
AD AQ S7 647 ILLINOIS UNIV AT URbANA—CHAMPAIGN DECISION AND CONTROL LAB F/s 9/14

iJNCLA SSIF 
JAN 78 BHKRO UGH 

DeSIGN OF OUTPUT FEEDeACK SYSTEMS USING —— ET C ( U )

119
!!UHE~ _

_ _ _ _  

I
liEn

N -



i.0 
H

I I

1.25 I 4

V



REPORT DC-9 JANUARYI 197 7

~ ~ ! COORDINA TED SCIENCE LABORATORY

DECISION AND CONTROL LABORATORY

I COMPARISON SENSITIVITY DESIGN
I OF OUTPUT FEEDBACK SYSTEMS

USING STATE OBSERVERS
I

BRUCE HARVEY KROGH
1

>-
H

l1~~~~~~~~~~~~ D D CI r~ rP_nnh7f~ ~

J

~~~~~UG 1 S 191B~~

J

i D1SThIB17~ION STATEMENT Al
Approved for public reIeoio~

I. REPORT R-807 Distribution Unlixnlt.d UILU -ENG 78-2201

78 i 5 O 8 O~ 8
UNIVERSITY OF ILLINOIS - URBANA, ILLINOIS



r~. -
~~

-
~~

—
~—: 

~~~~
-
~~~

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘~~Z ~~~~~~~~~~~~~~~~~~~~~~~ 
‘‘

UNCLASSIFIED
~iECuUlTY C L A SS I F I C A T I O N  Q! THIS P A G E  (Wl~.n Data EnI.v.d) — — -

~ .~ 

-

~E~1’~’ ~~~~~~ ~~~~~~~~~~~~ 
DA I E READ INSTRUCTIONS

x

~ 

rv~ i j ’u~~ J~ I A I IUI’~ i~ ~~U BEFORE COMPLETING FORM
I . REPORT NUM B ER 2. GOVT ACCESSION NO. 3. RECIPI ENT’S  C A T A L O G  NUMBER

J 4. T ITL E (an d Subtitle) 5. TYPE OP REPORT 6 PERIOD COVERED

COMPARISON SENSITIVITY DESIGN OF OUTPUT Technical Report
FEEDBACK SYSTEMS USING STAT E OBSERVERS s. PERFOR,~~M(6 ORG. REPORT NUMB ER

_____________________________________  _____ 

R—807 ; UILU—E N G 78—2201
7. AUTHOR(.) 

— - - 
S. CONT RACT OR GRANT NUMBER(a)

Bruce Harvey Krogh DAA B— 07—72 — C—0 259; ~~
A.FOSR 73—2570

9. PERFORMING O R G A N I Z A T I O N  NAM E AND ADDRESS IS. PROGRAM ELEMENT , PROJECT , T A SK

Coordinated Science Laboratory - :
. AR EA & W ORK UNIT NUM BER S

University of Illinois at Urban a— Champaign
Urban a , Illinois 61801

I I .  CONTROLLING OFFICE NAME AND AO DR ESS 12 . REPORT D A T E

Janua ry, 1978
13. NUMBER OF PAGES

56
14. MONITORING AGENCY NAME 8 AO ORESS(J f dIlf.r.r t fro m Contr ellMd OWc.) IS. SECURITY CLASS. (ol hI, report)

ISa. O E C L A S S I F I CA T I O N / O O W N O RA O I N G
SCHEDULE

1 5. D ISTRIBUTION STATEMENT (of lAte R.port)

Approved for public release; distribution unlimited,

17. DISTRIBUTION STATEMENT (of th~ ab.tract ,nt.r.d in Block 20. It dItf .ranl from Report)

15 , S U P P L E M E N T A R Y  NOTES

‘~~‘ ~~~ 
‘~~~ . () c~[~~~~~~~ ;~~~

_
‘ ‘ W O O

1 9. K EY W ORDS (Conti nu e on r.v .ra. aid. II n.c.saafy end ident ify by block number)

Linear Systems Sensitivity
State Observers Output Feedback
Control Theory

~~~~~
“ ‘ 

~ O. A B S T RA C T  (ContI nue on rev er se sid e If necess ary and Id.nI l Iy  by b lock number)

— A desirab le proper ty  of any control  desi gn is that it be insensitive to small
variations in the parameters of the controlled plane . This is necessary for
several reasons. For instance , the mathematical model can only approximate
the physical problem so that :l~e assumed values of parameters for’ the
design may be different from the actual parameter values upon implementation .
Also , most systems suffer from some forms of unnieasurable or unpredictable
variations due to the degeneration of physical components and adverse
environmental e f fec t s .  Hence, there is a need for general design methods~~~ ~~~

DD I j A N 3 1473 EDITION OF I NOV 53 IS 0aSOLE1’ E UNCLASSIFIED
- .~ 

SECUR ITY -~~~ASSl F%CATION OF ~~~IS PAGE (fl~ .n Oat . Enl.red~

- ~~~ . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -



— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— - ~~~~~~~~~~~,‘~~~ v’~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ - 

- -

UNCLASSIF IED
SICURIT’V CLA $$ IF ICAY ION OP THIS PAB((IP~ s, D~~~ Iai.r.4)

20. ABSTRACT (continued)

‘
.- ~-- ~ Mhich guarantee some degree of insensitivity.

tn this thesis the reduction of sensitivity of feedback systems to parameter
variations in the plant is Investigated. The concept of comparison sensitivity
is used as an indication of the sensitivity performance of .i given design. in
particular , the question of sensitivity reduction in feedback s stems which
use state observe rs for dynamic compensation is considered leading to a design
procedure which guarantees sensitivity reduction with respect to a particular
comparison sensitivity reduction criterion .

The problem has been solved for the full state feedback case
’
~’ and it was recent

ly solved for the output feedback case using dynamic compensators . In both
instances it is shown that sensitivity reduction is directl y related to some
optimal control law. A short overview of these past results is given in the
sequel followed by a presentation of the results developed using state observer
in the compensator dynamics. All systems discussed are assumed to be linear
time invarian t (LTI) systems which are state controllab le and state observab le.

N

UNCLAS’~t F IED
II CU~~I 1’ Y CLA SSIF ICA I ION OF THIS PA.3E(Wllen Set. ~nI.e.d)

L ~~~~~~~~~ 

- - - -  

. ~~~~~~~~~~~~ - : -.-~~~~--- -~~~~:—~ 



- .- ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 
.--— 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~

LEVEL~
I ~~~~~~~~~~~~~~~~~~~~ 

— - -  

~~

- -

i i j )~~. 
— -/ UI LU— ENG~ 78 — 2 2 ~Ol

I 
- -

— ‘ P - 
‘ 

~~~ -
, I / / ‘  -. f - 7 — — /

I —

- ~0MPARISON $ENS ITIVITY DESIGN OF ~ UTPUT
H FEEDBACK SYSTEMS US ING STATE OBSERVERS -I by 

—

i 
- 

~~~~~~~~~~~~~~~~~

I 1~ I /
‘ 

~~~~~~~~ 

~i 
j

/

--~ - - --

t /  / ~~~~~~/ - ‘ /

This work was supported in part by the Join t Services Electronics 
-

Program (U.S. Army , U.S. Navy and U.S. Air Force) under Contract DAAB—07—

72—C—0259 and in part by the Air Force Office of Scientific Research

• under Contract AFOSR 73-2570 .

S

Reproduction in whole or in part is permitted for any purpose
• of the United States Government.

D D C
~~~~~~~AUG 18 ~~~ ~JJ

Approved for public release . Distribution unlimited. 
- UULLJL3 L6U U

D

4 ~o 7~s~L ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ -— -~— .______



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~rz--~~~~~~~ :. ~, _____

‘

~
4

COMPARISON SENSITIVITY DES IGN OF OUT PUT
FE~~~~CK SYSTE~~ USING STATE OBS~~ VERS

BY

BRUCE HARVEY I~.0GHB .S .,Whea ton College, 1975

1-i

- j 
U

THES IS

Submitted in partial fulfillment of the requirements
for the degree of ~~~~~~~of Science in El ectrical Eng ineering

in the Graduate College of the
University of Illinois at Urbana-Champai gn, 1978

Thesis Adviser: Professor J. B. Cruz , Jr.

Urbana , Ill ino is 

.- - - ~- - - - - - -— - -



~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ --—-
~—‘--‘-- - -

~~~. ~~~‘--v L ’ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ - 
,--~~~~~~~~ .-

iii 
C

ACKNOWLED GEMEN T

The author wishes to express his appreciation to his

thes is adv isor , Professor J.B. Cruz, Jr., for h is guidance

and helpful suggestions.

