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- This thesis applies singular perturbation techniques to nonl inear

optimal contr ol problems and sys tems with high frequency oscillatory be-

havior. For a class of nonlinear regulator problems we solve for the

- - Hamilton-Jacobi equation as a power series expansion whose coefficients are

solved from equations involving the slow variables only. Consequently we

obtain near-optimal feedback controls. Through the construction of a

-~ composite Lyapunov function, we show that these controls can stabilize

- - 
S 

large disturbances of the fast variables. A fixed endpoint nonlinear

control problem is decomposed into three lower order problems , name ly,

- the nonlinear reduced order problem and the linear quadratic left and right

boundary layer problems. For systems with high frequency oscillatory be-

havior , we decompose the original system into a slowly varying system and —

a fast oscillatory system. This procedure provides physical interpretations

for the high frequency oscillations occurring in a mass-spring-damper

system and an interconnected power system.
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1. INTRODUCTION

1.1 Singular Perturbation Methods

S The main theme of this thesis is the study of the regulator problem

for a class of singularly perturbed nonlinear systems. Closely related to

this topic, we also derive some stabil ity resul ts for these nonlinear

systems. Finally,  singular per turbation techni ques are extended to analyze

systems containing high frequency oscillatory m odes.

Singular perturbation methods [1] have been recognized in recent

years as a powerful tool for analyzing high dimensional systems. These

methods not only reduce the order of the system but also remove the stiffness

due to the fast phenomena. The full order system

= cp (x ,z,u,t,~)
(1.1)

= ~r ( x ,z,u,t,P )

where the states are x C R
n and z e Rm, the input is u ~ and ~J. is the

singular perturbation parameter, is interpreted as a perturbation of the

lower order sys tem

= ~~~~~~ i,t ,O)
(1.2) 

- I
0 *(iE,i,~ ,t,0) -

obtained from (1.1) by setting ~ = 0. The accuracy of the approximation is

improved by reintroducing the fast phenomena as a boundary layer. Higher

order approximations are possible by using asymptotic expansion methods.

For linear time-invariant systems

= A11x + A12z + B1u
(1.3)

= A21x + A22 z + B2u 

- --S-S- -~~~~ —S -~~~~ ~~~~
•
~~~~~~

.S—S - 5
~~~~~~~~~~~~~~~~~ ---S-~~~~~~~- - - - — — -~~~~~~--~~~ - -
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initial value problems (2,3] and optimal control prob lems [4-8] are well

documented. One of the tasks of singular perturbation analysis is to

establish whether the full problem (1.3) is well posed in the sense that

its solution tends to the solution of the reduced prob lem

= A11~ + A12~ + B1~ (1.4)
0 = A21~ + A22~ ÷ B2~

as P. -~ 0
+. We have shown in [8,9] that the regulator problem of minimizing

system (1.3) with respect to the performance index

= j
~ 

(x ’ Q1x + 2x ’Q 2z + z ’ Q3z + u’Ru) dt (1.5)

can be solved approximately from two separate reduced order regulator

problems for the reduced system and the boundary layer system. Based on

these independent reduced order designs , we propose a composite control

u such that the performance of system (1.3) controlled by u~ is an

o~~
2
) approximation of the optimal performance.

1.2 Stability Results

Stability properties of the nonlinear system (1.1) have been

investigated previously in [10-13]. In this thesis we analyze a special

class of system (1.1) in the form

k = a1(x) + A1(x)z
(1.6)

= a
2

(x) + A2 (x)z

which is nonlinear in x and linear in z. By assuming that the equilibrium

of the reduced system of (1.6) possesses a domain of stabili ty D and that

the real parts of the eigenvalues of A2 (x) are negative for all  x €

H 
_ • ~~~~~~~~~~~~~~ - -
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we construct a composite Lyapunov function for (1.6) to examine some

stability properties. The main accomplishment here is that our predicted

domain of stability is larger than those obtained in prev ious works

[10-13]. An estimate of the singular perturbation parameter P. is also

given. The stability results are applied to the design of the control

for the system

* = a1(x) + A1(x)z + B1(x)u
(1.7)

P.1 = a2 (x) + A2 (x) z + B2 (x)u

It is shown that by considering separately the designs of the controls

f or the reduced sys tem and the boundary layer sys tem, we construct a

stabilizing composite control for the full system (1.7).

1.3 Opt imal Control Problems

The stability results are utilized in the design of the optimal

control for system (1.7) with respect to the performance index

.3 = ~~~[p (x) + s t (x)z + z ’ Q(x)z + u ’R( x)u]dt . (1.8)

Finite time trajectory optimization problems for the same class of systems

have been treated in [14-16 ] via two point boundary value prob lems originating

from necessary optimality conditions. For the infinite time regulator

problem (1.7), (l.8),the Hamilton-Jacobi-Bellman sufficiency condition

is more suitable since it readily incorporates stability requirements and

leads to feedback solutions. The solution to the Hamilton-Jacobi equation

is shown to possess a power series expansion in the components of z and in

p., similar to the results in [17,18 ,5,8]. A major advantage of the series

solution is that the coefficients in the expansion can be solved from
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equations involv ing the slow variable x only. In particular, the coeffi-

cients of the leading terms are solved from the reduced order problem

and an algebraic Riccati equation. Then similar to our approach of the

linear regulator in [8], we construct a composite control for the full

S system (1.7). With this approach we avoid the explicit treatment of

boundary layer phenomena as they are optimized by the z-dependent part of

the composite control which uses the variable x as a gain parameter.

For the fixed endpoint problem of minimizing the performance

T
= S [V 1(x , t , p . ) + V~ (x , t , p . ) z + z ’V 3 (x , t , p . ) z + u ’ R(x , t ,p .)u ]dt (1.9)

P 0

of the system (1.7) with initial and end conditions

x(O ,P.) = x 4 ~), z (O ,~ ) = z 4z)
(1.10)

x(T ,P. ) x.r (p .), z(T ,p .) = zT (J L )

S 

our approach is to decompose the full order problem into three lower order

prob lems , namely ,  the reduced problem and the lef t and the r ight boundary

layer problems. Thus the technique in [7] for linear quadratic problems

is now extended to nonlinear problems. The boundary layer problems are

linear quadratic and contrary to previous singular perturbation works,

the reduced problem has a simple formulation. For system (1.7) where A
2

is unstable , a partially closed-loop control is proposed.

1.4 System with High Frequency Oscillatory Modes

Singular perturbation techniques are pr imari ly develop ed for

systems of the type (1.3)

* A x + B z
(1.11)

pl Cx + Dz

~~~~~~~~~~~~~~~~~ J~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
S S

~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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where D is a stable matrix. Then after the transients in z have decayed,

the states of (1.11) are approximated by the reduced system where p. = 0.

In this thesis, we extend singular perturbation techniques to systems with

high frequency oscillatory modes characterized by (1.11) with D a 2mX2m

matr ix in the form

1P.D1 D
2 1 3mD =J I (1.12)

I D 3 p.D4 J 3m

where the eigenvalues of D
2
D
3 
are negative real and simple. It is shown that

the state x is primarily a slow variable while the state z consists of both

the slow modes and the high frequency oscillatory modes. Letting p. = 0 is

equivalent to neglecting the high frequency components of z and retaining

its averaged value [19,20]. The chang’s transformation [21,22] can be used

to decompose system (1.11) into a slowly varying system and a fast oscillatory

system. A similar transformation is applied to nonlinear systems with high

frequency oscillatory behavior. This decomposition technique is used to - 
-

show ~he high frequency oscillations in a mass-spring-damper system and an

interconnected power system.

1.5 chapter Preview

Chapter 2 derives sufficient conditions to guarantee the stability

of the singularly perturbed nonlinear system (1.6). A procedure of constructing

a Lyapunov function for such a class of systems is given and a clearly def ined

domain of attraction of the equilibrium is obtained. A stabilizing feedback

- 5 control for such systems is also proposed.

chapter 3 developes a new series expansion method for the regulator

prob lem (1.7), (1.8). The feedback design is simplified by the fact that the

-- -- —— - - — 5 -~~~~~~~~~~ - -—
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7 coefficients of the series are determined from equations involving only

the slow variable x. An estimate of the degree of near-optimality of

the feedback control is given and illustrated by a speed control example.

Chapter 4 decomposes the fixed endpoint problem (1.7), (1.9),

(1.10) into three lover order problems and combines the solutions to

- 

these problems to yield an approximate solution. An asymptotic series

solution is also discussed.

chapter 5 proposes a subsystem decomposition for systems

containing high frequency oscillatory modes. Eigenvalues and state

• - approximations achieved by the subsystems are given. Nonlinear systems

are decomposed in a similar manner. A mass-spring-damper example shows

that a stif f  spr ing can be regarded as a per turbation of a r ig id rod and

an interconnected power system example illustrates the occurrence of

coherency and intermachine oscillations. 

—~~~~~~~~~~~~ -~~~~~~~~~ - - - ~1l
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2. STABILITY RESULTS

2.1 Introduction

Stability proper ties of the nonlinear sys tem

- = p(t,x,z,p.), x(0)  = x
0 (2.1)

= 4r (t,x,z,i.z), z (O) =

— 
where P. is a small positive parameter , x,cp € R’1 and z ,~ ~ R

m
, have been

investigated previously in [2,10-13]. In this chapter we analyze a special

class of system (2.1) in the form

= a
1(x)+A1

(x)z , x(O) = x (2.2a)

p.1 = a
2

(x ) +A
2

(x)z , z(0) = z (2.2b)

7 - which is nonlinear in x and linear in z.

Letting p. = 0, system (2.2) becomes

. = a~(~ ) + A1(~)~ , ~E(O) = x (2.3a)

0 = a
2Ø~) + A2(~)~ . (2.3b)

Assuming that A
2

(i~) is nonsingular , ~ is solved from (2.3b) as

= _A
;
1
(~ )a

2
(~) (2.4)

and its elimination from (2.3a) results in the reduced system

a
1
-A1A

1
a
2 

a ( ~ ) ,  ~ (O) = x
0. (2.5)

To derive the fast subsystem or the boundary layer system, we assume that

the slow variables are constant in the boundary layer, that is T = 0 and

x a x0 — constant. Substracting (2.4) from (2.2b) at t = 0, we obtain

- ~) = A
2
(x )(z-T) . (2.6)

Lii ~~~~~~~~~~~~~~~~~~ - -
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Redefining ~ = z-T, we formulate the fast subsystem of (2.2) ~s

= A
2

(x
0)~ , ~(0) = z- ~ (O) (2.7)

that is,

S d~~~— = A
2(x)z (2.8)

where T = t/p. is the fast t ime scale.

Under the assumptions spec if ied later , the response of system

(2.2) can be approximated by

x( t) = ~~(t) + 0(P.)
1. (2.9)

z(t) = Z(t) + ~~( t )  + 0~~).

We assume that systems (2.2) (2.5) and (2.7) satisfy the following

assumptions for all x ~ D where D is a closed set in R
n 
containing the

4 
origin:

(A2.l) The vectors a1, a2 and matr ices A1, A
2 a~

e bounded and differentiable

wi th respect to x, and a
1

(x) = 0, a..~(x) = 0 only at x = 0. 5

(A2.2) The real par ts of the eigenvalue s of A2 are str ictly negative ,

that is, there exists a fixed a < 0 such that Re~X ( A 2)) ~ a .

Thus A
2 

is nonsingular.

(A2.3) There exists a Lyapunov function L(i~) for the reduced system (2.5)

where L~ ) is negative definite , guaranteeing that ~ = 0 is an

asymptotically stable equilibrium. Furthermore, the level surface

L(iO — c where c is a positive constant is taken to be the boundary

of D. Hence D belongs .to the domain of attraction of i~ 0.

Assumption (A2.2) guarantees that there exists a positive definite

matrix P(x) such that

P (x)A
2

(x) + A~ (x )P(x)  = —I (2.10)
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where I~ denotes the ixiidentity matrix. Then based on L(x) and P(x) ,

we formulate a Lyapunov function for system (2.2). Since the structure

of system (2.2) is simpler than system (2.1), we relax the condition

used in [2,11] that the linearized reduced system (2.5) be asymptotically

S 

stable. Furthermore, by introduc ing a small parameter e into our Lyapunov

function for system (2.2), the domain of stability of x=0 , z 0  inc ludes

z of O(l/Jg)•

2.2 A Synchronous Machine Model

As an example of system (2.2), we consider a well known fifth

order model of a synchronous machine [23]. Neglecting the damper windings

and saturation, the equations for the direc t and quadrature axis voltages

v
d 
and V

q~ 
and the field flux linkage 

~~~~ 

are

• 
= 

~d r L
f 

~~d + + (2.11)

= -i - - 
(LdLf

_M
~f

)Qi
d 

+ 
Mdf ~ff 2 12r q r d T  r L  r La a a f  a f

L
f 

dY
f L

f
V

f
r dr 

— 

~~f
_M

df id + (2.13)

where 
~d’ 

L
d 

i
q~ 

L
q 
are the currents and reactances of the d- and q-axes,

respec tively ,  ra is the armature res istance , V
f~ Lf~ 

r
f 

are the f ield

vol tage, reac tance and res istance , respectively, Mdf is the mutual reactance

between the d-axis and field circuit, C) is the instantaneous per unit

angular velocity of the rotor and r is the per unit time. The swing equation

is

-5---

~

-

~

----



- 5-

10

= , y — e ~~~~~~~~~ (2. 14)

M~~~~i
— 2wH~~~~= T  

- 
d f f q 

(2.15)o d~r in Lf

where ~ is the rotor angle , C)~ the nominal value of U, the rated frequency

in rad/sec., H the inertia constant and T
in 

the input torque. Note that the

torque (Ld
_L
q
_M
~f

/ L f)idiq due to saliency has been neglected in (2.15).

Prom experience it is known that the mechanical and field circuit

transients pr imar ily described by (2.13), (2.14), (2.15) are much slower

than the transients in the d- and q-axes (2.11), (2.12). To exhibit this

two-time-scale behavior we introduce a slow t ime variable

r T
T ’  =

~~~~~~
— =

~~~~~~-- (2.16)
f do

normalized with respect to the d-axis open-circuit time constant T~0
.

• Defining the singular perturbation parameter p. as the ratio of a small and

a large time constant

r f (LdLf
_M

~f)
2 (2.17)

r La f

we rewrite (2.11), (2.12) in the slow time scale as

v di dY LC)i

r 
a t

d~~ dT’ 
+ 
~l~
’ + 

~a 
~ (2.18)

r
a 

= 

~~~~~ 
- 

(Lf Ld
_M

~f )Uid 
+ 
Md?If 

(2.19)

-
5 I S

- - - - - 5 - - - - -  - -~~~5- - ——  - - 
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where
N L L

= 
‘ 

~2 
— . (2.20)

(LdLf
_M

~f ) (LdLf
_M

~f )

Similarly we rewrite (2.13), (2.14), (2.15) in the slow time scale. The

resulting system has the form (2.2) in which the slow variables are ‘~~, 
C)

and and the fas t var iables and i
q 
whose derivatives are multipl ied

by .L, appear linearly in these equations.

Letting p. = 0, the slow subsystem of (2.ll)-(2.l5) is

- - 

-

dT ’ r
f 0

S L,~£ ‘T - 2 2 1
d’r ’ 

— 

2w0Hr f 
‘ in Lf

— 
L~v~

dr ’ 
— 

~~f
Mdf d + r

f

where the slow parts of 
~d 

and i
q 
satisfy the algebraic equations

V L Q j
S 

~~~~~~~~~~~~~ 
q q

r ci ra a

= 

~~~ 
- 

(L
fLd~

M
~f
) 
~ 

1d 
+ 

M~~~~ f (2.22)

The fast subsystem is

cia L Q i
~~ 

q
dT” d~~ r

a S

(2.23)

di (L L -M 2 )(~-1 If d  df d _~~~
dT” ~2

r L f

where T” = r ’/p.. It is crucial that in (2.23) the slow part C) is regarded

as a constant. 

- - - --_



— The slow subsystem (2.21) is analogous to Kimbark’s third order

model [24]. Instead of neglecting did
/d.r, di /dT as it was in [24], we

set P. = 0 to obtain the slow subsystem. We also obtain the fast subsystem

(2.23) governing the transient behavior of id 
and i

q• 
Since this order a

reduction is caused by a parameter perturbation from p.>O to P. = 0, we are

able to use approximations of the type ~~~~~~~~~~~ C2’~..U , ~~~~~~ i
d~

••
~
1
d + ~d 

and

q — q  q

2.3 A Composite Lyapunov Futi~ction

With the change of variables

— lT l = z + A 2 a2 (2.24)

exhibiting 1
~ 
as the fast part of z, system (2.2) becomes

* = a + A111, x(O) = x (2.25a)

1 . p.~ =P.(A;
1
a
2

) a0 + (A2 + p.(A~~a2
) A

1
]1~ 

S

n p.f(x) + [A2(x) + P.F(x)]11, 1~(0) = z +  A2
1(x )a

2(x) (2.25b)

where the subscript x denotes partial differentiation with respect to x.

Since the right-hand side of (2.25b) is an O(P.) perturbation of A2
(x)1~ 

—

and Re[X(A
2)3 

< 0 in D , we expect that II will rapidly decay to an O (p.)

quantity. This motivates the introduction of

U(x,11,e) — L(x) + &T 1’ P(x) ll (2 .26 )

as a tentative Lyapunov function for system (2.25). Here e is a small
positive scalar to be determined. From Assumption (A2.3) and (2.10), L(x)

and P(x) are positive definite in D. Hence U is positive definite for all

xeD and .fl€ R
m
. Furthermore, since L(x) = c > 0 for all x on the boundary

of D, the surface

~~~~~~~ ~~~~~~~~~~ _ -~~~~~~~~~~~~ 5~~~~~~~~~~~ - — - 5 -—~~~~~~~~~ - rn —5-~~
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S(x,11,e) — [x,1~ : U(x ,i1,e) = ci (2.27)

— - 

- - 
La closed in the (n+m)-dimensional. domain x€D, We define to be

the domain in the interior of S.

