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FOREWORD

This report summarizes the work done under Air Force Aero Propulsion
Laboratory Contract No. F33615-74-C-2030 during the period of 8 February
1974 to 31 September 1977. It contains the analytical work describing
the propagation of sound waves in the acoustically lined ducts typically
found in quieted high-bypass turbojet engine nacelles. It also contains
computer programs developed to predict the effects of acoustic lining in
the ducts. The work was done by Dr. John J. Schauer, Mr. Eugene P.
Hoffman, Mr. Marvin E. Himes, and Mr. Robert W. Guyton of the University
of Dayton under Project Engineers Lt. Craig A. Lyon and Lt. Robert M.

McGregor of the Aero Propulsion Laboratory, AFAPL/TBC, Wright-Patterson

Air Force Base, Ohio 45433.
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SECTION I
INTRODUCTION AND SUMMARY

Recent Air Force regulation 80-36 states that Air Force tankers
and transports should meet the commercial noise regulations (FAR 36).
Since the dominant noise source of the high bypass turbojet engines
typical for these applications is the fan, it is logical that the investiga-
tion of the duct linings which keep the fan and core noise from escaping
via the inlet and exhaust ducts should receive attention. There are
several reasons that this attention should be focused into the Air Force

itself, rather than scattered throughout the commercial aircraft industry.

First, is the need for sophisticated, standardized prediction
procedure for evaluating competitive aircraft designs on an acoustical
basis. The need exists because of the differences in the many existing
prediction programs currently in use by the aircraft industry. A
comparison of several of these prediction programs will be a part of
this report. The differences in prediction techniques between competi-
tors would create a difference in predicted noise even for identical
designs. It is important that competitive designs be evaluated after

being put through the same acoustic prediction procedure.

A second reason that attention to Air Force aircraft acoustics
should be focused in the Air Force is that a clear difference exists
between the Air Force aircraft mission and the civilian commercial
aircraft mission. This difference may make a different set of design
parameters feasible for the two types of aircraft. That is, the Air
Force aircraft may require fans producing higher frequency noise than
their commercial counterparts or different bypass ratios. Air Force
aircraft may also require more durable linings or different maintenance

schedules. A prediction program developed primarily for commercial




aircraft and checked out over a range of commercially feasible parameters
might be of doubtful validity over a different range of parameters asso-
ciated with designs meeting the Air Force mission. For this reason too,
the Air Force needs its own prediction procedure, checked out over a

range of parameters compatible v7ith the Air Force mission.

A third reason for focusing Air Force attention on duct acoustics
is that the area is rapidly developing via involved analytical techniques.
1 This means that in order to follow the recent developments, a familiarity
with the underlying analytical background and the physical principles
involved is virtually a necessity. The familiarity can come only by a :

consistent, long term commitment in this area. %

For these three reasons then, the Air Force contracted with the
University of Dayton over the past several years to maintain an effort in |
the field of sound transmission through ducts. The effort was divided

into three phases. Phase I consisted of the investigation of duct acou-

stic theory and computational procedures. Phase II consisted of
assisting AFAPL in integrating Phase I work and programs from other
sources into a performance/noise trade procedure. Phase III consisted
of assisting AFAPL in applying the performance/noise trade procedure

to selected aircraft.

( _*

| . PHASE I - DUCT ACOUSTIC RESULTS 1
Phase I results may be summarized under several headings as

follows: :

1) A least attenuated mode program was developed which iterates H

to find the acoustical lining impedance and subsequent design which gives
a maximum exponential attenuation to the mode which is attenuated the

least. This program handles any combination of 1) no flow, uniform

flow, or sheared flow, with 2) rectangular, annular, or cylindrical
ducts, for 3) one or two soft walls, This program was the basis for

the study reported in AIAA paper number 75-129 [1].

2
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2) A separate version of the iterating program mentioned in
part (a) has been developed as a major working tool for modal analysis
of constant cross-section ducts. This version is capable of finding all
the modes for a given duct lining configuration but it is not entirely
automatic as is version (a). This version was developed as an aid to
a higher order angular mode study by Hoffman [2]. It is designed
for interactive use from a time sharing terminal. The interactive
procedure is somewhat routine except for initial guesses of modal
characteristics and interpretation of the resultant modal characteris-
tics. Experience or guidance is necessary for successful use of this
version. This version produces input necessary for studies as reported

in reference 3.

