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FOREWORD

This report sumarizes the work done under Air Force Aero Propulsion

Laboratory Contract No. F336l5-74-C-203O during the period of S February 
-

V

1974 to 31 September 1977. It contains the analytical work describing

the propagati on of sound waves in the acoustically lined ducts typically

found in quieted high-bypass turbojet engine nacelles . It also contains

computer programs developed to predict the effects of acoustic lining in

the ducts. The work was done by Dr. John J. Schauer , Mr. Eugene P.

Hoffman , Mr. Marvin E. Himes , and Mr. Robert W. Guyton of the Univers i ty

of Dayton under Project Engineers Lt. Craig A. Lyon and Lt. Robert M.

McGregor of the Aero Propulsion Laboratory, AFAPL/TBC , Wright-Patterson

Air Force Base, Ohio 45433.

1 1 1

U ~~~~ ~~ - ‘ ~~2- 
- --- -- .-- - ---• --—- .. . . .. .

~~~~~~~~~~~
. •.. • k f l -  ~~~~~~~~~ ~~~~~ • i & ..



---
~
—-:

~~— -•-.—--— ‘--—.-
~-- ~~~~~ __VV •~7_• ~•~ VV_~~~~~~~~~ V~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~

-.- _ ..-. 
~~~~~~~~~~~~~~~~~~ - - -~~~~~~~~~~~~~ ..—~----.-- —-- V

~
_II

!

TABLE OF CONTENTS

Section
Page

INTRODUCTION AND SUMMARY 1

• 1. PHASE I - DUCT ACOUSTIC RESULTS 2
2. PHASE II - NOISE/PERFORMANCE RESULTS 4
3. PHASE III - VERIFICATION RESULTS 4

.11 LINING OPTIMIZATION - LEASE ATTENUATED MODE 5

III INTERACTIVE MODAL ANALYSIS 8

IV ORTHOGONALITY STUDY AND ISOLATION OF MODAL 9
COEFFICIENTS

1. UNIFORM FLOW 9

a. Introduction and Summary 9
b. Orthogonality Condition 10

(1) Cylindrical Ducts 10
(2) Annular Ducts - Orthogonality Condition 13
(3) Rectangular Ducts - Orthogonality Condition 14

c. Coefficient Isolation 14

(1) Cylindrical Ducts 14
(2) Annular Ducts 16
(3) Rectangular Ducts 17

d. Example Problems 17

(1) Single Mode Points 19
(2) Near Double Mode Points 20

e. Discussion 22
f. Summary 22

2. SHEARED FLOW 23

a. Introduction 23
b. Analysis Adjoint Method 25
c. Construction of Adjoint Matrix {A*j 29
d. Approximate Method of Isolating the Modal 3 1

Coef f ic ien ts  (Galerkin Method)
e. Discuss ion 35
f . Summary 37

iv 

• ~A4



TABLE OF CONTENTS (Co ntinued) —

Section Pa e

V LINEAR ANALYSIS 37

VI COMPARISON OF AVAILABLE DUC T ATTENUATION 38
PREDICTIONS

V 

VII ACOUSTIC LINING SURFACE ROUGHNESS 4 3

VIII DISCUSSION AND RECOMMENDATIONS 44

1. PHASE I - SOUND TRANSMISSION PREDICTION 44
2. PHASE II - PERFORMANCE/NOISE TRADE 47

METHODOLOGY
3. PHASE III - TRADE STUDY VERIFICATION 48
4. SUMMARY OF RECOMMENDATIONS 48

APPENDIX A - PROGRAM OPTSHE 49

V 

APPENDIX B - INTERACTIVE VERSION OF PROGRAM OPTSHE 85

APPENDIX C - D’ALEMBERT TYPE SOLUTION 105

APPENDIX D - CONSTRUCTION OF SHEARED FLOW ADJOINT
EQUATIONS 123

APPENDIX E - PROGRAM CO 129

APPENDIX F - LINER ANALYSIS PROGRAMS 141

V 

APPENDIX G - COMPARISON OF ATTENUATION PREDIC TIONS 1 4 3

APPENDIX H - FORTRAN SUBROUTINE FOR SKIN FRICTION
COEFFICIENT OF ACOUSTIC SURFACES 153

REFERENCES 154

V

_ _ _ _ _ _ _ _ _ _ _ _  •~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



LIST OF FIGURES

Fi gure

1 Sheared Flow in a Cylindrical Duct with Acoustic Propagat ion 24

2 Comparison Peak Attenuation vs. ETA 39

3 Comparison Lining Attenuation Spectra 41 -

4 Schematic of Ai rc ra f t  Noise Problem 45

C. 1 The d’Alembert Problem 108

C. 2 Multisection Duct with Finite Discontinuities in Wall
Admittance and a Uniform Parallel Flow 122 -

G. 1 Effect  of Mach No. on Lining Attn. Spectra 148 -

G. 2 Effect  of Mach No. on Lining Attn . Spectra 149 !

G. 3 Effect  of Mach No. on Lining Attn. Spectra 150

G. 4 Effect  of Mach No. on Lining Attn. Spectra 151

Vi



I

LIST OF TABLES

Table
Page -

1 Cylindrical Duct with Uniform Flow 18

G. 1 Lining Attenuation Spectrum 143

G. 2 Peak Attention vs. Eta (Equal Energy) 144

G. 3 Data for Lining Attn. Spectra Ductech Method 145 1

G. 4 Data for Lining Attn. Spectra Least Attn. Mode Theory 146 a
G. 5 Data for Lining Attn. Spectra Least Attn. Mode Theory 147

I

I
vii j

_ _ _ _ _ _ _  _ _ _



— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V..... __ __ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~ V_V V
~ V_ I_I

SECTION I

INTRODUCTION AND SUMMARY

Recent Air Force regulation 80-36 states that Air Force tankers

and transports should meet the commercial noise regulations (FAR 36).

Since the dormnant noise source of the high bypass turbojet  engines

typical for these applications is the fan , it is logical that the investiga-

V 
tion of the duct linings which keep the fan and core noise from escaping

via the inlet and exhaust ducts should receive attention. There are

several  reasons that thi s attention should be focused into the Air Force

itself , rather than scattered th r oughout the commercial a i r c ra f t  industry.

First, is the need for  sophisticated , standardized predic tion

procedure for evaluating competitive a i rc ra f t  designs on an acoustical

basis. The need exists because of the differences in the many existing

prediction programs currently in use by the a i rc ra f t  industry.  A

comparison of several of these prediction programs will be a part  of

this report. The differences in prediction techniques between competi-

tors  would create a dif ference in predicted noise even for identical

des igns .  It is important that competitive design s be evaluated af ter

being put through the same acoustic prediction procedure.

A second reason that attention to Air Force aircraft acoustics

should be focused in the Air Force is that a clear d i f f e rence  exists

between the Air  Force a i r c r a f t  mission and the civilian commerc ia l

a i r c r a f t  mission. This d i f fe rence  may make a d i f f e ren t  set of des ign

pa rame te r s  feas ib le  for  the two types of a i r c ra f t .  That is , the Air

Force a i r c r a f t  may require  fans  p roduc ing  hi ghe r  f r equency  noise  than

their  commerc i a l  coun te rpar t s  or d i f f e r e n t  by pass ra t ios .  Air  Force

a i r c r a ft may a lso r e q u i r e  more durab le  l in ings  or d i f f e r e n t  m a i n t e n an c e

sc h e d u l e s .  A p red ic t ion  p r o g r a m  developed pri ma r i lv  for  c o m m e r c i a l  

~~~~~~ -~~~~~--~~~~~~~~~~~~~~~~~~~~ - -- - V— - - V - -~~~~-—- -— -
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ai rcraf t  and checked out over a range of commercially f ea sible para meters

might be of doubtful validit y ove r a di f ferent  range of parameters  asso-

cia ted with designs meeting the Air Force mission. For this reason too ,

the Air Force needs its own prediction procedure , ch eck ed out ove r a

range of parameters  compatible with the Air Force mission.

A third reason for focusing Air Force attention on duct acoustics

is that the area is rapidl y developin g via involved an a lytical techniques.

This means  that in order to follow the recent developments , a famil iar i ty

with the underlying analytical back ground and the physical principles

involved is virtually a necessity.  The familiarity can come onl y by a

consistent, long term commitment in this area.

For these three reasons then, the Air Force contracted with the

University of Dayton over the past several yea rs to maintain an effort in

the field of sound transmission through ducts. The effort was divided

into three phases. Phase I consisted of the investigation of duct acou-

stic theory and computational procedures. Phase U consisted of

assisting AFAPL in integrating Phase 1 work and programs from other

sources into a performance/noise trade procedure. Phase III consisted

of assisting AFAPL in applying the performance/noise trade procedure

to selected aircraft.

~~~. 
PHASE I - DUCT ACOUSTIC RESULTS

Phase I results may be summarized under several headings as

follows:

1) A least attenuated mode program was developed which iterates

to find the acoustical lining impedance and subsequent design which gives

a maximum exponential attenuation to the mode which is attenuated the

least. This program handles any combination of 1) no flow, uniform

flow, or sheared flow , with 2)  rectangular, annula r , or cy lindrical

ducts , for 3) one or two soft walls. This program was the basis for

the study reported in AIAA paper number 75- 129 [1].

2
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2 ) A separate version of the i terating 1iro gram mentioned in

part  (a)  has been developed as a major working tool for modal analysis

of constant cross-sect ion ducts.  This version is capable of f inding all

the modes for a given duct lining configuration but it is not entirely

automatic as is version (a). This version was developed as an aid to

a higher order angular mode study by Hoffman [2]. It is designed

for interactive use from a time sharing terminal. The interactive

procedure is somewhat routine except for initial guesses of modal

characterist ics and interpretation of the resultant modal characteris-

tics. Experience or guidance is necessary for successful use of this

version. This version produces input necessary for studies as reported

in reference 3.

• 3) An analytical study was completed on the orthogonality of

the duct acoustic modes for no flow, uniform flow, and sheared flow

which results in isolation of the expansion coefficients for modes tra-

veling in both directions. The uniform flow theory is implemented in

a computer program for sound propagation in a segmented lining duct.

Both the uniform flow and the sheared flow isolation of the model

coefficients should have an important impact on the analysis of large

systems of ducts as might exist in an idealization of a complet e en gine

nacelle configuration. This study is introduced in reference 3 and

detailed in this report  for the f i r s t  time.

4)  Studies of double layer linings and sing le layer linings were

conducted. These studies resulted in computer programs which de-

• si gn a perforated plate lining to correspond to given acoustic impedances.

Other vers ions  of these programs do the problem of finding the acoustic

impedance of a given perforated plate type liner , sing le or doub le

th ickness .  The double layer work is contained in a report by Hoffman [4].

His work includes a p rogram for obtaining the local optimum lining

res is tances  and backing and space depth to approximate  simutarieousl y

given acoustic impedances at two f requenc ies.

3
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2. PHASE II - NOISE /PERFORMANCE RESULTS

1) A comparison of the attenuation predictions of sever~~1 exi sting

prediction procedures is given. These procedures include two semi-

empirical procedures , least attenuated mode , p lane wave techniques ,

finite difference on segmented lining, and equa l ene rg y in the propagating

modes procedures.  Two of these are based on Phase I efforts and one on

an associated eff ort conduc ted by AFFDLJFBRD.

2) After several discussions with AFAPL and Design group

personnel, a decision to develop a per formance /noise  trade procedure

based on an existing noise prediction program BOEING, was made.

BOEING was to be modified depending on the results  of 1) above to

reflect the work done in Phase I. Thi s p rogram was to be used in con-

junction with existing performance programs in use b y the Design group.

The only rn.issing link between the two programs was a need for f r ic t ion

factor information about acousti c linings by the Design group.

3) A study of available material concerning the surface roughness

of acoustic lining materials was conducted and a computer program and

report [5] written to fulfill the need of the Design group.

3. PHASE III - VERIFICATION RESULTS

The Advanced Medium STOL Transport  (AMST) was selected for

the initial app lication of a performance/noise  trade procedure by AFAPL,

Design , and University of Dayton personnel. Several engines were

considered including the CF6-50 , JT8D-l7 , and JT8D-209 refan.

Consideration of the baseline a i rcraf t  and grown nacelle configurations

will be continued irs a follow-on ef for t  under Contract F 3 3 6 1 5 -7 8 -C-2 0 l6 .

4
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SECTION II

LINING OPTIMIZATION - LEAST ATTENUATED MODE

Early in this contractual effort, emphasis was placed on obtaining

an automated lining design program. The effects of a sheared velocity

profile on the optimum lining was to be investigated in detail. As a

consequence of this emphasis, a computer program was developed

which required a minimum of input data and which iterated as required

V to obtain the optimum lining acoustical characteristics. The lining

acoustical characteristics were then converted into an actual lining

design by the use of information in the available literature regarding

lining parameters. A brief excerpt from our published work [1].

will clarif y the technical effort involved in this program. The follow-

ing pertains to the cy lindrical duct portion of the program.

The optimum duct wall problem was approached via the governing

partial differential equation for sound propagation in a duct with a

constant thickness boundary layer as derived by Mungur and Plun-sblee [6].
This partial differential is separated in the three space coordinates and

time. The resultant ordinary differential equations are solved in time,
• in the axial coordinate , and in one cross-duct  coordinate (angular

variation). But in the other cross-duct  coordinate (radial variation )

the differential equation takes the form

+ (4 + (k-k M) 
+ H

2
[k
2
-k 

2
(l-M

2
)-2?v& k - ~~~~—-

2 } P 0

where

P is the complex fluctuating pressure  in the X direction

X is the normalized coordinate across the duct (radial)

M is the local Mach number

5



-V--V.—--— --- -V - V V— —-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

--V. ~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V -~~~

I 

H is the duct hei ght (radius)

k is a constant proportional to frequency

k is the complex axial propagation constant

m is the mode number of the pressure fluctuation in the other
cross-duct coordinate (angular)

with the boundary conditions involving the wall impedance , Z , as

Z + j k p
-

i

~X wall

where

p is the fluid density

c is the speed of sound

H This equation with its boundary conditions was solved as an eigen-
value problem by Mungur and Plumblee and by Eversman [7]. The
present study uses an approach similar to that developed by C~ ’~n-ser {

~
]

f o r  the no flow case. Values of the imaginary part of k , the propagat ion
constant, are proportional to the attenuation of the sound pressure down

V 

the duct. Picking an imaginary part of k and varying the real part
using a numerical integration across the duct produces curves of con-

V 

stant attenuation in the wall impedance plane.

The curves form loops which reduce to a point as the attenuation
is increased as shown by Cremer. A computerized procedure to home

in on this point was developed to obtain the lining where the “least
attenuated mode ” has the highest attenuation. This point corresponds
to the lining where the f i r s t  and second radial modes are the same , a
double mode point , and the lining parameters  here define the “optimum ”
lining.

The boundary layer profile enters  into the calculation in both the
dM/dX term and the M terms which are  fun ctions of X. Because the

6 
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I steep velocity gradient at the wall causes the term involving M’ to domi-

nate at the wall , the boundary layer model used was the “law of the wall”

as shown , f or example , in Kays ’ [9]. In addition 1/7 power profiles

and 1/7  power profiles modified in the one percent  of the profi le neares t

the wall were tested in the different ial  equation. The “law of the wall ”

profile was used in the parameter studies illustrated. The wall shear

F was computed from the Blausius relationship for smooth walls as given

by Kays.

The automatic convergence of this program has been verified ove r

the frequency range where 2Hf/c is between 0.4 and 6. 0. Here f is the

frequency. This range is validated for rectangular, cy lindrical, and

annular ducts with one or two soft walls. It also hold s for various shear

layer thickness and mean flow Mach numbers of ± 0. 5. The program

V 

and typical input and results for an annular duct are shown in Appendix B.

L _  .~~~~~~~~~~~~~~~~~~~ 
.
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SECTION III

INTERACTIVE MODAL ANALYSIS

The major tool developed for a modal analysis of a given lining is

- 

V this interactive version of OPTSHE. It is called a version of OPTSHE

because it uses the same subroutines to set up the shear layer, to solve

the governing partial differential  equations, and to establish the governing
V equations. It’s use of these subroutines, however , requires that the pair

consisting of the modal attenuation and phase velocity be input rather

than output as in the optimizing version. The flow configuration and

duct configuration are input exactly as in OPTSHE. An input of modal

characteristics results in an output of the lining acoustical properties

which would give those characteristics.  An iteration procedure is then

utalized to permit the detern ~.iii~i~ion of a pair of modal character is t ics

corresponding to given lining acoustical properties. This procedure may

be repeated to give other pairs of modal character is t ics  for  this same

lining. The pairs define the various modes which correspond to the

given lining. In this manner angula r modes or radial modes may be

established. The modal results  can be used in an “equal energy in the

propagating modes” analysis as in Section VI of this report. The modal

results can also be used as input to the modal analysis of multisectioned

liners as in Section IV of this repor t .

This interactive version of OPTSHE is listed in Appendix C along

with a typical terminal  run. Notice that  the input is requested by the

program and that there is an open format for the input.
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SECTION IV

ORTHOGONALITY STUDY AND ISOLATION OF

MODAL COEFFICIENTS

1. UNIFORM FLOW

- 

V 

a. Introduction and Summary

An orthogonality condition , as f i rs t  given by Zorumski [10],

is derived for parallel uniform flow acoustic modes in rectangular,

cylindrical or annular ducts with soft walls. The orthogonalit y condition

permits the expansion of arbi t rary  input pressure  and velocity distribu-

tions in terms of summations involving the duct modes , the mode

eigenvalues , and uniquely determined coefficients.  The orthogonality

V 
permits the coefficient  of , for example , the f i rs t  radial mode to be

determined without the other radial modes or their eigenvalues being

known. The orthogonality condition is demonstrated with example

V 
problems in a cy lindrical duct and the coefficients examined near a

double mode point for  a plane wave input.

In Appendix D. 1 a d ’Alember t  type solution is assumed and

is shown to be completely compatible with the solution presented in this

section. The d ’Alembert  solution may be c learer  when interpret ing

acoustic waves to be traveling in both directions.  It is also shown in

the appendix that isolat ion of the acousti c model coeff ic ient s  can easily

be adapted to mul t i - segmented  duct liner theory.

Because  the  radia l  eigenvalue  is cont a ine d in the boundary

con di t ion , u n i f o r m  flow modes in a soft  walled duct  a re  not o r t l ~~ gonal  in

the u s u a l  sense  as nr ev i o u sl y s ta ted  fo r  example by Rice  [ 11]  for

c’. l i n d r i ca l  ducts  and Te s tf r 1 1 2 ]  fo r  r e c t a n g u l a r  d u c t s .  Al thoug h th i s

does not pr v e n t  a.n al : r~~xi~~, , i ~ P eT ~p r e s Si on  of a rb i t r a ry  p r e s s u r e  and

k o c i  lv  d is~ r b u t i o r -  in  rn -~~ of ~, r ~~~~~~ nsi~ n i n v o l v i n g  a f i n i t t  n u m b e r  
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of the duct modes, as done by Rice, it does make the process approximate

and laborious. This paper shows that the coefficients may be determined

easily and uniquely using only the mode and eigenvalue whose coefficient

is being determined. The method was mentioned by Lansing and Zorumski

[13 ] and some results for a plane wave can be found there. The purpose

V 
of this paper is to present the method for an arb i trary  pressure  and

pressure gradient in a manner which can be understood by practicing

duct acoustic personnel.

The derivation presented here was suggested by Dr. K. G. Guderley

and result s in the development of the orthogonality condition without the

use of the terms “adjoint” and “inner product. ” Dr. D. W. Quinn , also
V of Wright- Patterson Air Force Base AFFDL- FYS, arrived at the same

results using the adjoint differential equation. Dr. Guderley continued

to provide guidance at points of difficulty throughout the paper. This

investigation was carried out under contract to the Air Force Aero

Propulsion Laboratory (AFAPL) at WPAFB . The work was done at the

Applied Mathematics Group of AFFDL (FBRD) at WPAFB and at the

University of Dayton.

b. Orthogonality Condition

The derivation of the orthogonality condition will be done in

detail for cylindrical ducts. It extends easily to the case of annular and

rectangular ducts and the results will also be indicated for these duct

types.

( 1) Cylindrical Ducts

Starting with the well known Bessel’ s differential

equation which results from a separation of variables approach to the

governing partial differential equations for the sound propagation in a

cylindrical duct with uniform flow, as shown for example in Rice [14 J,
we can write

p(r , e , z , t)  = P exp[i(w-k z)Jcos me (1)

10 
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where

+ p ’ + (kP ) 2 
- A 2 ( 1—1~

2 ) - 2MA _ ( 1
~~~~

2]
~ 

= 0 ( 2 )

and

P is the complex fluctuating pressure variation with x; P = P(x)

x is the normalized radial coordinate; r /R

R is the duct radiu s

M is the flow Mach number (constant)

k is a constant proportional to frequency; k w/c

X is k/k, the eigenvalue for (2)

w is the circular frequency

c is the speed of sound

m is the angular mode number

and primes denote differentiation with respect to x. Multiplying Equation 2

by x, condensing the first two terms, and adding a subscript to P to denote

V that the 2th radial mode also satisfies Equation 2 with X = A L we have

(xP~ ) ’ + f tp ) 2 
~ ~~ (

~~~ )2] x - (1-~~ ) A ~ x - 2MA~ x~ P~ = 0 (3)

with the boundary condition representing continuity of partical displacement

at the outer wall as

= — ikRA (1 — ~‘ x ) 2 p
9.

where A is the specific acoustic admittance of the outer wall and from

Eversrnan ’s [ 2 ] work for a cy lindrical duct

= 0 (5)

The ~th radial mode satisfies the same equations and boundary conditions

(xJ~’)’ + ( k R ) 2 { [  (
~~~ )2

] x - (i-M2)A~x - 2~flX x } P = 0 (6)

F ’( i )  = — ikRA ( l—?4A ) 2p
fl n n (7)

11
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I

P’ ( O ) = O  (8)
n

Multiplying Equation 3 by P and integrat ing across  the duct gives

+ (kR)
2 f  {

~ 
- (

~~~ ) 2
] x - (i-M 2 ) A ~ x - 2VA ~ x } ~~~x 0 ( 9 )

Integrating the first term by parts

f (xP~)’P~dx = ~~ -f P~ xP~ dx (10)

and integrating again by parts shows

1 1 
1

= [XPIP - xP~P’~~ + fP~
(xP

~
)’dX ( l 0~

0 
0 0

Substituting this into Equation 9 with the boundary conditions of Equation s

4, 5, 7, and 8 give s

f  p ( y ~~’ ) ’~ x + (kR ) 2 f p~ 
{~

1 - 
(
~~~

)2] x - (1-HA~ x - 2MA~ x} ~~~~ 
( 1 1)

+ P~ (1)P~ (l)ik~~ (l—T.1A~~)
2 

- P
~
(1)P

~
(1)ikR

~
(l - =

Nor multiplying Equation 6 by 
~~L 

and integratin g across the duct gives

V 

f P1(xP~~) ’ dx + ( K R ) 2 f {[ - ( ) 2
] 

x - (1 - ;~
2 ) A 2x - 2MA x } Pr d X O

Substractin g Equa tion 12 f rom Equation 11 leaves

f [ i  
- : ( x ~ - A~~) 

+ - A s)] 
xp~p~~x +

(13)
0

yi)P~ (1)~~ 
~~~l_ ! .A ~~ )2 — (1_ 9

) 2] ~

~~~~~~ _ __ _ _ _ _ _ _ _
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Factoring (A
2 

- X~~) into (A n 
- A 2

) (X
n 

+ A
2
) and simplif ying the boundary

condition term in a similar manner we find that

(A  - A ) {  f ( x  + A~ — ~~~P~ P d X  + P
~
(1)P (i)

~~~~ 
= 0 

(14) 
V

r M2(x + x
~

) — 2N

If A
n ~ 

A
L 
then the quantity in the braces in Equation 14 must be zero, or

(A + A
~ 

- f )  f  xP
~

P d x  + P~ ( 1) P ( 1)
~~~ = 0 ; £ a ( 15 ) 

V

is our orthogonality relationship for a cylindrical duct. We will refer  to

the first  term in Equation 15 as the integral  term and the second as the

boundary condition term. In examining orthogonality in our example

• problems we will divide Equation 15 by (A n + A
2 

- f )  and will refer  to the

resultant first  term as the isolated integral arid the resultant second term

as the modified boundary condition term.

(2)  Annular Ducts - Orthogonality Condition

With the boundary condition on the inner wall of an

annular duct expressed as

P ’ ( x . ) = ikRA ( 1 - ~1A) 2
P( x . )  ( 16)

we find that the orthogonality relationship for annular ducts is the same as

for cy lindrical ducts except for the boundary condition term which expands

to become

~~~ [A 1P 1 + A . x .P~ ( x . ) P (X .) ]  
(17)

where the ( ) subscript r e fe r s  to outer wall quantities and ( ) . r e fe rs  to

quantitie s evaluated at the inner wall and the lowe r limit on the integral  is

x . .
1
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(3) Rectangular Ducts - Orthogonality Condition

Considerin g only the simplest case of three walls

hard and one wall soft in a rectangular duct the separation of variables

solution of the governing partial differential equation as shown by Rice

become s

p(x , y, z , t )  P ( x ) e xp t i ’w t  — k z ) ]  cos rn2 lTy / v

with

F” + (kIj )~ - A2(1 — i~ ) - 2MA 
(

~~
)2] ~ =

F’(o) = o

P(0) = 1

P’(i) = - ik}IA(1 - MA ) 2P( 1)

where H is the duct height and w is the width between the hard walled

faces. Manipulating the modal solutions of these equation s as before we fin d

1

+ - r ) f  PZPdX + P
~

( 1)P ( i )
~~~ 

0 ~ a (18)

0

as the orthogonality relationship f o r  a rectangular duct.

c. Coefficient Isolation

(1) Cylindrical Ducts

The usefulness of the orthogonality relationships

derived is dependent on whether or not they can be exploited to isolate the 
V

coefficients of expansion s of arbi trary initial conditions in terms of the

radial modes. We will take as initial condition s

(19P (x , z = 0) E = E bZ P

and

a z = 0) hz (20)

14
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where g and h are our arbi trary initial conditions. This breaks with

tradition since the usual initial condition s are given in terms of pressure

and axial velocity as used by, for example , Lansing and Zorumski [4. 3]

instead of pressure and axial pressure gradient as used here. The axial

momentum equation , however , shows that if the axial pressure  gradient

is continuous then the axial velocity must also be continuous. For our

separation of variables type solution

= - IAP P (2 1)

we can see from Equation s 19, 20 , and 21 that

~ Z=1 
b Z A ZP Z (22)

In order to isolate the b2 ’ s we can substitute

Equations 19 and 22 into Equation 15 by (a) multiplying Equation 19 by

P ( l - M
2

)X xdx, (b) multiplyin g Equation 19 by P 2MXdX, and (c) multiplying

Equation 22 by P ( l -M  )xdx, integrating these three from zero to one and

adding to form the integral term in Equation 15 with its coefficient on the

ri ght hand side of the resultant equation. To this we add the boundary

condition term

+ A~ ) — 2?~) (23)

to both sides. The ri ght hand side is then a summation of terms each of

which corresponds exactly to Equation 15 which means that it will be zero

except when L =n .  That is , the ri ght hand side will be

1

b [2(1 - M2)A + 2M) + 2P2(1)~~(~?A - M ) } (24)

and the corresponding left hand side will be

15
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[(1 - l42 )A ~ + 2M] f  xgP dx + (1 - i~~)f x  ~~

(25)
+ 

~ft 
P

fl
( 1)

~~ b Z PZ ( 1) [M ’ A + ~~~~~~ — 21~]

The summations in the left hand side involving the boundary condition on the

modes may be simplified since these sums must be the boundary condition

on g and h from Equations 19 and 22. This permits the last term in

Equation 25 to be written as

1 1 (2 6 )

~~~~~ 
(1)~~~ A~ — 2r- ~) g ( 1 )  + ~~ ~..(2)j

Combining Equations 24 , 25 , and 26 and solving for  b give s

1 1

b ~.-—~~-— :— - —~~~~~~ --- 

xh2x +
~~7~~~ 

[r~r(1) + v
V. 

~~( ) )

(2~~ -r 2 ) f 2 ~~ + ~~

0
( 2 7 )

where
V.)

f ~“A — 2M
a fl

f 2!~~X — 21-’
2 n

(2)  Annu la r  Ducts

U s i n g  F quatio~ 1 ~n E q 1 , V ~~~t V i o 1V V 5 wi th  Equation s 10

and ~2 , the expansion c o ’~ f i ~ b- r - t s  o r  an n n u l a r  d u c t  m a y  bc ~ i r i t t n  in t i - c

sa me forn  as Eq U V t ’  ~~~~ 27 ( ~~ ept t H i  1 i).)0t-.(1 •i r ~
‘ ~ a ~dit iO~ t i  ~- c han~~e

I t1

A - ~~~~ V.~~~~~ V~~~~ V V V . V .  V.~~~V -V V.~~ V V . ~~~ •~~~~ 
V
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in both the numerator and the denominator. The boundary condition term

in the numerator of Equation 27 becomes

I M~’ 1 M2 . (28)
~~~~~

- -  
1A ~~~ (i)  ~,

f g( 1) + —~~~ h ( l )j  + A1x1P~ (x 1) 
[fn~

(x i ) + .-
~~~~

- h x
1]

and the boundary condition term in the denominator of Equation 27 becomes

2 2 1 (29)
IA p ( i )  + A .x.P (x.)

~P O n  l l f l  2.

and the lower limit on the integral is x. for an annular duct.

(3) Rectangular Ducts

The the three hard and one soft walled rectangular

duct we use Equation 18 with Equation s 19 and 22 to obtain exactly the same

results as for the cylindrical duct except that the x is missing from inside

the integrals and R is rep laced by H in Equation 27.

d. Example Problems

Five example problems in cy lindrical ducts are presented to

illustrate the method and permit a directed discussion of the ortho~ onality

conditions. The modal coefficients b . ’s, shown in Table 1 are computed

for mode s which are normalized to a value of 1 ~ Oi on the duc t centerline

for Cases 1, 2 , 4, and 5 which are axisymmetric (zero  angular mode)

examples. Case 3, which is for an angular mode of three , has the radial

modes computed by expanding as shown by Eversrnan for  x less than . 001

and then normal iz ing the maximum value of the real  part  of the resul t ing

radial p ressure  distribution to 1.0. A plane wave of r.-iagnitude 1 01 at

z 0 is the initial condition used in all cases. This resul ts  in g ih fk = 1.0

for g and h in Equations 19 and 22. The b . ’ s are then computed f rom

Equation 27.
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( 1)  single Mode Points

Cases 1 ar -. ... are examples of single mode points.

That is , the wall admittance has been selected for Cases 1 and 2 at about

4/3 of the “optimum ” admittance. For this purpose “optimum” means the

admittance at which the f i rs t  and second radial mode s coalesce for  zero

angular mode. At 4/3 of this admittance the radial modes are well

separated for  our examples. The coefficients of these two cases are typical

of single mode points. That is the f i rs t  coefficient is of the same order of

magnitude as the initial conditions which are of magnitude one. And the

hi gher order radial mode coefficients are of smaller magnitude. These

firs t  two cases were chosen to give a spread in the reduced frequency, kR.

This was of interest  particularly in examining the orthogonality of the

modes in each case because the boundary condition terms of Equation 15 are

inversely proportional to kR and the “optimum” admittance goes down as

kR goes up giving a total effect about inversely proportional to kR squared.

This would mean that as kR gets large the integral of xP
L P would get

small, approaching the “usual” orthogonality. Checkin g orthogonality, the

integration of XP2 P was performed numerically and the modified boundary

condition term added to this. For the accuracy used in these computation s

the sum of the integral plus the modified boundary condition term was less

than 0. 3% of the integral for all three combinations of 2 n in Case 1.

Case 2, where the integral itself is much smaller , the sum of the integral

plus the modified boundary condition term was less than 10% of the value

of the integral, 2 n.

Case 3 is for  an angular mode of three. Here , V

with the accuracy used , the numerical integration plus the modified boundary

condition term was less than 4% of the integral, 2 n. The coefficient of

the f irst  mode for Case 3 is significantly smaller than for Cases 1 and 2.