Let be a set strictly in the interior of D, that is, the

boundary of D1 does not intersect the boundary of D, and let E be a bounded

set in Rm. The presence of e in U extends S to encompass (x,r~) for all

x€D1 and for 11 in any prescribed set E. This crucial result is stated as

follows.

Le=a 2.3.1

• If Assumptions (A2.2) and (A2.3) are satisfied, then there exists

an & > 0 such that the domain Sin contains all xeD1,flcE.
5 

Proof: At each point XCD
1, the projection of S onto the T( subspace is the

ellipsoid

• T1’P(~ )TI a (c-L( è) ) /e. (2.28)

implying that 11 extends to O(l/.j~). Hence for every i , there exists an
sufficiently small such that the ellipsoid (2.28) includes all TtCE. (Note

that we must exclude the boundary of 0 because from (2.28) the projection 
S 

-

of S at any point on the boundary of D is a single point 1~ — 0.) Hence

choosing to be the smallest of such e6c), the domain Sin contains all

fleE for any ee (O ,e*].

By virtue of Leamia 2.3.1, the initial condition fl(0) of (2.25b),

and hence z(O) of (2.2), can be as far away from zero as 0(l/~~) and still

be enclosed by S. We now examine the relationship between e and ii..

The time derivative of U with respect to (2.25) is

TI — -g(x,e,p) - ~~~
_.. 

~~~~~~ - ~ fl’M(x ,T~, ~ )fl (2.29)

~

5 5- 5 5 5-

~

5-S

~ 

5-55-S 5~~~~~~~~~ -S5- - - 5 
-
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where

g a g
1 -~~ -y ’y

g j a _ L ~a0

y — A~L~ + 2~Pf (2.30)

M a 1/2 - P. (pF + F ’P)4L p

Since PF + F’P and 1’ are bounded for all x,ll in ~~~ it follows that there

exists a P.~ > 0 such that 14> 0 for all x,~ in Sin and for 
P.e(0,p.~]. Thus

the last two terms in are positive definite. To ensure that g(x,~~,p.) is

positive definite, we assume that the reduced system also satisfies

(A2.4 The limit

ur n  = k(s) <~~ (2.31)
ix i -sO g1

exists for all f ixed e ~~ 0. S
~~i

Note that k ) 0 because y ’y is positive definite and from Assumption (A2.3 ) ,

is also positive definite. The limit (2.31) implies that there exists a

domain ~ about x — 0 such that

y ’y < (1 + k)g1 . (2.32)

Then for p. < 2 e / (l+ k ) , g is positive definite in~~, see (2.30). Let

~
(e) > 0 be the minimum value of g

1 on the boundary of ~~. Hence in the

S domain -

g1(x) < k) (2.33)

g is positive definite. On the other hand , since D is bounded , there

exists a k1(e) > 0 such that y’y < k1 for all xeD . Thus g is positive

definite when x is not in the domain
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D(x) — (x : g1 (x) < p.k1/2e) (2.34)

about the origin. But for p. < 2ek/k1, DC~~1, implying that g is positive

definite in D. Thus ~T is negative definite for all x,~ contained in S~~.

- - We now conclude that U is a Lyapunov function for (2.25) guaranteeing

that x = 0, fl — 0 is asymptotically stable for all xcD1, 7~CE and for

where

= min(l~~k 
, , P.~ ) .  (2.35)

Returning from the 11 variable to the z variable via z = 1~-X~~i~2,

• we obtain for all x€D1, fl€E a corresponding bounded domain for z. We

suzanarize the above discussions as follows.

Theorem 2.3.1

If Assumptio~is (A2.1)-(A2.4) are satisfied , then there exists a

> 0 that for all P.C(0,P.*] and for all x~D1 
and z in any prescribed bounded

• set E
1
, the origin x = 0, z = 0 of system (2.2) is asymptotically stable.

Theorem 2.3.1 can be applied in two different directions. As - 
-

outlined above, for any given D1 and E1, we first find g~ such that Sin

of (2.27) contains all xCD1, zeE1. Then we find from (2.35). This

direction is suitable when P. is a parameter at the designer ’s disposal,

such as a gain factor [25]. In the other direction, if p. represents some

given physical parameters, such as time constants, we use its value to

determine the smallest e such that U of (2.29) is negative definite , that

is we find the largest D
1 

and E
1
.

A sufficient condition for the reduced system (2.5) to satisfy

Assumption (A2.4) is the following:
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(A2.5) There exists a positive definite matrix Q(x) satisfying the x-

dependent algebraic Lyapunov equation

Q(x)a (x) + a ’ (x)Q(x) = -C(x) (2.36)

for some differentiable positive definite matrix C(x) and for all

xeD. Let the matrices G(x) and N(x) be

G(x) = 2Q(x)a (x) + K(x) (2.37a)

N(x) = Qa
~~ 

+ a
txq j= l 

Q
~~

a0i = ~~ 
~ j~~l 

Q
~.a0~ 

(2.37b)

• where K is a matrix whose jth column is (0~~a0) 
and X

j~ a0~ 
are the jth

3
components of the vectors x , a , respectively. It is assumed that G

bounded and X(N(x)) 
~ 

for a fixed a
1 
< 0.

The meaning of Assumption (A2.5) is that the reduced system (2.5)

possesses a Lyapunow function L(~) of Krasovskii’s type [26], [27, p. 38],

that is,

L(~) = a~, (x)Q(x)a (x) > 0 , L(0) = 0 (2.38)

such that L_(x) = a’ (x)G(x) and
x

L(~ ) = a ’(~ )N(~ ) a ( ~ ) < 0, L(0) = 0 . (~.39)

Thus the origin ~ = 0 of (2.5) is an asymptotically stable equilibrium.

Without loss of generality, D is chosen such that L(~) = c for a fixed

c > 0 and all x on the boundary of D.

From (2.30) and (2.25b), we obtain

y = [A~G’ + 2ep(A;
’a
2)~

)a
0 Y a (2.40)

_ _ __ _ _ _  ~11
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• and the limit (2.31) is bounded by

a’Y’Y a
itin Y.l lim

1x1-’O 
g1 

~xI-4O 
-aN a

0

~~a’ a ~
~ ~~ a ’ a = (2.41)
1x 1 0 2 o  o 2

where 
~l 

is the largest elgenvalue of Y’Y and is the smallest eigenvalue

of -N for all x€D. We suninarize this result as follows.

Corollary 2.3.1

If Assumptions (A2.l), (A2.2) and (A2.5) are satisfied , then the

conclusion of Theorem 2.3.1 holds .

As a special case of Assumption (A2.5), consider when the origin

= 0 of the reduced system (2.5) is exponentially stable. Then near the

origin , Ia (x) I grows as j~~ and we can find L~~) such that L(~) grows as

and IL (~
)
~ 

grows as ~~~ . Hence there exist positive constants k2,... ,k9
• and 8 such that

k2 1x 1 2 < L(x) < k31x 1 2

k4 1x 12 < _L
~
a
3(x) < k5Ix~

2

(2.42)
k6IxI 

~
fL
~
(x)I < k 7~xI

k8IxL <la
~
(x)

~ 
< k

9~
x~

for all (xj < 6. It follows from (2.42) that there exists a fixed k10(e-) > 0

such that

y ’y < k10
1x 12 (2.43)
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and the limit (2.31) is bound by

k 1x 1 2 k
li.~L 

_L < tim = (2.44)
lx~

40 g1 
— 

(xL- ’O k
4Lx L

2 k
4

satisfying Assumption (A2.4).

In this case a claim stronger than Theorem 2.3.1 can be made.

Corollary 2.3.2

If Assumptions (A2.l)-(A2.3) are satisfied and the origin ~ = 0

of the reduced system is exponentially stable, then the conclusion of

Theorem 2.3.1 holds and moreover the origin x = 0, z = 0 of (2.2) is

• exponentially stable.

Proof: The first part of the corollary follows from Theorem 2.3.1. The

second part follows from the linearization of (2.2) at the origin

~
ai (0)

d 
ôx A1(0) ôx

= . (2.45)

~ 
~a2

(0) 16z ~~A2(0) 
óz

The system matrix of (2.45) has one group of n small eigenvalues OQ~) close

to those of ( ~~~~~~~~ -A1A ~~~~~~~~
) and another group of a large eigenvalues
x 0

0(1) close to those of ~ A2
(0) [221. But a1

_A
1A;

1
a
2 

= a and 
~~~

1x=O 
=

( r— -A1A2 as a
2
(0) — 0. Thus the real parts of the eigenvalues

x=0

of the system matrix of (2.45) are all negative and x = 0, z = 0 is

exponentially stable.

If the origin x — 0 of the reduced system is asymptotically stable

but does not satisfy Assumption (A2.4), then in general g need not be positive

definite for all x€D. For this situation the system is now shown to possess

S S -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S
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a weaker stability property, that is, its trajectories tend to a small sphere

around the origin. Define the domain in

p(x) = (x : g(x,~~,p.) < 0) (2.46 )

which is contained in the domain ~ of (2.34). Due to the presence of P in

(2.29), U may be positive only if xeP (x) and T~ 
a 0(P). Otherwise , ij is

negative. Defining the surface

-rr (x ,z) = tx ,z : x€P (x), z = —A
2
1
(x)a2(x)) (2.47)

about the origin in ~~~~ this stability result is formulated in the following

theorem.

Theorem 2.3.2

If Assumptions (A2.l)-(A2.3) are satisfied , then there exists a

~~~~ 0 such that for all P€ (0,P*] and for all x€D1, z€E1, the states of the

full system (2.2) converge 0~J.~) close to the surface rT(x,z).

Proof: Since U > 0 and U < 0 except for x€p (x) and T~ = 0(p.), x converges to

p (x) and 1~ decays to an O4~) quantity. Thus in the x,z variables, (x,z)

converges to an 0(P) neighborhood of the surface rr (x,z).

2.4 Example

We now demonstrate the construction of the Lyapunov function U of

(2.26) for the system

k =xz

2 
(2.48)

H . 

p .i = - x

Letting P. 0, we obtain ~ = -iE2and the reduced system

. 4  ~~~~~~~~~ . (2.49)

Hi

-5- — 5- — -5 -  
— ~~~~~~~~~~—5--~~~~~—-_—
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Then the origin ~ = 0 is the unique asymptotic stable equilibrium but the

linearization of the reduced system at ~ = 0 fails to provide any stability

information. For system (2.49), Q(x) = 1/(4~~) satisfies Assumption (A2.5)

and a Krasovskii’s type of Lyapunov function is

- 

• 

L(~) — ~ i
4 , L(i) = -i

6 
. (2.50)

Let D be the interval (-1,1], that is, L = c at x = ±1.

Using the change of variables fl = z + x
2 , system (2.48) becomes

S x = ~~x + xll
4 2 (2.51)

• P.~fl = -2P.x + (-1 + 2P.x )11

Since we require lxi < 1, p. is restricted to be less than 1/2. The tentative

Lyapunov function (2.26) for (2.51) is

U(x,~~,e) — ~ x
4 
+ ~~ ~2 • (2.52)

If we require that the initial conditions of (2.52) be in lxi < .8, ~~ < 4,

then we must set e to be less than .01845 in order for the ellipse

S(x,~ ,&)  = [x ,~ : ~~ 
= ~ x

4 
+ ~~ ~2 = ~~ (2.53)

to enclose these initial conditions. Plots of S in the x,11 coordinates

and the x z coordinates for e a .018 are shown in Figure 2.1.

The time derivative of U with respect to (2.51) is

= (g1 - ~~~ 
y2) - ~~~~

. g2 
- 

~~. ~~ 2 (2.54)

where
6 4

y =  (l-2&)x

(2.55)
2P. 1 2

~~~~~~~~~~~~~ 
M = ~~ =2~x .

~~ J L  
_ _ _ _ _ _  J
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_____ x,z coordinates
- x,~ coordinates

Z,T1 7.5

7.5 . _ 5 1 i L l  1 1 ~~~ I ~~1 I l ~~~ F I I I
-l .5 0 .5 l x

Figure 2.1 Plot of S in (2.53).

- ~~~~~~~~~~~~~~~~~~~ - -
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Since lim y2/g1.0, Assumption (A2.4) is satisfied. For all x,1~ in the
x0

interior of S and ~ = .018, U is negative definite for all P.C(O, .0181.

Hence x=0, z =0 is asymptotically stable for all lxi < .8, Ia + x2 1 ~
and P€(0, .018].

2.5 A Stabilizing Feedback Control

The results in Section 2.3 are now applied to the design of a

stabilizing control u~R for the system

* = a
1(x) + A1(x)z+ 31(x)u

-
. 

- (2.56)

• a a
2
(x) + A2(x)z+B2(x)u

Formally letting p. = t~, the reduced system of (2.56) is

= (a1-A1A~~a2) + (B1-A1A;
’B
2
)u a(~) + B (i~)~ . . 

(2.57)

S Systems (2.56) and (2.57) are assumed to satisfy the following

conditions for xSD:

(A2.6) In addition to Assumption (A2.l), the matrices B1 and B2 
are

bounded and differentiable with respect to x.

(A2.7) A
2 
is nonsingular and

rank[B2, AZB2,...,Ar182] = in . (2.58)

(A2.8) There exists a vector h(~)€R
t with h(0) — 0 such that the system

a(~) + B (~)h(~) (2.59)

satisfies Assumption (A2.3).

S 

By Assumption (A2.7), we can find H(x) such that

Re[X(A
2 + B2H)) ~ ~2 

(2.60)

_ _ _ _ _ _  

~~~~~-—~~~~~~•-— ~~~~~~~~~~ - 
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for a fixed 0
2 
< 0 and for all xcD. Assumption (A2.8) implies that there

exists a stabilizing feedback control for system (2.57)

~~~~Ø~~) 
= h(~) (2.61)

such that the reduced system (2.59) possesses a Lyapunov function guaranteeing

that the equilibrium ~ = 0 is asymptotically stable. From the reduced control

(2.61) and the inequality (2.60), we formulate a stabilizing feedback control

for (2.56).

Theorem 2.5.1

If Assumptions (A2.6)-(A2.8) are satisfied, then there exists a

0 such that for all P.€ (o , p.*], the control

u(x,z) = (In +H (x)A;
1(x)B2(x))h(x) + H(x)A~~(x)a2(x) + H(x)z (2.62)

where H(x) satisfies (2.60), steers all xCD 1, z€E1 
of system (2.56) O(p.)

close to a surface near the equilibrium x = 0, z = 0. Furthermore, if the

reduced system also satisfies Assumption (A2.4), then the equilibrium x = 0,

z = 0 of system (2.56) controlled by (2.62) is asymptotically stable.

Proof: System (2.56) controlled by (2.62) becomes

x = a1 + B1(t +RA;
1
B2)h + B1HA;

1
a2 + (A1+B1H)z

(2.63)

p.Z — a
2 + B2(I +HA;

1
B2)h + B2HA;

1
a2 + (A2+82H)z

Letting p. = 0, the reduced system of (2.63) is

= (a
1 +B1HA 2

1
a
2) 

- (A1 +B1H) (A2 +B2H) 
1(a2 +B2HA~

’a
2)

+ (B1-(A1 + B1H) (A2 + B2H)
1
B2)(I + HA2

a a (~) + B0c~ )h(~) (2.64)
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by using simple algebraic manipulation. Hence we can construct a Lyapunov

function (2.26) for system (2.63). Then the conclusions of this theorem

follow from Theorems 2.3.1 and 2.3.2.

Theorem 2.5.1 outlines a low order design where the reduced system

and the boundary layer system are considered separately. In addition, the

S parameter P. is not required to be huown exactly provided that it is sufficiently

small. The result here is a generalization of our design for linear time-

invariant singularly perturbed systems [28].

2.6 Discussion

In this chapter we have formulated some stability results for the

nonlinear system (2.2). Based on the stability properties of the reduced

system (2.5) and the fast transients in a, a composite Lyapunov function

(2.26) is constructed to show stability properties of the full system (2.2).

Since the structure of system (2.2) is simpler than (2.1), the conditions

we derived are easier to apply to (2.2) than the conditions derived in [10- 
- 

-
-

13] for (2.1). We also relax the condition used in [2,11) that the linearized

reduced system (2.5) be asymptotically stable. Furthermore, the introduction

of the small parameter e in (2.26) enables us to substantially enlarge our

predicted domain of stability. This feature is lacking in previous works.

These results are readily incorporated in the design of a stabilizing control

for system (2.56) and in the design of nonlinear regulators which is treated

in chapter 3. 

~~~---~~~~~~~ ~~~~~~~~~~ -- - - - -  ~~~~~~~ ---- - -
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3. S INGULARLY PERTURBED NONLINEAR RE GULATOR

3.1 Introduction

Compared with the rich literature on linear regulator theory,

publications dealing with feedback design of nonlinear systems are a small

minority. Realistic approaches to the difficult nonlinear feedback control

problem usually exploit properties of special classes of systems to develop

approximate methods [17,18,29]. The approach in this paper exploits

multip le time scale properties of a class of nonlinear singularly perturbed

systems [14-16 ] to achieve stabilization and near-optimality. Due to a

separation of time scales, the proposed design procedure is applicable to

higher order systems.

The problem considered is to optimally control the nonlinear system

x = a~(x) + A1(x)z + B1(x)u , x(O) = x (3.la)

• - — a~(x) ÷ A2(x)z + B2(x)u , z(O) = z (3.lb)

with respect to the performance index

3 = ~~ (p(x) + s’ (x)z + z’Q(x)z + u’R(x)u]dt (3.2)

where P. > 0 is the small singular perturbation parameter, x, z are n-, a-

dimensional states, respectively, and u is an r-dimensional control. It is 
—

assumed that there exists a domain D C R~ containing the origin such that for

all xCD and Z€R
m the problem satisfies the following assumptions:

(A3.l) The functions a1, a2, A1, A2, B1, 82, p, s, Q and R are differentiable

with respect to x a sufficient ntuther of times and a1, a2, p and s

are all zero only at x — 0.

-5---- --
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(A3.2) The matrices Q(x) and R(x) are positive definite, that is

Q(x) > 0, R(x) > 0. Furthermore, the scalar function p+s ’z+

z’Qz of x and z is positive definite in both x and a.