3) An analytical study was completed on the orthogonality of
the duct acoustic modes for no flow, uniform flow, and sheared flow
which results in isolation of the expansion coefficients for modes tra-
veling in both directions. The uniform flow theory is implemented in
a computer program for sound propagation in a segmented lining duct.
Both the uniform flow and the sheared flow isolation of the model
coefficients should have an important impact on the analysis of large
systems of ducts as might exist in an idealization of a complete engine
nacelle configuration. This study is introduced in reference 3 and

detailed in this report for the first time.

4) Studies of double layer linings and single layer linings were
conducted. These studies resulted in computer programs which de-
sign a perforated plate lining to correspond to given acoustic impedances.
Other versions of these programs do the problem of finding the acoustic

impedance of a given perforated plate type liner, single or double

thickness. The double layer work is contained in a report by Hoffman [4].

His work includes a program for obtaining the local optimum lining
resistances and backing and space depth to approximate simutaneously

given acoustic impedances at two frequencies.
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2 PHASE II - NOISE /PERFORMANCE RESULTS

1) A comparison of the attenuation predictions of several existing
prediction procedures is given. These procedures include two semi-
empirical procedures, least attenuated mode, plane wave techniques,
finite difference on segmented lining, and equal energy in the propagating
modes procedures. Two of these are based on Phase T efforts and one on

an associated effort conducted by AFFDL/FBRD.

2) After several discussions with AFAPL and Design group
personnel, a decision to develop a performance/noise trade procedure
based on an existing noise prediction program BOEING, was made.
BOEING was to be modified depending on the results of 1) above to
reflect the work done in Phase I. This program was to be used in con-
junction with existing performance programs in use by the Design group.
The only missing link between the two programs was a need for friction

factor information about acoustic linings by the Design group.

3) A study of available material concerning the surface roughness
of acoustic lining materials was conducted and a computer program and

report[5]  written to fulfill the need of the Design group.

3 PHASE III - VERIFICATION RESULTS

The Advanced Medium STOL Transport (AMST) was selected for
the initial application of a performance /noise trade procedure by AFAPL,
Design, and University of Dayton personnel. Several engines were
considered including the CF6-50, JT8D- 17, and JT8D-209 refan.
Consideration of the baseline aircraft and grown nacelle configurations

will be continued in a follow-on effort under Contract F33615-78-C-2016.
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SECTION II
LINING OPTIMIZATION - LEAST ATTENUATED MODE

Early in this contractual effort, emphasis was placed on obtaining
an automated lining design program. The effects of a sheared velocity
profile on the optimum lining was to be investigated in detail. As a
consequence of this emphasis, a computer program was developed
which required a minimum of input data and which iterated as required
to obtain the optimum lining acoustical characteristics. The lining
acoustical characteristics were then converted into an actual lining
design by the use of information in the available literature regarding
lining parameters. A brief excerpt from our published work [1].
will clarify the technical effort involved in this program. The follow-

ing pertains to the cylindrical duct portion of the program.

The optimum duct wall problem was approached via the governing

partial differential equation for sound propagation in a duct with a

constant thickness boundary layer as derived by Mungur and Plumblee [6].

This partial differential is separated in the three space coordinates and
time. The resultant ordinary differential equations are solved in time,
in the axial coordinate, and in one cross-duct coordinate (angular
variation). But in the other cross-duct coordinate (radial variation)

the differential equation takes the form

2 2k 2
dP 1 z_ dM, dP 2.2 . 2 2. . m _
_dxz + (x+-———(k_kzM) _’dx ax + H [k -kz (1-M"7)-2Mk kz-H———sz] P=0

where

P is the complex fluctuating pressure in the X direction
X is the normalized coordinate across the duct (radial)

M is the local Mach number
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is the duct height (radius)

is a constant proportional to frequency

is the complex axial propagation constant

3 5 & m

is the mode number of the pressure fluctuation in the other

cross-duct coordinate (angular)

with the boundary conditions involving the wall impedance, Z, as

Z _+ ikP
e~ 3P
X | wall

p is the fluid density

(= is the speed of sound

This equation with its boundary conditions was solved as an eigen-
value problem by Mungur and Plumblee and by Eversman [7]. The
present study uses an approach similar to that developed by Cremer [8]
for the no flow case. Values of the imaginary part of kz, the propagation
constant, are proportional to the attenuation of the sound pressure down
the duct. Picking an imaginary part of kZ and varying the real part
using a numerical integration across the duct produces curves of con-

stant attenuation in the wall impedance plane.

