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A Note on Bayesian Simultaneous Linear Regression
with Constant Slopes*

Charles Lewis
University of Illinois at Urbana-Champaign

Abstract

This paper refines and extends the work of Shigemasu(1976)

on simultaneous estimation of regressions in m groups. The

posterior model estimation equations are restated in terms

of sufficient statistics thus reducing the amount of compu-
tation required at each iteration and the amount of computer
storage required. New estimates from marginal modes are also

provided. The work is also extended to the two-way layout.

*The research reported herein was supported in part by ONR grant
#N00014~-77-C-0428. The opinions expressed are solely those of
the authors and do not reflect the opinions or policies of the
supporting institution.
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Introduction

Shigemasu (1976) provided a Bayesian treatment of simultaneous re-
gression in m groups with multiple predictors. Specifically, he simpli-
fied an earlier Bayesian analysis of this problem (Jackson, Novicks,and
Thayer, 1971) by assuming homogeneity (across groups) of within-group
regression slopes. He retained a Model II (exchangeability) assumption
only with regar& to group intercepts. Shigemasu also extended the analy-
sis to include a two-way layout for the groups with Model III (mixed
model) assumptions for the intercepts. For both of these cases, he de-
rived joint modal estimates for the relevant model parameters (including
slopes, intercepts, and residual variance). The reader is referred to
Shigemasu's paper for a discussion of the applicability of these models
to educational situations and for examples of the success of the modal
estimates in cross-validation. The purpose of the present note is to
simplify the task of the data analyst in obtaining these Bayesian esti-
mates by rewriting Shigemasu's equations in terms of sufficient statis-

tics and to provide for some slightly modified and improved estimates

based on marginalization with respect to nuisance parameters. A simple

crossvalidation demonstmates the new method and its usefulness.
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Regression in a one-way layout

First, Shigemasu's treatment of the one-way layout (henceforth re-

ferred to as Model II) will be considered. Following Shigemasu's no-
tation, suppose there are m groups with n1
( : n1 = n), and p predictors. For individual k in group i, Yik
r:;iesents the criterion (or dependent variable) score, and L)

individuals in group i

(=1, ..., p) represent the predictor (or independent variable)
scores. The sufficient statistics for Shigemasu's Model II analysis

are the group means and pooled within-group sums of squares and cross
products for the criterion and predictors. Specifically, the group
means required are vy, and X for i=1, .. ., m; and £ =1, . . ., p.
The sums of squares and cross products needed are

m n

i 2 i
S . =3 Flr.-¥.), 8,* 2% Iy, -7y )= - X 5
=1 k=1 1k 1. ¥ i B LU 1.L”°
and
m n
- - - '-
SLL' > R (xik xi.l)(xikl' xi.l') for £, £ - FEREG e
i=1 k=1
Shigemasu's Model II, as given in his equation (1), (p. 159)
is
P
Yo = % + Lflxik Bl + ek for 1i=1, . . ., myand k=1, . . ., n,.

The variance component associated with the a, is denoted by ‘u’ and the

i
component associated with ®ix (i.e., the residual variance) is denoted

by ¢. Taking the standard structural and indifference prior distribution
assumptions and denoting the components of the joint modal estimate for

the parameters of this model as &1, ég’ ;c' and ;, these may be obtained

iteratively as follows:
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4.

Use the least squares estimates for a, and B-L as a starting point.

i
Specifically, start with §£ as the solution to the equations
P.
lflslsu. - syz' for L' - 1’ e o oy p,
and let

P
ZBinlfori-l,....m.

£=1

Take the value of $a to be

S P

m
-~ % _ = 2
% “a + ifl(ai a.) ]/(\’a +m+1),
where Aa and Vo summarize prior beliefs concerning éu (see Shigemasu,
1976, p. 161).
Take the value of ¢ to be

a 5 i 5
$evra s M+ £ 8 (BphgiSppe) - 2£z (ByS,) + 8
-1

£=1 L'=1 yy
m - P _ 2
+ Zao(y, =a, = I Bpx, p)°]
PRRE et PR SRR o B2 2 3

As before, A and v summarize prior beliefs, this time concerning ¢, and
are discussed by Shigemasu (p. 161). On the first iteration only, ¢ can

be obtained from the simpler expression
- P
¢ =) - Lflslsyl + s”]I[v +n+2].

