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FOREWORD

Nonconvex programming computer programs are an essential
part of the effective practice of operations research as applied
fto military, industrial, and economic problems. Many such pro-
grams, however, fail to converge, find only local optima, or
become unstable when applied to large problems.

This paper documents a computer program that can be applied

to a broad range of nonconvex programming problems. The program
is important in that it finds a global optimum in a finite number
of steps, and has proven to be stable for large problems.
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A. INTRODUCTION

Mathematical programming, a fundamental tool of operations
research, is frequently used to find solutions to optimization
problems arising in the analysis of military, industrial and
economic models. The utility of linear programming, applicable
to models in which all equations are linear, is well known and
one reason for the widespread use of linear programming 1is the
availability of computer codes for solving linear programming
problems. Many important problems, however, cannot be conven-
iently modelled in a linear framework. A brief survey of recent
literature reveals nonlinear programming applications to missile
allocation, failure diagnosis, media selection for advertising,
facility location, chemical process scheduling, design of
sewers, and so forth. For these types of analyses, nonlinear
optimization problems must be solved.

A major difficulty that arises in nonlinear programming is
the existence of local optima. Except when certain convexity
conditions obtain, nonlinear programming codes in general cannot
guarantee that the answers they produce are globally optimal.
Although the use of local optima may be useful in some cases,
basing analyses on local optima rather than global optima
defeats the purpose of engaging in mathematical programming.

It is therefore noteworthy when a computer code becomes
available that can guarantee a global optimum for a large class
of nonlinear programming problems--the class of separable,
piecewise linear problems--in a finite number of steps. Further,
the code can generate piecewise linear approximations to any
separable, continuous optimization problem and find a globally
optimal solution of the approximate problem. The code has been

&
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tested on a wide range of problems, and the size of problems
that can be handled is limited only by computer storage and run
time considerations.

The code is based on an algorithm by James E. Falk of The 1
George Washington University. A theoretical treatment of this
algorithm is reprinted in Appendix A, which also describes some
of the background of this approach. The algorithm uses branch-

and-bound to generate a sequence of linear programming sub-
problems.

An earlier realization of this algorithm, the NUGLOBAL code'’,
was found to have serious stability deficiencies in its linear
programming subsection when applied to large problems. The
code described in this paper, which is embodied in a program
named MOGG, was therefore developed to be stable and also to
correct some other, less serious, computational inefficiencies.

In particular, a linear programming package designed by John A.
Tomlin of Stanford and adapted by Paul F. McCoy of IDA was
incorporated into the new code. This linear programming
package has proved to be trustworthy.

This paper 1s divided into seven parts: Part B concisely
describes the types of problems the code will solve, and the
details of computing piecewise linear approximations to separable,
continuous optimization problems; Part C is a user's guide

explaining the input necessary to run Program MOGG; a sample
problem appears in Part D; Part E presents a flowchart of the
algorithm as implemented in this code; Part F remarks on some
of the error messages that may be encountered during a MOGG run;
and Part G comments on some of the important variables and
tolerances used by the code.

'Hoffman, Karla R, NUGLOBAL--User's Guide, Technical Memorandum
Serial TM-64866, The George Washington University Program in
Logistics, Washington, D.C., March 1975.
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Appendix A has already been described. Appendix B is a

description of the linear programming package and Appendix C

contains a complete FORTRAN listing of Program MOGG.

B. PROBLEMS TO WHICH MOGG APPLIES

Consider the problem P-1

' minimize Fl(x)

where X = (xl---xn)
P-1 { subject to Fi(x) < by L s e
Fy(x) = b, 1=q+l,...,m
\ 2. < %, < SRS o [
09 T & Uy e,

We will assume that all Fi(x) are continuous over the
rectangle ZJ < Xj < uj J=1,...,n (this condition is actually
somewhat stronger than necessary, see Appendix A). With no
further restrictions, this problem in general cannot be
solved. However, if each Fi(x) is separable, i.e., if each

Fi(x) can be written
E
F,(x) = R o (3 )
3 j=1 3 s [y

then we can approximate Problem P-1 by a piecewise linear
problem in the following manner. Consider Figure 1 which, we
will imagine, depicts some Fij(xj) for Zj < xJ < uj. Let us
divide the interval [2j, uj] into t intervals by specifying the
points {z;, z},..., zg}, which we shall call "cuts" where all

that we require is
i 1 t
Re = 2, € 7, Kwsex gt = 3
J J J

Now we define a new function ﬁi (zj) for £, € 2, ¢ 1

J

follows:




Figure 1. A TYPICAL Fij(xj)

k /
- R k+1 k k

1
for - [z?, z?+ by "B L, B
It is easy to see that Fij(zj) is continuous and piecewise
linear. Figure 2 shows the approximation ﬁij(zj) to the function

Fij(xj) of Figure 1, for the choice of {zg...zg} shown (here t=6).

Figure 2. THE APPROXIMATING FUNCTION ?ij(zj)
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When lJ and uJ are finite, as is often the case in applications,
then it follows from the first theorem of Weierstrass that by
increasing t, and by judicious choice of the cut points

233

(according to most of the standard measures of "closeness").

{zg...zg}, we can approximate F,.(x,) arbitrarily closely

In this way we have constructed an approximation to Problem
P~1 which we shall call P-2:

n
g o 7 = =
minimize Fl\z) = Z Flj(zj)
Jj=1
where zZ = (Zl"'zn)
-~ n ~
pP-2 ﬁ subject to Fi(z) = le Fij(zj) < bi 1=2, |
~ n ~
Fi(z) = _Z Fij(zJ) b i=q+l,...,n
j=1
L zj < zj < uj d=t e < saitte

Program MOGG constructs the Problem P-2 from P-1 and finds

an optimal solution thereof. Interested readers are referred
to Appendix A, which discusses this approach in greater detail
and which describes and rigorously justifies the algorithm
employed by MOGG.

C. USER'S GUIDE! §

This section provides the information necessary to use
Program MOGG. The notation is from Section A. We make the
following conventions. For any variable xj, if at least one
Fij(xj) is nonlinear, that is, if it is not of the form aij'xj

1Tn this section, @ will represent "zero" and 0 will represent \
the letter "oh." |
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where aiJ is a constant, then we will say that xj is a nonlinear
variable. Otherwise, we will say that xJ is linear. If xJ is
linear, then Program MOGG assumes QJ = g and uJ = +o, When

this is not the case, then treating XJ as a nonlinear variable
with 1 cut to enforce the upper bound is permissible. Follow-
ing are the input specifications for MOGG.

Two types of input are required: a user-supplied sub-

routine and data cards. We describe the subroutine first.

Subroutine GETPHI

One component of input necessary to use MOGG is
Subroutine GETPHI (I, J, X, F). Called by MOGG, and given the
values of I, J, and X, GETPHI must set F equal FIJ(X). The
value of X supplied by MOGG will always equal some cut z?. The
value of J will never correspond to a linear variable. At
present, no user-supplied read-in capability is provided. It
is an elementary matter to modify MOGG to build in such a
capability.

Data Cards

Specification Card

Columns Entry Format
1-5 NMROWS - the number of rows of I5

Problem P-1, corresponds to m of
Section A. Note that this includes
the objective function.

6-10 NUMVAR - the number of columns of 15
Problem P-1, corresponds to n.

1L1=15 MAXLP - the maximum number of calls i
to the linear programming subsection
permitted (1@4@ is a typical choice).

16-20 KBUB, = 1 if an upper bound for the 15
optimal solution is to be provided,
otherwise leave blank.

g e . e e




21-25 IXPRIN, = 1 if the user wants printed 15
all feasible points found, otherwise
leave blank.

26-342 Kl, = 1 if the user wants all LP I5
solutions printed, otherwise
leave blank.

31-35 K2, = 1 if the user wishes to see the I5
packed LP matrix at the beginning
of the run, otherwise leave blank.

36-4g K3, = 1 will print LP iteration 5
information. Use for debugging
only--leave blank for general use.

41-45 K4, = 1 if the user wishes to see the I5
brarich and bound list after each
stage 1s completed.

46-5g9 K6, = 1 if the user would like to 13057
scale the LP matrix by dividing
each row by a power of 2 near the
geometric mean of the largest and
smallest (in absolute value) nonzero
entries in that row.

Upper Bound Card

This card is included only if KBUB = 1 on the Specification
Card. It contains the user-supplied upper bound (Format: F1@.6).

Relation Cards

These cards specify the row type. Enough cards are
necessary to allow 2%*NMROWS columns which are considered to be
numbered sequentially. Columns 1 and 2 contain b@ (b=blank,
fg=zero). For k=2, ...,NMROWS, columns czk-1 and 2k contain

-1 if row k of the input problem is an equality,
bl if row k is an inequality (only < is allowed).

Contrary to the notation used for Problem P-1, inequalities

and equalities may be listed in any order.

=~

Ll




ik

Convexity Cards

These cards contain the convexity flags. Enough cards are
necessary to provide NMROWS columns, numbered sequentially.
Column k contains a @ if k=1 or if row k of the input problem
represents a nonconvex constraint. If row k represents a
convex constraint, column k contains a 1. When unsure, the

user should use a @.

Bound and Cut Cards

For each variable, there is a set of cards as follows.
Columns 1-5 of the first card contain the variable number
(format I5). These numbers must start at 1 and increase up to
NUMVAR. Columns 6-18 contain the value of the variable NOINC
(format I5). For linear variables, NOINC = @ and no further
entries or cards are required. For nonlinear variables, NOINC
is the number of cuts desired for this variable. NOINC is the
same as "t" in Section A. If NOINC # @, then columns 11-15
must contain either "AUTO." or "MANU." (format A5). The period
must appear. If "AUTO." appears, MOGG will automatically make
the cuts. The next card must contain the values of £, (columns
1-14) and Uy (columns 11-2@) for this variable (format 2F1@.6).
No further cards are then needed. If "MANU." appears, then the

values of z’ to ZNOINC must appear, in order, on the next cards.

J

Each z? occupies an F1@.6 field. As many cards as necessary
are to be used.

Right Hand Side Cards

Enough cards are required to provide NMROWS Fl1@.6 fields.
These contain, in order, the right hand sides of Problem P-1
(the bi)' The first field, corresponding to the objective
function, must contain @.4.

O e < T ——
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Linear Variable Cards

For each linear variable, in order, enough cards are

required to provide NMROWS F1@.6 fields. The kth field contains

the coefficient of the linear variable in row k.

Variable Names Cards

Enough cards are required to provide NUMVAR A5 fields.
These contain, in order, alphanumeric names for the variables.
If no variable names are desired, then a sufficient number of
blank cards must be supplied.

Problem Title Card

Finally, one card must be provided for the problem title.
Any alphanumeric expression will do.

D. SAMPLE PROBLEM
This problem is discussed in Section 4 of Appendix A.
Minimize 2xi - 9xf + 9x, - 2x: + 9x: - 9x,

subject to 6xf - 18x,

IN

0 :

-6xf 4 18x,

IA

9

3.
Figure 3 is a 1listing of the subroutine GETPHI. Figure 4 ,

reproduces the data cards for this problem. Figure 5 shows the
MOGG output. This run took 3.7 seconds of CPU time (on a CDC 6400

0 2 x4, X,

IA

computer).
SURKOUTINE GFTPHI (TeugaXoF)

F=Nat
GOTO(100,2004300) 0T

1n0 TF(JeFCRa)IF=),0X083ay axX®xeq aX
TR UeFGePIF2(@2e) #XBE4Q, 0 XX, #X
RETURM

200 TF(JeFLe1tF=neXex
TF(JeFbeP)F=(=18,) X
RETUK®

AN TR (JeFLaIF=(=he)ox®x
TF(JeFQRap)IF=18,%x
RPETURN
FND

Figure 3. SAMPLE GETPHI
9




- 3 “ i 4 - (i — = . q.lu .v..

W37804d 3ITdWYS 304 SQYYI ¥Yiva " 34nbiryg

.nson n

I.u&ﬂ‘nuﬁ.u%m.-hwﬂanx 5750 305 8% nﬁhﬂﬂ!ﬂ#.n‘gﬂkﬂﬂlﬂ

o8 6L 2~ LR/ B/N/ ?»w,uvw..o—.-.i_?a-. At A
66 mwm_m _ 6665 omenmmnamoma 8 “mmmm.aamm m_macm 5666666666666666 amnoaemaunoaun oo
' ' e ' '
M—n cunnun amwm-wnunwaw_mnsawmuuaa—mumaunauwuauuaunc-_ou“n-oasauv,u _-o-?-nue-onnnn-o..o.
% om m----~__----ss_nssﬁhnhsss.‘hshsﬁ-----_-h- m---~f-----n~_-nhhh-n~“
o) [*2 *
" H L wewgwwouom._wowwowowuo_wwomwmmoww_wwmw_.wwwwww_womw”wcwow _wwwwuwww__wmuwaawwuwuuowauuoouoJ,
Bis | |
m—m 2 9 wmmnmmmnmm_mmmmwmmmﬁmmmmmmnnmmmnnmmmmmmmﬁmmnmnmammmﬂmmmmmmmnmmmmmmmmmmmmmmmmmmnnm_
gL L { {
M—u mm 5 mvvﬁ«.vvvvvvvvwcvwvvvvvvvvvvvvewvv-vv~v.vvwvvv~vwonvv_wvvvvvvvvnvvvvvovvvvvvwnvvvnv:
3 3 z |
) _M_ g : ly Mnnnnnnn—.mn_nnnmnmnnnm_mmmnnn..mannmnnnnnmmmnmnnnnnnnn_mnnnmnnmnn_nnnnnmnnnnnnn—.n mnnn*
5 H S » =] |
n wn L > » mn 9--_---_~NN--NNN_N-‘.NNNN-NNNNNNN--~N~NNNNNN-N-NN~N~_N~NNNN~N~N, NNNNNNN_NN# {
m -y > = '
mm g mm MN M_—_—__——_:p———~_——_—_————_—_____—————__—_———-_——_w———_—_—._—————————_ ——_—————_—_—A
™ m h -l\“ ' “ ﬂ 3 P 08 b2 8. 12198 WL v €l ES’~0‘m’$—m. 1909 65 35 (5% .a-mﬂn.r_aSm~3=w¢w.vvnv_J _awgﬂ:‘ﬂ‘xnn_a_n_\nn-n?nﬁn-~ﬂ-~:}m_-_:_t—:» HeEeLIssy ﬂ_n .' |
Lm B oPEf el wEEE,E@:JZ2:::;2:_.:._:__:::;_PPE;EIQEZZ:.el_;.__,gi__:::_:;__ looooooo0oos
° o @il o o
I CLanaf sl ot B 0 n 0 i o 0 0 §-
Tl [P el Bt 3
THERL ol Ele =" o |g 0 socuwom |1 2cuom [ 2 cuom [ s cuom (I v cyom (0 ¢ cuom [0 z asom [0 1 cuom [
sl 82 2 2° S Sh | _
g ): 5 =1 Sl 8l 3 ; pot 2 €
F It 9 aly Sl MN o g [0 socuom _u L asom «u o asom ‘m s guom ‘D + auom __“_ € ayom *m z quom _D 1 asom [
s -
_mnumwmm_m_,T _ T1o
H o« St o 4 om I 0 & axom _m_ L 2HOM _m_ 9 quom _: s adom _u v avom |1 ¢ cuom [0 z quwom 0 + cuom 0
- 2
3 s 2" 3| gl 3L : ; ol i : 010
s al gl = i Mi 0 0 e cuom _m L adom ~c 9 gHom _D s asom | + qguom mm_ € ayom T zawom [0 1 asom [
s =)' 3| gf 5L _ ‘oLny! ; b
sl Sle 2f M.. am 0 8 auom “u L auom A: 9 auom AD s agom _: + Quom Vm € quom *D z auom | 1+ cuom D,
m' : m_ 30 ‘€ ‘0 |
Sle M~ 2 o aD 0 s avom |1 o avom _: 9 cHOM ~: s ayom i: v asom [0 couom [J zaom [0 _n_mOZ G
3 5|, sl _ _ -0Lnd9 _
”~ Ms.ac U e asom _m L adom _: 9 ayom _: s aHom _a v QuoMm T € ayom Wu z adom |l 1 cuom D
m_ mr-l > ‘0
o g [0 soauom —m L ayuom A_”_ 9 axom —: s asom _a v a¥Oom _: € qyown Lm z quom _D | quom z—
>1i0
D =
um 0 souwom |1 2 ovom [1 9 cuom (I s auom |1 v cuom |1 € cuom [0 z omom |1 + cauwom [
| _ I e
0 e asom wa L a¥om _m 9 a¥om _D s ayom _: * quom T € quom _u zgaom |l icoom mﬁ

| zuqao«a_ng:qw,,.




PROGRAM MOGGR=.FINDS GLOBAL SOLUTIONS TO APPROXIMATE PROBLEMS

PROBLEM INFORMATION

3ROWS
2VARIABLES
100 LP PROBLEMS WILL BE SOLVED
ROW TYPEe=
n1l
CONVEXITY FLARS== !
.14
VARIARLE CARDS REPKODUCEN== 3
1 6AUTA,
0. 3.100
? 6ALTA.
0. 3.L00
NHS CARD(S) RFPRODUCFD=-
0, 0. 9,000
FOR YOUR INpOPMATIUN VARJABLE NUMBER KLO KRO
1 1 4
2 8 14
STARTING TO ITERATE
STAGE «.PROGLEM LOWER BOUND UPPER BOUND BRANCHING VARIABLF
Neh '3'°67 ‘2-667 2
DONE WITH THIS STAGE
BLBs =3,667 » BuBg «2.667 s BRANCHING ON PRORLEM 0,09 VARIARLE NUMBRER 2
10 LB GT RUR
162 =3,500 «2,000 1
1e '3.500 «2,000 1
DONE WITH THIg STAGE
8182 =3,50n » RUBz =2e667 + BRANCHING ON PROBLEM 1,39 VARIABLE NUMBER 1
201 2,857 «2,857 0
242 LB GT RUR
DONE WITH THIS STAGE
61.8a =3.50n v AUBe «24857 o BRANCHING ON PRORLEM 1.2+ VARIABLE NUMBER 1
309 «2,857 -2,857 ]
302 LB GT BUR

wees=SAMPLE PRNBLEM
ORJECTIVE FINCTION AT OPTIMUM «248S7
VARIARLE VALUES AY UPTIMUM=e

X1 X2
1.71e 14000

Figure 5. MOGG SAMPLE QUTPUT
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Note some of the features of the output. The KLO, KRO
columns display the limits of the "k-sets" of Appendix A, which
are stored as a single variable array. For computational pur-
poses, linear variables are assigned a k-set in which KLO equals
KRO. MOGG prints "STARTING TO ITERATE" after completing its
data storage routines, and begins the branch and bound proce-
dure. Problems are numbered by their stage and their position
in that stage. After completion of each stage, a best lower
bound (BLB) and a best upper bound (BUB), if any, are displayed.
If no best upper bound is found, BUB will be set equal to 1.E74.
If no upper bound is found for an individual problem, the word
NONE will appear. In Problem 1.1, LB GT BUB indicates that the
lower bound for that branch is greater than the best upper
bound presently known, so that no further investigations along
that branch will be pursued. Problem 2.1 displays "@" as the
branching variable to indicate a terminal node of the branch
and bound tree.

