  i~’al  l v i i i  1-’ i t~U t ’ t ’ u Ther e  t i c  scVer . t  1
) r1 ~~~~II I oim;  in  t I h ’ L i i f l u i i s _ )  such a s s _ ’ i  u t i on .  The I i r s t  of  t host ’ is
t o g u i  t i n y  in  i ; t Fi t r op i c  r i s e , as We ll • I i ;  t a l l , in  t h e  ‘c t  o n L i i l

ut on - The s-L~ i t — s w i t c l i i  n~i met ho s_ Is i i i  use s _ i t  5cr m u  i t t  t e
a g t i  tc~~t s u c h  ‘ot t ’ n t ia ~ t i s e s . A s _ I s _ l i t  t o n a l l y ,  t h e  er t ~ -’t i i - ;  u n i v
a t  t l v ’  guessed  d i sco nt  i n u i  I. ant i  i t  m u s t  p r~cp a t j a te o i l )  t o  t h e
t e s t  ‘I  the t i e l s .I. l - j t ~uro  10 show s the  l t ’5U l 1 ;  tli.m t ac t  u t f ly
o c c u i  1 10 - ; l ic i i  a guess  1st c a l  c uL t  t. o n )  — l- t t ’p I i n  t ho req i ~~ t u
0 !  t t i e  ~l i s c o t u t  I I I U I L \ , lilt l~’ pot cnLi~t i c o rr e c t  i t ’ l l  t )t ’ c l l l  i i .
:ut ~~c h u  b e t  t O !  ch o ice  i s  t o  connect .  t f l i ’ u t  to o u tt ’u t  by a s I t  t i g h t
1 i I I  - \ i o  1 I i  f i t  ‘n I L I I  Uot lS  1 low s ~k 1 l s _ l  i- el a t . i  ye ty  Ia i q e  s_ i I I ‘ ! t ~~ I lco S
b e t  w ’ t ’ t 1  ‘ u u t ’sse t !  a n s _ I  I i  i~~i 1  s o l u t  ions  ev t ’i- y w h i e v t ’ . rh u s
is a’;,’! ui  the t n I l  t h r e e— d i m on ; ;  ton~i1 s o lu t i o n s  d e s c r i b e~i i i i

I i~ ot -t I I~ .

i’lie me an S Ui~ I ace s~ I ut  0 ii is ‘rs_ -’ s_ ’s_ ’ tOtl to  the ;; to  ¶ aces b’~
.

U t  1 1 t u g  Eq ua t i on  ( ‘ 2 )

x )  —‘ ) h 
~ 

ii (~‘ —‘1

L
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Figure 9. The Effect of a Good Initial Guess
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w ho rs _ ’

i cs _) n ips _) n t’nt  s _ i t  \‘ t ’ l t ’C L I V

ii , -
~ ~j r  t t I  3paciI1~t in  1 lie 1 rec t i t  ‘ i i  O i l  I hO

ma;; t or ;;Ur

i s_ jr i s _ h s~~’. is _ ’ i ug i _ u  t l it ’  I 1 t ’c t I t i l l

I!” 
-

~ 
C t  ‘I!l !’~ ‘ f it ’ u t  0 t ‘ m e;; ~e~1 Vt ’ 1 s_ ’c i t  V

N o t e  t h a t  such a l l r t ij e c t  ion ~ts surei ; t h . t t  t h e  ~ol~~t t o l l  ~- i t ’- ; e i V e ~
;

1’ 1 . v h e — t c — l ’ I~tdo c i r c u l a t ion .  t~ is ;;u;ip-lv itm ido equa l to t he
: u  ‘a:; a ur t  act’ so 1. ut ~t ‘ii value  , an d1 is as  SOt l iO t i  ~~~~‘ r t  ‘ \ 1
losses a l t ’ incorporated in  t I \ t ’  gues;;o~l sol  at io t i ; ;  Ihi-o~~:tt i i ;

i npu t  boss ails_ I b lade  b o u n d a r y — lay er  l ’ 1 t c k a t m t ~ ti t a t  r i ’I I L I  I

To I h i s  comp oiit ’nt out ’ mu st as _ Is _ I a rotat i o n _ i  I comp s_ ’n e : u t  • i a a e —
w m t i i  r ad i u s  ch l ,t n ~J e .  Th is  can be s_ tOt ’ i VOti r s_ ’nm t h e  o t . t  i ; -

r ame e qu i v a len t  of t hit ’ Cr~’ccs_ ’— V a _ i s o n y  i , equa t t o u t  4 •~~~