1
- — — ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~



-
~ 

—
~~

-..-.‘—-.—. . - ~~~~ -- _•_==-___ __ _ __w
~~~~~~e,

__ .-_-‘--.- 
~~~~~~~~~~~~~~~~~~~~~~ -

I

~~I 
iv

TABLE OF CONTENT S

Page

1. INTRODUCTION 1.

2. COMPARISON SENSITIVITY WITH FULL STATE FEEDBACK 3

2 .1  Defini t ions 3

2 .2  State Feedback Results  5

3. COMPARISON SENSITIVITY WITH OUTPUT FEEDBACK 7

3.1 The Need for Added Dynamics 7

3.2 A Counterexample Using State Observers 8

3.3 Output Feedback Results 10

4. COMPARISON SENSITIVITY WITH STATE OBSER VERS 18

4.1 Why State Observers? 18

4.2 The Full Order Observer 19

4.3 The Reduced Order Observer 25

4.4 Some Corollaries 29

5. T~~ DES IGN ALGORIT1~~ 32

5.]. Flowchart and Interactive Software Description 32

5.2 AnExample 35

6. CONCLUSIONS 51

REFERENCES 53

APPENDIX : DERIVATION OF THE SENS ITIVITY REDUCTION ~~ITERION FOR

THE COUNTEREXA~~LE 54

- ~~ . . ~~~~~~~ ~~~~



— ~~~ - -
~ ~‘~~~‘~~ - ~~~~~~~~ ~~~~~~~~~~~~ ~~rm~~~~ ’~ - - 

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ 3. - 
—

1

i. INTRODUCTiON

A desirable property of any control design is that it be

insensitive to small variations in the parameters of the controlled

plant . This is necessary for several reasons . For instance , the mathe-

matical model can only approximate the physical problem so that the

assumed values of parameters for the desi gn may be different from the

actua l parameter values upon implementation. Also , most systems suffer from

some forms of unmeasurable or unpredictable variations due to the degen-

eration of physical components and adverse environmental effects. Hence ,

there is a need for genera l design methods which guarantee some degree

of insensitivity .

In this thesis the reduction of sensitivity of feedback systems

to parameter variations in the plant is investi gated . The concept of

comparison sensitivity is used as an indication of the sensitivity

performance of a given design. In particular , the question of sensitivity

reduction in feedback systems which use state observers for dynamic

compensation is cons idered leading to a design procedure which guarantees

sensitivity reduction with respect to a particular comparison sensitivity

reduction criterion.

The problem has been solved for the f u l l  state feedback case

(. 1 , 11, and it was recently ~oLv~d for the output feedback case using

dynamic compensators [3] . in both instances it is shown that sensit tvttv

reduction is directl y re lated t~ some optima l control law . A short ~‘\or-

view of these past rosults is given i~ i the seque ’
~ followed by a

— ..-.—.—-- —- .-.-~~~~~~~ .-l .~~- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 
- ——..-.,. ,— .—.



—-——~~~~—-~~— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~ ;~~

—
~~

-
~~

;- — -: 
- - ~.

4 L
C

4 —

presentat ion of the results deve ~~~ using stato ‘u ~o rv o r s  in tho

compensator  dy n a m i c s .  A l l  s s t~ ms ~~~~~~~~~ ar o  assumed to be l inear  t ime

invariant (LTt) systems w h i ch  are sta te  c o n t ro l l a b l e  and sta te  observable .
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COMPARlS~’N SEN SI ~IV111 W 1 r H  Ft’I L S’:;~:~: FEED B.AC~

~ . l .  D e f i n i t L o n s

Compa r i s on  5ens~~t i v t t v  r e l at e s  the sens ittv ~ tv of one c o n t r o l

sche me t o  t he  ~o~ s ivi :v of ther otn uLA l lv equtva lenC c o n t r o l  to

ident~ cal para~neter ~-ar.at~ ou~ ~u the co~ t~ olLed p l an t .  The p oce~~t i a

be ne f~ t s  o f  us ~~~ s t a t o  f ,dbac~ t o  ~n p r o v e  seus  ~ t~~v~ :‘-- c~~ be e v a lu a t e s

by cotnparin~ the so:~s itLv ’ . of the c tos~ d— loop de~ ~~~~~:i :0 a nomi na l l v

equiva ent open— loop cout rol . ~he dave lopt~.tent of these concepts h~~s lea~i

t o  th e  de fin’_ t ton of the c~’mparison s~~ns~~t i v i t v  o~ e~-a :or  L -
~~ 

w h t c h  d i r e c t  v

r e l at e s  t he  open-L~o~ and c ’ d - l o o p  sen5~ t~ v~ r~ os , ~nd a se n s i t ~~\-~~ \

reducti on cr~ ter~ on ~ t v t n~ su fftc ~ ent condtt~ ons for a p a r t ~~c u l a r  f eedback

law to  g ar ant  so u s~~t. t v ’.tv reductLon in comparison to the open-

l O O D  con t r o l  [1 1

~o make the above J scus s  on ~r~ c ise . cons ~Jer  an ~ ~L dy n am ic

sy s t e m  descr~hed by  th e  n t h  order  state equ~ t ions

‘- Bu~~t~~, ~~~~ 
~~ 0

n -~~x l % t~~~ R .

I f  a st at e  f eedback law is g iv e n  by

u~ t~ — F~~~t
’. F~~ R

then the no~i~ s t at e  :-a • cc t o  rv :s g ~ von by

(A+B F~ t o
x ~t ’~~~~e x .n

Now • con s ide r d f fe r e n t  ~a I v sm a l l  var ~a ~ous n the ~‘a~ arno : or s

of t h e  coo f f i c  t en t  nat i ce - ~ , de~~ t~ d b~ ~A . -~ ~ • and ~C. Ne~ loct  ‘.~~g second

Lritiiiii iiii ~~~~~luuiii.iiirumiiui iriurmr ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - __
~~~

_. - -- _ _ _ .i ._~~. ~ 
.,.
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a n d hi gher o rde r  terms , the variation of the state trajectory , ~x ( t ) ,  is

giv en as the  s o l u t i o n  to

t 
5~~( t )  — 5A x ( t )  +A5x (t) +58u (t) +Bfu (t), Sx (O) —0. (4)

Defining the open-loop state trajectory variation as

~x (t) - 5x(t)~ ~3) with ~u ( t )  -o  (5)

and the closed-l oop s t a t e  trajectory variation as

~x ( t)  m 5 x ( t ) l  
~4) with iu(t) F5x(t) (6)

lead s to the following definition.

D e f i nit i o n  (Compar ison S en s i t iv i t ’~. Given the system (1), the feedback

law (2) defines the nominal state trajectory (3). with (5) and (6)

defining the open-Loop and closed-loop state t r a j e c t o ry  va r i a t i ons , the

closed-loop system is said cc be less sens~ t~ve than the nominally equi-

valent open-loop system with respect to a weighting matrix , if

t
i 

ti
5x~ (t) x~~t~dt ~~. ~x~ (t)Z5x (t)dt C)

for all � 0. The matrix Z in (7) is a positive s e m i - d e f in i te  svT~netric

nxn matrix.

The comparison s e n s i t i v i t y  m a t r i x  is a f requency  domain  ope ra to r

defined as follows . For the open-loop and closed-loop systems defined

above , it can be shown 121 that in the frequency domain

~X ( s) S( s)3X (s) (8~0

where ~X (s) and 3X ts ) are the Laplace transforms of Sx (t) and ~x ~~~~- 0 L 0

L ~ - 

- 
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o lv  and

~ :1 - -~~~~~~F ’ 1 .

Anoth e r u~ ofu for:n fo~ S~ s~ ~~ ~s ~~von by

— I ~ ~sI - A - ~;F~~~ BF.

rho f o r m  ~lC~ is J o r ~~v, -d :ro~n ~~~ by a p p l~ t n ~ t h e  ~~~ ~de r ~ ~:v

~ V .

2 . 2 .  Stato Feedback R~’suI~~s

n~ do f t nod ~ ‘m~’a so n :~e ns v v • he fo : :~~ :u~

a d t r ec :  r t ’ :at ~ons .~ hotweo i ir~. s s s~~t~~v~. :v r e d u~- t - - ‘n

an o p t~~:n~ cont~~’l ~~~~~ ~~ n~ m~~ es a ~t~~c 1ar ~~~ ~c ~‘ov ~~or ~- - : ~ -e ~n c c \ .

Theor~’m . A su f  f ~c ~onc cond t on f o r  ~ “ ho J : • -r  a ~~ t •
‘

that f or a. I

S ~- S ~~~~i-~ - 
~~ C

nero S ~~~~~~~~~ S ~s - • defined i n  ~~s

~ f the ~or f~~’~ ance ~:‘dox

— -~- x ’ ~t ~x t t ~ •-u ’ 
~t~~Rti ~~t~~:dt

• where ~ — ~~O and S *

~s J0 f ned - s we I 1 ~no~ hat ho state f o e d b .tck I n. ~~~~ n .n ’. :e s

J ts ~‘.ven l’v

— - R 3 K \ ~ t ”

is ~~ ~~~~~~~ s i t ~~ve • ‘ f t n ’ . : o  s\~n ’~,’t r ’.~ - 
~~~~~~~~~~~ : o : n ,’ ~~~~~~
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a

equation

KA + A ’K+Q-KBR
1
B ’K = 0.