Additional information can be requested on the specifi-
cation card. Most of the resulting displays are self explanatory,
however, the user should be aware of the following:

e When Kl=1, the LP solution will be printed in
"packed" form so that basic variables which
are equal to zero will be omitted.

e When K2=1, the packed (zeros omitted) matrix
will be printed by columns going across the
page, with the row number beneath the entry.
An identity matrix is annexed to the left
of the structural matrix.

e When K3=., the user should refer to Appendix B
for an explanation of the LP iteration printout.

e When Ki=1, the column beneath "FLAG" contains
the pointer used to divide the k-sets (x* in
Appendix A).

Le
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E. ON THE ALGORITHM

Appendix A contains a thorough description of the
algorithm. Figure 6 is a flowchart representing the MOGG
implementation of this algorithm using some notation from
Appendix A. The variable NOLEFT is the number of problems
left to solve in any given stage.

The linear programming code used by MOGG is described in
Appendix B, and listed in Appendix C. It was chosen for its
numerical stability, an important consideration when trying
to solve "real world" problems.

F. ERROR EXITS

MOGG makes numerous dilagnostic checks throughout its
operation and, under some circumstances, will terminate. When
this happens, a self-explanatory diagnostic message will be
printed along with a reference to the region of the code where
the error occurred.

' G. VARIABLES AND TOLERANCES

These common blocks provide interroutine communication for
MOGG. Block /FIRST/ contains mostly main program variables,
while /WORK/ and /BLOCK/ are primarily for the use of the
¥ linear programming subsection. Among the important variables
are the following (see Section A and Appendix A for terminology):
KLO(I), KRO(I): These define the lower and upper

boundaries of variable I's
original k-set.

W: This array is used by LINPRG to
return optimal LP solutions.

LFLG: LINPRG uses this to indicate infeasi-
bility of a subproblem.

CUTS: This array stores all the cuts z? .

13




Figure 6. MOGG LOGIC

Read in data

Set up problem
NOLEFT=1

BUB= unless provided

[ | Solve next problem in this
R stage. Set LB for this prob-
lem equal to optimal objec-
tive function value, if any

i

[ NOLEFT = NOLEFT - 1 |

|

Is this problem infeasible YES
or is LB > BUB?

J exit if in
NO ﬂth stage

Put problem on list, along
with LB and information for
tracing back up branch and
bound tree

AI

Create 0

]

Compute branching variable, if any,
for this problem and store it on list

Is ? a feasible point NO
of the approximate problem?
‘ YES
Compute objective function value

of §. 1If less than BUB, replace
BUB by this value

o B
t—o——{ DOES NOLEFT = @7 .
" (continued on

YES (next page)
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ZLSTNO
ZLSTPA

L3TKL
LSTKR
ZLSLB
IBRVR
FLAG

B

Figure 6. MOGG LOGIC (con't)

l |

Find lowest value of LB
of those nodes remaining
on the list. Call it BLB

{ T1s BLE = BUB? >—tES——|Find that

node on the
list fgr
INO which B

generated
Branch on node the present

coyresponiing £g value of BUB.
PEESSN. TR 8 is an opti-

of BLB. Remove it
mal solution

from the list.

Begin a new stage, {
set NOLEFT equal
to 2 or 3 CEEEE)

Seven arrays that constitute the list
representing the branch and bound tree.
ZLSTNO stores stage and problem numbers,
ZLSTPA stores the number of the immediate
predecessor of each problem, LSTKL and
LSTKR are the lower and upper boundaries
of the k-sets which distinguish this
problem (only the k-sets relating to

the predecessor's branching variable

are stored). ZLSLB is the objective
function value computed for this problem.
IBRVR is the branching variable for this
problem and FLAG is used to determine

the new k-sets when branching on this node.

These are used to store the packed LP
array.

This array stores the right hand side
values.




There are five tolerances specified by DATA statements
which are used by MOGG.
BUBTOL: Used to remove insignificant differences when testing
for the smallest BUB.
FEASTL: Margin within which & will be considered feasible.

DIFFTO: Removes insignificant differences when choosing a
branching variable.

DONTOL: When BUB and BLB are within DONTOL of each other, the
problem will be considered solved.

CUTTOL: Used to determine when the partition indicator (FLAG)
for a k-set falls on a cut.
All other tolerances are used by the linear programming
subsection and should be changed with caution. A discussion
of LINPRG tolerances 1is contained in Appendix B.

The arrays are presently dimensioned large enough to solve
most problems of interest. If the user wishes to redimension
the arrays, he is referred to the COMMENT statements at the
beginning of the MOGG code (see Appendix C). Note that the
variables MAXVAR, MAXCUT, LSTMAX, MAXROW and MAXA must be
assigned new values. At present, MOGG can handle

100 Original variables
1X00 Total lcufs
100 Rows
700 Entries in the branch and bound list
5000 Nonzero elements in the packed
linear programming array.

The MOGG routine has performed well on a CDC 6400 with
60-bit words. If round-off problems appear when the code is
implemented on machines with smaller words, conversion to
double precision is recommended.
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1. INTRODUCTION

An algorithm for finding global solutions of nonconvex
separable problems was developed by Falk and Soland [3] and Soland
[8]. The method is based on the branch and bound philosophy and
yields a (generally infinite) sequence of points whose cluster
points are global solutions of the problem. The implementation
of the method is severely limited by the necessity of computing
convex envelopes [4] of the functions involved although a number
of applications of the method have been made (e.g., [5], [9]).
These applications were possible because of the special structure

of the functions involved (e.g., concave or piecewise linear).

The traditional method for treating separable problems
involves calculating piecewise linear approximations of the func-
tions defining the problem and applying a modification of the
simplex method to the resulting problem (see, e.g., Miller (7]).
The modification amounts to a restriction on the usual manner of
selecting variables to exchange roles (basic to nonbasic and vice
versa) and will yield a local but not necessarily a global solu-

tion of the approximating problem.

In this paper we present a method that will yield a global
solution of the approximating problem referred to above. The method
is similar to the Falk-Soland algorithm but takes advantage of the
special structure of the resulting approximate problem and employs

the branch and bound philosophy to set up and monitor the solutions

of a finite sequence of linear subproblems.




e

Recently Beale and Tomlin [1] announced that they have developed
a similar algorithm which they have incorporated into their UMPIRE
mathematical programming system [10]. % - Dasic idea of their method
is the same as that of the algorithm detailed herein although their
rules for selecting branching nodes and branching variables are dif-
ferent, being developed from an integer programming point of view
while ours are modifications of the rules developed in the Falk-Soland
method [3] and its extension by Soland [8].

The problem which we address has the form
ninimize Fo(x)

problem Q { subject to Fi(x) Eh L=1,000,m

% X L

< <
= =

where £ and L are finite lower and upper bounds respectively on x .
We assume that each Fi (i=0,1,2,...,m) is separable, i.e.,
n

F (%) = jil Fij(xj) o ) P S "

and that each Fij is continuous. As extension to the case where

F is piecewise continuous is covered in Section 5.

ij

In Section 2 we define the approximating problem of problem Q
and construct the problem.obtained by replacing each of the functions
involved by their convex envelopes. A related problem is simultaneously
introduced and shown to give a sharper underestimate of the optimal
value of the approximating problem than does the convex envelope prob-
lem, It is this related problem which the branch and bound procedure
solves first to get estimates on the optimal value of the approximating
problem and to set up new problems if the estimates do not yield a
global solution,




A detailed analysis of the complete method is given in Section 3

and an example follows in Section 4. Some computational considerations

are given in Section 5.

2. THE APPROXIMATING PROBLEM AND CONVEX ENVELOPES

The approximating problem of the original problem Q is obtained

by replacing each function F by a piecewise linear approximation

ij

over the interval [2j,Lj] + One common method (see, e.g., [7]) that

is employed involves selecting pj + 1 grid points vy, in

JO""'prj

[zj, Lj] where yjo = lj and yjp = -Lj and using convex combinations
k|

of the numbers Fij(yjk) and Fij(yj,k+1) as approximations to the

values of Fij(xj) over the subinterval [yjk’yj,k+1] . Figure 1
illustrates this type of approximation,
) Fij
—t t —— + 4— X
L, = L
N B L TR - T Y3673
-+
-+
<4

Figure 1. PIECEWISE LINEAR APPROXIMATIONS

h=3
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Mathematically, we obtain this approximation by setting

N
Fij(xj) = fij(ej) where
) T L Pyl o
J
where Kj = {0,1,...,pj} ’ Bj = (ajoscu-’ejpj) if
PR (2.2)
keK, Ji 3k ]
J
keK Jk
h|
; g =

and if we add the further restriction that at most two of the weights

{® keK,} are nonzero, and if two are nonzero, then these must

jk F Yy

correspond to adjacent grid points. This last restriction is necessary

since without it one may obtain any point in the convex hull of the set

Wy, F, 3. P eesnly, F..(y. ))} which lies on the vertical line
¥307F15 03000 yJ.pj’ ij stPj
passing through xj . As we shall have occasion to refer to this

restriction later, we make the following definition.

The Adjacent Weights Restriction (AWR): Let KC:!% be a set of

consecutive integers. The set of numbers {Ojk ¢ keK} satisfies the

adjacent weights restriction if at most two of these numbers are nonzero,
and if ejs, ejt > 0 then either s =t -1 or s=¢t+ 1,

We shall use the symbol fij(ej) to denote the function defined

by expression (2.1) and the symbol fij(xj) to denote the function

fij(ej) constrained by relations (2.2), (2.3), (2.4) and the AWR.

Thus fij(ej) denotes a linear function of the variables

ejo,ejl,...,ejp while fij(xj) denotes a piecewise linear function
5
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of the single variable xj such as that illustrated in Figure 1.

Likewise
n

£46) = T £, ,.08.)
i Poltlls.

and

for i =0,1,2,...,m .

By replacing each Fi (x,) by its piecewise linear approximation

33
fij(xj) , we obtain the following approximate problem
. n
minimize f (8) = I b S : B N e
o j=1 ke, dK 0373k
J
n
subject to f.(8) = I I HER e Jyr=ih )
j 8 j=l kCKj Jk 1] ka il {1 = l,""m)
problem P {
z A =1 g = L ssesnd
kek, K
J
%k;O (j=L“”n;Rﬁ)
{6, : keK,} satisfies AWR (I = Lyens i)
| jk J
Here 6 = (81;62;...;6n) = (610,...,elpl;ezo,...;...;Ono,...,enpn) .
The solution value of this problem is offered as an approximation to the

solution value of the original problem, problem Q. The solution point |
e* of problem P yields an approximation to the solution of problem Q
via the relations (2.2), i.e.,
* .
j kix_ajkyjk J = Lisesynt
Problem P is the usual problem that is addressed when seeking

solutions of separable programs (see, e.g., [7]). The method of

"solution'" involves generating a basic feasible solution of the linear
A=5




program associated with problem P that satisfies the AWR., A
modification of the simplex method is then used to sequentially
change the basis until a local solution of problem P is obtained.
This modification amounts to a restricted basis entry rule which
insures that the AWR are always satisfied by the basic feasible
solution associated with each stage of the simplex method. Thus the

only nonbasic variables that may enter the basis at a given

ejk
iteration are neighbors of existing basic variables. If such a
variable is chosen to enter the basis, the outgoing basic variable
must be chosen so that the new basic feasible solution satisfies
the AWR. It may be shown that this method will yield a local
solution of problem P, so that if problem P is convex, the solution
will be a global solution. In particular, if problem Q is convex,

then so is P and a global solution is assured.

In this paper we are concerned with a method that will
produce global solutions of problem P. The method may be considered
a specialization of the method of Falk and Soland [3] and the exten-
sion described by Soland [8]. 1In this method it is necessary to
compute ''convex envelopes" of all functions involved in the problem
description over appropriate intervals. A number of convex sub-
problems are then set up and solved with the branch and bound philos-
ophy monitoring the solution values of these problems and guiding

the creation of new subproblems. The convex envelope of a function

of a single variable fij(xj) over an interval [zj, Lj] is that convex
i [~

function fij defined over [lj, Lj] such that, if dij is any

convex function on [zj, Lj] which underestimates fij at every

c
also underestimates f over

ij ij
[lj, Lj] . Roughly, the convex envelope of a function is the highest

point in [lj, Lj] , then d

convex function which underestimates that function over the appropriate
interval., Alternate and more general definitions and relations con-

cerning convex envelopes are found in [4].

A-6
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We are interested in determining the convex envelope of the

piecewise linear functions fij(xj) defined by the relations (2.1)

through (2.4) together with the AWR. It is clear geometrically, and
not difficult to show analytically, that the convex envelope of this

function over [ Lj] is the function fi§(x D It

: i b
c
£, (x,) = min P 6B (y..) 2.5
1y MR R Yy e
J 3
gty T8, ¥ wx (2.6)
kek JK Ik 7]
]
T B 1 (2.7)
keK, jk
J
ejk >0, keKj . (2.8)
Note that we do not impose the AWR on the definition of fi§(xj) .
We illustrate this definition in Figure 2 which may be compared to
Figure 1.
£ (%
1 Thie ]
-+ t } 4 i Po— x
- ; 3
~e
~
S~
o ~
~
c g
1

Figure 2. CONVEX ENVELOPES
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Thus the calculation of fij(xj) at a given point x, involves

3

the solution of a linear program, The first subproblem addressed by
the method described in [8] would be

n
c c
min fo(x) jil foj(xj)
- n
subject to fi(x) = jZ f j(xj) < b (L = 1....,m)
L <x<L.

This is a convex program whose solution value serves as an underestimate
of the solution value of problem P, Because of the piecewise linear

nature of the functions f;j 5

to a linear program. This approach, however, invelves explicitly

it is possible to convert this problem

calculating the functions f © for each i and j + Moreover, it

ij
would be necessary to do this for a number of problems of the above
form., We may avoid these calculations by considering the related

linear program:

t n
6) = z
mtn Tt j=1 kzx 3" °j(y1k)

n

1 Jsubject to £ (8) = L I (y.,) &b (1 =1,...,m
i yui kel(j Jk ij ik i
X 0 =1 (j=l,...,n)
kek, K
i
: ejk;0 (j=1....,n;keKj) .

Note that problem Pl is similar to problem P except that the AWR are not
present., Moreover, given a feasible point 8° of problem P, it follows
that the point x° defined by

X, = z

i keKj

A-8
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is feasible for the convex envelope problem by virtue of the
inequality

(4 o o
fij(xj) ;fij(e ) N

It is, however, possible that the convex envelope problem has feasible
points x for which there is no feasible 6 satisfying the above
expression., For if x is feasible to the convex envelope problem,
for each i = 1,...,m there must be a vector i which satisfies
conditions (2.6), (2.7), and (2.8) together with the conditions

fi(e) ;'bi . This, in itself, does not imply the existence of a
single vector which satisfies all of these conditions. On the other
hand, any point feasible to problem P is also feasible to P1 so that
the solution value of P1 offers a valid lower bound on the solution

value of P,

3. THE BRANCH AND BOUND ALGORITHM

In this section we present an algorithm to calculate the global
solution of problem P which is based on the branch and bound philosophy
(see, e.g., [6]). The algorithm considers subsets of a linear polyhedron
containing the feasible region F(P) of problem P, A lower bound on

the optimal value of problem P is found by minimizing fo(e) over each

of these subsets and selecting the smallest of these. A check for
solution is made which, if successful, yields a global solution of P.

If the check fails, the subset corresponding to the smallest lower bound
is further subdivided into either two or three new linear polyhedra and
the process continues as before with new and sharper bounds being deter-

mined. The process is finite and terminates with a global solution of P.

As is customary with branch and bound procedures, the algorithm
is described in terms of a branch and bound tree, (See Figure 6 for an
example.) The nodes of the tree will be identified with the symbols

Nl, N2, N3,... and each node Ni will correspond to a linear subproblem

pl of problem P, It is convenient to also use the notion of a 'stage."

The first stage of the method consists of problem Pl (or node Nl) and
A-9




its solution. The second stage of the algorithm consists of problems

P1 together with either 2 or 3 new subproblems created from problem Pl.

A hew stage is created when a previously solved subproblem is chosen
for branching and new subproblems are formed. For example, the tree of
Figure 6 illustrates that 8 subproblems were formed in 4 stages. The
first stage contains node Nl; the second contains nodes Nl, Nz, N3
and N“ ; the third stage contains these nodes and the new nodes

N5 and N6 , and the fourth stage contains nodes Nl through N8

With each node Nt there is associated a linear program of the

form
- n
minimize f (8) = I £ 6, F .(y. )
o P ksKj jk oj ik
n
subject to fi(e) S, eijij(yjk)'z bi (i=1,...,m)
¢ j=1 keKj
problem P~ ¢
'[. e = l (j-l.ooa’n)
keK 3k
i
ejk 20 (3=1,...,n; keKj)
t
| ejk =0 (3=1,c004m} kév(j)
where the sets K; (j=1,...,n) are subsets of consecutive integers
of the sets K, . Note that each problem is a linear program and that

]
these problems differ only in the constraints ejk = 0 (Jelyeesqens ktK;) .