The curves form loops which reduce to a point as the attenuation
is increased as shown by Cremer. A computerized procedure to home
in on this point was developed to obtain the lining where the 'least
attenuated mode'' has the highest attenuation. This point corresponds
to the lining where the first and second radial modes are the same, a
double mode point, and the lining parameters here define the "optimum"'

lining.

The boundary layer profile enters into the calculation in both the

dM/dX term and the M terms which are functions of X. Because the
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steep velocity gradient at the wall causes the term involving M' to domi-
nate at the wall, the boundary layer model used was the 'law of the wall"
as shown, for example, in Kays' [9]. In addition 1/7 power profiles
and 1/7 power profiles modified in the one percent of the profile nearest
the wall were tested in the differential equation. The 'law of the wall"
profile was used in the parameter studies illustrated. The wall shear
was computed from the Blausius relationship for smooth walls as given

by Kays.

The automatic convergence of this program has been verified over
the frequency range where 2Hf/c is between 0.4 and 6.0. Here f is the
frequency. This range is validated for rectangular, cylindrical, and
annular ducts with one or two soft walls. It also holds for various shear
layer thickness and mean flow Mach numbers of £ 0.5. The program

and typical input and results for an annular duct are shown in Appendix B.




SECTION III
INTERACTIVE MODAL ANALYSIS

The major tool developed for a modal analysis of a given lining is
this interactive version of OPTSHE. It is called a version of OPTSHE
because it uses the same subroutines to set up the shear layer, to solve
the governing partial differential equations, and to establish the governing
equations. It's use of these subroutines, however, requires that the pair
consisting of the modal attenuation and phase velocity be input rather
than output as in the optimizing version. The flow configuration and
duct configuration are input exactly as in OPTSHE. An input of modal
characteristics results in an output of the lining acoustical properties
which would give those characteristics. An iteration procedure is then
utalized to permit the deterniination of a pair of modal characteristics
corresponding to given lining acoustical properties. This procedure may
be repeated to give other pairs of modal characteristics for this same
lining. The pairs define the various modes which correspond to the
given lining. In this manner angular modes or radial modes may be
established. The modal results can be used in an ''equal energy in the
propagating modes' analysis as in SectionVI of this report. The modal
results can also be used as input to the modal analysis of multisectioned

liners as in Section IV of this report.

This interactive version of OPTSHE is listed in Appendix C along
with a typical terminal run. Notice that the input is requested by the

program and that there is an open format for the input.




SECTION 1V
ORTHOGONALITY STUDY AND ISOLATION OF
MODAL COEFFICIENTS

1. UNIFORM FLOW

a. Introduction and Summary

An orthogonality condition, as first given by Zorumski [10],
is derived for parallel uniform flow acoustic modes in rectangular,
cylindrical or annular ducts with soft walls. The orthogonality condition
permits the expansion of arbitrary input pressure and velocity distribu-
tions in terms of summations involving the duct modes, the mode
eigenvalues, and uniquely determined coefficients. The orthogonality
permits the coefficient of, for example, the first radial mode to be
determined without the other radial modes or their eigenvalues being
known. The orthogonality condition is demonstrated with example
problems in a cylindrical duct and the coefficients examined near a

double mode point for a plane wave input.

In Appendix D. 1 a d'Alembert type solution is assumed and
is shown to be completely compatible with Ehe solution presented in this
section. The d'Alembert solution may be clearer when interpreting
acoustic waves to be traveling in both directions. It is alsc shown in

the appendix that isolation of the acoustic model coefficients can easily

be adapted to multi-segmented duct liner theory.