This is expected since the hi gher order radial modes must build up the

plane wave near the duct centerline where all the modes start with zero

magnitude and zero slope.

19
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V (2) Near Double Mode Points

Cases 4 and 5 illustrate the anticipated behavior as

~~ a double mode point is approached. The first  two radial modes for Case 4

have the imaginary parts of k/k the same while the real parts differ by

about ten percent. Case 5 is almost identical but the real parts differ by

only four percent. Notice that coefficients of the f i rs t  two modes , b 1 and b 2
both get large and are of opposite sign. The situation is analogous to

Tester ’s [15 ] investigation of double mode points in rectangular ducts with

no flow. The large coefficients which arise can be explained , intuitively at

least, by considering the function space (initial pressure and pressure

gradient distribution ) obtained by linear combinations of its basis function s

(the radial modes) as analogous to points in a two dimensional space (a plane)

obtained by linear combinations of basis vectors (any two nonparallel

V vectors in the plane). The mode shapes of the f i rst  two mode s approaching

each othe r corresponds to two unit vectors in the plane becoming almost

parallel. In order to get a point in the plane not in the direction of the

almost parallel vectors by a linear combination of these vectors the two

coefficients of the vectors must be very large and of opposite sign. This

causes the difference between the vectors to be amplified while the parallel

component of the vectors tends to cancel. This corresponds to the given

initial con dition s which must be formed by linear combination of the radial

modes. When two modes become almost identical their coeffic ients

becoming large and of epposite sign corresponds to the difference between

the two modes being amplified to create a portion of the initial condition
V. corresponding to the difference between the two modes. The similarities

between the modes are not similarly amplified because of the differenc e in

sign between the coefficients. Even as the modes approach each other they

still satisf y the orthogonality condition (E quation 15) as was demonstrated

numerically for Cases 4 and 5.

As the modes approach each other in shape their

propagation in the z direction approaches the exponential times A + Bz

V V i

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~ V V
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(A and B constants) behavior shown by Tester.  This behavior can be seen

in the present context and notation by considering the fo rm of the f i rs t  two

terms in the infinite serie s (Equation 19). The serie s takes the form

F(x , z)  = b1P1(x ) e  1k
~~~

Z 
+ b2P2

(x)e ik 5 z 
+ • • . (30)

V Near a double mode point P 1(x) is almost identical with P2 (x) an d k z1 is

almost equal to k12 . Defining at any fixed value of x, for  example x =

P2 (x 1) = P1(x 1) + A? (31)

where tIP is a small difference and

k = k + c (32 )
V z

2 
z
1

where € is also small, permits the writing of Equation 30 as

z)  = b 1P1(x 1)e
_
~~ z 1

Z 
+ b2[P 1(x 1) + AP}e 1k

z 1
Z
e € Z  

+ ~~~~~~ (33)

The last exponential can be expanded in the usual exponential series , the

higher order terms in cz neg lected and the tIP s product assumed neg li gible

to give

— 1k z
P(x1, z) ~ b1P1(x 1)e Z

1 + b2P1(x 1)e~
1
~

cz1
z 

+ b 2 (A P - P1(x 1) i cz) e~~ z1
Z + .

(34)

This rea r ranges  to give the form

P (x 1, z )  = + b2 )P
1(x 1) + b2 [AP — iP

1(x 1
)Ci~] }e 1” z1

5 
+ . . . (35)

if x 1 is chosen at the centerline in the axisymmetric case where both modes

are normalized to 1. 0, then tIP is zero and

P ( o ,  z )  + [(b
1 + h ,1 ) - ih~ c~~] p

1( 0) e~
k z 

Z 
+ • • • (36)
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While both b1 and b
2 
are large, they are of opposite sign and both the

b
1 

+ b2 
constant term and the ib

2
e linear term coefficient are of reasonable

size. This is the exponential times A + Bz behavior near a double mode

point also shown by Tester.

e. Discussion

The uses of an orthogonality condition such as that derived
V 

here are several. First, it can be used to find the amounts of the f i rs t  or

first few radial modes present in an arbitrary radial initial condition

without finding or using the higher order modes. This is an advantage

because often the higher order modes are attenuated so rap idly that they

are of little importance when studying the sound propagation. Second , as

shown by Lansing and Zorumski , orthogonality can be used in a mode

matching type of analysis at a discontinuity in duct lining. Third , an

orthogonality condition for the radial mode may be combined with an

orthogonal expansion in the theta direction in a double expansion to give a

capability for finding the amounts of the various radial and angular modes

present in an initial pressure distribution which is a function of both radial

and angular position.

Completeness of the radial eigenfunction s has been assumed.

1. Summa~y

— Expansion coefficients have been isolated for uniform flow

with the help of the orthogonality condition derived. Example problems

have been presented to illustrate the effects of being near a double mode

point.
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2. SHEARED FLOW

a. Introduction

A method for isolating the acoustic modal coefficients is

presented for a softwalled cy lindrical duct containing a sheared parallel

flow. The linear acoustic equations for the sheared parallel flow are cast

into the form of a linear eigenvalue problem with associated eigenvectors

and by utilizing the definition and properties of the complex inner product
V an adjoint eigenvalue problem is formed so that the usual definition of

orthogonality exists between the acoustic modal vectors and the adjoint

modal vectors. The modal coefficients can be isolated by using the

orthogonality property. An alternate approximate technique using the

Galerkin method is also presented as a means of isolating the sheared flow

modal coefficients.
V 

The partial differential Equation 37 which govern s the linear

acoustic wave notion for a sheared parallel flow contained in a cylindrical

V 
duct (Figure 1) is a derived by Mun gur and Plumblee [ 6 ].

—4 ~f + 
2M(r ) 

~ 
+ M

2(r)  ~~~~ - ~~~ ~ M(r ) ~~ r 
~~

2p = 0 (37)
C ~t

where 
~~

2 is the Laplacian operator in cylindrical coordinates

V c-? 2 i~~~ 1 ~~
V - 2 ’

~~r~~~r~~ 2 2~~ 2r

and the Mach number M(r)  depends only on the radial coordinate. It can be

shown that , if the fluctuatin g quantities p(r , z , e, t) and v(r , z , e, t) are pro-

portional to e
1
~~~~

t_ )
~~~ cos n8, the radial momentum relationship become s

— 
iP ’(r )

v ( r )  — 
pck( 1-M(r ) X )  

( 3 8 )

and the partial differential Equation 37 reduces to the following ordinary

differential equation and wall boundary condition.

~

V V

~
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Pt t ( r ) +( ! + (1
2
~~~~~~~ ) P t ( r )  + k

2 
[(1~~M ( r ) X ) 2

~ X
2
~~_

m2

2 ]  P(r ) =0 (3 9)
(kr)

and the no=slip wall boundary condition is

- P wall . P(r) wallZ — -ik pc , (40)wall v P ( r )r

The governin g ordinary differential equations for a uniform

flow and for a sheared parallel flow are identical except for the additional

V 
term of P’ in Equation 39 for the sheared flow making the uniform
flow orthogonality condition derived earlier in this report not applicable to
the sheared flow case. Therefore a different orthogonality condition was
developed in order to isolate the sheared flow modal coefficients.

Schauer and Hoffman [ 3 ] presented in general an adjoint
method of solving for the modal coefficients in a sheared flow. This

method will be presented in detail on the following pages. Kraft and Wells

[ 16 ] have used an adjoint function to find modal coefficients , but only in
the case of a uniform flow where the acoustic modes are assumed to be
traveling in one direction. It is anticipated that the sheared flow adjoint
solution will converge to the uniform flow adjoint solution as the sheared

region of the fluid , the boundary layer , goes to zero.

As an alternate technique it is shown that the Galerkin method

as applied by Unruh and Eversman [ 17 ] and by Yurkovich [ 18 1 to an
attenuatin g duct can be extended so that approximate sheared flow modal
coefficients can be found.

b. Analysis Adjoint Method

As in u iiform flow it is assumed that the radial acoustic

pressure  distribution g ( r )  can be expanded as a linear combination of the
modal p ressure  distr ibut ions P2 (r )

g( r ) = ~ b
2
P~ ( r )  (41 1
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where P2
( r )  satisfies the sheared flow differential Equation 39 and the wall

bounda ry condition, Equation 40. The radial distribution of the axial

pressure gradient H(r) is

H(r)  = -ik~~ b2
X

2P2 
(42)

and is the axial eigenvalue of Equation 39. The radial acoustic velocity

v( r ) ,  is

v ( r )  = ~ b2
v

2
( r )  (43)

where v
2

(r ) is the modal radial acoustic velocity as given by Equation 38.

Equation s 41, 42 , and 43 can be represented by one vector equation

I g(r ) )

~~( r )  - ~~iH(r ) ~ = ~ b
2~~ 2

(r)  (44)

v ( r )  J
where y 2 

is defined by

1” L l
X 2

P
2 ~ (45)

L~ 
V~~ J

It is pointed out that the modal vector components of V~
’
2

( r )  are

functions of the cross duc t coordinate, r.

A linear eigenvalue problem can be formed by defining [All to

be a matrix operato r such that

[A]~~~( r )  = X 1(r)

where X i s  again an axial eigenvalue of Equation 39. The form of [A] can be V

found by manipulating the sheared flow acoustic differential Equation 39 and

the radial momentum Equation 38. The differential Equation 39 is rearranged

to get

1 ZX M ’ Pt + k1( 1-ZM X - 
m 

)P\ = X 2
P (46)

k
2(1-M

2 ) ~ r 1-MX (kr)
2 J
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From the radial momentum relation ship Equation 38

Pr . V

1-MX 
= -ipckv

P’ . . -substitutin g for l M x  in Equation 46 gives V

2 
1 

2 + ~~~~~ + k
2( l -ZMX -  m )P - 2ipckM’Xv~ A

2 (47)
k ( 1- M ) ~~~ 

r (kr)  J
By solving for A from the radial momentum Equation 38 and then multiplying

by v it can be shown that

1 iP’X v = (v - 
pckM~~ 

(4 8)

After substituting the expression for Xv from Equation 48 into the modified

differential Equation 47 the final form of the transformed differential

V equation becomes

1 /~, , + + k2(l-2MX - ~~~~ - )P  - 2ipck~~~~(v - ~ -)\ = X
2
P (49 )

k
2
(l-M

2
) ~ 

r ( k ) 2 M pck j
It can be verified that the matrix [A] defined below

0 l ( )  0

)“ +(~
- _

~~~~
-)(  )‘ +(k 2

-~~~ -)( 
-2M_ -ZiDckM’ 

-

k (1—M ) (1M k (1M )M

I 0 -
~- ( )L pckM

and the relation A~~ X ’
~~represents the set of equation s

X P = X P

transformed differential Equation 49

radial momentum relation 12

(P
where ’~ has been defined previously as~~~ = ~ XP
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A complex inner product is now defined over the interval of

interest such that

rr _ _ _ _

-~~ —~ I -~~ -~
~ ( r ) ,  3 ( r ) >  = j  ~ ( r )  . 3 ( r )  dr (51)

J o

where ( ) represents the complex conjugate and (~~ ) represents  the vecto r

produc t in the usual sense. (See Nomizu [ 19 ~ for details on inner product

spaces.)  The definition of the adjoint [A~ l of the operator [Al is given below.

< [ A]~~~~~~> =  < y ,  [A*]1 > (52)  -
V

I z
and the vector~~ =~ z2~~ is the adjoin t vector. V

j~Z3j

By using the properties and definition of the comp lex inner product it can

be shown that if A is an eigenvalue of Equation 53.

[A1~ = X~~ 
(53 )

A must then be an eigenvalue of adjoint Equation 54.

[A*l z X z  ( 54 )

and t2 
is the adjoint eigenvector corresponding t o X 2. If the inner  product

- 
th . -

< A  y 2
, Z

k
> [S fo rmed an d y 2 

is the 2 e igenvector  of Equation 53 and Z
k 

[S 
V

the kth adjoint ei genvector of Equation 54 , it can be shown that

(A 2 
- A k

) < Y L~ Zk > = 0 and < y L’ Zk
> 0 (55)  —

Hence the adjoint eigenvector is always orthogonal for 2 ~ k to the ei gen-

vector of Equation 53 when the eigenvalue s are different.

Equation 55 is the usual definition of orthogonality. Assumin g

a modal expansion exists , let ~~( r )  be the generalized vector which full y —

describe s the conditions at any plane in the duct unde r consideration .
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= ~ q2
( r )  ~ = 2 b 2 V 2

( r )  (56)
~q 3( r )j

The components of q ( r )  are the following

q 1
( r )  = g ( r )  radial pressure distribution

q2
( r )  = 

iFI
1
~~) 

radial distribution of the axial pressure gradient

q 3
( r)  = v

r ( r )  radial acoustic velocity

When the inner product between the kth adjoint modal vector and

Equation 56 is formed, all terms except one in the summation are zero

from the orthogonality condition , Equation 56. Hence ,

<~~~
(r) ,

~~ k
( r ) >  = < b k~~k

,
~~~k >

and solving for bk

<~~( r) ,  zk
(r ) >

b
k = 

~~~~~~~ 
zk( r )>  (57 )

Thus if the adjoint modal vectors can be generated , the sheared flow modal

coefficients, bk , can be found. The eigenvalue s and ei genvectors of

Equation 42 may be foun d by solving the differential Equation 39 with the

associated boundary condition (4),  thu s giving P2 ( r ) ,  A
2 . Equation 38 is

used to find v
2

( r ) .

c. Construction of Adjoint Matrix [A*]

The only restriction placed on [A*] is that it must satisf y
Equation 52.

< [ A ]~~ , ~~~> = <~~~, [A *]~~>

Let ~~~~ = [A] and [o’~~] = [A*] i~ S = 1, 2 , 3 then Equation 52 becomes
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fr  
~~~~ 

dr = fr  y3 ~~~~~~~ 
Z .)  dr 

V 

(58)

where the definition of the inner product , Equation 51 , has been used ,

and the repeated index (unless  the index is underl ined)  mean s summa-

tion over that index. Hence

~ l 1 ~ 12 ~ 13 ~ 1 

T

~iJy
J
zi = 

~2l ~ 2Z ~ 23 
z 2

~3l ~32 ~33 ~~~ z
3J

and
T r~ -.~~ _+~~~~~

V 
y

l ~ 11 ~ 12 ~ 13

yJ~~~zi = Yz ~ Z 1 ~ 22 ~23

~32 ~~33J ~~3

The operato r ~~~~ 
on y~. can be t ran sposed to Z . by p e r f o r m i n g  in tegra-

tions by parts where necessary .  Thus

(~~~~~3
)~~~. dr f

and (59)

(~~,3y
3

) Z . dr = 
f

r 

y3 ~~~~~~~~~~ dr + [BC(y
5~~1

)] ~~T

Use Equations 58 and 59 to get Equation 60.

f y~ (
~~. Z.) dr = f y~ (~~~~ ~~~.)  dr + [ B C ( y j I.) ]  ~ T ( 60 )
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If the Boundary terms collectivel y are made to be zero at the end-

points then

f  
~ dr = f y

3 
T 

~~~ dr ( 6 1 )

By letting 
~r = ~~~ 

Equation 6 1 is automatically sat isf ied.  The

V 

construction of [ A ]  is complete .

[A *] = [~~~~] = [
T ] 

—
The system of equations represented by [A ] Z ( r )  = A Z ( r )  can now be

reduced to a sing le differential in Z 2
( r ) .  Since A is known the radial

distribution of Z 2
( r )  can be found usin g an appropriate numerical

integration scheme or Runga-Kutta techn ique , and f inally the sheared

flow modal coefficients may be isolated.

d. Approximate Method of Isolating the Modal Coefficients
(Galerkin Method)

As in the previous anal ysis on the adjoint method it is

assumed that the radial distribution of the Pressure, g( r) ,  and the

radial distribution of the axial Pressure graduent , H(r ) ,  may be ex-

panded in a serie s of sheared flow mode s, P2 , which satisf y the

differential  equation (3).  Hence

g( r )  b2 P
~ 

= P ( r )

H(r )  = -ik X~ b2 ~ L 
~P(r )

and the differential  operator L is defined below

~ pJ ~~ P + (!+ ~~~~~~~~~ P + k
2

[( 1 - XM )
2 

- - 
m

2 

2 ~ 0 (39)
(k r )
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The Garerkin method as applied by Unruh and Eve4sman [ 17 ] assumes

that each sheared radial pressure  distribution , P, may be expan ded in a

series of the no flow eigenfunctions satisf y ing the wall condition as

N
P ~ C R (k r )  (62)

m m n  n
n= 1

where R (k r)  is the ~ th ei genfunction for  the no flow case and m is
mn n

the angular mode number. Thus each sheared flow mode , P, may be

made up of a linear combination of the no flow modes , R (k r ) .mn n

V 
After  having substituted Equation 62 into the differential Equation 39

an e r ror , e ( r ) ,  resulted.
-,

I N
L I E C R (k r )~ = € ( r )  (63)

I n mn n
L n= 1

Equation 63 is subsequentl y multiplied by ( 1- M A )  to remove this te rm

from the denominator to g ive

r N  1
(1 _ M A ) L~ E C R I = ( 1 - M A )  c ( r )  (64)

I n mn
L n l

Equation 64 is now multiplied by rR mp and integrated over the radius

of the duct to give

/ ( 1- M A )  LI L 

C R 1 R rdr = 1 ( 1- M A )  c ( r )  R rdr (65 )
J ~~~fl n fllflj mp j  mp

If the e rror  C ( r )  is forced to be orthogonal to R mp 
with wei g hting

( l - M X ) r  over the duct radiu s , then Equation 65 represents  a set of

homogenious equation s in C and A . It can be shown [ 18 1 that

Equation 65 can be cast  into the form of a linear ei genvalue problem

such that

3Z
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t B]

fx
~
}=

X {x
~

} 

(66)

where

x = CC 3 x = [ X c  3 x = [A 2
c 31 n 2 n 3 n

and the Matrix B is composed of known numerical quantitie s whic h

come from carrying out the integration of Equation 65.

I (1-MA ) L [~~ 
C R ] R rdr = 0 (67 )

J fl Inn mp

Since Mat rix B is known , the eigenvalues , A , and co rresponding

eigenvectors can be found. Essentially Unruh and Eversman [ 17

and Yurkovich [ 18 ] found the sheared flow ei genvalue s and the no

flow modal coefficients , C , which were used to bui ld up each shearedn
flow modal pre ssu re dist ribution , P. Hence

N
p = E C~ R (68 )2 2 mnsheared n 1

To find approximate values of the sheared flow modal coefficients ,

b2, Equation 68 is substituted into the expressions for g ( r )  and H(r) .

Thus

2N N
g ( r )  = E b2 E Cn R (6 9 )

n= 1 2

and

ZN I N
H ( r )  = -ik Z A 2 b

2 ~ E C~~2 R (70 )
1= 1 n =1
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It is known that the no flow modal pressures R are
Inn

orthogonal to each other with weighting r. Thus

- ,

I ~
/R , R \ I r R  R d r O  for J~~~n and
\ m f l  mJ,’ j 0 mn mJ -

mean s inner product. After formin g the inner product of Equations

69 and 70 with R mj  and using the no flow orthogonality, the followin g

equation results

(g(r),  Rmj )  
= b1 C~~2 (R mj~ 

R
mj )  

S = 1 ... N

and (71)

(iW r R
mj )  

= 
L= l  

A 2 b2 C~~2 (R mj~ 
R
mj )  

J = 1 .. . N

Equations 71 represent a set of ZN linear equations in ZN unknowns ,

b2. Equations 71 can be written in compact matrix notation as

~~

(g, R
~~j~~ 3=1 ... N 

[A]

~~~~~~ 

~~~~~~ j 1  ... N 
[B] 

b~

J 

(7 2 )

where [A] and [B] are Nx ZN matrices with

[A] = [C J2 <R mj~ 
R 3> ]

3 = 1 . . .  N
and

2 = 1 . . .
rB] = rx C <R , R > 3I L £ J x  ‘ mj inS

The components of [A] and [B] are known from the previous  solution of the

eigenvalue problem. Premultiplying by the inverse of the Matrix in Equation

72 will then give expressions for the sheared flow modal coefficient , b2
.
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e. Discussion

Methods for evaluating the acoustic  modal coe f f i c i en t s  have

been developed for the case of a cy l ind r i ca l  duct with a sheared mean f low.

Extension of these methods to include rec tangular  and annu la r  ducts  with

sh eared f low is str ai ghtforward , althoug h gener at ing the adjo int  vecto r in

the adjoint method will become more complex because of the additional

V sheared f low r egion near the second wall.

The adjoint method of evaluating the modal c o e f f i c i e n t s  is exact

and al low s eac h modal va lue to be eva lua ted se pa r at el y, bu t i t re q u i r e s  that

the axial ei genvalue s and r adia l pr e s su re  dis t r ibu tion s f or t he sh ea r ed

flow to be known . The Galerkin Method g ive s approximate values for the
V modal coeff icients  and requires  onl y the no flow modal p r e s s u r e  d is t r ibu-

t ions as in pu t , but , as pointed out by Un r u h  and Eversrnan [ 17 3 and

Yurkovich [ i~ 3, there  are limitation s on the app lication of the method.

As stated , axia l ei genvalue s ar e needed to imp lement the exact

adjoint method of evaluat ing the modal coeff ic ients .  Usual l y eac h ei gen-

value is associated with a “forward”  or a “backward” t ravel in g wave and

it is gene r all y accepted that there  are an infini te number  of axial eigen-

values corresponding to each direction.  This interpreta t ion works  out

well in a duc t with a uni form flow where  onl y two a r b i t r a r y  condit ions

( P ( r ) ,  and u ( r )  or ~~~ ( r ) )  may be specified across the duct. Eac h inf ini te

set of un iform flow ei genvalues , corresponding to e i ther  the fo rward  or

the backward direction may be thoug ht of as genera t ing  an a r b i t r a r y  funct ion ;

hence P ( r )  or ~~~( r ) ,  ( u ( r ) ) .  Thus , two infinite sets of eigenvalue s were

necessary .  In a duct with sheared flow the situation is a little d i f f e r e n t .
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If the duct has a uni form flow reg ion , then onl y two c o n d i t i o n s
V 

( P ( r ) ,  -~~~( r )  or u ( r ) )  may be speci f ied in th at re gion ; bu t in th e she a r e d

flow reg ion , since the part ial  d i f fe ren t ia l  equation is third order in the

axial direct ion ( z ) ,  a third condition must  be specified in that  reg ion.

That third condition can be v ( r )  ( t r ansve r se  acoustic ve loci ty) ,  but the

V 
- 

v ( r )  must  be compatible with the wall boundary  condition (Ply)  and the

uniform flow interface with the sheared flow. Thus v ( r )  is a r b i t r a r y  in

the sheared flow region , but not in the uniform flow reg ion. Difficulty

V 
now arises  in t ry ing to exp lain three a rbi t rary functions (namely P ( r ) ,

- . -v ( r ) )  with onl y two infinite sets of eignefunction s in the sheared

flow reg ion. Further investigation into this apparent problem is continuing.

The eigenvalues which were discarded and called invalid in the

Galerkin Method [ 17 1 are being looked at more closely and the criteria

for calling these eigenvalues invalid is being reviewed. It is apparent

also that the approximate method (Galerkin t s) of evaluating the modal

coefficients is not quite compatible with the adjoint method since the

former neglects the radial acoustic velocity in the sheared region entirely.

It is believed that thi s discrepancy will be resolved when the problem in

the sheared flow region is solved.

When the modal coeffic ients  are found , the condition s every-

where in the duct will be known . The next logical step would be to anal yze

the effects of sheared flow on a multisegmented l iner ’s performance  as

fone by Zorumski [ 10]  for  a uniform flow.

The onl y added feature of the sheared flow would be making the

radial acoustic velocity in the sheared region continuous across the

impedanc e discontinuity. Some prel iminary results are that the acoustic

pressure  and the radial acoustic velocity must both be zero at the wall at

the discontinuity. The actual effects of the sheared flow on the l iners

performance remains as a major area in which work is to be done.
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f. Summary

Two methods are developed for finding the sheared flow

acoustic modal coefficients. An exact method uses an adjoint solution to

isolate the coefficients; an approximate technique makes use of Galerkin ’s

Method in finding the coefficients. Several problems must be resolved

before either method can be used to anal yze the performance of multi-

segmented liners.

V 

SECTION V

LINER ANALYSIS

Several programs have been developed to permit the design of

liners with a given acoustic impedance and to ascertain the acoustic

impedance of liners of a given design. The perforated plate lining

programs LINPART and LINFREQ are based on papers by Nelsen, et al

[2 3  3. These programs are incorporated as subroutines where needed

in our major programs.  Listings of these programs are in Appendix E.

A design program for two layer liners based on a random walk

technique for  finding local optimums is detailed in Hoffman ’s [ 4 3 work.
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SECTION VI

COMPARISON OF AVAILABLE

DUCT ATTENUATION PREDICTIONS

A comparison of attenuation prediction techniques was conducted.

Techniques compared were 1) Least Attenuated Mode attenuation as corn-
V puted using OPTSHE, the lining optimization program developed under

Phase I of this contract, 2) Plane Wave Propagation from either Rice [11

or Quinn [24 ], with optimum uniform or optimum three-section liners

respectively, 3) Equal Energy in each propagating mode with a uniform

liner as com puted using the interactive version of OPTSHE, and 4) Two

semi-emperical approaches, DUCTEC , a Pratt & Whitney program, and

BOEING, a Boeing p rogram based on a report by Dunn and Peart { 25 3.

Comparison of Peak Attenuation per L/H versus Eta (RI/c) is

shown in Figure 2 for the no flow, L/H = 2 , cy lindrical duct. Results

fo r  the finite difference method (3-sectional liner) were direct output of

program DUCT with optimum impedence as input. DUCTECH and Least

Attenuated Mode results were also direct outputs of programs DUCTECH

and OPTSHE.

Equal Energy results  were indirect ly the output of p rogram OPTSHE.

At a particular eta, energy loss for each propagating mode was deter-

mined by OPTSHE output using the optimum impedence for the least

attenuated mode as the optimum impedence for  the combined modes.

The individual  energ ies  were  then summed and equalized over all propa-

gating modes by dividing total energy  by the number  of propagating

mcde~ . The equ~~i7Pd energy loss was then used to calculate sound

level attenuation per propagating mode. Data for the Equal Energy

curve is shown in Table G. 1, Appendix G.
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Figure 2. Comparison Peak Attenuation vs. ETA
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Lining Attenuation Spec tr a compar isons f or the ~io flow, L / H  2 ,

cy lindrical duct at design Eta ’ s of . 8 and 2. 9 are shown in Figure 3a

and 3b , respectively. Wall design s for the Least Attenuated Mode ,

Finite Difference (sing le l iner) ,  and Equal Energy methods at each

design Eta were performed through program LINPAR with corresponding
V 

optimum wall impedences as input. For f requencies  different  than the

design f requency ,  wall impedences were the output of program LINFREQ

with opti mum design parameters  f rom LINPAR as input. Spectra by the V

DUC TECH method were  output of the DUC TECH program.

Data and impedences for the Equal Energy m ethod at design

Eta . 8 are in Table G. 1, Appendix G. OPTSHE data can be read

directly from this table.

The comparison of the peak attenuations in Figure 3a shows some

interesting trends. At low frequency the analytical attenuation peaks

were substantially above the empirical techniques. This would seem to

ind icate that , while high attenuations are theoretically possible , the

narrow bandwidth of the analytical methods shown in the low frequency

half of Figure 3 make the attenuation of an actual liner very sensitive

V 
to any deviations from the optimum wall impedance. That is, practical

manufacturing considerations make it difficult to attain the analy tically

predicted hi gh attenuation at low frequencies .

At higher frequencies , Figure 3 shows that the band width of the

ana lyticall y predicted attenuations is much wider than it is at low fre-

quencies , a lthough still not as wide as the emperical band widths. This

widening of the band width can be interpreted to mean that the sensitivity

of the attenuation to lining wall impedance is donw. Consequently,

manufactur ing t o le rances  would not be expected to have the devastating

ef f e c t s  that they had at low f requenc ies .  This means that the actual

l in ings  should approach  the theore t ica l  at tenuation.
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Simutaneousl y with the widening of the band width as the frequency

increases another phenomena occurs. The number of mode s that propa-

gate with only reasonably large attenuation increases too. It appears

that the slope of the equal energy curve is much nearer to the slope of

the empirical  curves that the slope of the single mode curves. This

would mean that , in the ducts from which the ernp i n eal approaches V

derived their data base , the distribution of energy over the propagating

modes was probably f a i r l y even.

The equal energy curves shown were based on a single duct lining.

A higher attenuation might be expected from an equal energy approach

with a multisegment lining like the three segment lining shown for a

plane wave input. Studies along these lines are in progress.
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SECTION VII

ACOUSTIC LINING SURFACE ROUGHNESS

Evaluation of the effects of acoustical linings on a i rcraf t  perfor-

mance requires an accounting for the possible changes in weight , size

and surface roughne sses cau sed by the acoustical treatment. Methods

of accounting for weight changes and size changes are inherent in most

design procedures. The design procedures, however, usually evaluate

losses caused by skin friction based on a smooth surface assumption.

The results presented here permit the smooth surface capability to be

extended to acoustical type rough surfaces with minimum impact on the

established design procedures. The extention to rough surfaces follows

a form adapted from Pratt and Whitney [26 3 using data obtained by

Boeing [27  J . A more complete description of the development is in

Schauer [ 5 1.
The correlation presented is a very simplified version of the

Boeir~ 7 1 technique for computing the effects of surface roughness

on ski~ tvi, tion coefficient. Its advantage is that it does not necessarily

depend on other computer programs . That is , it fits well with standard

design methods for smooth surfaces. The Boeing data on which the

correlation is based is relatively independent of Mach number when

put into the form (CFR 
- C

F
)/C
F
. Although the data is based on

average skin friction coefficient for an entire plate , it should app ly V

to local values of skin friction coefficient as well. This follows from

the usual relationship for turbulent flow over a smooth flat plate where

the local friction coefficient is simply a constant times the average

fniclior i LC ,e fi iL i t~ii L .
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SEC TION V1II

DISCUSSION AND RECOMMENDATIONS

1. PHASE I - SOUND TRANSMISSION PREDICTION

Schematically the problem of sound transmission predict ion is of

the form shown in Figure 4 consisting of (1) a definition of the acoustic

source , (2) the attenuating effects of ducting, and ( 3 ) radiation to the far

field from the ducting ends. All three of these areas deserve consideration.

First  let’ s consider the acousti c source.  The work of Lordi and

Homicz [28 3 is certainly a step in the right direction. They are  pre-

dieting analytically the radial distribution of pressure  and axial velocities

at a plane behind a fan. This is just the information required as input

to duct attenuation programs.  The prediction , howevtr , invo lve s an

assumption of the duct around the fan and also the duct extending from V

the plane. Consequently, there is a coupling of the two problems , that

of predicting the input to the duct and that of designing the duct to have

a minimal output. From our viewpoint, the problem of how the source

changes as the duct changes has not been adequately specified. This is

perhaps of more importance than the prediction of the initial conditions

analytically because in an actual design the initial conditions can be

measured with a known ducting as reported by Kraf t  [ Z(i 1. An analy-

tical , or emp irical, specification of how the initial condition s change

with ducting is desirable since an analytical ducting design is the

objective of sound transmission prediction work. It is recommended

that future work consider this coupling of the initial conditions with the

duct . desig n.

Now let ’s consider the problem of radiation from the duct ends ,

leaving the duct attenuation consideration until last. It is not difficult to V

use the anal ysis  of Ty ler and Sofriri [29 3 to find the far  field radiation
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- 
- associated with the pressure fluctuations at the duct exit plane. The

only strong assumptions involved are neglecting the effects of the mean

flow velocity outside the exit on the acousti c propagation , and neglecting

the forward quadrants. With these assumptions, the analytical propaga-

tion from the duct exit plane to the far field is well in hand. A way

-- - around these assumptions will be discussed in connection with duct

attenuation predictions.