Problem P1 has K; = Kj (j=1,...,n) so that problem P1 resembles problem P

except that problem Pl does not have the AWR imposed on it. Let F(Pt)

denote the feasible region of problem Pt and F(P) denote the feasible
region of problem P. Note that

F(P) = F(?L) (3.1)

A-10
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and that F(Pl) is a linear polydedron whereas, in general, F(P) is i

not even a convex set, Assuming F(P) # ¢ , problem Pl will have
at least one minimizing point 81 . In general, let 8t denote a

solution of problem Pt, if one exists, and set

t t
LB(t) = fo(e ) if 8~ exists
+o otherwise, t
It follows that
LB(t) g min {£ (8) : 6cF(®") NF(®)} . (3.2)

It is sometimes possible to obtain an upper bound on fc(e*)
from problem Pt. In fact, 1if E is any feasible
point to problem P, the number fo(g) will be an upper bound on
fo(e*) . Using the vector 6t (assuming it exists) we may, at little
computational expense, attempt to construct a vector gt which is
feasible to problem P according to the following rule:

Compute the vector xt using the relationship

t t
% = I 6. .v (=lyvecegt) .
b kek, jk7jk

v
We then compute a vector g% which satisfies the AWR and the relationship

xt = I 8
3 keK,

t
jkyjk (j=l,...,n)

This computation is straightforward since each xt must be in some

3

interval [yj,k" yj,k'+1] and hence may be expressed as a convex

combination of the two adjacent points Lt this

IR R RO

vector gt also satisfies the constraints fi(e) b (ol eve ) 5

b
*

the number fo(gt) serves as an upper bound on fo(e ) . We define

A-11
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the quantity

fo(%"‘) 1f 8% is feasible to P

UB(t) =
otherwise

so that

*
fo(e ) < UB(t) (3.3)
serves as a complementary inequality to (3.2).

In general, the 2-th stage of the algorithm consists of problems

Pl,...,PL together with their solutions 61,...,6L (if they exist)

and the quantities LB(1), UB(1),...,LB(L), UB(L) . A node (or equiva-
lently, a problem) from which no branching has yet taken place (from
which no new problems have been created) is termed an intermediate node
(intermediate problem). The set of all intermediate problems at stage £
is denoted by I(2) . At stage one, I(2) = {1} , and, if three new

problems are created to form stage two, I(2) = {2,3,4} .

The algorithm is to be constructed in such a way that

FR) . u . FEY . (3.4)
tel (L)
)

We define the quantities

BLB(2) = min {LB(t)}
teI(R)

and

BUB(R) = min {UB(t)} .
t=1,...,L

Then (3.2), (3.3) and (3.4) imply that
BLB(L) < £ (87) < BUB(L) . (3.5)

This is the basic inequality which signals the completion of the
algorithm when equality is attained throughout. We will show that our
method of branching (creating new problems) sequentially sharpens (3.5)

stage by stage and will produce equality in a finite number of stages.
A-12




Check for Solution: If BLB(L) = BUB(L) at the f~th stage, an

optimal solution of problem P is 3t where UB(t) = fo(gt) = BUB(L) .

If BLB(2) < BUB(L) we must choose a node N*  for branching,

i.e., a problem Pt to create new problems which will sharpen the bounds
in (3.5). We shall use the notion that the numbers LB(t) represent

approximations to the quantities min {fo(e) 2 eeF(Pt)fﬁF(P}} . Since
we are interested in determining min {fo(e) : eF(P)] , we choose

the smallest of the numbers LB(t) to determine Pt, the problem wmost

likely to generate a global solution of P,

Choice of Branching Node: Choose an intermediate node N for further
branching where LB(T) = BLB(R) .

Actually the algorithm will converge if any intermediate ncde
is selected for further branching and it is sometimes convenient from
a computational point of view to use a different rule for branching.
A common alternstive is to select that problem which has been soclved
last for further analysis, since‘the data defining that problem are
on hand and data needed for the new problem are very similar. This
alleviates the bodkkeeping involved and tends to minimize the number
of times a particular branch in the tree is revisited. On the other
hand, the tree tends to grow larger than the tree our rule would grow
and would not be efficient if the total time required is largely a
function of the time required to solve the subproblems. In our applica-
tion, the amount of data required to distinguish one problem from

aﬁother is minimal so that this should not be a factor.

Having selected node NT for branching at stage & , we create

new subproblems by choosing a branching variable 0y (or, equivalently,

=3

The rule for selecting' Xy follows.

) and partitioning the set K§ into subsets of consecutive integers.

A-13




Choice of a Branching Variable: Compute each of the differences

I R
@0 F ) (3.6)
keK
J
for i=0,1,...,m and j =1,...,n ., Select J which corresponds

to the largest of these differences.

If all of these differences were nonpositive, upon s :mmirg

over j for each i =0,1,...,m we obtain

G A CI P (1-0,...,m) .
Thus
AT T
£ (6) < £,(67) = BLB(2)
and
AT 2
£,(87) £ £,(07) 20y (i=1,...,m)

Since gT satisfies the AWR, we see that aTeF(P) so that
BUB(%) < £ (8) < BLB(R)

that is, ET must have been a global solution of problem P, contradicting
our previous assumption. Thus, unless we are at a solution, at least
one of the differences (3.6) is positive and we choose J corresponding

to the largest of these quantities.

This rule for selecting a branching variable is analogous to the
rule suggested in [3] and [8]. Since, at a solution, all differences
(3.6) will be nonpositive, we are selecting a variable corresponding to

the worst violation of this criterion.

Note that not all differences (3.6) need be calculated at every

stage since some will automatically be zero. If the set {ajk : jeK?)
T 3T

satisfies the AWR, for some j then ej = ! so that all of the

corresponding differences (3.6) for i = 0,...,m are zero. Moreover,

A-14
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if F,.(x.,) 1is a convex function, the piecewise linear approximation

131

fij(xj) of it (equations (2.1) through (2.4) and the AWR) will also

be convex. If we denote this approximation by ¥ (x,) we have

ij 3
AT VT
T oR. Gy )= e ?..(y.
keKj jk ij 7 jk keKj jk ij 7 jk

)

AT ’
(Gj satisfies AWR)

|
o]
@
o
2

so that the corresponding differences (3.6) are automatically nonpositive.
Incidentally, this also proves that the algorithm yields a global solu-

tion of a convex program in a single ;tage.

Having selected variable J for branching, we now are in a

position to create the new problems of the (&+1)-st stage. Let
Kg = {p,ptlyeeccsdyeseyt} « Note x§ # pr since in ' this case

T T ¥ Pl A
er 1 while GJ’p+1 eoe = eJr = 0 and the difference (3.6) would

be zero. Likewise x§ # Fgp Note also that K§ contains at least

three indices for otherwise branching could not take place on this

T .
variable. We may assume that xJe[yJa, bi] where yJa is the

nearest left neighboring division point of x§ and Y Ib is the :

nearest right division point. We do not exclude the case where

T .
Xy = Y32 = Ygp » 1eeey where xg falls on a division point.

A-15




Recall that problems Pl,...,PL have been set up and solved

at the end of stage 2 .

Branching Rule (refer to Figure 3):

- T
Let KJ {k : keKJ and yJa}
¥ 1
KJ = {a,b}

T
K {k : keky and y, <y}

[
o

Referring to the general definitions of problem pt at the beginning

of this section, define a new problem pt by setting K§ equal to one

of the above sets if that set contains at least two elements. The

other index sets Kt are unchanged (i.e., K§

3

manner we may define at least two new problems (since Kg had at

- K§ (3#3)). In this

# xT) and possibly three new

: it
least three poirnts and L # X7 Y. ”
problems. These problems are numbered PL+1, PL+2 and PL+3

(if defined). Note that if a # b, the problem whose index set

K; = {a,b} must have only solutions with 0; satisfying the AWR.

The various possibilities are illustrated by example in Figure 3.

Only the, first possibility yields three new problems.
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3 %
x§ = 14,5.6.7.8 K] K 5
y Poe ¥ y y
al i I SR el Tt e
- G ahy Sl e ciagea
]
F e + ; 4 {4} {4,5} {5,6,7,8}
T
J
e 1 | L 1 {4,5,6} {6} {6,7,8}
[ T N T 1
T
X5
| | 1 | 1 {4,5,6,7} {7,8} {8}
= T T T~ 7\ 1
T
Lo
Figure 3. BRANCHING ON VARIABLE x

Beale and Tomlin suggest
two new subproblems are defined
notation, they set

i

KJ = {k : keKJ

+ T
KJ = {k : keKJ

so that the feasible regions of

overlap somewhat more than ours

- +
K. and KJ

sets
A

would be {4,5,6,7}

J

a different branching rule wherein

at each stage. Using the above

and yg SVp)

sae Yja = ka}

k+1 k+2

their problemé P and P

do. Referring to Figure 3, their

and {6,7,8} in the first

case while in the other three cases, their sets would define the

same subpfoblems as we do.
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In the remarks which follow we shall assume that these problems

4 PL+1. PL"'2 and PL+3 have been defined. The other case is similar.

We first note that

L+3
FR) NFEH Cr@ N ( U YY)
t=L+1

since any point 6 which satisfies the AWR and is in the set F(PT)

L+1 3

must be in at least one of the sets F(P ), F(PL+2) or F(PL+ ) (0

Since F(P)C F(Pl) it follows that

FR)CFE NC L FEH)
tel(2)

i.e., F(P)C U F(Pt) . Continuing in this fashion we verify
tel(2)

inclusion (3,4):

re)C U reYH (3.4)
tel(®)

L+1 L+2

Moreover, since any point in one of the sets F(P~ "), F(P~ °) or

PL+3

F( ) must lie in F(PT) we have

WUepeSyie U wo®y
teI (L) tel(2-1)

This inclusion must be strict since the point eT cannot lie in any

of the sets F(PL+1), F(PL+2) or F(PL+3) . For suppose

eTeF(PL+1) and KL+

J 1 o {p,aoo’a} . Then BT

JK = 0 for k = atl,...,r

T T
and Xy < Yia which contradicts the assumption that xJe[yJa, bi] .

These remarks yield

reve U reH E U reHE. Ereh (3.7
tel(L) tel(2-1)
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i.e., the sets k) F(Pt) are converging monotonically towards
teI(L)

the set P(P) .

When new problems are created for the (2+1)-st stage, new

lower and upper bounds are calculated. Note that

min (LB, B2, LB(e'*)) > La@D)
L+3
since F(PT).;E L. F(Pt) . Moreover, since the poii - 3T for
t=L+1

which fo(eT) = LB(PT) is not feasible for the new problems, it is

1ikely that the above inequality is strict. The above ianequality,
together with the definitions of BLB(L) and BUB(L) yield

BLB(1) 5 ... £ BLB(2) < fo(e*) < BUB(L) £ ... < BUB(1) (3.8)

so that the upper and lower bounds are converging towards the optim: i
value of P ., It remains to show that the process converges in a finite

number of stages.

Theorem. After a finite number of stages, the algorithm yields a global

solution of problem P,
Proof. At each stage of the algorithm an index Je{l,...,N} is

selected and the set K§ is subdivided into either two or three new

sets of consecutive integers according to the branching rule. Each of
these new sets contains at least two integers. Since there are but a
finite number of choices for J and a finite number of ways of subdivid=~

ing the original sets K, into sets containing at least two consecutive

J
integers, the algorithm would (if it continued) eventually produce prob-

lems whose feasible regions contained only points which satisfy AWR

(i.e., eventually F(P) = L} F(Pt)) . Such problems must be inter-
teI(R)

mediate problems since their regions cannot be further decomposed, and

LB(t) = UB(t) . Thus equality must eventually occur in (3.8) and the

algorithm is finite.
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4, AN EXAMPLE

Problem Q:

minimize F (x) = (2x3-9x2+9x ) + (-2x3+9x2-9x )

o 1 i 1 2 2 2

2

subject to Fl(x) -6x1 + 18x, 9
Fo(x) = 6x° . <0

2 1 2 -

0<=xl, x2,<_3

The feasible region of this problem is sketched in Figure 4.
There are local solutions near the points (0,0.5), (1.787,1.065) and
(2.738,3.000) with values -2.50, -2.97 and -1.46 respectively. The
subdivision points are taken at intervals of 1/2 starting at 0. These

values and the values of functions Fij at these points are displayed

in Table 1 and the results of linear approximatiocns are sketched in

Figure 5.

oL

3
Figure 4. FEASIBLE REGION FOR EXAMPLE
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. Table 1.
DATA FOR EXAMPLE

: %) 'u u "™ml*a)fe Y
0 0 0 0 0 0 0 0
w2 | s/2 =32 32 f 12 |-s2 9 -9

1 3 6 1 f2 3 am

si2)l o 2z mnndawpl. o w -

g -2 2 m] 2 2 36 -36

5/2 | -5/2 -75/2 715/2 | 5/2 § 5/2 45 ~45

3 o 54 54| 3 0 54 -5

For *) Fyp (%)

L e

Fla(xy) = =Fyy(x))

| i

| i

1%} * Ty TIPS SRS SO R S e
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Each subproblem has variable 6 = (61,92) = (610,....616;

ezo,...,eZG) . The data provided by subproblems is given in Table 2
and the branch and bound tree is illustrated in Figure 6. The global
! solution of the approximate problem is found to be the point

*

x = (1.714,1.000)

with objective function value -2,.857. This solution is actually found

at node 6 but not recognized until problem 8 has been solved.
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LB = -3.667
UB = -2.667

LB = -3.500
UB = -2.000

18 = -3.500 LB = -2.500
Ug = <2000 UB = -0.416

LB = -2,500
UB = -2,500

LB = -2.857
UB = -2.857

LB = -2.,000
UB = -2.000

LB = -2.857
UB = -2.857

Figure 6. BRANCH AND BOUND TREE FOR EXAMPLE




5. SOME COMPUTATIONAL CONSIDEILATIONS AND EXTENSIONS

In this section we point out some computational aspects of
the method, some possible variations, and an extension to non-

continuous problems.

We first note that each problem Pt contains m constraints
corresponding to the m constraints of problem Q plus n coastraints

of the form I ejk = 1 . Thus the Generalized Upper Bounding Technique

of Dantzig and Van Slyke [2] may be used to advantage here, and

especially if n 1is large compared to m ., This method allows one to

maintain a basis of size m x m .

Since each problem Pt is distinguished by the sets K;

need carry in memory only that information which identifies these

, one

sets, e.g., the first and last indices of the sets. Beale and Tomlin
(1) refer to these indices as "flags". The matrix identifying the

coefficients of the objective function and the first m constraints

of P is common to all problems Pt. f£'1ce the basic solution of a
problem being branched from is not feasible to the newly created

problems, it is not clear that the basis of each problem pt should
be carried in memory along with the sets K; . On the other hand,

the basic solution of a problem being branched from only fails to be

feasible to its descendants by virtue of one constraint and hence may
be useful in creating basic feasible solutions to the newly created

problems.

Once a point e(Q) is found which is feasible to problem Pt,

one could attempt to produce a feasible solution 3(q) which satisfies
the AWR by the device outlined in Section 3. The computations necessary 1

to produce such a point are fairly simple. If such a point g(q) may

be produced, one ‘can immediately compute fo(a(q)) and compare this
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with the BUB(2), updating this number if fo(a(q)) < BUB(L) .
In such a way one may be able to tighten the number BUB(L) at
each simplex iteration solving Pt and possibly come across an

*
optimal solution © of P during the solution of a subproblem t,
Of course, this solution would not be recognized as such until equality

oceurs in (3.8).

Finally, we point out a simple modifcation of the method that

will allow one to deal with piecewise continuous furctionsa F

ij °*
In order to insure that problem Q has a solution, we assume also that
each Fij is lower semicontinuous. The grid poiats {yjk s keKj;

j=1,...,n} are chosen so that all points of discontinuity of the

Fij's are among them. Let YK be a point of discontinuity of

FLJ and set
FIJ = : +lin FIJ(XJ)
7" Yk
o
Frg = FraUge)
4
FU = p +l:l.m FIJ(XJ)
SRS
The lower semicontinuity of FIJ at Yk implies that
o - o+
F/; S min {F 1 F ;} . Assume, for the sake of discussion, that

strict inequality holds, and define new indices K , K° and kt

corresponding to the quantities F. °  and -r+ respectively.

13’ FIJ J

These indices are to be ordered as i
- R
K-1<K < K <K <K+1

and 6+ are defined.

(o]
and corresponding new variables 6 eJK JK

JX '’
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= o= @ 0 . o
Problem P is thus redefined with eJK FiJ + eJK FiJ + eJK FiJ

- o +
replacing eJKFiJ(yJK) ’ BJK + eJK + eJK replacing BJK and

= +
{ooo.K‘l.K .KO.K .K+1.oon} l'eplacing KJ .
With these modifications carried out at every point of

discontinuity, the algorithm may be applied as before with no addi-

tional changes. Note that a global solution of problem P cannot have
- o o + )

adjacent nonzero pairs (GJK' eJK) or (eJK' eJK) unless the value

of FoJ(yJK) is zero, for otherwise the value of fo could be

decreased by setting egx = ] while still maintaining feasibility,

Even if FoJ(yJK) = 0 and one of the above pairs is nonzero, an

o

equivalent feasible solution may be found for which eJK =1 and
which gives the same value to fo(e) v
(s} el
In the case that Fry= FIJ (FIJ is continuous from the
left), one need only define two new variables, say egK and ejK »

and modify problem P as above. The case where F is right con-

1J

tinuous is similar.
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A DESCRIPTION OF THE LINEAR
PROGRAMMING SUBROUTINE LINPRG
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A. INTRODUCTION

The subroutine LINPRG solves linear programming problems
by the standard product form version of the simplex method, as
described in [1]. LINPRG is a slight modification of the code
written by John Tomlin to run the experiments presented in [4].
It was used again for the tests in [2]. An important feature
of the code is that basis reinversion is accomplished by LU
decomposition using Gaussian elimination. The reinversion
algorithm was developed by Tomlin and is described in [6]. It
uses a pivot tolerance in choosing the pivot elements so as to
compromise the goals of minimizing the creation of non-zero
elements and of pivoting on large elements to maintain numerical
stability.

B. INTERNAL WORKINGS OF LINPRG

Reference [3] provides background reference for this

section.

NOTATIONS
NCOL = number of variables (including structurals, slacks and
artifiecials),
NROW = number of rows (including the objective row),
Xx = the (NCOL - NROW) vector of structural variables,
s = the NROW vector of slack and artificial variables,

¢ = the (NCOL - NROW) vector of costs (objective function
coefficients),

A = the [(NROW - 1) x (NCOL - NROW)] matrix of structural
coefficients,

b = the (NROW - 1) vector of right hand side values corres-
ponding to the linear constraints.
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BASIC PROBLEM

minimize c¢x such that

Ax

v
o

b and x >

iV A

ACTUAL PROBLEM

maximize s; such that s > 0, x > 0 and

- | =r
objective row - 1 i & = 0T
i . =
-1 i s =
|
|
L4 1
" °
[ ]
| A Y b
slacks and AAJ el . 2Ee
artificials e X s
A

SET-UP PROCEDURES

Before calling LINPRG, MOGG packs the constraint coeffi-

cients

¢ |

k J

into the one-dimensional array A(:). Only non-zero entries are

stored. The location of coefficients is maintained by the row
index array IA(°:) and the column pointer array LA(-:).