Because the radial eigenvalue is contained in the boundary
condition, uniform flow modes in a soft walled duct are not orthogonal in

the usual sense as previously stated for example by Rice [11] for

cylindrical ducts and Tester [12] for rectangular ducts. Although this
does not prevent an approximate expression of arbitrary pressure and
velocity distribution in terms of an expansion involving a finite number
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of the duct modes, as done by Rice, it does make the process approximate
and laborious. This paper shows that the coefficients may be determined
easily and uniquely using only the mode and eigenvalue whose coefficient
is being determined. The method was mentioned by Lansing and Zorumski
[13 ] and some results for a plane wave can be found there. The purpose
of this paper is to present the method for an arbitrary pressure and
pressure gradient in a manner which can be understood by practicing

duct acoustic personnel.

The derivation presented here was suggested by Dr. K. G. Guderley
and results in the development of the orthogonality condition without the
use of the terms '"adjoint'" and '"inner product.' Dr. D. W. Quinn, also
of Wright-Patterson Air Force Base AFFDL-FYS, arrived at the same
results using the adjoint differential equation. Dr. Guderley continued
to provide guidance at points of difficulty throughout the paper. This
investigation was carried out under contract to the Air Force Aero
Propulsion Laboratory (AFAPL) at WPAFB. The work was done at the
Applied Mathematics Group of AFFDL (FBRD) at WPAFB and at the

University of Dayton.

b. Orthogonality Condition

The derivation of the orthogonality condition will be done in
detail for cylindrical ducts. It extends easily to the case of annular and

rectangular ducts and the results will also be indicated for these duct

types.
(1) Cylindrical Ducts

Starting with the well known Bessel's differential
equation which results from a separation of variables approach to the
governing partial differential equations for the sound propagation in a
cylindrical duct with uniform flow, as shown for example in Rice [14 ],
we can write

p(r,0,z,t) = P exp[i(w-kzz)]cos mé (1)

10
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X
" l [} 2 . - =
P" + P+ (kR) [1 - 22(102) - 2m -(——-k" )]p =0 (2)

and

P is the complex fluctuating pressure variation with x; P = P(x)

x is the normalized radial coordinate; r/R

R is the duct radius

M is the flow Mach number (constant)

k is a constant proportional to frequency; k = w/c

A is kz/k, the eigenvalue for (2)

w is the circular frequency

c is the speed of sound

m is the angular mode number
and primes denote differentiation with respect to x. Multiplying Equation 2
by x, condensing the first two terms, and adding a subscript to P to denote

that the 2P radial mode also satisfies Equation 2 with A = )\z we have

|
o]

2
(XP!'L)' + (kR)2 % [1 -(k—l-}:;) ] X - (1-1‘42))‘ix - 2M x By (3)

with the boundary condition representing continuity of partical displacement

at the outer wall as

5 = b e 2
I‘;L(l) = - ikRA(1 - .ukl) PQ (4)

where A is the specific acoustic admittance of the outer wall and from

Eversman's [ 2 ] work for a cylindrical duct
pi(o) = 0 (5)

The nth radial mode satisfies the same equations and boundary conditions

kRx

2
(x1)' + (kR)® {[1 -(—1“--) ] x = (1-MnZx - QW\nx} P =0 (6)

2
(] & o ¥ o
Pn(l) = ikRA(1 Mln) Pn

(7)

11




Pr'l(O) =0 (8)

Multiplying Equation 3 by Pn and integrating across the duct gives

i il -

1yt 2 m Y s
ﬁxPz) P oax + (xR) fpl [1 o } x - (1-M )Alx - 2Max ¢ P dx = 0 (9)
0 0

Integrating the first term by parts

1 1 3
/ (xpy)'p dx = {xPI'L‘Pn] -/ Py xP | dx (10)
0 0 0
and integrating again by parts shows
1 1 1
[(xP;L)'Pndx = [XP;LPn - ngP“q] + _[Pz(XPL)'d" (10)
0 0