The result for s t a t e  feedback of p r imary  i n t e res t  fo r  this

research may now be stated .

Theorem 2. [11 For a system descr ibed by ( 1) the sensitivity reduction

criterion (11) is satisfied for a feedback law (2) if there exists some 0

and R as in (12) such that

F — -R
1
B ’K and Z F’BF. (14)

In other words , any op t ima l  feedback c o n t r o l  law as in (13)

reduces sensitivity in the sense of comparison sensitivity for a wei ghting

matrix given by ( 14 ) .

It should be noted that Z depends integrally upon the quadra t ic

performance index which is optimized and is theuc’fore not at the direct

disposal of the desi gner. Furthermore , because of the matrix factor R in

( 14) , the rank of 1 is bounded above by m , the number of inputs. 

—~~~~~~~~~~~ • ~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~~~~~~~~ --- - ~~~~~~~~~~~
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3 .  cOMPAR 1~
;
~ ?-, SI-INS I r iti l\ ~ iru ~‘t’ui’i’i L l I l : 1 ’R A c i ~

As in • ‘ t h e r  .i r ca  S 0 t I IIC J t v s  I out  I he~’ t v • a ~. sum 1 ;i~ •i 1 i us -i u

comb [nat ion of the states rath~ir titan a l l  o t he ~ tat es i .i ava i able f~’t

measurem en t  gt- ea 1 lv cemp I [ c a t  i’s I i to t e edb ack  cent.  u~’ I sena i t  v tv  p i o b  t o r n .

The discu s ; ion  .uu t c ~atnp l~ wli I it Co I low Ut’ ~‘oa I some e I t he reasons s hv t he

outpu t t~~t’~tl’ t~ L c t ~~t’ •t cman~I s ~~~~~ v bev ’u51 w h a t  h a s  bo~’t t  , s .,~;u • ‘tt f . ’t

state f c t ’d 1’ t c k  • ‘ a e  . Some t i ’ O i ’ti t t e su i t s  w h t c i i  •lea I w i  ~ t h i  s ue r ~ . ;t e t  a

s I tu a t ion .1 t O  s t a t  od and h o s e  i t ’ -~ u t  s for m  t h ’  h as  I or t he a pp i i  “, i  ‘u

of st a te  ob se rv e r s  , u-h i c ti i t  t he  c o nt r i h u t  i en • ‘t t i t i  s ‘~~eai  • h

3 . I - the Need for  Added I)~’ narn t c

It is we II known that a et’J hac l~ 1 -~~~ w it t ch  t -~ st t t c v a 1 neat

t r ans  t o  ruu  I I on e C t he  o u t p u t  s o f a 1 10:1 t i no I twa t t an t  -~ V s  t out u 11 not

t n  ~ou e r a t  , b~’ su I I ic L e n t  t o  p t . i c o  I he p o l e S  • ‘ t t i t t ~ sv  s I  em ii 1’ t a t

lie i~~ , reas on_ t b to  cent  r e t  Is feas ii’ I~ cii I ~ t5’he u ouu’ ~1vnam Ic c •nnpe n’,a t t ‘Il

is inc I uded t u t ho c • ‘ i t t  t o  1 s c li~’m~’ , r h -  addt ’d dv ;t . tm i c s wi v l’s’ ii

fo rward  path. -is in t h i ’ ca so of  1’11 1 c ’ l t t  t e l  , e t  u t ho I I t ’a ~-~ 1 ’cp ,

in the case et  t l i o  s ta t e  •‘l’~ er vet inip l ouiettt it i o u

F~ t low tug the dove I e imteI l t  o f  th e  s t at e  t ,’t’51 1’ack • t s ~~ ;~ us

p r ey  tow; see t Lou , t I wou Id ho u ’asonah lo t 0 ~‘0St ’ i t~ c~’rnpai’ I sw s~~~t -  I I ‘ i t  V

preh tent I_n tern ~ ‘f the ~‘ut1’ttt S VII IOU ban th5 ’ it  it  es atid t o  l e t  e t n u  1,’ i

s t i t  Ic t e n t  ceud t t o n  under  w h i c h  t l i~’ e I • ‘s tut  — ‘op s\ s I out  t I ,‘s s  ~~~~~~ t t \  0

than  the  uli ’fl h t tia l i v  eq i t i v i lent  o p e n —  leep s~ sI  ,‘m .  ~~~~~~ i ’ ll ‘ W I  I1~~ • 5\ ol1l’ 0 - - h is ’-

tha t  O Ve f l  t o t  -i S i ~tt~’ I t ’ cas .’ , at t emptLit ~ t o  -~ t t  I ~t v  ~t i c h  i t t  • ‘ut put  S o i t S i t  i t i t

-— — 5— -5 —-—S’~~ - — ‘~—~~ S-.- --— - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _•
~_;_•.__ ______5_S._ _~~•__5___. _~~~~~~~~~~_
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criterion , f a i l s  for  convent ional  design procedures. The subsequent

theory presented in Section 3.3 establishes that any added d y namics

become inherent ly invo lved in the formulation and solution of the sens i-

t i v i t y  reduct ion problem ,

3.2. A Counterexarnp le Using State Observers

Consider the following conventiona l design procedure . For an

unstable plant , an optimal state feedback control is found using the

algebraic Riccati equation. By Theorem 2 , such a c o n t r o l  gua ran tees

sensitivity reduction with respect to a particular weighting matrix. TI-te

state feedback is implemented by direct feedback of any measurable states

and the remaining unmeasurable states are estimated by a full order

observer.

As an attempt ~o extend the sensitivity results for state feed-

back to the output feedback case , an output sensitivity reduction criterion

is defined . Using the above design procedure , the observer dynamics are

designed to satisfy the sensitivity criterion. For the following particular

case , such a design fails to result in a stable observer.

For the controllable and observable LTI system

~~ t )  — A x ( t )  + Bu(t), x(t) — it°

(15)
y ( t )  Cx( t ~

where -
O -2 1

C 0  •t2
—l ~ L l  -

the state feedback control which mi n imi zes

S ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S ~~~~~~~~ - ~~~~~~~~~~ —— -- —- -—5- — 
- —~~ —- 5- _

5 

-
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1 - “
J — ~ v ( t ) +u (t ) dt (t h )

0

is given b y

u~ t )  — Fx (t )  where F = C2 . 8 8  -10.181 . (17)

Following the approach to the output sensitivity problem

suggested above , suppose the sensitivity reduc tion criterion to be

satisfied is given by

t t
,1 ,, 5, 1. .55

~ 5y~~t)dt < 5y (t)dt ( 18)
o 0

for all t
1~~O. The second state will be fed back directl y and the first

state will be estimated using a full order state observe r of the form

x :A÷ Lc]x + Bu - Ly (19)

where A , B , and C are def ined  b y t he sys tem ~J5) and L is the observer

gain ,

L

which is chosen to satisfy (1.8) and to stabilize (19).