Finally let’s consider the heart of the problem, the attenuation of

sound in the duct. Many analytical solutions to the duct propagation

problem are readily available. They all involve assumptions. From

our viewpoint the most noticeable shortcomings are , first , the bes t

treatment of the exit plane reflections neg lects flow , and second , there

is a clear weakness in analyzing a varable area duct with a mean flow.

That the flow causes significant effects on the lining design is evident

from the constant area duct with flow results. An analytical and numeri-

cal procedure seems clear at this time which would eliminate these

shortcomings and simultaneously improve the exit radiation analysis.

This procedure follows the work of Quinn [30 ] in analyzing variable

ducts with no flow. Here Quinn maps conformally th e va r able a r ea into

a rectangular area , using the mapping to change the no flow acoustic

equations in the variable area coordinates to new equations in the

rectangular coordinates. The new equations in rectangular coordinates

in the rectangular region are solved by finite d i f ference procedures.

A preliminary study indicates it is feasible to map the flow acoustic

equations in a similar manner. Further, the study shows it seems

feasible to map a portion of the reg ion outside the duct exit into the

rectangular region too. This eliminates the difficulties at the exit plane

and also incorporates mean flow into the radiation a n a iy b ~ b i i i  L i l t  L~~~~~~iU i i

close to the exit where it is most s ignif icant .  Our recommendat ion,

then , is that this promising approach be emphasized in fu tu re  work .
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Still considering the attenuation of sound in a duct , another approach

which is promising is the utilization of the sheared flow modal coefficient

isolation developed in Section lVinto an operating attenuation program in a

inultisection duct. That is , the sheared flow orthogonality now must be

utilized in a manner analogus to the utilization of the uniform flow

orthogonality in the multisection duct program CO.

In conclusion, the present st~itu s of Phase I - Sound Transmission

Prediction is adequate to support the initial version of Phases II and III -

Development and Implimentation of a Performance/Noise Trade Metho-

dology. Improvement in prediction is possible and desirable to permit

improvement in the initial methodology.

2. PHASE II - PERFORMANCE/NOISE TRADE METHODOLOGY

The general scheme developed by AFAPL for performing Perfor-

mance/Noise Trades seems to be comp letely satisfactory at this time.

The sound transmission work developed in Phase I has not been inserted

directly into the noise analysis portion of the methodology. The compari-

son studies of Section VI show how the noise analysis would be changed

by inclusion of an analytical duct analysis instead of the emperical duct
44. .

~~~~~~~~~ ~~~~~~ 
... .

~~~
• ~~~~ 

..

The Phase I technology developed here fits into the Pe rformance!

Noise Methodology in two ways. First , it provides a possible correction

to the emp i rical noise analysis. Second , and more important, it

provides the design information necessary to assess the pressure

recovery effects , weight and size penalties associated with the noise

improvement. This degree of integration between the Phase I work and

the Pe r formance /Noise  Trade Methodology seems adequate at the

present  time. It is recommended that the methodology be used in its

present form to gain experience before changes are  incorporated.
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3. PHASE III - TRADE STUDY VERIFICATION

The Performance/Noise Trade procedure is in the process of being

applied to the Air Force AMST by AFAPL and ASD personnel. A corn —

parison of the predicted noise and performance with the actual noise and

performance cannot be made at thi s time. Preparation for correction of

differences between actual and predicted data is represented by both the

capabilities developed under Phase I and the comparisons of prediction

IV 
techniques of Section VI. Progress in the application of the Performance!

Noise Methodol~ gy might be facilitated by giving future contractors  more

responsibility in this area.

IV 4. SUMMARY OF RECOMMENDATIONS

Future work might be guided by the following recommendations:

1) The sheared flow orthogonalit y should be developed f rom its

present status as a theoretical development to an operational p rogram.

2) The variable area duct with flow analysis should receive

attention because it promises to circumvent several anal ytica l di ff iculties

in the current prediction methods .

3) The Performance/Noise Trade Methodology should be imp li~
mented in its present form before changes are made.

4) Future contractors might be given more responsibility in the

application of the Performance/Noise Trade Methodology.
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/ 3 L K E /  uS ,~~u,-~.,aL,cRE~ L K , t’4U

IF (DSH) 1,1,2
1 VM :FM

GO 13 1)

V 2 SflMzl.
I F  ( F — l . L T . a  . ~1G4=—1.IF ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 3,’.

3 IF ( J 3 . G E . J S r 1 A )  GD 13 1
V YP:Oc~~HA +LiS/’4J

IF ( J 3 . LT . B L A )  uu TO 5
iIM :SIGN US (7.5s-2. ’ .~LOG (Y P> )/C
GO T O 9

5 IF (..i.LT .ALA ) GO TO S
4M~ S L G N s - U S  ( — 3 .  C s - ~~ .‘~~LO (,(Y3) )/C
GO T )  -~3

£ I~~:~~I~,’l+US*Y3/C
GO ID 9

‘.IF ( C  . G E . O S l ) . u 4 . : ,( D S . uE . )~~rI)
) G~j T )  1

~F ( ( ~1~~OF T.  .2 ) .~~N O . ( DA . L T . . ~~r I) . 3 .( I J U C T . .~~.i.I )  j U l 0 1
IF C C X S T A ’ ~T •~ .Q.~~.) .\ ). ( 1OJ~~ .~~~~. )  •.~ IL .  ( O A ._ T . -J i) ) .,j TO 1
1 ) A
IF ( D3 . L T . 1)A )  Y~~J 3
VP: Y~ 1’ JS/NU
IF ( Y . ~ . T . 3 L )  GO T) 7
JM :3 iG N’- US C , .7 + 2 .  ~~‘A _ O G  (Y ~~)) /C
GO T O 3

V 7 IF (Y.LT .AL ) GO 1) 3

r- rt ~~~

8 Vi SIG~4+U~~ YP/C
9 L )

V IF ( I J ~f l T . E~~.-1 .u ~4~i . N S O F  1. . 2 . A ~~~.’) If .~~~. C )  11,12
ii E 1 . - 3 9 / O S H A

iF (7.LT..1) V’ 1+( 1 . — 1 U . t è  ‘-(I 1— el )
;r) T O i i

12 E =t . - J A / US H
V IF ( 0 3 . L T • ) A )  E~~1.— Y ~/ J SH

IF  ( t . . T . . 1)  CIM V I + ( 1 . —1 L.~~E ) s - ( F~1 — V M )
10 RETJRN

EN)
.jU3:~iJTIM t. L J O P 3  ( X , Y , N t ~, Pt , I..., NL. )
3i-1E;43IU~ X (5~ ) ~Y( ~~ . a )  ~~~ (~i3)

J J ’4~~— 1.
DO 1. J t , J J
5 (J) = (lo s-i) — 1 ( J ) )  / (x(J+1) —X(J)

1. CO~i T I N I J E

II: ~4~~—
00 2 1 L,II
J = 14- 2
oO 3 l= J,JJ

~ 
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TBIS PAGE IS BEST QUALITY FRACTICABL~
FROM COPY FURNISHED TO DDC

7 ( V C r ~) — Y ( I ) # S ( I ) 4 - X ( I ) — S ( N ) X ( N ) ) / ( S 4 I ) - S ( N ) )  )
IF C ( ( X ( I ) . L E . Z . A N ) J . X ( I 4 1 ) . j : . Z ) . U ’- . C X ( I~~.~,~~. z . A ’ 4 ) . X ( 1 + 1 ) . L . . . z ) )

X L U O P I
IF ( L O O ? . E ~~.i)  Go 1) ,

GO 10 3
ii .1~:i+1

IF ( l . u T . 1 )  GD TO 5
IC: I
i~C: N)
~aO TO 3

5 IF ((c4— I ).Ll.CN~~— IC)) 0,3
6 IC:I

N C N
3 C 0 -47IN ) U E
2 CO~ITI1UE

RE F
EN)

,Y ,’il-, iCU Sr’,t4 , Ii1 , X M )
X ( ’ 4 P )  ,YC N ~’) ,Z (2) ,W (2) ,MX 5) ,M- ~(5) ,005 )DO 2 J 1 , 5

‘ I X ( J )  :11(J) 1
2 J (J )= 1O.

II:JJ:MX (1) MM (1):1
V DS:1).

IF (X(2) •LE.X (1) ) )S:CK (1)—X (2)) ’-’-~~# (V(i )—Y (2) ) ‘-‘-2
30 5 J=!,NP

1. IF (XCJ ),LT.X (J— 1 )) Go TO 6
IF (J .N)E.2 .4NJ.1M CJJ ) .E~~.(J— 1)) JJ :JJ+i
i lX ( II) =J

GO ‘ D  .
6 IF ( J . ) 4 E . 2 .A N ) D . MX ( 1 I ) . E~~. ( J — L ) ) Ii iI4- i

lM(~~J) J
5 004 11 W O E

NN)= 1
OPl I r J V ) ( 1 )
30 7 J:2,3
IF (3 (J).LT .U114) IN:)

7 IF (OCJ ).Li .C,l14 ) .)MI’.~ D(J)
IFUS.G .OMI r4) GO TO ~
IM:
GO 13 -.3

8 tM :MX(N ’L )
XM :XC IM )
IF(1P’ .E- ~ .NP) GO T O 4 ’.
XL :A lAX 1CX (I1— 1 ), X (I~~i-1) )
IF (X - -I.LT.3.) GO 10 11
XP~~~. ~3’-XM
IF (*....~~T.D.) XLA :X .~~j ’- (X M— XL)
IF CXL .LE .0.) X L 4 J .
Xu: A lA  Xl (XPS4 ,XL ‘~~~

(,O 1) 12
11 X = i . 1 1 ’ - X l

XL~- :X 1— .01’- CX M—X L )
XA = 4’l4X1 (X~~A ,X ...A )

12 C O ’ 4 T 1 J J~

61 
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W (1) Y (IM—l )
W ( ? ) =Y ( I M)
Y A I = A T K N ( Z , w ,2 , l , X A )
IF (YAI.GT.100.) GO TO ~0
Z ( V L ) :X (IM.1)
VI ( 1) =1 ( I M s - 1 )
131 4 l(W (Z ,  N , 2,1,  X A )
IF (Y31.Gl.IOC.) Go TO .+C
IF ( 1t31.G E.VA1) IJP =i
IF (Y 8 i . L T .Y A I )  IJP:O
IF ( W . E Q . i )  IUPI=LUF’
iF (I’JF’.NE.j JPl) ICU~~’ 1
IF (IJP.EQ.IJP1) ICU. P 3
RE IU .~N

‘+0 ICJ S~~~0RE F URN
E ii)

• SU3tWJTIME CJSi- ( X , Y ,1P ,1CJS- ,~~,IM,X M )
OX IENSION X (’4P),Y (N?),Z(~~C),VI (50)
IM: 1.

V XM :X (i)
30 10 J:2,NP
IF (X(J).Gt .XM ) II:)

10 IF (X(J).G1.XM ) XI X (J )
IF (X - 1 . G T . 5 . . O R . I ~1. E) . 1 . O R . e i . EQ . ,’ft-1 ) ;o TO ~.3
XL=A IAX I (X (1),X (N3))
IF (XM .L T.0.) GO TO 11
XPA :. ~9s-XM
IF (XL .GT .u.) XLA :X 1— .L1’-(X~1-XL )
IF (XL .L c~.0.) XLA U ,
X A : A M A X t ( X ~ A , XLA )
GO 13 12

11
XL A XM — . G 1 ’ ( X M — X L )
XA :A’-IAXI (XPA , XL A)

12
XA : . 9 0s - VXM

30 20 J 1,IM
Z (IM +t— i ) X C))

2ri W (i Is-1— J)=Y (J
VA 1=4TK4 (Z,W ,IM ,1,XA )
IF (Y A 1 . GT . 1 ’ .~~.) G O T ) L.C

-00 33 J 1,Nri
7 ( J )  X ( t - ’I ~ i—I)

36 V I (J ) :Y C I M ,J . . 1)

IF  (Y 3 1 , G t . 1 u 1 . )  ,u I) ..
IF ((31.GE.YAI) IJP:1
iF ( Y 3 1 . L t . YA I )  IJP:L
iF (~4 . E . a .1 )  iU~~~:LU)
IF (IJP .NE.IJ~~1)
IF C I J~~.1~h IJ ~~1) ICUS F= C

02 
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*

~~~~ ~~~~ ~ BEST QUALITY CflCAM4

REI U~~4 
- - - - 

- FROM C~P1 FURNI SHED TO DDC _.......—

•.0 ~cjsp=~ 
- V

.
~Eti J~ N
EN )
FU’4CIION ATKN ) (X,Y ,N ,K, XB )
OIMENSION X (300),Y (303)
CO-1’l0~ XX (300),YY (3)cl)
K1=K s- 1.V 

[F(X CN )—X (l)) i O u , 1 ’3 , 1 G
— 10 IF (X3—x( 1~~ 2~ ,2o,3o

2’) LL:3
GO 13 230

30 LFCX(N )— x8 ’+0,1.c,5rj
‘+0 LL:N- (i

GO 13 230
50 L L 1

LU:N
*~0 IF (LJ—LL— j) 1.~~3 ,1~~0 , 70
70 LI:(LL+LU)f2

I F ( X ( L I ) X 5)  8.a , 80 ,~~C
80 L L :Lj

GO TO t 0
90 LU:LI

V GO 13 63
10 0 I F ( X d — X ( 1 ) )  12 3 , 2 ) , 2 G
120 I F C X  ( N ) )  — X 3 )  13 , ,
130 L L I

LtJ~~N
1’.C IFI.LJ—LL—1 ) 18u,13 -),150
150 LI:(LL+LU)/2

IF(X( LI)—XB ) 156,173,170
160 LU:LI

Go T O 1~.0
170 LL:Li

GO 10 t- .0
180 LL:L..— (<1+1)/2

IF( i 2 ) , 2 C 0 , 1 ~~
190 IFL..+Kt—tI ) 2G~~,2JC ,’

,
~

200 00 2 10 I 1 , K 1
11:L ... 4- .).

X X( I) X (IL) —X 0
210 11(I) :  1( 11)

30 2 2 3  L:1, i(

00 2 2 3  J I , K
(X C J +l )— XX CI)

IF (
~~.E’~.0.) GD 1-) 2.)

220 YY C J+i ) CI./))+ (Vf (L1 XX (J+1 ) —Y YU I1 ) XX (I))
AT<4 =YY (Ki )

2L.G A T <~~~=V 3 f l .

~E TU ~~V~l
SUIROJTINE CL (~~ ,X ,T , , F ,FM ,Trl ,G ,ID UCT ,N~~T ,I, -~DJT ,<,JA ,OP)
r~E~~L M , <
M A  33 CF-I )
T R = T / 5 1~~.

I
63
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BESTQ~~~~~

P R :P / i ’ . .7

. J -J f l J 7~.’- -( Tk ’ - ’- .7’~
) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~

i F ( 3~~.L T . 0 . )  GO T) ].

I FC1 ) ’J CT . E 1~.t)  GO T O 2
E 5 .  — ?
I F ( I ) J C T . E 0 . 0 )  Go 1 0 3
£F (C4Ir .GT.1.A NIO.H)a(r41r ,2).E ).c) CO 1 ) 3

XF - : X— -C/ O A
RS :K’-RI
CA _ L ciThS (i’~S,1,1,E,

-3L, AL)
CA~.L 3 E V 3 (R~~,U,i,E,~~L, JL)
AL = X’ AL
~1L XD 3L
AP: ( - L s -  ~~. )  / (OL s-AL)
X S : ( +  ( r ~I O P)
NI:

&, CA.. .. iE~~S ~~~~~~~~~~~~~~~~~~~CA .. .. 3t~~S ( X S , - J , 1, E , C X , D A )

X S J :X  ) ) E
iFC A 3 S ( X S N — X S . L T . 0 .~~~ 1) GD i - i  5
X S :X 5 t 4
4i~1: ~‘4 s - i .
IF( P4.LT.1G) ~,J 13 -.

~ Jp:RI ..X3NIK
GO T O  2

3 X P = X — ~~/ D~
JP: 0P+ rc.J(J T/ ( - ~U~ T .j P / ’ .
r S i( ’ ~O ) T
CA...L 3~ iS (RS,i,1,E,3L, AL )
L,A ..L 3 . SS ( ,J ,1, L,J..,EL)
A L :X ~~*A L
3L: XP’- 3L
AP: (-3L—JL )/ (AL—c L )
XS :K’- (R)UT+D ~~)
N N 3

6 CA..L 3ESS ( X S , 1 , 1 , E , C. X , B X )
C A _ L  ~E3s (X ,O,1,E,...X ,O))
)E :(A P+3X—A X ),(A F ’-CJX— 3X/XS )-CX+A X /XSI
XS i~~ S — ) E
IF (A33 (XSN— X S ).L1.u.iF ~i) GD i 3 7
x ~: X S ~I

I F( 1N .LT . I i 3)  Go T O 3
7 JP X S N / K - R O U T

GO 13 2
1 QP:~~33•
2 RE T U R N

EN )
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

V3 •

p ACTIC~~~ E
C COI PUT _S E3E.S~~LL FJNOTI ON S ~~~~~~~~~~~~~~~~~~~C 1 0( X )  iF 4 t i ~~~C K < : C  ~~~~~~~~~~~~~~~~~~~~~~~~~ 

—

C J1 (X) IF JN: i. (<:0
C JO (X ) ,YJCX ) II- NN: O K < 1
C -11 (X ) ,Y1 (X) IF Nil: 1 <(:1
C
C

V SU3~~JJT INE SS (X,~ H,- < , E ,Y1, Y~~)
C O I M o  4 / C F C/ ( 1t~J , u ( i ~~) ~~~~~~~~~~~~~~~~~~~~~~~~ ,JCCI,) ,03 (l~,) ,J3(151D A T A  C ,D ,Ci.,L,i ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

A~.62 1i2 — 3 , — 2 . 3 2 ~.—~ 1U~~- 2 2 ~~-. ~~~~~~~~~~~~~~~~~~~~~~~~~ — 2 , — 2 . . . 2 7 5 1 6 2 i
3 3 l .A1~ — l , — 7 . ~.e~~1’2 ~~oi5~~- ib5Q :— L , 1 .Ob ~~1i3’~~1J 2 2 7 ~ Ej , — 1 . 9 2 3 1 + 2 - L .20J
C 2 - ~!q E: ,— 3 . 1 ? 3~~~3~~~L.2~~13? ~~~~~~~ 9- ~321~~91-~?2 ,— 7 . 3 9~+336~~l18~~33
31 i ) , — 1 . O 6 ’ . 1 *T 1 2 O ~~~~3 .  E1 , —1 . ’.b~~53 137~1L 29 1,— 2 . ~~2 13 0 D 7 ~~1O1578 E
E1,7.-D 3 1 2~~E— ’.,5.1~~~2 1 l’~L 1 5 J2~ L—~.,2.3 3O3~~J~~-3-.~~ E—1,.. .47,L123
F~~~~~~ c~— i ,7.~~3177D3- ..-,5.~7f~7 ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~
G~ : ,  2 . + 2 2 O 6 ~~13i.’47?~ ~ -) , 3 . i .-~- 2 3 i  ~ 2~~3j -~ ~~~~~~~~~~~~~~~~~~~~~~~ t 0 , 4
H.~~3 3 ü o H6G- i?7 1  ~~~~~~~~~~~~~ ~3~~~1o~~-.~ E:,~~.1 1o~~ -J~~~~~ 3~ EC,~~.3~+-,2,
I~~92 7~~-.~~~ 3 E C , ~~.~~ 73 7J ~~~ 7i , 77~~11 ~ O , 1 .  , — l . ’+ 7 3 3 . . 1 2 5 9 7 S~i b2  E — - . , —~~. L
J 7 1 J O~~+ ? - + 3 3 7 i i L — 3 , — 3 .  C t 6 b 7 1 3C~ E — 2 , — 1. 1~~7 J 3 7 2 ~~3 12 1,3 :— 1 , — 3 . ~~3

327.,~~tS73i. E—1, —5.~~~1251 - 3~~3~~~2 L—1~~— l.2S?O7j12841O32 EU , — 2.1-~..
LJ~~ L?~~d 3 ) 7 7 3  ~~~,— 3 .  S S9~?9 7 i .,5C1 E: ,~~3. 8~~o7~~12~~7333 E3 ,—8 .12C~~13
~~31~~31~~bL E O , — 1 .  1 c) j ~~~; 3 ’.L3bt , ~~~~~~~~~~~ 5?~~~St7 1,—2.1 7~~~’.22i~2
N~ O 33 3 E t , 5 .~ ~~~~~~~~~~~~~~~~~~~~~~ L — 2 , 2 . ;3 ?~~3 L + 2 2 2 i 0 ’ . 7  ~~~~~~~O 3 7 ~ 7 2 2 S 9~ ~~~~~~~~~~~~~~~~~~~ 9317, E—1 ,1.3o..S5~~~i. ~~~~ EJ,1. -9 3 2 2~P,E~~i~~,ht~ E C , 2 . ~~ 5,-’ ,~~3 8 b 1 2 3  ~~~~~~~~~~~~~~~~~~~~~~~ J , ... 2~~7t~~7 0 t L 32
Q1~~ EC, i.1 18T~~t _ i 1  E ü , ~~.2~, U ~~3~~3t.2t ,b15 7 ~ 3 , 7. s 1 Q 3 21~~6 ? 9 3 2 2 5  EJ
R , 8. 5-~~

7 +5~~- 3 1 J C 7~~7 t~~, i .j  ~2 ~~2 i . 7 — ~~97 E l /
J A r ~ C7 ,J?,C~~,Ji/ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ E — i , — 2 . 4 43 8 1~~~~~~33 12~~~ 72 E 3

A ,—2.i. Jo5~~3 ’ f  t3  E— ~~,— c .  72~~1 z ? j 3 7 2~ E — 2 . ~~3i~..1J7’+17-.~~21 L i
3,—,..,~~fl7L..t- .~217 cC 1, — 1 .~~72 3 c 13~,~~ ,1 E0,—1. -L.o30’+-~2 i882~+8 E0 , —
C3. 1 5 2 S - i~~71~~.~~~-.-~ ~~~~~~~~~~~~~~~~~~~~~~~ E 0 , — 7 . 3 ~~C~~S7 1  d 0 5 L + E~~, — 1.3
O~~C)2. 1~~3 ?8U ~~ 1,- i.-~~ ~~~~~~~~~~~ L1 , — 2 . C 1 ~~,9,~H 3 5 7 ~~L~9 EL, — 1. l71~

— E7~~E — 7 
~~~~~~~~ J 7 ~~?6~~~7 E— 2, 1. 92 1 t ,8i~~E . ~20 E—l ,- .. 333O~~00..023o73 E

F — l , 7 .~~~ 2 9 , 2 2 ! t 3 ~~~ 4 L  ~— 1 ,1.2~~~J?123~~31i~~o E~J ,L .73~~~C4S33201.-.3 E0,2.
G,1j~~7~’3 72—jI. ~ L , 3 . 1 , C ~i 7 b 1 O ~~~~~13~ i~~, 3 . S 8 9 5~~fl2o .~3 3 5 6  E0,i- .9270~~T
HL.b?)377 ) E U ,~~. ,3j ,7~~3~~~y~~ 3 E~~,7.:-,3~~’~~228133?.

, 
~0,~~.3313123’+2131

131 ,~~~~ b 3 8 7 1 ~~J~~, ,3 . C ,-o. +3~~791J15~~?~ E 5 , .~~3 L d ~~d b 7 5
J’~83~,7 E— 3 , 3.277 3~~ 3~~2Lb~~3D 2, 1. io.2?13O~~+3..8~ E— i, —3 .~~3 3 52 5 0 8 o
K2 8~~-.7 t, b .~~o~~27fl.~~1b’i 2~,1 ~ —~~,—1.2 9~~~~1’.33-323 E0,— 2 .i.77o11100 (
1r~~3 ~~~~~~~~~~~~~~~~~~~~~~~~~~ , —~~.‘.f ’ i 2 J E 3 7S 0 8 5 3 1  E~~, 5.0~~2~~?37 u53J2-~
M~ ~~~~~~~~~~~~~~~~~~~~ ~~ , — 1 .  3C.~~3 7 3 3 3 3 7 8 7  Ei, — .15~~3 3 6 5 5 3 3 6 s -~~1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ E—2 ,2..5~~b’.25l3..~~33t E— 1,5 .1~~b~~3~~70
3 5 1 .~~~~3 ~~~~~~~~~~~~~~~~~~~~~~~~~ — i , 1. ~73i9125!~~8~ E J , 1 . i 2 1 9 3 53 o ~~331
P.., ~~~~~~~~~~~~~~~~~~~~~~~~~ t . , 3. 52~~~~~~~3r~7135 t~~, - . .2 153 2 1 2 ’. b~~3 1- .C LO,

- . 1 - ’ L’ 1 3 i~~~~~2~. ~~~~~~~~~~~~~~~~~~~~~~~ E 0 , ? . 3 - 9 8 3 72 2 7 5 3 ’ + - 3 1 2  E 0 , 8 . b~~o3
~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ [1/
.I :~ ~~~~~~‘- S 3 - ,~~~‘ ~,

. ) : O )  j 3 ,~~~ r ,2~
- .J N - : 1. ~~~

• 3
G : . 5 7~~~ 1~~b~~~~~~1~~3
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j  IF( ’l ) ~~~~~ - 
THIS PAGE IS BEST QUAL-ITY ?RACTICABII

3 ~~~~~~ 
V

EM : O l E
5

U=— J ’- ~~S=S+J
EM : E l -4 U N E

V IF( 43S (U)—E )~~,~~,i
6 Y1.:S

IF (  K) 2 , 3 , 2
8 RETURN
4 S 0N)E

E M : O W E
7

LM:EM s-ON)E
IF( L4 -33 (J)—E )13,7,7

18 yj:5 Z
F:1 1
IF (K) 2,1i,~

10 RETURN )
2 S=Il’-(u+ALOO (Z))+Z’-Z

tJ Z’-L
EN: 2.
0:iIE

11
V 0:-U’- ~

~3 :34- C 3 N ~~/ EN)
EN: ENs-oNE
£F (  A - 3 5 ( U ) — E ) 1 2 , 1 1 , 1 1

12 12:S (z./Pi)
IFO ri) 1. , 13, 13

13
9 N :-1

K:-l
GO 1-3 3

14 Y2 :V+Y2— (ONE/ (Pi’Z)))/Y1
Yi:F

15 R EF U R I
20

4 .4
SQ: L~~<T (.5)
~.X: ~~~ C X )
5K: slil CX )