The ros u l  I t o r  the ~ componen t  of equ .t lion ( 4 2) .i g i Von ~e I

•uiv
~ (W + ~r) siiia + r - -‘ -

1 11 -l i i i

wher e

W rn is the meridona] . velocity

~I is the tangential velocity

is the rotational f requ ency
.~~ is the strea~ 1ine slope

When .~~ is _ i t i ro  the above e q u a t i o n  is h i t ’ 1 , t t  i ona  1 . h l t ’\% t ’V s _ ’F , w h e n
is 5011 _ i e r o  a ts_ ’tatioihl l Cs_ ’l l lp s_ ) l i O f lt  OX 1 5 t~ S t li~i t  i ~ t ’SSt ’li t i al l y

ge ome tr i c  and must be includes_I into ~ or U s i nc e  \~~ c an n o t  exhi-
b it rotational behavior. This  coniponon t is ~-m p pr o x in m a  ted I ’ a U
component in the streamwise direc t ion as ~t i ~en be 1 ow.

ii - - si na (~u —

3 Cs_~S~ t. L
wiie re

• is the ~irid system ass_u t’ in the st rean twise  d i rec tio n
—1 rdt)

t J iV C f l  by i~ ~‘ tan

‘ CL is the value  of t~ on the master surt act’ acl’os;;
- the bias_it’ passage

This component is wholly geometric , iero on t i le’ m as t  or sui  t a c ’

an~l is s imp lv .i~1de~t to the ie ; ;  nit ; ;  s_ ’ Eq na t i ou t  t 
‘‘.

‘
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potential_Solution

The potential solution proceeds in a similar fashion to
tha t  described by Dodge 6 . However , the use of a completely  non—
orthogonal grid seriously complicates the geometry considera —
t ions.

Equation (31) represents a general vector form of the
partial differential equation for potential , which may now be
expressed in Cartesian coordinates as follows .

-) ~2 
____ ____- a ’ ) •

~—4 + w w  + 
~~~~ 

+ w w

, ~~~ 
_____ _____+ (W~~ — a )  —~~

- + 1 W~ ~y 3z 
+ W W + W~ W

Y ~ Z 3 y

-
~ 

-
~ a p  2 I~ 2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-, ‘) 1
+ ‘v,’ ( s _ 4 + u ) —  (W — a”) .

~
.—. (G + tj ) — W W ~

— (G + U )
o V V X ~lx x x x I’ ~ x x

— W  W —~---- (G + U ) — W  W -~—— (G + 0 )x -~~~~ x x y x ~~ y y

V) 
~ 1

— ( W ~~~~— a ’’ ) ----— (G + U ) — W  W ----— (G + U )
Y ~Y Y V Y 2 t ~Z y y —

— W W ~— (G + U ) — W W -~~
---- (C + Uz x ~ x z z y ~y z

— (W — 2 ) 
~~
— (G

7 
+ U )  — ~2 

(
~~~1) [w~ ~~ 

+ w

+~~~~ :~
_
~_ 1 + i . ( w  ~ + - w  ~ ~~w ~ V )
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~ ‘ X X V
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E q u a t i o n  ( 5 3 )  r ep resen t s  the pa r t i a l  d i f f e r e n t i a l
equa t i o n  ~or p e r t u r b a ti o n  p o t e n t i a l  in C a r t e s i a n  c o o r d i n a t e s .
ih e equation is elliptic for subsonic conditions and hyperbolic
~or supersonic conditions. Thus, it  is adap t ab le  to s o l u t ion
b” r e l a x at i o n  t e c h n i q u e s.

3osn l a r ”  C o n d i t i o n s  on P e r t u r b a t i o n  P o t e n t i a l  — At the in le t
a:~~i - -utlet of the b l ade i ’assaqe , the p e r t u r b a t ion p o t e n t i a l, ~, is
assumed to be e j u a l  to zero .  This is a va l id  a s s u m p t i o n  when
the inlet and ~ut let are chosen f a r  eno ugh from the blade s t h a t
~he radial equilibrium solution provides a satisfactory repre—
5entaticn of the flow . On solid surfaces , and bounding stream-
l ines , the boundary condition on -~~ is

0 ( 5 4 )

or , expanding in Car tes ian  coordinates

n !~~+ n  ~~~ + n  •~~~= 0  (55)x Dx y Dv z Dz

C a r t e s i a n — t o — N o n o r t h o g o n a l  Coord ina te  T r a n s f o r m a t i o n  —
Equation (5 3) is expressed in terms of Cartesian coor dinates;
however , the qrid system generated within the program is non—
or thogonal . Thus , in order to fo rmul a te  d i f f e r e n c e  schemes in
the nonorthogonal e n d , the Ca r t e s i an der ivat ives in Equ ation
(53) must be recast in terms of derivatives with respect to non—
orthogonal coordinates. A transformation matrix to accompli sh
this was developed as follows .