It can be shown that a necessary and sufficient condition for

(18) to ho ld for this design is (see Appendix)

s~ -(8.88+22)s
3
+( .O4-L.S82 1+5.8822)s -(25.44-5. +1 1+6.5~~ ,)s ’

-24.S+3.76,~1-5.7b2 ,
- , ~~ l ~2 l~

4.44+2 .22L
1

where s Ja’ , for all ‘~~R

which is true if and only if

S — 5 ~~~~~~~~~~~~~
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/ ) 1 3l~~-(2s .o4- 1.882 1+5.88L 7 )w~ -24 .s+3.762 1-5.762~ :~~÷ ( 8.s8+L 2 )w

- (25 .44-5 .64L 1~~~.64 )w:- -:~~~+(12 .o 8-2~~~.3oL , )w 2 -4. 44+2 .222 1~
-

-~~ (l.3o L
2

)w3+(l5.26:4.3o.~1+2.22L2)W: ~ o. (22)

Expanding these terms and collecting the coefficients of the powers of w

leads to the highest power of w being six with the coefficient

_÷.28+5.762~ . (23)

Hence , a necessary condition for (22) to hold is

.74 . (24)

However , stability of the observer requires tztat

(25)

Therefore , the conditions (24), and (25) imply tha t no observer imple-

mentatiori will satisfy both the sensitivity criterion and the stabilization

requirement .

This simple example shows that added dynamics lead to sensitivity

problems if the output sensitivity criterion (18) is to be satisfied . In

the following section a general theory for comparison sensitivity with S

output  feedback w i l l  be presented which  show s that  the added d ynamics of

a compensator must  be included in any comparison sensitivity reduction

criterion.

3 .3 .  Output  Feedback Results

This section is based entirel y upon the theory developed in [3] .

To study comparison sensitivity for the output feedback case

the sensitivities of all variables involved in the feedback law must be

-- 
TT..T 

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ — ~.s~~~’-r~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - 
~~
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included in the sen s i t i v i ty  c r i ter i on .  Hence , when  s t a t e s  f rom a d ynamic

co mpensator  as w e l l  as the process  o u t p u t s  are fed back , both the p l a n t

outputs  arid the compensator  s ta tes  must be used in the comparison sens i-

t i v i t y  analysis .

To make this explicit , consider the LTI controllable and observ-

able system given by

Ax(t )  + B u ( t ) ,  ~~ 0)
(26)

y(t) CXII)

x ( t ) E R m , y ( t ) E R 2 , u ( t ) Rm .

As sume rank (B) m and rank(C)=2 with m < n and L<n. Suppose the control

u(t) is given by

u(t) Hz(t)+Ky(t), HER~~
k
, KER ~~

Z (2 7~

where z(t) is the state of the kth order dynamics of the compensator g iven

by

~(t) Fz(t)+Gy(t)+Du(t), z(O) ’~ z
0
, zER

k . (28)

The cons tant  matrices F, C, and D are of appropriate dimensions .

The system (26), compensator (28), and the c o n t r o l  ( 2 ’ ) ,  d e f i n e

a composite system with states ~~( t )  and state equations
0

~(t) ~~~~~(t ) +~~u(t) ~ (O) - [ ]
~ ( t) C~~(t)

u (t) ~~~(t)

-_ .-_-_ 
— an - _ ___f lt  — hr 5-
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where r -

f F  CC 
— 

D
A 1  B

Lo A B

It 0k K [ H  K~ .
C

For differential variations of the matrix coefficients denoted

by 5A ~, 
5~~, and Sc , the resulting first order variations of the state and

output variables satisfy

5~~(t) = 5~ ~ ( t ) + AS~~(t) + SBu(t) + ~Su(t), 5~~(O) =0. (30)

In a manner analogous to the state feedback case, the open-loop output

trajectory variation is defined as

(30) with Su(t) 0 (3 1)

and the closed-loop output trajectory variation is defined as

8~~~( t)  - 5V (t ) l  (30) with Su (t) ~~~V (t)~ 
(32)

The comparison sensitivity criterion [4] may now be de f ined .

Given the composite system (29) with input u(t) ~ 7(t) defining the

nominal output trajectory , the closed-loop system is less sensitive than

the nominally equivalent open-loop system with respect to a positive semi-

definite symmetric (n+k)x (n+k) weighting matrix Z, if for all 11
>0

t i t i

~ 
5
~~,

(t)z55
~~
(t)dt 

~~
. 5~~,(t)Z5V3(t)dt. (33)
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In a manner analogous to the state feedback case [4,21 , a

s u f f i c i e n t  c o n d i t i o n  for  (33) to hold is given in Theorem 3.

Theorem 3. [4] The plant and compensator defining the composite system

(29) satisfy the condition for comparison sensitivity reduction (33) if for

all a in R

:r~~(-j ur-~-~~ c) 1 
~~~ ~~~~~~~~~~~~~~~~~~~~ B~~] -Z  ~ 0. ( 34)

Letting (34) define the comparison sensitivity reduction

criterion , the fo l lowing theorem paral le ls  the resu l t  of Theorem 2 for the

state feedback case by re lating the satisfaction of (34) to the solution

of an optimal control problem.

Theorem 4. [3] For a plant and compensator given by the composite system

(29) with m<k+L , a particular parameterization of the compensator (28)

and (27) satisfies the sensitivity reduction criterion t3-~) for a positive

semi-definite symmetric weighting matrix Z with rank(Z) n if and only if

the following three conditions are satisfied

rank (K) = itt (35)

Z — ~ ‘RK (36)

K C  -R 1B ’ P (37)

where P is the positive definite symmetric solution of the n~4~ order Riccati

• equation

PA+~~
’P +Q-P~R

1
~

’P 0

for some posit ive definite symmetric matr ices Q and R of appropriate

dimensions .

- ‘5-” ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,. -~ Sh - ’~~-r, .: - - - -~~~~~~~ “‘~~~~~ ~~~~- — ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ 
.__r.uiAl
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The conditions given by (36) and (37) may be viewed as a d i r e c t

extension of the state feedback result since KC is actually the state

feedback matrix for the composite system (29), and (37)  demand s that  it

sa t i s fy  an optima l control law .

In [3 ] , the conditions of Theorem 4 are applied to a canonical

form for the composite system which leads to a design procedure for

constructing a dynamic compensator which satisfies the sensitivit y

reduction criterion. The details of these results will not be discussed

here , but those points which are used in the development of a design

procedure using observers will be presented briefl y .

Leumt
~ 

1.. (Plant Canonica l Form). Given a p lant described by (26) with

rank (CB) m1, there exists nonsingular matrices T, run , and U, n~ m , such

that

CT [I
~ 

01 (38)

and

1 
B’~

T BTJ - - - -

B~ 
S

where (39)

t ol 0 i

— 

m1 l ER~
m 

— 

rn-tn
1

- - 0 OJ _0 0

This lemma clearl y follows by construction and imp lies that

there are bases for the state and input spaces such that (38) and (39)

hold.

It is shown in [31 tha t a necessary c o n d i t i o n  for  r ankç : )  m is

that rank (C B) — in. By selecting D in the compensator to satisfy this rank 

~~~~~ 

- — —

~~~~ —- -~~~~~~ — . - -
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condition it can be shown that there exist nonsingu lar matrices T ,
S

(k-fn) x (k+n), and T , ( k + 2) X ( k + 2) ,  such that the composite system can be

trans formed to what will be called the composite system canonical form

given by

A - T ATS $

-. It -1
B~~~T5~~~~[~~~j (40)

r ET 1 
= 0 .

0 S k+L -

With (A,B,C) d e f i n e d  above , the f o l l o w i n g  e q u i v a l e n t  conditi ons

for sensitivity reduction can be established .

Theorem 5. [3] For th~ composite system (29) with the plant matrices

in p lant  canon ica l  form the conditions (35), (36), and (37) of Theorem -.

are equivalent to

rank~CB) in 141)

and the eigenvalues of

A22 +A 2lW~
I
k+2 m o:, w~~ R~~~O~~~~

m)

have negative real parts , where A is any m a t r i x  s imi l a r  to A de f ined  in

(40) and A is partitioned as

- 

1~
ll A

121 A11 ~~~~~~~ A 2 ~~R
( (

~ m)X (n~~~~
f l)

. (33)
A2 1 A22

— 
- 

- S ~~~~~~~~~~~~~~ - . S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~—5-~~~~~~~
—

~~~ -——S.- - S - -~~~~~~ 5- - ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~
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The proof of th is t~~eor e r ~ g iven in ~3] is constructive in that

i t  leads t3 the f o l l o w i n g  desi g n p r o c e d u r e .  A d ynamic order  k is

se lected for the compensator and the compensator is des i gned w i t h  D , F ,

and G as in (28) and satisfying (41) .  The composite  sy s t e m  is trans-

formed to the composi te  Sys t em canonical form and a matrix W is sought to

satisfy condition (42) of Theorem 5. If no such matrix exists , the order

k is increased unti l such a W can be found . It is shown in [3] that for

some k < n - 2 ~~~-m 1 the re  can h~ constructed a compensator and ~ to satisfy

(42).