0
Substituting this into Equation 9 with the boundary conditions of Equations

4, 5, 7, and 8 gives
1 1
P,(xP')'dx + (kR)2 P 1 - (== : (1 1A% OMA P dx
2\ *n ) Sy | = S PG S =R fe
(11)
0 0
. S ; S
+ Pz(l)Pn(l)lkRA(l—f-ﬂn) - Il(l)Pn(l)lkRA(l - M) =0

Nor multiplying Equation 6 by Pl, and integrating across the duct gives
L

al
[Pz(xpr'x)'dx + (m)2 [ Pz {[1 - (.k-ﬁl)%y] % = (I = 1’*12))\;::( = gwnx} Pndx = 0

. 0 (12)
Substracting Equation 12 from Equation 11 leaves
1
2 2 [a)d
[[(1 - Iv'.2)()\: - )‘g,) + c.‘l()\n - )\l)] xPandx +
(13)
0

ih w2 o (1M s
T’Q(l)Pn(l)ﬁ (1-Axn) (1M9’)

1z




. : 2 29 < i
, Factoring (Xn - Xl) into (ln - )‘z)“n 4 lz) and simplifying the boundary

condition term in a similar manner we find that
I

iAf _
(An = )\2){ ~/‘(>\n + AQ - f)xPandx + Pz(l)pn(l)—-ﬁ} = 0 -

0

£ Mz(xn + ) - ou

If AL # )\z then the quantity in the braces in Equation 14 must be zero, or

! i

: (xn * Ay = f)/ XP P dx + Pz(l)Pn(l)-i—ﬁ—; =0; %% n (15)

0

is our orthogonality relationship for a cylindrical duct. We will refer to
the first term in Equation 15 as the integral term and the second as the
boundary condition term. In examining orthogonality in our example
problems we will divide Equation 15 by (Xn + )\z - f) and will refer to the
resultant first term as the isolated integral and the resultant second term

as the modified boundary condition term.
(2) Annular Ducts - Orthogonality Condition

With the boundary condition on the inner wall of an

annular duct expressed as
P'(x;) = ikRA(L - ¥A)%P(x,) (16)

we find that the orthogonality relationship for annular ducts is the same as
for cylindrical ducts except for the boundary condition term which expands

to become

if (17) ]
ﬂ—; [ﬁ.on(l)Pn(l) + Aixipg(xi)}"n(xi)] !

where the ( )0 subscript refers to outer wall quantities and ( )i refers to
quantities evaluated at the inner wall and the lower limit on the integral is

X.e
1

13




(3) Rectangular Ducts - Orthogonality Condition

Considering only the simplest case of three walls
hard and one wall soft in a rectangular duct the separation of variables
solution of the governing partial differential equation as shown by Rice

becomes

p(x, ¥, 2, t) = P(x)exp[ilwt - kzz)] cos m2my /v

with
2 2 mem <
P" + (kE)°]1 - 2°(1 - MQ) - 2MA ’(ﬁ*‘\? P=0
P'(0) =0
P(0) =1
P'(1) = - ikHA(1 - MA)2P(1)

where H is the duct height and w is the width between the hard walled

faces. Manipulating the modal solutions of these equations as before we find
ik
iAf _ . 18
(An * X = L) / PP dx + P (1)P (1) ;L #n (18)
0

as the orthogonality relationship for a rectangular duct.

(=) Coefficient Isolation

(1) Cylindrical Ducts

The usefulness of the orthogonality relationships
derived is dependent on whether or not they can be exploited to isolate the
coefficients of expansions of arbitrary initial conditions in terms of the

radial modes. We will take as initial conditions

P(x, 2=0)z=g=F b P i
R=7
and
aP
—(xa z=0) =h
14




where g and h are our arbitrary initial conditions. This breaks with

tradition since the usual initial conditions are given in terms of pressure
and axial velocity as used by, for example, Lansing and Zorumski [4. 3]

instead of pressure and axial pressure gradient as used here. The axial
momentum equation, however, shows that if the axial pressure gradient

is continuous then the axial velocity must also be continuous. For our

separation of variables type solution

= = iALP (21)

313

we can see from Equations 19, 20, and 21 that

= Z b A P
X g=1 L (22)