Consider a scalar property A. The d i f f e r e n t i a l  of A wi th
respect to Cartesian coordinates is:

dA = -
~~

-
~~~ dx ÷ dy + -

~~~~~ dz = 

~~~ ~~ dx~ ( 5 6 )

where

(X1
, X2, X~ ) = Cx , y, z)

Equation (56) provides the basis for expressing derivatives
in the nonorthogonal coordinate directions (xi, x2, x3) The
par t ia l  derivative of A , with respect to the nonorthogonal
direction Xj ,  may then be formed from Equation (56)

3 ~X .
= 

~~~~~ ~~~~~~— - -  for I = 1, 2, 3 ( 57 )
1 j=l J 1

30
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Socens_i dot ivi t i ves  n ;av be t :eat ed s j mj  l ar l v  , i~’ i th t he
d it  e ro nt  ial w r i t t en  in Ca r t e s i a n  c oo m -d in a t e s  a s :

s_ I 
~~~~~~~~~~~~ 

= 

k~~l ~~~ 
~~

‘
~
‘
~~~~~

‘) dx k f o r  i 1, 2 , 3 ( r ~ t~~)

Then , I he part ial den vat 1 V t ’ o t  , with respect to the n o n —
or t i;s_ ’~;on-i 1 direct ion x , becomes -

~~~~~ k~~b~~~
X
k

(DX
1 

~~~ for j =  

~: ~:S u b s t i t u t i ng  Equ a ’ on (~~S 71 into Equation (~~~
) v i  olds t he

t c l  ow i n~ ;

r 3 D x i  DX
VS D I v ’  ~ i~~ k 

-1T - - Tr I T~~ i~ 
(0

k=l k L 1=l 1 1J  ~-

or . exp m n~I i n ; l-qua t ion 60 1

3 3 ~~~ D X .
x~ Ux1 k=l j~l ~~

:
~

X k V ~
X 

~~~~~

3 3 - - ‘i. - ~x
+ i

k=l j=l ‘ D X ~ D X k 
- D x 1 Dx~

fo r i = 1, 2, 3

= 1, 2, 3 ( 6 1 1
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DX-
In Equation (61) , the geometry derivati-~rt’ ~~~ 

-
~~- -  m u s t  he

i
recast in terms of nonorthoqonal derivatives . This ct’nvt ’r~ i o n
is performed by rewriting the second term of E q u a t i o n  (t- l~ ~~s:

£ j~~~1 
(~~

) 
~~ k 

= 

j
~~ 

(
~~~ C k ~l ~~k 

~~~~~~~~~~

and then emp loy ing E q u a t i o n  ( 5 7 )  to rep lace  the term in l’ra~-”~e t s :

3 3X . ~X DX.
‘
~~~ —.~-- i~~ i)  ~~~ ~‘-~ DX \Dx. ~x Dx \ Dx-k 1  k 1 V.

Then , the final form of Equation (61) is

3 3 2 DX - DX
~ ~3A \  — 

A \ i k
Dx ~ \ i ~< . / 

k=1 j 1  \ D X k D X
J

I Dx
3 

Dx ~

+ t ~~
) E D  (~~)] for i = 1, 2, 3

= 1, 2 , 3 ( 6 2 )
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A 12 x 12 t r a n sf o r m a t i o n  m at r i x  may be h t m l  It to r e p r e s e n t
Equation (62)

D X -  DX : 3X. 
-

j k . 3

~ z T.~~ : ~
-;j— 

~~x1 
~
- : 1

(9 x 9) (9 x 3)

T = • •  ..
• ~1 x _

• I

( 3  x t ) )  ( 3  x 3) 
-

Detifling the 12—element der iva t ive  vectors as

- V)

)x Ix - DX D X
k

= . =

1 
- -i

E~p iat ~on ( 
~‘ 

1 is n on  re son t e d  as

= TD
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Then , by t a k  L i i - ~ th e  i n v e r s e  c t  T , t l m o  don iv it i v -;, w i t h  respect to
Ca r t o~~ian  :-‘o; i L n i t o s  :iiav he x~~r ( - .~s~ -d L t l  t s _ - r ’~ I t  ~ on i v  l t i’,’ ( S

w ith r e s - ’~-~’t  f : —  n o n o rt h o - - - nal c~)or - ILn -t~J s~

= T ’ . 1 ( ‘ - 4 )