(A3.3) For every fixed xsD

rank[B2, A2B2,...,A~~
’B2
] = a (3.3)

and hence A2(x) is assumed to be nonsingular. (If not, then

using u = Li + K(x)z such that A
2 + B2K is nonsingular we

redefine the problem.)

Assumptions (A3.l) and (A3.2) establish that the origin is the

desired equilibrium of (3.1). Assumption (A3.3) and Q(x) > 0 simplify the

derivations. Alternatively a less restrictive stabilizability-detectability

condition can be used.

Finite time trajectory optimization problems for the same class

of systems have been treated in [14-16] via singularly perturbed two point

boundary value problems originating from necessary optimality conditions.

The resulting controls are open-loop and require boundary layer correction

terms at both ends of the interval. For the infinite time regulator problem

considered here the Hamilton-Jacobi-Bellman sufficiency condition is more

suitable since it readily incorporates stability requirements and leads to

feedback solutions. Using this condition we obtain near-optimal stabilizing

controls in feedback form and avoid explicit treatment of boundary layer

phenomena.

Our procedure is based on a nested power series expansion of the

optimal value function in z and p.. An advantage of this procedure is that

it uses lower order equations involving only the slow variable x. In

applications truncated series are of interest. Based on the results in

_ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _
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Chapter 2, stabilizing properties of various truncated designs are discussed.

Furthermore, near-optiniality of these t runcated designs is established in

terms of 0~~), 0(V.
2), etc. The proposed design is illustrated by a speed

control example.

3.2 A Speed Control Example

To illustrate a physical system whose dynamics are represented

by (3.1), we consider a DC motor model

- Lf 
- Rfif + Vf

L --~~~~- R i  - c i W + V  (3.4)a d t a a  i f  a
• 4

dw
J - C

2
W + C

3
I
f
i

where if$ Rf~ Lf~ Vf~ i , R , L , V are the currents, resistances, induct-

ances, voltages of the field and armature circuits, respectively, J is the

inertia of the rotor, c1 the back emf constant, c2 the viscuous damping and

• - c3 the torque constant. It is desired to maintain the speed w constant at

- w — w~, while the other equilibrium values are i , i~ , V , V~.

- 
Since the field time constant T

f 
— L

f
/R
f 
is much larger than either

the armature time constant T — L /R or the mechanical time constant

Ta 
= J/(c2 + c1c3 i

2/R), ~: ide:tify if as slow variable and i and w as

the fast variables, and let p. a Ta/Tf~ 
For the DC motor whose specifications

are given in Appendix A, this relationship is satisfied as Ta 
a .0170 sec.,

Tm .0966 sec., Tf 
a 2.71 sec..and P. = .00625.

.. - -ì
5- - 5 - - -  --- -~~~~~~ - - 5-5--
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-. . Defining the variables

x = if~if~ Z~
• 

= 

~a~~a’ 
z2 

W-W~

-- 
* 

- (3.5)
U = V - V , u = V - V ~1 f f 2  a a

-

~ the system equation (3.4) for this DC motor can be expressed in the form

(3.1) with
- 

a
1(x) = -.369 x

-- 

f-5.25 1.. a
2(x) 

= I _4 1 X
1 3.80 x 10 J

r .
~~ A1(x) = [0 0]

- . (3.6)
f -.369 -10.5(128.5 + xfl

• A2
(x) = 

7
- .  L l . 3 3  x 10 (128.5 + x) -2.33 x 10

B1(x) 
= [.388 0]

1 0 41.7
82
(x) = I

• L O  0 .

3.3 The Reduced Control

- - 
In singular perturbation techniques , a problem for the full order

system (3.1) where p. > 0 is interpreted as a perturbation of a reduced problem

= a1(5~) + A1(5~)~ + B1(~)iT, ~(0) — x
0 (3.7a)

0 = a
2 (i~) ÷ A2 (i~)! + B2 (~ )~ (3.7b)

in which p. — 0. Due to Assumption (A3.3), ~ can be solved from (3.7b) and

eliminated from (3.7a) and (3.2). Then the reduced problem is to optimally

control the system

~
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- 

= a (it) + B0(it)ff , ~(0) = x (3.8)

with respect to

:~ 
= r [~

) + 2s’(it)~ + ~ ‘R(~~U]dt (3.9)

where

-1a = a 1
_ A

1A2 a2

B = 8 - A A B
- • o 1 1 2 2

p = p - s’A2
1a2 + a

1
QA2’a2 (3.10)

s~ = B~A~ 
1
(QA2

1
a2 

- s)

— R +

• The origin it = 0 is the desired equilibrium of the optimally controlled

reduced system (3.8) for all iteD, since, in view of Assumption (A3.2),
St

S~ 
- S

7 a0(0) 
= 0 and

p (it) + 25’ + U’R (it)i~~ (3.11)
0 o 0

is positive definite in it and ~~~.

The reduced problem (3.8), (3.9) is considerably simpler than the

- original problem (3.1), (3.2) because of the elimination of the fast variables

and the reduction of the system order. One of the tasks of the singular

perturbation analysis is to establish whether the full problem is well posed

in the sense that its solution tends to the solution of the reduced problem

- as p. P 0. If so , then the next task is to deduce the properties of the

original problem from the properties of the reduced problem. Finally these

-. properties are to serve as a basis for a simplified design procedure.

5---



5 -  - 5

30

To formulate our basic assumption about the properties of the

solution of the reduced problem we use the optimality principle

0 a min[p0(i) + 2s~ (it)~ ÷ ~ ‘R0 (it)~ + L(a0(it) + B0(it)tO ] (3.12)

where L(it) is the optimal value function and L is its partial derivative

with respect to it. This yields the minimizing control

— 

u (it) = -R~~(s + B’L) (3.13)

whose elimination from (3.12) results in the Hamilton-Jacobi equation

-
. 

0 = (p - s’R~
1s ) + L (a - B R 1s ) - L B R 1B’L’ , L(O) = 0.

0 0 0 0  0 0  0 4 ~~o o  
~~~ (3.14)

S Note that, due to (3.11), p - s’R 1s is positive definite in D. Our

S crucial assumption is then stated as follows.

• (A3.4) The unique positive definite solution L(it) of (3.14) exists in D

and is differentiable with respect to it a sufficient number of

times. Furthermore the level surface L = c = constant is

taken to be the boundary of the set D.

In the special case considered in [17], where the linearization of (3.8)

at it = 0 is stabilizable and its states are observable in the quadratic

approximation of J0, our Assumption (A3.4) is automatically satisfied for

all it near the origin. It follows from Assumption (A3.4) that u
0 

is the

unique optimal feedback control for the reduced problem and L is a Lyapunov

function of the optimally controlled reduced system

= a - B0R0
1(s

0 + ~~ B~,L!) = i~,(it) (3.15)

a establishing that the origin is asymptotically stable and the set D belongs

to its domain of attraction.

- - - -
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3.4 The Composite Control

The optimal value function V(x ,z ,P.) of the ful l  problem (3.1),

(3.2) satisfies the equation -

0 = min[p + s’z + z’Qz + u’Ru ÷ V~
(a1 + A1z ÷ B1u) +

~ V(a2 + A2z + B2u)] (3.16)

S where V , V~ denote the partial derivatives of V with respect to the variables

x, z, respectively. The minimizing control of (3.16) is

u = - ~ R 1(B~ V’ + ~ B~V ’) (3.17)

and its substitution into (3.16) yields the Hamilton-Jacobi equation

o = p + s’z + z’Qz ÷ V(a1 ÷ A1z) ÷ ~ V ( a ~ + A2z)

- 
S 

- 

~ 
(V~B1 + ~ V B 2)R

1(B~V~ + 
L B~V ’ ) ,  V(O ,0 ,p.) a 0 . (3 .18)

Since system (3.1) is linear in z and J in (3.2) is quadratic in

z, and since ~ is multiplied by p., we seek a solution of (3.18) in the

form

V(x ,z ,P.) — ‘10(x) +P.V~(x)z + p.z
’V
2
(x)z + p .q(x,z ,p .)

V(x,z,P.) + P.q(x,z,p.) , V0 (O) = 0 (3.19)

where

= 0(1), ~ qThz 0 4i. ) . (3.20)

We shall investigate the expansion of q in a later section. The partial

derivatives of V with respect to x,z are

S I
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V = V ~~~+ 0OJ. )
x (3.21)

v = + 2p.z’V2 ÷ 
o~~2 )

Substituting (3.21) into (3.18) and neglecting the p. dependent terms, we
— 

- obtain the equation

O = p + V~~ a1 + V~a2 
- 
~ (V~~B1 + V~B2)R

’(B~V~~ + B V 1)

+ [s ’ + 2a~V2 + V0 (A 1-B1I(
1
B~V2) + V~(A2-B2R

1
B~V2

)]z

+ z’(Q + “2A2 + A~V2 
- V2B2R 1B~V2 )z . (3.22)

In order to satisfy (3.22) identically for all z, we require that

O = p ÷ V ~~a1+V~a2 - 
~ 

(Vo~
Bi + Vj B2 )R 1(Bj V~~~+ B~ Vi), V0 (0) = 0 (3.23)

0 = s’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3.24)

0 = Q + V2A2 + A~V2 -V2B2R 1B~V2 . (3.25) 
S 

- -
~

At each fixed value of x, (3.25) is an algebraic Riccati equation for v2
In view of (3.3) and Q(x) > 0, the unique positive definite solution V

2

exists such that for all xcD, the real parts of the eigenvalues of

A2 
= A

2
-B
2
IC~B~~2 

are less than a negative constant. Thus A
2 
is nonsingular

and V
1 
can be expressed in terms of V~~ and v2 as

= -[s’ + 2a~V2+V~~(A1-B1R B~V2)]A~~ . (3.26) 
—

It is of crucial importance that the elimination of V
1 
from (3.23) results S

in an equation involving only 
~
1Ox For the well posedness of the full

problem it is necessary that the leading term of (3.19) be identical

to the solution L of the reduced prob lem. S 

- 

~~~~ - -- - - - . - - - . - - -5- 5-~~~~~~~~~~~ --- --- - 5- - -
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Lemma 3.4.1

If Assumptions (A3.3) and (A3.4) are satisfied, then the unique

positive definite solution ‘10(x) of (3.23)-(3.25) exists in D and is

identical to the solution L(x) of the reduced problem (3.8), (3.9).

S Proof: It is shown in Appendix B that eliminating V
1 from (3.23), we

obtain the Hamilton-Jacobi equation (3.14) with V~~ in place of L ,  and hence

V0(x) 
a L(x) with properties as in Assumption (A.34).

By virtue of Lemma 3.4.1, and V
2 
are solved independently from

(3.14) and (3.25). This is the separation of time scales in the design of

— nonlinear regulators, analogous to our linear time-invariant design in [8].

— Using V. we derive the control

u =  -~~~ R 1(B~V ’ +~~~ B~ V ’)

= - 

~ R~~ [B~V~~ + B~ (V1 + 2V2z)] + 0(p.) (3.27)

a u + O ( p .)

whose main part u~ is defined as the composite control. Eliminating V~

from (3.27) using (3.26) and following our derivation in [8), u can be

written as

U
c 

= -R0
1 (a +

~ 
B~,V~~) -R 

1
B~V2 [z + A~~(a2-B0R~~(s0 +~ B~,V~~))]

a u (x)-R B~V2(z+X~~~2) (3.28)

where

A2 (x) A2_ B2R ’B~ V2 
—

1 —l — — (3.29)
= a

2 -j 
82R (BiV& + B~V1) ‘ 

a
2(0) 

= 0.

-- 
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Hence the composite control u~ consists of a slow control u0 which optimizes

the reduced system (3.8) and a fast control -R~~B~V2
(Z+r¼

2
) which

optimizes the fast part (z+A ~~~2
) of z in the sense that V

2 
satisfies

(3.25). Note that when z is not penalized in (3.2), that is when Q(x) — 0,

but Re[X(A
2
)) < 0, then ‘

~2 
is identically zero and u reduces to u of (3.13).

We now apply the results of chapter 2 to investigate the stabilizing

properties of U
c~ 

System (3.1) controlled by U is

= a
1+A1z+B1u~ ~1(x)+A 1(x)z , x(0) x

(3.30)

p.~ = a
2
+A

2z+B2u~ 
a 
~2(x)+~ 2(x)z, z(0)= z

where

= a1- f B1R~~(B~V~~ +B~V1) , =0
(3.31)

= A1-B1
R 1

B~V2

After applying the algebraic manipulation (2.64) to (3.30) , the resulting

reduced system of (3.30) is identical to the optimally controlled reduced

system (3.15). Hence by Assumption (A3.4), Lis a Lyapunov function for the

reduced system of (3.30) satisfying Assumption (A2.3), and Theorem 2.3.2

is applicable to the full system (3.30). If Assumption (A2.4) is also

satisfied , then from Theorem 2.3.1, the equilibrium x — 0, z = 0 of (3.30)

is asymptotically stable.

In the case where the fast transients of z in (3.1) are expo-

nentially stable, that is, A2 (x) is stable for all x€D, and we are only

concerned with the optimality of the reduced system (3.8), then the

z-independent reduced control u0 of (3.13) stabilizes the full system (3.1)

with essentially the same stabilizing properties as u~ of (3.27). We shall

not repeat the argument.

_ _ _  -5- - - -~~~~~~~~~
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An attractive feature of the controls u and u is that they do

not require the knowledge of the actual value of 1t provided that it is

sufficiently small. When appropriately implemented, these controls stabilize

the full system (3.1) and achieva optimality of the reduced system, and in

the case of u , also optimality of the fast part of z. The above results

also answer the question of well posedness by giving the conditions under

which the same optimal reduced order system is obtained with p. set equal

to ze~. - dither when system (3.1) is uncontrolled or when it is controlled

by u~ or u. In contrast to many other singular perturbation results which

require p. to be sufficiently small, we can also estimate the allowable

values of p. given a stability domain or vice versa.

3.5 An Optimal Speed Control Example

- The design procedure based on solving the lower order equations

(3.23), (3.24), and (3.25) for V0, V1, and 112 is now applied to the optimal

control of the DC motor (3.1), (3.6) with performance index

= S (x
2 + z~ + l8O0Oz~ + 5u~ + u~)dt. (3.32)

The reduced system of (3.1), (3.6) is

it a .369it + •388U1
1 (3,33)

z a -A2 (it)(a2(it) + B2 ~) a H (it)i + G (it)~~2

and the reduced performance index is

J — !(( 1 +H ’ QH)it2 
+ 2itH~Q~~2 

+ 5~~ + (1 ÷ G’QG)~~ ]dt (3.34) 

5- - - - - -~~~~ - - -
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where Q — diag( l ,l8000). The optimal control for this reduced problem is

u10 
— - .0388 V~~ (5t ) = - .0388

-l 
- (3.35)

u
2 

= -(l+G’QG) G’QHX

where the function V~~(x) is plotted in Figure 3.la for -SOA < x < 50A.

Note that u , u are nonlinear as J is not quadratic. Since the pairlo 2o o
(A
2

(x) ,B2) of (3.6) is controllable for all x except at x = -128.5,

Assumption (A3.2) is satisfied in a domain about x=0. As A
2(x) of (3.6)

is x-dependent, the solution V
2 
of (3.25) is also x-dependent and is plotted

in F igure 3.ld-f for -50A < x < 50A , where

— 
l1h12 (

~~ 2~
’2’~~

V
2

(x)  = 
— — 

. (3.36)

2112(~~ 3
V
2

(x)

V
1
(x) is computed from (3.26) and V

1
(x)  = V1

(x ) /x is p lotted in Figures

3.lb , 3.lc for -50A < x < 50A where

l’~l~~~
V1

(x )  = . (3.37)

211l(~~

The nonlinear composite feedback control U
c 

in (3.27) is

u1 
a -.0388 V~~ (x)x

C 

— — (3.38)
u2 — -20.8 1V1(x)x - 4l.7 1V2

(x )z
1 -4l.7 2

V2
(x )z

2
.

A block diagram of this controller is given in Figure 3.2. Applying our

technique in [8], the linear quadratic design of the DC motor (3.1), (3.6)

at x 0 results in the same controllers Ulc~
U
2C of (3.38) except V~~,

1v1~ 1~2~ 2V2 are now f ixed at ~~~ (Q) ,  1V1( 0 ) ,  1V2 (0 ) , 2~2(0). It follows
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from Corollary 2.3.2 that x — 0 , zaO of the DC motor (3.1), (3.6) controlled

by (3.38) is an asymptotically (expone ntially) stable equilibrium.

3.6 The Formal Expansion

- 
The expansion (3.19) only satisfies the Hamilton-Jacobi equation

(3.18) to 0(p.) order. We now propose to solve (3.18) by expanding V formally

as a nested infinite power series. If this power series is convergent, then

the optimal solution V of (3.18) exists. For x ,z near the orig in , it has

been shown in [17] that the optimal solution exists and possesses a power

series expansion when system (3.1) after linearization at the origin is

stabilizable and the state in the quadratic approximation of J is observable.

Here we are interested in a power series of V which satisfies (3.18) to any

order of p..