In order to isolate the bz's we can substitute
Equations 19 and 22 into Equation 15 by (a) multiplying Equation 19 by
P (1- M )A xdx, (b) mu1t1ply1ng Equation 19 by P 2Mxdx, and (c) multiplying
Equatmn 22 by P (1- M )xdx, integrating these three from zero to one and
adding to form the integral term in Equation 15 with its coefficient on the
right hand side of the resultant equation. To this we add the boundary

condition term

Zb P (1)P ihne e
(WP (00, + 1) - 2] (23)

to both sides. The right hand side is then a summation of terms each of
which corresponds exactly to Equation 15 which means that it will be zero

except when £=n. That is, the right hand side will be
L

[2(1 - M‘?)A + 2M] fo ax + 2p° (1) (vzx - M) (24)

and the corresponding left hand side will be

15




~ l :\
| R ! il g (1) +« 22 wi1)
()\r < fn)/YEP dix) B KHP 8% # et [ n& %
1
0 0
bn = S GRS 1 ’
iA 2
(2;“-1“2) fxfr dx + ;5 ¢ (1)f,
0
(2°7)
where
£ oz Mo - 2M
n B - PY
(o]
£ = 2NN - 2V
iz n P
(2) Annular Ducts

1 1 ,
2 ih :

(1 -M)r + em]f xgP dx + (1 - Mz)fxi{‘ P dx
o v

0

o (25)
1
* %R

$ - e
PA(LE b2 (LI[FA + 2 - 2]

=1
The summations in the left hand side involving the boundary condition on the
modes may be simplified since these sums must be the boundary condition
on g and h from Equations 19 and 22. This permits the last term in

Equation 25 to be written as

2 1n(1) 25) a

iA >
e - o itvend
(1)4(et A -2 Jg(1) + M -

ki °n

Combining Equations 24, 25, and 26 and solving for bn gives

Using Equation 17 in Equation 15 with Equations 19
and 22, the expansion coefficients for an annular duct may be written in the
same form as Equation 27 except that the boundary condition terms change

S
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in both the numerator and the denominator. The boundary condition term

in the numerator of Equation 27 becomes

Wi

. 28 (28)
i{-}l?-c; {AoPn(l) [fng(l) e h(l)] + AixiPn(xi) [fng(xi) + M-:—l— h(xi)]

and the boundary condition term in the denominator of Equation 27 becomes

if

(29)
2 2 )
P [Aopn (1) + A;x;P (g )]

and the lower limit on the integral is x for an annular duct.
(3) Rectangular Ducts

The the three hard and one soft walled rectangular
duct we use Equation 18 with Equations 19 and 22 to obtain exactly the same
results as for the cylindrical duct except that the x is missing from inside

the integrals and R is replaced by H in Equation 27.

d. Example Problems

Five example problems in cylindrical ducts are presented to
illustrate the method and permit a directed discussion of the ortho onality
conditions. The modal coefficients bi's, shown in Table 1 are computed
for modes which are normalized to a value of 1 + 0i on the duct centerline
for Cases 1, 2, 4, and 5 which are axisymmetric (zero angular mode)
examples. Case 3, which is for an angular mode of three, has the radial
modes computed by expanding as shown by Eversman for x less than . 001
and then normalizing the maximum value of the real part of the resulting
radial pressure distribution to 1.0, A plane wave of raagnitude 1 + 0i at
z = 0 is the initial condition used in all cases. This results in g = ih/k = 1.0
for g and h in Equations 19 and 22. The bi’s are then computed from

Equation 27.
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(1) Single Mode Points

Cases 1 zriu = are examples of single mode points.
That is, the wall admittance has been selected for Cases 1 and 2 at about
4/3 of the "optimum!'' admittance. For this purpose '"optimum'' means the
admittance at which the first and second radial modes coalesce for zero
angular mode. At 4/3 of this admittance the radial modes are well
separated for our examples. The coefficients of these two cases are typical
of single mode points. That is the first coefficient is of the same order of
magnitude as the initial conditions which are of magnitude one. And the
higher order radial mode coefficients are of smaller magnitude. These
first two cases were chosen to give a spread in the reduced frequency, kR.
This was of interest particularly in examining the orthogonality of the
modes in each case because the boundary condition terms of Equation 15 are
inversely proportional to kR and the '""optimum'' admittance goes down as
kR goes up giving a total effect about inversely proportional to kR squared.
This would mean that as kR gets large the integral of xP£Pn would get
small, approaching the ''usual'' orthogonality. Checking orthogonality, the

integration of xP Pn was performed numerically and the modified boundary

condition term a;ded to this. For the accuracy used in these computations
the sum of the integral plus the modified boundary condition term was less
than 0.3% of the integral for all three combinations of £ # n in Case 1.