- ;uat _ ion ~~~~ 
‘- ) - - 

~~~ 
L t e - ;~~~~~mo :~~~ - 2 I ~~. , t r ’ ’  - t n : ; t o r r n i~: i o n

t ’ ) ~~~~ 5 O f l  * fl~ ~~ ‘- -~~~c-r5io’’  e I r L ~~’ t v - s i n  J~~~~~~~ L~~ t , j~~; (53)
m a  - -  t -  non : _ n i r ‘i :~~-~~~r ~in i t o a .

‘.;1 :~i o r : c t ~ 1 - h on 0 i2 S )  0 i - a  o: )t o n~~ J to I t t .  um —

~‘ar~ l a t  ~. L J a o 1 t ? l L L i  1 - - ~~~~~ ion no~~’rv n l : m : or~~~ -h t~~(~c~ I(, t O f l t  j a L
[C bm~~tion 

( ~~ - - a a s t  as - i line o ~ i f t I - r t 2 r . ~~~ ~~~ . ‘ t i - ,n i ;~ a - : : — —

01 t~i O O O f l i i  2 0 ; r : i ! 1 It o S .  i h o  - i i L t o ~~cnce Lec:’ni-n: - .i
i a A~ pcndi:-: A - 1~ie r e s u l  t t . n g  inear  s y s t o r  1 - I a - :  t a n n  b-~ n~I .v es_.1
by elax L m~ a t ec h n i q u e s .

The d i f f o r cn c~� s tar  used emplcys  40 ‘i~. In s , a nd is capab ie
of trei’ t in g  d e r i v a t i v e s  a t  a l l  i n t e r i o r  - t r  U boundary  nodes .  1 t.
produces m c en te red  h f  le rence  :;c i l enme t.a Lhi ; s I iTe - ’~-:.L :3~ J i rec ti u n
f o r  subsoalc  f~ ow , and a m i x e d — h y p e rb o l i c  and i m p l i c i t  :ae::n
in the ore~senc of supersonic flow . The - t n j r e e  t i t : i x in g  is
determined as a :un ct i o n  of local ‘lach number , b - m : : - -J upon a
c r i t e r i o n  u,e v o l o n e d  from a stability analysis of th e basic
relaxa t ion  di~~~erence equation. -‘\s :1 t c:m a~i:iber increasas. the
v a r i a b l e  supersonic  l i f fer e n c e  St a l  ;~ cL orn~~s weighted  to more
closely r e f l e ct  the reg ion of i n f l u e n c e  ot the c har a c te r i s t ic
l ines , even tual 1’’ ~ecen’ in j t o t a l l y  hy~~~~aolic

P r o g r a m  A r c h i t e ctu r e  — In d e s i g n i nj  t h i s  erogram , a pr imary
goal was to maintain the capability of handling problems to a
maximum size of 10,000 nodes. In order to accomplish this on
the CY174 , it bec ame necessary to introduce sequential f iles
within the relaxation module to handle large data blocks, such
as g r i d — t r a n s f o r m a t i o n  arrays and c o e f f i c i e n t  a r r a y s.  In
addition , smaller data blocks were stored on random f i l e s
managed by the scratch informat ion  processor. A general  logic
diagram of the potential equation solution module is given in
Figure 11.

The re laxat ion  i tera t ion package u t i l i zed  in this program
consists of an optimized assembly language rout ine, which per-
forms ordinary over—relaxat ion  and permits the entire problem
to be held within core memory during iteration. The assembly
language routine is more than three times faster than the
Fortran routine that it replaces.
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SECTION III

RESULTS

The USAF has had a program to develop high-pressure-ratio ,
h i g h — d i f f u s i o n  axial  compressors for several years . In
part icular, the program of interest involved a rotor designed
for a 3.0 to 1.0 pressure ratio in a 1600 ft/sec axial stage.
Initial tests of this device indicated that deviation angles
were excessive without a second partial—flow splitter near the
exit. A center—section from this rotor was tested with ~
splitter and the results were reported by Holtntan et a19.
Dodge10 later studied this cascade utilizing two—dimen~ ionaltransonic relaxation methods . The rotor was desiqned by
Wennerstrorn and Frost11, and the test resul ts  were reported by
Wennerstrom et a112 . Although the computer program developed
herein is expected to have much wider app lication than these
devices, the motivation for its development rests in certain
inabilities to design such high work stages.

Although the splitter had substantial  benef i ts, its cascade
test indicated that rather severe diffusions occur. However ,
questions existed as to the applicability of the cascade test.
The extreme convergence of the stage required contracting
relatively low—aspect—ratio end walls  applied to a supersonic
cascade . This configuration introduces a complex interact ion
between curvatures simultaneously occurring in two directions.
The intent of this program was to explore these questions by
analysis. The results of this study are described below,
beginning with a conventional transonic cascade, then high—
turning cascades, and finally a rotor.

VKI Low—Camber Cascade

In 1973, as part of a von Karman Institute short course,
Breugelmans and Starken13 reported data on a low-camber DCA
airfoil. As a test case, a two—bladed cascade configuration
was calculated at an inlet Mach number of 1.409. The grid
system along the centerline is shown in Figure 12. No te that
the two side walls are formed by the suction and pressure sur-