[P -

value of NELEMth nonzero coefficient,

A(NELEM) =
IA(NELEM) = row of that coefficient,
LA(NCOL) = the first element of A(-:) belonging to

column NCOL,
the last element belonging to column NCOL.

L}

LA(NCOL + 1) - 1
The objective coefficients are placed in the first row. The

right hand side coefficients [g

in the array B(:). The type of each row is stored in array
ISTYPE( » )¢

} are stored in unpacked form

0 if ROW = 1 (objective row)
ISTYPE(ROW) = (-1 if equality (=)
1 1f fnequality (£ or >).

Initially the starting basis is composed of the slack and
artificial variables. On subsequent calls of LINPRG, the last
basis of the previous problem is used as the starting basis
with those variables excluded from the basis by MOGG replaced
by the correpsonding slack or artificial. The basic variables
are doubly indexed by the arrays JH(:) and KINBAS(-).

JH(ROW) = that basic variable that pivots on row ROW
KINBAS(NCOL) = pivot row of variable NCOL if it is a basic
variable; 0 otherwise.
Ve Major Subroutines

LINPRG uses 12 subroutines--eight are major, three are
bookkeeping, and one prints out the iteration path. The
eight major subroutines form the component parts of the sim-
plex cycle with LINPRG linking them together. Each cycle
through the following flowchart corresponds to one cycle of
the simplex method with a basic/nonbasic variable interchange.
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*
+

INYERT

FO?MC no yes
optimal BT?AN does the representation
or of the basis inverse
infeasible PR}CE need to be recalculated?
FT?AN
CHUZR

¥
UPBETA

,//// v
WRETA

a. INVERT (Invert the Basis)

INVERT starts with the list of basic variables stored
in the array JH(-:). Using the corresponding coefficients
stored in array A(°), it calculates the inverse of the basis
(denoted by B) using LU decomposition. The procedure is des-
cribed in detail in Reference [6].

In general, the matrix of basis coefflclients, B, is first
decomposed using Gaussian elimination into the product of a
lower triangular matrix, L, and an upper triangular mitrix, U:

B=LU and B~L = y~1ip-1

Once this is done, a representation of the basis inverse is
immediate since the inverse of a triangular matrix is a simple
rearrangement of the matrix itself. As an example

-1
Upy Upp Ugg l/u11 00 i —ulz/u22 olf1r o —u13/u33

=1 _ "
9} =(0 Usy Upsl = 0 Lo 0 l/u22 0110 1 —u23/u33

0 0 0 01 2/, 1|0 0 1/u

b
and likewise for L'l.

33

The LU decomposition of the basis is not unique and one
wants to choose that one which (1) minimizes the number of
nonzero entries so that storage requirements are reduced and
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the number of computation in the BTRAN and FTRAN operations are
minimized; and (2), involves division (e.g., l/ull, l/u22,

1/u33) by numbers as large as possible to minimize the growth
of errors (improve numerical stability). The search for such

a decomposition is guided by the tolerance ZTOLPV which will be
described in Section 3.

As shown above, the representation of the basis inverse

can be written as the product of elementary column matrices
E¢ (often called eta vectors):

B! = E_...E.E

& el
'Ll _q
U L
with

r =

1l nl

Et = ”p
e, X J

The eta vectors are stored in the one-dimensional array E(-).
The location of coefficients is maintained by the row index
array IE(:) and the eta vector pointer array LE(-).

E(NELEM) = value of NELEMth nonzero coéfficient,
IE(NELEM) = row of that coefficient,
LE(ETA) =

the first coefficient of E(:) belonging to
the eta vector ETA.

b. FORMC (Form the Cost Row)

FORMC checks to see if any variables are at a negative
value and, 1f so, computes the Phase I objective and stores it

in work region Y(.). Otherwise, it stores the Phase II objec-
tive, Y(1) = 1, in Y(-).
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c. BTRAN (Backward Transformation)

BTRAN computes the © vector (multipliers) and stores it

dn ¥ )
Yi(m) = X (Et"’EEEl)
objective passed from FORMC

BTRAN is called the "backward transformation" since it processes

the elementary transformation matrices in the reverse order
in which they were created.

d. PRICE (Price Qut the Nonbasic Variables)

PRICE computes the reduced cost, dj’ for those columns of
the coefficient matrix eligible to enter the basis (nonbasic
and not excluded by MOGG):

dy = Y(m)ACS)
(where A(J) is the jth column of the coefficient matrix).
PRICE then selects that column which will enter the basis,

JCOLP.

e. FTRAN (Forward Transformation)

FTRAN updates the column of coefficients corresponding to
the incoming column, JCOLP, and places the result in Y(:):

Yi= Et...EzElA(JCOLP)

FTRAN(1) is the normal FTRAN described above. FTRAN(2) uses
only the elementary matrices associated with the upper tri-
angular factor of B and is used only in the subroutine INVERT.
FTRAN is called the "forward transformation”" since it uses
the elementary transformation matrices in the order in which
they were created.




'+ f. CHUZR (Choose That Row Whose Basic Variable Leaves
the Basis)

CHUZR finds the pivot row, IROWP, using the ratio tests
described in [3].

g. UPBETA (Update the Values of the Current Basic
Variables)

UPBETA updates the current basic variable values stored
in array X(-) so that they correspond to the new basis.

h. WRETA (Write Eta)

WRETA computes the new eta vector (elementary matrix
Et+1) and adds it to the representation of the pasis inverse,

array E(-):

=]
[}
=

tHl p

where

= 1/Y(IROWP) for i = IROWP
1 -Y(1i)/Y(IROWP) otherwise.
(Actually, the divisions are done only when Et+l is used).

2~ Bookkeeping Subroutines

a. SHIFTR (Shift Values in the Work Regions)

LINPRG has two work region arrays, Y(.) and YTEMP(:).
Subroutine SHIFTR can shift around the values of any of the
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following four arrays:

1 2 3 4
B(.) X(+) Y(-) YTEMP( - )

For example, SHIFTR(1,3) places the values of B(+:) into array
Y(-), while SHIFTR(4,3) places the values in YTEMP(-.) into
array Y(-).

b. UNPACK (Unpack a Column of Coefficients from the
Constraint Matrix)

Subroutine UNPACK(JCOLP) unpacks the coefficients of column
JCOLP and places them in array Y(-:).

c. SHFTE (Shift Element of Array E(-))

SHFTE is a bookkeeping subroutine used by INVERT. It
is used to manipulate the elementary transformation matrices
associated with the upper and lower triangular factors of B.

c. LINPRG OUTPUT

Figure 1 is an example of output generated by LINPRG,

most of which was produced by the subroutine ITEROP.
ITCOUNT = iteration number (one cycle of the simplex method
is an iteration.
| I if current basis 1s infeasible.
i - F if current basis 1is feasible.
e if solution is unbounded.
blank if current basis is optimal.
OBJ VALUE = the current value of the objective function (if

STATUS is I, OBJ VALUE is the sum of infeasibili-
ties).

VECIN = the nonbasic variable coming into the basis.
VECOUT = the basic variable leaving the basis.

DJ = the adjusted cost of the variable coming into the
basis.

]

the number of eta vectors which form the current
representation of the basils inverse.

NETA
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NELEM = the number of nonzero elements which form the
current representation of the basis inverse.
TIME = 0.00, as the program timer currently 1s not
connected.
IROWP = current pivot row.
X(I) = the adjusted right hand side on row IROWP.
Y(I) = the current pivot element.

STABILITY COUNT will be explained in the next chapter.

Whenever INVERT recalculates the inverse of the basis, it
prints those statistics listed in Figure 1 under INVERT
STATISTICS. These statistics relate to the LU factorization
of the basis and should be of little concern in running normal
problems.

D. TOLERANCES AND OTHER CONTROLS

LINPRG uses preset tolerances to reduce the computer
running time and accumulated error. These tolerances may
need to be adjusted as the code is run on different problems
or computers. This section is an attempt to explain what these
tolerances do and how they should be adjusted.

Solving large linear programming probhlems involves adding,
subtracting, multiplying, and dividing many numbers. On any
digital computer there are round-off errors involved in repre-
senting numbers and in using them in operations. For most
programs the precision of the computer is such that the accumu-
lated error is negligible. Unfortunately, most linear pro-
gramming algorithms are designed such that operations are
performed on the results of operations and, when this is done
often enough, the accumulated error can grow to significant
levels even on precise machines. LINPRG uses the revised
simplex method. It carries along a representation of the inverse

of the current basis, B-l, which is a product of past computations

and has with it an accumulated error.

B-10




(Et is the most recently added elementary column matrix.) Each
time the basis is changed, a new elementary matrix is added

1

to B”~ and with it possibly some error. At some point the

1 will no longer be a good

errors may get out of hand and B~
approximation to the inverse of the basis. Since the algorithm

is vitally dependent on B—l, it can then wander off and do

ridiculous things.

The accumulated error is a function of the number of
computations and the size of the round-off error involved in
those computations. In general, the tolerances allow the code
to neglect insignificant numbers and, when choice is possible,
to perform those computations with the smallest round-off

(S350 &9

2 Tolerances Used in LINPRG

ZTOLZE is the zero tolerance used throughout the program.
Its purpose is to zero out any “background noise"™ and thereby
reduce storage requirements and the number of computations.
It should be slightly larger than the precision of the machine--

for our machine this is 2-60 = 10_18. If set too low, storage
requirements will be significantly increased. If set too high,

"good" numbers will be thrown away and accuracy reduced.

ZTOLCR 1s the pivot tolerance used in CHUZR. CHUZR
selects the old basic variable that leaves the basis and
thereby the divisor (called the pivot element) which is ad-
joined to the representation of the new inverse. That divisor
must have a magnitude greater than ZTOLCR. This keeps the
algorithm from dividing by small numbers and thus creating large
ones which would increase the chance of round-off error in
subsequent computations. If ZTOLCR is set too high, the
algorithm may go to an infeasible basis from a feasible one;
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it may even terminate with an unbounded solution when this
should not be the case. If ZTOLCR 1is set too low, errors will
grow rapidly when the algorithm is run on problems which are
inherently unstable.

IS

ZTOLPV is the absolute pivot tolerance used in the re- ﬂ
inversion subroutine INVERT. It functions in essentially the
same way as ZTOLCR. Increasing ZTOLPV increases the minimum
slze of the pivot elements in the new representation of the
inverse and thereby increases the stability. Decreasing ZTOLPV
will allow the representation to have fewer nonzero elements

and will decrease the number of computations required by the
algorithm. The tests of Reference [6] suggest the following
value:

ZTOLPV = (10° - max[aijl)—l

where aiJ are the coefficients of the current basis.

ZTOLPV and ZTOLCR are related in that the revised simplex
part of the code hands over a basis to INVERT which is non-
singular with respect to the pivot tolerance ZTOLCR. If ZTOLPV
is greater than ZTOLCR, then the reinversion subroutine INVERT
may find that, from its viewpoint, the basis is singular and
can not be inverted. Setting ZTOLPV less than or equal to
ZTOLCR will avoid this problem.

ZTCOST regulates the tightness of the terminating test.
If the minimum adjusted cost is within ZTCOST of zero, then
the algorithm terminates. It should be noted that this toler-
ance does not affect stability. If it is too large, the solu-
tion returned upon termination may not be optimal. If it is

too small, the computer time will become excessive as back-
ground noise dominates.




| s e

g 1

2. Reinversion

No matter how well the tolerances are set, at some point
the accumulated error will grow to significant levels. When
this happens, the representation of the basis inverse should
be recalculated. This is done by the subroutine INVERT.
(Reinverting is expensive in terms of time and should be done
only when necessary. To identify when it becomes necessary is,
in itself, a problem.) The accumulated error could be calcu-

lated directly by computing IIB_lB =g |
this would take about as much time as reinverting the basis
itself, as the FTRAN subroutine would have to be called for

each column in the basis in calculating B~IB.

Unfortunately,

l oo

An indirect measure of the accumulateu error which takes
relatively 1little time to compute is the STABILITY COUNT, which
appears in MOGG output for every call of LINPRG. It is com-
puted as follows. In the subroutine PRICE the adjusted cost,
dj’
negative is then chosen to enter the basis.

is calculated for each nonbasic variable, and the most

adjusted cost = dj(BTRAN) at. ¥3 ch°lA(j)

cj is the cost for variable j; y is the vector of the basic

costs; and A(j) is column j of the coefficient matrix. This

is done by using the subroutine BTRAN to compute the multipliers.
T = ch = c Et o e E1

This is done once and m is then applied iteratively to each

A(J) to compute the adjusted cost values in PRICE. 1 is

calculated by multiplying y and Et and then the result by

E and so on. Notice that the elementary matrices are

t-1

multiplied from left to right, thus BTRAN is called the
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"backward transformation.'" Once PRICE has selected the non-
basic variable to enter the basis, CHUZR selects the variable
to leave the basis. It needs the adjusted coefficients of the
incoming variable

L £
K(3) = B -a(3) = E, ..-E;A()) .

This computation is done by FTRAN which multiplies the
elementary matrices from right to left; thus FTRAN is called
the "forward transformation." Notice that with just one
vector multiplication, dj can be recalculated

dj(FTRAN) = ¢y

Theoretically, matrix multiplication is associative and thus
dj(BTRAN) should equal dJ(FTRAN). The only way they can be

I cbl(j )

unequal is if the "stability" of the representation of the
basis inverse has degraded to the point where the accumulated
round-off error generated in using it becomes significant.
The STABILITY COUNT is the number of times

|dj(BTRAN) - d,(FTRAN)| > ZTOLZE

J

occurs. Notice the rather subtle point that the STABILITY
COUNT says nothing directly about whether the current repre-
sentation of the basis is accurate. What it does say is that
if you multiply a vector by that representation the result will
be affected significantly by round-off errors. Since the
elementary matrix (which gets added to the representation of
the inverse at each iteration) is a product of such a calcu-
latien, it 1s iikely that it will also be in error.

It has been found experimentally that FTRAN accumulates
significantly less round-off error than BTRAN. For this reason,
when mismatches occur, dJ(FTRAN) is probably more accurate than
dJ(BTRAN). If both dJ(BTRAN) and dJ(FTRAN) are negative, then

the entering nonbasic variable should decrease the objective.
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' If dj(FTRAN) turns out to be positive, then we are probably
going in the wrong direction. At this point, LINPRG returns

te PRIECE to try agalinm. [f dJ(FTRAN) turns out to be positive
t once again, then the basis inverse is recalculated by calling
INVERT. —

There are two other reasons for reinverting the basis.
At each iteration of the simplex method, an elementary matrix
gets added to the representation of the inverse. At some
point the storage space will be exceeded and one must recalcu-
late the basis inverse representation. The storage space is
especially critical for all-in-core codes like LINPRG. The
other reason for reinverting is to improve the running time.

As the representation of the inverse gets larger, it takes
more computer time to use it. At some point it will become
advantageous to expend time reinverting the basis to reduce
the size of the representation of the inverse and, thus, the
time required to use it in the simplex method.

Figure 2 roughly illustrates how the computer time that it
takes to complete an iteration of the simplex method will
increase as the size of the representation of the inverse in-
creases. Figure 3 illustrates that the time it takes to rein-
vert the basis will generally remain constant once the algorithm
reaches Phase II. The key question, of course, is when should
the basis be reinverted to improve the running time. The best
solution is to access the program timer and keep track of the
time it takes for each iteration and then reinvert according

to some rule, such as:

Reinvert at iteration I if
1/2(ITIM(I) - ITIM(0)) x I > INVTIM

LINPRG does not use such a rule, since program timers are
machine dependent and make it difficult to transfer the code
from machine to machine. Currently, LINPRG reinverts the
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basis at least every 50 iterations. This appears to be a

reasonable approximation to a more sophisticated rule such
as described above.

3. Tolerance Values

Indications of tolerance problems are:

1 STABILITY COUNT greater than zero,

2 A large change in the objective value after reinversion,

3. Algorithm goes from a feasible to an infeasible basis,

it Algorithm takes more time than it should or goes

uritbounded when it should not.

The principal point to remember is that if the algorithm
does not behave as it should, the tolerances should be adjusted.
If one wants increased confidence in the solution, check to see
that the stability count is low or at least that mismatches
do not occur near termination. If mismatches occur, adjust
the tolerances and run again. If degeneracy occurs, perturbing
the right hand side by a small amount should help (this is called

"epsilon perturbation").

The following is a list of values for the tolerances. The
Orchard-Hays column are values suggested by Reference [3]. The
LINPRG column are those values used in LINPRG. The range val-
ues are the author's estimates of reasonable upper and lower
values for the tolerances. It should be emphasized that the
arguments for setting tolerance values are generally heuristic

and best values will vary from problem to problem.