Since system (3.1) is linear in z and J is quadratic in a, the

optimal value function can be expanded as a power series in the components

of z [18]. In addition, since z is the fast variable, the z terms in the

optimal value function are multiplied by appropriate powers of p. [5,8]. In

view of these two characteristics, we seek a solution of (3.18) in the form

m Ui in

V(x ,z,p.) = V
0

(x,p.)+p . E V14 (x,p.)z4 +p. t E V2S~k
(x,P.)z

~
zkjal -~ -‘ j—l k—1 -‘

2~~ 
in m

E ‘~ ~ V 
~k (x,p.)z ,zk

z +
~~

S
~~~

•

j l k l qal ~~~ ~ 
q

i-l 
m m m
E £ ... E V~ , 

~ ~ 
(x ,p .)z 4 z 4 ...z +... ,

j 1 1 j 2—1 i i 1 ~l 2~~” i ~l ~2 i

V0(0 ,p .) = 0 (3.39) 

_ _ _ _ _ _ _ _  I
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where V~ 
~ 

is the (J1,j2,...,j1) element of the completely symmetric

generalized matrix1 V~ of dimension and is the jth component of

The summation signs in (3.39) and in other equations will be omitted when

there is no confusion as to which indices j 1,J2,...,J~ are being summed.

The partial derivatives ~~~~~ ,...,V expressed in terms of the vector x
1

and the scalars z ,...,z are1

= V~~ + ~ V1~~ z~ + ~V2J~Q~ZJ
Z~ + ...

(3.40)

Vzj
= p.V1~ + 2p.V2~~.z~ ÷ 3P.

2
V3jjk

z
J
z
k + . . . ,

where the summation signs over j,k are omitted.

For the series (3.39) to satisfy (3.18) as an identity, we first

rewrite (3.18) in terms of the vector x and the scalars z1,...,z~ ,

0 a p+s~z~ + Qjjzizj + Vx 1+A iizi) + ~ V~~ (a
2i +A2j~zj)

(3.41)

- 
~~

- (V~B~ + ~ VZ B2i)R
’(BiV,~ 

+ 
~ 
B 1V2 )

where s~ , a2i are the ith components of the vectors s, 
~~ 

respec tively,

is the ith column of the matrix A1, B2i is the ith row of B2, 
~2ij ’

are the (i,j) elements of Q, A2’ respectively, and the summation signs

over the indices i,j are omitted. Then, upon substituting (3.40) into (3.41)

and equating the coefficients of the like powers of z~ , we obtain

:Lme ~j  , j  ~~~~~~ elements of V are identical for all
permutations of tAe indices j1,j2,...j~ [3lj~.
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0 a p+V0~
a
1+V 1i

a
2i 

- 
~~~ 

(V
~~
Bi+V iiB2i

)R 1
(BiV~~

+B
~i

Vii
),

V0
(0,p.) — 0 (3.42a)

0 = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

~~~ (V~~B1

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ i = l 2 ,...,m (3.42b)

O = ~~~~~~~~~~~~~~~~~~~~~~~~ + Z(V2jkA2kJ)s + ~W3iJk
a2k

~ 1 

- 

~
(VOxBl +V lkB2k)R 1 

OiBjV
~ij~ 

+ 3~B~~V3~jj)

- ~ (~V1~~
B1+2V2j~B2~ )R 1 

~~~~~~~~~~~~~~~~~ ‘

i, j1 ,2,...,m (3.42c)

0 = ~ ~~~~~~~~~~~~~~~~~~~~ + 41~L V 4jj~ q
a2q +3~ (V

3ijqA~qk
)s

• ~ (V~~B1+V 1qB2q )R 1 L2BjV~ij~~~
+4

~
2
B
~q
V4ijkq

)

- 

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~

i,j,k=l ,2,...,m (3.42d)
2

2The subscript s denotes the syninetrization operation of generalized
matrices (31]. For example,

(V2ikA2kj)g = 
f 

(V2ikA2kj+V2jkA2kj) 
-

(V3i~jqA2qk)s I(~/3ij q~2qk+113j ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- - - -

~

-— 
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where the right hand sides of (3.42a), (3.42b), (3.42c), (3.42d),..., are

the coefficients of the z-independent terms and of the z~ , zi
z
j~ 

Z
i
Z
j
Z
k~••.~

terms, respectively. Because of symmetry, there are m (m+l)/2 equations
i- 1

in (3.42c), m (m+l)(m+2)/6 equations in (3.42d) and in general, ( it (m+k))/i~
k—O

equations when the coefficients of z 4 z 1 ...z . , ~~~~~~~~~~~ =

~1 -‘2 3 i
are equated.

For a simplified treatment of these equations we now exploit the

presence of the small singular perturbation parameter p.. We expand each

coefficient of (3.39) as a power series in p.

V~ (x,~) — E p.~ V~ (x) , i 0 ,1,2,... (3.43)
j=0 ‘•

where the boundary condition of V~ is V~ (0) = 0, 3=0 ,1,2,... The

expressions (3.43) substituted into equations (3.42) are to satisfy them

as identities in p.. Equating the coefficients of the like powers in ~~~, we

generate sets of equations for v!, i ,j = O , l ,2 ,... The first set of equations

obtained by equating the p-independent parts in (3.42a), (3.42b), (3.42c),

are precisely equations (3.23), (3.24), (3.25), respectively. Hence from the

uniqueness of solutions to (3.23), (3.24), (3.25), we conclude that

= = L, V~ = 

~~~ 
V~ = ‘

~2 (3.44)

and V thus consists of the leading terms of V.

The second Set of equations in matrix form

0 a + V~~~ 2, Vb(O) = 0 (3.45a)

l_  0’ 1’— — 10 = V
ø~

A
i 
+ ~~j V~~~ + V1 A2 + 2a~V2 (3.45b) S



-

~~~~~~~

O =(V~~I1~~ ~ 
(V~~X1 + ~~~~~ + V~~2 + ~~~~ + 3(V~~2) (3.45c) 

S

0 = 3(V~X2) + (V~~X1) (3.45d)

obtained by equating the p. terms in (3.42a), (3.42b), (3.42c), (3.42d),

respectively, involve only the unknown terms V~~, V~, V~ and V~. In (3.45)

- 

- the multiplication of an n
1
Xn
2
Xn
3 matrix by an n3

Xn
4 
matrix results in an

n1
Xn
2
Xn
4 
matrix. For convenience we suppress the last dimension of the

n~(mX l matrices (V~~i1) and (V~~2) and regard them as mXm matrices.

In general, in equating the p.~ terms we obtain the (i+l)st set
i i i i-l 0of equations involving the terms V~~, V1, V2, 113 , . . .,  ~~~~ The main

accomplishment of the nested expansions is that the first set of equations

(3.23), (3.24), (3.25) can be solved independently for the first three

zeroth order terms V~, V~ and V~. Similarly, (3.45) and the subsequent

sets of equations can be solved independently for V0, ~~~~~~ V~~÷2S~

3.7 Coefficients of Higher Order Expansions

0 0 0After V~~ , V1 and V2 are obtained , we proceed to solve for

V~~ , V~ , V~ and V~ in (3.45). The following result is needed .

Lemma 3.7.1: [18]

If Re[X(~2)) 
< ~ for a fixed ~ < 0 and X is a completely syninetric

k k... Xm=m matrix, then the unique m matrix solution Y of the equation

X (3.46 )

exists and is completely symmetric.

Thus by Lemma 3.7.1 , the unique completely symmetric mXinXm matrix

solution V~ of (3.45d) exists. After obtaining V~, we solve for the unique

syninetric mxm matrix solution V~ of (3.45c). Since V~ and V~ are known,
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V~ in (3.45b) can be rewritten as

1 1 0’ l — l
V1 

= - [(V ~~X1 +~~~V1 + 2~~ V2 )X2 ]‘  . (3.47)

Elimination of V~ from (3.45a) yields

- 1 O’_ l 1 - 1  — 1 1
-
~ 0 = V~~I -I~iVi A

2 
a
2 

- a2 (V2A2 + 
~~ 

112
) a2 (3.48)

S - 

by using the relation — - 

~~~~~~~~ 
Premultiplying (3.45c) by

and postmultiplying by X2
1
, we obtain

+ ~ 
-~~-l~~O~~ + Xj v

~~
)
~2

1 (3.49)

-

- 

- 

+ 3 X~ 
1(V~~~ 

~~2 
1 

= - (V
~~2 

1 ÷ ~~

Substituting (3.49) into (3.48) and rearranging , (3.48) becomes

0 = V~~ - 

~~~~ 
‘V?~~ +~~~X;

1[(V ~~~ 1) + 3(V~~ 2 )]~~~~
1
~ 2 . (3.50)

- 

- 
We now rewrite (3.45d) in scalar form

0 —  0 —  0
V3ijqA2qk + V3iqkA2qj + 113qjk 2qi +

- 

~ 
(V~~ . A11( + v~~~A~ + V~~.~~ A1.) = 0 . (3.51)

Then multiplying the expression (3.51) by (A
2 a2)i, (A

2 a2)~~ ~~2
a
2
)k

and summing over the indices i,j,k, we obtain



[V
~ijq;qk 

+ V
~iqk~2qj 

÷ V
~qjk

X
2qi ÷

+ 
~
.(V

~iJ 
Alk+V~i~~~l. +V2 k ~~~ ~ 2 a2)i(~2

a2)j~~2
a2)k

0 — 1 0 — — -1— — -1— —1—
= (V

3ijq
a2q +~ 

V2iJX
A1A2 a

2
] (A

2 
a2 )~~(A a2 ) j

0 — 1 0 — — -L. — -1— — -1—+ [V3j~qa2q +3 V2~~Q~A1A2 a21(A2 
a
2)~

(A
2 

a
2)k

+ [V
~jkq~2q +~ 

V
~ ~~~

A
1A~ ~~2

](A 2 2)j(A
2~~~2

)k 
= 0 (3.52)

where the summation signs of the indices i, j, and k are omitted. Expression

(3.52) in matrix form is

÷ (V~ X1X2 2~~
j
~V

1
~ 2 ) = 0. (3.53)

Using (3.53) to eliminate the term (V
~~2
) in (3.50), we obtain the first order

linear partial differential equation

~~~~ - 

~~A~~
’V~~; + a2A2 

(V~~~~)~~~~a2

~~~~~ - f (~2, A2, V~~ ,V~~ y~ = 0 , V~(0) = 0. (3.54)

To guarantee the existence of the solution V~ of (3.54), the

stability condition for the reduced system (3.15) is restated as:

(A3.5) The trajectories ~(t) of (3.15) for all ~ (0) = x0 € D satisf y

x*
S ld~I = S k ( t ) I d t  < (3.55)
xo 0

that is, their lengths are finite.

One case in which Assumption (A3.5) is clearly satisfied is when it a 0 is

an exponentially stable equilibrium of the reduced system (3.15). Certain

nonlinear systems whose equilibria are only asymptotically stable also

satisfy this condition.
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We now show the existence of the solution of V~ of (3.54) in the

following lemma.

Lemma 3.7.2

S If Assumption (A3.5) is satisfied, then the unique bounded solution

V~(x) with V~(O) = 0 of (3.54) exists for all x€D.

Proof: The partial differential equation (3.54) can be expressed as- a set

of ordinary differential equations [32]

k = 1 (x) , x(0) = x (3.56a)

= 
~~~~~~~~~~~~~~~~~~~~~~~~ 

V~(O) = 0 . (3.56b~

Assumption (A3.4) implies that the trajectory ~(t) of (3.56a) with ~(0) =

x0
€D is contained in D and ~(~) = 0. Thus V~(x0) is determined by

- 
V~(O) - V~(x) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

= S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
d~ (3.57)

1~’

where F is the trajectory of ~(t). Imposing the end condition V~ (0) — 0 ,

(3.57) becomes

V~(x0) = -5 2,A2,V?X,V~X
)d
~ 

. (3.58)

r

Thus (3.58) is the unique solution to (3.54) as

IV~(x )l < 5 ~d~ j <~~ (3.59)
I-,

which follows from Assumption (A3.5) and the boundedness of f in D.

_________ 5- S ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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S Similarly, the solution of the other coefficients of V in the kth

set of equations can be obtained. Let be the series solution of V to

(3.39), (3.43) incorporating all the coefficients of V up to the kth set

of equations of V, and let

= - ~ R
1(B~V~ + ~ B~V~~) . (3.60)

We summarize the above discussion as follows.

Theorem 3.7.1

If Assumptions (A3.l)-(A3.5) are satisfied, then the unique series

expansions of and ~
k 
exist for all finite k. Furthermore, satisfies

the Hamilton-Jacobi equation (3.18) to an O@
k
) error.

Proof: Assumptions (A3.1)-(A3.5) imply that for all finite k, the coefficients

of V up to the kth set of equations of V can be uniquely solved for as

bounded functions of X€D. Thus the unique series expansions of and u
k

exist. If is substituted in (3.41), the Hamilton-Jacobi equation (3.41)

is satisfied to 0(p.k) implying the second conclusion of the theorem.

Repeating the derivation in Section 2.3 , we can show that

stabilizes the full  system (3.1) with similar stabilizing properties as u~

of (3.27). We first introduce the x, = z ÷ A2~~~ 2 variables and consider

U in’ (2 .26 ) as a tentative Lyapunov function. The analysis is more cumber-

some but results similar to Theorems 2.3.1 and 2.3.2 and Corollaries 2.3.1

and 2.3.2 can be established.

3.8 Approximations of the Performance Value Function

We now investigate the performance of the fu l l  system (3.1)

controlled by a truncated series of the minimizing control u of (3.17).

Consider the composite control u~ of (3.27) which is obtained from u of 

Si
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(3.17) by neglecting all the 0(p) terms. System (3.1) controlled by U

becomes 
—

a a1x + A1z + Blu = 1x + A1z
— - 

— 
(3.61)1’ p.~~= a 2x + A 2z + B 2

u = ~~2
x + A

2
z

F The performance U(x,z,p.) of (3.61) satisfies the partial differential equation

- 

p+s ’z + z ’Qz+u
~
Ru
~

+U
~

(a
1+A1z + B 1

u
~

) +~ U~
(a
2+A2z + B

2
u
~

)  = 0,

U(0 ,0,p.) a 0, (3.62)

that is

p + s ’z + z ’Qz+~ [ V~~B1+ (V?+2V~z ) ’B2] R 1
[BjV

~~
÷B

~ (V?
+2V

~
z ) ]

+ U (~1+A1
z ) +~ U ~~2+A2z) 

a 0. (3.63)

- - Similar to V, U can be expanded as a nested power series of p. and a

a ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ +

I_ I’ (3.64)

U (x ,p.) a E  p.i~ i(~ ) q 0 ,l ,2 ,...q i=0 q

- subject to U~ (0)  a 0, L—0,l,2,... Following the procedure to find the

coef f i c i ents of  the series expansion V, we substitute (3.64) into (3.63)

and equate the resulting p-independent terms to obtain

- 

i 

. p +

~ 

(V~~81 ~ V? :2
)R~~ (B~v~~ + B~V~) + + a 0, U (0) —0

s ’ + (VØ,~B1 + V
~ 
B
2

)R  B~V2 + U~~A1 + U1 A2 + 2~~U2 0 (3.65)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = 0

which are the coefficients of the z-independent , z~ , zjzj terms, 
respectively.

However , equations (3.65) can be rearranged into the form of (3.23), (3.24),
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(3 25)  with U~~, U~, and U~ rep lacing V~~, V1, V~, respec tively Then

from the uniqueness of solution of (3.23), (3.24), (3.25), and f r om (3.44)

a v~, u~ — v?, U~ a (3.66)

Equating the i~ 
terms in (3.63), we obtain the equations

- 
U~~~ 1 + U~~~2 = 0 , U~ (0)  — 0

A t  n _ _  i , _ 1
I’ U + U  A + U ~~A..+ 2 ~~U = 0
llx Ox l 1 ~ 2 2

(U
~~
i
i

)  + 
~ 

(U~~~1 +~~ U?~
)  + (U~~~ + U~ )  + 3(U~~2) = 0 (3.67)

(U~~~1)  + 3( U~~~)5 
a 0

Comparing these equations to (3.45), it is obvious that

-

~~~~ U~ = V~, U~ = V~, U~ = V~, U~ = V~ . (3.68)

The other coefficients in the expansion of U can also be obtained

sequentially and the procedure is similar to that of solving for V. Let

be the performance of (3.61) incorporating the coefficients of U up to

S the kth set of equations of U.

Theorem 3.8.1

If Assumptions (A3.l)-(A3.5) are satisfied , then the unique series

expansion of the performance of the full system (3.1) controlled by U
c

of (3.27) exists for all finite k and matches the expansion to ~~~~
S that is,

U
k(x ,a,p.) - ~~~~~~~~~ = 0(p2) , k > 2. (3.69)

a

S~~~~~

4 LSLJ 
- - - -
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The proof of Theorem 3.8.1 follows immediately from (3.66), (3.68)

and Lemma 3.72. Although U is independent of p., it is an 0(p.
2
) near-

optimal control in the sense of (3.69). It is also applicable when p. is

small but uncertain.

In the special case where Re[X (A
2(x))) 

< 0 for all x€D, the

opt imal control u0 of the reduced problem (3.8), (3.9) can be appl ied to

(3.1). Then the feedback system is

x = a
1+A1

z + B
1
u = a

1 -B1R
1
(s +~~~B ’V~~) + A

1
z

(3.70)

• p . 1=  a2 +A 2z + 8 2u = a
2 -B

2
R0

1(s
0+ ~ B~,V~~) + A

2
z -

The perf ormanc e Y(x,z,p.) of (3.70) also possesses a series expansion of

the form (3.64) and satisfies the partial differential equation

p + s ’z + z t Q z+ u ~Ru0 +Y (a 1+A 1z + B 1u0) + ~~~Y~
(a2 +A 2z + B 2 u0) = 0. (3.71)

Following [8], we rewrite (3.13) as

u,~ 
= - -

~~ R ’(B~V~~ ÷ B~V1) (3.72)

where

— [ I
~

+ V~ (A
2-B2

R ’B~ V~) 
1
B2
R~~B ]  [ V~ + 2V~A2

1(a
2
-B2

R 1
B~V~~)] (3.73)

and obtain the difference between u and u as
0 C

U - u = - ~~~ R
1
B
~ (V? 

- V1
)  +R 1

B~V~z . (3.74)

Then subtracting (3.71) from (3.63) and expanding W a Y-U as a series

expansion in p. and z, we equate the p.-independent terms to obtain

-

~

_  - - S - - ---- -- -~~~~~-~~~~~~~~—-~~~— -~~~ 



52

W~~ [a
1 
- -

~~ 
B1R (BiV~~

+B
~~i

) ]  + W~ [a 2.- ~ B2R~~ (B~V~~ +BV 1
) ]

+~~ (V?-V 1) ’B2R~~B~
(V
~~
-
~~1

)  = 0 , W~(0) = 0 (3.75a)

W
~~
A1+W?A2

+2[a
2 
-
~~~~ B2

R (B~V~~ +B~V1) ] ’W~~- (V~~-~~1) ’B2R B~V~ — 0 (3.75b)

S 

W~A2 + A~W~ + V~B2R
1
B~V~ 

a 0 (3.75c)

which are the coefficients of a—independent, z~, zi
z
j 
terms, respec tively.

If Re(X (A2)J 
< 0, the positive semidefinite solution W~ of (3.75c)

exists. Solving for W~ in terms of W~ and W~~ from (3.75b) and substituting

into (3.75a) yield

- B0
1C~ (s + 

f 
B~,V~~) ]  = NB

2
R

1
B~N’ W~(0) 

a 0 (3.76)

where
S 

N = 
~~~ 
(V?