Once W has been found , the following matrices are defined
h
i [r oilin k+.L-m -

( 4 4 )

~0 
~~~~~~~~~~~~~~ -

A 11 A 1~ \ ~~~~- 

~~W AW.
‘5 -5,

A pos i t ive  definite symmetric matrix Q, (k~~-m)X (k-th-m ), is selected and

the Lyapunov equation

+ A~ 2 P + Q — 0 I.4t’ )

L is solved for P. Since , by (45) A.~2 is equal to the m a t r i x  13 ) ,  the

mat r ix  P LS a positive definite ma tr ix  uni q u e ly  s olv i n g  ( 4 ó ) .  Now , an

tr~\m positive d e f i n i t e  m a t r i x  R is selected such that

*~~~ 
-l — -1-- ’R R - A 1,Q A 1~ 

> 0

and a (k+n-m)’~. (k#n-m) pos itive semi-definite symmetric matrix V is chosen

such tha t

-

~ 

-~~~~ - - --. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- -~~~~~~~~~~~~ -— --- --~~~~~~~ .-~~~~~~ ;5 .--. , - - .  ~~~~~ -~~~~.5--—— - -—~~~~~~~~

’- - - --  - - ~~~~~~~~~~
---

~~
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v + 1pq~ pA 1 > 0.

The R i c c at i  e q u a t io n

P*A* + A*P* - P*R*P* ÷ Q* - 0 (49)

where 
—

A* — A 11 +A 1~ Q 1PA~ 1

is then so lved  for  the unique posi tive definite symmetric matrix p*

(such a so l u t i on  is guaranteed b y the se lec t ion  of  V and R). The cot~iposite

sy s t e m  is the n s t ab i l i zed  and the s e n s i t i v i t y  c r i t e r i o n  (3.~) is s a t i s f i e d

{ if ~ is given as

- 
I 

— -R
1
P~~I -wET0. (50)

As wa s me n ti o n ed  above the detaLls and ana lysis of this design

procedure are given in [3) . The problem of selecting the dynamic order

of the compensator , k , and the matrice s D, F , and C is solved in the next

section by implementing state observers as the compensator dynamics. This

leads to a comprehensive design procedure and some s i m p l i f i c a t i o n  of the

i n t e r p r e t a t ion  of the al g or i t h m  th rough  th e  se ect~~on of the  t r a n s forma-

t i on  Tatr i ces  T and T
0 $

1

t

i i

t t

- - -  - 5_~~~~~~~ 5- - -
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. COMPARISON SENSITIVITY WITH STATE OBSERVERS

3.1. Why State Observers 7

The r e s u l t s  presented in the las t sec t ion  are a so lu t ion  to

the problem of comparison sensitivity reduction when output feedback is

used . It is not a t o t a l l y s a t i s f a c t o ry  so lu t ion , howeve r , because

although the sensitivity criterion is satisfied and the system is

stabilized by the compensator , there Is no exp licit form for the dynamics

of the compensator and there is no di rec t  c o n t r o l  ove r the ei gen va lues o f

the overal l  sys tem.

It is reasonable to ask how known dynamic compensa t ion  techni ques

fit into the sensitivity design specifications . Hence , the purpose o tT  this

research was to study the s e n s i t i v i t y  c h a r a c t e r i s t i c s  of feedback system s

which use s t a t e  observers for the compensator dynamics. The use of state

observers is desirable since their structure is well known and the design

of observers is easily computerized . More importantl y, it is a property

of systems which have state observers tha t the observer poles are also

poles of the overal l  feedback sys tem and de termine  the speed w i t h  which

the error of the s tate  estimation diminishes. Finally , since many feed-

back laws are given in terms of s ta te  feedback and the s t a t e s  o f t e n  have

physical significance , it is desirable to have available an estimate of

the unmeasurable states to implement a s ta te  feedback scheme and to monitor

the performance of  the sy s t em .

- -
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4.2. The Full Order Observer

The compensator  dynamics (28) , i f  chosen to be a f u l l  o rder

ob server ( i . e .  k n ) ,  wi l l  have the form

F A + L C

(51)

where the nx2 m a t r i x  L is chosen such t h a t  the eigenva lues  of F will have

negat ive  real p a r t s .  U s u a l l y  the ei genvalues of the observer are chosen

to be much faster than the remaining feedback system eigenvalues so that the

estimation error goes to zero re1at~ve1y quickly .

Assume the sys tem (26) is in the plant canonical form given in

Lemma L It is clear that

rank (a !)  - rank [
~
]= m (52)

so that  the rank condi t ion  (41) of Theorem 5 is sa t i s f ied .

Now par t i t ion the mat r ix A as in Fi gure 1 and def ine  T
0 

and

as in Figure 2. It is simple to verify that the nonsingular matrices T
0

and T5 wi l l  trans form the composite sys tem (29) for the plant (26) and

observer defined iii (51) to composite system canonical form . The explicit

form for A (40) in this  case is given in Figure 3. With A par t i t ioned as

in (43),  the s t a b i l i t y  of the mat r ix  (42) is shown in Fi gure 4 to depend

upon the s t ab i l i t y  of the observer  and the exis tence of a ma t r i x  W which

stabilizes the pair

_______ . L_, , .5-
~~~~~rn ~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ -- 5 .•5-5555--5 ~~~~~ __~ 5-5_S _S__5~5 _~~~~~~~ 55~ - —
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~ X m
A 11 ER l 1

— (~~-m 1) ~ (L- m 1)
A
11 

. . . A 14 A
22  ER

(rn-rn
1
) )( (rn-rn

1
)

A 33 ER
(n -t ~~n -m ) X (n-~ 4~A . .  A E I

Figure 1. Par t i t ion of Plant Matr ix , A .

o 0 0 0 1 0
In
’

0 0 1 0 0 0

- 

0 1n -L -m~~ 1 
0 0

0 o o o o 0

I 0 0 0 -i 0

- 

m
1 

0 0 ‘e-m
1

T 0
I 0

T 1 + — — — —L L ~ 
tn-i °( n - 2) X  £

Figure 2. 1’ and T
5 

for Full Order Observer Case.
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( A~~ A ,2 A,1 A,3 ) ~53)\ A2~ A85, A21 A83

The existence of such a mateix W is guaranteed by the following lemma .

Lemma 2. Given the controllable pair (A,B) where B is of the form given

• in (39), if A is partitioned as in Figure 1, then the pair (53) is

contro llable .

- 
Proo f. Let \~~~, i 1 ,2,...,n be the  n ci genva lu e s of A.  The pair (A, B)

is controllable if and only if [5]

rank[A-\~~I~B] n for i 1,2, - ..,n. (54’s

- 

- 

Since B is of the form in (39), (53) imp lies

A11-\ 11 A1,, A13 A 1, I~ 0

A21 A2~ -\~ I A,,3 A,,, I 0 0
rank 

A31 A32 A33-\iI A;. o ‘tn-rn
1 

— n (54a)

A. A ,, A A , , - \ I I  0 0
‘~~~. 43 44 i

which is true if and only if

rank [A
21 A2~~~i

I 

: 
A3~~~jIJ 

n-rn. (55)

Rearrangement of the matrices in (55) gives the contro l lability of the

pair (53).

From Figure 3 and Lemma 2 it is clear that there exists a ma trix

- 
W such that condition (42) of rheorem 5 is satisfied ts’r any stable full

• order observer.

- — ~~~
— 
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Therefore , the following design procedure will lead to a dynamic

compensator which will guarantee comparison sensitivity reduction with

respect to some weighting matrix Z of rank mu . Select a full order state

observer (51) and choose W so that the pair (53) is stabilized , then

follow the design algorithm given in the previous section. The design

algorithm will be given explicitl y in Section 5.1.

One important property of dynamically compensated systems which

have full order state observers in the feedback loop is that the eigen-

values of the observer are also cigenvalues of the overall feedback system.