face of the cascade. The resultant solution is shown in
Figure 13. The center blade and outside wall show very similar
pressure distributions. However, the pressure surface of the
center blade indicates some of the previously unpredictable
acceleration near the leading edge. Two data cases bracketing
the calculated static pressure ratio are compared to the center
blade loading in Figure 14.

The one very low static pressure point on the suction
surface just ahead of the trailing edge is considered spurious ,
since it does not appear on any other sections. Agreement is
as good as the comparisons between time-dependen t and non-
orthogonal relaxation methods, presented by Dodge previously,

- - —V-- -~~~~-r ~~~~~~~~~
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F i g u r e  12. Centerline Grid System V1~1 how-
Camber DCA Cascade , M1 = 1.40” ,

= 47.0 Degrees
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w i t h  the l ead ing  e(lqe re~i i nn s  reproduced bet t or. l’ t inc  i pal
4 req inns of di sag reeiue n t are in the ox it: req i o n — — a  m g  i ext  ‘

I

domina  ted by v iscous  et  f eet  s

ARL Ca sca de

The ARL casc a de  ha s been tos ted in  two f o r m s  . The Ci rs
was without . a spi i t~~er tes ted  by Ito 1 t m a n  et: i i  1 ~ , a nd the second
was with sp li tter s by i t e i tm an  et al ’~. ~ dcl a i l e d  st :udv u t i  Ii ~ i n ~;
a two—LI imens inn a l  t ranson  i c t e l  ixa t inn  method , do sen I hod by
I t o dtj e l , has a 1 n e a t l y been r epo r ted  - Resul  I 5 agr eed well with the
da ta • l lo weve r , VISCOUS e I f e c  t had to be model n i  h\ ’ roduc  i nq
the norma l St r eam tube conver qence  ( b — w  i d t Ii )  . rh is i s roqu i r t  ~d
si n ce the ca lcul at ion techn i que is I nv i sc  id - The resul  t was t h a t
the rea l  per forn iance  map f the  cascade con I d not  ‘be m a t  ched
because it was thro t tied • Th& ’ of  feet of t h i s  (10 Ci  ci ency is
shown in F igure  1 ~ , plotting axiai—veloc I tv - ‘density rat in versu~:
exit Mach number . To close e xit  leading properly, the correct
a x i a l —y e  m c i  tv de ns ity  r at  in m u s t  be sel oct otI - h owever , to
reasonably match sur face 1 oad i nq s , the exit ‘I t ch  number  mus t  be
dup li cated . These two quantities are far apa r t  for t h i s  cascade
when an inviscid technique is uti ii :~c’d . The ap~-sl 1 c a tio n  of  the
cu r ren t  method a l l ev i a t e s  t h i s  problem . R e s ul t s  a re  shown in
Figure 16 for surface static—pressure distribution .

Two s ign i f i can t  di f fer e nce s  between e x p e r i m e n t  and calcula-
tion appear . A compression on the suction sun t ice to I I owed by
an acceleration with a near—trail m g — e dg e  compress ion is pro—
dicted but not evidenced in the data , or in any of the ca l c uL i—
t ions o f Dod ge ’ . The ori gin o C th i s  plie nome non is not  \‘ e t clear -
~lowever , it is associated with the h igh  loading ot the spli t—
tered cascade , since i t  d isappears  w i t h  the lower—loaded spl i t—
tered cascade . A Prandt 1 — ‘lever e x p a n s i o n  w i t  h .~0 dog roes of
t u r n i n g  would produce such an ac c e l e r a t i o n, whi  le the t u r n i ng  on
the suct ion s u r f a ce  over the same r ange  is ~~ degrees . Uowever
it would be uni  ike1~’ to occur in  a tos t because of the separi—
t t .on  a ft e r  the f i r s t  compress ion , and i t  may not have appeared
in ea r l  icr calcul ations because of the lack n t  t h ree—
dimens iona l  i tv  of  prey ions tests .  A contp l et c  cont our map ot  the
suct ion su r f ace  is shown in F igure  17.

The other discrepancy is well documented . ~ s i m il a r  hu t
sma l l e r  acceler a t i ve peak occurs  on the pre s su re  s u r fac e  near
the leading edg e . Dodge 10 ex t e n s i ve lv  s tud I ed th is phenomenon ,
and came to the conclusion t hat  i t  was due to pressure  surt ace
curva ro , alter nating between cxpans I ye a t  the  very lead i it
edge and compress i y e f u r  the  i- down . F i ~iur e  I ~ , reprod ‘aced from
Dodg e 10 , shows t h a t  the p ressure  sur t a c o  eros sos over in the
v i c i n  i tv of  20 to 30 percen t  of cho rd .  Tb i 5 n I I ec t p er s i s t s
throu gh a l l  ca 1 c ‘a I a t  ions  by a I I t echin i qu es , a ‘a t l  tht us nms t. I.e
considered to be real  • However  , i t ~Ioes not  appea r  n dot  a d ue
t o  r ap id  h~mun da  r y —  I ayei -  t h i c k e n i ng

.1 1
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Figure 19 shows the blade shape of the st~littered cascade .L i k e  the u n sp l i t  t erod cascade , i t  was tested as a t w o — d i m e n s i on i l