Orchard-Hays

LIN

PRG

ZTOLZE )
ZTCOST 2
ZTOLPV 1g7 L
ZTOLCR 1072
INVFRQ ¥

10

10

10

10

50

-10

=10

-6

-4

iIA A

|A




Ex]

£2]

(31

4]

(51

(61

(7]
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COCOOOOOOOO0

lo
12
15
20
25
30

THIS PAQGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TODDC __

PROGRAM MOGG(INPUT40UIPUT4TAPE63OUTRHT)
#*8a®MAXVARy THE MAXIMUM NUMBER 0OF QRTGINAL vaARIABLESs DIMENSIONS
KILOgKROyKL 9k Ry XCOUED s XBEST, VARNAM
e®aa®MAXCUTy THE MAXIMUM NUMHBER OF INTERNAL VARIABLES DIMENSTONS
wyCUTS
svnew STMAXy, THE MAXIMUM LIST S1ZE ptMENSIOnS ZLSTNO, 7z STPA
LSTKLs LSTKReZLSLB 9IBRVR,FLAG
#®ea2MAXROWEMAXIMUM NUMBER OF RQWS (YNCe OBupCTIVE FUNCTION),
DIMENSIONS JCHK
se®esMaAXA DIMENSIONS A'1A
COMMON/FIRST/KLOU(100)9KRO(100) 9kb (10*) 9KR(1up) 9 XCUDED(100) 9 XREST
10100) 9w (1100) 9oCYTS(1100)2ZLSTNO(700) +ZLSTPALT00) s LSTKL(T0O),
2 LSTKR(700)+ZLSLB(T00) 9 IBRVR(T700) 4FL 3G (T00) sxBL (3) ,KBR(3)
3VARNAM(100) *PROBNA(g) YMAXVARIMAXCUT s STMAX9mAXROW I MAXA S
4 NMROWS yNUMVAR, ICHK (10V) *VALILF(G
FUMMON/WORK1/ R (350)4X(350)9Y(350) o YTEMP (350) 9A(5000) +E (5000)
1 IA(5000),1E(5000),LA(1302),LE(2002),ICNAM(1302,2),KINBAS (1302,
> JH(350) 2 ISTYPE (35¢) +NAME (2¢) oNTEMP (20) +CMIN,CONDERMAXSIFFEZ,
3 INVFRQeIOBJITRCWPoTTCHYITCHAY TTCNT. I TRFRQoyVINS IVOUT 4 JCOLP KNP
4 XSTAT,NROW,NCOLyNELEMyNETAyNLELEM, \LETAyNUFEMyNGETA,NUELEM,
& NUFTA9SUMINF K3
COMMAN/BLOCK/ Z1CLZE+£)OLPVeZTCOSToNQMAXGNTMAX INEMAXIQROIUMALQBA Y
1 GFI.ueo.QBLoOPL.QMI:0A008.0Cc05.0r.oGoQH.uy,GL.QM.QN,OO.QR,ou,oz
NATA T0BJyINVFRGYITRFRQ/195¢91000/
NATA ZTOLZE»ZTOLPVZTCOSI/ 1 E=dnrl, pabrl E=dny
NATA NHMAXoNTMAX4NEMAX/35042000,5000
NATA QRO,QUMA,WBA,UF T WEU)QBLQPL QMY s4HROW ¢4 HMATR 4HBAST
1 4HFIRS94HEOF 94H Y4H ¢ g4 = 4
nAT A QQOQB'QC'QEOQF’QG'QH'QI'QL'QM'ON.QUQQR'ﬂU'Qzl‘HA 0?“8 ’
1 4HC  44HE  94HF  96HG  44WH  ,6HL  sgHL  L4HM  geWn
2  4HO 14HR '4HU 4H 2 /
NATA BUBTOLSFEASTLsDIFFTOIDONTOL/1,F=l00leE=holeE=6sleg=6/
PDATA CUTTOL/1.E=8/
MAXVAR%100
MAXCUT=1100
LSTMAX=T00
MAXPOH=10°
MAXA=5000
wMMsSHMANU,
RUB=1 4r 70
#4897 1S SECTION READS IN DATA

RINT S
?oéznr(elnlpnoegnn MOGVwFINDS GLOBAI SOLUTLIONS TU APPROXIMATE PRO
RLEMS)
READ L0 oNMROWS ¢ NUNVARIMAXLP sKBUB s IXPRIN'KLIKE o I9K® 45
FORMAT (1015)
1F (KRUR (NE ,0) READ 12,8VB
FORMAT (F10,.6)
PRINT 15
FORMAT (1HO0, 19HPRCBLEM INFORMATION, /)
PRINT 209NMROWS
FORMAT(1H 920X9[1094HRUWS)
PRINT 25,NUMVAR
FORMAT (1H 420Xs11099HVARLABLES)
PRINT 30sMAXLP
FORMAT (1H 420X91104SX9c6HLP PROSLEMS WILL Bt SOLVED)
tF (KBUR «NE,0) PRINT 3598UD

-




TR TE,

35

40

45

c0

51
52

53
55
&0
65
70
s
80

S0

195

110

115

116

117

120
122

124

126

THIS PAGE IS BEST QUALITY PRACTICABLR

FROM COPY FURNLSHED 10 DDG e

FORMAT (JH 420X 422HUSER=SYPPLIED BUB 18°=4Flu.6)
1F(IXPRINeNE«0)PRINT40

FORMAT (1H 920X999HTHE USER REQUESTS TWAT ALL FEASIBLE POINTS founp

1 BE PRINTED)
TF(K1eNEsO)PRINIGS

FORMAT(1H 920XsSCHTHE USER REQUESTS THAT ALL LP SOLUTIONS BE PRINT

1¢0)
1F(K2eNES0)PRINT S9

FORMAT(1H ¢20Xy44HTHE USER REQUESTS THAT THe MATRIX BE PRINTED)

]F(KigNE.O)PRIN! 51

FORMAT (1M 420X,#3HTHE USER REQUESTS | P INFORMATION wE PRINTED)

1F(K4eNEC0)PRINT S

FORMAT (1H .aox.éengne USER REQUESTS THAT THe eNTIRE LIST BE PRINTE

10 AFTER EACH STAGE)
IF (K5 ,AEL,0)PRINT 53

FORMAT (1H 920X943HTHE USER REQUESTS tHAT THe MATRIX BE SCALEN)

READ 5S4 (ISTYPE(]I) s I=l9NMROWS)
FORMAT (4012)
PRINTEN
FORMAT (1HO 9 10HRUW TYPE==)
PRINT 654 (ISTYPE(L),1=21,NMROWS)
FORMAT(1H » 4012)
REAN 77y (ICHK (1) 9 1=]l4NMROWS)
FORMAT (80]1)
PRINT 75
FORMAT (1HQ 9 1THCONVEXTIY FLAGSe=,/)
PRINT RQO9 (TCHK (L) 9 1=]9sNMROWS)
FORMAT (1H ,8011)
«®®ayncw SET UP CUTS VECTORY KLO® ANP KRQ®™=
PRINT 50
FORMAT (1HO 2THVARIABLE CARDS REPRODUAED==9/)
Do 100 I=19+ANUMVAR
READ 1059NOVAR NUINCWORD
FORMAT(IS,150AS5) :
1F (NOVARGNE«I)CALL ERR(1)
PRINT 110,NOVAR,NOINC,wWORD
FORMAT (1H 9159159A5)
IF (NOINCogW,0) 1159120
1F(1+eEQe1) 116,117
KLO(I)=1
KRO(I) =1
Go TO 100
Ix=KRO(I=))e])
TF(IXeGTeMAXCUT) CALL ERRI(2)
KLO(I)=KRo (]1=1)4]
KRO(I)=KLO(])
6o TO 100
IF(1eEQel)l229124
KLO(I)=1
Go TO 126
Ix=KRO(I=1)e]
FF(IXeGTeMAXCUT)CALL EKR(2)
KLO(I)=KRo(f=1)el
FFO(KLC(I) eNOINC) o GToMAXCUT) CALL ERR(2)
KEO(I)=KLO (1) *NOINC
1F (WORDEQewWMM) GO TO 145
1lskLo (1)
12=kRo (1)

C=2

E—




130
135

] 140

145

' 150

15%
100
(o

9000

OO0

el
OO0

9010

9100

THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED 70 DDC e

READ 1309CYTS(I]1)9eCYTS(I2)
FORMAT (2F10.6)
PRINT 135,CLTS(1l)eCUTS(]2)
FORMAT (1N 92Gl0.%)
IF((I2=11)+EQ,1) )06V TO 100
[X=[2=]]=
00 laV yal,1x
CUTS(L1+4)=CUTS(I1) eJe(CUTRII2)=CVUTSII1))/NOINC
éc TO 100 )
CCNTINUE
#%easHERE IF WE ARE TO READ IN cUTS --aNUALLY
IwaKLO(])
12akRO (1)
READ 1509 (CUTS(J) 9J=1w,12)
FCRMAT (8F10,6)
PRINT 155, (cUTS(J) su=[We12)
FORMAT (1M 48Gl2¢4)
CONTINVE
e®uaswf HAVE CCMPLETEL READING 4OUNps AND CVUTS
DR£~T 160
FORMAT (1H0 ,26HRHS CARU(S) REPROQUCENe=s/)
READ 1650 (B(I)sl=] sNMRUNWS)
rORMAT (8Flg,6)
PRINT 1709 (B(I)9»]31,NMROWS)
FORMAT(IH 48G12¢%)

SET NROWeB(,) s ISTYPE (o)

NROW=NMROWS

pO 9:0n JJUslyNUMVAR
J1=xL0(JJ)

12=KRO (JJ)

1F (J1.EQeJ2) 6C TO 900
NROWaNKROW® )

CONTINUE

11=NMROWS*)

nO 9717 1=1l,NROw
R(I)=1
15Tsz;I)=-l
FONTINLE

ADD SLACKS TU COgFFICIENT MATRIX

NELEM= -

nCoL =’

N0 9100 [=19NRQW
NELEMeA\ELEMs ]
NCOL=NCOL*
TA(NELEM) =]
A(NELEw) =l

{ AINCOL) =NELEM
CONTINUE

| A(NCOL«1)aNELEM. ]

FILL IN COEFFICIENT MATRIX

£ ki




9250

9270

9300

9380

93490

Q400

200

250

275

28%
280
c

9200

260
361

g - "

— .
II. . . II, ) y
. » v - o & e

THIS PAGE IS BEST QUALITY PRACTICABLE
FROM CORY, FURNLSHED 10 PG oo™

nCOGUBa)

N0 9401 JJ=)l sNUMVAR
JlskLO(JJ!

J2=kR0O (JJ)

IF (J1.LTeJ2) GC TO Y30u

READ 92509 (YTEMP(1)s1=] sNMROWS)
FORMAT (8F 10.6)

nO 927~ I=] ¢NMROWS

YTEMP1aYTEMP(])

1F (ABS (YTEMP]) (LE,2TULZE) GO 7O 9594
NELEMSNELEM*]

TA(NcLFM) =]

A(NELEM)mYTEMPI

CUNTINUE

NCOL=NCOL*)

LA(NLOL*1) sNELEMe]

"0 TO G400

n0 9139~ JsJleJ2

nO 9389 I=],NMRU,S
CALL GETPHI(IsJJeCUTS (V) 9ATEMP)
IF (ABS(ATEMP) ,LE.ZTOLLE) GO Tn 93a
NELEMSNELEM®]
TA(NCLEM) =]
A(NELEM) sATEMP
CONTINUE
MELEMSAELEM+]
1A INELEM) ENMROWS ¢ NCOGYS
AlNEi Ev) ml
nCOoL=NCO o
LA (NLOL*1) aNgLEMe]
CONTINUE
NCOGUBaNCOGUB +
FONTINUE
TF(NELEM,GT MAXA)CALL ERKR(3)
READ 2004 (VARNAM(I) 9 I=1,NUMVAR)
FORMAT (16AS5)
PEAN 250, (PROBAA (1) ,1=1,8)
FORMAT (BAlg)
#*#28DONE READING IN DATA
pRINT 275
FORMAT (1HO,71HFUK YOUR INFORMAT{ON VARIABLE NUMBER
KL O kRO /)
Dc 2801=1,NUMVAR
PIINT 285, 14KLO(I)+sKRO(])
FCRMAT (1H 935Xs15914X91598x9165)
CONTINUE
etnaoaceT UP STAKTING BASIS
Dc 9200 Ial.NROW
Jr(l)ml
KINBAS (D)=l
1F(KS.EQe})CALL SCAIL
1F (K2 ,NE,0) 360,370
PRINT 361
FORMAT (1H0,SSHPACKED MATRIX BY COLUM:Sy ROW NUMBER BELOW EACH ELEM

Cel
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QX IS BEST QUAL
THIS PA 70 DD

FROM COFPY T

1eNT)
TXIaNELEM/]1]e]
n0 365 Isl,1x]
KKS(1=]1)®]1]e] 3
TF(KKoGToNELEM)LC TO 3/0
KEKK®] A |
1F (K _GToNELEM) KSNELEM
PRINY 3669 (A(J) »uSKKK)
PRINT 3679 (JA( ) gusKKIK)
W66 FORMAT(1HO0,11G12,4)
367  FORMAT(1H ,11112)
265 cONTINUE
370 ~FONTINUE
PRINTY 290
290 FORMAT(1H1,19HSIARTING TO ITERATE)
PRINT 200
306 FORMAT (1HQ,4X,yj3-STAGEPHOBLEM, 7X,11~LOWER bAYNDy9X,11HUPFER BOUND
1.6!.13~BRANCHING VARIABLEY//)

(o s®*esepc ADY TO START LOOP
: C e%eeaREADY Tg START | oup
i c s®ssepeADY TO SIART LOOP
| C e®sa8ppADY TO SIART LOUP
DM 980 I=1sLSTmMAX
14RVR (1) =+
980 ZLSLB(I)=1.¢80
PARENT=20,0
{ STkR()) =0
LSTkL (1)=0
sTGPRB=20,0
LSTNUMsO
MLP= R
T1BRPARe0
NOLFT=1

DC 990I=1,NLMVAR
KL (I)skLO (L)
990 KR (1) =KkRO (1)
1000 PRINT 1005+STGPKK
1005 FORMAT (1HO0sBX9Fb,1)
MObFT'NOLFT 1
aNLPe)
TF(NLP.GTeMAXLP) CALL ERRI(4)

ol &

<

JK=KRO (NUMVAR)
no 6300 =1,k

3 ©300 v(J)=0.0

: CALL LINPRgG
TF(K1eFQel)CALL LPPR(W)
TF(LFLGeNE,1)GO 7O 104wV
1F (NLP.EQe1)CALL ERRI(S)

PRINT 1008

1008 FORMAT(1H®924X911HLP,s INFEASe)
a0 1o 5000

1010 1F(vVAL-BUBTOL,LE,BUB)GO TO 1020
PRINT 1015

1015 FORMY T (1H*925X49FLB GT BUB)
0 10 S000

c sweeePUT THIS PRCBLEM UN THE LIST, FIND THE nNEXT EMPTY SPOT

C«5
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THIS PAGE IS BEST QUALITY PRACTI
FROM COFY FURNLSHED 10 DDC

1020 tF (LSTNUM,GT._ STMAX)CALL ERR(6)
PRINTY 1025, VAL
102° FORMAT (1 H*925K1G1244)
| STAUMSLSTNUMS |
ZLST O (LSTNUM) 33TGPRA
ZLSTPA(LSTANUM) aPeRENT
1F (1OREAReNE«CILSTKL (LSTNUM) =KL (I8RO - R)
TF ([RARPARGNE . ) LSTKR (LOTNUM) aKkR ([gRo . R)
ZLSLH(LSTNUm) sva
o®00eNCT DONE wiTrh LISI YET
a%se0ccpATE XCCUEDY CUMPACTIFIEH VESSION OF ye<=ELEMENTS OF XeONnEN
e®saea~E X, IF A CORQEIPUNDS TO A L1.FAX VARmyadlE, OR gLSE TwE
aPeedmiaAN OF GUokEED VARTIABLES
DC 1030 [=l NymvAr
1F(KLO(I) ,Ne.KRO(1))1GO TO 049
I1=xkLO(])
XCODED( ) aw(Iy)
G¢ TO 1039
los0 Xc0DED(I)=g.0
I*=KL ()
12=x39(1I)
D0 195 Il=lwell
1gSv XCOOEU ([)=axCUOED(T1em (1) e~yTS(IT)
lo3o CANTINUE
c o®sa2xcODED CREATEDS CheCKk IT
0C 1060 [zl NUMVAR 4
1€ (KLO(I) ,£64KRC(I)1G0 TO 060
Il_’KLO(I) |
[R=KRO(]) :
xxLsCyTS(IL)=cuTTuL
Xlﬂ’CUTS(;N)'CUTIUL
1F (XCOCED (1) oL TexXL)CALL ERR(7)
1F (XCOCED () eGTexXR)CALL ERR(7)
1640 ~ONTINLE
C e®soerCwW wg WILL TRY 10 FIND AN UPPp: BOUND 4ND ALSO a
[ #%00935ANCHING VARTARBLE
1FEASz~
nIFFMA3Q,.0
TORVR (LSTNUM) =~ |
1B=1 E70
00 2000 [RUw=] ,NMRQOWS
IF(ICHK(IRUN) ¢EQe1)IG0 TO 2n00
RAWVA 2040
00 2~iC [=lyNUMVAR
C a®easeasET INDEX AND FRaC
twaxklLO(I)
122kRO (1)
]F({Uo‘_Q.xZ)7°°5.7010
7005 tNDEX==l 4
FRAC20,0
a0 10 7990
7010 tH=17e)
nO 7%18 pu=fwerhn
K2 (01 ]
TF(CUTS(IJ) 4LE,ACODED (1) ¢AND.CUTS (IK) ,GT,XCUnED(I))GO TO To2s
7019 cONTINLE
XXXsZUTS(Iw)=XcUCED(T)
xXXsABg (XXx) }

OO0




7025

7016

1017

7900

2030
2020

2070
2000

THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNLSHED 10 DDC e

TF (XXX LTeCUTTOLIGO TV T016
XXXsXCODED (1) =CVUTS(12)

XxXXsABS (XXX)

TF(XXX.LTeCUTTOL)GO TO 7017

CALL ERR(T)

FRAC® (XCODED (I)=CUTS (1Y) )/ (CUTS (IK)=rUTS (11}

TNDEY=1J

50 T 7900

INDEX=TW

FRAC=0,0

GO TU 7900

INDEx=12

FRACL0,0

CONTINUE

DIFFa0,0

0C 2020 [Ju=lwsiz
I1=1JeNKOW
InOcoLsba(ll)
INDNXT=LA(ITe]) =

DO 2030 [IIxINDCNL?INDNAT
IFCIACIII) enEoIRNWIGO Ty 2030
IF (INDEXGNE =1)prFFaDIFr.w(IV)ea(II])
IF (INDEXJEQ,IJ)pTFFapIFre(le=FRAC)®A(II])
IF (INDEXeEQ,=1)RNWVAL =RUWVAL*XCODED (1) *A (111}
IF (INDEXeEQ,IJ)RAWVALERUWVAL® (] +=FRAC)®A(TTI)
IF ( (LNDEX¢]1)sEQ. TJ) DIFF®nIFF*FRAC*A (IL1])
IF C(INDEXel) e EQ. 14! ROWVA; mROWVALSFRAC*A (11 1)
CONTINUE
CONTINUE
TF(ISTYPE(IROW) epQ@e=] ) DIFF=ARS(pIFF)
IF (DIFFeLT DIFFMACDIFETO)I G TO 2040
DIFFMA=DIFF
FLAGILSTNUM) =INDEX
FLAG(LSTNUM) SFLAG (LSTNUM) ¢FRAC
IBRVR (LSTNUM) =1
CONTINUE
IF(ISTYPE (1KOW))20409205092060
URSROWVAL
: G0 TO 2000
TF(R(IROW))20619206292063
TF(ROWVALeLEe (B(TROW)*(le=FEAST )))gA TO 20vn
TFEAS=y
0 TO0 2000
1F (ROWVALeLEFEASTLIGO TO 2000
1FEAS=)
a0 1A 2000
TF (ROWVALeLE« (3¢ TROW) *(1e¢FEAST ) ))Ggn TO 20un
1FEASE]
0 Tr 2000 ‘
IF (ABS (B (IROW) ) .EUW.040)GO TO 2070
XxXu] ,=ABS (ROWVAL/BUIROW))
IF (ABS (XXX) 4LT.FEASIL)IGO Tp 200~
IFEASel
Go TO 2000
IF (ABS(ROWVAL) ,LESFEASTLIGY TO 2000
IFEAS=1l
CONTINUVE
s*%a8DONE==WE WAVE PICKED A BRANCHINA VARIAoLE AND STORED IT ON