_
~~~

) ’ - [ a
2

_
~~ 

B
2
R ~~~~~~~~~~~~~~~~~~~ . (3.77)

But N ~ 0 due to (3.73), and hence W~~ 0 and 0. Thus

— V~ . (3.78)

The procedure of solving for other coefficients in the expansion

Y is similar to that of solving for those in V. Let be the performance

of (3.70) incorporating the coefficients of Y up to the kth set of equations

S of Y. The above results are summarized in the following theorem.

Theorem 3.8.2 -

If Assumptions (A3.l), (A3.2) and (A3.4) are satisfied and

Re[X(A2)) 
< 0, then the unique ser ies expansion of  the perf ormance of

the full system (3.1) controlled by the reduced control u0 of (3.13) exists

_
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- - 
for all finite k and matches vk to 0 ( p) ,  that is

— 

- - Y
k
(xzp .) - Vk (x ,z ,p.) = 0( p )  , k > 1. (3.79)

From Theorem 3.8.2, u0 is an 0(i~) near-opt imal control in the sense

of (3.79). Since it is also independent of p., it can be applied when p. is

small but uncertain.

3.9 Discussion

The nonlinear composite feedback control proposed in this chapter

is composed of a fast part optimizing and stabilizing the fast transients

- 
- and a reduced control representing the solution of the reduced order opti-

mization problem. Conditions under which this composite control exists and

stabil izes the f ull system are simple to check. It is shown tha t this control

is 0.p.
2
) near-optimal. The series expansion method for higher order expan-

sions is outlined. A crucial property of the analytical relationship and

design computations is that they all appear in separate time scales. Thus

the proposed design procedure is applicable to large scale systems. The

resulting feedback control also has the two-time-scale structure where the

slow variables are used for the slow feedback part and appear as slowly

ad justed parameters in the f a st f eedback part. As a simple illustration of

this control scheme, a DC motor control by both armature and f i e l d  voltages

is designed. The field phenomenon being much slower than the mechanical

and armature trans ients appears in the red uced problem, while the armature

control obtained as a result of the fast problem involves the field variables

as slowly varying parameters. S
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4. NONLINEAR FIXED ENDPOINT PROBLEM

4.1 Introduction

In chapter 3 we have considered the regulator problem for the non-

- - linear system (3.1). In this chapter, we consider fixed endpoint problem

of minimizing the performance index

T
J — $ [ V1 (x,t,p.)+V~ (x ,t,p.)z+z’V3

(x,t,p.)z+u’R(x t,p.)u]dt

0
T

5 fV(x,z,t,p.)+u’R(x ,t,p.)u]dt (4.1)

0

subjec t to the nonlinear dynamics

~~~~~~~~~i a1
(x,t,p .)+A1(x,t,p.)z+B1(x,t,p.)u, x(O ,p .)x (p.),x(T,p.)ax,~(p.)

(4.2a)

p. = a2 (x ,t ,p . ) +A2 (x ,t , p . ) z + B2 (x ,t ,p.)u , z(O ,p.) = z  (p.), z(T ,p .)

(4.2b)

where the states are x€R tt and Z€ Rm, the contro l is U€ R r , p. is a small

parameter and the prime denotes transposition. We assume that the matrices

V
3 
and R are positive definite in x and V is a posit ive definite function of

x and z .  Fur thermore , we assume that ai, Ai, ~~ x
0, 

X
T~ 

z , Z
T) 

V and R

have asymptotic power series expansions as p. -+ 0 with infinitely differentiable

coefficients. In addition, A2 
is assumed to be nonsingular. The Hamiltonian

for problem (4.1), (4.2) is

H(x ,z,u , p , q , t,p.) = V+p ’ (a
1+A1z+B1u)  + q ’ (a

2+A2z+B2u) + u’Ru (4.3)

-- . 5- — - -- -5--. - - - -S . 
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where the costates p and p.q satisfy the equations

= ~~~~~~~~~~~~~~~~~ (4.4a)

p. = _V~H ( x ,z,u,p,q,t,p.) . (4.4b)

The control which solves

= 2Ru + ~~~ + B~q = 0 (4.5)

is the minimizing control

u = - -
~~ R

1(B~p+B~q) . (4.6)

The substitution of (4.6) into (4.2) and (4.4) yields a nonlinear two-point-

boundary-value (TPBV) problem

dx/ d t = a
1+A1

z-~ B1R 
1 (B~p + B ~q) 

a g1
(x,p,z,q,p.,t)

dp/dt = -v H(x,z,--~ R 
1(B~p + B~q),p,q,t,p.) g2

(x ,p , z,q,p.,t)
S X (4.7a)

p.dz/dt = ~~~~~~~~~~~~~~~~~~~~~~~~ 
a g3~x,p,z,q,p.,t)

p.dq/dt = -V
2 
- 2V3z - ~~~ - A~q g

4
(x ,p ,z,q,p. ,t)

where the boundary conditions are

x (0,p) — x (p.), x(T ,p.) — ~~~~~ z ( 0 ,p.) = z (~ ) ,  z(T ,p.) = z
T
(J.
~
) . (4.7b)

Optimal control problems of the type (4.1), (4.2) with free end-

points are treated in (14-16], while more general free endpo int prob lems

are considered in [33-35]. Fixed endpoint problem has been treated in [7]

where (4.1) is in quadratic form and (4.2) is linear. For the nonlinear

f ixed end po int prob lem, our approach is to decompose the full problem (4.1),

(4.2) into three separate lower order problems, an n-dimensional nonlinear 

—--S —~~-—- - -S- - -—-- - - ~~~~~ 5- - 5-5--— -5- - - - -— -~~~~~~~~~~~~ — -- 5- - - S-~~---— - - --- -
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“reduced” problem and two rn-dimensional linear quadratic “boundary layer”

problems. Thus the technique in [7] for linear quadratic problems is

now extended to nonlinear problems. A further result is that our formu-

lation of the reduced problem is particularl y simple. Then similar to the

results in [14-16,35] a solution x,z,p,q,u to the f u l l  TPBV problem (7)

is shown to possess an asymptotic series expansion in p and is approxi-

mated to 0(p) by combining the solutions to the reduced problem and the

boundary layer problems. For practical implementation, we pro pose a

partially closed-loop control to achieve stability of the fast variable a.

4.2 Lower Order Problems

Due to the presence of p., system (4.2) possesses a two-time-scale

proper ty ,  that is the variable x varies slowly while the variable a has a

rapidly varying part. Letting p. = 0 in (4.2), which is equivalent to

neglecting the f a s t par t in a , we obtain

= ~1+A1~ +~~1
U, ~(0) =x0

( 0 ),  i~(T) =x~(0) (4.8a)

0 = a2 +A 2z + B 2u . (4.8b)

Here and in the f ollowing, an overbar indicates that p. — 0. Assuming that

A2 
is nonsingular , the slow par t ~ of z is solved from (4.8b) as

a -A2 
(i~2 +B2u) . (4.9)

Eliminating I from (4.8a) and the performance function (4.1) evaluated at

- 

- 
p. — 0, we define the reduced problem as follows.

Reduced Prolern: The reduced problem is to minimize the performance index

T
= 5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (4.10)
0

- __________________________________ SSS_5- --~--S 5-SS~~SS~~
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subject to

di~/dt = i~~ ,t) + B(~,t)~ , ~ (0) = x (0) , ~ (T) x~(0) (4.11)

where
L1 

= V1-V~A 2~~~ + I~A~~~V3A2 a
2

- 
- 

L
2 

a B~A~ 
- 1(V3A2 

- 

82 
- 

~~~

L3 
a ~ + B~A~ 

- 1
V3
A2 

- 1
B2 

(4.12)

- -a a1 
- A1A2 a2

B 1 - A 1A2 B2

The Hainiltonian of the reduced problem is

a L1+ 2 + ~ ’L3~+~ ’(i~+BU) (4.13)

where the costate ~ satisfies

d~ /dt — -V }l (~~,~~,Lt)  . (4.14)
x

The control which solves

— 21.2 + 2L3~ + 
i’

~~~ 
- 0 (4.15)

is the minimizing control

- f L~~ (2L
2 

+ 1’
~~~~~) . (4.16)

Substitution of (4.16) into (4.11) and (4.14) results in the reduced TPBV

problem

di/dt — ~-!L3
1
L2 

- -i- IL;
’!’~~a f1(~ ,~~,t), ~ (O) ‘ u x ( O ) ,  ~ (T) x,~(0) (4.17a)

d~/dt — - ~~~~~~~~~~~~~~~~~~ — f
2(~,~~,

t) . (4.l7b)

..  The following assumption is crucial.

_ _  _ _ _ _ _  A4
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(A4.l) The reduced TPBV problem (4.17) has a unique solution ~*(t),~
’*(t)

and ~*(t) for all t € [0,T].

Linearizing (4.17) along ~~~~~~~~~ we - obtain the variational

equation as

4:;] =[: 
:~~~~ 

[:;]a 
H 

2] 
~~~~~~~~~~~~~~

. (4.18)

System (4.18) is assumed to satisfy the following assumption.

(A4.2)  C3 
is positive semidefinite along ~~~~~~~~~~

Assumption (A4.2) rules out the occurrence of conjugate points [36] and

guarantees that ~~~~~~~~ yield a local minimum. This assumption is also crucial

for finding higher order terms in the asymptotic series expansions for

x,z,p,q,u of (4.6), (4.7).

Since ~~* in general does not satisfy the end conditions (4.2b), we

assume that the variable z contains an initial (left) boundary layer X(r)

and an end (right) boundary layer P (~) such that

z(t) = Z*(t) + X (~r) ÷ P(0 ) (4.19)

where ~r = t/p and ~ = (t-T)/~ are the “stretched” time scales. Substituting

(4.19) into (4.2b) and equating the layer terms, we obtain the boundary

layer systems as

— A
2 )~~,) + B2

(0)u
~
Cr) , X(0) =z~

(0)_
~
*(0) (4.20)

dp(o~) — A2
(T)p (o ) + B2 (T)u~ (-~) , p (0) = z

~
(0)_

~
*(T) (4.21)

where u is also decomposed into

u(t) — ~*(t) + U (T) + Up (~ ) . (4.22)
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Substituting (4.19) and (4.22) into (4.1) and retaining only the quadratic

terms in 
~~~
, p ,  uX , u~, we define the boundary layer problems as follows.

Boundary Layer Problems: The left boundary layer problem (LBLP) is to

minimize

= 5 [X ’V3
(0)X + u

~~
(o)u

x
]dT (4.23)

subject to the dynamics (4.20). The right boundary layer problem (RBLP) is

to minimize
01 -~~ a S  [P ’V3(T)P + u~R(T) u ]dp (4.24)

subject to the dynamics (4.21).

We now make the following assumption.

(A4.3) For all t C (0,TJ and along the trajectory i*

S rank[B2 , A2B2,. ..,;
m_l
12] 

= m

rank(H~ ,A~Hj,. - - ~~~~~~~ = m

where H2 satisfies H2H2 v3.

Under Assumption (A4.3), the solutions to LBLP and RBLP exist and are given by

u~(T) = _R
~~

(0)B
~

(0)Kx (0)X (T) (4.25)

u ( ~) = -R
4(T)B2’ (T)K~(T)P (c7) (4.26)

where K
x(0) is the positive definite solution and K~ (T) is the negative

definite solution of

+ A2 K - KB
2R 

1
B~K + 

a 0 (4.27)

at t — 0 and t = T respectively. 

~~~~~~~• 
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4.3 Main Theorem -

The decomposition of the full problem (4.1), (4.2) into the reduced

problem and two boundary layer problems is justified in the following theorem.

Theorem 4.3.1

If Assumptions (A4.l)-(A4.3) hold , then there exists a p.* ) 0 such

that for all p. € (O,p.*], an asymptotic series solution x*, z*, p*, q*, u* to

(4.6), (4.7) exists and is approximated to 04i.) by the solution of the

reduced problem and the boundary layer problems as

x*(t,p.) = ~*(t) + 0(p.) (4.28a)

z*(t,p.) = ~*(t) + X(.r) + p(0) ÷ O(p.) (4.28b)

p*(t,p.) = ~*(t) + 0(p.) (4.28c)

q*(t,~) a _Aç1 (V2+2Vj~*+A~~*) + 2 K~(0)X(’r)+2K (T)p(~)+0(p.) (4.28d)

• u*(t,p.) = i*(t) + u
~
Cr) + u~(~) + 0(p) . (4.28e)

The meaning of this theorem is that we can obtain an 0(p) approxi-

mate solution to the full TPBV problem (4.6), (4.7) by solving for the reduced

problem , the LBLP and the RBLP. The reduced problem is of lower order and

does not involve the small parameter i .  Thus we can use large stepsizes in

the numerical computation of the reduced problem. The LBLP and the RBLP are

linear quadratic problems and their computation is a small fraction of the

time required to compute nonlinear problems of the same dimension. Thus

solving for the lower d imension problems results in consider able savings of

computation t ime . -

In the actual implementation of the control (4.22) to the physical

system (4.2), undesirable behavior will occur if *2 
is unstable . Since u(t)

of (4.22) is an open-loop control, it does not affect the stability of the

~~~~~LJ
—S - ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - — —  — -5- - - - ____
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System (4.2). Henc~ if A2 
is unstab le, the higher order p terms in (4.28)

1/p.
which are not compensated will grow as 0(e ). Furthermore, the error

increases as p. decreases. An example illustrating this behavior in linear

time-varying system is given in [7]. This problem can be avoided by using

a partially closed-loop control.

u M(x (t),t)z + v (4.29)

such that (A
2 

+ B
2
M) is stable along the trajectory i~*. Assumption (A4.3)

guarantees that such an M exists and can be computed as

M -R
1
B~K(t) (4.30)

where K(t) is the positive definite solution to (4.27) for te [0,T]. Then

the open-loop control v is computed as

v u _ M z  . (4.31)

S 
4.4 Example

We consider the optimal control of the system

= xz , x(0) = ii.J i , x(l)  = .5
(4.32)

= -z+u, z(0) = 0 , z(1) a 0

with respect to the performance function

j  a S (x4 + ~ z2 + 
f 
u2)dt . (4.33)

The Hamiltonian for (4.32), (4.33) is

H x4 + 
f 
z2 + ~ ,

2 
+ p(xz) ÷ q(-z+u) (4.34)



- - 62

and the minimiz ing control is

u = -q (4.35)

as ~H/~u = u + q = 0. Thus the TPBV problem is

i = x z

p.i = -z-q
(4.36 )

p — - HThx = -4x -pz

p4 = -~H/~z — -px-z+q

We now apply the decomposition procedure to obtain O(p.) approximations of

x,z,p,q,u.

The reduced problem of (4.32), (4.33) is to optimally control the

reduced system

— ~~~~~~, ~ (0) = l/./~ , 1(1) = .5 (4.37)

with respect to

• = 5 ( w 4 
+ U~)dt . (4.38)

The Hamiltonian for this reduced problem is

- -4 2
H x  + u + p x u  (4.39)

S and the reduced control t~ satisfies

~HI ~~ = 2~ + ~~ = 0 (4.40)

that is,

U = -~~~/2 . (4.41)

_ _  _ 
_ _ _  £1
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The reduced TPBV problem becomes

— - / 2  , ~ (0) = ii~5 , ~ (l) = .5 (4.42 )

— 3 — — _3 _ .~.2p = -ôH/~x - —4x -pu = -4x + xp /2

The unique solution to (4.42) is found analytically to be

= 1/.J2(t+l)

— 2i*(t) a~J2/(t+l) (4.43)

= —~*
2
(t) = -l/(2(t+l))

~~*(t) =

Linearization of (4.43) along ~~~~~~~~~ reveals that C
3 

= 
~~~~~~ 

and hence (A4.2)

is satisfied.