Find new values for &1 and E by first obtaining

v, = 30/(3‘,l + ;/ni) fori=1, . . ., m.

Then take

m m
Yoo L (wy, ) tw

{=1 1°1. 1_11
and
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These are weighted averages of the group means. Let él be the solution

of the equations

A

j o m 2 o
151 BolSppr + (iltc) 151“'1("1.1 - x..l)(xi'l. - X p0)]

PRI m & A
- sylv + (’/’G) 121"1(71. = y..)(xi.l' =, x'-zi) for £' = Lyis s cen Pa

Then &1 are given by

= P . 2 ) BB
e *wily. ~ L8z )¥(A~-~w)(ly.. ~ I Bx..,).
1 1Y, e i -1 L8

Taking these values for o, and Bl’ return to step 2. The procedure should
be repeated until the values for $ and $a have stabilized. In application,

convergence typically occurs in five iterations or less.

The equations given above for 51 and $a are taken directly from (10) and
(12), respectively, given by Shigemasu on p. 163. The present equations

for EL and ¢ are based on Shigemasu's (6), (9), and (11), but required

some algebraic manipulation to achieve a form involving only sufficient

statistics.

It should be emphasized that a , By, ¢, and $a are joint modal esti-
mates. Thus, they are appropriate when the investigator is simultaneously
interested in all the parameters and has a 0-1 loss function (a miss is as
good as a mile) in mind. However, with very little effort,the above esti-
mation procedure can be modified to provide modal estimates for various

subsets of the parameters when the remaining parameters are not of primary

interest.
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Briefly, one begins with the joint posterior distribution of all the
parameters [given by Shigemasu in (3), p. 162] and integrates with respect
to the parameters one does not wish to estimate. Then one differentiates
the result with respect to the remaining parameters, sets these expres-
sions equal to zero,and solves the resulting equations for the parameters
of interest.

While this may sound rather involved, the results are simple to
relate: If ¢a is not of interest, subtract 2 from the denominator of the
expression for &a and continue as before. (Except, of course, that the fi-
nal value of 5& should not be reported). If ¢ is not of interest, sub-
tract 2 from the denominator of the expression for § (and ignore the
final value of §). If the Bg are not of interest, subtract p from the de-
nominator of ¢ (and disregard the final values of éz). The above three
results may be used in any combination. Thus, if one were only interested
in the joint modal estimates of the a s the denominator for ;a should be
v, 4+ m - 1 and the denominator for ; should be v + n - p. With these
changes, the steps given earlier should be followed exactly, but only
the final values of the &1 should be reported.

In application to simultaneous regression, primary interest focuses
on estimation of the slopes and intercepts within each group. It is these
parameter estimates that will be used for prediction as if they are the

correct values. Therefore decision theory suggests that ¢a and ¢ are




nuisance parameters for this decision problem. Therefore it is suggested

that the marginalization with respect to these parameters be done routine-

¥

ly. In such applications, ¢a itself is of little interest and an esti-
mate of ¢ can be obtained from its marginal distribution.
In the list given above, marginalization with respect to the ai is
not included, due to the algebraic complications involved. This is not
seen as a major difficulty, since it seems unlikely that an investigator would
wish to disregard group differences in reporting the results of a study
for which an m-group analysis was appropriate.
Shigemasu extends the simple m-group regression model to a two-way
layout. Still assuming homogeneity of regression coefficients across all

groups, he adopts Model III (mixed model) assumptions concerning the in-

tercepts. As before, the modal equations he obtains can be rewritten in

terms of sufficient statistics, although the resulting expressions are

more complex. They wil be given here in raw score matrix form,

following closely the notation used by Shigemasu on pp. 164-168 and es-

pecially relying on his equations (18)-(25). The reader is referred to

Shigemasu (pp. 164-166) for a development of the model and definitions of

the symbols used below.