b lade w i t h  a sha rp ly  c onv e n q i ng  en~i wall. F i - i u r o  20 shows cal-
cu lated  sur  ace s t a t i c — p r e s s u r e  d i s t r i b u t  in n s .  F igu r e  21 shows
the data  f or  the e q u i v a l e n t case. Cemnar i son  between the data
an d ca lcu l a t i ons are shown in Figure s 22 throuqh 24 - Figure s 2~
th rough 28 show the three-dimensional calculated surface s tat ic
p r e s s u r e s .  The spu ttered cascade is more t h r e e — d i m e n s i o n a l
than the un sp l i tt c r e d  casc a de , as shown by com par i n g  Figure 25
to F igure  17. The assume d c e nt er l i no  loss d i s t r i b u t i o n  is
shown in Figure 2 9 .  This is a h i g h ly  t h r e e — d i m e n s i o n a l  case
w i t h o u t  the t r a d i t i o n a l  cascade  p r a c t i c e  of a large u n i f o rm
center span. It would be nearly impossible to assess what the
etfective two—dimensional b—width variation , so f am i l i a r  to
conventional  compressor design , would be Cci such a case.
Howeve r , by compar ison to the equ i v a l e n t -  ro tor  sec t ion , the
v a l i d i t y  of the cascade approach w o u l d  be v e r i f i e d .  Agreement
with the data is excellent. The pre s su re  s u r f a c e  also shows
the accelera tion in the v icini ty of the splitter leading edge .

The previous study by Dodge 1° was only  successful for B—
wid th distributions near the metal (those without end-wall bound-
ary-layer corrections) rate of convergence . On a one-dimensional
area basis , it could be demonstra ted that  the lower passage wa s
choked. When the calcula tion is performed on a fully three-
dimens iona l  basi s, as demonstrated herein , solutions are possi-
ble. This is apparently due to the combina t ion  of  using two
t h ree—dimens iona l  areas , f low read  ~ustnient  f rom lower to upper
sp i ittered passage , and the s~ ecL f ’ e d  loss i n s t ead  o f  h — w i d t h
reduct ion .

A R L  R ot  o r

C a l c u l a t i o n s  were mode en the ~P1 rotor described by
Wenners t ront  and Frost 11 . Tests the rotor wore  i n h i b i t e d  b~’ a
s t a to r  choke , whi  oh caused  the r ot or  to t a n  at very low low .
The e f f e c t  was most ~ re n ou n ced at the t i ’ , w h e r e  Ll evi  a t ion
angles ex cceded 30 dc~ ic~ s - T ot a l  oss ui -o loss also approached
~i0 p er cen t  it the t i  ‘ - B o u : u i . l r \ -  c o n d it i o n s  :or the  ca 1c~J a t  ion
we no t aken  rem Weni ;er  s t  rom o t a I -

~ - ~r thc  thin uch —th e— b. 1  ode
m a t c h  to the l0~)—pcrccnt s~’o ,’a o~~ien ‘oint . Pr o  i c ot i on s  of  the
cr1 d sns tems at  the hub , i:to tn , .eu~ L a re  shown in l-’i qures  $0
through 32. C a lcu lat e d  s ur ! a c~- S t at  p r e s s u res  -ire shown in
Figures 3 t h r ou ch  $ t ~ - At h i -a h ow n o T e s , f l o w  c o n d i t i on s  arc
e x t re n~ 11 sens It L ye to in i c  t inc  ONI  t r t r o . ir r — f un c  i on  boundary
con d it Lori s . Thus , t i to  exi t co i - e n s  - no no t re iso 1 V
matched. In  L e t  Mach n umbers or . - gen er a  l iv  lower  and C I . ’w trig los
h i g h e r  than design because o the no :-v b ’ . 1 ow condi t w n -

Condi tions are not  as ex t  reran is ml ~i i t  he ex~’ec t ‘d , s ince  the
ttp passes very l i t t l e  f l o w . hess d1s~ n i i-’u t  i o n  t h n ’uqh the
blade was set to l i n e a r  fo r  loch o C inn  bet  n o r  a l t  ci-no t i ye
This leads to relat ~ve lv h ioh ~‘iosscros at the ti p . lhose are
pr o b ab l y  not  real i :ed in  the cx ’er ‘l iont .  L U O  ho no rv 1
near—leading—edge t-otai—pressurc losses . 131 ode sect ions
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Figure 19. Blade With Splitter Configuration -
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ge neral ly  possess an expansion near the leading edge, raisinq
suction surface Mach numbers to design or above . Direct comp.iri—
son was made to the mid—line section , since it was the one
modeled in cascade testing . These surface loadings arc’ shown
in Figure 37. Note that suction—surface static pressures are .as
low as the cascade , despite the lower Mach n umber ups tre am (1. ~-1
rotor to 1.46 cascade) .

The exit static pressure is slightly higher th an repor ted
for the experiment. Rather than rerun the calculation of the
rotor , a cascade ca lcu la t ion  a l ready ava i l ab l e  at the higher
s ta t ic  pressure was used . The results are shown in F i-iur e 38.
The compari son between the ro tor and exper iment  is show n for the
main blades in Figure 39 , and for the splitter in Figure 40.
The ooreement is excellent , providing strong evidence that the