The LBLP is to optimally control

dX/dr = 
~
X÷u

~
, X(0)= O- (-l/2) = 1/2, ~ 

= t/p. (4.44)

with respect to

1 
f~~

2 
+ ~~)dT . (4.45)

The optimal control is

— u
~
(
~
) = -~~X(T) = -(~~~~ )X( ~ ) (4.46 )

where k
~ 

is the positive definite solution to the Riccati equation

0 = 2 k + k
2 -1 . (4.47)

- Thus the optimally controlled LBL system is

dX/d-r = -~5 A (4.48)

L~ _-5------- 5 - — —  — 5--— - 5- -5-——- -—5 —--- - ---S- S- - -
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yielding

— X (0)e~~~ 
T 0 < T <~~~. (4.49)

Similarly, the RBLP is to opt imally control

dp/cb — -p+u~, p (0) = 0-(-l/4) = 1/4, ~ = (t—l)/~ (4.50)

with respect to

= S (p2 + u2)dO. (4.51)

The optimal control is

u — -k pCr) = (l+.5)p(.r) (4.52)

- 
. where k~ is the negative definite solution to the Riccati equation (4.47),

resulting in the feedback system

dp/ c’c = ..5 p (4.53)

such that

p(~ ) a p (O)e~
’
~~~, -

~~ <~~ < 0 . (4.54)

Thus an 0(p) approximation to the solution of the full order

problem (4.36) is

~(t) = l/.12(t+l)

S ~(t) —

~(t) = .12/(t+l) - (4.55)

~(t) — l/ (2 (t + 1) ) + ~~ (~~ _ l)e~1~
t
~~ _ 1(1÷AJ~ )~

.~5(t_ l)/ p

= -~q(t) 

---5- - -
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For p. — .1, the trajectories are shown by dashed lines in Figures

4.1-4.5 . The Newton-Raphson algorithm in [37] is modified for fixed end-

point problems by using the -dichotomy transformation in (38] and is used to

compute an optimal solution of (4.36) numerically. Using (4.55) as the

-~~ initial guess, the computation converges in four iterations and the optimal

I ~ trajectories are shown in solid lines in Figures 4.1-4.5. The closeness of

S - (4.55) to the optimal trajectories are obvious.

4.5 Asymptotic Expansions

We now proceed to obtain asymptotic series expansions of x, z, p , q,

u in ~~~. Then Theorem 4.3.1 follows from the lact that (4.28) consists of the

- .  
leading terms in the expansions.

Lenina 4.5.1

— Under Assumptions (A4 .1)-(A4 .3),  the TPBV problem (4.7) possesses

a solution of the form

x(t,p.) a XN (t ,p .) + p.m~(.r,p.) + p.n~ (~~,p.) + p.NxN (t p .) - 
-

ii p(t,p.) = P
N(t p.) + p.m~ (r ,p .)  + p.n~ (o ,p.) ÷ p.NpN(t p.)

(4.56)

z(t,p.) — zN(t ,p.) + m~ (.r ,p ) + n~ (~ ,p .) + p.NzN (t p .)

q(t,p.) — Q
N
(t,p ) + ~~~~~~~ + n~ (~ ,p.) + p.NqN (~~p .)

I f o r  a l l  N > 0 where 

N N
— E p.ix (~~p.) ~N = 

~ 
p. P~ (t,p.)I. i0 ia0 

(4.57)

N 
N 

i N iI Z — p. Z~ (t,~ ) ,  QN = Q~ (t ,p.)
i—0 iao

1_I 
- 5 - - — -  J
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are the outer expansion,

N-l N H
— E p.

t
m~~~1p .) k = 1,2, m~ — 

~ p.i~~~ (~~p.) k = 3,4
i=0 i=0 - -

(4.58)
N—l N -

= E p. ~~~~~~~~~ k = 1,2 , n~ E p.
i

I~~~~ (a p.) k = 3,4
i=0 i=0

are the left and the right boundary layer expansions, respectively , and -
~
N ~N ~

N 
q
N are 0 (p.) uniformly in the interval t € (0,T] for p. sufficiently -

small. -

Proof: 
-

Outer Expansion. The outer expansion is obtained by substituting (XN, ~
N zN,

Q
N
) into (4.7) and equatii~ the coeff icients of like power of p~, 05 i < N. I

At i=0 , (X0, P0, Z0, %) is the solution to

dX0/dt = ~1+ Z 0- ~ ~1
P0- ~ ~Q0, X

0(0) = x0
(O) , X0

(T) ax ~ (0) 
]

- . ~~ (4.59a) - 
-

dP
0
/dt = -v

~
H(Xo,Zo, - 

f 
R

1(B~P0+3~%), P0,%~t,0) J

1
~. (4.59b) -

0 = 

~~2 
- 2V

3
Z
0 

- A~P0 
- 

J

where 
~~~~~

, a2, 
~l’ 2’ ~1’ B2, si = B1R B1, 

~2 
= B2

R B2, S — B1R
1B~, ~ 

and —

V
3 
are evaluated at X0, P0, Z0, Q

0 and p. 
= 0. In general for l<i<N ,

(X~ 1 P~ , Z1, Q~ ) is the solution to

dX1/dt — g1~ (t)Xj
_
~~~S1(t)Pj÷A 1(t)Zj_ fS(t)Qj+~~1j(t)

(4.60a) -

dP
i
/dt — ~2~

(t)Xj+82p (t)Pj+82~ (t)Zj+82q (t)Qj+~ 2j(t) 
I

f 1

__
_ __ _  - 

- I



Pr 
5-

70

0 = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1S - 
- 

~~ (4.60b)

- - = 84~
(t j

_ A
i

(t)Pj_2V
3

(t)Z
i
_ A
2

(t)Q
i + ~4i~

t) 
J

where the matrix coefficients of X~, P~, Z~, Q~ are evaluated at X0, Po~ 
Z0,

and p. a 0, and ak~ (t) ,  k=l ,2,3,4, are known functions of X
r~ ~r’ 

Zr~ ~r’

r < i -1. From Assumption (A4.3) it follows that

~ 
(t) 

~~
52(t)

- 

- 

- I — — (4.61)

[2V 3
(t) -A~(t)

is nonsingular. Hence Z~, Q~ can be solved uniquely from (4.60b ) and

eliminated from the equations for dX~/dt3 dPi/dt. For i— 0 , it is shown in

Appendix C that the elimination of Z0, % from (4.59a) yields the reduced
TPBV problem (4.17) with X0, P0 replacing i,~~. Hence from Assumption (A4.l),

• the uniqueness of solution guarantees

a ~ *, p0 = (4.62)

and Z0, % are given in (Cl) of Appendix C.
It then follows ininediately that for l<i<N , the elimination of

Z~, Q~~ 
from (4.60a) yields

dX~/dt = Ci(t)X
i
_ C

2
(t)Pj+&ii(t)

(4.63)
dP~/dt = _C

3
(t)X

i
_Cj (t)Pj+~ 2i

(t)

where C1,C2, C3 are given in (4.18). The boundary conditions of (4.63) are

Xi
(0) at and X~ (T) ~=b~ where a

t
, b~ will be specified later. Since C

3 
is

• positive semidefinite and R is positive definite, the solution K (t) to

- 

K a ~I~C1 
- C~K + - C3 (4.64)

5- - —~~~
-- -—~~~~~~~~~~~~~~~~~~~~ S—-5--— --
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with end condition

K(T) = iT
1 

(4.65)

is positive definite in t € f0,T) for any Ill positive semidefinite, and the

solution K (t) to (4.64) with end condition

K(0) = ~T2 
(4.66)

is negative definite in te (0,T] for any iT
2 
negative semidefinite (38].

Introducing the dichotomy transformation [38]

X~ = Y~~+w~~ P~ = K
pYi

+KnVi (4.67)

and substituting into (4.63), we obtain the equations for Yj~ V
j  

as
S

dyi/dt = (C
1-C2

K ) y ~ +a~~ (4.68a)

dw
i/dt a (Ci-C2K )wi +

~~~i 
(4.68b )

4

where
• - 

[~
yi 

= 
‘n ‘n 

-l 

~li 
- 

(4.69)

[~
wi K 

~2i

Let ~~~~~ be the state transition matrices of (4.68a), (4.68b), respectively.

Then the solution to (4.68) is

= 
~i
(t,0)y

i(0) + S~~~~t~~~~~~~~~d
0 (4.70)

w~(t) — ~ 2 (t ,T)w i (T) + S~~~t s)a (s)ds -

• To determine 
~~

(O)
~ 
w
i

(T) , we evaluate (4.70) at t 0  and taT and substitute

into (4.67) to obtain the relationship

~

—

~

- . --—- - -5 -- -

~

-S —- -- --- -— -



72

- - 
‘n ~2

(0,T) -l 
~~ 

- S$2
(0,s)c

~~i
(s)ds

T 
- (4.71)

w~ (T) 
~i~~

,0) I~ b
i 

- S

T
~~~T s sds

Thus given ai, b
i
, the unique solution s yi,wj to (4.68) and hence those of

X
~
, P~ to (4.63) can be computed.

Boundary Layer Expansions. Since Z(0,p.) does not in general satisfy the

initial condition z
0(p.),

it is necessary to account for this boundary layer

by m~(T,p.), k=1 ,2,3,4, which satisfy at t= 0 the equations

[dm~~][ ~~~~~~~~
NJ

t~~T t=p.15
(4.72)

r N ,  r r N~ r

1~~~L 1~~~~ l I~~~~~~~~~l = 1~~~~~~~~~~~~~~~ l
dr I dt &r ‘J dT i i at dt 

IL J L 
~~t=~~ 

L J L

Nto 0(p. ). Hence we have

N N N N Ndm.~/dT = g.~(m1,m2,m3,m4,p.,r)

=

Q
N
(~J••~•)+m

N(T)p. p.1.) ~~~~~~~~~~~~~~~~~~~~~~~

Q
N~•~.~)p.p ..~) , k=1,2,3,4 . (4.73)

Substituting (4.72) into (4.73) and equating the coefficients of like power

of p.~ 0-< i<N , we obtain a system of equations for the left boundary layer.

At i=0 , the zeroth order terms of m~ sat isf y 

~~~-- -—- - - - -~~~~ - —-- .-- - - 5 - -.~~~~ -5—----
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dm10/dT — A
1

(0)m30 
- 

~~ S (0)m40

dm20/d’r =

— 
- g

2 ~ o
(0),E

~o
(0),2o(0),%(0),0,0) (4.74)

dm30/dT = A
2 

(O)m30 - 2 ~2 (0)m40

dm40
/dT = -2V

3
(O)m

30-A~ (O)m
40

where the initial condition of m30 is m30(0)=z (0)-Z
0
(0). Furthermore

- 

I 

m10(r) tends to zero as 1. tends to infinity. Letting

m
40

(’r) = 2K~
(0

~
m30 (T) (4.75 )

where K
x
(O) is the positive definite solution of (4.27) at taO , we obtain

dm30/dr = [A2
_S
2IC
~J t ü  “3O~ 

m30(0) a z (0)-Z0(0) - (4.76)

Thus A
2
S
2
K~ is stable and m30 (r ) ,  and hence m40 (r ) ,  decay exponentially to

zero. Now comparing (4.76 ) to (4.20) controlled by (4.25) we obtain

m
3~~(1.) a X (r) . (4.77)

Furthermore , m10(r), m20 (r )  are given by

mlø(T) 
— 

~~~~~~~~~~~~~~~~~~~ 
m
3~
(1.)

(4.78)
~~ dm20 (s)

- -  m20 (T) =~~~ dT ds -

Then the initial condition a
1 of in (4.63) is given by

--- - -5 -5 -
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1 ~ I
a = X1

(O) — 
~~‘ ~ p.—~ 

-m10(0)
(4.79)

= 
~
ii- X~,( ) I p .II~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

In general in
~i

Cr) satisfies the equations

diu
1~/dr 

= A1(0)m~1 - ~~~ 
S(O)m4i +1~1ij CT)

= g2 (X0(0),P0(0), Z0(O) +m30(’r),Q0(O) +m40(T)~O1O)m3~

+ 82q (X0(O)~P0(O)~20(O) + m30(T)~%(O)+m40(T)~O,O)m4j

+ M2~~(.r ) (4.80)

d
~~i

/dT
~~ 

A
2

(0)m
3~ 

-

dm4~/dT = -2V3
(0)m

3~- A~ (0)m4. +M4.(’r )

5 where the exponentially decaying terms M.~~(r), k= l ,2,3,4, are known

successively. We solve for the last two equations of (4.80) by letting - 
-

m4 .(T ) = 2K
~

(O)m3.Cr) ÷ ~~~r) (4.81)

where satisfies the linear vector equation

= ~
(A2~

S2KA ] taO ~1- 2IyO)M31( 1 .) + M4 .( 1.  . (4.82) 
5

In [15], it is shown that there exists a unique exponentially decaying

3olution to (4.82). Then m31&) is given by

dm31/d1. 
a [A2-S2K J t_0m3i

_ 
2 
5
2

(O
i ( + M 3i~~~ 

(4.83)

~~~ lnL tL a l condition m
3~

(O) ~~~z0 (p .)/~ p.i J p . 0  - Zi(O). Hence the solutions

• - 1 ,2,3 6 ,to (4.80) are exponentially decaying. The initial condition

--  ..b 3) is given by

-- - -  --- - --5  — 5-
~~
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= X~(O) a [~
i
X0
~~)/~~1Jp.=0

_ m
1~
(O) - (4.84)

In a similar manner , the right boundary layer correction terms

- 5 ~~(a ,p .) satisfy the equations

dn.~/da = ~~(n1,n2,n3,n4,p.,7)

=

— x(~~), P(p ,),Z(~w),Q(Pa),p.,p.~) , k=1 ,2,3,4 . (4.85)

We shall not give the procedure of solving for n.~~, which is exactly the

same as that of solving for ~~~ except that we are now solving itt inverse time,

that is, from taO to t = - ~~. We only examine the equations for

which are

dn30/dC ~ A2
(T) n30 -~~~S2

(T)n40 , n30(T) a z
T

(O) Z
o

(T)
(4.86)

- - dn40/d~ a -2V
3

(T)n 30 -A~ (T) n40

- - 
Let

- n40(0) = 2K (T)n30(~) (4.87)

where K (T) is the negative definite solution to (4.27) at t=T. Since

- 

_ [A
2~
S2Kp

]t T  
is stab le, the system

dn30/do~ = [
~~

_5
2
K
p
]t=T

tt
3o 

(4.88)

is stable in negative time and n30 decays to zero as~~ --c~. Comparing (4.88)

to (4.21) controlled by (4.26), we obtain

.. 
n30(O~) = p(a) . (4.89) 
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The end conditions for n3i (T) , Xi(T) are

n
3~

(T) = (~~~
i

Z~~~~~~~~ )/ ~~~p.

i

] - Zi (T)

i . (4.90)
X1

(T) = [~ X~~(IJ .)/ ~~ L
1

]
p.=0 

- n1i (T) a b

It remains to be shown that ~
N
, ~

N 
~
N 

q
N are O(p.). However,

this asymptotic property has been shown in detail in (14] for free endpoint

problem which can be translated for fixed endpoint problem without major

changes. Thus we shall omit this part of the proof.

From Lenina 4.5.1 , we obtain the approximation (4.28) of Theorem 4.3.1

by observing that (4.28a) and (4.28c) follow from (4.62), (4.28b) follows

from (c2), (4.77) and (4.89) , (4.28d) follows from (C2), (4.75) and (4.87) ,

and f inally (4.28e) follows from (Cl) and (4.6).

4.6 Discussion

• S A singularly perturbed nonlinear fixed endpoint problem is decomposed Li
into three lower order problems , namely, the reduced problem and the lef t

and the right boundary layer problems. Two special features are that the

reduced problem does not involve the singular perturbation parameter and

the boundary layer problems are linear quadratic. Cothining the solutions

to these lower order problems we obtain an O(j.
~) approximation (4.28) of a

solution to the full TPBV problem corresponding to (4.1), (4.2). Based on

the properties of the lower order prob lems, we obtain an asymptotic expansion

for this solution of the full TPBV problem. An example illustrates the design

procedure and the computation of a locally optimal solution using a Newton-

Raphson algorithm and the 0(p.) approximate solution as the initial guess.

Finally , it is emphasized that if the fast variable z in (4.2) is unstable,

the partially closed-loop control (4.29) which stabilizes the fast variab le

should be applied to (4.2).
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5. SYSTEMS WITH HIGH FREQUENCY OSCILLATORY MODE S

5.1 Introduction

Mechanical and electromechanical systems often have slightly damped

modes oscillating at frequencies much higher than the rest of the system.

Well known examples are spring-mass suspens ion systems and multi-machine

power systems. In linearized models of such systems some eigenvalues have

small real parts and large imaginary parts. Typically they are due to either

strong coupling, or small masses and inertias , or both. Synchronous machines

— connected through a low impedance can serve as an illustration.

In properly designed systems the amplitudes of high frequency

oscillations are small and their effect negligible. However, the analysis

and design methods must take these potentially troublesome modes into

account. This leads to numerically stiff problems requir ing expensive

• 
integration routines. A way out of this difficulty is to treat systems with

oscillatory modes as singularly perturbed systems and analyze their slow and

fast parts in different time scales. Presently available singular perturbation

methods assume that the fast modes decay in the fast time scale during a

boundary layer interval. Thus they do not incorporate the case of slightly

damped or purely oscillatory modes. This chapter extends the singular

perturbation approach to systems with fast oscillatory modes.

Our approach is to decompose a system with high frequency oscil-

lations into two separate subsystems, one containing the slowly varying

dynamics and the other containing the oscillatory modes. We show that the

decomposition in [21 ,22) is also applicable to systems whose slightly damped

large eigenvalues result in sustained high frequency oscillations . The

slowly varying dynamics can be approximately analyzed by averaging methods

- ~~~~~~~~ - --- -  -~- 5- - - ---~—~~~~~~~~~~~ 5- -5~~~~~~—_-5S~~~~~~~~ 5-5-5 - - -
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(19,20]. However for the linear time-invariant case our algebraic decom-

position is more direct and yields estimates of the eigenva lues and states

of the original high frequency oscillatory system. This procedure requires

only the verification of an assumption given in the next section and the

computation of a matrix inverse. Furthermore our decomposition retains the

meaning of the physical variables. Nonlinear systems with high frequency

oscillations are also analyzed in a similar manner. An interconnected power

system illustrates the decomposition procedure and the concept of coherency

[39,40].

5.2 Modeling

: Systems governed by physical laws such as Newton ’s law and lUrch-

hoff ’s law can be modeled as second order matrix differential equations

s + P~ + Qs = 0, ~(t0) = ê~~, 5(t
0) 

= (5.1)

where SCRV and P, Q are rxr matrices. We assume that system (5.1) is in the

form
S
l 1~

’l ~2 ~1 
Q2 1p .2

P = (  , Q =  (5.2)

P4 Q3 Q4/p .2

where p. is a small positive parameter which arises due to the presence of

stiff springs or small mabses and is responsible for the high frequency

oscillations in (5.l)~. Then (5.1), (5.2) can be rewritten as a singularly

perturbed system of first order differential equations

a Ax + Bz, x(O) — x0 (5.3a)

— Cx + Dz , z(0) — z (5.3b)
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— where

r 2x1 s1 z1 s2/p.
x a = = =

x2 z2 à2/p .

- , 
- [0 i 0 o

A~~~ , B a

L-Q1 ~~~
‘
1 

-Q2

0 0 0 I
C a  n —  (54)1

-Q
3 

—P3 
-Q4 -p.P

4

Our analysis of (5.3) does not require the matrices A , B, C, D

to be in the special form (5.4). The only assumptions that system (5.3)

has to satisfy are the following:

(A5.l) The norms of A, B, C, D are bounded about p .a0 and the state z is

• 2mof even dimension, that is, z € R

(A5.2) The matrix D is in the form

p.D1
D (5.5)

D3 p.D4

where D2,D3 
are mxm nonsingular matrices and the matrix D2D3

2
has simple and negative eigenvalues -wi, i=l ,2,...,m.

There is no restriction on the dimension n of the state x€R
tt
. Assumption

(A5.2) guarantees that high frequency oscillations will occur in (5.3).

As an example of a system in the form of (5.3), we consider a mass-

spring-damper system (Figure 5.1) where the spring k2 is s t i f f .  A set of

1
The matrix I denotes an identity matrix of an appropriate dimension.

- - - 5 - .  
_ _ _ _ _
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k2 
_________

-

. 

_ _ _ _ _  _ _ _ _ _  

1

5- 

.M1 

~ _ _ _ _ _ _ _

Sj FP-5860

4

Figure 5.l A mass-spring-damper system.
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convenient state variables for this system is the position of the center of

mass

Sc 
= (M

1
s
1+M2s2)/N, M M ~ +M2 (5.6)

and the relative displacement between the masses

5d 
= 

~~]. 
— 

~2 
(5.7)

where 
~l’ ~2 

are the positions of the masses M1, M~. The equation of motion

for this system is

sc + c + s d +~ i 5 c +~~~~~~
5d 0

s (0)=s , à (0)=v(O)=vc CO C C co

f f
1
M f M  k k M  k~~~

Sd + N1 
5c + cM1

M + N1M2
) 5d + ~c 

+ ..L .. (1 + LZ) a 0

~~~~ 
= 5do’ ~~~~ 

= v
d(O) 

a (5.8)

Since the spring k
2 
is stiff, we def ine

1 
k
2
M

(5.9)
p. ].M2

such that p. is small. In the state variables

x1 
a 

~~~~ 
= = vc, E

l 
= s / ~~ z

2 
= ~~ /p . V~~/~~ (5.10)

(5.8) becomes

a

k
1 

f1 2 k1M2 f
1M2

~~~~~~~~~~~~~~~~~~~~~~ —~— z 1 - p .