Sufficient statistics for the Model III case may be written in

Shigemasu's notation as

G'G (diagonal matrix of cell sizes),

G'y (vector of cell sums for the criterion variable),
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G'X (matrix of cell sums for the predictors),

X'X (matrix of raw sums of squarcs and cross products for the pre-

dictors),

X'z (vector of raw cross products for predictors and criterion), and

v'y (raw sum of squares for criterion

To carry out the iterative procedure for obtaining joint modal estimates

of 8, T, a, Y, ¢, ¢a’ and ¢5, begin by taking $ = 0, ¢a =1, and 66 = .01,
say. Then obtain the following quantities:

¢
' Y S a0 T
1. V= (G'G) + (.»/4»5)(1m m 1@19) ® (1t % = t”a }t}t)

(NOTE: On the first iteration, V is just G'G.)
2. B=[X'0 - @OV IEDI Xy - @'®nvieyl,

= vy - @08l

1 A

=D+ @'y - 2@y - 28" (X'y) + T'(G'G)T + 21'(G'X)B + ' (X'X) ]/(vint2),

5. a = [to /(td, + 41T, -1 ),

whove T, =t 155 and T =t halint A
i. ij .. ij
- w wid ij
bt Sen ziiij'
7. ¢, = (O, + iai)/(va +m+2),
= o . ey
8. 5= (g + Zt(rij ., " YJ) /(vg + tm + 2),

1]

and return to step 1.

This procedure should be continued until the values for 6, Ju’ and $6 have

stabilized.




Rt cate i oo

é
’/;vf
g
@

Y e— T T T T T =r =y oy - . —

If one is interested in estimating the interaction terms (613)
instead of the overall cell intercepts (111), the new joint modal values
are given in terms of the old ones as

Gij = iij - &1 - ?J .
As with the one-way model, some marginalizations are easily carried out.

To eliminate any of the variance components ¢, ¢u. or ¢6 from considera-
tion, merely reduce the relevant demoninator by 2. Removing B, as before,
reduces the denominator of 5 by p. Marginalization with respect to T, a,
or y would introduce formidable algebraic complications and, consequently,
is not considered.

Finally, it should be noted that although Shigemasu (pp. 160, 166) de-
velops béth his models with each predictor centered at its respective grand
mean, such a centering is not necessary for solving the modal equationms.
Thus, if raw predictor scores are used, the intercepts obtained correspond
to the original origin for the predictors. Centered predictor scores, on
the other hand, give rise to intercepts relative to the overall predictor
centroid. Consequently, the investigator's choice of origin for the pre-
dictors should be guided primarily by considerations of interpretability

of the resulting group intercepts.
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UNIVERSITY OF PITTSBURGH
2029 O'FARA STREET
PITTSBURGH, P2 152132

Dr. Ron Hambleton

School of Education
University of Massechusetts
Amhcrst, MA 01002

Dr. Richard S. Hatech
Decision Systems Assoc., Inc.
350 Fortune Terrace
Rockville, MD 20854

Library

HumRRO/Western Division
27857 Berwick Drive
Carm=1l, CA G2021

Dr. Earl Hunt

Dept. of Psychology
University of Washinzton
Seattle, WA 98105

Mr. Gary Irving

Data Sciences Division
Technology Services Corporation
2311 Wilshire Elvd.

Santa Monica CA& 90403
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DR. LAWRENCE F. JCHNSON

LAWRENCE JOBNSON % ASSCC., INC.

SUITE 590z
2001 £ STRECT KW
WASRINGTCN, DC 20009

Dr. Ezra S. Krendel
Wharton School,DH/DC
University of Pennsylvania
Philadelpnhia, PA 19170

Mr. Marlin Krogzer
1117 Viz Goleta
Palos Verdes Estqites, CA 90274

LCOL. C.R.J. LAFLEUR
PERSONNEL APPLIED RESEARCH
NATICNAL DEFENSE HQS

101 COLONEL EY DRIVE
OTTEWA, CAMADA K1A 0K2

Dr. Frederick M. Lord
Educationzl Testing Service
Princeton, HJd 028540

Dr. Robert K. Mackie

Human Factors Reseazrch, Inc.
6780 Cortona Drive

Santa Barbara Reszarch Pk.
Goleta, CA 03017

Dr. Don=z1ld A Normzn

L'pt. of Psychology C-009
Univ. of Californiz, San Diego
La Jolla, CA 92992

Dr. Jesse Orlansky
Institute for Defense Analysis
400 Army Navy Drive
Arlington, VA 22202