CeT?
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THIS PAGE IS BEST QUALITY w
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C e®easYpE LIST wHILE TESTING FOR FEasIBILITY 1
PRINT 2005, JBRVK(LSTNUM)
2005 £ORMIT(1H® 949X 4HNONE 216X 16)
«0 TO 5000
3000 PRINT 3005+UBs IBRVR(LSTNUM)
2005 FORMAT (1H®445K,G12.4,12X116)
TF (IxPRINGEQ@,1)CalL XxPRINT (XCODgD)
1F(UB«LTeBUB)GO TO 3010
c0 1o 5000
3010 RUB=11B
D0 3020 sl ¢NUMVAR
€ s®aneNOW BEGIN BRANCHING PROCEDRE
3020 XREST (1)sxCCDED (1)
000 TF(NOLFT.EQe0!GO TO 5050
C a®ea8SOLVE NEXT PROBLEM IN THIS STage
kL ( TeRPAR) =KBL (NCLFT)
KR (1BRPAR) 2KBR (NCLFT)
STGPRB=STGPRB¢, |
GO TO 1000
C a®eesuwE ARRIVE HERE JF WE ARE DONE w1TH A Slagk
5050 NUM=A
RL8'1.E70
DO 5060 I=l.LSTNUM
IF (ZLSLB (1) ,GE.BLB)GO TO Sné0
Ni:M=]
BLB=ZLSLB ()
S060 CONTINUE
1F (HLB,GE+1.E70)CALL ERR(8)
TF (BLB.GE«BUB=DONTOL)IGV TO 8000
> s*eseNUM IS THE ENTRY UN THE LIST On WHICH wg ARE TO BRANCH
5063 FORMYT (1H0,20HOUNE WITH THIS STAGE) A
1F (18RVR (NUM) (NEL0)60 TO Sp6e
CALL ERR(9)
5064 pRINT 5063
PRINT =065,8L8,8UB,ZLSTNO(NUM), 1BRVR (NUM)
2065 FORMAT(]H ,6HBLBE 4Glce498Hy BUBm ,G12449cpHs BRANCHING ON PROBL
1eMyFcels17THy VARIABLE NUMBER916) 3
1F(k%.FQ. 1) PRINT S0651
50651 FORMAT (1H0,32Ha%aesuene®PRESENT STATIS OF LIST)
_ TF(K4eEQe1)PRINT 50652
50652 FORMAT (1HO0o6HPROBNO ¢5X 9 6HPARENT (SX g auil ISTKL9&X9OHLISTKR 95Xy
111HLOWER BOUNDy2Xx912HBRANCHe VARe ¢EX.4HFLAGY /)
1F (K4 o,£Q,1)50653,50657
50653 n0 53009 I=1sLSTAUM
PRINT S00019ZLSTAO(T) 9ZLSTPA(I), LSTKkLtI) 9 LETKRI(I)
50001 FORMAT (1M (F6,195X,F6elyoXy1546x915)
TF(ZLSLB(I)eGE,1.E70)150002050004
50002 HINT S0003+IBRVA () ,FLAG(L)
50003 cORMAT (1He 68X, 3FOFF ,4Xy9X914,49x9F10,3)
a0 TO S0009
Segas BMINT 20005¢ZLSLE(T) «IBRYR(T) oFLAG(T)
et e AT (Ime %0 011 ,3,9K01499%,F10,3)
vy ~ONTIMmE
o Ty .OQsﬁ
] MR )
.4 wren f
e n el LSTNO IaUN)
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aNeNel

C
(&

c

5070

<090
2095

S100
=080

S1l0

5120

5150
5160

5140

5130

1§ BEST QUALLTY PRACTICABLE

TH1S PAGE
FROM COPY FURNISHED 10 20 DDC e

TBRPAR=2IBRVR (NUM)
as®awaNOW WE KNOW THE PARENT AND BRANCHING VARIABLE FOR THE NEXT
#*9a®STAGE==SET UP 2 OR 3 NEW PROBLEuS
s®aeeFILL KL AND KR VECTORS
De 5070 I=]sNUMVAR
KR(I)=KRO(1) ]
KL(I)'=KkLO(I) J
ZNBACK=ZLSTNO (nNUNV)
p6 5080 yal,Num
I1SNUM=1¢]
If (ZNBACK EG,0,0)60 TO 511,
1F (ZLSTNO(1 1) NE.zNuAcx)so T0 580
po S09¢ xx-*oNuM
IF(ZLSTNO(IK) (EQeZLSTPA(T]))60 TO %095
CONT INUE
I1I=IBRVR (1K)
IF CeNOTo ((LSTKL (11)eGEeRL(TIT)) .ANDe (LOSTKR(IL) LE.KR(ITT))))
' G0 TO S100
KL(IID) =LSTrb (1)
KR(IIT)=LSTkR(II)
ZnBACK=ZLSIFA(IT)
CONTINUE
~ONTINUE
#®#aaNCW HAVE TU DIVIUE VP THE x=SET FOR THe gRANCHING VAKIagLE
e*9a® UT FIRST, REMOVE THE PARENT PRNBLEM FroM THE LIST
7LSLB (NUM) g1 .E70
#*98eSET Up TWO OR THREE PROBLEMS
TFC(ELAGINUM) o LT oKL (TBRPAR) ) «OR, (FLAR(NUM) suT KR(IBRPAR)) )
1CALL ERR(1]) ;
e®*waackECK TO SEE IF FLALG PRECISELY FQUALS >nME CUT
Iw=KL ( IBRPAR) . ;
12=KR(IBRPAK)
DO S120 JalwyelZ
Z3J
XXX=Z J=FLAG (NUM)
XXXZABS (XxX)
IF (XXXeLE.LUTTOLIGO TO 5131
CONTINUVE
1X=FLAG (NUM)
TF(IXeFQeKL (IBRPAR)) GO TO 5140
kBL (1) =KL (1BRPAR)
KBR(L)=1X
kBL (2)aIX
KBR(2)aIxX*1
IF((IXe1)eEQeKR(IBRPAR))5150+5160
MOLFTE
KBL (1) =] X*]
KBR (3) aKR (IBRPAK)
NOLFT=R
G0 TA 6000
KBL () =X
KBR(1)=z1x+1
KBL (2)aIX*]
KBR (2) 2KR (JBRPAR)
MOLF T=2
0 Tn 000
IF((JeEQKL (IBRPAR)) ,0K, (JeEW KR (IBROAR) ) ) Cay | ERR(10)

-9




6000

8000
8010

8020
8030

lo
2o

40

45

lo

)
30

40

THIS PAGE IS BEST QUALITY PRACTICABLA
FROM COPY FURNISHED 70DDC ___—

kBL (1) =KL (TBRPAR)

KBR(1)eJ

kBL(2) =y

KBR (?) =KR (IBRPAR)

NOLFT=2

1XX=STRPRB

STGPRBEIXX

STGPRBaSTGPRB* 1 e

60 Tn 5000

atuaenONE== PRINT QUT THE RESULTS

PRINT B010, (PROBNA(T) 9ix=ls8)

FORMAT (1H]1,8419)

PRINT 8020,B8UB

FORMZ T(1HO 931 HOBJECTIVE FUNCTION AT APTIMUM ,Gl2e4)
PRINT 8030

FORMAT (1H0,2BHVARIABLE VALUES AT OPTrMUMa=)
FALL XPRINT(XBEST)

FND

SUBROUTINE XPRINT(2Z)

COMMON/FIRST/KLO(100) 9kKRO(10V) skl (10 ) 9KR(1vQ) 9 XCODED (100) 9 XBEST
1¢100) 9w (1100) 9CYTS(1100) 9ZLSTNO 700y ,ZLSTPA(700) s LSTKL(T00),
2 Lser(708)cZL5La<7oo’!lunva(7oo)-FL«G(1OR)'sttsloKaR(a"
IVARNAM(100) s PROBNA (8) 1MAXVARIMAXCUT ot STHAX ¢maXROWIMAKXA
4 NMROWS yNUMVAR, ICHK (100) *VALWLFG

nIMENSION 2(1)

PRINT 10

FORMAT (1HO)

1L=1

TU=NUMVAR

TF( (NUMVAR=IL) GTe7) [UBILeT

PRINT 40y (VARNAM(I) yISILYIV)

FORMAT (1HO43X4a5,7(12K9AS))

1Z=1U-TLe1

PRINT 4S9(2(1)simliLoIV)

FORMAT(IH ,G612,4,7(Sx9G61€44))

TL=1L +A

1F(IL.LE,NUMVAR)GO TO 20

PRINT 10

RETURN
FND

QUBROUTINE LPPR(Y)
CoMnON/FIRsT/KLO(IOO)oKHO(IOO)oK%(lo')oKR(lun)oXCPDED(IOO)oXQEsT
1¢100) 9w (1100) sCUTS(1100) 2ZLSTNO(T00) ZLSTPALTOO0) s LSTKLI(TO0),
2 LSTKR(700)9ZLSLB(700) 9 IBRVR(700) oFLAG(T700) oxBL (3) 4KBR (3)
AVARNAM (100) *PROBNA (8) YMAAYARIMAXCUT ¢ STMARsmaAXROWIMAXA Y
4 NMROWSsNUMVAR ICHK(10VU) "VALYILF G
NIMENSTON Y (1)
PRINT 10
FORMST (1HO 9 29HPACKED LP SOLUTIONS | X(I)N)
TwaKRO(NUMVAR)
00 30 I=1,Ilw
TF(ABS(Y (1)) sGEe1 eE=1U)PRINT 20410Y (1)
FORMAT (1M 915X,1692X9Gl0,4)
CONTINUVE
PRINT 40
FORMAT (1HO)
RETURN
FND




100
101
102
103
104
108
loe
107
los
109
110
111
201
202
203
204
205
€06
207

208
209

210
211

3 THIS PAGE IS BEST QUALITY PRACTICABLE
~ "«  pROM COPY FURNISHED T0DDC

SUBROUTINE ERR(I)

PRINTLNO

FORMAT (#1PROGRAM MOGG ABURTED BECAUSF.es,*)
ROTO(1019102910291049105210691079108410%9110uc111) 01

PRINT 201 2

CALL EXIT

PRINT 202

CALL EXIT

PRINT. 203

CALL EXIT

PRINT 204

CALL EXIT

PRINT 205

cALL EXIT

PRINT 206

CALL EXIT

PRINT 207

CALL EXIT

PRINT 208

CALL EXIT

PRINT 209

CALL EXIT

PRINT 210

CALL EXIT

PRINT 211

CcALL EXIT

RETURN

FORMAT (#oVARIABLE CARDS VUUT OF ORpDER==LOOK npaR MOGG LABEL 105%)
FORMAT (#QMAXCUTS EXCEEUED==LOOK NEAR MOGG LMREL 117 OR 124#)
FORMAT (OMATRIXx A EXCEEDED=«L0Ok NEao MOGG LaABEL 9400w)

FORMAT (#LPMAX EXCEEDEU==LOOK NEAR MnGG LABEL 1005%)

FORMAT (#0INITIAL LP INFEASIBLE=LOOKk NEAR MuGG LABEL 1008%)
FORMAT (#oLIST LENGTH EXCEEDED==_ 00K ~EAR MOva LABEL 1020%)
FORMAT (#oXCODED VIOLATES CUTS==_00k ~EAR MOum LABEL 1g60 OR 7025%)
FORMAT (#0NO BRANCHING NODE FOUNp==L0nK NEAR mM0GG LABEL gogo.,
FORMAT(QONO FEASIBLE POINT FOUNpe.LONKk NEAR mOGG LABEL 50640,
FORMAT (#oNO BRANCHING POSSIBLE ON V421ABLE (HOSEN"=LOOK NEAR M0GG
1LABEL 51304) -
‘23““7"°FL‘° COMPUTED IMPROPER| Yee| AOK NEA® MOGG LABEL S1lloe)
F

Sankiis e




v v - A_.u--mu-lllull!!llllIllllllllllIlIllll-.lllllll-ll.l-'..'l...l!
PRACTICABLE

1S PAGE IS BEST QUALITY \
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QUBROUTINE SCATIL
~OMMON/FIRST/ZKLO(100) 9KRO(100) okl (10-) 9KR(1UA) o XCODED(100) o XREST
10100) 9w (1100) 9cYTS(1100) *ZLSTNO(700) «ZLSTPAGT700) 9 LSTKL(T00),
2 LSTKR(1oo).ZLSLB(?oo)!IBRVR(700).FLAG(?00)oxBL(?l.KBR(J)o
AVARNAM (100) +PROBNA (B) sMAXVARsMAXCUT o) STMAXyMaAXROWyMAXAy
4 NMROWS yNUMVAR, ICHK(100) *VALWLFLG
FOMMON/WORK1/ B(350) 4A1350) 9Y(350) ¢ ¥YTEMP (35u) A (5000) +€ (5000) o
' 14(5000),1E(5000),LA(1302),LE (2002),ICNAM(130242),KINBAS (1302,
2 JH(350) 9 ISTYPE (350) sNAME (20) 'NTEMP (20) +CMiN,COND,ERMAX s IFFEZ,
3 INVFRQeIOBJsTROWP,ITCHIITCHA» JTCNT,ITRFRQe yVINY IVOUT 4 JCOLP,KINP
4 XSTAT.NRow.NCQL’NELEM.NETA.NLELEn,MLE!A.No;LEn.ngr‘,NugLE".
& NUETA9SUMINF K3
FOMMON/BLOCK/ ZTOLZE+ZTOLPV9ZTCOST o NaMAXyNTMaX o NEMAX s QRO UMA4QBA Y
1 QFFsCEO0QBLYGPLIAMIYUAIQBIQCIQEIQF s OGIQHIWT s AL YQMIQNsQO?QR, QU 02
nO 100 IXX=m29NMROWS
QMALL=]1E7Q
RIGI.10E7°
LAST=LA (NCOL®1) =)
I1FIRSTaLA(NROWe 1)
nO 200 IXY=IFIRSTeLAST
TF(IACIXY) NEeIXX)GOTOL00
1F (ABS (A(IXY)) (LToSMALL) SMALL=ARS (A (TXY))
1F (ABS (A(IXY)) ,GT«BIG)BIG=ABS (A(IXY))
200 A~ONTYNUE
AVESART (SMALL*RIG)
7L2ay=ALOG(AV) /ALL0G(24)
L2AYyGINT (ZL2AV)
YF(ZLZAV.LToso.AND.LZ‘V-‘L AVOGE..S)IS‘V'L Aye
1F(ZL2aVeGTeVe s ANDeZLEAV=LEAVeGEeo5)| CAVRLEAV S
ﬂIV';..’LzAV
PO 300 IXYsIFIRSTeLASI
TF(TA(IXY) (NE,IXX)GOTO300
alIxy)sAatIxY)/plv
300 CONTLINUE
R(Ixx)sB(Ixx)/plv
100 CONTINUE
RETUPN
FND

Cel2




OO0

(s NeKel

9100

300

700
900

1000

1500

1700

2000
3000

fHIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNLSHED 10 DG ™

SUBROUTINE LINPKG

COMMON/F IRST/KLO (100) +KRO(100) kL (14" ) KR (1un) +XCUDED (100) 1 XBEST
10100) »w(1100)9CUTS(1100) $ZLSTNO(700) «ZLSTPALT700) s LSTKL(TVO),

2 LSTKR(700)4ZLSLB(700) s IBRVR(700) 4FLAG(700) skBL (3) 4KBR(3) s
JVARNAM(100) sPROBNA(8) IMAXVARIMAXCUT o1 STMAKyMAXROWIMAXA 0

4 NMROWS s NUMVAR, ICHK (10V) s VAL LF G

COMMON/WORK1/ 81(350) 4A1350) 9Y (350) yyTEMP (35u) 4A(5000) ¢ (5000) s

1 18(5000) 1E(5000) LA (1302)4LE (2002 s I1ENAM(130242),KINBAS (1302),
> JK(350) s ISTYPE (350) sNAME (20) snTEMP (201 1CMin,COND ,ERMAX+ IFFEZ,

2 INVFRQyI0BJs [RCWPs ITTCHI ITCHA JTCNT. TTRFRQo 1VINY IVOUT ¢ JCOLP K INP
4 XSTAY.NRON'NCOL’NELﬁn.NETA'NLELEM'NLE!‘0N°FLEMoNGET..Nu§LEM.