This can be demonstrated by applying the similarity trans formation

I -t
~ (56)

0 tJ

to the composite system which has full order observer dynamics

• [A÷Lc+BH -LC+BM 1
~ (t ) Afx(t) where Af . . , .  I 

(57)
L D~I

for arbitrary output feedback

u(t) — K~~(t) = Hz( t ) + KGx(t). (58)

The simi larity transformation (56) gives

rA+Lc 0 1
(59)

L BR A+B (KC+H)J

Note also that the other n cigenvalues of the system depend only upon the

selection of ~~, the output feedback law ,

[ S

_ _ _ _ _ _ _  _ _ _
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4 .3 .  The Reduced Order Observe r

Again assume that the plant matrices (A,B,C) are in plant

• canonical form . The compensator dynamics (28) if chosen to be a reduced

order observer (i.e., k n-L) have the form

• 
F a A ~2 + L4,

• C -FL + A
2
*
1 
+ u-li (60)

• D B ~~+ L B ~

whe re 
I -

A11 A12 ~‘13 
A,

• 
A a ~~J~4~~.

1
~~~a 

~~~~~~~~~~~~~~~~~~~~~~~~

A21 I A22 31 32 I 33 A34

A41 A42 A43 A44

• 
~~~~ are defined in (39) and

(m-m 1)Xm
L11 L.1,2 L11 ER

L , (k+in, —mn)X (Z -mu ,)
L~~ T.~~ T .~~~~~~R a’

L ~~‘- ~~J

L is chosen such tha t F has eigenvalues with negative real parts. S

C lea r ly ,  with the dynamics of the compensator defined by (60)

we have

ra nk (C B) rank 
[
~~~~] 

= m (61)

so (41) in Theorem 5 is satisfied .

Now partition A as in Figure 1 and define T and T as in

Figure 5. It can be verified that T
0 and T

5 as given will trans form

the composite system to the composite system canonical form . A is given

___________ _ _ _ _ _ _ _ _  --‘----
~~- -  - -
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in Fi gure  ó and Figure ‘ show s that the stabilization criterion ,-+2) in

Theorem 5 is satisfied for any stable reduced order observer and W chosen

to stabilize the pair (53). Hence , by Lemma • a matrix W exists as

required for any choice of the observer dynamics.

The design procedure using reduced order observers is identical

to tha t  us ing  f u l l  order  observers  except that W is entirely determined

by stabilizing the pair (53). Also : the property of the observe r eigen-

values being eigenvalues of the composite feedback system holds. This is

shown by writing the composite feedback as

[z(t)

~ (t )  = ~f~~(t ) ,  ~~(t )  = x1(t) , x
1

(t )  ER
2 (62)

where

F+OH G+D H 0

A f B~H Aj’1+B’~H A~2

B~H i~ ‘~22J

and app ly ing the simi larity trans formation

I -L -I~
’

T a  0 I 0 (63)

0 0 I_

which gives

~~ 
[F 0

TA
f
T a 

• (64~
LB H A+B K+HL :H .

From (64) i t  is noted tha t , unlike the fulL order observer ease , ~~e

remaining n eigenvalues ~‘f the feedback system depend expli~ i t v  upon the

observer matrix L.
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I Z T ~~H T
0 

(65)

where
I P*R

l
P* ,.p*R ’p*W

I
w ’p*R

L p*w

Consider the fuiL order observer case with T
0 
as in Figure 2. If the

output ~~
‘ is decomposed as

a 
~~~~~~ Z s~ Zj  Z~ Yj Y~~ (66)

tn-mu
1

- z1 ER , z2 ER , z3 ER

mu
1 

l-m 1
-- z4ER , y1 ER , y8 ER

- then

T0
Y’a y~ z z,’ y~~ z~ -y~~: z 4 - v ,!,~~~~ . (6~~)

- Since the states of the observe r are estimates of the states

of the plant and v ( t )  is the first 2 states of the plant when C is given

- 
by (38), the last two components of the vector in (67) are the error of

- the estimation of tdie state. Also , the second and third Components are the

- - estimates of the n-I unknown states.

: 
Similarly for the reduced order observer case w i t h  T ~is in

Figure 5, and ~ decomposed as

mu-rn n-2-+rn -m
= :~~~~~ ~~ 5 ~j ~~~~~: 

‘
, z

~ R 
I 

z , ‘~ R ,
(68 ‘

mu
y 1~~R , y1 ER

I then 

— - -
T0y - v l zi Li1vrLi2

\ ., : z2—L 2 4 v
1
-L22v , -‘, . (69~

I
I 
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The design of th~ reduced order observer  g ives the e s t i m a t e  of the n-2

unmeasurable states by z-Ly where y is the 2 measurable states. Hence ,

(69) shows that T3V gives the measurable states and the estimation of the

- unmeasurable states.

- Since the states of a system often have physical significance ,

the following corollary which summarizes the above discussion may be use fu l

- 
in evaluating the sensitivity reduction capabilities of a particular

w e i g h t i n g  mat r ix  r e s u l t i n g  f rom (36).

Corollary 3. Design of the feedback gains according to the state observer

schemes defined by Corollary I leads to a sensitivity weighting matrix H

- 
(65) which weights the known states , estimates of the unknown states and

in the full order observer case , the error of the state estimation given

by (67) and (69).  
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5. THE DESIGN ALGORITHM

A summar’-’ of the desi gn proced ure descr ibed in the disc uss ion

following Theorem 5 and extended by the use of state observers in the

preceding section ~-ill b-’ presented in the following. An interactive

computer program was wri tten to imp lement the design algori thm and to

enable adjustment of the arbitrary parameters iteratively to obtain the

desired overall design objectives. This program is discussed briefl y in

conjunc tion with a descri ptive flowchart. An example of the s t eps  i nvolve d

and comparison to a c o n v e n t i o n a l d e s i gn t e c h n i que is ~ i ve n .

5 . 1 .  Flowchart arid I n t e r a c t : v e  S o f t w a re  D e s c r t ? t i o n

Figure  5 -s a flowchart of  th e  d e s i g n  p rocedu re  and shows the

points at which redesi gn of parameters cart take p lace. Each step of the

algorithm wil l be discussed br iefl ’-- w ’. - t h  the  numbers r e f e r r in g  to b l ock s

on the flowchart.

1. The basic svst~m parameters must be determined anc the plant

canonical f o rm  is assumed . Hence , b e f or e  e n t e r i n g  a genera l  p lant descri p-

t ion , the triple (A,B ,C) must be transformed to the plant canonical form ,

The computer accepts the A matrix and constructs the B and C matrices

according to the dimension specifications

- dynamic order of the sy s t em

mu - number of inputs

- number of outputs

mu, - rank of CB .

L.. ___________ - —-
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_ _ _  
CStart)

1 Accept Plant

FSTAR 
2 Cont & Ob: ? No Termin ate

3 Place n-rn Poles with F*
OBS

R
~ Ror F

— F - 7 .  -Riccat ~ Design
4 ~ Place N Poies .T0,T5 - T T \A/ :~~~~~‘o , I s ) Y Y  I

6 w~ [F* w2]

8
LYAP

9 P fro m Lyapunov Eqn.
•