Case 2, where the integral itself is much smaller, the sum of the integral

plus the modified boundary condition term was less than 10% of the value

of the integral, £ # n.

Case 3 is for an angular mode of three. Here,
with the accuracy used, the numerical integration plus the modified boundary
condition term was less than 4% of the integral, £ # n. The coefficient of
the first mode for Case 3 is significantly smaller than for Cases 1 and 2.
This is expected since the higher order radial modes must build up the
plane wave near the duct centerline where all the modes start with zero

magnitude and zero slope.
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2) Near Double Mode Points

Cases 4 and 5 illustrate the anticipated behavior as
a double mode point is approached. The first two radial modes for Case 4
have the imaginary parts oi kZ /k the same while the real parts differ by
about ten percent. Case 5 is a2lmost identical but the real parts differ by
only four percent. Notice that coefficients of the first two modes, b

1
both get large and are of opposite sign. The situation is analogous to

and b2

Tester's [ 15 ] investigation of double mode points in rectangular ducts with
no flow. The large coefficients which arise can be explained, intuitively at
least, by considering the function space (initial pressure and pressure
gradient distribution) obtained by linear combinations of its basis functions
(the radial modes) as analogous to points in a two dimensional space (a2 plane)
obtained by linear combinations of basis vectors (any two nonparallel
vectors in the plane). The mode shapes of the first two modes approaching
each other corresponds to two unit vectors in the plane becoming almost
parallel. In order to get a point in the plane not ir the direction of the
almost parallel vectors by a linear combination of these vectors the two
coefficients of the vectors must be very large and of opposite sign. This
causes the difference between the vectors to be amplified while the parallel
component of the vectors tends to cancel. This corresponds to the given
initial conditions which must be formed by linear combination of the radial
modes. When two modes become almost identical their coefficients
becoming large and of opposite sign corresponds to the difference between
the two modes being amplified to create a portion of the initial condition
corresponding to the difference between the two modes. The similarities
between the modes are not similarly amplified because of the difference in
sign between the coefficients. Even as the modes approach each other they
still satisfy the orthogonality condition (Equation 15) as was demonstrated

numerically for Cases 4 and 5.

As the modes approach each other in shape their

propagation in the z direction approaches the exponential times A + Bz




(A and B constants) behavior shown by Tester. This behavior can be seen

in the present context and notation by considering the form of the first two

terms in the infinite series (Equation 19). The series takes the form

z

-ik
, ¥ b2P2(x)e 2P ® oo (30)

-ik
P(x, z) = blPl(x)e z >

Near a double mode point Pl(x) is almost identical with Pz(x) and kZI is

almost equal to kzz. Defining at any fixed value of x, for example x = X»
: G 31
Pa(x;) = P (x) + ap (31)
where AP is a small difference and
k =k +¢€ (32)
“s L5
where € is also small, permits the writing of Equation 30 as
Bzl b Bl 2" +b o R P R e
xl' =b,P,(x, z1 2 lxl e zle e (33)

The last exponential can be expanded in the usual exponential series, the

higher order terms in ez neglected and the APe product assumed negligible

to give
Plxy, ) m b (xde o ® Ly g (x,)e ¥z % + v (aP - P.(x,)iez)e ¥z 24
L e %y gUBF = Pyl Sk et
(34)
This rearranges to give the form
- . - i¥ gz
P(xy, 2z) = {(bl + b2)P1(x1) + b8P - 1P1(xl)£ﬁ]} e g+ (35)

if X is chosen at the centerline in the axisymmetric case where both modes

are normalized to 1.0, then AP is zero and

P(O. 2) + [(b; + b)) = iben] Pl(O)eikzlz PO (36)
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While both b1 and b2 are large, they are of opposite sign and both the