~ Z~~~ -~ ’- ( C X + S X )

~~~~~~ (SX—CX )
X 1 : X ’ - X
~ : ~~~~~~~~~~ / ( r [ ’ - X ) ) ’ - C . L l

• 1
Z:Y~~Y
P0: X~ ‘~~ IA L (  C, , F , t b, 7)

66



~O:— (X/ 3.0 )~~E~ A .CC i,Dt,E,1,,Z)
IF(K)23,21,23 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

21 IFUI)- 25,22,25 F O M C0i~Y FU R~V1S~~~~IO DDC _. 

V

22 Y1=R+ (PJs-CZ—~ 0’-SZ)
GO 10 15

23 IF(N)2~~,24,2s
24 y1:R+ (PlJ~ CZ—~ O SZ)

Y2 R’ (PJ SZt~ O’CZ)
GO 13 1.5

25 P11 :X 1*EVALO~~2,D2, E,15,Z)
~li:(Xf ~~.0 )~~EVAL (C3, D3,E,l7,Z)
Y I R* (
GO 1) j 5  V

26 PII X1+EVALL2,02,E,15,Z )
Qj:(X/o.O ) ~E/AL (L.3,D3 ,L,1~~, Z)
Yi:i~.’ CP1j~~~Z 4 .~j~~o Z )
Y2 :R’- (U+SZ— Pll’-CZ)
GO TO 13
EN)

C SU3RDU TINE 13 E Th /A LU A TE CONTI~ UEG FRA ~ F1UN
FUN~- l £UI’4 ~V~ L (A ,d,~~,~1 ,Z)OI1E~4 - I0r4 A (t ~~1 , 8( 1 5)

..~~~~.w
C:Z+3 (1)
E VA L :A ( 1) /0
W~~~V4L
T :UN E
DO 3 I:2,N
3 : 7 s- 3  C I )
rc :A ( I 1  / CC ’-J )
S=UIE/ ( J(l E +~~~T )
~:3— O 4 ~
1=3
4 4 ’ -
E VA L :  EV
C:)
IF( A 3 S ( W ) — E ) 1 0 , 1 0 , 3

3 C0 ITI;lJE
10 i<EIIR l

E P1)
S03 <3JTINE LPIPAI-. ( ~~~~~~~~~~ FN ,TH ,),DM , L~f ,0::)

‘.~E~~
_ I

1:~~.3S (Fl)
TR I/31).
PI~:~~/ 1...?

IF C O A . ’ . . T . 3 . )  ,O T o  1
E X : E X - ’ ( — ~~.~, 5 M ~~i— .o 1-32’ 1)
C:. )~ )439’-F~ ( T i + .’~5 ’  ( 1. — .7~~~ 3R 3 A ) ) ’ - ..X ) / ~~~-~T ( T ( )

GO TO 2
1 )P: fl~~.
2 ~E 1 JR N)

EN)
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-V. -V -V-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —-V-—- -~~~~~ - - — --—-----V

THIS PAGE IS BEST QUALITY PRACTICABLZ

FR~M COP Y FURIUSIiLD TO DOG —

FO’~ )C 6600 J~~~~~~~” A LL SL.P MUST 3E ~ X E J1~~~ V I 1 T t 4  PA RA MET ~~~.~ DFc~~.0’C A~ IL~..US1RATED ON C A R D  JFE~~.:27  DFE~i.1~.S U 3 R O U T I N E  S~~T ( N , X , Y , J X , i , ) 1 ,  ~ 0 ,.j X I A X , O X l k~~) 0F~~Q . C
C OF EV L C0-1SI~~1S OF 143 SU~ IcOU T~~’~E ~~~~~~~~ 0 V .,Kj ~MS~ ~~~ ~~~ STE P , TO C Fc ~~ .O
C SO_~ E THE INITIAL VA L J E Fr ~O3~~EM
C JY/)X = F ( X ,Y ) , 1 ( X 0 )  = 10 DF~~~.CC WH E~~ Y IS AN N— VE CT OR VI1 Tr I ‘~EA L ~uMP)N:NT3.C
C J FE~~.u~C CALL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ )FL~~.0;C W HE~~V E 3i~~ O. .3: 

—

C ‘4 IS A ’4 IN1G~~-~ Cu NSh -NT Ji VMR ~ A ckE,
C X IS A ‘~EA ~.. VA~ IA~ i.E, TH . I JL~~[N LNT Vs4 ~~1A3 L E ,  JFL~~.0:C Y IS A k E A L  ~~~~~~~~ ~~~~~~~~ ~HE ~- i I~EN3E’ l T V~~-~~A - 3 L E ,  ~~~~~~~C D X IS A ~~~~ O L T A I ~ 3? P~LM J L ~~, ~ H[ ~J~~-c.E’4T 3I~EP S iZ E ,
C ~ I. T HE N A M ~-. OF SO OUi ~~N~ SU~iP$~J3 AM 0 Tr1~ ~3kr4 F ( N , X ,Y , 3Y F _ ~~. C .
C w- IICH 3 R 3 V I 3 E . ~ ~ J~~P~UUTiN sET WIT-I QY/ )X , JF~~~.f J :
C D Y IS A r~EAL d~~~1A ~~LE ~~~~~~~~ Jr/ox ,
C )IS IS A ~ E~~ L V - ~~1’.~~LE Jc .~O N . T 4 N t  Wh iC-1  ~kJILJE S A TJL~~-~A N C~ .iF ..~~.O:C FOR T HE A JA 1s -~~Ou L TL - -~ L004

_ O~ ~-H~. 0< 14 ii~ ~A R I~ B~~ ~~~~~~~
C STEP ~ V L ZL HJ~ i, 3F~~-~ .C~C l O D E IS A LOGICAL VA -S O,~ .oI~.ST AN T ~I I 1  ~HE’4 TRUE ( F 4 i S E ) JFE ~~. 0c
C I N I T 1 A T i S  THE F1XE~ (VA ~d~~3LE) ST~ ’ t L~~ ~~~~~~~~ 3FE~~.0~C 3 ~M A X  C o X I  ) IS ~ t L A ~ J A ~~ IA3 ~~E j

~~ ~~~~~~~~ A N T  I - I ING O~ PE~ J r~~~~~.C ~~
C ( L D W ~~p’ ) SOJMJ ~ FOr ~ A 3 ~~( j X )  u N  THE ~~~c I - . 3 .E  STE I - ’ MO DE , DF~~~ .3~C IN ITiALIZES ME~~i~~S A (  v~~uA-3L:s P~~iC-~ Tu A NY I’4T~~’~~A Ti3N S. JF~~~.L~
C
C CA .. 3iEP (N,X, Y ,OX ,F,~~iS , j~~,3X i1AX ,t..~(r1..N) T I E V ’ 4  1 - ~A T E~ F~ 3H X ~~~~~~~C TO X s-)X . UPON E X I T  ~~~U’1 S I~~~ , X ,
C 1, ~ ‘1) DX v4ILL HA V L -~~_ N S~ T T~ Tf IEI- . N~~W VA _ J L ~~. T r iOj  TO
C INFEC ;~~TE UVE-. SL C E ~~~~ii’l(, ~T:’S, .~~LL ~T E ~~ I,X ,Y,0X ,F,JIS,MOC:, JFE~~.C~C lA x ,D~~1INJ 1~ F * L ~ J J E 3  FO ~ E.~i..i1 T~.2 ~~~~~~C 3F 0 . C 3
C T I-I : 5 03 ~JtJ T I 4 E  ~U3P-<fI RA~ F ~~LIST i’4C ..tj UEJ ~~ ~~NY  i~~ J F c A . C 3
C C A L L I 4 c ,  S E T — S T E I - - . ii 1~ 3~~L T ~EJ  Y TIE USE-’~ ~~4 J  ‘lAY HA ~/ L  A N Y  )FE~ .t~3 

V

C LE~~~L S J 3 r ~OUT INE ~~~~~ THE V~~~~~~ -3 I_ E~ ~ U ES~~)4Ji 4 Ti I ~ 4u Jy OF:~~.0.~ 
V

C M U i  3E OIIE ’ISLONED ~~~~~~~~~~~~~~ T1I L(1N.
C )F~~~.~~3

JI~4 c M 3 I O N Y ( N ) )  OF~~ t . u 3
C
C
C 11*. ~~A L J t  OF ~1IAY ~ ~ Til L OII -Ir~~S I O N S  AS;1G14:) T o  rI~ F i (ST ‘OSITIJOF.4.0’-,
C. OF T IE  ~A~~IA ~~LES 0 ~~M j  i ’

~ 
IL FJLLOW ~ r4 UI 4 5 1 ) N  S T A T E —  3F~~~. C 4

C M E -~T SH)-JL) BE 1uEN 1~~:AL. 
C _ _

~.0’.
C j F z~~.C~

JIME~ SION J (9O ,~~), ~~~~~~~~~~~~~
C 3F~~~.C4t~X 1~~c l~~L F

LO G L~~A . lOJ t~, J L
Ou TA ‘ 4 I -~X /fl/ JFL~~~.L V ,

DAT A :~~F/1’Q .fD A T A  )XF / 2 . /  JFL~~.O’)

[F ( l I .~.. T .j . o ~~. M . G T . N M ~~X )  C. .) T O  ~ -:
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THIS PAGE IS BES T QUALITY PRLCTICA3L~
FR-O~M C-DPI FURNISHED TO DDO ~~~~~~~~~~~~~

C0)L:IOOC OFE~ .05I M A X :)X ,lAx 0F~~~•0 5
HMIN JX IIN OFE~ .05OF E~ . 05
~3E fA=DX F O F E O . 0 6
K:) 3FE~~.06
K2:0 JFt~~.36
DO 10 I 1 , M O F E L O b

10 ~(I,t) YCI ) 3FE~~.QbV 
CALL F(l,X ,Y ,)(1,fl) 0F~~~.06

~E 1JRN DFt~~.06
20 PRINT 3) JF~~~.Qo30 FO~’lAtC55Hl SUBROUTI~~ ~~i i-~~~ A~~GJMENT OUT -O F—RAi1 ~~~. SEE LISTING.) oFE~~.O6

C A L  S Y S T E r I C 2 O 3 , l  ) 3Fi~~.0bR E T U RN D F E ~~.07
ENT RY ST E~ O F E ~~.07

OF L~~ . 07

IF ( ( . ‘ IE. fl )  [F (K—2 ) ~~~~~~~ )FE~ .C7
XP = X C  0 FE ~~.07
10 q 5 1:1,rI F~~~.01i 5  ~ ( i , , : 4 C I ,1) )F t~~.07

~0 K1 ’.-<
30 7.. 1:1,4 3 FE ~~.0 7
30 5) J K 1 ~~ 3F E~4.0860 3 C i , . f l : J C L , J + 1 )
4(1,2) =H’-D (I, ) JFE Q .Uo

~4 ( a . , 1) =WC I , 1) G .~~ ’ - Id  C I ,  ~~) DF E~~.08
70 Y C I ) : I ( I ,1)

X =X C f .5’-I-l )FEOV .C8

~.ALL F(I,X ,Y,D( 1,5))
oo ~~ 1= 1, 1 J F E J ~~0b
#4 ( i , 3 ) = I ’ - O C I , 5 )
~I ( 1 , 1) :~d C I , 1 ) + . * C i ~ ( I , 3 ) _ W C i , 2 ) )

80 Y C L ) : ~4 C I , 1 )
CA LL F (I,X ,Y,D (j,,)) OFc~~.39.30 9) I:1, M ) F E ~~.09
WC [,- .) :rl s -DCI ,,)

O F E 3 . 0 9
90 Y C L ) : V I ( I , i )  ) F E ~~.0 9

O F E . l . C ,
CALL F (’l ,X ,Y ,3 (1,-, ))
JO I U . i  I:1,M J F E ~4.C ~

1’O (1,5))
11)0 YCH :4 (I,1) 3FE~ .1)OF 2. 10

3FE~ .10
GALL F~ . ’I , X , Y , ) ( t , , ) )  D F L 3 . 1 0

110 JO 1 3)  I:1, I DF L~~.10
~ ([ ,2)  : NC I , l~
V)O 1~~1 i = i, ” )FE3 .1C

120 J (t,i)~~J (I, J+1 )

6q
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1!RIS ?A~~ I-
l~~~M C:o~~

1,21 -9.’-Jti, l )) ~~~~ 11

130 Y (i):’1 (L,3) J~~:~~.l1
X :X C + , 1  .jF~.4.11

C0~..L c~ C’ l,~~,Y , D( L ,~~
) )  J F - ~~.j ~

30 140 [:j ,M
4 ( 1 , 1)  4 ( i , 2 ) + . _ 1 5 6 -  ó h t . . - , . , , 7 L — l ’ - H ’ -  U.’-r C :, 5) +1 -) .’ - ) C I ,~~

j — 5 . ’- j ( I ,3 ) + i.i(1, 2 ) )
11.0 Y i : 1 4 C 1 , 1

GALL F ( I , X , Y , C ( l , 3 ) )
IF ( 0 ) E )  R~ TJ~~:N JFL2 .1~
DO 15) I:1,M

1~~0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
JF~~~.1~

IF ( E R ’ V . G E .~~~A )  IF (-1lIN— ~ E,- (I)) t~~U- ,1~~~,1~ 7 
J F E~~.1c

Ki:) JF~~~.ic
IF C U3 ’ - E~~R . LT . r ( u)  IF t I1-.X A 3S (H )) 1 ,l~~5,2t3 

JF .~~.1

155 K2:~
RETU RN DF _~~.1

160 I F (K 1 . - ’4 E.3 )  G~ I D  j 5 J F E ~~.l~
00 17) I:1,rI DFE.~.1: -

S

W C L , t )  ~ 4 ( I , 5 )  JF~~2 .1~
170 £3 ( t , ? ) ) ( I , 1) JFE .C.1

X :X P  JFE .1
GO 10 2 )0

180 30 19) I=1,H
W ( I,1) :14(1,2) J F E ~~.1.

190 O (L,,):J ((,~~~)

200  K:)
K2 :i
D X : S I G N ( A M A X t ( A ~3 S( H)/~~E T~~,Hl:N) , i-1

GO TO -.3 )F~~~.1~
210 K2 :K2+1

IF ((2...i.5) R E I U R I 4  )F c 4 . 1~) F c L 1 -
OX :SIGN (u.IIN1 (MBS (H) 3E14 ,114X ) ,H) JF~~~.1-
(2:)
R E T U R 4  )F _ J . 1~ V

EN) 3FE~~.l.
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A. 2 OPTSHE INPUT - TEST CASE

Card 1

Column 1 11 21 31 41 59 70 80

- . 5  5000. 0. 4. 5. - l  2

- Card 2
- Column 1 11 21

540. 14. 7 . 0750

- Input Data is defined on comment cards  at s tar t  of OPTSHE. Read

- and Formats Statements are on the first page of the program listing.

- - A. 3 TYPICAL OUTPUT - FOR INPUT GIVEN

The following 12 pa ges of print- out are typical output for  input

given.
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THIS PAG~ IS B~SST QUALt~’y FRp4,Cfl~~~r~APPENDIX B FLrRJ
~Is~~~ ToDDC

INTERACTIVE VERSION OF PROGRAM OPTSHE

B. 1 PROGRA M LISTING

PROGRA t . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
COI’~MON /3L<1/FM , ~~~~~~~ ,

AU
OOMf1ON /~~LKA/SSF ,T ,5-’ISH ,H,l3 I5 5

* 
COt~MON,9LK)~/ICUrT ,PC

I’50 ,K ,¼ ?
COMM flN /E~L~<C/NS T ,Ss S 5 ’..~~T ,NIT
O MON/3L ((C/

~
1A ,

~~~
HA , .

C OMMO” I /~.L< E1IUS, NU ,A L ,  ~ L, C

~ OMMU~1/~~LKH/ACC,JLT 4
flIt~ENS1ON X (51) ,Y(c”)
COM~~LEX KZ
REAL K ,NU
WRITE(ts,1’~c)
!ss4 O (5~~~~ ) JP

IF (J~ .N
’.1) GO TO 7’

WR ITE (6,1C ~)
cE A O(~ ,

4 )  F O ,  AM, 0I
~UT ,Tc~1P

~I*43.iL.16
~ 9,~~24 i255Sr)~~T ( T E M i )

H 15’OU’
k~=? .  I’F~~ O/C

R~~~G (5,
4) F’~’,CSH

wr~IT~~~~ ,1~~~)

~E A O ( 5 ,’) IDUCT ,NSO F ,t.sIT , IW
W~~~T E ( C  ,1~~1)
q EA D ( 5 ,~~) A CC~~J1S TM
WRIT~~(C ,1~ v’I) F , . POU~ ,T~ ’~ ’
WR1TE (c .,1~~fl) ~~4 ,!~SH ,~~”A
W~~I”!(~~,1~~O ) ~J1ICT ,N ‘FT ,~~I’5 ,IW ,iLP!, A CC
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .OR .  fl~~~i.F(~.i.) GO T° 16

R E A O ( ~~, ) P~~r & S , F H f l
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

l%L=5 .~~NU/ ( P~~US)

~L~~6 . A L
lb ~ONTINU~

WRITE ( € , iq 0)
R E A D  (5 , ‘) LL L.
IF (LLL.E Q.L+) CA LL rIGFN
TF (LL.L.EO. 3) wRITE (e,2~~O
TF (LLL .EO. 3) PFAO (5,~~) Ft.’,OSh,A t.~,FF E~~,JLIH
TF (LLL .EO.3) W.~UTE (C~, 150) F~ ~~),AM ,P5DJ T,TEM P
IF(L LL .CQ. 3) W~~ITE (~~,1b~ ) F~~,DSH ,~~1’A
IF (LLL.NE.l .A ~~1 ’. LII .NE.3 .AND. LLL. NE .’.) G’~ TO ‘00
TF (LLL .EO.~ .OR. LLL .EO.~~) GO 10 16
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WRIT E(.t4 ,2C t ’ ) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
P E A  0 ( 5  , ~ ) SE ~~~~ C0r~ F L .ISHE ID TO DDC
WR!TE (( , 2 i u )
PEAD(~~,~~) STEP
Qfl 1~ 1~~1,10
CA LL S S c ’r(SE ,T!,C)S5.X5,~~w
WR IT r (~~,2 5 C )  ~~~~~~~~~~~~~

17 ros~TI!,u;r,O TO 16
7C~ IF (LLL .NE .2)

WRIT~~(’., ?~~~)

~~~~~~~~~~ ~~~~~CA LL ~ h~~S~~1(Sr , T 5 - ,~~3 ,y 5 : ,1,
W r s T T (~~,2~~f.) ~~~,T5’,’S, xc

GO TO 1~o77 ST~~~
j~~5 FO A T (1X ,[~4T~’” 1~~

)
10” FOPM~.T (1X , ’V”E ’- ~~~~~~~~~~~~~~~~~~~~~
12f ’ FO~~P~~T ( i X ,* c”JT T ,~ F’~,!~~H )
13C ~~~~~~~~~~~~~~~~~~~ I r J f T ,t .~~O r55 ,NI* ,H*
V.0 F0~~~~ T ( 1 X ,4 E~3T E~ ~~‘~~,JLIr~~)

F
I F 4 5
j~~C FOP MAT(j x ,5) UoT=~~,!?,lx ,9*,w~~=

55 ,r2, ,4 ,UT ,I’~,’~X ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
180 FOp~M A T ( i X ,~~~~4 T E r .  ~ R~~S~~,P f L)~~)
190 F0RMAT (1X ,4E~~~rP ~~~~~~~~~~~~2CC F O R M A ~” ( 1X, ’E~3 1ER ~~~,T F )
21” FOP.MA T (1X ,4EN TC’2 $T~~~~)
230 F ORM ~~~(1X ,~~E~JTE~ F~~,2~~H , , F~~~Q ,JLI~~~)
25 0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~21~X , ~ YS*4~~,F13. 8)

ENP
SU BRO’JT IP~ E1G1’ 4
0It~~N S I C N  ~E (3),~~~(3) ,~~S (3)W~ ITE (E,,1C~ )
REA0(5,~~) SE , E
W P.T T E  ( ~ ~ 1’ 1)

REA D(~~,~~) R S , X~
WRITE (€ ,1’ ~~
REA L ) (~~~~,* ).~Iç3 ,x 3’~

0ELR ~~~1.S(3) —~~!(1)
C E L X S~~XS (lj —~~~( 1)

rE~ RS~ DEL~’ S/1)EL T[
DEPXS=~~ELX S/)FL IF

~~~ SD— kS 
(? ~

~~XSO—XS (’)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
nELS _ (x~~O~~Ri~S_r4r :” ys )/OEl J(~
T EN =TE ( 2 ) # ~~EL1’~
SEI~I~~ E +OEL SE
W R I T E ( € , ’.~~5) T~~Pl , c~~4

lt’0 ~0RMAT (iX, I Sr , I E S  ~)

~zr  F O R M A ’ r ( j X , ? E % ’ T C R  ru ’s , x~~’~ • >
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Ps-~~~~s-.40~~ 5.~ ’~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ W~~~~
Si

~~~~~~~~~

j i.q’ FO~~Mi~ ( 1X ,’E~fl~~-~ 
t5S

~~, x~,r 5 5 )

i4~~c FO T(1~~,~~
T ’

~~= •,F ~~~~~~~~~~~~ ‘,Ft2 .~~
)

FP4 fl
SU9~’OUTINF SHFSfT ~~~~~~~~~~~~~~~~~~~~
CO!hiMOtI/3LK j/FM , ~‘T A , Dt ,AM

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C0~~It.1OtI ! /~ LKC / ~~~~~~~~~~~~~~~~~~ 

~~~
. 

~~~~~~~~~~~~~~~~~~~~~~~~ ... ~~~~~~ _ -

r’r)~ 1 I ~.ON / E L K O /  .1 L- ,rD~~H~~,
k5.
~

C O ’ M U~II / B L K E F  US ,’~U, - L, ”I , ‘

r.0MMfl I~ /3L~(F/ ~~~~~~
ro~’M~~4/~~LK .-4,ACr ,JLI
‘~0MP1EX A T ,7~~T~~

C ,V Z , _
,P~~,*4~.15-

~TAL ‘< ,~~U
Q IM ENS ICN Y (~~) , Y L ( . ~

)
L O G I CA L  V 3r ~E
E XT H ~ 4 ( L  ~.FR IV
‘q~~ )~~~ • FA L ~~E .
S S E ~~~E
TI~~~T’
Al ~~C 4.4~~ L ~ 

( ‘S 
• 1

IF (I3U~ T) 21,2’,?’
23 )C !It~R T = O ,

~~~ 1.
GO T 5-~ 2’.

22 X S T A  ~~~‘J ’I ’ .4— 1
SO Y ~ 1.
GO TO 2~.

21 IF (9OO (NtT ,2).E~~.’) XST~~~~~~
’
~ UT/~l

TF (MO ’ (s4TT, 2) •~~~~ • r (
~O 

—~) ~?
SDX ~~— l .
I F ( ( ~~~ CF .E~~.2 ) . A N J . (~ J I . F~~.C ) )  ? € ,~~~

L41

2~ ‘ 1:P( iUT— H
HA~~R~ — F ~I
~S IA ~~T :RMf H~
~~ Y STA ~ I
5 lJX_ l~~~~~~~ •

“SHA 1SH H/’-4~.
IF (OSH.N! .’S.). i~).(rh.r-4E. fl .)) ~L A 5 . 55

~!U/(H~~ US)
IF ( ( 0 S H .~s1 F . d . ) . A ’ ~ ’) .(F~1.t.t.L. .) )  ~‘L~~=~.. 4 LA
V(j~) ~1

GO T0 °~~
?~ X = X S T A F I

I F ( A V .GI..~~.A P s 3 .~~~T~~s . ’~ •~ r . •~ •A ~’D . ICu ~ T . F O . C  x:,1&.1.
IF (PJI1.GT .~~) GO ‘~~
V (l) :1.
CC21 ~~
IF( X . E( . .d” l)  V
Y ( ? )  2 Y ( ~~)2 Y (~.)= 5) ,
I~’ ( X . E O .  54 r ,)j ) 

~f
P ( f l _ P S C . A M 4 X 5 5 4  ( A P ~’— 1  . C )

GO T O PD
2’

Y( 2)  :YL (2)
V (1) ~VL (‘)

L _ _  
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~~~~PI!Il11h11h1!h11hh11!hh11111hhh1~~~~~~~~~ I~~
I 1  ~~~.. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_..~ -.

GO T O E’~
JF(IW .GE ,1) ‘~F~I E ( ’ , 1 C ( )

1~~ FOPP~.T /~ ~ P’~ESS G~S A
~~ CH cM ~E R~4S

‘I~1 ~ HS •)
101 ~O~ M~ T ( j X  ,I~ ,.3Fj454 

7)

O X S  1y4 2 .~~ 
—

~.

J*4 1.
—

“ALL SET ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
IF(iW .GE .1) wF~ITrV’ ,U 1) J, V , ‘J~~,X ,SM ,~~HS

P? CALL ~~~~ (N,v ,y , , rf~~Iv ,~~
cP1 ,P1nCE ,.)*4,2.F—~~)

J=J + 1
IF (J .’.,T .JL I~~I w~~IT (

~ ,73~~
) J , Y

5 7 7 8  ~~~~~~~~~~~~~~~~~ ~O T ~~~~~~ W A L t  TP * ,1 4,
1 STE~~S,’(~ ~ ,r ” .6)

IF J . GT . J L T~i) ci) ~~~
5-)

- .

+ ‘514R1T ’ (7,1’ 1) J, Y,V t 4 , ~~~~~~~~~ H~
~~ 1., — A  ~ 5 (X — X S f l  - I T )
A = R—f l S~
TF (A .~~T.A1S (’)X) ) GO ~T’ ( ~?
I~’(A.Li.2.E—6 ) GO 

T~~) ~~L.

CX *4SOX A
CALL SET (~~,X ,V ,DX ,~~~~ IV ,~~CO ,~~Y” ,..55,2.F—6 )
CA L L ST~~p(N ,x ,y ,Cx ,r.~~Riv , AC C ,~~OCE, •~~5 ,2 .L—€

)
T F ( IW .G E.j .  ) ~~ t E(7  ,lri ) J , V , V M , X , ,~~ r4S
IF(~~~S ( J x ~~.t . ( H/ 1Q .) .( ,NJ. -;.G T . A Q S ( X ) )  GO It) 

~ 2
IF (~~.L 1.A~ c y)x).ANO.~1 .GT.2.E~ 6) GO “D ~~~

r F ( ~~.L E . 2 . E — ~~) G o t i e ~
0X ~~SJ X 5 5 ) S H ’ 2 1.
C A L L  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
GO TO ti . ?

CX *4SjX’C1 .—A ~~S (X— X ST~ F.T))
CALL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
CALL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

88 15 O PJ TTN UE
IF (TDUCT .E t).—I. ~Nr . )OF .~~-’). ‘..L~~~~r • Nfl . .0 .0 )  y 3  *4Y (3)~~H/HA
rF (TJu~~T.Et).—1 .Ar5C . NS (.Ft 54E~~.~?.A~~C.NIT ~~~~~ Y ( 4 )  - V ( E ii ~~H/HA
IF (I W .G~~.t) WRIT~~(’ ,tC1 ) ~~~~~~~~~~~~~ ~HS

31 IF(I 4.Et).~ 
) GO ‘O

‘iF ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Gt)  ‘~O
VI (1) (1)
YL (2)*4V (2)
VI (3 ) V (3)

~VL 
( L )  zV  (is )

‘ P~~C M P L X ( Y (  1) , Y (~~)
po:rv~’LX (~ (3) ,V ( L i ) )

TA

IF (DSH.E’).~J. ) 
ZFTA 7ET~~

S55 (1. F~~
55K?/

~~
)5 )552

IF ( (It.5(JCt .~~O.—1 ) • A Nr5- • ( ‘ .CO (NIT ,  2 )  •FQ. 0 ) )  Z E T A S * 4 — 7 E T A S
qS~~p~~A L (ZETAc)
X~~* 4 A I M A G ( 7~~T A ~~)

~ ET tJ R~F N D
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.15 .1515~ 51~~I1 ~~~~~~ 15=’ -5-~~~5 -~ - 555~5_5.l_5s-557_5_.l_;..554_.5455-55.5~~.~ , ..15sp._.~7_,5.5__ _5-5I5-
~~~ ~‘.5.~~~~’o~

sl .5=155.15-P ?_~ 5.~~~1515_.1.15~~ 55~~_5

SU~~ROUTINE O~~RIV (N ,X ,Y ,’~V)
C OMHO N1 /~~L<1/ FM ,~~T A , ~~T , A M  THIS PAC
COMMO’4 .‘3LKA / ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~COMrIOt.I /BL<31 IDUCT , CIU T ,K ,I<? SHE5D TO DDC
COM MON /BLKCI ~~~~~~~~~~~~~~~~~~~
CO MMO~4 / ° L KO/  ~1~~,0 S I4- ~ ,~

:Si~i
COMMO t~ ~~~~~~~~~~~~~~~~~~~~~~~~
COMMON /BL~~F/ V” ,~~HS
CO~’PLEX A ,i3 ,~~HS ,~’,P ,K 7
REAL ‘<, NU
t)IME~9S1 Cl~ y ( ’ )~~f l v (~J )

~KZ
K55 T E/~ TA

IF ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .(~J:i.~~Q.’)) AKZ *41114MK7/HA
IF ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .3K7 *41~l* j<7/HA
K Z * 4 C~~~LX (

~ KZ,3K?)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ GC TO 12
SIGN~~1.
IF (~~M . LT .~~ .) “ ‘‘G~~~

-1 .
T~ 

( ( IU UCT .E~i.— 1) • ‘S J . (N~.OF .EO .  2 )  ~~~~~ (r~IT .E-i. “i )  ) ~‘1 , 32
31 ~9* 4X — ( Y S T A R s -—1. )

IF (C’3,GE.OSH!’\) (,q ~~ n i2
A LA =~~,~~NU/ (HA ~~tJ S )
R LA ~~6. AL A

V~~~C 2 5 5 H A ’ J~~/~IU

IF (YP .CT.5) o= .~~r74r~~3.4,~~÷C .
C .~Lr .,(y)))

IF ( V~ • 1. 31) ~j ~
‘. (~ •

C +2. ~ ~L 
~~~ (Y~ )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.- .r~

r 1 . _ ’~r,r~Ss.4~
IF (E .LT.. 4) 

~~ 1 . °
GO Tr 1’

32 CA~~A~ S (X — XST~~
t)

r~~~-~ (X3 I A P~ +1 •
IF (1j~~.~~T . 1 .)  J ’ = Y — ( ’ ~ - T ~~ - - T — i . )
IF ( ( .) .L. .G 5 ~ .C i H )  •~~~: • 

( r 5 3 . L ; . .( . .s~~4 )  ) ~~U s - f l  

~.2
IF ((~)(..LT.~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Gu TO 12
IF C C J .L • OS H) •~~ • C Y S T ~ 

.‘ 
• 
.. ‘) 

• ) • 15 ’ J ( J , l J I ’ • • ) ) C ~ fl
V~’= flA~~h~~U~ /NU
IF ( 0 3 . L T .O A )  Y P = ’Y~~/~~f

• ~~~~~ VP
I~ ( Y ° .G T .~~ ) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~IF ~~~~~~~~~~~ ~~~. ‘s- - .~~+ 2 . / ’~~Lr ’ ( V ’ S ) )
1 .1 • • I~ C F X ~

“ C )) — 1. —11 — fl  • 1/ 2 . — L~~ 
s ( S  j c  •

SM IGP’ ’H’UE US / (C ’Ni75.~
..’T5

~~’~)
C • ._J~ /~~S-1
IF (~~~ . L . ~~A )  ~~~i . — C ~~/ 5 5 SI~
IF (~~.L T . . 1 )  ~~~~~~~~~~~~~
‘F (fl~~.L

T.GA) ~ si— çs~
IF ( (r:~~

-51T •r). 1) •~~ \
_ 

• 
( P I *(  ~ 

(I . 1_
, 2) ,~~ ~. ) ) ‘

~ 
1
~~— S ’

~O T f l  17

j 7 ~M —C •
17 “O~~TINUE
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~ 
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-~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~