5_ NUETAsSUMINF,K3

~OMMON/BLOCK/ ZTCLZELTULPV2ZTCOST 4 NaMAKgNTMAXsNEMAK s WROSUMA,QRA
1 OFT4“EO»QBLyGPLyQMI, WA QB,WCYQE,QF ,QGyQHy Wy, QL ,AM,AN,Q04QR, QU,0Z

1TCNT=n
1TCHie"
SeT UP STARTING BASIS
n0 9100 J=1sNCOL
kK INBAS (J) =0
n0 900 Ial,NROy
1COL=aJ-(I)
ML=NROW
DC 300 Kll'kUMvAH
MR=KL (K) *ANROW
IF((ICOL.GT.ML) 4AND, (ICUL4LT,MRy)GO TO 790
ML=KR (K) ¢NROW
CCONTINUE
TF(ICOLGT.ML)GO TO 70U
a0 10 900
JH(I) =1
CONTINUE

CALL INVERT
1TSINV = 0
CALL ITEROP(0)

SIMPLEX CYCLE

cALL FORMC
CcALL SKIFTRI(394)

ITCH:O

cALL BTRAN

CALL PRICE ‘ '
XSTAT = QBL

0 TO €000

MSTAT = QN

=0 To 6000

fALL UNPACK (JCOLP)

CALL FTRAN(1)

FRMAX=ZC




o

8000

9500
8100

8500

6000

o000 O

6500
7000

9600
7100

¢
5
4

7 QUALITY P -
’Bls::g:;;;:igg>zonnc —

nO 8000 1%)9NROW
FRMAXSERMAX Y (1) ®YTEMP (I)
CONTINUE

NIFXXsCMINaERMAX
nIFxX=aB8S(DIFXX)

1F (RIFXXeLESZTCOST) GO0 TO 8500
1F (k3.NEel) O To 8100

PRINT 9500,CMINYERMAX

FORMAT (1H 910XoORCMIN® ¢F16,895x9THEDMAXS 9P 1648)
1F (ERMAX.LE.0,) GO TO 8500

IF (ITCHeGTe0) GO TO 1000
1TCH=JCOLP

1TCHASITCHAe1

CALL SRIFTR(4,23)

G0 10 1700

CcONTINUE

CALL CWUZR

TF(XSTAT.EQ.QU)GO TO 600V
1VOUTaJH ({ IROWP)

TVIN = JCOLP

CALL UPBETA

Kk INBAS (JCOLP) = JROWP

Kk INBAS(IVOUT) = ©

JH(IROWP) = IVIN

TTCNT = ITCNT o !

1TSIANV = ITSINV ¢ 1

cALL ITEROP(1)

1F (NELEM o6T. 9000y 0 To 1000
CALL WRETA

1IF (ITSINV oGEs INVFRW) GO TO 3°8°
IF (ITCNT .GEe ITRFRQ) GO To 600
G0 TO 1500

CALL ITEROP(1)
SET PARMS

nO 7000 I=)9sNROW

JHX=gH (1)

IF (JHX.LE,NROw) GO TV 6500
W(JX=NROW) =X (I)

CONTINUE :
CONTTNUE

VAL==X(10BY)

LFLG=] .

TF (vSTATeEQeQBL) LFLGSV

PRINT 9600,1TCHA ,

FORMAT (1H*®3108X918HSTABILITY COUNT = 415)
FONT INVE i

RETURN

eNO
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SUBROUTINE FORMC

COMMON/WORK1/ B(350) ¢ X(390)0Y(350) o YTEMP (350) +A(5000) +€(5000) »
1 1A(5000),1E(5600)4LA()1302)sLE(2002) 9 IENAMI130202) yKINBAS(1302) 4
2 JH(350) 9 ISTYPE (350) yNAME (20) oNTEMP (20) 4 CMAN,COND ,ERMAX» IFFEZ,

K] INVFQQOlOBJ’IﬂO'p'I'CH’]TCHA'ITCNT.!TQFFQ.'VIN'Ivour'JCOLP.KiNP'
6 XSTAToNROWINCOLINELEM,NETAINLELEMyNLETAINOFLEMINGETA S NVELEM,
S  NUETASUMINF4K3 kY, =

~OMMON,/BLOCK/ ZTOLZE+£TOLPV,ZTCOST ,NRMAX ,NTMax s NEMAX QRO ¥MA, QR A,

1 OQFIYGEO'QBLYGPLYAMIvWAPQBIWCIQEIQF QG QH w4 QLo UMIANsQO*QR, QU OZ

xSTAT=GF
IFFEZ = 1
nO 170 I = 1yNROW
v(I) = 0,
100 cONTINLE
SUM = (o

nO 1000 I = lonKOW

1CoL = JM(])

1IF (ICOL «GTe nNROW) GU TO S5q¢
1F (ISTYPE(ICOL)) 200010009500

200 1F ( ABS(X(I)) oLE, ZTOLZE) 60 10 1p-0
TF(X(I) oLTe Qo) Y(I) = ¢},
IF(X(I) «GTe 0,) Y([) = =1,
SUM =2 SUM « AES(X(D))
0 TU Sl0O

500 TF(X(1) «GTe =2TOL2E) GO TO 1000
yi1) = o1,
QUM = SUM - x‘])

510 tfFrg7 = O
XSTar = QI

1000 ~ONTINUE

SUMINF = SyMm
IF (TFFEZ ,LE. 0U) GO 1V 9000
v{10RJ) = 1.

9000 RETURN
£ND




So0

600
1000

9000

1

a
4
[

1

tL a
KK = LE(IKe]l) « )

SUBROUTINE BTRaAN

COMMON/WORKY/ B 1(350)¢A(390)9Y(350) o YTEMP (350) 4A(S5000) o (SO
ln(snoo).lstsooO)oLatxéoa).Le(zooz;.xguénx:;oz'zg.nlﬁans?gssa).
? JH(35°"ls,ypg‘aso"“‘"E(zo,!NTE“POQO).C"tn,COND.ERM‘x,IFFFZ.
INVFRG.IOBJ.l@OlPoIl§H0ITCHA’1Tcn1.ITRrgo.'v[N,iyouT'Jchp;K!NP'
ELEHoNLEIA'NogLEHostr‘.Nungn,

cOMMON,8L0CK/ ZIOLzE.LIOLPv.zTgoST,~nMAL.NTn‘x.Nen.;,aRo,gn‘.gel.
OF 1+GEO*QBL *GPL*QMI 1WA +QB1QC?QE*QF «QGQH YWY QL YEM QNS QO QR QU OZ

XSTAToNROWINCOL aNELEMoNETAINL

NUFTA ¢ SUMINF 4K3

TF (NETA eLEe o) GO TO 9000

nO 1000 1 = lyNETA

1K = NFTA « 1 « 1
LE(IK)

1PIv = TE(LL)

nP = E(LL)

nY = Y(IPIV)
nSum = 0,

1F (KK oJLE, LL) 6O TO 600

tL s Ly ¢
nO SO0 J = LskK

IR = 1E(J)

nE = E(J)

NPRAD = DE * Y(Ik)
QSUN = DSUM ¢ pPROD
CONTINUE

Y(IPIV) ® (DY = DSUM) 7/ DP
~ONTINUE

RETURN
FND

Celb
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300

500

1000

THIS PAGE IS BEST QUALITY PRACTICABLE
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SUBROUTINE PRICE

cOMMON/FIRST/KLO(100) *KRO(100) *kL (1~) *KR(1upn) 9 XCODED(100) ¢ XREST
1(100) 9w (11002 9CUTS(1100) 1ZLSTNO(T00) «ZLSTPALTQ0) s LSTKL(T00),
2 LSTKR(700),2LSLB(700) 9 IBRVR(700) FLAG(700) vxBL (3) ;KBR(3) s
3VARNAM (100) *PROBNA (g) YMAXVAR SMAXCUT o STMAR smaXROW SMAXA ¢
4 NMROWS sNUMVAR, ICHK (100) sVALSLFLG
FOMMON/WORK1/ H(350) 4X(390) yY(350) ,vreMP (350 4A(5000) 4g(5000),
) 18(5000),JE(5000)sLA(1302)4LE (20021 ¢ IENAM(130242) yKINBAS (1302,
5 JH(3§o)oISTYPE(350)-NAME(zu)oNTEMPf2¥).CMAn.cOND,ERM‘XolFrEZ.
3 ;NanQ.£OeJ-;Ro'Poxfcn-chquchNT. RERQe yVING IVOUT s yCOLP sk INP
4 XSTAToNROWsNCOL INELERWNETAINLELEMNLETAONOE EMINGETAONVELEM
& NUETA,SUMINF,K3 :
FOMMON/BLOCK/ 2TOLZE £TOLPV,2TCOST,NOMAR NTMgX ¢ NEMAX ¢ QRO UMA,QBA
1 QFT9CEOYQBLYUPLYQMT1@AYQBWUCIQE+QF 0GP QHIWT QL AMIQNyQOPQR, QU 02

JCOLP =2 0

cMIN = 1.E10

n0 1000 § = lynCoOL

1F(J oLEe NROW eANDe ISTYPE(J) NEe 1) GO Tv 1000
1F (KINBAS(Jy ,NE, 0) GO TO 1009

IF (ITCH.EQed) GO TO 1000

OL=NROW

n0 3:0 k=l,NUMVAK

OR'KH(K)°NR0“

1F ({(UeGTeQL) «AMDe (JSLTeQR)) GO Tn 1000
aL=kR (k) ¢NROW ‘
CONTTNUE

1IF (JeGToQL) 6O TO j000
nSUM = o,

LL = LA(Y)

KK = La(gel) = )

n0 500 1 = | LekK

1R = 1a(y1)

nE = A(I)

pPROD = DE * Y (IR)

nSUM = DSUM ¢ pPROD
CONTINUE

1F (nSUM oGEe cMIN) GO TO 1900
CMIN = DSUM

JCOLP = U

CONT¥NUE

RETURN

FND

Cel7
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SUBROUTINE SHIFTR(IOLDYINEW)

FOMMON/WORK1/ B(350) ¢X(390) sY(350) ,vTEMP (35u, ,A (5000 50

1 IA(Sooo).IEtsooO).LA(IQOZ)oLE(Zoaza-ISNENl;5ozo2?.%i§éns?g;52;.
2 JH(350) o ISTYPE (350) +NAME (20) yNTEMP (20) y CMIN, COND ,ERMAX s JFFEZ,

3 ;gg:?caggsd&tgf':-{Egﬂaé;CHhizTcnr.1T§r89'1v1Noiv0ur.4chp.xxnp.
4 TaT, +NCOL oNE NETAWNLELEM,NLETA9NOFLEMyN i :
S_ONUETA'SgMINFO?3 ’ ’ INOFLEMyNGETAyNUELEM, J
COMMON/BLOCK/ ZTOLZE+LTOLPVZTCOST ¢NRMAXyNTMaX o NEMAX ¢ QRO » UM '
1 0F1OGEO'QBLOG?LOQMXoQA'QBvQCvQEoGF.OG!QEiHVoOL'Qn'aN.oo;QazgS:al

NIMENSION BARRAY (1400
FQUIVALENCE (BaRrpAY(1)9B(1))

IFO = (I0LD « 1) ® NRMAX
IFN = (INEWe= 1) * NRMAX

n0 1000 I = 1eNROW

RARRAY (IFN ¢ 1) = BARRAY(IFO ¢ |)
1000 cONTINUE

RETURN

FND

SUBROUTINE UNPACK(IV)

FOMMON/WORK1/ B (350) 4X(390) ¢ Y (350) ,vTEMP (350) A (5000) o (500
/ : : .
1 1a(5700) 4 1€ (5000) yLA(1302) +LE (20031 s ISNAM1130242) sKINBAS (13021 4
2 JH(350)+ISTYRE (350) sNAME (201 1NTEMB 120) o CMuN, COND, ERMAX v IFFEZ,

: §g¥:¢°&5geJ&IgO':éléCHLé;CHA’ITCNTo1T?FBQOIViNoIVOUToJCULP.KtNPo

$ sNCOLINELEM,NETAYNLELEM, N ETA9NOEF EMyN NUE

5. MUETarSUMINF 1K % o NLEZA9NOF EM)NGETA ) NUELEM,
cOMMON/BL CK’ z,OLzE"ToLPv'ZTCOST.NDHA‘,NTH‘X'NE"‘X'ORO'HM‘ Q

1 GFI+GEG?GBLYGEL 1GMI+QA 01 UCOE +OF + 0B+ QM s W1 + O+ e UN+ O ?QR+ AUSGZ

nO 100 I = 1sNROW
Y(1) = Q.
100 FONTINUE

Ll = La(IV)
kKK = LA(IVel) = )
n0 200 1 = LLykK
1R = [A(])
Y{IR) = A(I)

200 CONTINUE

RETURN
£ND
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THIS PAGE IS BEST QUALITY PRACTICARLE
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SUBROUTINE FTRaN(IPAR)

COMMON/WORK]/ 8(350) 9X(390)9Y(350) s YTEMP (350) yA(5000) +E (5000) »
IA(SOOO)olEtsDoo)oLA(1§02)0L5(2002|olENiM!|30202)oKlnBAS(]gop),
JH(350) o ISTYPE (350) sNAME (20) sNTEMP (20) yCMAN,COND ,ERMAX ¢ IFFEZ,
INVFPQQIOBJOIROUP'IICHOXTCH‘vIICNT.If@;@q.'VIN.;vouT.JCOLP.KTNP’
XSTAToNROWINCOL sNELEMGNETAINLELEMNLETA9NOF EMoNGETA 4NUELEM,
NUETASUMINF K3

COMMON/BLOCK/ ZTOLZE+4TOLPV,ZTCOST NaMAK NTmax o NEMAX Y QRO UMA, QB A,
QFIYCEO'QBL *GQPL 'QMI WA QB vQCPQEYQF +0G?QH W] QL YAMIQN QO QR4 QU Q2

1

(100s110)2]PAR
1

NETA

200

G0 TO
NFE =
NLE =
G0 10
NFE = NLETA ¢ )

NLE = NETA

1F (NFE «GTe NLE) GO T0 9000
nO 1000 1K = NFEZNLE

LL = LE(IK)
KK = LE(IKel) = 1

1PIv = 1E(LL)

oY = Y(IPIV)

nY = DYZE(LL)

v(ip1V) = pY

1F (KK oLEe LL) GO To 1000
LL =_LL ¢

no 500 y = LLekK

IR = 1E(Y)

Y(IR) = Y(IR) - E(J) * DY
CcONTINUE

CONTINUE

CONTINUE

RETURN

eND




] <¥11S PAGE IS BEST QUALITY PRACTICABLE
“ FROM COPY FURNISHED T0DDC

SUBROUTINE CHUZR

COMMON/WORK]1/ B(350) 9A(390)0Y (350) yYTEMP (35v) ¢A(5000) ¢E(5000) s

1 1a(5000),1E(5000)9LA(1302)+LE (2002 s IENAM(130202) sKINBAS(1302),
? JH(3%0) 9 ISTYPE (350) ¢y NAME (20) ¢ NTEMP (20) ¢ CMaN,COND ;ERMAX s IFFEZ,

3 INVFRQoIOBJOIROWPITCHYITCHAPITCNT»ITRFRQogVIN IVOUT ¢ JCOLPsKINP s
¢ XSTATyNROWyNCOL sNELEMoNETAINLELEMNLETAINOgLEMINGETA sNUELEM,
5 NUETA SUMINF ¢K3

COMMON/BLOCK/ 2TOLZE,£TOLPV,ZTCOST(NaMAX,NTmax ¢ NEMAX QRO+ EMA,QBA,
1 QFI+QEO0*QBL*QPLPQMI24A9QB9QCIQE 1QF +QG?QHIwy 4 QL *QAM3ANIQOGR, QU 02

SELECT PIVOT ROW/VARIABLE To LEAVE THE ©aSIS

(s Nelel

2TOLCRa] ¢E=é
Z'OLxxll.E-lo
XMINT=1,.glO
xMIN2=l,gl0
xMINI=l,glo
1RowP1ls0
1RowP2s0
1ROWP3a0

N0 2000 1%19NROW
IF (ISTYPE(I)+EW.0) GO T0 2000

TF (ABS(Y(1)).LT,2TOLCR) ™ GO TO 2004

1COL=JK (1)

1F ((ICOLeLEeNROW) ¢ANDe (ISTYPE(]) oL T.0)) Gu TO 1000
XRATIOSX(I)/Y(])

,r(xnavxo.Lr.-zscsz)eoro2ooo

TF(Y(1)eLT,0,)6YTV2000

IF (XRATIO.GT«XMIN]) GO TO 200p

XMIN'=XRATIO

tRowplag

60 10 2000

S

c
% 1000 IF (ABS(X(1))eLT.2TOLZE) GO TO 1500
XRATFO=X(I)/Y (1)
1F (XRATIO0.LT+0¢) GO TO 2000
1F (xRATIO0.GTeXMIN2) 6O TO 2000
XMIN?uXRATIO
1ROwWp2s]
a0 10 2000

&
O

1500 xXX=ABS(Y(1))

YRATIOSZTOLXX/XAX

1F (XRATIO,GT.xMIN3) GO TO 2000
: XMIN3=XRAT IO
i tRowp3sl

e S Y

2000 FONTINUE
TEST FOR OUTGOING VECTOR

OO0 O

TROWPEIROYP]
XRATTO=XMIN]
tF (XRATIO,LE«.XMIN2) GO TQ 3000
tRowp=TROWP2
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XRAT O XMIN2

C

3000 1F (XRATIO,LE.XMIN3) GO TO 400q
{RowpaIROWPI -
XRATFOSXMIN3

C
4000 1F (IROWPeLEe0) XSTATSQU
T5IROWP
1F (x3,NEsl) RETURN
o H IROWPE sl4sgXy6HX(])®
1 THIH (11 = 4 14) € II® sF16.802x06ny (L)% ,F16,892X
RETURN
FND

SUBROUTINE UFSETa

COMMON/WORK1/ 8(350) X (390) 1Y (350) 4 YTEMP (35¢) ,A(5000) +& (5000 »
: IA(SOOO’.IE(SOOO)oLA(l?OZ)oLg(Zo°z,,19~5~“302.3,,KINBAS(gsoz).
JH(3%0) ¢ ISTYPE (380) yNAME (20) yNTEMP (201 ,CMiN,COND ERMAX, IFFEZ,

INVFRQ.XOBJOIBO!P,IlCHanCHonTCNY.1TRFBQ,'VIN,;vOUY.JCOLP'K!NP.
XSTATyNROWoNCOL sNELEM,NETAINLELEM(NLETAoNOELEM9NGETA s NUELEM,
_ NUETAySUMINF 4K3 5
COMMON/BLOCK/ ZTOLZEy£TOLPY,ZTCOST, NRMAX (NTmaX s NEMAX ¢ QRO+ OMA 4 QRA,
1 QFX'GEO'QBL'GPL'QMI'QA'QG'QC'QE'QF'06'0'.“'“7’QL’QHOQNQQOOQR'QU,QZ

AP W N -

NE = X(IROWP)
nP = DE/Y(1ROWp)
x{IrQwP) = DP
pO 1000 1 = lynReW
1F (I .EQs IROWP) GO 1O 1000
nE = X(I)
x$1) = DE -« Y(1)%0p
1000 cONTINUE
RETURN
FND