_ _ _ _ _ _  
—5- - - - - - 5-  - -
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k1 2 kiN1 f
1M2 

f
2
M

p.1
2 

= - j~
— x1 - x2 

- (1+p .  ~j~ç
)z1 -p.(--j~--1~ + 

ç~ç)z2 
(5.11)

which is in the form (5.3) and satisfies Assumptions (A5.l) and (A5.2) with
k2 2 1

w1 = l + p .  
N1M

5.3 Averaging of Oscillatory States

Before analyzing (5.3), we investigate the behavior of the system

= Dw ÷ u, w(0) =w (5.12)

where D satisfies Assumption (A5.2). The characteristic polynomial of D/u

is

XI - D1
4 cp(X) = det

-D3
/p. X 1 D 4

[ 

0 _D
2
/p.+p.(~I_D4)D;

1(XI_D
1)
~

= det

L-D3
/It XI-D

4

= _ (_1)mdet[x
21_x (D

4+D;
1
D1D3) 

- (D
2
D
3

_
~~
2
D4D;

1
D1D3

)/p.
2]. (5.13)

Let T diagonalize D
2
D
3 
such that

TD2D3T
1 

— A

a diag(-w~ ,-w~ ,.. . ,-w~) (5.14)

and rewrite the characteristic polynomial as

cp(X) a _ (_1)mdet[X
21 - R1X-(A +p.

2
R~)/p.

2
] (5.15)

_ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S 
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where a T(D4+D3
1
D1D3

)T ~ and R2 
a TD4D3

1
D
1D3

T
1
. Neglecting p.2R2 and

the off-diagonal elements of R1, (5.15) is approximated by

— 

~~~ ) = ~ (~ l)m 
~ (X 2 -2~~.X + w ~/p .2 ) (5.16)

5 ~~~ 
L

where 2~~ is the ith diagonal element of R1. Instead of (5.13), cpQ~) can

be expressed as

~p(X) = _ (_1)
m
detcx

2I_x(01+D;
1
D4D2) 

- (D3D2 - p .2D1D~~ D4D2 )/p .2 ]. (5.17)

Letting S = rTD~~where r is any nonsingular diagonal matrix, we obtain

• SD3D2
S
1 

= A. Then the diagonal elements of S(D
1+D2

1
D4D2)S~

’ are identical

to those of R
1 
and (5.17) can also be approximated by (5.16). To analyze the

roots of ~p~).) we use the following lemma.

Lemma 5.3.1: If D satisfies Assumption (A5.2) , then , as p. . 40+, the eigenvalues

of Dip. approach infinity as

~ L ± jw~/p., i=l ,2,...,m. (5.18)

By Lemma 5.3.1, as p. -, 0+, the eigenvalues of (5.12) approach
infinity along asymptotes parallel to the imaginary axis. Note that the large

imaginary parts of (5.18) are the consequence of solving for X of the quadratic

equations in (5.16). If some of the eigenvalues of D2D3 
are either positive

or not simple, then in general some of the eigenvalues of D/p. may be positive

and O(l/p.). This case of fast instability is less realistic and will not be

considered here.

Due to the eigenvalues with large imaginary parts, the response

w(t) of (5.12) contains high frequency oscillations. However, w(t) also

contains a siow1y varying part because of the input u(t).

— - - - - - - -

~

—- ~~~~~—- - - - . —- • — -5- —~
_ 
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Lemma 5.3.2: If D satisfies Assumption (A5.2) and if u( t )  = ~i(t)+~i(t) is

an input where ~(t) is a slowly varying part with ~~ <C
1 

and 
~~ 

< c
2 

for

F some fixed c
1 

and c2, then there exists a finite TQJ.) such that the slowly

varying part ~(t) of w(t) of (5.12) for 0- <t<T is

-
~~~~~ 10 D l

l
~~(t) = -l ll(t)+O(j.i.) . (5.19)

LD 2 0
~~I

Proof: Integrating the variations of constants formula

w( t) = ~ (t,O)w + ~ S~~(t,~)u(T)dT (5.20)

where ~~(t ,T) = exp[D(t-r)/p.J ,by parts, we obtain

w(t) a -D (t)+~~(t,O)w +D~~~(t,O)~ (O)

-
t . t

+ D J ~~(t ,T )U(r)d ’r + 5 ‘~(t,r)~~(T)d1 - (5.21)

But the first integral term in (5.21) is O(~) since a further integration by

parts reveals that

t t

I S t,r )
~~(r)drk p.L1f

1
~(c1(1+l~~(t,O)b+c2 5 ~~(t,.r)tdT) . (5.22)

0 0

We also note that ~i(T) generates high frequency terms and the terms contri-

buted by ~ (t,0) are approximately of the type exP (~~ t)sin(w~ t/~ ) and

exp (o~ t)cos(w
i tip.), 

ial ,2,...,m. Sd.nce 

- - - ---5-
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D3
1
+p .

2
X2

D
1 
= (5.23)

D2
1
+p.

2
X3 p.X4

where

= -(D3 -p .
2
D4D2

1
D1)

1
D4D

1

— ~D;
1D4x42 (5.24)

X3 =

= -(D2 -p .2D1D~
1
D4)~~D1D~~

the only significant slowly varying part -D ¼(t ) of w(t) in (5.12) is

approximated to 0(p.) by -D u( t ) ,  where

0 D2
fl = (5.25)

D3 
0

implying (5.19).

This analysis justifies a simple formal method to obtain ~~( t) ,  that

is, let p .=o in (5.12), as is usually done in singular perturbations.

However, the meaning of letting p .=O here is different. Considering u=u as

the input and w as the output, the input-output behavior of system (5.12) is

that of a lowpass wideband filter. Then ~~(t) is the dominant part of the

filter output which shows the relationship with the usual assumption in the

technique of averaging [20]. Thus ~ (t )  approximates w(t) closely if the high

frequency component of w is negligible or if w(t) is used as an input to a

slow filter.

I

_ _ _ _ _ _ _  -- - --5---— -
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5.4 Eigenvalue and State Approximations

Letting 5E be the slowly varying part of x and either applying

Lemma 5.3.2 to (5.3b) or setting p .=O, we obtain the slowly varying part

~~of z as

z = -D 1Ci~ + O(p.)
—-1 (5 .26 )

H =~~D ci+0~p.) -

To completely separate the slowly varying part ~ from z, we introduce the

change of variables

11 = z+D 
LCx + p.Gx g z + Lx (5 .27)

and determine G such that (5.3) is transformed into

= (A0 
- p.BG)x + Bil (5.28a)

= (D + p.LB)T~ (5.28b)

where

A0 
= A - BD 1C. (5.29)

Thus G is required to satisfy

-DC + (D ’C + ~G)(A0 
- p.BG) = 0. (5.30)

By the implicit function theorem, the solution of (5.30) is

G = D 2CA0 + O G~)
(5.31)

— D 2CA0+O (p.)

where

A0 A B D 1c . (5.32)

Let

p.D
1 

D21 [~ D1 D2 
-1 

2D+p. LB — I + p. I CB+O (~’ )
D
3 

I LD

4] [ 
D3 p.D4 

——~~~~~~~~~~ - - ---—-- 5~~~~~~~~~ ~~~~--- - 5- - -- ~~~~~~--~~~~~~~~
—5-------~~~ - --5
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[p.(D1+D~~C2B1) D2+p.D;
1
C2
B
2

= I - -l -l + 0(p.
2
)

~~D3+~ D2 C1B2 p.(D4+D2 C1B2)

~~ 1 ~~2]

I 
+ ~~~~ ~ + O(p.2 ) (5 .33)

- 
- 

153 ~154j
where r1-.

I ~l
B a [B 1 B2 ] , C = (5.34)

5 [
C2

Then the upper block triangular form (5.28) exhibits the eigenvalues of (5.3).

Lemma 5.4.1: If Assumptions (A5.l) and (A5.2) are satisfied , then the eigen-

values of the original system (5.3) are O(p.) clcse to the eigenvalues of

+A0 
and u/p. Furthermore as p. -. 0 , the eigenvalues of u/p. approach infinity

as

p i ± ~~~~ i= 1 ,2,...,m (5.35)

where 2Pj is the ith diagonal element of the matrix T~~4 + D3~151D3)T 1.

The second statement of Lemma 5.4.1 follows from Lemma 5.3.1.

The meaning of Lemma 5.4.1 is that n eigenvalues of system (5.3) are small.

They are responsible for the slowly varying dynamics of the system. The

other 2m eigenvalues have large imaginary parts and are responsible for the

high frequency oscillations.

To separate the slowly varying part in x, we introduce

= x_p .(CD~~ +p.N)11 x-p .t-TT~ (5.36)

and choose N such that

3+ p .( A0 - p .B G ) H - H ( D + p .L B )  — 0 . (5.37 )

0 

-- —5--- --—~~- - - - - - -



Afl—A057 644 ILLINOIS IMIV AT URBANA—CHAMPAIGN DECISION AND CONTROL LAG FIG 12/I
SINGILAR PERTURBATION OF NONLINEAR REGULATORS AND SYSTEMS WITH —€TC(U)
DEC 77 J H CHOW DAA BO7— 72—C—0 259

UNCLASSIFIED DC—a Pt

END

g~ 78
0~~

a



I ~ ~~

~ 
~~ ~

l2.2

I .1 ~ : 

4 0

lIIII~
.8

1 .25 UhIIi~ llhIU•6

MU U () ~ Y ~I ~~ III ON TI -0 CFIARI
1•1 c~ i I I I . .



I

88

By the implicit function theorem,

N A0BD
2 

- BD 2CBD 1 t 04i)
(5.38)

A ED 2 
- ED 2CBD 1 + 0(p.)

This completes the transformation (5.27), (5.36) which becomes

I - i~HL -$~LH

I I (5.39)
L Lz

and its inverse is

~ 1’ (5.40)
[-L  I -~.LLH [Ti

The original system (5.3) rewritten in the state variables ~~, ~fl 
is completely

decomposed into the fast and slow subsystems

4 
~ = Q F ~ (5.41)

(5.42)

where a A0 
- ~BG, ~ = D+I.& LB.

The decomposition (5.39), (5.40) is an exact block diagonalization

transformation. Neglecting the 0(p.) term in (5.41), we define the slowly

varying subsystem of (5.3) as

~(O) = x (5.43a)

— ~-l~~ (5.43b)

The oscillatory subsystem

~~~~, ~(O) z+n ~~cx (5.44 )

is obtained from (5.42) by neglecting the 0O.~
2) terms in & .

The state approximations achieved by the subsystems (5.43). (5.44 )

are stated as follows.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Theorem 5.4.1: If the original system (5.3) satisfies Assumptions (A5.l)

and (~45.2), then the states of (5.3) are approximated to 0(p) by the sub-

systems (5.43), (5.44) for 0<t<T4i.), that is,

x(t) = i~(t) + 0(ji) (5.45a)

z(t) —~~(t)+~~(t)+0(j.i.) . (5.45b)

The result of Theorem 5.4.1 implies that if the initial condition

is much smaller than I~(0)I, then the high frequency oscillation can
be neglected and the original system (5.3) is adequately modeled by its lower

order slowly varying subsystem (5.43). Furthermore the subsystems (5.43),

(5.44) can be used to simulate approximately the actual response of (5.3).

IXie to the presence of 1, the ill-conditioned (n+2m)-th order system (5.3)

requires a prohibitively small integration stepeize. However, using the

lower order subsystems, the small integration stepsize is necessary only

for the 2m-th order fast oscillatory subsystem (5.44), while the integration

of the slowly varying subsystem (5.43) can be computed with a much larger

stepsize, resulting in savings of computing t ime . In the case when the high

frequency oscillations are negligible, only the integration of the slowly

varying subsystem is required.

We illustrate the subsystem decomposition procedure with the mass-

spring-damper system (5.11). Neglecting the p. terms, the slowly varying

subsystem (5.43) of (5.11) in the original state variables is

1~
Ii
111

__ _ _ __ _  LA
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I — VC C C Co

k f
V ~‘- ~~~~~~ -~~~ V , V (0) ’. vC M C M C c Co

(5.46 )

~d 0

Subsystem (5.46 ) represents the motion of the center of mass as if K1 and

N2 are connected by a rigid rod and are moving together. Intuitively this

is the limiting case as p. ~~~ that is , as k-I c~. The high frequency

• oscillation between the masses is modeled by the fast oscillatory sub-

system (5.44)

f M 2 f M  (5 47)

I: 
p.z
2 ~~~~~~~~~~~~ 

~~
M

1N2
)
~~

2

Subsystem (5.47) describes the motion of the masses N1 and N2 connected by

a spring k2 and a damper f2 +ç?~4/M2 as the equation for ~~~~~~~~~ is

3d + + M1M2~~ 
+ 8d — 0 (5.48)

that is,

M 
1d + (f2 + + k2~d 

— 0 . (5.49)

Since the spring k2 is stiff, the initial displacement 5do is small because

a large amount of energy would be required to significant ly change the length

of the spring. Thus in systems with finite energy, z1 s~/~
2 is not large

and is actually properly scaled. The same property holds for z
2 

— vd/
lJ.

as 1
~ d ’ 

— p. Iv~I due to the high frequency oscillations in 9
d~
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Thus concluding from Theorem 5.4.1, if the initial conditions

3do and V
d 

are of 04k), we obtain

v = V + O ( p . )
(5.50)

= 0~~L ) ,  Vd = O(p.)

5.5 Nonlinear Systems

We now extend the analysis in Section 5.4 to nonlinear systems.

The system of second order differential equations

= f 1(~ 1, h2, 
~1’ ~2’ 

p.)

~ g1(s1,~ 1,s2/p .2 , s2~’~~ +p .h1(s1,~ 1,s2/p .2 , 12 /p . ,p .)

= f
2 (~ 1, s2 , s~ , 82, ~~~

~ Gs2/p.
2+g2(s1,ê1) +

P.h
2(s1,~1,s2/p.

2, ê2/p.)

+ ~~h3(s1,s1,s2/p. , ~2j p .,p .) (5.51)

where the states are s1~
R~ and 82

€Rm, is assumed to satisfy the following

assumptions:

(A5.3) The limits

lim h1(~1,a2,~ 3,~ 4,p .) I <~~ (5.52)

him ~~~~~~~~~~~~~~~~ < (5.53)

exist for all finite vectors

•
1
• (A5.4) C is stable and its eigenvalues -w~, i— l ,2 ...,m, are simp le

• and real.
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With the change of variables

— 
~l’ 

x2 — 11~ z1 = s2 /p.2 , z2 — ~2/p. (5.54)

system (5.51) becomes

p. : 1~~~2’ p.z2, ~~ 
p .2z1, 

Ii.) 
(5.55)

= f2(x2, p.z2, x~ , p.2z 1, p .) .

Formally letting p.~4~ +, system (5.55) becomes, under Assumption (A5.3)

H 1
~ (5.56a)

— 
~~~~~~~~~~ 

x2, z1, z2) J
• 0 = 1
• 2 (5.56b)

0 — C i1 +g2(1,12)

From Assumption (A5.4), we eliminate

• — -G~~ g2 (~~1, Y2)

(5.57)
22 = 0

from (5.56.) to obtain the nonlinear reduced system
r . 

—

— 8l~~~l,x2, - G~~g2(~1,~2), 0) (5.58)

- . 
• 
~~~~~~~ 

•

This system describes the motion of the slow parts of the states x and z.
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To exhibit the fast oscillatory behavior, we introduce the change

of variables 1Ti1 — z1 + C g2(x1,x2)
(5.59)

1~ =~~‘2 2

Then system (5 .55) becomes

= x2
~ (5.60a)

2 -l= f1(x2, p . 1 12, x1, ~ (fl 1
-G  g2(x1,x2)),p)

p.fl1 = 112 + 1
~ (5.60b )

= f
2 (x2, wfl2 x1, p.~ (111 

- G 1g2 (x1,x2)) ,p.) . J
In (5.60b) we approximate x1,x2 by x1,12 and neglect the higher order p. terms

to obtain the fast oscillatory subsystem as

p.z1 = Z
2 
+~ G ~~~~ 

(11,12)1E2 +g2 (i~13i2)g1(i1,~2,

z2 +p .k1(z 1, z2, t)
(5.61)

p.z2

~~

where z1,12 approximate 111,112, respectively, and x1,x2 are expressed as

known functions of t. System (5.61) is poorly damped and high frequency

oscillations are dominant in and z2. From (5.58) and (5.61), it follows

that there exists a finite T(u.) such that for 0<t<T ,

xi(t) — ~~~(t)  + 0(p .) 1
1— 1 ,2 . (5.62)

zi (t) — l~~(t) + z1(t)+0Q~) J

~

• “-.- •~~~~ -••
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Higher order approximations of x~, z~, i— l ,2, can be obtained by.