rRISPAGEISB~~TQU~~ITY~~~ CTICCALL MAC H CFM ,VM ,~~A ,1B ,A LA ,~ L A
~~~~~~~~~~~~~~~~~~~
IF (IflUCT) 22,22,21

2? IF (X.GT.3.) A~~A+1. /’~’
21 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~IF(X.G T..4’) 3 9— (AM /X )~~~2

IF ((IDUCT.E Q.—1) .1t’fl.(N~OFT .EG.2),ANJ .(NIT .EQ .P) 3 H ~
4F1A~ 3/(H~ H)P =C M~ LX (~’(1),Y (2))

P P C~ PLX(Y (3) ,V ( 1k) )
RHS=-A4PP- 3~

0
• f l Y ( j ) : : Y ( 3 )

C Y ( 2 ) ~~Y ( ~ 1
OY (3) REAL (Rt-~S)PY (4)~~A If~

4
~ G(~?HS)

R El U P4
• END

SU~ POUTINE ~‘AC M ~~~~~~~~~~~~~~~~~~~~~
COMMON /~3LK~~/ ~~~~~~~~~~~~~~~
COP1M ON /RL K~3/ TrUCT ,7OUT ,K,K7
COMMON /PL KC/ NSO~~~,

V
~ TArT ,~JTT

COM MON /~ L’(O/ I~A , C S~~~,F~’1
COMMON ,~L KF/ LJS, N~J ,~~L, °L,’~
VEAL K ,NU
IF (OS H) 1,1,2
l~~~F M

GO ‘~
() 13

2 SIGN=1 .
IF (FM .LT.~~.) SIGN~~— 1.
IF ( (ICUCT .E~~.—i ) . ‘~~) .  (N~ U Fi .EC.~~) .A ? 1 r .  UIT ,~~~. 1) )  3,~

3 IF (03.G’ .DSHA ) GV ~ 11) 1
YP~~O~ 4 hA ~~US/PJ U
IF ( .L T . ~~t~A ) GC Tr’

vM~~s IGNIuS* (5 . c~~,.r
,* ,~L O c , ( y P ) ) / c

GO TO 9
IF (r 3~~.I.T.AL~~) GO

GO T f l
F~ VM SIG~~~US~ Y~ /C

GO Tfl
IF ( (  .&E .OS ~-4) .A Nr .(r~~.GE .~~~H ) )  r;o 1!) 1
IF (NEO FT.E~~.~~~. .(CA.LT . Sri). C.(I1UCT,~~~.t)) GO ‘O 1
IF ((XST~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ GO TO 1.
Y~~DA
IF (~fl.LT.~D~~) V~~3~
V~~~Y 3 H4~~S~~PPj
IF (V.LT.dL) GC) ~C)

SO TO 9
IF (Y .LT.AL ) GO ~ fl

V~l~ SIGT~~US*(_ 3. ~5# ’- .~~A L O~~( 1~~) ), r
GO T O ç,

~ VTM IG F~*Us ’V~ /C

~ L= f
~

IF (1 CT .EO.— 1. .‘lSflFi.EC ,2 .A~~D.NI T .EC ,J ) 11,12

90



11 ~~t.-O8/OSHA ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~• IF (E.L T..1) VM VM+ (t.— 1 (.E)~~(FP—VM ) 
I~OJ~DC

GO TO 10
12 E~ 1.— OA / OSH

IF (O~~.LT.OA) E 1 . — 03/OSM
IF (E .LT..1) VM VMc(1.~~1L .oE)~~(FP~~VM)

10 RE T U R N

SUSPOU1 INE LOOP 1 (X ,v ,I~P,~1 ,IC ,NC)
CIPIENSION X(5C),Y(~~’),S(!!~)JJ~ NP- 1
CO 1 J~~1,JJ
S(J) = (Y(J41)—Y (J))/ (X (jii) —X (i))

1 (~ONTINLPE

II NP— .!
60 2 1=1,11
J = 1+2
DO 3 I=i ,JJ
100P=n
7 = ( Y ( N ) — Y ( I ) + S ( T ) 4 X ( I ) — S ( h ) X ( N )  ) / ( S ( I ) — S ( N )
IF ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

X .AHO . C (X (~~).LE.7. ~~.X(W+1).G ,2) .OR. (X (N).Gc .?.ANJ.X (N+1).LE .Z)) )
X L OO P I
IF (LOCP.E3 .1) GO T O  L
r,o ro z

(4

IF (M .GT.1) GO TO
IC=I
N C N
GO TO 3

~ IF ( CP4~~I).L— .(P1~~— Tr ), 6,3

~ T C I
p
~C N

3 CONTINUE
2 OO NTINU

F~~T U RN
EN’?
su~ r~ou~~i~~ !~1s” (X ,Y ,P F , C’ .,l ,ll ,Xl
CIME NSICN ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 ‘?O 2 J= i,~lix (J) PM (J ) 1
2 3( J)~~1f.TI~ J J I  X ( i ) P4M( 1) ~l

O Sx 1~~.
IF (X (2) .LE .X (1)) Dc: x C1 )— x 2~~~’~~2+ (YU,—v (2 ).’’
00 5 J~~2~~NP

‘ IF (X (J).LT .X (J—1 )) ‘Y~ TO 
£

TF (J.NL.2. AN .).M 1( JJ) . EQ . (i—!) ) J J : J J ~ 1
MX ( I  I) = J

GO T O ~
F IF (J . NE . ?. A J O. M X ( I t ) . E Q . ( i — ~~) ) I Y: 1 I# t

~~ 4 (JJ )  J
E OO~4TIN UE
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~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~

• 
NN=1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
CrIIN D (1) ~~~~~~~~~~~~~~~~~~~~~~
00 7 J:2,5
IF(O (J )  .LT .DM IN) NP4=J

~
‘ IF (O (J ) . L I~.OM IN) O’~IN C (J )

IF (DS.GE.D MIN) GO ‘O ~1M 1
• GO T O  L,’~

IM MX (t~N)
XM =X ( 114)

• IF (I M.Et3.NP) GO TO ~-~r

XL=AMAX1 (X(I~~— 1),xC1 ~ +j))
IF C XM .LT.~).) GO 

•T () 11

IF (XL . T.~) .) X L A = X M — .~~1~~(X ~1— X L )
~F (XL . L r .. X L A = ’ .
XA =A Xl C XPA , XL
GO TO 12

11 XP~~~1.,.t~ xM
XL~~~X~ — .C1~~(XM—XL )
XA~~A MAXj ( X ’A , XLA )

12 CONT INUE
7(1) X (114—1)
‘(2) X ( TM )
h ( j I =Y  ( IM_ 1)
W (2) Y (IV)
‘fA 1= OT KN (Z , 4 , 2, 1, X~~

)
IF (YA1.GT .1v ~

0.) GO TO L~fl

7 C 1) = X ( 1M ~ 1)
W ( 1 ) = Y ( IM# t )
Y c~1= A T K N ( Z ,W ,2 ,1, x~~
IF (Y ~~1.GT .1~~i~.) GO ‘f l  .. ~~
IF (Y B 1.GE .V A 1)  I’P=l
IF (Y31.Lt .YL~l) 1(t~

•
~~-

IF (~~.t Q.1) TtJP1 TU~
IF CT :JF .N :.IlJci) Ir’jsr=i
IF (IU~~.EQ .IUFt) Tru~~~~r
CETU~ ’J

L( ’  TC~~~P C
QETURN
EN.O
SU 1c O’JT IN~ CUS~ CX , v ,p f ,~~C’Js)’,N ,iM ,x~1)
!~P:ENSICN X CN ~ ) ~~ (PJ~~) ,Z(~~~),W ( ~~.)
1 M 1
XM=X (1)
00 10 J 2 ,~JP
IF C X ( J ) . G ’ .X~~

) j P’ z J
1~ IF C X ( J ) . G T .X M)  X M = X ( J )

IF (X ’ .G T . 5 . . O P .7 ’ . .1.(~~ .I ’ .~~O .~1I- ) ‘
~~. T’D (e J

X L =A M A X I ( X C I )  , X ( Ne)
IF ( X M .LT. 0 .) GO ‘0 i~
X P A =  • q~~~~y~
IF ( X L . G T . 3 . )  X L~~= Y M _ . O 1 i ( X~1_ Y L )
IF (X L . L~~.1.) X L~~=~~.XA A V AX 1 (X Q t~,XL “
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GO TO 12
11 X PA 1 C I X 4

X Lt~~X~’~ 
(
~1’ (X ”— X L )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

X A = A P ~A X l ( X ° A ,X L 4 )  F M C ~OPy Fu3~~IsHE.D~ o D.De __--

12 CO NTIP~UE
XA = . 9 C X ~1C(

~’ 2 J=1, IM
! CI ~’~~i — J = X (  1)

21) ~ (IM +1— J ) Y ( J )
Y A j ~~A Tk ~~(Z ,W ,TTl ,1,Y~~)
IF (Y ~~t.(,T ,i~~’ .) GO ~ 1 .~~ ‘

NM NP- I~~+l
00 ~~ J 1 , NM
7(.J) X(I~ # J— 1)

31) b~(J ) =Y ( I M f J—t )
• Y~~1=A T Kt ~ (Z ,W ,t~~ $1 ~V ~

)
IF ( Y 3 ~~.GT .i ~~1.) GO ~
IF (V ’~1,G~~,yA1 )  ~~~~~
IF CV- 3 1 . L .Y f ’ l)  I”~~~IF (N.~~O.1) ItP 1~~I’I~IF (IUt~.NE .TUP1) I”’J~ F 1
IF (IU F .E0 .I!tFlI tJ~~~~RETURN

kO TCUS~~= C
RETU~~P4
END

• FUNC ION *iT K N (X ,Y ,PJ ,/ ,X~~)
CIMF N~ ICN ~1~~) , Y (  ~“1’
COM P4 ON X X(l0t),YV(3~~’)
K1 K+l
IF(X ( N ) — X C I ) )  1 ” , l , lC

10 I F ( X a _ x ( 1 ) ) 2 A ,2~~,~~
20 t.L=C

GO ~ O 2 1) 1)
30 I F ( X ( N ) — X ~~)L ’ ’~ ,L~~~~~’’

• 1 1 )  LL =l i—! < 1
GO T O 2 C0

~ 0 1 L 1
L U N

61) IF (LU—LL—t ) 18o,1e~~,
7r

‘1) 1I (L.L+LU) /2
IF (X (LI)—X 9) B1),~~C, ‘~

80 LL LI
GO TO €, 1)

~ ‘J L IJ L I
GO T O € 3

100 I F ( X 9 — X C I ) I 12~~,~~?,21
120 I F ( X ( N ) — X 3 )  j 31 ,Li 1~,~~
130 L L 1

LU N
1~.0 IF ( LU—LL—t ) 1~~

fl,I~~~,t E C
t50 LI CLL +LtJ )/2

IF C X C L ! )  —X ~
) 1~~~, 1’), j

160 t U= L I
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• GO TO 1~~! ~~!S2ACE IS 3ZST QUALITY PB~ C?Ic~~~~170 LL LI i~~ CO?I JRL~iSk1.~~ 1’O DDC
GO ‘~O i~.r

1~~1) LL LL— (Kl+1 )/2
• IF (LL)2~~,?’~C,19 ’

141) IFCL L fK1— N ) 2O~’ , 2 t ,~~,
! f

21 ) r  ~O 213 I=1, K1
I1 LL# I
XX (I)=X (II ) — X E ~21’) ¶YC I)~ 

Y ( T 1 )
00 22C I=1 ,K
CO 223 J 1, ’(
C~ X X ( J + 1 ) . X X ( T )
IF (‘.EO.’.) Cr) ‘~~‘ 2~ r

2~ 1) Y Y ( J +1) (
~~./~

) (~‘ Y ( T ) ~~X X ( J l~1 ) — Y Y ( . J +1) X X ( I ) )
A IKP4=Y ’ ( ( Kj )
RET URN

241) A T KP J =9 C~r~.
P E ~ U ~N

~ U~~ROUTI N~ Cl ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
REA L ‘1, I(

M=A 9S ( F W )
TR=r /~~1g.
OR P/ 1L .7

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
• OA = (~~+~~‘ (1. .+T H/ u)  4 . F ~5~ V )  / C r  +~~

)
I F ( O A .L T . ~~.) GO Tf l  I

‘)P=A T MJ (j , /(C ,’ O A — Y ) ) / K
IF (IPUCT .EQ .t ) CC 0 2
F=5 •

i .r_ La .~
__
~ I ’L ’

IF(NIT .GT .1.AN ’?.P~Ofl ( IT ,~~~.f~~.L) GO ~n 3
• OP=P0~ fI/ (RI_UC /2.)
• XP =X— 0/OA

RS:K~~P~I
CALL BESS (PS ,1,1,r ,~~L ,~~L)
CALL BESS (R~~,0,1 ,F,~~L ,’L)
A L = X P~ A L
9L=X~ BL
AP=irL.1~L) / (O L+ f l  )
xS:K’ (RI—DPI
NN= O

Li CALL 3€ SS Xc ,t,1 ,r ,AX ,9x
CALL a€ss (XS,O,1 ,r ,iY ,!D)()
UE:(A BX—~~X )/CA P~~(~~X—9 X /XS )—CX + ftX/X~

)
XSN XS—CE
TF (A~ s (xsw—xS).LT .~~.~~r1) 

G O O r
xS=xcN
NN NPJ+ j
IF ( N N . L T . tO )  GO TO ~.

5 0~ =PI—XSN / K
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• GO T O 2 - • 
- r~o~t ~~~ 

F1~~ iS’~~ 
i’o ~~C

. x°= X— C /OA •-

• rP=D P.~~OUI /C~~OJT.~ C/? .

CALL dISS (RS,1,1, r ,~~ ,AL
CALL ~~~~ 

(cc ,~~,1,~~,:I ,EI
AL ~~~~~~~~~ ~~ L
~L:X~~ .L
~~o ( r 3 1. _ 1 ) L )  /L AL— ~~L)

NN=
F CA LL 3ESS (X~~,1,1,~~,~~Y, 0X)CAL L 3ES~ YS ,O ,1, C , x ,rx)

0 E = C ~~P 4 9 X — A X ) / C M ’ 4 ( J X — ~~X / x S — C X + A X / X E

TF (A~3SC XcN _ x ~ ).LT.r .:r1) GO 0 7
X S = X SP4
NN NN+1
IF(NN.LT.1~~) GO T~’I ~

7 !~P=XS N/ ’< —~’OU’
5fl 1’) 2

I
2 ~~ TU~ N

• FNO
C
C COM~~UILS BESSEL FUN~~~T ON~
C JO C~~) T F W W ~~ <V = C
C J1 (X ) IF ~J~I:1 < K = O
C J0(X),Yfl (X ) IF •tN~ fl 

~V = j
r •J1(X ,Y ICX ) IF l.N=1 “=1
C ~=A CCUEACY
C

SU’3ROUTINF 0E~SS (X ,NN ,Vk ,E ,v1,Y2)
CO~1MOM /~ F~~f r(1~~) ,“(1~~),L l C F) ,r1(l~

) ,r2 ( 15)  , C 1 E ) , C 3 C l 5 ) ,~~3( 15)
O A A  C ,~~,Ci,Cl

~~~~~172F —3, —2. 81~ te~~2~~rL. ~— 2 , — 9 . ~~4 47~~11Lil3fl1~ t — 2 ,— 2 . 4~ 275l629
9QI~~t 3  E—1 ,— F .~~c1 ‘.~ 1~7~ E°€  ~— 1, —1. ~19 1~ 22 7 c~ E0, — I . 9 2 3 O ’+2~+2 1) 0
C2 ’~79 ~ r ,—3.17 3 9 q

~~5~~.-’r1~~7 Er ,— t~. 39 21~~~19~~2 Fn ,— 7 .3 9 L+3966118938
fli EC, — 1 . C b L i l ( 4 71”~~56 3€ E1, — 1 . 4 ~ 5 95 tb7 ’~F~29 E1,— ’.3213u078 191 578 ~E1, 7 .~~312 E~ — Li ,~~. 1q€ ’ l  ~41!~~~~ F— ’ ,2.~ 1), 3”~ 0~~51~e )~ E— 1,k.k7 5 5i926
F~~5’~F~ E— 1,7 .9317 63~ ’~~(4 7 (7  

~ — l ,  l. 737 ,S~ 42’ )~~5i. cC , , 1 .780k26521 9 166
G~ ~C, 2 .~~2206~ 1q1~~17 29 ~~~~~~~~~~~~~~~~~~~~~ :o,Li. 31373~~87~~99~ 6 E0 , Li
H.Q~ ’j CbC 19c~~Ls771 ~~fl, ~ .9’~~L.3c !.31b~~Le2 ~‘),7.11’)bOO~~-~9r1 )~

j3t’ E0 ,8 .3 L+Le2 5
IF3?7q~.~~63 E1) ,9 .6’ F’~~. r 7 L ~77~~1l ~ 0 ,t . t ’,—1.Li 735’ .12~~~7~~~b2 E—’e ,— c .51
J7V’ c~5Li7’.93 7’- r_ 1 ,_ 7 . .Q5t~.712933€O E-’,— I.  197337293 12153 E—1 , — 3 . 0 8
I(90~~275~~15’ 34 L — 1 , — 6.~,L~j2’1~,53 (~3b L .2 E-1, —1.2 ~ 2 37 3 128L i1u 32 E0 , 2.19’+
L~~6~ 2~~~~’)?7 ~~~~~~~~~~~~~~~~~~~ £ f ,_ r • L ig 8~ 87d12q 7308  FO , — 8.1 268 13

1b7I~.f- 1 E~~,—1.1€ 5’~~3~ ’3FF~ F1,—1.~~38~~Q4~l+529S~~17 Ei,—2.175bLi22 62
N’t~C 3 4  L1,c .8r93 5E~~1,F. 1FP~~51E~~’4343 ~ — 2 ,2 ,~~3 7 g 3O 4 . 2~ 210Li7 E— t ,5.2
fl~ ’.!657€7?~ 59~ E—1 ,~~. 71~~~1~ 7~~ l7~’ E-I,I.36Li65~.5i°058S8 E0,1.93226P669 59811P ~O ,2 .  ~9 S 0 8 ~~~l2~ ~ P ,3.3~ 3E~~iLi~ 994r° ’  E0, 4.22719’01k32
Q 16C E0 , 5.1’96 Li~~1’79 t°11 iC, F.?~~O c8 ’~3626t i57 E0, 7 .(.1032 156793225 E0
R,8 .6687 ’.559 1007(4 ’ ~ ). 1. f l C 2  F2C~o’+1’e 7 ~~j /
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DATA C 2,D2,C3,~,3~ 1.C(0,1.~~7928 ’.€,679b875 E— 5 ,— 2 . ~~~381083~~1287 2 E— 3
A ,—~~.18bo6!~~3~.c5 ’83 E_ 2 ,_

~ .? L? ?2 8 1 8 7 3 3 72 9  E-2 ,— 2 . 4~3041O74 17’.52? E—i
~ ,—5.4699 7 k1 )6o 2 1~~€ C ~— 1, —1.P ~~238 bl3~.~~~1 EO, —1.~~1F86~ Li2 18824~3 E0, —
C3 .1576977t 8Li93 L~Le , L .92u 7~ 7~ Ee3c 37 t 7  E 0, — ’.l6)5~~7i~,u8O 5 Li9 EJ, — i . 0

• 060020168231)86 El.,— 1.~~bfl638931536~ 2 Et ,— 2.0i5L.~+36q!57’~Li9 E1,—l.1715

~ ‘5E—3 ,Li.5fl 835cQ7~~P6’~~7 F—2,1 .9217~ 768i9S~~2,~ ~~~~~~ ~R339O04023673 EF— i ,‘.8~!29E22363 EE9~ ~— 1,1. 22~~071239âi15b ED, 1.7€M0~i63321)iL.3 E0 ,2.
Gie11)87731972943 ~~~~~~ 878i~~~F913~ Er ,3.989 59q~ 2,’+o 356 EC , + . 9 2 7 1) 3 7
H~.F29j77’) C,5.96118’I3°29

2~ ~c , 7.o9~~ L+~~228i3375 EO,~~.331612rLi?i31191 E0 ,S .6~ 38847 ~~~~~ 
C L ,  ~~. fl , 6.63’s35791’?15’,25 E~~~, 4 .93 1~~b %75

JL,8&67 C—3, —3.27~’3!~2~ !2Li51!9 
r _2 ,_1.1b~ 2?13 ~~3L~5 3 E—1 , — 3 . 0 3 3 ~ 2 5O86

1(28(4(47 E—1, —6.55627’F1€e2~~1 ~—~~,—1.2 9~~~51~~~3,?~ EO, —2.17T~ 1l1~ C7
1971)3 ~t, —3. 5L~775~~~~622 Ec ,—~~.’.~~l2a6373C~8531. E~~,— 3 .~~92q7l’65332g148 Eo , —1. l5 543b7~~1~~~~?~ Ei ,— 1 . 03~ 3 3 7 3 3 8 ’~7~ 7 E1, — 2 . 1 6  ~~ 5 5 3 C ~~’+5t E
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ E—1, 5.16t 5 3 8 7 3
033 ( 4 2 0 3  E_ 1,3 .%3~~1r3~ 2q?3~~1 ~_ i , 1.35~.73~~~~~ C57fl’3 F) ,1.,2t9~~53o Q 3~~1.

• P~49 EC ,2 . c 8 78’20 .9?~~,1 Et ,~~.152 t 37b 33 ’ ~7t 7 5  E’ ) ,~~.?154 2 r2 ~~~B31 +~ E~’ ,OF.17 2~~13i~ 2E’22 ~~~~~~~~~~~~~~~~~~~~ ~ U , 7.39~~3T2 .~753L ~~12 E1,8.b5b é

~C658284391) ~~~~~~~~~~~~~~~~~~~~~~~ Eli
01 3.1L1c92F5368970

OM~~~1.C E0

N=NP~Z X / ? .t
G .5’7215t.6Li’~u1!32
IF(N)3,3,L

tJ ON F
EM= ONE

5
U:— IJ k~ R

EM E’i+ ONE
IF( A ( U ) — E ) l ~,~~ ,~~

6 V i~~• I FC 1 ( ) 2 ,~~,2
• 8 PETU RN

Li
1J ON~
EM ON~T

7 ~=C Z4Z )fCEM 4 (EM+ON i
(i -U’R
c=s +U

~NE
IF( A~3S (U)—E )1~~,7,”Y~ =S~ 7
F Y 1

2 S =V i~~( G + A L O G ( Z ) ) + 7 z ?
tJ Z 7
EN 2.
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it R=CZtE I i ) ’ (Z /EK ) ( O N E+C0 NF~~(EN O ) ) )
U=-U R
s=S+U
Q= Q+ CONEI~”1)
EN=EN+O NE
IF( ABS(U)—E)12,11,i1

12 Y2= 5~~(2./)I)IF(N) 1(4 ,13 ,13
13 RETURN
0

GO TO 3
II. Y 2 = C F * Y 2 ~~(O N~ / (2 I~~Z ) ) ) / Y 1

V j =F
15 RETURN
21’ K=KK

N=NN
SQ= ~0RT C .~~)X = C~)$ C X )

~X = SIl~ C X )
C2 S 0 4 ’ ( CX + S X )
S 2 S 0 CSX—CX )
Xi=x~ X
R = S ORT (2.~ /C~~

I4X ))”’).C1
Y= X4c . 1
z= ygy
PO=X 1. r ’JA L ~~~~~~~~~~~~~~
OO=— (X/ 8 .’ )4E VAL (01,C1 , F ,~~~,7)IF ( K )  23 ,21 ,23

21 T F ( N ) 2 E , 2 2 ,2c
2?

GO TO 15
23 IF(N)76 ,2(4 , ’6
2~ Y1=R~~(P3~~~Z — Q O ’ S 7 )

Y2 = R * ( P O * S 7 + ~ O4.0 l) 
-

• GO T O i~
• 2~ P1i~~Y 1 4 E V A L ( ’ 2 , ,~~,~~~,7)

01 C X /s  • C ) 
~E~I ~L ( O w , C 3, t’ , j E 7)

Y i =R (G1~ S 
Z_ Di~

4
~ fl

GO T O  1~2F ~1i= X t ’ E V ~ L( ” 2 ,  “2 ,~~,1r ,7)
( ) j = ( X / ~~.t ’ )‘FV.~L C C~~,f l 3 ,C ,1C ,Z )
Y1 =R4 (P11’ SZ.Q 1 C 7)
Y2 :~~ C Q1~~ 7 — P u .  ~C 7)
GO TO i5
EN 0

C SU°R,O U’TN E 1’) F V A L U ~~~r NTT ~~J ED F~’A ~~~IOb
~~3N ’ ” .iOl’ rJ , L ( A  ,~~,F,  ~~ • )

O I M F P 4 S I O N  A C i r ,~~ C 1~~ )
OP 1.
C 7 + 3 (  1)
rV A L A ( 1 ) / 0
W E  V A L
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Z’EIS

~~~~~
O PRACT CA2IJ

00 3 I = 2 , P4

~~ Z+~UI,
R A ( I) / ( C* r ~)
S=ONF/ CONE +R~ T)
V =S— O N E

W= W ~~V
€ V AL =E V AL #  W
(‘=0
IF( ABS(W )—F)l~~,10,

7
3 CONTINUE
10 RETURN

ENfl
S U B R O U T I N E  LINDA ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
REAL M
P~~A B S ( F ” )

PR~ c’/ 1 L~ •
•‘

~~~~~~~~~~~~~~~~~~~~~~ (T i~? + .— 1~~~)

IF ( CA . L T . 1.) CC 0 1
FX ~~~XO ( — 8. 6~~~M~~M _ 

• ~

GO 1C’ 2
I OP=g99 .
2 cETu” N

EN fl
C FOR COC 6~ 1)fl US~~~””1ALI sT~~- “~J~~ 3~ ~x:’ u WITH FA ,~A’ 1ETE~~S ~F E O . O ~~1C A S ILLUST ,~~T rD ~~ 

f~~~~’~ “F~~). ’’” 0F~~~ .C~~2
SU~~ OtJTI NE S E T ( ~’, X , Y ,~~X , F , 313 , M O C E ,)~ ’ 1AX , O < M IN )

C OF~’Q. co~~ rs~s ‘~F ~~~ Stl ’~~t T T I ~r Su•3~~ oG PA ” S , s: A~~) 5T E P , ~ O OF E~~.C C..
C SOLV E ~~1E INI IAL V~~~UE ~~r C ~~L~~

U DFE ~~~1) C 5
C C Y / ’ ~( = r ( x ,Y ) , ‘~ ( X O) O~~E~~. C C 6
C’ W HER E V I~ AN _ v c r ’~~~ W1~~W ~A L  “O~1~~) 4 C F J T S .  JFEQ .C ~ 7

0F E ~~.O ’ ) e
C 0F~ Q . U 0 9
C C A L L  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~F E ~~. O 1 O
C W P~F R E
C N IS ~~ I” JTG EF’  0(

~P S T ~.~~’ i’~ V A iUA 3 L t~ , 0F E ~~.C j~~
C ~~ IS  -~ REAL VA .’ I ’ P L E , ~~~ I E PE f l~~’~ ‘/A °I~~~LE, O~ E”~.O1 3C V 15 A P~~4L V A r ~I~~ELE N— ~~~~ A V , 1E1 ~ [•~~ r*fl ~~~~~~~~~~ DF Er) .014
C JX I~ A ~~~A L  0fl~~, T A 1 ~1 r~~ V I A ~~L , ~~~ Cu~ ~~~~ ST~~ SIZE, 0FF~~.C 15
C F IS TH~ ~A : ~ O~ SU~ O 1 T ’ J Y  ~U~ P u & ~~A ’ 1 OF T HT F0-~’4 F ( N ,X , y ,oy ) O F Eq . c  16
C W HI” ’4 Pr~1VT D’~~ S U ~ i ,nJ~ T~~ S E T  ~1I~~ 4 JY/ ’ ) X , ~F~ Q .C1 7
C JY IS ~ ~c E A L  Sfl— I~ ? L F  ‘ 4 F ~~ A~~, ‘1V/ ~~~, OF!Q.( 1~C C.I~ IS A P[... L ~ A ’ I~. E~LF ~ LC ~ CT 4 ’~ ~‘1HI~~H ~~!‘)) IJEs TOL E-~A P1 C E 0FE~~.C19
C F1° ThE A C ’  ~~— i1 f l U LT~~ LO C ,~L E ~ ~“V C~i~~C< t~i T~~ V A ~~IA ~~~! ‘~F~~’~ .0 ?o
C S~ F~ ~ I 7~’ “C~~~, OF:~~.O 2i
0 M OCE !S A L0c,I~ ~I ~JA ~~It ~~~ C~ C 0’JST ~~ T ‘~~4I~~H h-I 0~i T~~U~ ( FA LSe , ) ~F EQ. 0 22
C INI~ T 4 r S T-~[ F I X E ’  ( V A ~~I~~~_~~) ST ~~ 1’ Mu? r , 0F~ Q .C2!C ? X U A X  ( )XP ’ I’~i) j c  A P EM. V A d I A ’ 3 L ~ O~ L O N S T A ~lT  GIVI NG LO” r<
C’ ( Lf l W~~~) ~~ iP CS F’~’ A 3 S ( ~~X ) I~: T~-~ I T ~~~Lf ~ ~‘EP ‘lLt oFf~~.e2c
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C INITIALIZ ES NEC~~S !AY  V AR!AR L~~S PRIOR T O ANY INTEGRATIONS . OF EO .L126
c DFEQ.027
C’ CALL STEP(N ,X ,V ,CX ,F,O!S,MOC~ ,OXUAx ,)XMIN) TH EN INTEGRAT ES F~ OM X DF EQ.028
C TO X + 3 X .  UPON EXIT FF011 ST E7 , x , DFEQ.029
C Y , AND OX WILL HA V E “FEN ~ET TO T~4 FI~ NEW V A L U E S . THUS 10 OF EQ.030
C INT EG kATE OV~ R SUCO E!CING ST~~ S , CuL~ S T F P C N ,x ,Y, 3X ,F,OIS,MO!3E , DF EQ.031
C Qx MA x ,DxMI PO IS EXFCIJTEO FOR EAC~ STE~ OESIRED. DFEQ.032
C OFEQ.L33
C THE SUBR&JT IPLF SIJB”~ i) G RAPI  F MUS T at INCLU0~~

) IN ANY J0~ DFEQ.03k
C CALLI NG S ET— STE C ’ . I’ ]~~ P ROV T D F D BY TH E US ER A N D ~ AY H A V E  ANY OF EQ.035
C LEGAL SUB~ OUT IP4 E NAM ~~. THE VA ~ IA ° LES C O P F~ESPON DING T O V AN D DY DF EQ .036

• C MUST ~E OIr’rNSIONEr( A F~ RCPRl.~TE 1V TIERIN. DFEQ .0 3 7
C DFEQ.038

CIIIE NSXON Y ( ”J ) DFEQ .0 39
C DFEQ.0’.0
C O F E ~~.O(4 i
C TH E VALU E QF P~-~A X  A N )  THE ~!~~E N S IO W S A SS I G NEO TO THE FIRST ~OS IT IOO r EQ .0 (e 2
C OF ‘HE V A ~~IA) i.ES ‘ £ N~ W IN ‘HE FOLLCWING ) IMENSION STA ’ E— DFEQ .C~~3
C MENT SHOUL ’? 3F ICE~~~ICAL .  OF EQ. O (4 (4
C DF E~~.O~~5CI I4 ENSION C’I (~~~~3, C ) , W ( q c ,E) DFEQ.0’6
C DFEQ.04 7

E X T E O N A L  F O~ EQ.0(48LOGICAL MDCE,0’V ~F DFE~ .C (49
C A T A  t.~~~~/ q C ’  OF EO .G5 0
C A T A  E F F / 1 ) C . /  OFE~~.Q 6 1
)ATA D X F /? . /  DFEQ .C52
M N  0FE~~.053IF (M .LT . 1.flR.~~.Gl . N d A X )  GO 0 2 0  OFEQ.0~~’.OF EQ .0 55
Cfl DE MO0~ O F E O . 0 5 6
H’ IAX C X M A X  fl FEc~.0 57
HMIN~~)X MIN OFE~~.058
R 9=E.~F OFCQ.L59
~ETA = 1XF D~ E~1.G 60
k ’  D F E Q . C ’61
K 2 C  OF EQ. 062
CO 11 11, ’ D F EQ.06 3

10 W ( I , 1 ) = Y ( T )  OF EQ.C6 ’.
C A L L  F M ,X~,Y ,E(l, r~~ OFE~~.C65
~ET IJ°N OF EQ.066

2~ ~‘P IP~ 3~ DFE’ ) .067
“ ~0 A T ( 5 F , l 1 S U~ PrwTI~~ S F7 H~~ U~ c N OUT OF~~~~NGF. SEE L IST ING .) DF!Q.C ~~8

CALL  SYs I~~4 ( ? r ~~,1L ) DFE~~.069
RET UQ~I D F E ) . ’ ) 7 0
~NT~~Y S T E P  0FE(~.071

“C X C = X  DFE Q.072
H J X  DF~~~. C 7 3
IF (K . PJ E.~~) IF (~~— 2 )  ~~‘ ,‘ £, ‘1~ O F E Q . C 7 (4

OF EL 0 75
(‘0 (4” I~~1,” O F E O . 0 7 6

‘5 W ( I , cI:1i1(I,1) OF Er~.O77
E C  K1 :4 — K

~~ 7~ i 1, ’~ DFEI.0 79
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• GO TO 203
180 00 190 =l ,M OF EQ.1 35

W ( I , 1) W (I ,2~ DF EO.1 ~6
• Iqe o(I , c ) : D ( I,(4 ) OFELI37

X =XC DEED .1 35
• 21 ) 0 K = ’  DFEO. 139

DF~~ .1M O
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ O F EQ.1 (4 1
GO TO (4 ’ )  O~~EQ .1 (4 2

210 K2~ K2+1
- - IF ( x 2 . L T . c )  P”T U~ N

O FEO.1~~5
DF~~~.1’.6
0FE~ .1’~7

RE T U~~N DFE0 .1~~8
OF ED

J J s r 0 F~ i / / f  ~‘~J OF L IST if/I
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THIS PAGE IS BEST QUALITY P AC2IAIA3LI
FROM CV~PY FURNISHED TO DDC 

-

00 6~ .a=K1 ,(4 O F € Q . C 8 0
F D (I,J) DCI ,i”l) DFEU.081

W (I,2)= H~ J (I,L) OFEQ .082
W(I ,1)=W (T,1)4 .~~’W (t ,~”)

‘C Y(I) W(I ,1) DFEt~.08k
X=XC ..r H
CALL F (~~,X ,Y ,E(~~,~~)) OFEQ.086
oo e~ 1:1,’ DFCQ .C37

OF E’~ .0 88

W C I , 1) W ( [ , i . ) + .” ( W ( I , 3 ) — v 4 ( I , 2 ) )  DFE~~. C8 9
R Q  Y ( I) ”4 ( I , t)  OF EQ. OS C

C A L L  F C M , x ,v , r ( 1,~~) )  DFEO.Cq i
“0 90 1=1, ” DrELCB2

• W C I ,L.)=H”~ (I,E) OFEQ .G53
W C I ,1)=W (I ,1)+W(T ,~~)— .~~’l’~CI , ) DFEQ.C9k

90 Y (I)=W (I,1) DFEQ .C95
X XC4H OFEQ.0%

CALL “ (1,X ,Y ,D(1,~~)) DF~ Q.097
On 1I~~ I=t,~’ 0FE~~.093
w ( I ,1)~~W ( I ,1 ) — W ( T ,L ) + . 1 F c~~~~~~~~ 8 7 4 ( w ( I , 2 ) # 2 . ° ( W ( I , 3) + W C I ,~

.)) +HDF EQ.0~~9
j’0(I,5)) DFEQ .luO

jor Y (!):W(I,l) OFEQ .lCi
OF EQ .102

K 1 K  OFFQ.103
CALL F C M ,X ,y ,r.(1,~~), DFEL1O (4

~ETURP’ 
OFEQ.1G5

110 00 133 I~ 1,M OFE~~.1C6
W (  I,?) = W (1,1) DFEQ .107
00 120 J=1,’ ‘DFEq.t08

12 0 O C I ,J) C(!,J+1) OFEQ.109
• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1,2)—B .’ C CT , I)) OFEL I 11
1~~C Y (I)=W (I,3) ‘DFE Q .112

• X YC# H OFEQ.113
• CALL F (M ,X ,V ,0(1,~~)) OFE~~.11’.

0() 1g.’ I=1 ,M DFEQ.115
W (I,i )=WCI ,2)+.’.I6 € ~ & F , 6& 7E—1’h (0 .’CCI, 5)lt3 . 3(I,’) OFE~1.116

i—5. ’O C I ,31 .0(1,?)) DFEQ.117
ILiC Y(!) W (I ,1) OF EQ.118

CALL F(h~,X ,V ,D(i,~~)) DFEQ.119
IF (CODE) RE’U~’N DFEQ.120
ERR U. OFEQ .i2i
00 150 I=1 ,~’ 

DF EQ.122
150 EpR=A11Ax1 (rFq,Aa c C W C T ,I)—w(I ,~~)),C1~ .’A MAX1(A9 SCw(I ,1)),1.) 

)) !IFEL123
IF (ER F’ .GE .RA ) IF CH’!I~— fBS (H)) 16C,t5~~,155 DFF.Q.12’.
K 1 0  OF~~ .125tr  C R ER~,. L’ .~~A)  IF ( H M A X _ A ~~S ( H ) )  ISE, ISS, 210 OF EQ.126

• 155 (2= 0 DFEQ.12?
~E T U ~’N OFEQ.126

160 IF ( K1 .NE . ~~
) GO T~ 1~~r O F€O.129

CO 1’C 1=1 ,” DFEQ .130
OF EQ. 1 31

1,0 ~~~~~~~~~~~~~~~ OFCQ.132
X = X P  DFEO .1 33
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B. 2 OPERATING INSTRUCTIONS AND TYPICAL INTERACTIVE RUN

OPERATING INSTRUCTIONS FOR TERMINAL
VERSION OF PROGRAM “OPTSHE”

• Program has Free Format input

ENTER 1 Program runs onl y if ? t 1 I I  is entered.