C=21
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SUBROUTINE WRETA

COMMON/WORKL/ 8(350) oA (330)9Y(350) o YTEMP (35v) ¢A(5000) 9€(5000) s
1 1A(5000)(1E(5000) 4 A(1302) 4 E (2002) s IENAM1130242) sKINBAS (1302) ,
2 JH(350)iSTYPE (350) yNAME (20) yNTEMP 20) (CMIN,COND ERMAX , IFFEZ,

2 }::::°;§°345120"E!;c";g;gﬂlix!cur.xT?rBQv:va-xvout.Jcpgv.xrnp.
yNROWINCOL oNELEM» INLELEMoNLETAINOp EMIN L
s NUETACRIAE e s AANRECERALESREANELE GETAINUELEMS

FOMMON/BLOCK/ ZTOLZE +ZTOLPVsZTCQOST eNRMAX ¢NTMaAX tNEMAX 1QRO9OMA +0EA »

1 QF7eGCEO*QBLYQPLYQMI*QA9QBQCIQEIOF +QG*QHIuWT QL PQMIONIQOPQR,QUOZ

NELEM = NELEM + 1
TE(NELEM) = IRQWP
FANEi EM) = Y(IROWP)

nO0 1000 I = 1sNROW
1F (I .EQe IROWP) GO TO 1000
TF ( ABS(Y(I)) oLE, ZTOLZE) 6O 7O 1940
NELEM = NELEM + )
iE(NELEN) =1
NEIEM) = Y(])
EontiNUE :

NETA = NETp ¢
LE(NETa®1) = NgLgM o }
RETURN

eND

SUBROUTINE ITEROP(IPAR)

FOMMON/WORK1/ B(350) 9X(390) ¢ (350) o vyTEMP (35u) 4A(5000) 1€ (5000)
14(5000) +IE(S000) oLA(1302) oLE (2002) v IENAMI}302+2) WKINBAS (1302)
JH(350) » ISTYPE (350) sNAME (20) +NTEMP (20) ¢ CManNyCONDJERMAX 2 IFFFZ,
INVFRQeI0BJoTROWP ¢ TTCHO ITCHA@ T TCNT 41 TRFRQo{VINY FVOUT+ JCOLP 4K INP
XSTAT ¢ NROWoNCOL yNELEM,NETASNLELEM N ETAsNOp EMyNGETA ,NVELEN,

S NUETAYSUMINFoK3 ;

1 OFI+QEO02QBLIOPL 9QMI1QA9QB9QCYQE+QF 06 QHouy QL +1QMeAN4QO?QR,QU 02

A& W

1F (IPAR +EQ.0) GO To 1000
08y =mex(108J)
1F (YFFEZ .EQ. 0) OBJ ® SUMINF

TF(K3INES1)IRETURN
WRITE (698000) [TCNToXSTATe0BJeIVINSIVOUTsCMiN,
TASNELEMs TIMER

1y
8000 rsnnnr(ln 2 I15,4RA4 2% F10,8,4x916,4x,1694XyP16,8,%x,16,18,

18,2 )
60 T0 9000

1000 TF(K3IeNEo])RETURN

WRITE(698100)

8100 FORMAT(//BHOITCOUNT 2XOHSTATUS»4XIHO0RS VALUL 8XsSHVECINSSAOHMVECOUT

1011X42HDJ912X 9 4HNETA 3K, SHNELEM, 64X ,4uwTIME )

9000 RETURN

eND
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OO0

e XeXKel

OO0

50
90
100

200

SUBROUTINE INVER?Y

COMMON/WORK]1/ 8(350) oX(390)9Y(350) o vTEMP (35¢) sA(S5000) »E¢5000)

e

1 1A(5000),IE(5000) s A(1302) 0 E(20021¢I1ENAM(1302+2) vkINBAS(1%02),
2 JH(3%50)+ISTYPE (350) yNAME (20) oNTEMP (207 ,CMAN,COND ERMAX, IFFRZ,
3 INVFRQyI0BJs TROWPITCHOITCHAPTTCNTITRERQeqVINS IVOUT, JCOLP KNP

4 xsTlroNRoHoNCOL-NELEﬁ.NETA-NLngn.uLE[AoNocLG.NQETA.nungn.

S  NUETa,SUMINF,K3

~OMMON/BLOCK/ ZTOLZE14TOLPY o ZTCAST oNaMAR sNTMAX INEMAX QRO POMA 1QBA ¢
1 QF1eQE0*QBLIGPLyQMI1WA2QB+QACIELQF QG+ QM1 0L YOMIQAN,QOPQR QLI 0Z

INTEGER  MREG,MREG,VREG
NIMENSTON MREG (350) +HHEG (350} sVIEB(ysp)

SET PARAMETERS

NETA = 0
NLETA = 0
NGETA = 0
NUETA 8 0
NELEM = O
NLELEM = 0
NGELEM = 0
NUELEM 8 O
NABQVE = 0
LE(ly = 1
(Rl & 1
xRl a 0
LRé = AROW ¢ |
xRe = NROW

PUT SLACKS AND ARTIFACIALS [N PaART & ANV REST [N PaRT )

rO 100 1 = 19NROW

1F (JRtD)
LRa = LRs
MREG(LRG)
VREG (LR #)
c0 70 90

KR} = xR}
VREG (KR1)
~REG(]) =
iy = O
FONTINUE

kR3 = |_Ré
LR3 s LR¢

oGTe NROW) GO !0 50
- 1

s JH(D)

s JH(l)

LI |
s JH(l)

=1

n0 200 1 = LRe.KF4
tR = MREG(])

HREG(IR) s

JH(IR) = IR
kINBAS(IR) = (R

CONT INUE

PULL OUT VECTORS BELOW aUMP ANu GET Row COUNTS




OO OO0

[2XeTg]

210

220
230
8000

250

300

310

320

!BISF!GIISBESTQMABITYPRACTIGABHI

FROM COrY FURNISHED T0DDC 1

NEBNONZ = KR = LR ¢ 1

1F (KR} LEQ, 0) 60 TO 1190 J
J 8 LRy

iV e VﬂEG(J)

LL = La(IV)

KK = LA(IVel) al

iﬂcug.- 0

n0 290 1 = (LokK

NBNONZ = NBNONZ ¢ 1 :
IR s 1a(D)

1F (HREG(IR) +GE, o) GO0 T0 229

tRCNT = IRCNT o

HREG(IR) ® WREQ(IR) = 1

IRP - IR

CONTINUE

1F¢!RCNT = 1) 23092500300 :
CONTTNUE

IF (K3,EQ,1)PRINT 8000

FORMAT (16HOMATRIX SINGULAR )

kINBAS(IV) s 0

VREG(J) = vafetnnl)

kRl = kRl

iF ™" ?r. KRl) 60 To 31V

60 70 0

VREG(J) = VREG(KRU

kRl o kKR! «

VREG(LRI) = IV

MREG(LRI) = 8“9

wREG(IAP) =

JHUIRP) = 1V

xINBaSI(IV) = i

1F () sgTe KRL) 60 1o 310

GO0 Ta

1IF (J ,GEe KR1) GO TO 310

J s Je!

G0 1o 210 §
PULL OUT REMAINING VECTARS ABOVE AND gELOW THE
BUMF AND ESTABLISH MERIT COUNT® OF COLUMNS

NYREM = 0

tF(KR]1 LgQ, 0) Go To lig0

Jv- I'R1 :

1tV = VREG J)

L = LACIV) i

KK = LA(:V.I) | 1

{RCNT =

no 8Yo0 I ® LLsKK

iR =

tF(nRge¢!R, Ng, «2) 69 10 499

PIVOT ABOVE pUMP (PART OF L)

NABOVE ® NpgOVg ¢ )
'ROHQ s IR
CALL UNPACK(IV)
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CALL WRETA f
NLETA = NETA

JH(IR) = lv

kINBAS(IV) = [R

VREG(J) = VREG(KK])

kRl & KR! <

NVREM u NVREM + 1

HREG(IR) ® IV

GO TO 940

400 iF (HREG(IR) .GE, 0) 60 TO 800
fRCNY & IRCNT o 1
iRP = IR

800 ~ONTYNUE

1F (IRCNT = 1) 810990001000
810 CONTINUE

1F (k3,69,1)PRINT 8000

KINBAS(IV) = ¢

VREG(J) ® VREG(KRD)

NVREy = NVREM « 1

kRl & kRl = 1

IF (') +GTe KR1) 6O TO 1010

GO T 320

PUT VECTOR BELOW BuMP

900 VREG(J) = VREG(KR])
NVREM = NVREM o !
KRl = xRl « 1
LR3s LRI = 1
VREG(LRI) = ]V
MREG(LR3) = IRp
HREG(IRP) = 0
JH(IRP) = 1V
KINBAS(IV) = IRP

OO0

CHANGE RUW COUNTS

OO0

940 p0 980 II = LLeKK
11IR = IA(IN)
1F (MREG(IIR) ,GE, 0) 60 TO 950
HREG'IIR) = HREGIIIR) ¢ ) '
950 éonrsuus
1F (J +8Te KR1) GO TO l0l0
69 vo 3
1009 1F (J +GEe KR1) GO TO 10L0
Jom gel
G0 10 320 .
d B 1010 F (NVREM 6T« 0) @O 1O 310

OO0

GET MERIT COUNTS

C
1020 1F (KRy o,EQe 0) GO TO J190 ,
00 1500 J = LR1skR] |
1V = VREG(Y)
® LL = LA(IV)
KK s LA(IVe]l) =

C«25
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IMCNT = ¢
DO 1YS0 I = LLyKK
IR = 1a(])
1F (HREG(IR) +GE, 0) 60 T0 1050
TMCNT & IMCNT < (MREG(IRJ 1)
1050 cONTINUE
MREG (J) = IMCNT
1100 ~ONT*NUE

c
¢ SORT COLUMNS INTO MERIT ORDER
g USING SHELL SORT
1S0 =
1106 ;¢ (nﬂl oLTe 20580) GO TO 1108 1
80 a 291Sp
10 1106

1108 7SD = 1SD = )
¢ END OF INITIALIZATION
1101 ;r (rse oLEe 0) GO To 1107
]
1102 $5J s rsx
s ISL = ISK o ISD
1SY = MREG(ISL)
1SZ = VREG(ISL)
IF (7SY oLTe MREG(ISJ)) GO TO 1104
ISL s ISJU ¢ ISD
MREG(ISL) = ISY
VREG(ISL) = lsz
1SK = 1SK o
1F ((ISK ¢ ISD) .LE. KR1) G0 T0 1102
1S0 = (ISD = 1)
G0 70 1101
1104 1SL = ISJ ¢ ISp
MREG(ISL) = MReG(lSJ)
VREG(ISL) = VRFG(ISJ)
1SU ® 1SU = ISD
: 1F (ISJ «GTe 0) 60 10 1103
GO0 To 1105

1107 cONTINUE
END OF SORT ROUTINg
PUT OUT BELUW BUMP ETAS (PART vr )

el
b s
oW

OOO0O

1190 NSLcK = ¢
NBELOW s 0
NELAST = NgMAX
NTLAST & NTMAX
LE(NTLAST o 1) = NELAST ¢ ]

LR = LRI
1F (LRY oGEe LRY) LR = E
tF (LR +6T, KR¢) Go 1O €050
JK = KRé ¢ 1
nO 2000 JYsLRyKRé
g s JK = )
1' s VREG (JK)
1 ® MREG(JK)
NBELOwW = NBELOw ¢ 1

C~26

"
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IF (Iv +GT. NROw) GO TO 1200
NSLCK s NSLCK ¢ 1
1200 (L = LACIV)
KK = LA(IVel) ol
7F (KK «GT. LL) GO TO 3300
1250 1F (aBS(A(LL) = le) .LE. ZTOLZE) GO vO 2000

1300 NUETA = NUETA » 1
n0 1400 § = LLyKK
TR = 1A(J)
1F (IR (EQ, 1) GO TO 1390
1E(NFLAST) IR
£ (NELAST) = A(Y)
NELAST = NELAST « 1
NUELEM s NUELEM™ ¢ 1 ]
GO Tn 1400
1390 ¢P s A (D)
1400 CONTINUE
TE(NpLAST) s |
e (NE) AST) = EP
LE(NTLAST) = NgLAST
NELAST = NELAST « 1
NTLAST = NTLAST « 1
NVELEM = NUELEM ¢ 1
2000 ZONTINUE .
2050 TF(KR] «EQ, 0) GO TO 3500 :

DO LU DECOMPOSITION OF gUMP

OO0

n0 3000 J = LR1skR]
IV = VREG(Y)
CALL UNPACK(IV)
CALL FTRAN(2)
1ROWP = 0O
xﬂc~i~ s «999999
n0 2400 1 = lynROW :
1F ( ABS(Y(I1)) oLEs ZTOLFV) GO 7O 2170 1
1F (MREG (I) +GE«c) GO 10 2100
1F (HREG(I) +LEe IRCMIN) GO TO 2100 ]
IRCMIN & HREG(])
TROwWp = |
2100 conTINUE

' 1F (IROWP ,GTe o) GO TO 21S¢
1r(x}.eo.l)pnb~t 8000
KINBAS(IV) =
G0 10 3000

2150 {NCR = MREG(IRQWP) o 3

-
o000 O

WRITE L AND V ETAS

TF (J «EQe KR1) GO TO 2160
NELEM ® NELEM ¢ ]
1E(NELEM) = IRQWP
r(NESEN) s Y(IROWP)
2160 no 2300 1 = lynRoW
L4 1F (1 «EQe IROWP) GO TO 2300
TF( ABS(Y(I)) (LEe ZTOLZE) GO To 230

Ce27




OO0

o0 O

o000

o000

aoOo0

2200

2300

2330

2340

2350
3000

3500

3550

CTICABLE
BEST QUALITY PRACTE
1S PAGE I8 ED TODDE

FROM COPY. T

iF (HREG(I) +0Ee ) GO TO 2200
L ETA ELEMENTS

NELEM o NELEM o )
TE(NeLEM) s |
FINELEM) = YD)
G0 1A 2300

U ETA ELEMENTS

TE(NELASY) = |
FINEI AST) o Y(])
NELAGT ® NELAST « 1
NUELEM = NUELEM « 1
CONTINUE

JH(IROWP) = IV
KINBAS(IV) = JROWP
NUETA = NUETA o )
JIE(NFLAST) = IROWP J
1F ('} JNEs KR1) GO 7O 2330
£ (NELAST) = Y(IRQOWP)
G0 T0 2340

FINELAST) = 1.

NETA = NETA ¢ 1
LE(NETA¢l) = NELEM o 1
NUELEM = NUELEM o |
LE(NTLAST) = NgLAST
NELAST @ NELAST = 1
NTLAST & NTLAST « 1

UPD2TE ROW COUNTS

n0 2354 1 = 1yNRoW

tF ( ABS(Y (1)) oLEs zro%zg) GO TO 23%)
1F (HREG(I) .GeEe« 0) GO TO 2359

HREG'I) = WREG(]) = INCR

IF (HREG(I) «GEe 0) WREG(I) = o)
c0~11~us

HREG (IR0WP) = ¢

CONTINUE

MERGE L AND U ETAS

NLETA = NETA

NETA = NLETA ¢ NUETA

NLELEM = NELEM

NELEM s NLELEM * NUELEM

1F (NUELEM +EQ, 0) GO To 3550
CALL SWFTE

INSERT SLACKS FOR pELETFD COLUMNS

nO 3600 1 = 1INROW

IF (JH(I) (NEe 0) GO TO 3600
JH(I) s 1

TROWP =

?
i
3 3

5
!

sl

S . R > e ——"
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THIS PAGE 1S BEST QUALITY PRACTICABLE
FROM COPY FURNISHED T0 DDG e

CALL UNPACK(I)
CALL FTRAN(1)
cALL WRETA
~ONTINUE

UpDATE X
CALL SKIFTR(193)
CALL FTRAN(])
CALL SHIFTR(34+2!
PRINT STATISTICS
NOFD = NELEM = NgTA

NSTR = NROW = pASLCK
1F (K3eNEe 1) RETURN

WRITF (69500)NBNONZINSTR(NABOVE sNBEL OWoNLELEM(NLETA,NUELEMINUETA
INOFD4NETA '
500 FORMAT (18HQINVERT STATISTICS/IH ¢l4,14H NONC IN BASIS/1H
128H STRUCTURAL COLUMNS IN BASIS/)IH +14?19H vgcTORS ABOVE
2149194 VECTORS BELOW BUMP/3IH L1,I8,54 NONZoig,5H ETAS/3H
3SH NON2+1545H ETAS/8H TOTALS191ISe14m OFF DlAg NONZ2,15,SH

RETURN
eND

SUBROUTINE SHFTE

COMMON/WORKL/ B(3501+X(390)+Y(350) s YTEMP (350) +A(5000) +€ (5000) »

1 1A(5000),1E(5000),.A(1302)¢LE(2002)9ICENAMI130202) 1KINBAS(1302)

? JH(350) ¢ ISTYPE (350) sNAME (20) yNTEMP (20) ¢ CMaN,COND ,ERMAX, IFFEZ,

3 INVFRQyIOBJ»ROWPTICHIITCHAPTTCNT ITRFRQeyVINY IVOUT,JCOLPKINP,
XSTAToNROWINCOL INELEM,NETANLELEMyNLETAINOF| EMINGETA NUELEM,

4
& NUETAySUMINF,K3

COMMON/BLOCK/ ZTOLZE+Z10LPVsZTCOSTINAMAXsNTMAX ¢NEMAX 9QRO*UMA 1QBA ¢
1 QFT+CEOYQBLIYGPLIQMI2QAYQBYQCIQE1QF 0GP QHIWY yQL9yQMIQNI QO QR, QU 02

SHIFT IE AND E OF y ELEVENTS

NF = NEMAX = NUELEM « 1
INCR = 0

nO 1000 I = NF NEMAX
INCR = INCR ¢ 1

TE(NLELEM + INCKR) = TE(I)
E(NLELEM ¢ INCR) = E(I)
CONTINUE

TOIF s NEMAX = NLELEM = NUELEM
NF = NTMAX « NUETA ¢ )

INCR = 0

nO 2000 1 s NF oNTMAX

INCR = INCR ¢ 1

LE(NLETA ¢ INCR) ® LE(I) « IOIF
CONTINUE

1E(NETA®]) & NgLgM » )

RETURN

£ND

QUBROUTINE GETPHI(IgJeReF)

RETURN
FND C-29

v1e,
BUMP/1H
VtelSe
ETAs )