~~~
°
~~~~1O P* fto rn Riccat i Eqfl.

“LFee~back System calc.J -

121 Display Final Results I
13(~ontj nu~~~~~

N
~ (JStopD

Yes
(—

~E; to Se lected~ ”~‘.-~~~~ Re-entry J
___________________________________ FP-~~878

Fi gure 8. Dcsi~ n atg ortthm flowchart .
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d . Tue con tr ollabilit y of th~ pair (A ,B) and the ohsc rv ab il i lv

of  the pair (A,C) 5 i U c  t e st e d  and th e  p r o g r am  t e rm in a t e s  i f  t’ i I~a-r test 
-

‘

fails .

3. The stab ilization of the  pair (53) is i c c s ’ri~4 i s I t ed  u s i n g

pole p lacement of the n-rn poles availab le. The resultin g feedback matrix F*

is used to determine W after the observer order has been selected .

-+ . Reduced - ‘r f u l l  o r d e r  obs o r t - e t- d e s i o n  is s el e c te d .

5. For the full order observ er the matrix L is determined us ing

pole p lacement t o  stahil~ ze the n ei genvalues c-f F in (51). T and T ar e
0 S

c o n s t r u c t e d  as spec f i ed  in F~ ~uro ~ .

6. The ma~ rix W2 is a r b i t r a r il y  chosen  by t h e  des igner  arid

W F’~ wd~ as s pe c i f i e d  in  Fi gure -+ .

7 - For th~ reduced order  observe r t h e  n -2  orde r  dynamics are
1

stabi ll~ed using a R ic c at i  o pt i m iz a t i o n  desi gn w h i c h  r e q u i re s  a

~n-~~~x (n-~~) pos i t i v e  d~~fjn it~ mat rix Q and an ~~L positive d~ fLntte ma trix

R. L is then found as

L -KA’~4R
1 

((fl

where A’
~., Is dCf~ r~I_ -d in (bO~ arid K is the  (n— ~!~~\ ( n — -’)  u n i que pos i t  L V C

def init e sy m m e t r i c  : ;o l u t ion  to the al geb r a i c  R i c c at i ~i q t i a t  io n

+ A~2K + Q - K ~ ’~,R 
1

A~’IK a 0

t . and t are coti: ; t r u e  ted is in Fi gure 5 and 1 a F* u; spec If 11d by

Fi gure  7 and Lemma 2.

8. Set up A i; in

I
I 

. 
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defined as integra l controls to eliminate stead y state error for constant

set points of velocit y and p itch ang le. Following th e des i gn in [ 1  , i t  i s

assumed that the velocity , pitch angle and altitude are measured directl y

and the pitch angle rate as well as the ang le of attack must be e s t i m a t e d .

In other words , an observer must be used to estimate the states one and

four .

ilsing the linearized coeffic ients and flight c o n d i t i o n s  g iv e n

in ~7] the state equation in the form 26) ha-s the  c o e f f i c i e n t  m at r i c e s

(A , B , C )  g iven  itt Fi gure  ~~ . In Table  .1 c e r t a i n  p a r am e t e r s  d e f i n i n g  the

flight conditions are g iven along with perturbed values. Assuming these

perturbations , the resulting A and B matrices are given in F igure  10.

The C m a t r i x  is u n p e r t u r b e d  s in ce  the states are measured directl y .

To implement  the d e s i g n  p r o c e d u re , the  plant matrices iA, B ,C)

were trans for~ned to the  p l a n t  canon ica l form as in Lemma I by the non-

singu lar mat :ices T and in Figure Il. The trans formed nomina l A matr ix

is shown in Figure 12. Note that under the similarity trans formation 1’,

the state variable -s defined in Table I are arranged as

:~~~2 ~~~, x x6 x-
. x

1 x .  (72)

rhe design algorithm was used iterative ’Lv with the fina l choices

of free parameters and result-in observer and foedback matrice:; ~~~ven in

Figure 13.

For a comparison of the s~~n s i t i vu t y  r e d u c t i o n  pr op e r t i es  c - C  the

desi gn algorithm to a conventiona l des ign prc-cc--~lure us ing a reduced order

observer - th -~ feedback 4J ins -.~cr  l o u  hitc - d a~ sami n~ the state f~t-dI’;i~ h

___  
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Table 1. DefinitIon oi State V ar i ab l e s  and Inputs
For Aircraft Control of Longitudinal Dynamics

a angle of attack - fRefe rence Velocit y -
~- 100]

* ve locity 100 x
7 

a x
3 

- [Reference Pitch Anglo)

a pitch angle u
1 

elevator angle

a pitch angle rate u~ 
— flap ang le

a altitude -~- 100 u
3 

throttle

Table 2. Fligh t Condition Parameters

Variable Nomina l Value ~ of Perturbation Perturbed Value

Center of .20 ft + 5’l. .21 ft
Gravi ey

Velocity 190.66 ft,’sec + S’I 200 .19 f t / s e c

Weight 4000 lbs - 5~, 3800 lbs

Air Density .004842 slugs/ft
3 + 5’~ .005084 slugs/ft 3

Moment of 2050 slugs-ft - 2~ 2009 slugs-1 t
Inertia 
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5,
5)0

-3.09 -0.18 0 1 0 0 0

0.14 -0.07 -0.32 0 0 0 0

0 0 0 1 0 0 0

A — -0.74 0.09 0 -1,01 0 0 0

-1.91 0 1.91 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 -0.24 0

0 -0.04 0.to

0 0 0

B = - 1 .37  ~~~~~ 0

0 0 0

0 0

0 0 -

0 1 0 0 0 0 0

0 4) 1 0 0 0 0

C 0 0 0 0 1 0 0

0 0 0 0 0 1 0

-
~ 0 0 0 0 0

Figure ~ Nomina l A , h and C Matrices for Aircr aft Control Examp l o .
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0 . 14 —0 .07 — Cl . 0 0 Cl Cl

Cl 1 Cl 0 Cl

A ~ -Cl . 2 u -0 .0 ~ 0 - 1. 14 Cl 0 Cl

-2 .00 Cl .00 Cl 0 4) Cl

0 l Cl Cl 0 Cl C)

Cl 0 1 0 0 Cl Cl

— 

0 -Cl~~I~ Cl

0 — .Cl S C l .  I~

I) Cl

13 a - t . o 2  - 1 . 7 0  Cl

C) C) Cl

Cl 1) Cl .~~

Cl Ci Cl
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0 0 0 0 0 1 0

1 0 0 0 0 0 1

0 1 0  0 0 0 0

T 0 0 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0  0

0 0 0 0 1 0 0

r o 444 -0.73

U =  0 -4.10 0

6.08 -1.03 0

Figure 11. Transformations for Plant Canonical For-tn for (A,B,C)
in Figure 9.
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-0.07 -0.32 0 0 0 0.14 0

0 0 0 0 0 0 1

0 1.91 0 0 0 -1.91 0

1 0 0 0 0 0 0

0 1 0 0 0 0 0

-0.18 0 0 0 0 -3.09 1

0.09 0 0 0 0 -0.74 -1.01

Figure 12. A Matrix in Plant Canonica l Form for Aircraft Control
Example .
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I For the reduced order observer:

E900 01
i Q R = diag[0.01, 0.01 , 0.01 , 0.01, 0.01]
I L 0

I p33.3 0.661 1 1.l4 1 0
I D~~~~JL-1.96 _27.4J L-0~o5 0 1

I 
p37.9 36.8 524 0

c = L3.39 -722 48.3 0 OJ

Other design parameters :

I 0
( 4  I

Q
1 1 1230 0

1 0  I

L I 0 900

r .515 0.00198 -0.069
1

R = 0.00198 0.149 -0.104

L0.069 -0.104 0.408

V 0

I Resulting feedback gains :

ro.08 0.06 2.23 1,69 -1.37 .14 0.141I K a 4~ 57 -3.23 5.78 -90.3 -72.3 0.74 1.33

i L0.74 2.89 -0.56 81.7 10.2 0.12 2.15

I Figure 13. Design Parameters and i~esulting Feedback Gains for ~ens itivitv
1 Design of the Aircraft Control.

I
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was ross lb Ic- us ing the solut ion to the opt :-ui I control prob 1cm

minimize J a 
:x ’ ç t ) ~~~~~t~ + u ’ 

~~)Ru (t):dt. (73)

The arrangement of the state variables was as in (72’ . It is well known

that the state feedback which solves (3” is given by

— l ,~~. — -u (t~ -R B ~x t t )

where K is the n x n  p o s i t i v e  d e f i n i t e  s o l u t ion  to  thc -  al gebraic Riccati

equat~.On

}~ + A~K + Q - KBR 
1
B ’ K = Ci .  ( 7 5 \

The matrices Q. R , and resulting state foodbacl~ ~~~ a re  ~ Lv e n  :n

Figure i4 .

As is conv~ ntionally done - the state feedi~ack mat rix was

decomposed into the five columns wh~ch mu lti p ly the known states ~nd the

two columns which n u i t  L p lv t h ~ estimated states. The resulting feedback

~ains used In the system with the reduced order observer used :n the

sens it ivitv des :~ n is g ive n in Figure 5.

As an evaluation of the sons :t iv :  v p r o p er t  l os  o ~ th e s e  tw o

desi gn procedures , Figures 17 to 20 show the trajector~ c-s of the states ~h~ ch

were to converge t o  set points under nomina l and perturbed con d ft .ons -

S The set points and perturbed m I t  Lal conditions are g iven in Figure lo.

The clearest demonstratIon of t h e improved sertsiti v :tv oharac-

tertstic s of the sensit i v i t v  de sign a~~c-ri thm a oomptr:s -c-n c - f Fi guros ~

and 2 0 .  C l e a r ly  t : -o  R : c o a t  de-;ig:i~~s -nuch more ~ens t :vc- L~’ th e  Per -~y -

ons used . The so L u t  or.s presented ic -  ro a r - o  no ~nt  onde~ :~ ‘ re pr ~’ -~c-

- -
~~~~ ~~~~~~~~~~~~~~~~~ —— -~~~~ — ~~~~~~~

- ~~ ‘ r ~ tX~~~A ~~~~~ ~~~~~~~~~~_ ~~~~~~~~~~~~~~~~~~~~~~ ~~~ - - -
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particularl y desirable solutions to the aircraft control problem , but to

mere ly demonstrate the sensitivity desi gn procedure under some practical

design conditions .