- - 

introducing a change of variables of the type (5.59) which is accurate to

0(p,k) k>l. Other less rigorous approaches such as linearizing the fast

variable 11i,1~ 
in (5.60b) and retaining p. in f2 when solving for i~, may also

improve the approximation. These ideas are illustrated with a power system

example.

5.6 A Power System Example

Consider the three machine system in Figure 5.2. The opening of

one transmission line from bus 1 to bus 2 causes the system to oscillate.

• The following post-disturbance differential equations for the machine rotor

angles may be written [24]

14161 = P1~ -V~
2Y11cos 811 -V~V~Y12cos (812 +62-61)—Vt V Y 13cos (813 ~~~~~~

• N262 — P~~~-v~
2Y22cos ~ 22-v~v~Y12cos (8

12 
+81-82)-V~V Y 23cos(G23 ~~~~~~ 

(5.63)

M3
6

3 
— P

~ 
~~~~~

2
Y33’~05 

~~ ~V Y 13c0s(813 +61-83)-V~ V~Y23c0s (823 + 82
_8
3) .

The notation for this and other equations of this example is given in

Appendix D.

If is large compared to 
~12 

and Y13, then machines 2 and 3

will be strongly coupled. In this case it is convenient to rewrite (5.63)

in terms of the variables

M.18 +M.,8
• ~~2 ‘

~~~— 6  6 — 8 - 6  (5 64)ci 1’ 23 2 3

as a fourth order system 

-~~
. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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• 

~ :: COS( Y 12 M 623 8c1~ 
- cos (~13+j ~ 823 6cl~

2V~V

- • 

- 

14 Y23cos ~23 
cos 6

23

- 
(5.65)

• .• V ’V ’Y N3 V ’V’Y

23~~
’
2 N2 cos(812-8 1-j 823

) + ~~ cos(813-6 1+jj- 623)

V~V~Y23
- 

N23 
cos~I!23-823)

where 61 is used as the reference and

— 

P~~~+ Pin 
_V
~
2Y22cose22-VfY33COSe33 

-

1 M Ml
(5.66)

~in ~~~ 
Y22cos922 P~ -V3 Y33cos833

F2 
2 

-

4

• Since Y23 is large compared to Y
12 

and Y~~ , we define p. as

V ,V,Y3. 2 3 2 3  567
p.

With the change of variables

x — 8cl’ ~ — (5.68)

system (5.65) becomes

ViV ’Y l 143x F1 
- 

2 2 cos Ø!12 - p.2 ~~~
-. z-x )

M12 ~l

V1V3Y13 2 2V~V~Y23 2
• • 

- 

~i3 
cos (Y 13 +p . j  z-x) - 

M cosO 23cos p.

— f1(x ,p.2z)

i
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V1V2Y1 2 143= F2 

- 

~ 2 
2 cos (812 -p .  j - z—x) (5.69)

ViVa
y
l 2 Ml i+ ~ cos(9~3+p . j- z-x) 

- —
~~~ cos(~23 -p .2z)

— f2(x, p.2z, si.)

Note that

lim~ -4 cos(Y23 -p .
2z) — Um~ -4 sin p.

2z z (5.70)
iir’O p. p.-eO p.

as 
~23 

= 900. Thus system (5.65) satisfies Assumptions (A5.3) and (A5 .4).

Letting p.40+, the nonlinear reduced system of (5.69) is

I — f 1~~~,0)

(5.71)
I I I I

— 
vlv2Y12 — 

vlv3Y13 —
Z = 

~ 2 
- 

Ml cos(912 -x)+ ~~ eos(913 -x)

Equation (5.71) describes the oscillation of the center of inertia of

machines 2 and 3 with respect to machine 1. Since machines 2 and 3 are

relatively weakly tied to machine 1, this oscillation is of a relatively

low frequency. The fast oscillatory subsystem of (5.69) is

= -
~~ (5 .72 )

wt’iich is linear. Equation (5.72) describes the oscillation of machine 3

with respect to machine 2. Since the connection between machines 2 and

3 is relatively strong (compared to their respective connections to machine

1), this oscillation is of a higher frequency than the oscillation of the

• center of inertia of machines 2 and 3 with respect to machine 1.
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• The true states of (5.65) are then approximated by

H cl
-U — 2— 2A (5.73)

8~~~— p . z +p .z .

For the initial conditions

6c1~
0
~ 

— 14.110 , 823 (0) = —1.86° (5 .74)

• I 8c1’ 8c1’ 623 and 823 are p lotted in Figures 5.3 and 5.5 and p.~~ is

plotted in Figure 5.4. The agreement between and is excellent.

However, there are amplitude and frequency discrepancies between 823 and 823•

To correct for the amplitude discrepancy, we retain the p. terms

in f2(x, p.2z) and solve for the slow part of z from

2=0 = f2 (i
, p. z) .  (5. 75)

• The value of p.2~ is plotted against p.~~ in Figure 5.4 whose shows that

including p. produces roughly a 20~ shift in L Figure 5.6 shows that

2= 2823 = p . z + p .~~ (5 .76).

• approximates 623 better than 823 in amplitude.

To compensate for the frequency discrepancy , we linearize f 2
• about z 0  to obtain

- 

2 2 Vj V~Y12N3 —p. z — (-1  - p. sin(812 
- x)

(5.77)

2 v iV3Yi3Ml -
- p. MM~ 

ain(e 13 
- i))z

Figure 5.7 shows that

2— 2~0 23 — p. Z + p. z (5.78)

approximates 623 very closely, both in frequency and amplitude.

. 1; 
_ _ _ _ _  

_  _  _ _ _
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angle 60 -• -

• (degrees) 6cl

• 
• 

_ _ _ _  _ _ _ _  _ _ _ _  

• 
_ _ _ _  

~ci

__TT

~

/
0 .2 .4 .6 .8 1.0 t(seconds)

• Figure 5.3 Plots of 6
~~ 

and 8cl

angle -1.4-
(degrees)

• 2—.
________ ________ ________ -

, — ________ p. z

—1 .8 ___________ ___________ ___________ s’ / ” 

—— — —

-2.0- 
1~~~~ 

/ ________

I 

:::::___ _ _

• 0 .2 .4 .6 .8 1.0 t(seconds)

2.... 2—Figure 5.4 Plots of p. z and p. z.
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(degrees) 
_____
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623 

0 .2 .4 .6 .8 1.0 t(seconds)

Figure 5.5 Plots of 623 and 623•

angle -l.0
(degrees) .

. . 2 O

\f

~~

J

\1\

0 .2 .4 .6 .8 1.0 t(seconds)

Figure 5.6 Plots of 823 and

angle -1.0—
(degrees) : 

_____ 6

_ _ _ _  _ _ _ _  _ _ _ _  _ _ _ _  _ _ _ _

0 .2 .4 .6 .8 1.0 t(seconds)

Figure 5.7 Plots of 823 and 623.



101

In conclusion, the decomposition procedure applied to the power

system (5.65) exhibits the coherent angular displacements of machines 2

and 3. In addition, the oscillations between machines 2 and 3 can be

recovered from the fast oscillatory subsystem.

L 
• 5.7 Discussion

It has been shown that singular perturbation techniques are

applicable to systems which possess slightly damped modes oscillating at

high frequencies. Our analysis procedures consist of first identifying

the small parameter p. and expressing the system in the form (5.3). Then

the original system is decomposed into a slowly varying subsystem and a

fast oscillatory subsystem. Using these subsystems, we obtain 0(p.)

approximations of both the eigenvalues and the states of the original

system (5.3). Beside the computational advantages of dealing with the

lower order subsystems, the concept of subsystems contributes to the

understanding of structural properties of physical systems. A mass-spring-

damper example shows that a stiff spring can be regarded as a perturbation

of a rigid rod, the imperfection resulting in high frequency oscillations

between the masses. In an interconnected power system, neglecting the inter-

machine oscillations, the power angles of the tighly connected machines

are shown to be coherent.



I I
102

6. CONCLUSIONS

This thesis applies the techniques of singular perturbation to

the studies of nonlinear optimal control problems and systems with high
- 

• frequency oscillatory behavior.

The stability properties of a class of singularly perturbed non-

linear systems are investigated through the construction of a composite

Lyapunov function based on the stability properties of the reduced system

and the boundary layer system. Beside relaxing the condition that the

• linearized reduced system be asymptotically stable, the introduction of

• a small parameter into the composite Lyapunov function enables us to

obtain a predicted domain of stability which is substantially larger than

those obtained in previous works.

In contrast to the open-loop solution obtained for finite t ime
4

• optimization problems, we propose a series expansion solution to the

Hamilton-Jacobi equation for nonlinear regulator problems. As a result,

near-optimal feedback controls are obtained which readily incorporates

stability requirements.

For fixed endpoint nonlinear optimal control problems, we

decompose the full order problem into three separate lower order optimal

control problems. The advantages of this approach are that although the

reduced problem is nonlinear, it is of lower order and that the boundary

layer problems are linear quadratic . Hence the lower order problems

are much easier to solve than the full problem.

For systems with high frequency oscillatory behavior, we propose

a novel approach of applying singular perturbations to decompose the

• original system into a slowiy varying subsystem and a fast oscillatory 

~~~~- -- •~~~~~~~~ • - - — - - -• -~~~~~~~~~ •~~~~~~~ -~~~~~-,• - --- -- -
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~ 
~, subsystem. A mass-spring-damper system and an interconnected power system

- - illustrate that the decomposition scheme is consistent with physical

interpretation.

. I

4

~

- —- -‘~~~~~---- -~~~~~~- --- p— ----~-
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APPENDIX A. DC MOTOR PARANETERS

Specifications of a DC motor used in [30].

w* 200 rptu
1.

R — .00885 C~a

.00015 K

— 2850 A- . a

v: = lOo v

Rf .95l 0

- •  Lf
2.58 H

i~~’~ l28.5 A

V—1 22. 2 V

J — 2480 lb-ft-sec

c
3 

.0529 lb-ft/A2.

I ~ ~~~~~~~~~ -.~~~~-••-.•.-••
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i~u APPENDIX B. EQUIVALENCE OF V0 AND L

Substituting (3.26) into (3.23) and rearranging yields

0 - + i0~ X2 
-

- 

where

— p - (a ’ +2a ~2)~2
1a2 

- (is’ +a~ i2)~2 B2R B ~~~~~(~ S

— ~~+~~R
’B~Aç

1
(~~s+V2a2)

Vj x3 =

= a
1 

- (A
1- B1R

’B~V2)A2
1a2

— - l — — -lB0 — B1 
- (A1- B1R B~V2)A2 B2

.
4 A 2 A2 

- B2R
132V2

• 

Let H =tr+R 1B~V2A2
1B2. Then R ’ — Ir R ’B~

V2A;
’B2 and

R +E.jA~ 
‘QA2
’B2 R .  Thus — 81R - A1A

’B2 — B
0H. Hence X3 BØR0

1B’ .

Also,
• X~ a+B R~~[ (R+B~A4~~Q&;

1B2)R 1B~V2A2
1 +B~A~ ~~~~~~~ 

B R 0
1
B~A~~

1s

• — a ÷B0R;
’B~Aç

’(A~v2 ÷QA;
1B2R ’B~V2 +V2A2- V2B2R

1
~B 2)A

1

• +~ B0R;
’B~A~~

’.

g - B R ’s
0 0 0 0

Furthermore, A2
1B2R 

1
B~A~ 

~ — A~~~B214R 1
H ’3~Aç

1 
A ’B2R

1
B~A~~~

1 and 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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1 _ _ -1
A2 

= A; +~~~ B2R B~V2A2

= A;’ ÷A;’ B2R 
1B~(V2 ÷A~~

’A;’B2R
’s~v2)ç

’

— A;
’ -A;’B2R;

’B~Aç
’QA;’ -

• Thus X1 becomes

X1 = p-s ’A;’a2+s ’A ’B2R;’B~Aç’QA ’ -~~s’A~~B2R ’B~A~~’s

+ a~ V2A2 
1B2f 

‘8~A~ 
1V2a2 

- a~ ~12A2 ’ +
~~~~~~~~~~‘ 

~2)a2.

But

v2A2 +A 2 v2 — V
2A;

1 -A~~~
’
; +v2A;

1B2R;’B~Aç’QA ’ +I4 ’QA;’B2R ’B~A;’v2

+ 2V2A2 
1
B2R;
’B~A~ 

-1

— A~~
’QA;

1 -A~~
’V2B2R

’B~v2A2
1+ (V2 +A ’Q)A;

1B2R;
’B~A~~

’(v2 +QA;’)

+ ~2A;
’B2R;

’B~Aç
1 V~- A

’QA;’B2R;
’B~Aç

’QA ’,

and

‘V2B2R B ~~2A~~ — 
~~

‘
~‘2 

+A4 ‘Q2~~;
1 +A~~~~2B2R

1B~~2A
’]B2R

1
B~~2A

1
,

• that is,

A~~
’ V2B2R

’B~V2A2
1 

~~~ 
+A~ ‘Q2)A;

1B2R
’B~V2A2

’

— + A ’Q)A ’B2R ’B~A~~’(QA;’ ~~2~’

implying X1 — p
0 

- a ,R~~s0. Hence elimination of from (3.23) yields the

Hami lton-Jacobi equation (3.14) of the reduced prob lem.
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APPENDIX C: EQUIVALENCE OF x,p AND

Let

— - f R ’ (BiPo +B
~
Q,.
~
). (Cl)

Prom (4.59b)

— 
~~2 ~ 2

+ B2 ~~

= -(A2 2A2 v3) ( a 2 2A2
1V2 ‘ 2 82’~~~~B P 0)

(c2)
Q0 — ~A4 ’(V2+2V 3Z0 +Aj P0)

—

Therefore

— - 

2 
g ~ ~ 2 2~~~~v3) ’~~~~~+~13A2 

1
~~’)1P0

- R -1 B.~ 2~ ~Z~2 
- ‘V3)’ 

- 

~ 2 ~
2V3A2

’1 a2)

- - ~ L;
’tBj+B~A~~

1V3A2
1S’ ~~~~~~A2 S2)(A2 2 ~~~~v3) ’

•(A ’ +v~A 1s)JP _ f L ;~B~A~~’(A4 +V3A2 S2) 
(C3)

• (A2+S2A
1V3)’

’(V2-2V~A
1a2)

- - f L;
1 [1’ 1~~~2A2 

- 

~~~ ‘~-j~~ ~ (A + V3A2 ‘j )l P0

- 
~~~ L3

1B~Aç’(v2 -2v 3A2
1a2 )

• 
. .  — - L.’(L2+fi’P0).

V 
• 

Substituting (C3) into (4.59a) yields

dX0Idt — (a1-A jA;~a2) + (B,-A1ç’B2 )u0
— — (C4)
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- I  

dP0/dt — -1V~~ +Z~V2~ + Z 3,~Z~ +U~R~U0 + ~
b
O~~lx ~~ lx Z0 +B~~U0)

+ Q642 +A2 Z0+B2 U0)P

• - ~( v3c~2 _ (
~

_2
~~~’)i2 ’(a2 -A2~A2 l.-

)

+ P6(a,~
+AixA~~

(-a2-B2Uø
) +B 1 tbo A1A2 (a2 

A2 A2 (a2 +12U0

~
Uo))) +u~(-8~A; ~2 

+ 2B~Aç
’v3 A;

’a2

— — — 1——— l — — — — — — 1-- __ .“l_
+2B~A~ V3A2 ~~~~~~~~~~~~~~~ 

(‘
~2~

2S
~~ 2 

a2)

—— — 1— — —1— — —  -1—. — 

__
—l_ _ -L

- B~A~ a4XA~ ~ 2 2’13A2 a2
)) +U~ (R + B~A2 V3 A2 B2
—

+2B~A~ V314 (-A2~
A2 B2 +B2 ~~~~~~~~~

= -[L~,~ +2U6L2 +U~L3 U0 + P~(a +BU0)]’

F — -V ff(X0 , P0 ,U~,
t). (C5)

In (C5), the partial derivative of an matrix C with respect to x results

in an n1Xn2 Xn matrix C and its pre- and post-multiplication by an n,-vector

h1 and an n2-vector h2 
is defined as

nl n2

hiCXh2 
— 

~~ 
~~,

hiih2iGii~ 
(C6)

where h,i is the ith component of h1, h2~ is the jth component of h2 and Cf ~
is the (i,j)-th element of C. Thus the equations for X0,P0,U0 are identical

to the equations for X ,p, U.  Hence from the uniqueness Assumption (A4.1)

* * *X0 ~ , P0 — ~ , U0 
— I! . (Cl)

V .

_ _  ~~•-~ - - V V - - .
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APPENDIX D: NOtATIONS USED IN PC~JER SYSTEM EXAMPLE

- - Notation used in (5.63)

rotor angle of machine i in electrical radians.

• M~ : inertia constant of machine i in sec2/elect. rad.

• • P~ : input power to machine 1. in per unit .Uj

V~: voltage behind transient reactance of machine i in per unit.

per unit magnitude of the ijth element of the reduced network

admittance matrix.

• 
angle in radians of the ~~~ element of the reduced network admittance

matix.

Notation used in (5.65)

4

• (_L)2 — - ~ -)
2cos2e~~ + (~ + ~-)

2sin2e,2 ,tan’Y~~ — 
~ - ~

‘ tan e,2

— (
~ 

- ~ -)
2cos2913 + 

(~ + ji_)
2sin2e13,tanY13 — , 

- ‘~ tan

1 
V

•

~~ 

(_.L..)2 — (j~ 
- 

~ -)
2cos2O23 + (~~ + ~j-)

2ain2e23,tan ’f23 u’ tan e23 .

3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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