Pr. Seymour 4. Papert
Massachusetts Institute of Technology
Artifizisl Intelligenze Lab
545 Technology Square
Cambridge, MA N2129
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Non Govt

1 MR. LUIGI PETRULLC
2421 N. EDGEWCOD STREE1
ARLINGTON, VA 22207

1 DR. STEVEN M. PINE
NG6D ELLIOTT HALL
UNIVERSITY OF MINNESOTA
75 E. KIVER RCAD
MINNEAPOLIS, MK 55u4E5

1 DR. PeTER POLSON
D:EPT. OF PSYCHOLOGY
UNIVERSITY OF COLORADO
BCULDER, CO 380302

1 MIN. RET. M. RAUCH
I
EUNDESMINISTERIUM DER VERTEID1GUNG
PCSTFACH 161
52 BONN 1, GERMANY

1 Dr. Mark D. Reckase
Educzational Psychology Dept.
University of Missouri-Columbia
12 Hill Hall
Columbia, MO 65201

1 Dr. Joseph W. Rigney
Univ. of So. Cazlifornia
Behavioral Technology Labs
2717 South Hope Strect
Los Angeles, CP 90007

1 Dr. Andrew M. Rose
American Institutes for Research
1055 Thomas Jefferson St. Nk
Washington, DC 20007

1 Dr. Leonard L. Rosenbaum, Chairman
Department of Psychology
Montgomery College
Rockville, MD 20850

1 Dr. Ernst Z. Rothkopf
Bell Laboratories
600 Mountain Avenu»
Murray Hill, NJ 0797H
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1 PRCF. FUMIKO SAMEJIMA
DEPT. CF PSYCHOLOGY
UNIVERSITY OF TENNESSEE
KNOXVILLE, TN 27916

1 DR. WALTER SCHMEIDER
DEPT. CF PSYCHOLOGY
UNIVERSITY CF JLLINOIS
CHAMPAION, IL 61820

1 DR. ROBERT J. SEIDEL
INSTRUCTIONAL TECENOLOGY GROUP
HUMRRQC
200 N. WASHINGTON ST.
ALEXANDRIA, VA 223214

1 Dr. Richard Snow
Szhool of Education.
Stanford University
Stanford, C2 Q42085

1 Dr. Fobeart Sternberg
Dept. of Psychology
Yalr University
Box 112, Yale Station
New H2ven, CT 06520

1 DR. ALEERT STEVENS
BCOLT BERANEK & NEWMAN, INC.
50 MOULTON STREET
CAMBRIDGE, MA 02138

1 DR. PATKICK SUPPES
INSTITUTE FCR MATHEMATICAL STUDIES IN
THE SOCIAL SCIENCES
STANFORD UNIVERSITY
STANFORD, CA 94205

1 Cr. Kikumi Tatsuoka
Computer Pascd Education Research
Laboratory
252 Engincering Research Laboratory
University of Illinois
Urban=, IL 61801

1 DR. PERRY THCRNDYKE
THE RAND CORPCRATION
1700 MAIN STREET
SANTA MONTCA, CA

o0l06
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DR. THOMAS WALLSTEN
PSYCHCMETRIC LABORATORY
DAVIE HALL 012a

UNIVERSITY OF NCRTH CAROLINA
CHAPEL HILL, NC 27514

Dr. Claire E. Wcinstein
Educational Psyzholozy Dept.
Univ. of Texas at Austin
Austin, TX 78712

Dr. David J. keiss

NE6D Elliott Hall
University of Minnesota
75 E. River Ro=d
Minncapolis, MN 55455

DR. SUSAN E.. WHITELY
PSYCHOLOGY DEPARTMENT
UNIVERSITY OF KANSAS
LAWRENCE, KANSAS 6604l
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