~i.
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a Jjagfl.44 , 0 .0025 , 12.25 , 12.25 , 25 , 0.0025 , .01]

R Jia~~2 , 2~~ 21

• r~
2 .31 -0.02 -0.14 -2 .47 -0.10 0.02 -0 . 0 41

FR 0 ,02 3.24 2.46 -0.13 -0. 40 -1.32 0.53

L0 .04  -5.36 -0 .27 0 .09 -3.51 0.53 -2.2 1J

Figure 14. Design Parameters and Resulting State Feedback Gains , F ,
for Riccati Design of the Aircraft Control. R

ro.o2 -0.04 -2.29 -0.96 -0.35 -2.47 -1.041

= -1.32 0.53 -1.46 16.91 22.98 -0.13 -0.40

L0.53 -2 .21 0.47 -63.53 -4.30 0.09 3.51]

Figure 15.  Feedback Gains , K~ , Used to Implement the R i c c a ti  Design

with the Reduced Order Observer. S

~ 
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= [ 0 0 Cl -0 . 14o7 -0 .0 8727 Cl 0 0 0]

5x(0)’ Ci 0 -0.1 -0.0436 0 0 0 0.05 OJ

Figure 16. Set Points , E. and Initial Con d i t i on  P e r t u rb a t ion s
5x(0’ , for the Aircraft Coiicri- l Example.
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~ 0 — / Perturbed Plant
> ! -— —-— — NominalI —•—•— Perturbed Initial Conditions

S I
— 0 1 ’ 

~- 1 I~0 1 2 3 4 5 6
Time ( seconds ) FP-58 ~ 6

.elocitv t r a j e c t o r i e s  f o r  s e n sI t i v i ty  d e si g n .
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~~~~ 

i. Perturbed Plant
> ! Nominal

/ 
— •—•— Perturbed Initial Conditions

/

— 0. 1 1

0 1 2 3 4 5 6
Time ( seconds)

q

Figure 19. Velocit’, trajectories for Ri.ccati desi gn.
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I

6. CONCLLTSIONS

The advantageous aspects of the desi gn of sensitivit y reducing

dynamic compensators through the use of state observers have been

explained in the body of this thesis. Some of the  s h o r t c o m i n g s  of the

design procedure as it is developed here should be pointed out.

Experience bears out that it is difficult to attain desirable

control objective s through the free parameters at the ~i i sp o s : l  of the

des i g n e r .  This  is because of the  com p l e x i t ie s  of the o q u a t h o n s  w h i c h  lead

to the fina l feedback gains . Although the obse rve r  de s i gn is ~r l i t r a r v

and de t e rmines  some of the overall feedback system elgenvalues , the

remaining ei genvalues are not  eas i ly placed . C o n s e q u e n t ly , thc- val ue of

t he algorithm could he enhanced by further research of the dependence of

the fin a l r e s u l t  upon the  f r ee  p a r a m e t e r s .

More insight in to possible app lications of the d e s i gn ~n~ t hc - d

could be gained by pe rhaps cons idering some special cases. The s e n s i t iv I t y

wei gh t ing  m at r i x  H (~35) would be more m a l l e a b l e  under the design con-

straints if some of the components in the output trajectory var~ attc-ns i - I

(67) and (69) were not present . This would be the case if  ~~~~~~~ f o r

instance , which would often occur in app lications .

In c o n c l u s i o n  i t  s h o ul d  be po in ted  out  th a t  a l t h o u g h  the  d c - s i gn

procedure appears to lead to a solut ion of the regulator proble m , i t

much wider application. Any design which calls for stab ilicing compensa-

tion may have improved sensit Lvit characterist ics by emp Ic-v hn~ the a

F developed in t h i s  t h e s i s .  For in s t an c e , the example presented L~i :hc - a s t

Ii

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —--- — *-~~-- - - - - - - -
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section included an integral contro l to track a constant set p o i n t .

Similarl y, more complex tracking desi gn procedures wh ich are robus t under

steady state conditions and require stabili cing compensators , such as

may have improved transient sensitivity properties through the use of t h e

design al gorithm developed here.
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APPE NDIX

DE RI VATION OF THE SENSITI VITY RED UC TI ON1 CRITE RION FOR THE COUNThREXAMPLE

Consider the c losed-loop configuration in Figure A. l where a l l

variables and transfer functions are scalars . Ps
(s) represents the p lant

I transfer function for nominal values of the plant parameters . C(s) and

I H(s) are the controller transfer functions . Let àY (s) and 5 Y (s) be

the Laplace transforms of the first order outpu t variations for the closed-

I 
loop control and the nominally equivalent open-loo p control , respect~velv ,

resulting from differentia l changes in the plant parameters .

It is shown in [4] that

6 Y0(~~ 
= S(s)~ Y (s) ~A. 1 )

where S~ s), the comparison sensitivit y function , is defined as

- S(s) = 
I

l—P (s) C(s) H(s)

Hence , a necessary and sufficient condition for a particular c losed- loop

• control to be sensitivity reducing is [4]

* 
!S (jw ) l � 1 for all aER (A.3)

The example of Section 3.2 can be put into the configuration of

Figure A. 1 by defining the feedback transfer functions

= 
U
M(
:)
) ~ .S8s

~~
14. ±2.S8(2

1~~~)
\

s —(3+.~~)s--~’~~, —2 \

and 

-

s+8 o.-~2 
-
~
-

1 1I H (s) = ~
—

~ —-~
- ~~- t C ~. 1S .

~- 
- 

— — A . —
2 L~s)

_ i~ I - — 
~~~~~~~~~~~~~~~~~~~~~~~~~~ —-- ---
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R(s) 
~I G(s)j 

S
~1Pn (S) I Y S

M(s) 
_ _ _ _

[ H s  ~~~~~

Figure A .l. General feedback control configuration.

+
q~~~~U(s) 

‘-[~~(s)j  
Y(s)

H(s) j -~--~

Figure A.2. Feedback control for the c o u n t e r e x a m p l e .

~~~ 
j +H 1(s)~ 

U(s)
1~~(~~ YCs ) - 

-

1H2( s )
~ -~D

Figure  A.3. Confi guration equivalent to Fi~ ’tre A.2.
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where N (s) is the Laplace transform of m (t) defined as

A.6. rn(t) = 2.88x
1 (t) 

- lO.18x 2 (t) (A.6)

and are defined as the observer gains in equation (20). In other

words , m (t) is the feedback signal resulting from y(t) = x2 (t); x1
(t ) ,

the first state of the observer (19); and the optima l feedback gains (17).

Figure A.2 is a block diagram of the examp le in terms oi

H~ (s) and P (s) ,  where

A.7. P(s) = (A .7 )
s~ -3s - 2

Figure A .3 is an equivalent representation of the feedback system in a

form similar to Figure A.1. Hence , for the example , we have from Figure A .3

and equation (A.2)

• A.8. S(s) = P ( s ) H
2(s) 

(A . 8)
1- 1 - H 1(s)

Substituting A.4, .A.5 and A.7 into A.S gives

4 3 .,
S -(8.88+22> s +(28.04-l.38 i+5 .S8

~~
,)s

~
’
~~
(25 .44_5.642

i
+6.64

~~
)5

_ 24. 8+3 .76 2 i_ 5 .  762 ,,
-‘ -, 

— 
. (A.9)

s4+(1 .3 0- 2 2) S ” _ (l 2 . 6 8- 2 144.30L 9 ) s _ ( l 5 . 2 6 _ 4 . 3 O 2 +2 .29 ~~~) 5

~
4 .44+2 .222 i

Equation A .9 in conjunction with the sensi t iv i ty  reduction cr i te r ion  A .3

- . gives the inequality (21) in Section 3.2.
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