cascade was a good simulation to the center section of the rotor.
This f a c t  was already somewhat experimentally confirmed by
comparing rotor cascade loss coefficients .
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SECTION IV

CONCLUSIONS AND RECOMMENDATIONS

The most significant conclusion from this study is that a
technique has been developed , coded , and to limited degree
verified offering substantial insight into the three—dimensional
flow fields internal to compressors. Moreover , this computer
code is a practical design tool. Run times range from 10 to 12
minutes on the CDC 174 (1.0 to 1.2 minutes on the CDC 7600).
Input is arranged so that almost any conceivable compressor
configuration can be handled , including multiple splitters of
varying shape and extent.

Comparison between the calculation and the spu ttered
cascade tested by ARL is excellent. When the calculation is
applied to the rotor, the section that corresponds to the
cascade in shape and overall construction has almost precisely
the same predicted static pressure distribution as the cascade
prediction. This suggests that the cascade is reasonably
representative of the rotor section. A word of caution. This
conclusion only applies to this par t icular  section through this
particular rotor. This section was carefully selected by the
designer s to have minimum three—dimensional effects . Other
sections and other rotors need to be examined on a case by case
basis, which is now possible with this new numerical method .

The close agreement between computation and experiment
tends to support the concept of a supersonic inlet cascade with
sharply coverg ing end walls. The end wall has a powerful effect
on the flow distribution; however , the centerline results indi-
cate reasonable simulation of stream—tube convergence is present
in the rotor. Again , care must be exercised against over
generalizing this conclusion. Each new case needs to be exami-
ned on its own merits.

Several years of intensive development of massive numerical
computer simulations to internal flow devices has shown that
performance may be strongly affected by choices of the tradi—
tional overall parameters; such as solidity , aspect ratio,
diffusion ratio, etc. However , after these parameters are
optimized to a part icular application , the designer still faces
many decisions on the final blade shape. These choices are not
trivial. They can and do affect performance substantially; in
some cases, a great deal more than do the traditional parameters.
Without internal—flow visibility , total optimization is not
possible. In the case of turbine stators, where significant
differences in surface static pressure are not as likely to
occur , internal—flow visibility must take the form of completely
viscous solutions. However , a brief perusal of any high Mach
number compressor , such as the one shown herein , indicates
significant regions of unwanted d i f f u s i o n .  Muc h better per-
formance could be obtained by eliminating such diffusion. This
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study presents the method to predict and thereby eliminate un-
necessary diffusion . The ultimate test should now be experi-
mental. An extensive optimization of a stage with already good
performance will indicate what the f i n a l  payoff  in design of
this  numerical method wil l  be.
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APPENDIX A

RELAXATION METHOD

The major extension of the current program over that
reported earl ier  by Dodge 6 is in the re laxa t ion  area.  Since ~~~ic

discovery of t ransonic re laxation  techniques by Murman and
Cole15 , the technique for solving Equation (31) has been avail-
able. Since that time, much has been learned about this tech-
nique . No attempt to discuss relaxation processes in detai l  is
conta ined  here in .  Rather , an exp lana t ion  of wha t  is in the
cur ren t  program and a b r i e f  discussion of why , fo l lows .

In i t s  simplest form , Murman ’ s method provides a consist.~n t
approach for  solving Equation ( A - l ) .

( l_M 2 )~~~_ 4 + ~~ _ 4 = a i4 + I 4 = 0 .  ( A — i )

When H 2 is less than uni ty , Equation (A- i)  is el l ipt ic .  Ordinary
centered differences result in a relaxation process essentially
e q u i v a l e n t  to t h a t  used in the incompress ib le  program. When
M is greater than one , the equation become s hyperbol ic, and the
region of i n f l u e n c e  changes to that contained by a set of char-
act e r i s t i c s .  To mode l th is , d i f f e r e n c e s  must  be switched to
backward at the sonic point. For supersonic flow , the d i f f e r e nce
Equation ( A —2 )  was given by Murman and Cole’5.