• ENTER FREQ. AM, ROUT. TEMP Frequency, Angular mode, duct
height (radius) in inches , tempera-
ture in degrees Rankiri e are entered.

ENTER FM, DSH Mach Number , Shear Layer thickness
as % of duct height areeentered; Dsh = 0
is for uniform flow.

ENTER IDUCT, NSOF T, NIT , 1W Iduct is type of duct; Iduct = 0 for
cy lindrical, Iduct 1 for rectangular.
NSOFT number of soft walls;
NIT = 0, 1W = 0.

ENTER ACC , JLIM ACC Accuracy of Numical Integra-
tion , JLIM = Maximum number of
steps across duct.

ENTER PRESS, RHO Pressure in psi, density in ibm/ft 3.

ENTER 0, 1, 2 , 3, 4 0 - Terminates Program; 1 - Varies
TE; 2 - Uses one SE, TE; 3 - Not
usable; 4 - Uses Newton-Raphson
iteration to find SE, TE for a given
RS, XS.

RS + iXS = Normalized impedance/ETA

For Option “4~ above, input must be
for one “SE” and three “TE”s.

ENTER RSD, XSD RSD = desired Resistance for option 4.
XSD = desired Reactance for option 4.

Program gives: TEN = New guess value for TE

SEN = New guess value for SE

The following is a sample run of the terminal version of “OPTSHE. “



THIS PAGE iS BEST QUALITY p~~ CTIC~~~~

1RO~ 
COPY FJB1~IS~~~~

TO DDC _ -

ENTER 11
ENTER FPEO .AM ~ROUT ,TEMP ES?. . 5, 1 . ,‘-IU . .5-10 .
EN TER FM , OSH - .5,0.
ENTER IOLlc:T .NSOFT ~NIT ILl f’ .l ~1, .1’
ENTER Ac:,:: .JLIM 1 . E— OE • I i:i ci c
FFEO ‘— Sii Hr1~ 1 l i i i  F i:tl lT~~ Hi 1 1 1 1 1 1  T~ t F ~~LF t ,  n m
FM= — .50 OSH= . (‘0000 ETFI= ~~~. oO’ :’ 1 E.
roi_icr= i: NSOFT = 1 1111= 0 ILl= U •j LII1=11’ ’~i0 i~’TC ~~. ~E— i5
ENTER U . I, 2 , 3 , L1
ENTER SE, TE .099,7.8
SE=— .0090001:l O TE= 7.800000W: ’ P5= — . 5T11 E :::~= 

—

ENTER p : . 1 .2 ,~~,L1 ~STOP
• 

. 1 90 CF SECONDS E>~ECUT I ON TI ME
ATTACH ,X ,HFJF ~Ch y’ *L+

ENTE R iø
ENTER FREc! .AM ,POUT .TEMP 683. 5 ,1 . .‘-i’:’ . .5’-ii:i .

• EN TE R FM .DSH — .5,0.
ENTER I[ILIC:T .r-ISOFT .NIT IN i: • 1 ~0 ,0

• ENTER ACC ,JLIr’l 1 . E— UE , i 0 : 0
FFEO= i:: .:.: Su A~1= 1 n i l F ill IT= Lf Ii 1 1 1 1 1 1  1 [F1F= ~~L11,

FI1= — Si’ f l H =  IilliIilii ETF1= ‘-1 i i ’ , , ?  1’ —
ioI_I,::T= u F-i3’~’FT= 1 NIT= 0 111= II .jLIt1— ~l’:’o ’:’ H i C = . 1 E — I T S
ENTER 0 ,1 .2 .~~,’-I 1
ENTER SE ,TE .009.7.9
ENTER STEP
EE= liii ~i ii ;fmimii ‘ i i i i i t i ii i i ii i  r — 1 t L+ 1 ~~

,, = — 4

:~~ ~~~ 1 t i i I l l p i l j  TE= — l i l I i l l i i i l t i  F’- —
= = ~ 1:1 1 1

ZE= liii i i i i l i f i i i  T E= . _ I I l , l l I I i i  F — 
~~~~~~~~~~~~~ 

:i1
EE= fi n ~n i i i inn TE~ 

—‘ :mi,in,,,n, F ~ ~~~~‘+~+‘‘~~
EE= m i i i  ;,,iu,,,,, TE= —‘ t i I i l I I l i i i i l  F = ‘~ :~

— 
~~~~~~ — =  1 ~~~

E= ‘ i t t  i i iu i t i l t fl TE= -‘ 
~~I i I l i t i i l i i i  F- = LIl L ’ •  = 1 1 44 1f , 1 Lf )

Ez ,i,, i,ii,,,,,r, T E= ‘— I- i i i I I i i l i l i I  F =  t— —’
~..~ ’~’ —1 = 1 i i1 ’ —I - ’—f

— E= fl,~ l I I t i i i l I l I  T E= ‘ ‘ i ’ i m i l i i i i m t  F : — :‘. —‘ ‘51 —
~ ‘I ‘— ‘ l ’ ’

I l I l i l i l t  1 ’• = ‘ II i i ii i ti  I F- — ‘ i I ~-+ = ‘—~l
‘4’ L_ I ii -4i i i ii i i i i t  I Il l  l i i i  F — — If T 1

ENTER c , , 1 .2 ,:3,~f 1
• ENTER SE~ TE .0i:i9.7.8

ENTER STEP — . 0 1
E= u t  . t i f t I i l i i i  TE~ ~~iii~~iy~~~~ F = ~ I ~~ 1 = — 2’452L 4 ’II

~~~~ 
t , , , ~~t i i i i i ’ i f i  Tr~— ‘ I l i l i l n h , , ,  F~~= —

E= 110 — 4 I i l l I I P i t I  TE— ~~
‘ i i i i i i i i i i i i  F —

= ~~ — E 1  
~
f • ’

~’ — _i~ ’Lf ~ ’ — ’ ~ ’ 1  II

E= lii i -~u t f j l -i l t f i  TE~- ‘~ ‘ i , t i i , i i u i i i  I - =  ._ — ‘ t ‘:~‘~~ — t  ~m’T~~ — L [

~E— fi, i ~ i i i t i f i t i Ii TE= T h — i h i i t i i i i i i t  F = 1~~21 — 1  ~~~~ I i-
i i , ,  —‘ s i l i t i t t i ,  TE~ ~

‘
~~ 1~~j 1 , 1 , , , 1 1 1  F ~— ‘ii _ , _ ’i t l ’ — f = — 1  ••

~‘•“~
• i i 1~

E= nil 1,,i, i ,Il l , TF= “ - + i u i n n i t m t  F — ‘ “ i  ‘~~ 
-~1 1 — , u~4 ~~~~

‘ ‘ ,

E= ~~~ ~II i i r l t i l l  1E= ‘~~i i , u i i i : i i 0  F :- ‘‘1 ~~~ 
a ’— — =  — . —4 li h ’ti

1 1 1 1  ‘ t i ’ i  11111 ) ~E~
— —‘ tu tu  u t i t  F = ‘—1 i i i ‘‘4 1 — ‘ i t  i i ‘

E= , i u u ~~it iinflhi TE ~~
‘ ‘ l r r u n i , l i i i  F = ~ i~~~~~

-
~’- = —

ENTE R ~~~~~~~~~ ®
ENTER SE, TE’S ~~~~~~~~~~~~~~~~~~~
ECITEF F , .T1 ‘4 ’-~~1 :~~ ~~~~~~~~~

‘ . :‘~i 1r’” ,- 2’-f~~.- ~- 1L..
-

Et h ER PSO . :-: sD .5 — .
TEN= ~~~. ‘ ‘829189 SEN= . (‘1 E.8’5?~23
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~~~~~~~~~~~~~~~~~~~~~~~~~ CAB~~

ENTER 0 ,I ,2 ~3 ,~t 1
• ENTER SE,TE . 01685 .7.8

ENTER STEP - . 01
EE i~ l 

C ,j,,1, TE i t h l h h i h i h u h i t  F = II ’~~1 ‘ ‘
:‘ — 2 T h —  1 Lf ,_

E-~ ill ~- If l f l  TE= ‘ 
~~~~I h i h i I f l u I I ,  [ ~ = ~ 

4 ’ - f hh ~ : i ’  — -f~~’1
E= , I 1~ - .-- u l u u u t  TE= — l u t i u l i u t i l ,  F =  f~T’4’-+ ~~~= — 

~~~I ~~~~~~
E i i i ~- 50u0 TE= ‘ 

~~‘ i u i ” i i i m i ’ i  F E= 51 2’4::2: 2= — 1 :II -‘~~~~
- 

~~~

E= m J 1~~~5UQO TE= ~ ‘ 7t11111 ’ h imhI i  F =  5.L5’J it ”-F’-f -= - 1 ~ i ’-f:e~:E= 1’1~~~50u10 TE= —‘ 
~‘~~h h I I r l t i u r h i  F - =  ~~~~~~~ 

:4~4 I5  _ — 1  1
-E= i i i ’  -~5uiiu fl TE= “ u u u i i l i u i h i u  F = = , - 1~ 

-i ,- ,- ;~~ —~~ ii ThI 1f ’~~
_ E= m u ,- ~~ ii f lf l  TE= -‘ 

~~ ‘ i u u h u i i t u I I ,  F- = ‘ - = —
~~_

E= ii ~~‘- -~~f l ’ i m i  TE= ‘ 
~.:i,,:fI,,m,u, F = = —‘ —‘~~ ‘2~~

’ — :  1T~~~. -~
‘i i —  ~ h iflii TE ~~‘ I m h l l h h l l f l l i  F — = -‘ ‘ ‘i- c iI~~ —~~~ L f ’ ,, 11  ‘Il -4

EN TER ,:i ,1.2,3,Lf If
ENTER SE. TE’S .01685,7 .8.7.79.7.78
EMT EP FS~~~. 

‘
~~~
‘ 5ir517 , ~~~~~~~~ f -~’If’5: .- 5 ’ 5 ’t .- t If~~~:.- ~~~1 1’E

ENTER RSD . XSD .5.- .If
TEN= 7.798510IfE SEN= .t:’1688 1 9’-F
ENTER u:i ,i .2.3,If 2
ENTER SE,TE .01588 t 9If,7.798510IfE.
8E .016881 9If TE 7.79851 C’If6 P3= .50378065 : :~ = — .399:13830
ENTER c’~~1.2.~~~If 1
ENTER SE .TE .01688 1 9If,7.8
ENTER STEP — . ‘:‘ 0 1

~E= u t —  C1  -‘~~ TE= T h m u i l m i m i u i i i  F = uc ~~ I t t — If —

E= m u t t  - 
~ 1 ‘If TE= ‘ i~~n h u t m f l t i  F = ~ I uIf~~1 —

E= Ill’- - 1 1If TE= ~~~~~~~~~~~ F := 5ui ’fiT_’ ’~ If = —

“1 ~ ~~ -“4 TE= ~‘ 7~~T h I u I m m f l f l  F = ~ u u I’-u- l - = - ‘~ IfThI

E= u i  ,- - El ,If TE= ‘ t m I I I i t I i i I  I- -=  ~ I h m i ’ —1 ’ —~ — 
~~

‘EE= ‘ i i -  ~~~~ TE= ~~
‘ 

~‘~~~ u i m i m i i m t i  FC = ‘f ~~~::5:b 
— ‘ I t 1 1 ~~~ p- ,-

EE= i i i ’ —  1 “4 TE= -‘ 
~~ “ -f b I i i i ’ i i f r  F~~= ‘4-’: 1 I1If2 = — ~~T h’ I I  ~~ ‘-+1

E= , I i ,_ : E 1~~’4 TE ~~
‘ ‘~~~‘ I t h I i i u i t I  F ~~~~~~~~~~ —

E= m i 1’- 1 ~‘4 
—‘ co’  t i l h l I  F ‘ + 1 ~~~

’ 4’~~
”

~ 
— -‘ h Id i I ,4

:~E= .,:16E: :~ 1 9’-f TE= 7.79I~~I:Io ch ,:t P5= .If956’+529 ~;= — .~ ,1~~ T.9 ’5:~:
Et3T EP 0 . 1  ,2.~~IIf ‘4
Eth ER SE. TE’3 .,:I168819’4 ,7.799~ 7.79:E: ,7.797
E~t1TEF F • ‘~IIIIf~~1 ~~~~.. ~,CuuT’~ If • ~~u i 1 t’- ’l — -‘ 1 f ’ ~~~ — ‘4 1 _ ‘-“iIf
— . 1f’43i357
ENTER F:SO~ :-:so •5 , ,Lf

7’~’SIf7 I EIJ ‘~T E N —  . uT 1 E7~~-~T7

~ lTEF ’ Ii .1 :,3. ’f 2

ENTER SE. IE
E l i i  ,~~~‘~~~Lf —‘ 1 I~~ ... I If 1 ‘‘ I =- I iln u ,— ‘ — -4 -1 p— ’-~~

EThITEP u: • 1 ..T ,. , ‘-+ f
STOP

~ ‘47 f:F’ ::Er:r,thrh .; E::.:E,: IJT ION TI ME
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• APPENDIX C
D’ALEMBERT TYPE SOLUTION

Isolation of modal coefficients for forward and backward traveling
acoustic waves in a constant area, soil-walled circular duct containing a

uniform flow.

C . l  NOTATION

z axial coordinate

P complex fluctuating pressure

r radial coordinate

R duct wall radius

h
° 

normalization parameter h = R for cy lindrical duct

y normalized radial coordinate y = = for cylindrical

• duct

M mean flow mach numbe r
2rr f w

k a constant proportional to frequency k = — = —

w circular frequency

C speed of sound

k complex axial propagation constant

X normalized axial propagation constant; eigenvalue of
k

Equa tion 2 ; X =

n the angular (sp i n n i n g )  mode numbe r

A normalized wall admittance; A =

Pw Z
Z wall impedance; Z

Vw
v radial acoustic velocity in wall l iner

b modal coe f f i c i en t
e

Primes denote d i f f eren ta t ion  with respect to the a r g u m e n t .

Supersc ri pts

4 r e p r e s e n t s  modes and modal constants  associated with

acoust ic  waves propagat ing  in  the same direc t ion as the

or ien ta t ion  of t h e  axial  c o o r d i n a t e  f rame ( f o r w a r d  t r a v e l i n g )
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— -

- represents modes and modal constants associated with

acoustic waves propagating in the opposite direction as

the orientation of the axial coordinate frame (backward

traveling).

C.2 INTRODUCTION

Derivation of the cross-orthogonality condition for  the cy lindrical

duct and isolation of the modal coefficients for forward traveling mode?

will be presented in detail on the following pages. The method of

solution can be extended to rectangular and annular ducts. The ortho-

gonality condition for mode s traveling in the same direction will be

presented here again for comparison to the cross-or tho g onality

condition.

C . 3  GENERAL EQUATIONS ( Linear Acoustics)

The governing partial differential  equation for a constant area

cy lindrical duct with a uniform flow is known to be (from variables

• separable type solution)

-

~~~~~~ ~•~z - 

C a z~~~t 
)
~~~~~~~~~~~~~~~~~ r ( r 2) 

~~~ (1)

where the angular dependency has been assumed to be of form P ( 8)  ~

cos(n G) .  The usual method of solving the above equation is to assume

P (r , z , t) ~ P(r)  exp (i(wt-k z ) )  (4.8], where k = kX ; substitution of

P (r , Z, t) into 1 reduces it to Bessels differential equation :

P(r)  + 
!P(r) + k

2 
[ 1x

2
l M

2 )~ 2MX~~
fl

2] 
P(r)  = 0 (2)

in which P(r) must sat isfy the boundary condition at the wall , namely

= ( l _ M X ) 2
A (cont inui ty  of par t ic le  disp lacement] (3 )

l o t



C.4  MODA L SOLUTION

Assume that the pressure in the duct has a modal solution consisting

of fo rward and backward traveling modes: (refe r to Figure C. 1) hence ,

+
+ -~ Ik(c t -XP(r , z , t) = E b2 
p

2 e 
2 z )  - - ik(ct+X ,~~z )  (4)

+ b,t P2 e
2 = 1

where P(r , z , t) satisfies the partial differential 1!~juation 1 and the wall

boundary condition. Substitution of Equation 4 into the partial d i f fer-

ential Equation 1 yields the following:

E k
2 + + ,k (ct - i  ~~~ - Ik(c t +A ze * + b1 Pj r (C t +t

L - 2Mk
Z 

E{ 
+b P L

+e 
t_ k ~ ~ - r L

- ( I  -M
2

)k
2 +

Z
3 * , k ( t x t 

~~ ~ t
~ 

b1 P e  L }  + r{b; ~ !~ ~~~P,4)~~
1 k 1 1 t t

~~ ~~

+ bL ( - ) i k ( c t 4 ) ~z o ( 5 )
P1 -- .;I’1 - -j- P1 e

F

Now group +~s together , - ‘s together in Equation 5 to give

‘ I

ik(ctEb 2
+ 

[k
2
P; - 2Mk Z X +P2

+ 
- ( 1_ M 2 )k

2X + +P L
+ +

~~
PL
t

~~~ P 1e 
- z)

r (6 )

2 “ ‘
P e 2 = 0+ Eb 2_ [k

2
P2 +2Mk

2 X 2 P2~~ ( 1_ M 2 )k 2 X 2 +p;+!~~;-~~~ 
ik(c t+ X z)

r J

Equation 6 is rearranged to get Equation 7

Eb 2~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1 i(wt-kX~ z)
r )P]e

(7)
2 i ~~~n 1 I i (wt+k ~~~Z )

+ Eb
2 [P

~~+~~ P~~+ ( k
2 1 1~~M

2 )X 2 )+2Mk 2 X -
-

~ —~~J P I e  = 0
r~~~~~J

The d i f fe ren t ia l  equation associated with the b 2
+ coeff icient  is just  the

gove rning acoustic d i f fe ren t ia l  equation for each mode propagat ing  in a

forward  direction (E quation 1)
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Normalized Wall Admittance A = pc —
~~~~~

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i . TTT~

R 
Eb +P

Z*.C ~~~Z forward movin g modes backward movin g modes 

- _•~•• •J~••• • • •~~~~~~•. • • • • • • • •••• • •

v = radial acoustic velocity at wall y =

~2 ~2
= _

~I z* —= -— —
~~~~

~z ~z* 2 *2
~z ~z

Figure C. 1 The d’Alembert Problem
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I

.
.
. ~ 

± “ i~~~ + 
[k

2 (1 (1 M2 )X 2
+2

~~ 2~~~
2
X;~~~~

] 
P = 0 (8)

-P
2~

(h)
and 3atisf y ing the boundary condition iA = 

+ ~~ 
-
~ 

. (9)
k ( l - M X 2 ) P

2 

( h )

The differential  equation associated with the b2 coefficient is the governing

acoustic differential  equation for  each mode propagating in a backward

direction (in Z* direction (Fi gure 1), M i s  negative W, R. T. Z* direction)

P ( r ) +!P
2

(r ) + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = 0 (10 )

-P1
’(h)

and satisf ying the boundary condition iA = 2 - 
• (11)

k ( l + M X 2 ) P
2 

(h)

(M is assumed to be positive in Equation 7).

Modes traveling in the same direction must satisf y Equation 8 and

boundary condition 9,or Equation 10 and boundary condition 11. By

multiplying Equation 8 by rPK~
dr and integrating over the duct cross-

section yields the following

LhrPK
+ 
[P;

h ’
+!P;

’
+ (k

2 ( 1 _ ( 1~~M
2 )x

2
+2 ) ~z~~~~ x 2

_
~~~)~~2 ]  

dr =

f rP~~~ (0)dr = 0 (12)
0

+ +“ + L I

After integrating by parts rP
K 
P
2 

and 
~K 

P2 in Equation 12

[PK~
rP

L~~
’]

’

~ J’~
rP L

’ P
K

’ dr 4j rP
K

’ 
(k

z
c 1~~(I M

2
)A

t
4 Z

)~ ZMk 2 X
L
t~~~ )Pf

d r O

again integratin g by parts frP L
+ PK

+ dr to get Equation 13
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o=hP
K

+(h)P
L

+ (h)[
:

+ 
- 

~~~+ (~~~ 
+fh rp

1
+ 

[pK

+ h I
4~~~~p

K

+
t 

+

(k
2(l_ (1M

2
)x
2
+2
) ~2Mk2X

L
+
~~~~)PK+]

dr = 0 ( 13)

But PK
+ also satisfies Equation 8 an: boundary condition 9, hence

~~~~~~~~~~~~~~ [k
2 l~~ 1_M z

xK
+2

~~2Mk 2
x K
t~~~] ~ K

o (14)

Multiple Equation 14 by rP2
+dr and integrate over duct radius to get the

following:

fo

h
rp

2
+ 

[PK
+ ”+!PK

+ ’+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ P
K+l dr =

(15)

Subtracting Equation 15 from Equation 13 gives the following relation-

ship:

0=hPk~
(h)P L~

(h) - + fh

~~~~~~~~~~~~~~~~~~~~~ 

[k
2( 1- M 2 )(~~~~

2 -X 2~
2 )+

2Mk 2(X K
+ _ X

L
+
)] dr = 0 (16)

from boundary condition at wall , Equation 9, it is seen that

P2~ (h) + 2 (h)  
+ 2

+ 
-iAk(l-MX2 ) and 

+ 
_ iAk( l

~
MX KP2 

(h) p (h)

Substitutin g above expressions into Equation 16 gives Equation 17:

0=hP K~
(h)P L~

(h) (_ iAk)  [ZM X K X L M2 (X K
+2 _ X

L
+2

)] +

LhrPK
+p

L
+ 

[k
2(1 ~M2 )( X K

+2
~ X L

+2 )+2~~~
2(X K

+
~ X L )] dr (17)
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

factor out (X
K~~~~~~

X ~~~ )

(X K~~
X L~~

) ~~[k
2 l M 2

(x K
+ +x

L
+ +2~~~~~ IO

h
( rp K

+PL
+ )dr~

iAkhPK~(h)P L~
(h) [2M~ M

2
(X

K
++X

2
+
)] 0 (18)

Equation 18 is the general orthogonality condition between mode s traveling

with the flow, if X K~~~
X L then

[h~
p +

~~ + 
iAkhP

K
+(h)P

L
+(h) [~~2M+M Z (X

K
+ +X L

+ )]

j  K L d r + = 0  (19)
° k ( l - M  ) (X

K~
+X L~~

)+2Mk

For modes traveling against the flow , the orthogonality condition is again

Equation 18 with M rep laced by -M

.‘. if X ~X 
- then

K L

rh iAkhP
K

(h)P
2 (h){+2M+M 2 (X

K +X
L

)]

J 

rPK PL dr + 2 2 - - 
= 0 (20)

o k [( l -M  )(X K +X 2 
) -ZM]

Equations 19 and 20 involve relationships between modes traveling in the

• same direction. To get a relationship between modes traveling in

opposite direction s, again start with the governing acoustic dif ferent ia l

equation.

For positive traveling modes:

~~~~~
“

+ ‘
~~~~~~

‘
+ [k

2( 1 (1 M2
x
2

+2
)z~~~

2
x
2
t~~~
] 

P L
+ =O (21)

For negative traveling modes:

~~K ~~~~~~~~~ 
[k

2 1~~ 1~~M
2

x K~
2

+2~~~
z x K

_ 

~ 
P~~~=O ( 2 2 )
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Multiply Equatio’i 21 by rPK 
dr and integrate over duct radius, giving

IO
h
rpK~ [~~2

÷ ”
÷~~~ 2

÷ ’+ [k 2 ( l _ ( l ~ M2 )X 2~
2 )~ 2Mk 2 X2

t~~~ 
}
~+J dr=J rP~~ (O)dr C

Ch
1 — + ‘‘ 1 + ‘

Integrate J rP
K 

(P
2 

+— P
2 

)dr by parts to give

d( rP
2~~) 

[P~~rP
2
+
]
h 
~
fO

h
rP

L
+t
P
K~

T
dr

integrate by parts again to get the following

r h 1 ‘ +
1 h ‘ + h rh

J rP
K

(P 2 
+ — P

2~ )dr [rP
K

P
L 
]
~~~

[rP
K 

P
2 

] 
+J 

rP
K
P
L

h
h[PK (h)P 2~~

( h ) _ P
K ( h)P L~

(h) 1 

~1 
rPK PL~~

dr

Substitute above expression into Equation 2 1 to get

rh + + r~ ~ (h ) PK (h) 1
/ rP [L(P )]dr = hP (h ) P  ( h ) I  

2 
- +

j  K 2 K £ Lp 2~ h PK (h)J

lh “ 1 -
, 2 2 -i- ’ 2 + 

2 -]

J rP 2~ [PK 
+ _ P

K +[k ( l - ( l -M  )X
2 

)-ZMk X
2 r

2]
~~K j

The R. H. S. of above equation is

- + rP2~~(h ) 
- 

P
K

( hfl lb + 1hP
K 

(h)P
2 (h)  

L~~~h PK (h)J +J rP
2 [FK ~ r~~K +

dr = O ( 2 3 >

Now multi pl y L. H. S. of Equation 22 by rP 2
+ dr and in tegra te  over duct

radius to get Equation 24.
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fh rp
2

+ 
[pK

h1
÷!p

K

1
+[k

2( 1~~( 1~~M
2 )x K

2
)+2Mk

2
x K 

- 

~~ 1P K~~ 
d r O  (2 4)

Subtract Equation 24 from Equation 23 to get Equation 25.

hP (h )P 2 +( h ) r L  - 

PK (h)fl 
+ fhrp + [

~ 
(
~ i~~~i~~~x ~~~~ 

+2 )
K LF 2~~h P

K (h)J  
K £ K £

*

2M( X~~~+X ~~~) 1dr 0 ( 2 5 )
£ j

Substituting boundary conditions of Equation s 9 and 10 into Equation 25

gives Equation 26.

hP
K

(h)P
L
+(h) ( ~ iAk) [(1_ Mx L

+ ) 2
~( 1+Mx K ) 21 +ihrp

K p;k
z

((l_M
2
)(x
K 

X
+
)ZM) (X K

+X
L~

)dr=0 (26)

Further simplif ying Equation 26 will give the expression below.

(X L
+ +X L

_

) {k2[( l~~M
2 )( X

K~~ X L
+ )~ 2M]f rP

K PL
+d r +

iAkhPK (h)P L~~
(h) [M

a(x K~ -X 2~ )+2M 1} =0

Since in general (X K +X 2
+ ) is never zero , the term inside the brackets

must always be zero.

k
2 

[(1~~M
2 ) (X K~~

X + ) ZMlf 
h
rp

K~ p
L

+dr +

iAkh ( M 2 (~~~~X 2
+ )+2 M) PK (h)P (h ) = 0  (27)
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• Two relationships now exist; one between modes travelin g in opposite

directions (Equation 27), and one between modes traveling in the same

direction (Equations 19 and 20). It must be shown now that using these

relationships the modal coefficients can be isolated independently of one

another , given an initial pressure and axial pressure gradient distribution.

C. 5 ISOLATION OF MODAL COEFFICIENTS

The problem now is to utilize Equations 19 , 20 and 27 to isolate the

modal coefficients involved in specif ying the pressure  g( r )  = E~(b2
+P2

+ +b2~P;)

and the axial pressure gradient ~~~
— H(r) ,  a t  some arbitr ary z , taken

to be zero for simplicity.

=z =0
+ + - - 0

.. g = E(b
2 

P
2 

+b 2 
P

2

and

~P ~~=~~~O = + + + - - -
H = -j— = - ikE(X 2 b2 P2 -X 2 

b 2 P~

No Flow

For the no flow condition , the modal pressure distribution for the

2th forward and gth backward traveling waves are the same ; the ortho-

gonality condition is j ust J rP~ P d x O  (superscr ipts are ne:lected on
0 + -

modal pressures). To solve for the coefficients b2 , b
2 

, the inner

product is formed between g and 2th mode , and h and 2th mode , to give

two equations in two unknowns. Solution is strai ghtforward for b L
+ , b2 ,

(conventional orthogonality exists).

Uniform Flow

For uniform flow, f i rs t  express

(28)

and
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E X
2

b2 P2 ~~~ + E X 2
b

2
P2 

( 29)

Restating the orthogonality condition for forward traveling modes Equation 19

k
2 

[(1 _ M 2 )(~ fl

++X L
+ )12M 

Io

h
rPn

+PL
++iAhkPn

+ (h)P L
+(h) [M

2
(x ++x 

~~~) 2M] 
= 0

(30)

By multiplying Equation 28 by [ ( l _ M Z )X~
+ +2M]P~

+rdr and integrating

over duct height h results in the following:

~ {[( l~M2 )x n
++zM 1j hP +

P;r} =[f

h
grp

fl

+
drj b 2

~
fh p

2

~~
rp

fl

+
dr]

( l -M 2 )X~~~+2M (31)

The above L. H. S. of Equation 30 inside braces looks like part of the term

associated with the integral term in Equation 19 (the orthogonali ty condition

for forward traveling modes). To complete the integral term in Equation 19,

( l _ M Z )X L+f I
~rP

L
4
Ph

4 dr must be added to L. H. S. of Equation 31 for each

(2 ) ;  to do this operation , Equation 29 is used (p r e s su re  gradient equation).

Multiplyin g Equation 29 by ( 1_ M 2 )rPh~
dr and integrating over the duct

height yields Equation 32.

Z b
2 +{( l~~M

2 )X
2+f rP;P

+
dr} {fh [~ + E X

2
b2 P

1] 
rP ±

dr}(l~~M
2 )

(32)

Adding Equation 31 and 32 forms the integral term on L. H.S. of Equation 19.

Eb 2~~~[( l_ M
2 ) (X n

+ +X
2
+
)+2M]f Pn

+ P2
+
rdr}= [( l_ M 2 )x

fl

++ ZM ] fh

h iHP +

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ [ k 
+ E b ~~P

2
P~~]

rdr (33 )
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To make the L.H.S . of Equation 30 reduce to a sin gle term , (when £ n) ,

!~~i1~ p ~(h )P ~~ (h) {M 2 (X +X 2 )- ~! has to be added inside the brackets , thus

giving the orthogonali ty condition for forward travelin g modes as in

• Equation 19 for  all t e rms  except £ = n .  Adding ~~~~P + (h)P 2
+ (h)~MZ (X + +X

2
+ )~~2M }

inside the b races  of L. H. S. of Equation 33 is equivalent to adding

Z b~~

to both sides. Carrying out this operation then allows the reduction of L. H. S.

to one term , hence , when 2 n (since all others are zero by Equation 19)

result in g in Equation 34.

b
4 { -M

2 ) ~4 ? ~ 4] )rP~~P~~dr + ~~P
42

(h)[M
z

(ZX
4 )~ZM]} =

[ (1-M
~~~~~

4z M]j [aP

~~
- t b P P

~~

] rd

~
. I (l~~M)j  ~~~

P +
~~

AL bE PL Ph rdr + (34)

iAh + + 1 +—i— P,~ ( 1 ) E  b
L [M (

~~ +A L )~ ZMj Pj (h)

At thi s point it looks as if whatever is gained on L. H. S. is made more

complicated on the ri ght hand side of Equation 34 , the second orthogonality

condition (fo r mode s moving in opposite direction) will allow the reduction

of Equation 34 to a simple relation. The orthogcnality condition for modes

traveling in opposite directions is Equation 27.

[(1_ M
2 )(X _ x

2
+ )~ zM] f h

rp P
2~ dr + 

~~~~ [(M
2
(x ;_ x

2
+

)+ZM] P (h)P (h)=0

(27)

Now group summations (Z) on R. H. S. of Equation 34 together giving

Equation 35.
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L. H. S. (3 4)~~ (1~~M
Z ) ~~~2M~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~~~~ M
2

(X ~1~~)~~ZMj  P
fl

1h P
L~~

(h)

The middle term of the R. H. S. of the above equation is the integral term

associated with the orthoganality condition of Equation 27; by adding and

subtracting the proper boundary condition terms to the R. H. S. of the above

equation , Equation 27 can be fo rmed, thus eliminating these terms.