~~~~~~~~~ ~~~~ 
- 2 

~ i-1,j ~i-2,j~

—1— ( 4 ~ — 2 ~~~~- - + ) = ~~~ . 
(A — 2 )

2 “i , j+ l  1,J

where = ÷ i.\s

n = n0 + j.\n

If  the d i f fe rence  solution for potent ial  is assumed to be a
continuous func t ion , it can be expanded by a Taylor ’ s series
about 

~~~~~~~~~~ 
When this  is done and subs t i tu ted  into Equat ion

(A—2), Equation (A—3) results .

(M2—1) 
tL4  

+ 
1 

~~~ (2
k 

— 2) (_1) k

3s k=3 ~s (A—3)

= + 
k=3 ~

-r 14 (1 + (_ 1) k ] Afl k — 2

15Hurman , EM. and Cole , J.D., “Calculation of Plane Steady
Transonic Flows” , AIAA Paper 70—188 , 1970.
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No te that  the equation is cons is tent .  The lowest order trunca-
tion is then given by Equa t ion  ( A - 4 ) .

T3 = — (M 2 — u ) —4 AS ( A — 4 )

In the conventional sense , this difference is first order in s.
Note , however, that the magnitude of t runcat ion error increases
with  Mach number. At uni ty , when the d i f f e r ence  equation and
the d i f f e r e n t i a l  equation match regions of in f luence  exac t ly ,
the system is second order.

Dodge1 suggested a nonorthogonal method that was second
order , and matched precisely regions of influence . In a fixed
grid this method can be applied in an approximate fash ion .
Consider the d i f f e r ence  Equat ion ( A- 5 ) .

D = — 

~ i—1 ,j+ 1 
— 

~ i—1 , j — 1 + 

~i—2 ,j 
(A—5)

The equivalent part ial  d i f f e r e n t i a l  equation to Equat ion  (A-5)
is given by Equation (A—6).

~~ ~ ~~~ k k  k
D = E 

~~
-
~

——f (— 1) ( 2 — 2 )  As
K 1  - (A—6)
k 1  m

— ~ 1 ~ (_AS) r(Afl)m (l + (— 1)
r 0  r I m i

where m + r = k

The first few terms of this series are given by Equation (A-7).

~~~~~~~ a 2
fl

2 32
~~~~~~~~~~~~

[

~~~~~~~~Afl 2 
~~~~~~ 0. (A-7)

~Dodge, P.R., “A Nonorthogonal Numerical Method for SolvingTransonic Cascade Flows” , ASI’IE Paper 76-GT-63.
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I :  ~~ aation ( :\— 8) holds , then EquaLfon ( \ — 7 )  , and thereby
~~~~~~~~~~~~~~~~ ~A — 5 )  , are second—order  c on s is te n t  a p p r o x i m a t i o n s  to
~~!uatLon (:\ 1)

— M 2 -l (A — 8)

At this point , the charac teris tics of the d i f f e r e nt i al equation
and d i f f e r e n c e  equat ion  match p r ec i s e ly ,  as indica ted  below .

‘I

1

1

-S.
-

~~ I

CHARACTERISTICS

Howeve r , th is is only a consistent approximation when Equation
( A — 8 )  applies.  An approximation that  is second—order when H is
uni ty  and when Equation (A- 8)  holds , and f i r s t -o rder  i n  between ,
is given by Equation (A-9)

2 1 
— —~~~~~~ . +~~~~~~~ . -—~~

. 
~~~~~~ i—i, j +i j — l , j — l

(A—9)

+ 
~i,j+1 

— 
~~~~~~~~~ 

+

Substitution of Equation (A-9) into Equation (A—i) results in a
consistent approximation.

In the full 3—D case, first derivatives and mixed second
partials must also be considered. Instead of using centered
differences , the following are used:
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GL OSSARY OF ‘iLRrIS

A Aioa

a Speed of sound

C l ocal wheel speed

C Gues~;ed v e l o c ity

h En t h a lp y

h ’  To ta l  e nt h a lpy

I R oth a lp y

P S t a t i c  p ressure

P’  To ta l  pressure

R Gas c o n s t a n t

r Rad ius

S E n t r o p y

T Tempera tu r e

t Time

U RotaLional component of ve loc i ty

W V e lo c i t y  in  the r e l a t i v e  p lane

z A x i a l  poSi t iOn

R a t i o  of s p e c i f i c  heats

Angular displacement

Second coefficient of viscosity

Viscos i ty

Density

Shear ing  st ress vector

V eloc i ty  po ten t i a l

Rot at  j ona 1 f requency

79
L I  

~ ~~~~~~~~~~ 1’~ I n t I i ~~ ( 4 I t ~~,’ j ’ I  ?;I 7 I )Mt4 ~~-