Henc e , most add P ~(h)P
2 

(h) ’ [M
2

(X
2 

-X~~~)+2M] within the brackets

of Equation 35 , subtract outside the brackets to get Equation 36

L. H. S. (34)~ (1_M 2)~~
4
+ZMj f hgpn+rdr # (l~ M2)~fHP +

rdr

t bL (P~~
(h)P (h)

~~~ 

[
~tz(~~- x~~) ZM] + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (36)

iAh 
+ ~ M2 (

~ fl~
+
~ L

)
~

ZM P~~(h)P~
4
(h)-b

1 [M
z
(ç~ x~~~+aM] P

÷ ( h ) P
~~ (ht }

Since the middle term of Equation 36 is just the cross-orthoganality

condition, (Equation 27), the middle term drops out comp letely. Also the

summation of the boundary condition terms 1: nver 2, hence , P +(h) can
be pulled outside the summation. Hence,
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L. H. S. (34) = 
~~( 

I _ M 2 )X~
+

+2M] f hgpfl

+~~~ + ( 1 ~M
2
)~
f 

HP~~ rdr +

P
+(h)  ~~E ~b L~ P L~

(h)+b
L

P
L (h)] (M

2 X t2M) +

E M2 [X 2
+b 2

+P2
tX

2
b

2
PL (h)]} 

(37)

but g(h) E (b
2~ P2~ (h)+b 2

P
2

(h) )  - - - pressure  at wall

and ~~H ( h ) = E ( X 2~ b 2~ P2~~-X 2 b 2 P2
) 

1 wall

Therefore Equation 37 reduces to the final form , Equation 38.

b
4 

~ [(1 ~M
2 )2X + +ZM~

f 
rP + P d r  ~~~~~~~~~~~~ P~~~

2(h) [M
z 2x~~~~~z M]} 

=

[(1_M
2
)x~

+
+2M]f gP

fl
rdr + (l_M

2
)~
f 

HP~~rdr +

!~~ip~~(h) [(M
2
X
n
+ _2M)g(h)+~~~~ H(h)] 

(38)

if r is normalized , y = ~~~, then

b
n~ 

[(l_M
2
)2X~

++2M~
f 

YP~~P~~dY 
IA p +2

(1)~~M
2
(zx

+
)zM] =

[(l
~~M

2
)x

+
+2M]f gP

fl
Yd y +

(
k )f HP

fl
YdY +

~~~P~~ ( l )  ~(M 2
X~
+_2M)g(1)+.~

f H(l)] 
(39)
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The relation for b can be arrived at using similar manipulations that were

used to get b ~~
. The result is stated below.

b 
~~

[(l
~~

M
2 )zx

~~~~
zM]f 1yp p d y  +~~~ P

2( l )  [M
2

(zx )+2M]~~ =

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
+

hk 
P ( l )  [(M

2x +ZM )g( 1)  M 
H( l ) ]  (40)

The solutions for b
+
, b are given below.

[(L_Mz)x
fl

++zM~f1gp
fl

+ydy + ( i
~~

M
~~)k[ 

HP ~ydy+~~ i~ 
+ ( 1 ) [ g ( l f M

Z x I 
~2M1~~~~~ MZJ

b~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ +

~~~~ 
P +( i)P

f
(1)[M

1
X +

~
MJ} 

(41)

and

b 
- 

- 

[ ( I  ~M2
)X ~ZM ] f gP y dy - ( 1 ~M~~)~~

f 
H P y dy +~~~ P ( I )  [g( I ) ( M

2
x tZ M ) - ~~~M 2I 

(42)
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where M is the Mach number relative to the z axial coordinate of Figure 1.

C.6 DISCUSSION

The significance of Equations 41 and 42 is that the modal coefficients

can be found independently of one another instead of solving a truncated

sy stem of linear equation s as don e by Zorurnski t~ 10 1. Kraft and Wells

[ 16 j developed an adjoin t function which was othoganal to all modes ,

except one , which were traveling in the same direction . This adjoin t function
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allowed each modal coefficient to be evaluated in terms of the pressure

distribution only. Kraft { 20 ] did not generalize the adjoin t method to

include both forward and backward traveling modes , but relied on

• •Zorumskit s technique in determining the modal coefficients, with the

adjoint method being invoked to assure that the modal expansion is valid.

The only problem with the adjoint method is that the pressure  alone is not

sufficient to completely specif y the coefficients in a duct where ref ’ ec ted

waves exist; hence that method must be modified.

To match an arbi t rary pressure  distribution and an arbi t rary axial

pressure gradient distribution both sets of modal coefficients are necessary .

If the b
2

t s are all zero (no reflected waves) then the pressure  and pressure

gradient cannot both be arbi t rary;  if the pressure  distribution is specified ,

then the b2
+ t s are completely determined [ 17] .

One may think that this method of isolating the modal coefficients

which requires the axial pressure gradient instead of the axial acoustic

velocity is limited if the acoustic velocity is specified. To circumvent thi s

apparent problem, one need onl y imagine that the duct walls are ri gid or

hard so that the wall boundary condition is the radial acoustic velocity is

zero at the wall. In that case the modal p ressures  are again orthogonal in

the usual sense , and the hard wall modal coefficients are easily computed.

Having computed the coefficients , one may then compute the axial p res su re

gradient which is needed in the solution of the soft-wall modal coefficients.

Hence , the apparent problem is solved; namely, converting the axial

acoustic velocity to axial acoustic pressure gradient.

One thing to be pointed out is that the expression , Equation 41 , for

the modal coefficients for  the fo rward  movin g modes is the same as

derived in [ 3 ]. The expression , Equation 47 , for  the modal coef f ic ien ts

of the backward moving modes is the same as Equation 41 , except that M

is rep laced by -M , and H(r )  is rep laced by - H ( r ) .  The reasoning for this

is that the backward moving mode see ’ s ” a flow and axial p r e ss u r e

gradient of opposite si gn as that for a forward  movin g mode.
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The method of isolating the modal coefficients assume s that all the

axial Eigenvalues, X 2~ ’s, and radial pressure  distributions are readily

obtainable if need be , although usually onl y the f i rs t  few modes are

necessary to get a good approximation to the initial pressure  and axial

pressure  gradient profiles.  A further consequence of the orthoganali ty

cond itions de r ived previously is that any axial Ei genvalue , X 2~, of Equation 2

which satisfie s the wall boundary condition must be considered as an

admissable mode. Henc e , any “ strange ” mode s [ 12 ] and [20] must

be included in the set of basis functions.

This method of isolating the modal coefficients is easil y adapted to

multi-sectioned duct theory [ 10 ], Figure C. 2, where finite discontinuities in

duck wall impedances occur. If constraints are put on the modal coefficients ,

such as terminating the duct so that no backward moving modes exist

( b ’ s are zero at exit), simple linear equations can be developed to

iterate to the correct  values of the modal coefficients at the duc t inlet that

will meet the exit condition. Once the coefficients at the duc t inlet are

known, one can proceed down the duct to each wall impedance discontinuity

and , by matching the p ressure  and axial pres~~zre gradient , proceed past

the discontinuities to the duct termination . Using an acoustic energy

expression [ 2 1 ] the energy  flux at any plan e in the duct may be computed

to determine the overall attenuation up to that point. The theory is used

in Program CO detailed in Appendix E.

C .7  SUMMARY OF UNIFORM FLOW ORTHOGAN.ALITY

An orthogonality condition for modes traveling in opposite direction s

was derived. Usin g this cross-or thoganal i ty  condition and one previously

derived [ 3 ], an equation was developed which allows each modal

coefficient to be evaluated independent of all othe r modes when the

pressure  and axial p ressure  gradient  are known . The method can be used

to predict the overall attenuation in a duct with several d i f ferent  wall

impedances.
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P(t, r, z) = ~~ b
2
+
P
2
+( r ) e~~~~

t_X 2~~~ + b2

_
P 2

_
( r ) e ~~~~

t L~~~

LL TL~JT\\~~~~

Figure C. 2 Multisection Duct with Finite Discontinuities
in Wall Admittance and a Uniform Parallel Flow
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APPENDIX D

CONSTRUC TION OF SHEARED FLOW ADJOIN T EQUATIONS

[A] 
~~iJ

1 i, J= 1, 2 , 3 then from Equation 14

~11~~ ~ l2~~ ~l3
0 

~2l~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
) ‘+(k 2

-~~~ -)(  )

2M — Z ipckM ’  — i( ) ‘

~
22

(IM
2
)~ 

) 

~~
23

k
2

( l M
2 )M

( ~ 
~~31 pckM °f32 0

1
c
~3 3 M

( 
~

The notation ( ) mean s “operating on ” and primes denote differentiation

with respect to the argument. To determine the adjoin t operator

must first be found. From Equation 23 it is apparent that if 
~~~~~~ 

is not a
differential operator then ~~~~~~. . Thus

iJ ]-J

T T T T -2M T -Zi pckM ’
~ l l 0 °~lZ ~~~ ~ l3 0 

22 ( l M 2 ) ~
!
23 . 2

( l M
2 )M

(

T T l
~

!32
0 °~3 3 M ~

T TOnl y cr21 and 
~3l are now unknown .

From the definition of the t ranspose , Equation 23

R0f (~~~~Y~ )I
1dr yj (~~.j

Ti.)dr + [BC] (D. 1)

Putting 
~~~ 

into the above

1 ZM’ 2mR01y +(~~ - —)y 1
1 +(k - ---~--)y 11 R 0

I 
[ 

r r J I2dr=J y 1(c~2 1 12
)dr~~[BC} ( D .2 )

k ( l - M ) o

By performing integration s by par ts  on the above equation it can be shown that
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[ R 0 f y ~~~~ (! 
�~~ _ ly +(k Z 

~
r!
~.~) y l  

d 
f R o 

~ 
(k~ - )  

—

j
~ I — 

k~~( I-M
2 ) 

~~~~ r 
~ ‘ L k Z

(I~~M
Z ) 

- 

k~ (I~~M
Z ) k~ ( 1-M

1) ~

— 1 ZM R ,, ( D . 3 ,

y I 7 z ;- ir —

[k
z l 1 M ~ , 

- 
1( k

~ (I~ M~ )) 
7

~~
]

From Equation D. 3 and D. 2 it can be seen that

1 2M ’ , 2 m
T _ — 

‘ 
_ _ _ _ _ _ _ _  

+

~~~~~~

_

- -—
~~
-)

a21 - 

k
2(1-M

2 ) 
- 

k
2( l - M

2
) k 2( 1~~M

2 )

To find a31 put 
~ 

into Equation D. 1 to get Equation ID. 4.

~ 
R~ l1~o

J~ 
(a31Y 1

)~~3d1~~
J0 

y1(a~
’
1i3)dr+[ BC]

Substituting for a31 
in the above equation ,

IR o -iy 1’ IR o TJ pckM Z 3
(
~r J  y 1(cw 31Z 3

)dr + [BC ]

Integrate the left hand side of the above quation by parts  to get Equation D. 6.

~ 
R~ i; 

, 
1_ 1 ~~~~~~~~~

1
R

0 l~° TJ ~ l pckM 
dr

~f L  pckM j  =J  y 1(a 31~~3)d r + [B C ]  ( D . 6 )

thus

T ( i (  )
31 pckM

It is now possible to write out the matrix for [A*].

I 2
r ,, 1 Z M  , 2 m

* T * * I ( ) 
(— - —~ — ) ( ) (k 

~~~~~~ 
>

i 1
a13 aJ1 a11 -O ~12 _ [  

l -M
2 - 

( l - M
2 ) 

+ 2

12.’t 

- • - - ~~ ---- • - ~~~~~~ -~~~--~~~ - • ~~~~ - • - • •~~~• - -— - • • - ~~~~~~ — _ -~~~~ ~~— -



* ( _ i (  ) * * — 2 M
pckM 

=0 a
21

=l ( ) 
22 

( l - M
2

) 

a
23

-O

* 2ipckM’ * 1
a3 2 2 2  a33~~~Z~~~(

The adjoint eigenvalue problem is

*-~. — - •~~A Z = X Z  (117)

Writing out the equations of D. 7 gives the following equations.

~ r ~ 2 
“ ((!-~~~~~)Z ‘ (k2 -)~~~~ 1 [i iZ 3 

~~ 
—

~ 
[ ~~~~~~~~~ 

- 

( l M
2 ) 

+ 

( l - M 2 ~~~ 2] L pckM J ~~~~~ ( D .8 )

2M —

Z 1 
- 

2 Z2 
= XZ

2 (D . 9 )
(1-M )

Zi pckM ’Z
2 

Z
3

2 2 +-~ - = 5 z 3 (D.l0)
k (l-M )M

Solving for Z
1 
and in Equations ID. 9 and ID: 10 and subst i tut ing into

Equation ]~ 8 reduces the set of equations to one equation in Z2
.

— 2M -2ipckM ’Z
2

Z
1
=(X + 

2
)Z
2
, Z3 2 2 — , and

1-M k (l-M )(l-MX)

1 2M’ 2 m2
Z
2 

“ (~~~~~~~~ )Z
2 )

? (k - --2-- ) 2M Z 2 )
k
2
(l-M

2
) 

- 

k2(l_M
2) k2(l_M 2

) 
- 

k
2
(1-M

2
)(1-MX)M 

-

(— 2 2 M X ) z o (D. 11)

Equations D.11 show that Z
1

( r )  and Z
3
(r) can be expressed in terms of

Z
2
(r) alone and that boundary conditions on Z

2
(r) are needed to uniquely

determine the radial distribution of Z
2 ( r )  to within an arbi t rary constant.
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The boundary condition terms came from Equation s ID. 3 and D. 6 and a re  set

equal to zero collectively.

r ‘— — 
, 1 2M’ ~~R0 r — 1R0

I 
y 1 Z 2 

________ 

(;~~~~~~ )Z
2 I 

-iy 1Z 3
I — + I + 1  _ I  — 0 (D l 7 )
Lk 2

( 1 -M
2 1 

k2 ( 1-M
2 ) 1 k 2( l -M 2

) J0 L p ~~M J 0  
-

(P
But y =

~~~
P

so that y 1 = P and Equation ID. 12 becomes

r ‘
~~

‘

~~~2 
(!~~~ L)i IP I  ~~R0

- + ~ 
r 2 

- =0 (ID . 13)
Lk 2 1-M 2 ) k 2( 1-M

2
) k 2( l - M 2 ) PckMj 0

Two conditions on Z 2( r )  are needed to make the differential  e luatiorl of D. 11

a complete problem.

If the boundary condition terms of Equation fl 13 are set equal to

zero at r =0 and at r=R and the substitution for Z is made , then the
0 3

necessary two boundary conditions on Z 2 will be specified. For a

cylindrical duct it may be assumed that the sheared portion of the flow is -

confined to within a small distance 6 f rom the duct wall so that M ’( r )  0

for r ~ R0 - 6 and the resulting two boundary conditions are at r = 0

P( r )Z  ( r )
P ’(0)~~2

(0) - P(0)~~2’( 0) + 
Lirn ( r 

2 ) =0 (ID . 14) -

and at r = R0 (remembering that M-’ 0 at the duct wall)

p’(R )~~~( R )  - P(R )~~2’(R ) + P(R )i
2
(R )(~~- + 2M ’(R )X ) 0 (ID . 15)

The fo rm of the adjoint differential equation of D. 11 in the non-sheared

portion of the fluid is (for M’(r)zO)
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2
-~~ ~~~~~~~~~~~~~ 

+ k
2

[1-2MX - ( 1-M
2 ))~

2 
+ 

1-rn 
~~~ = 0 (D. 16)

2 r 2 2(kr)

where the complex conjugate has been taken. By lettin g Z 2 
= rF Equation ID. 16

can be transformed into Bessel’s differential equation in F.

F?~ + !_+ k
2[l_ 2 MX _ (1-M 2 )X

2
- 

m ] F 0  (D .1 7 )
r (kr ) 2

which is the same differential equation for P(r)  in the uniform flow portion

of the fluid. LI ( rZ 2
) is required to be finite at r=O , then F may be composed

only of Bessel Functions of the f i rs t  kind,

= rJ (ar ) where a k 2( l - 2 M X - ( 1 -M 2 )X 2 )

Thu s for a cylindrical duct the adjoint can easily be fo und in the

uniform flow section and it remains only to solve the adjoint differential

Equation (Equation 1 1D) through the boundary layer at the duct wall.
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C T HIS ~~~)G p~A r~ LMLCJ L~~~ E S  T HE -100AL .OtFF IC. IE N4TS A T
C IMT P~F~~~~S OF ~h .~.\1 GI ~~G .~~C UJ S T I C  IMPE3~~ N O E  FU~ ~ YL II~D R I C A L
C 0U~~T~
C

001 ’..:x 3 1 ~~,2,1C- , 1 ~~,2,1r~~ ,A L P HaC 1r ,2,1c ,A 1 C ,I
C01P _ •~ X T DT 1 , T 0 T 2 , T~r3 ,T LT 4 ,~~UT~~, T D T 6 , Z E T A ( 1~~)
COi P .. X P~~LSS,PG cA D ,3~~J,PA (j~~,j~..),X1(jj)
3I.i ~~i’1-SION I~- ( 1~~

)
R~~~L ~~~ lGT ~~,LH1( 1’ ) ,L H T O T L ,~ ) I S T ( 1 2)
PEIIL 1,< ,S E( 1.1 ,2 ,1’ ) ,TE ( 1~~,2 ~~j fj )  ~Lti(1.i ) ,L rf f l ( 13)
£tJ T~ G~~ 3 ,T , Z , Z Z ,~~M
~A T~ (~~i ( 1 , 1 ,Z ) , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
J A l A  ( S~~( 1 ,1, Z) , ~~= + ,~~~ ) /. L i ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
D A T A  C ~~ (1,1,Z) , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~D A A  (T ~~(1 ,1 ,Z) , ? -., b ) /1.17 1~~’35L~

,, — .k-~9 O ,~763, 2 . 7 Q S 7 ~~ e8r , /
0 A 1 .~ 

(
~~~(t , 2, 7) , 1:1, ~ ) / . 23  O3 28 ,.~~3~~’.+ ’,3~~, .~~177b1 2 5/

D A T A  ( S (1 ,2 ,Z) , Z = + ,~ ) /. C27 Ll~~9j .L-.3so1~~B7 , 2. 7~~535761/
D A T ~ 

( T
~~( 1 ,2 , Z)  , Z = t , ’ )/ ~ .,bt C13 , 7.~~C~ C’+t5~~29,7.  ~6394~,~~9/

34 14 T~~~~~ t , 2 , Z  ,

04T~ ( S E ( 2 ,1,Z ) ,  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
JA T ~ ( S E ( 2 , 1 , Z ) , Z = + ,~~ ) / . r~~~ l+157 , .c t ~11 g5 2 , 2. 7 a2 5 i 5 22 /
DA I A  ( T E ( 2 , 1 ,Z) , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2.~~1.3339/
04 14 (‘~~ (2,1, Z ) ,  Z 4 , b)/ 1 . 1o 3~~3~~, .~~B23b131, 2 . 7 1 O 3 2 0 8 ~~/D A t A  (

~~~
( 2 , 2 , Z)  , Z=~~,3)/.J~~~~~ L38 ,.3CCb [ l~~5, . 1303¾/

JAr ~ (
~~E ( 2 ,2 ,Z , Z e ,i~~/.001 12’s,.0C2.*9~ 97, 2.~~S 3 9 5 56 5 2/

j A t A  (T : (2  ,2, Z) , Z t ,  / c .2 7~~3 e ’ .a3 ,7.d~~5 c5~~5 , 7. ‘+ 3375• + 75 /
DA TA (T:(2,2,Z) , Z = - e , €  )/L.5 Su1 ,’+. 33~~,2.713~+5187/
DO ‘u Z= 1,6
SE(3 ,t,Z):SE (2,1,7)
S E C  3 , 2  ,Z )  =SE (2 ,  2 , 7 )
TE ( 3 ,1 ,Z) T~ ( 2 , 1 ,7 )
T E (  3 , 2 ,  7 )  =T E (2 ,  2 , Z )
S E ( - ~+ ,  1, Z )  SE ( iV , 1,~~~

)

2, 7) 5E (1,2 ,Z)
Y E  (1~~~ 1, Z )  TE (1, i. , Z )

TE (  +,  2 ,7 )  =TE (1,2, 7)
S~ ( 3 , 1 . , 7) SE (2. , 1,’)

2 , !)  =SE ( 1,2 ,7)
‘E (S , 1, Z )  TE (1,1,7)
T E ( i ,  2 ,  Z ) 7E ( 1,2 ,7)

70 C0~~T I1’J

Z E T A ( ~~) = C ~~P LX ( .~J~~,— 3 . 1 )  
• — 

I~~~~
-

~~~~

- •

lET A (
~~

) :ZE T~ ( 14)
—
,, J , I — ——--- -.——----——-——-—-— — —

L X ~~u.,1.) _—.—— -—.--—~.—• -

WRIT :. (~~,5)
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THIS PAGE IS BEST ~W.LITY F~ACT l~ . -

YB~~ & c~OPY FUH2~IS1~~ TO DDC
C
C £ T A = 2 ~~~~ F/~ (A FRE~~JENCY ~~~ ~~iETEi< )

• C A M  1.~ T 4 E  A N~~ ULAi< M J J E
C POUT I, THE OU~T~ c-~OIUS OF ~~~ ~ U T
C FM IS ‘~~E FLOW MA ’4 -~UMBE~~C
5 FOR’ 14T ( i. X,~~E~11ER ET ~~,A t ,~\VY ,FI~ ~

)
~E~~D ( 5 , ’) E T u ,A~~,-I , ‘1
W~~IT E ( , 7)

7 FO~ M A T ( 1 . X ,~~EI,TE ’- ~~1E t~UMLE~~ CF E1Gi 4~~~L’J ES ~
)

PE ~ D ( 3 ,~ )
• ~4R lT (6 ,~~)

8 F O 1 ~~~~T (1 .X , ~~~~ E N TE - . T H ~~~ W h I LE ;  u~ l r~T~~~F-4~.FS fl
-< E V) (~~~, ’)  ~-iI
T =~J I — 1
i~~(T.~~O.0) G :)~~~O L
DO 1~~ Z =1, T
W R I r E  (6 ,1~~

) Z
C
C U-~(I) I. T H E c~A T .LI ~Y ihL LE ~~: T H  II- ~ -4: • I~X i A L  j i-~L C T i ) N  0 -

• C SE~~1E 4T I TC T H O UT E k Rt-~~j.U~C
16 FO A T(tX, 4E,-~TE-~~

_ H(~~,4 1,~~) ‘1
‘~ E A ) ( 5 , )  L H’ - i ( Z )

JJ~ 2’Z
15 LI 1(JJ )~~ .HH( ? )

GO T3  t~~
I. LH( 2 ) C .

16 L A~~T~~?~~-4I
DO 32  Z~~1,J
DC) 33 Z Z = 1 , J
B ( 1 , 1 , Z~~ ) ( 1 , 2, L 7 )~~~~ t ) — ~LX ( 1~ . , J. )
Pj,~~T ( Z , 7 Z )  C r I P L X ( J  • •

33 CO~ T INUE
32 C0 N Tt ’~ UE
c
C INITi.~~._ I7E T ’~F i~~~U~ r E ~~ J~~ L 1~~i~~i~~J T : C t ;  7 iD  3 TH~
C Fl ~ST ~~)~~W 4 ~- -Ã P ~~~ ; 7 j.’JI, ~~~~~~

C
1, 1) =~ MPLX ( 1., .1

4 -l / 1.~~.

‘j:~~, t’~ .~~~2€ ~
K ’ I E T A i ~1
,4~~~~~~ T E  ( ‘~ r:~

)
9 ~~O~~ P~~A T ( t X , ~~~L T S T  ~~l~~~- 4 V ~~~L U E 3 ?  l—Y- ~~, ~— N O  ‘1

~E~~D( , , ’) IAM C
C
C C~~~. C J ~~~A T~~ T H :  ~~~~~~~~~~ ~~~~ ~~~i~ -L L J , L M IA L J E ’
C

JO 3 <k~:j.,LA~~

10 2 Z~~~ , J
Ji 1 5 - 1 , 2
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~~~~~~~~~

A L ( K < , S , Z ) = ( K 4 U + ~~2 -~ A LPNL (<K ,S ,Z )
AL~~1A (KK, S , f l =CSO~~T (~.L1’~-~- ( K< ,~~~~ , fl

IF(I-~ 1-~S.NE.1)  GO ~ O 1~~C

~4R IT (’ ,17) KK ,S ,2 , .~L P hA ( K < ,~~, Z )
17 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~4RITi (6,1i) KK ,S, Z , L ~~~
(
~cV ,S ,7)

• 11 F0~~l~~ (lx, L u M (4  ,i l,’- , ,i I ,C 
,
‘.
, J~ ,~~ ) ~~ , 2Fl l. 7)

100 C0.~T l iIJ
1 CO~ T Il1U
2 CO~ TI  ~~~IF(I~~~ S . N E  .1) GO -3 7

WR LTE (~~,25 )
• W~ I E ( ~~,25 )

2b FO~.M~~T (1X ,~ 
)

3
21 CO~~~I’~’JE

DO 5 1  K < l,~~1I

L L 2  <<—1.
DO i
s=t

2~ CO4T r~~U~CALL 1~ T C H ( K K , N,S,  j , - , K ,~~~.- l , ~~~~~~~~~~~~~~~
IF(’-4N .~~~.LA Si ) GO 1) 22
CALL T

~~Ai4S (~~~,S ,h, < , L A h ,~~- , Lr, , j )

22 S 3+1
M =— M

I F ( S . E Q. 2)  G O  ~~~O 2~10 CO~1T1NUE
50 COI T TN IJ E

~RIT~ (6 , 25)
WRITE  (‘ ,25)

C
C PRI’~4T 7 $ E  MODuL ( F ~ iCIt~ :1S
C

DO ~~~~ K K 1 ,NI
;4r~1z2~ <K
30 .3~ 

4:j~ J
W RITE (o , ‘ + 2 )  ~~ N— l  , t 4 ,  

r ( r-4~~~1 N) , ‘4~ :— i ,  ? ,  ~~~, ~ ~~~~
— i  , ~~, -1 )

3C CO.iT IIUE
W RIT E ~~~~ 2 5)

WRITE (6,25)
00 ~~ ~~i,iWR ~~T E ( ~~ , L. C )  ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C O 4 T !~1u~
W~ I T~ (6 ,25 )
WR I N ( G ,  2~

95 CO~ T i~~U
9C ~ir~I T : . (6,2~~)

WP’I ( t , 2 5 )

W R IT ~~~~~~
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THIS PAQE IS BEST QUALITY P CIIC.A.~ iZ
FROM COPY FUR.~~1SH.~.I) TO DDC .....—

35 F0~~MAT (tX, ’DO YOU WA I T  A FkE SSUkE 31~~Tr~IbUTIO,~? I YES, 4 J —~10 ‘)

RE~ O ( 5 , 4 ) IANS
IF (IANS sNE .i ) Gu !~C)
W RI T E ( b, L+ 5)

F0~~~A T ( 1 X ,~~E~~TE,. ~~~ ~- ECTI O N ~U M 8 E~ TO 3E I NV Es I I GA T E Q  4)
RE.~~D (5 , 4 )  IL.
W RITE (o ,  ~5)

85 FO A T ( 1X , 1X ,4X~~,1ÔX ,’PRESS U E~~,2~~X ,~~PRESSUS, ~ k A D I E ~4T~~)DO 55 Zzl,tl
-1. 0 +  ~~ 2.’ (7  — 1 )

CLL ‘rkES(J,LL ,ET~ ,~~,LMr1 ,A L P ,A M ,~3 ,P~~ESS, P~,RA3 )
W RIT (6 ,~~C )  X , 3S , ;P~A L,
F0~~MAT (lX ,F3.i,~,X ,El~~.7,2X ,L13.7,oX ,Et3.7,2X ,tl3 .7 )

~~5 C0s1TI~~tI~
GO 10 9)

• 65 C Ol T  I~~~U E
Sn?
E~4)

C
C SU3-~.DJTI NE . ~~1A T CH ’  -~-~L C U L A T E . .  Tt - ~ 1O~.iAL COEi F.L3I~~NT S
C

SU3~~~J’ IN~T M.~T O H ( K K , ~ ’ ,S ,J ,A~-1 ,1,K , LA M , 4L°Hu ,H,A ,B)
COiP L~~X ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~ 3 ( lC,2 ,1 .~

) ,L~~N ( j . L ,~~, I)  ,AL FI IA ( l ,2 , l 1) , A( l G)
C O’$~~L EX  T ) T 1 , T U T 2 , T ) !3 , T O T L +, 1OT~~,T O T â ,I,t~FJ

• INTC5E ~( S,AM
REA L K , M

f• LL:2’ ( K — i
I=~~i P L X ( ( ’ .,1.)

• CA..~. I 4 T ( < K ,i4 ,~~,J, K , , ~~, L A ~- ,A L P H A ,iuT 1, T O T 2 )
~~

• TOr5~~3FJ (ALPHA (~~N,
c ,~~~,Ar

C A L  ;c1. ,J ,LL,L~~~~,6M ,- ,T r 3 )

CA LL Hl(1. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
3F~+ 3 F . s 1 4 2 4 ( — 1 . ) ) - ( S + 1 )4 I/ K’~T OT _

~F~ =~3Fl+~3F2,jF t,

CALL INT2 (KK ,S, 4,.1 ,L~~” ,~~~,A . ~~~ ,TJ 6)
3F~~ 3~ “TOTE~
~ F 1 0= I ~ ~ (~‘JrJ ) ‘T 0~ ‘

3F1 )~ 3F 10’ (2 .~~ ‘ ‘‘ 2 L f  r U:N ,~ ,~~
) — 2 .  ~~‘ -1) / (K’I-1 )

~3F j j :  ~F~~+3F 1t~6 ( i 4 . 5 .  l):3F~ /~~~i1
RE Jrc l

C
C s U s r

~~~~~~J T IN :  
- .~~~~:S ~~

.. !. ~~~~~ ~~~~~~~ T h E  M h i J M L  ~.O EFF ~~~~~~ NTS ~TC T~i~ ~~~~~G i, ~~~l1t’1 , o F  .). ..TP4Nu 3ThI NT T )  i H E  II X T  ~ ‘-1 4 ”1GE
C IN .~2 - ) J~~T I L  ~~~~ j - ~~~:

C
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TBIS PAGE i-S BEST QUALIT~ T~ .LCT1C~BU

FROM COPY FURNI ~~~~ TO DDC _ -

SU3— ~OUTINE T~~6NS (~‘IN ,5,N,K , LA M,ri ,LH, 3)
CO-PLEX LAM (l0,2,i.~~),B (1L ,2,1’ ) ,I
RE~~L K,LI1(lu)
INr EG~~ S
1 3IPLX (-3 . ,1.)

• JJ NN+i

= RETURN
EN)

• C
C SU3RDUTINE “1NT~ ~ AL .~ULA ~~L 3  T

~i L Ni~~ .,RA L OF T-1 L ° RESSJ ’~~
C OISTU:3JTI ON M U L TI P L I  Ej  E Y  1 ~i N T~~ ~~3D~~ OF P~~~~~~~~~~U~~~E

C
S U3-~O UTI N E INT ( ~~~~~~~~ J, K ,A i ,~~, LA M ,A L~~I-4 A ,TUT 1,1372)

~< EA L <
INTEGE~ S,AM ,4~~1
C Cr IPLEX T3T 1, T OT 2
C O I P L Ex  Ti,T2,T 3 ,T~+, T~~,T~~,su 11, SU~12, S J M 3 ,SU1L
C 0 1 ?L EX  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I=~~M ’ L X ( 3 .  ,1 .)
NN: ?~~~

($(

LL 2’KK I
SU M I=OM P LX ( C . , O . )
SU 1 2= C ’ 1P L X ( 0 . , ’~ .)SU M 3~~~1PLX (0 •,0 •
SU i4 3MPLX (~ 1 , 0 .)

~M l=4I+ 1.
00 13 L i,J
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

T2~~~L? H 4 ( N N,S , N)~~~ F J ( ,~LPh~~L L ,1 ,L) ,A ”~) ‘t3 FJ ( u L P - 1~ (ti N, ~~, N) ~~ 11)

iU ’l t S J ~l1 +d (IL,l,L )’(T1_T2)/ 5
SU~12=~~J l 2f + 3 ( LL , 1 , L ) ’ L A M ( L L , 1 ,L ) ’ f l 1 — T 2 ) / T 5
T3:AL A(~~L,2,L ) FJ(~~LP (..~.,~ ,L ) ,A4j) l-J(AL A (~~4,S ,’4),~ 1)
T14 AL’HA (NN,~~,~’4) ‘3~ J (~~LPF,~~(L L , ?  , L) ~u -I ) ~~ J ( A L P r l A ( I~N, ~~, ~4 )  , A I i)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
SU~~3~~SU-13ft3(LL,2 ,_ )’ (T3— ~~4)/T5

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2.0 CONTI’~’J~

TOT 1=SJr lls~SU ‘13
TOT2 :(— I)’K4 (SU ~~2-SJ~~L )

~E1UR -l
C SU3~~O-JT IN~ “G” CA L C J .A T E~. T-1~ P~~~S~~U~: uT A POiN F3~( A
C

C GIJE~I N)~~l A L I Z c~J ‘IS~~~I~-~L , X , Fpç C rl TH~ :.NTE~ ?~ flIE JUCT

H ~~~~~~~~
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THIS PACE IS BEST QUALITY PRACI’ICA.BLE
- ~~~~~~~~~~~~~~~~~~~~~~~~

= 
,u4 ~~) -J1t ’~ G (X ,J, LL , H~~,A~~,-3 ,TC ,Z )

~ o _ ~~x 3 ( 2.C ,a , t- : ) 
~~~~~~~~~~~~~~~~~~~~ ~~, l C)

00 1°..._ X FJ, FLJ 1, ~U2 , JM~~,iOT7 ,3FJ• IPIT~~&:~ ~~
SU 13~~~~~ LX C . .,2 .)
jO 1-. L~~1,J
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
F U? ( L t . ., 2 , 4 t~~FJ ( ~~~ L~~~h~~~ ( L L , ? , L ) ’ X , A ’ 1 )

FU:FU lf~~IJ2
SUl 3= -3U13~~FU

1C C0 ’ JT I r IU E

SU 1~
kET IJ RN
~NJ

C
C SU - i RDJ T Xt’IE ~~ :-i ” ~uL~~.1LJ YE S  i~ -i~~ P~~ESSU < :.  Gr~A~

)
~~ NT uT A ? O IWT

C FO~ ~ ~1vEN I4U\f tALI~~~L •J~~~T L .O E,  x , F~~u~1 T IE ~~~~~~~
• - 

C OF T N E  3 U T

C
SU3 ROUTI~IE ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C 0 17 L ~~~ X ~3 (lG, 2 ,1C ) ,~~~ L i H A( 1 C , �~,1~~~~

) , L A M( 1 ’ , 2 , 1’~~)

C O 1P ~_ E X  SJ;1’+ ,TrY- . ,7 J ,F U 1,FU2 ,I,9FJ
REA L <
INNGr.~ ~~~~

SU~~. C M P L X 1~ •~~~

~~O t ü  L l , J

FUL~~3 (_ _ , 1 . ,L L . ~1 ( _ _ , 1 ,L) ’ 3 F  j ( A L 1~~(L L, l ,L1’X ,~~1I

F U 2 ( , 2 , L )’ L ~~~~~~( LL ,~~~~,L ) ’ i F J ( ~~~ L r H A ( L L , 2 , L) ’X ,~~~
’ l)

FU:~~UI-~~U2
~U~ ”~~~-J 1’+ + F U

10 C U” T ~NU:
Tf l t~.:SU f~.’K’ (— f l

ENJ
C
C SU3~~)JT NE ~ iN7 2 ~~LCU Lk1E~ THE I~~T~~G~~A L OF TIE ~~1U4~~E
C OF ~~~~~~ 4 IH MO~~~A L  ~~~~ SU~ E _ :~~~T R ~~~3JT ~~~J~~

C
~U3 ~~UT i I E  i?1T 2 (K< ,
h~-’~~~x ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1~~~~~~~ X ~ J l ,FU2 ,~~:)T , ,Z FJ
1N1~~~E~ S, A ;~,~~-’l ,A~~?

~~~~~~~~ ~~~~

iN: ‘
~~~<<

IF ~~~~~ ” .~~~~~~. 2 )  Ci) ~

FU~ 
— 1 -\ L

~
- —i • -~~- - )  ~~‘ - F I I .—~~ P — 4 L ( . i .  S .iNI ,

~~O T .~~
- . , ‘(F.., ~~~~~~~ U2)

:.:T J t~
-
~

IC
C ~ C L I .—4L ( - I - .’ , ) ) ‘I

Tn~~~— ; • - ‘  ( F L 1~~~~~~L - ~~.

:~ i

1 34
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- THIS PAGE I-S BEST QUALITY P~~CTi~i~L~
CO’IPLEX FUNCTION 3FJ (2 ,N) ~~~MC~~~~~~~~-IS1~~~ IO DDC

C

C 3 FJ(Z , N IS J SU~ N OF Z ( & .~SEL FJNCT ION)
C

COI PLEX A I,V
C O I P L E X  S~f ,SU ,GN ,JN ,JN
CO’I I’..E X T ,Z, ZZ ,Y , ,A ,t~ ,S, PP, OklE
I F ( 0 4 3 S ( Z ) . E Q . u . )  CO TO 77
At : (U • , 1.)
P1=3.  1*15~ 27
V=—A I’Z
ON~~~(1.,0.)Z R J :0 .
E = t. E— i l
PP : (2 . 5- ) 6 6 2 F 2 7 L.,~~.)
XN : FL OAT C
tF(~~A 3 S ( V ) / l 3 . —1. )  21,2 1,31

22. Z Z : ( . 5 , 3 . ) 4 V
Y~~~Z Z , Z Z

FA~ 2~~j.I F ( N )  ‘.i.,~.2
‘+1 00 +3 I 1 , N

‘.3 FA~ Z :FA~3 2’ FL OAT (I)
‘.2 G O N E / C I P L X ( F L 2 , !k O )

A~~ 3v_ I,
S

51 X~ X +l.
A *Y/C?lPLX (x,Z~~O )/CA P LX (XW+~~,ZRO)

!J=CA 3S (A) —E
I F ( U )  2 3 ,2 3 , ! 1

23
GO ID fl

31
SV : ( C . , 0 . )
SU=O N~
GN: 7_ O~~/~~ • — N FI /2.

• 125 , 3.  ) IZ
JW :(J— i. ) ‘  3
UN — V N ’  (U—9. 1/2 .‘~~

SV S V 4  ~ 4
$U:SU+tJ~4
00 3- K 2 , € ~X K FL 0-A T (K)

‘JN~~— V ~4’ (U— (
~ .

4X K—i • ) ‘ 2 )  /1 2.’ X~~)

~ 4 :  
~ V + V~

33 SU: SU+U~
~FJ: .<T (2./Di)/C5N (Z) (S LJ CCC5L,N )_~~i/4CSI N (G~J ))
REiU~~’1
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THIS PAGE IS BEST QUALITY P ACIIC~~~~~~~

9C~
I F ( ~~~~~L ( Z ) .L 1 . C . . A \ ) . C i - L ( Z ~~.C,T . .)  ~~ ~ ‘J ~~
~Et tJ RI

86 3FJ= ~~~~~ C —  ~ . t~’ 1~ ~ t /~~ • ) ~r,
REF ‘J~M

77
TF (1.~~’~.0) dFJ (1. ,~~.)

E~4 )
• SU J-~ OUT INE ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~• CO1~~L~~X ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

CO~ P ..~~
( FJ, FU1, ,~~ J3 ,S u-1 ., 2,~~~~~.S ,~~G RAJ

INt~~Gu’~ .Ai
StJ 9L:~~-1 ,’LX (C- .,j.)
51112 :3 LX (3 • ,C •
00 1.) L 1, J

FUt=3 LL,1,L ’3FJ~~~L- H ~~~LL ,~~, L ) ’X ,A I

FU=i Ul fFU2
F U 3 : LA 1( L L , i , L )4 FJ i.— L t ~ 

( L L ,~~,L) ‘FU 2
SU11:3J~11iFU
SU12= .~J 12~~FU

11’ ‘~~O i T I ~~~t 1~~
Pi,

~ SS S’J’11
P G- s~.A J SLJ~ 42

~(ETJRN
END

13u 

•



--~~~~~~~~

RUN,FTN

4.039 CP SECONDS COMPILATION TIME
@ENTER ETA,AN ,ROUT,FM 4.,O,40,.5

@ENTER THE NUMBER OF EIGENVALUES 5

ENTER THE NUMBER OF INTERFACES 2

ENTER LH( 1) .75

LIST EIGENVALUES? 1—YES , 0—NO 1

ALPHA (1,1,1)= .1452562 1.2642084
LAN (1,1,1)= .6716515 — .0011585
ALPHA (1,2,1)— 1.4721282 6.9562253
LAM (1, 2 , 1)= 2.1402650 — .0586758
ALPHA (1,1,2)= 3.6414120 .0375828
LAN (1,1,2) = .6240043 — .0008953
ALPHA (1,2,2)= 2.7971369 .0755394
LAM( 1,2,2)= 1.9750117 — .0013636
ALPHA( 1,1,3)= 6.8943332 .0238853
LAN(1 .1 ,3)= .5065563 — .0011851
ALPHA (1,2,3)~ 6.3074688 .1002319
LAM (1, 2 ,3)= 1.8674862 — .0044453
ALPHA (1,1,4)— 10.0646391 .0213496
LAM (1,1,4)= .2937974 — .0018890
ALPHA (1,2,4)~ 9.6995186 .0836030
LAM(1 , 2 , 4 )= 1.6583928 — .0069040
ALPHA (1,1,5)— 13.1966252 .0245387
LAN( 1,1.5 )= — .1122519 — .0049317

• ALPHA (1,2,5)— 13.0278470 .0580338
LAM (1,2,5)= 1.2539184 — .0108705

ALPHA ( 2 , 1. 1)— .0089302 1.0063306
LAM(2 , 1, 1)= .6698691 — .0000568
ALPHA ( 2 ,2 , 1)— .0709937 4.7320683
LAM (2 , 2 ,1)= 2.0690962 — .0020226
ALPHA(2,1,2)— 2.7036910 .0020492
LAM (2,1,2)= .6225023 — .0000497
ALPHA(2,2,2)— 2.9856230 .0077840
LAM (2,2,2)= 1.9714709 — .0001504
ALPHA(2,1,3)= 6.9338692 .0013018
LAM(2,1 ,3)= .5045848 — .0000651
ALPHA(2 ,2,3)= b .5Ob5l~ii .0070716
LAM (2,2,3)= 1.8584387 — .0003260
ALPH A (2 ,1,4)= 10.1000377 .0011667
LAM (2 , 1, 4 ) =  .2906509 — .0001039
A 1 PH A (2 ,2,4)= 9.8480543 .0050087
LAM (2 , 2 , 4 ) =  1.6459005 — .0004253
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• ALPHA(2 ,1, 5)= 13.2376073 .0013552
LAN (2 ,1, 5)= 0.1205903 — .0002774
ALPHA(2 ,2,5)= 13.1250769 .0032051
LAN (2 , 2 , 5)= 1.2352158 — .0006247

ALPHA(3 ,1, 1)= .0089302 1.0063306
LAM(3 ,1, 1)= .6698691 — .0000568
ALPHA (3,2,1)= .0709937 4.7320683
LAN(3 , 2 , 1)= 2.0690962 — .0020226
ALPHA(3 ,1, 2 )= 3.7036910 .0020492
LAN(3 ,1, 2)= .6225023 — .0000497
ALPHA (3,2,2)= 2.9856230 .0077840
LAN(3 , 2 , 2 )= 1.9714709 — .0001504
ALPHA(3 , l ,3)= 6.9338692 .0013018
LAN(3,1,3)= .5045848 — .0000651
ALPHA(3 ,2,3)= 6.5065811 .0070716
LAN(3 , 2 , 3)= 1.8584387 — .0003260
ALPHA ( 3 , 1,4)= 10.1000377 .0011667
LAM(3 ,1,4) =  .29 06509 — .0001039
ALPHA(3 ,2 ,4)=  9.8480543 .0050087
LAM(3 ,2 ,4)= 1.6459005 — .0004253
ALP}1A(3 ,1, S) 13.2376073 .0013552
LAN(3 ,1, 5)= — .1205903 — .0002774
ALPHA(3 , 2 , S)= 13.1250769 .0032051
LAN(3 , 2 , 5)= 1.2352158 — .0006247

ALPHA (4 ,1,1)= .1452562 1.2642084
LAN (4 ,1, 1)— .6716515 — .0011585
ALPHA(4 , 2 ,1)= 1.4721282 6.9562253
LAN (4 , 2 , 1)= 2.1402650 — .0586758
ALPHA (4 ,1,2)= 3.6414120 .0375828
LAN(4 ,1, 2)= .6240043 — .0008953
ALPHA(4 , 2 , 2)= 2.7971369 .0755394
LAN(4 , 2 , 2)= 1.9750117 — .0013636
ALPHA(4 ,1,3)= 6.8943332 .0238853
LAN(4 ,1, 3)— .5065563 — .0011851
ALPHA(4 ,2 ,3)= 6.3074688 .1002319
LAN(4 ,2 ,3)= 1.8674862 — .0044453
ALPHA(4 ,1,4)= 10.0646391 .0213496
LAN(4 ,1,4)— .2937974 — .0018890
ALPHA(4 , 2 ,4)= 9.6995186 .0836030
LAN(4 2 ,4)= 1.6583928 — .0069040
ALPHA(4 ,1,5)= 13.1966252 .0245387
L.&M(4 , 1, 5 ) =  - . 1 1 2 7 S 19  — .0049317
ALPHA (4 , 2 ,5)= 13.0278470 .0580338
LAN (4 ,2 ,5)= 1.2539184 — .0108705
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B(1,1 1)= .100000E+01 0. B(1,2,1)=0. 0.
B( 1,1, 2) 0. 0. B( 1,2 , 2) 0. 0.
B(1,1,3) 0. 0. B(1,2,3) 0. 0.
B(1,1,4)=0. 0. B( 1 , 2 ,4)= O.  0.
B(1,1,5)=0. 0. B(1,2,5)=0. 0.

B(2,1,1)= .107224E+O1 — .461873E—01 B(2,2,1)=— .158089E—03 .964180E—04
B(2 , 1, 2)= — .989596E—0 1 .643348E—O 1 B(2 , 2 , 2)=
B(2,1,3)= .426578E—O1 — .287741E—O1 B(2,2,3)=— .229084E—02 .162667E—02
B(2,1,4)= — .272913E—01 .186203E—01 B(2,2,4)= .409883E—02 — .288730E—02
B (2 , 1, 5)= .25 8513E—0 1 — . 177915E—01 B(2,2,5)=— .103703E—01 .724852E—02

B(3 ,1, 1)= .106979E+O1 — .784815E—01 B(3 , 2 , 1)= — . 187724E— 03 — .195088E—04
B(3 ,1,2)= — .116468E+0O .188210E—01 B(3,2,2)= .674454E—03 — .880359E—03
B(3 ,1, 3)= . 305712E—01 .413497E— O 1 B(3 ,2,3)= .104757E—02 .261634E—02
B(3 ,1,4 ) =  .323711E—0 1 — .644275E— 02 B (3 , 2 , 4 )= — . 347298E— 02 .364385E—02
B(3 ,1, 5)= .269463E— 0 1 .159246E— O 1 B (3 , 2 , 5)= — .4 58417E—03 .127189E—O1

B(4 ,1, 1)= .999555E+00 — .293236 E—01 B(4 , 2 , 1)= .223289E— 04 — .7126 63E— 05
B(4 , 1, 2)= — .183774E—0 1 — .499 105E—01 B(4 , 2 , 2)= .100928E—02 — .362893E—03
B(4 ,1,3)= — . 132040E—0 1 .715555E—01 B(4 , 2 , 3)= .427 187E— 02 .947539E —0 3

B(4 , 2 , 4) =— .843627E — 02
B(4 , 1, 5)= .299753E—03 .329887E — 0 1 B(4 , 2 , 5)=

1—CONT INU E , 0—STOP 1

ENTER DELTA .0001

@LIST PARTIALS? 1—YES, 0—NO 0

B( 1,1, 1)= .195197E+01 .390004E—0 1 B( 1 , 2 , 1)=
B( 1, 1, 2)= .101560E+01 — .7 17458E+0 1
B(l , 1, 3)= — . 194688E+O1 .274143E+O0 B(1,2,3)=

• B( 1, 1,4)= .174610E+O0 .568140E+01 B(1,2,4)=— .264145E+0O

‘5’.

B(2 ,1,1)= .207401E+O1 — . 134r)46E+0() B(2 ,2 ,1)= — .673036 E—01 — .114168E+0O
• - .

~ B(2 ,1,2)= .764204E+00 — . 708526E+01 B ( 2 , 2 , 2 ) = — .215084E+01 . 588187E+01
B(2 , 1, 3)= — . 173913E+01 .454197E+O1) B(2,2,3)= .210592E+01 .183519E+01
B(2,1,4)= .658230E—O1 . 7- i 3 7 i ~-~- i  B ( 2 .2 , 4 ) — — . 73 6 8 6 7E — O 1  — .6 4 310 9E4 01

B(3 ,1,1)— .20 6791E+01 _ . 1y h ~~~7 + n B ( 3 ,2 ,1)= .159754E—01 — .134132E+O0
B(3 ,1,2)= .3562 03E- +01 — .~~~6- ’ -~1 - ~-Oi 1; (3 , 2 ,~~) — — .5 1175~ E4 -0O •625076E-4-0 1
B(3 , 1,3)= — .52 7.~F+~

( — . 1 7 1 ’  -~~-‘-o 1 B ( 3 , 2 , 3~ = . 2 2~~ 4 7 F -~- O1  — .162203E+0 1

B(3,1,4)= .212173E+01 — . 5 1~~-~ i ’} -’- -1 R (3.2.-4)~ .133037E+01 .631966E+01
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B (4 , 2 ,1)= . 28452 0E—0 1 — .888894E--02
.554465E+O1

— .606630E+O0
.522715E+01

1—CONTINU E , 0—STOP 0

DO YOU ‘WANT A PRESSURE DISTRIBUTION? 1—YES , 0—NO 1

ENTER THE SECTION NUMBER TO BE INVESTIGATED 1

X PRESSURE PRESSURE GRADIENT

0.0 .1001500E+O1
.1 .1001167E+O1 — .1183152E—O1
.2 .1008851E+O1 — .2407052E—O1 .2970781E÷O1 — .1328979E+O2
.3 .1036947E+O1 .6095731E 02 •4203197E+0]. .1612265E+02
.4 .1078984E4-01 .1972273E—O1 .5266381E+O1 — .143473OE+02
.5 .1112009E+O1 — .599O515E—02 .5794504E+O1 — .8126704E+O1
.6 .1130982E+O1 — .8468392E—O1 .5580465E+01 — .6354339E+OO
.7 .1176481E+O1 — .1119220E+OO
.8 .1298269E+O1 — .3316751E—02 .3304502E+O1 .5684916E+O1
.9 .1427513E+O1 .4335035E—O1 .2308622E+01 .5O22769E+O1
1.0 .1180064E+O1 — .6320837E+OD .2981733E+O1 .62O9906E+O1

DO YOU WANT A PRESSURE DISTRIBUTION? 1—YES, 0—NO 1

ENTER THE SECTION NUMBER TO BE INVESTIGATED 2

X PRESSURE PRESSURE GRADIENT

0.0 .9769849E+00 — .1474205E—O1 .1598795E+O1 — .6833459E+O 1
.1 .9869171E+OO — .2050817E—01 .1972721E+O1 — .8891780E+01
.2 .1012398E+0 1 — .2459882E —O 1 .2964705E+0 1 — . 1329O70E+02
.3 .1043196E+O1 — .1122503E—01 .4227094E+O1 — .16O9951E+O2
.4 .1070392E+01 .27 19755E—02 .5308967E+O 1 — .1430485E+02
.5 .1094738E+O1 — .1871691E—O1 .5812463E+O 1 — .8110914E+01
.6 .1129986E+01 — .7O82811E—01 •5543096E+01 — .6821453E+0O
.7 .1194598E+01 — .8516080E—01
.8 .1289856E+O1 — .1720694E—O1 .3379988E-+-O1 .5739820E+01
.9 .1370750E+O1 — .5267412E—02 .2459718E+O1 .5129538E-s-O1
1.0 .1322296E+O1 — .4511934E+00 .2454775E+01 .5722503E+01 —

DO YOU ‘~,‘ANT A PRESSURE DISTRIBUTIC)N? 1—YES. 0—NC) (1

STOP =
35.564 CP SECONDS EXECUTION TIME
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APPENDIX F

LINER ANALYSIS PROGRAMS

F. 1 LINPART INPUT

R = normalized lining resistance - dimensionless

X = normalized lining reactance - dimensionless

T = temperature in °R

P duct mean pressure in psi

F = frequency in Hz

M = duct Mach number

RHO = duct mean density in lbm/ft 3

TH = face sheet thickness in inche s

D = face sheet perforation hole diameters in inches

F.Z LINPART OUTPUT

OA = f ractional open area of face sheet ( .063 means 6. 3% open )

OP = depth of backing cavity in inches

•‘ r ogram LINFREQ uses the same nomenclature as LINPART.
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TBIS PAGE I-S BEST QUALI TY PRACflCAB~~
FROM C -OPT FURN1SaEI TO 3 1C —

100 ~~~~..IIA~1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I I Q —  I4EPL ~i
120—5
130— READ (5,~

c) 
~~~~~~~~~~~~~~~~

140—6 w h I T E  t~,23 G)
150— hEAL 5,*) 1~- ,L
160— iF ( T i ~.E L .C . )  S1 ,1-
170— CEE 12+ SLh T ( 1. d 3 2 .1 7 1144 / h .~~~)
186—
190”. Th — T / 5 1~~.
200 1-k~—E/ 14.7 -•

21 0— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
220— E— . G C G C37 4~~ C T * . 75)~~~SLhT ( F ) / S 1 ..1hi- . -~~ 1b )~~
230.

2140— IF~~ A.LT.G.) C~ T~ 1
2 50 —  Ei(.Ei(1-( -8.  65~~ i~~ i— .8 1 24L~i)
20— c— .Gcc4o5*F 1:;+.a5~~L4( 1. —. s U h T u ,s l ( .1z~
270— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
230— CC 1~ 2
2~~C—1
3 00 —2  ~~k~~~TE~~~~,255) Tii,L,3I~,1j?
310— ~~ iTE( 6,232)
320— CC IQ 6
330—200 F~ hi’1AT (1?(,~~Ei’~TEh h,~~,T,k-,F.Fi~i,hi~~ +1
340—230 F i T 1~~,~~Ei~T~ h TH,b ~~
350—232 F~ h i ( 1 X, 5 5 1~i~~) , /)
360—255 ~~~~~~~~~~~~~~~~~~~~~~~~~~ L A ~~~5F6 .4 ,~ ~~~~~~~~~~~~~ ~~~~~~+

370— +sF 9.4, i ’  ii~C~iES’sc )
380—..
410= PHOGRA~14 L1NFREQ(lf’JPUT~OUTPUT~ TAPE5=INPUT, TAPE6=OUTPUT)
420 REAL M
1130 P1= 3.1-416
1J I4O= WRI TE(6,400)
450= HEAD ( 5, *) 1, Ps FYI , TI-I, D OA, Ups RHO
460= CPJ= 12 *SQR T C 1 ./,~*32. 174 * 144*P/RHO)
470= il=ABS (FYI)
450= TR= T/519.
490 PR P/1-4.7
500= 6 WRI TE( 6s 401)
510= READ C 5,*) FREQ
S20= I F ( F R E Q .E Q . O .) S T O P
530 F=FRE Q
540= A .0762* TR* TR* TH/(PR * ( TR + . - 4 1 6 ) )
550= B=.0000374*(TR**.75)*SQRT(F)/SQRT(PR*(TR+.1416))
560= EX EXPC-8.65 *M *tl - .5192*?I )
570= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
580= R 1/OA* (A+B* (TH/D+ (1-OA))+.1085*YI)
590= X C/OA- 1/TAN (2*PI*F*DP/CIN)
600= WRI TEC 6s 501) R.. X, FREQ
610 GO TO 6
620=501 FOH.~lAT (1X,*R *,F10.6,* X *,F1O.6,* FHEQ=*,F1O .1,/)
630= 400 FO HIAT (  IX , *E N T E R  TE?IP sPs FM , 1I( ~ D,OA,DP,RHO*)
640= 40 1 F O R M A T ( 1 X, *E N T E R  FREQ* )
650 END
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APPENDIX G

COMPARISON OF ATTENUATION PREDICTIONS

Table G. 1 Lining Attenuation Spectrum
Equal Energy 

~des ign = 0. 8

f AM RM SE TE Comb.

.4 136. 7 0 0 .0 2 0  .8o0
1 0 . 0 3 3 8  .674  1 . 4D B

.~~ 205. 0 0 0 .108 1 .325
0 1 . 147 .48 1
1 0 . 139 1 .2 36

1 1.086 .07 19
2 0 . 1 92 5  1.014 8. 7 D B

. 3  2 73.4  0 0 . 284  1.381
0 1 1.470 . 2 1 2
1 0 . 394 1 .471
1 1 .555  .ó04
2 0 . 5 1 2  1.347
2 1 1.3 10 . 265
3 0 .689 1.135 2 2 . 6 D B

1.0 341 .7  0 0 .242  1.433
0 1 1.204 . 3 2 3
0 2 2 . 6 1 1  . 1476
1 0 . 1 3 7  1.737
1 1 .425 .92 5
2 0 . 240 i . 5 1 5
2 1 1. 064 .397
3 0 . 398 1 .196
3 1 1. 72 8 .2 5 8
4 0 . 730 . 794 1 5 . 4 DB

1.2 410.1  0 0 .0991  1.936
0 1 • 373 . 62 7
0 2 2 .290  .107
1 0 . 0633  2 . 1 9 9
1 1 .146 1 .534
1 2 1 .473 . 1 6 5
2 0 . 103  2 .015
2 1 .294 .8 47
2 2 2 . 2 0 2  .115
3 0 . 155  1. 754
3 1 1.184 . 229
4 3 . 4Z 1.377
4 1 1.903 . 153
5 0 .488 .802 10 .0  DB

Conditions: Cy lindrical duct • h f/ c
L / H~~2 Mach • 0 h r 40’

Optimum impedenc e/2 ( . 89 00- .3 8 2 1 i )  at design
Design from linpar : Th ickness .05” Diameter .0 1 3

Open area .0036  Depth 2 . 7 1”
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Table G. 2 Pe ak Attention vs. Eta (Equal Energy)

1 AM RM SE TE

.4  1 36. 7 0 0 .6 604 .385
1 0 . 7335 .791 37. 6 DB

= .~~~ 2 73 .4  0 0 .2 835 1.38 1
* 0 1 1.470 .2 118

1 0 . 3944 1.4707
1 1 .5552 .6039

• 2 0 .5119 1 . 347
2 1 1.310 .2 650
3 0 . 6885 1.135 2 2 . 6 D B

2. 683.5 0 0 .0979 3 .909
0 1 .0 925 3 .366
0 2 . 1270  2 .4 1 1
0 3 1.32 9 .22 9
0 4 3.351 .0 906
1 0 . 147 5 3 .933
1 1 .1046 2 .988
1 2 .1 970 1.560
1 3 2 .475 . 12 3
2 0 .178 3.876
2 1 . 128 2.498
2 2 1. 169 .269
2 3 3.288 . 094
3 0 .207  3. 781
3 1 .1 81 1 .814
3 2 2 .300 .13 8
3 3 3. 974 .073 6
4 0 .237  3 . 6 5 0
4 1 . 138 2. 765
4 2 3.090 .105
4 3 4.589 .0691
5 0 . 2698 3 .4 80

1 . 176 2 .276
5 2 3. 753 . 0883
5 3 5 .159 .062 5
6 0 .309 3 . 2 6 7
6 1 .26 5 1.579
6 2 4 .348 . 0779
7 0 .358 3 .002
7 1. .893 .489
7 3 4 .69 8 .0707
8 0 .42 6 2 .6 7 5
8 1 1 .960 . 231 6  11 . 7 D B

Conditions: Cy lindrical duct • hi/c
L / H ~~~ Ma c h . 0  h~~~43

Optimum impedence / 2 ’  ( . 8900- . 382 1 ii for  all at Mach 0

1 ~ 4~ CEi
Z — Z e Atth • 10 log E

~ t~ 1 t o o
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Table G. 3 Data for Lining Attn . Spectra
Ductech Method

Cylindrical Cylindrical
L/H=2 L/H=2

ETA ETAdesign = .8 ETAdesign = 2 .4

ETAD ATTN/ATTN peak ATTN/ATTN peak

M = 0~~~M = - .5~~~M = .5 M = 0
~~~

M = _ .5 I M = .5

.40 .374 .338 .380 .414 .452 .380

.50 .570 .545 .573 .596 .623 .573

.63 .746 .732 .749 .762 .777 .749

.79 .946 .943 .946 .948 .952 .946

1.00 1.000 1.000 1.000 1.000 1.000 1.000

1.25 .946 .943 .946 .948 .952 .946

1.59 .746 .732 .749 . 762 .777 .749

2.00 .570 .545 .573 .596 .623 .573

2.52 .452 .42i .457 .487 .521 .457

3.18 .374 .339 .380 .414 .452 .380

4.00 .335 .298 .342 .378 .419 .342

4.62 .307 .267 .313 -- -- --
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APPENDIX H

FORTRAN SUBROUTINE FOR SKIN FRIC TION

COEFFICIENT OF ACOUSTIC SURFACES

SUBROUTINE F R I C ( t , C F , C F R , OA , R E O , UZ N F , N w
RF~ L N h

C I IS CODE FOR SURFACE
C 1=1. S T A G G F R ~~ H0LF~ —PE PFOPAT~~U P L ATF

C C 1=2 IN LINE HOLES—PERFORATED PLATE
C C I=~ RFIJNSCOIISTTC PL~~T F— K .‘ - ‘ 1 5 T N
C C I=~. BRUNSWICK FELT MET .L—KS= .G..7 IN

C 1=5 L A M I N L T F  OF PC L Y M 1fl~ C U I T H — K S . f l f l 6  IN
C C CF IS SMOOTH P L A T E  C O E F F I C I E N T  OF F~~I C T I CN
C C CFR IS ~‘0tJG H PL4 T F  CO E FF I C T FN T OF FRTCTTON
C C OA IS OCEN I~REA IN PERCENT (3.7. IS 3..)

C R F f l  Ic FFYNOLfl~ ~!ItM ~~~P R~~~~~fl ON HO ’ PT~~M FT~~P

C C OA AND ~ EO INFUT ONLY FOR PERFORATED PLATES
C IJTWF T~ F~~c~ ~TQ~~~M V F L  T N  F T/ S F C
C NU IS KIN VISCOUSIT Y IN FT~~~~/S EC
C r IFFAL I LT  ~flI h F  OF UTWF/NhI TS 7.~~6

IF -t UINF.EQ.O .)  UINF 7C O.
T F ( N I I ~~~~O.~~~. )  N I I= 1  . —~
IF(I.E0.~.) F= (i.59~ OA4*. 5—2 .-3j)’REO~~t.E—5T F ( T .~~f l.71 F= (1. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
IF(I.tO.3) F=5.25E—8#JINF/NU
TF(T.F0.—~ c=2.ti cF— 7~ 1I’ NcIwtI
IF(I.EQ.5) F=2.t~~E—7~~UINF/NU

RE TUF N

TRIS PAGE IS BEST QUAIl f P~ACflCA3J.a$

1~~M COPY TJR1U~HW TO DDQ

• - - - -- - - 
~~~~~~~~ —. aaS 
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