b1 + b2 constant term and the ibze: linear term coefficient are of reasonable

size. This is the exponential times A + Bz behavior near a double mode

point also shown by Tester.
e. Discussion

The uses of an orthogonality condition such as that derived
here are several. First, it can be used to find the amounts of the first or
first few radial modes present in an arbitrary radial initial condition
without finding or using the higher order modes. This is an advantage
because often the higher order modes are attenuated so rapidly that they
are of little importance when studying the sound propagation. Second, as
shown by Lansing and Zorumski, orthogonality can be used in a mode
matching type of analysis at a discontinuity in duct lining, Third, an
orthogonality condition for the radial mode may be combined with an
orthogonal expansion in the theta direction in a double expansion to give a

capability for finding the amounts of the various radial and angular modes

j present in an initial pressure distribution which is a function of both radial

and angular position.

Completeness of the radial eigenfunctions has been assumed.

e Summary

Expansion coefficients have been isolated for uniform flow
with the help of the orthogonality condition derived. Example problems
have been presented to illustrate the effects of being near a double mode

point.
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2. SHEARED FLOW

a. Introduction

A method for isolating the acoustic modal coefficients is
presented for a softwalled cylindrical duct containing a sheared parallel
flow. The linear acoustic equations for the sheared parallel flow are cast
into the form of a linear eigenvalue problem with associated eigenvectors
and by utilizing the definition and properties of the complex inner product
an adjoint eigenvalue problem is formed so that the usual definition of
orthogonality exists between the acoustic modal vectors and the adjoint
modal vectors. The modal coefficients can be isolated by using the
orthogonality property. An alternate approximate technique using the
Galerkin method is also presented as a means of isolating the sheared flow

modal coefficients.

The partial differential Equation 37 which governs the linear
acoustic wave notion for a sheared parallel flow contained in a cylindrical

duct (Figure 1) is a derived by Mungur and Plumblee [ 6 ].

2 2 2 ;v
1 3’ P, K 2M(r) 3 P 2 8 P SMir} xR
g atz puiome S + M“(r) az?‘ - 2pc e Vp=0 (37)

where vz is the Laplacian operator in cylindrical coordinates

2 A gty g g gl
L7 R e B 3 2 .2 . 2
ar r° 20° 3z

and the Mach number M(r) depends only on the radial coordinate. It can be

shown that, if the fluctuating quantities p(r, z, 6, t) and v(r, z, €, t) are pro-

portional to elk((:t-x 2)

iP'(r)
pck(1-M(r)r) (38)

cos nf, the radial momentum relationship becomes
vr(r) =

and the partial differential Equation 37 reduces to the following ordinary

differential equation and wall boundary condition.
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n .]; M_I'_L ' 2 2_ 2_ =
P (r)+[r+(l-M(r)A))P (r) + k [(I-M(r)X) A (kr)2] P(r)=0 (39)

and the no=slip wall boundary condition is

11
wall = il P(r) {wa

P'(r) (40)

- P
Zwa.ll ¥ (v
r

The governing ordinary differential equations for a uniform

flow and for a sheared parallel flow are identical except for the additional
!

lka P' in Equation 39 for the sheared flow making the uniform
flow orthogonality condition derived earlier in this report not applicable to

term of

the sheared flow case. Therefore a different orthogonality condition was

developed in order to isolate the sheared flow modal coefficients.

Schauer and Hoffman [ 3 ] presented in general an adjoint
method of solving for the modal coefficients in a sheared flow. This
method will be presented in detail on the following pages. Kraft and Wells
[ 16 ] have used an adjoint function to find modal coefficients, but only in
the case of a uniform flow where the acoustic modes are assumed to be
traveling in one direction. It is anticipated that the sheared flow adjoint
solution will converge to the uniform flow adjoint solution as the sheared

region of the fluid, the boundary layer, goes to zero.

As an alternate technique it is shown that the Galerkin method
as applied by Unruh and Eversman [ 17 ] and by Yurkovich [ 18 ] to an
attenuating duct can be extended so that approximate sheared flow modal

coefficients can be found.

b. Analysis Adjoint Method

As in uniform flow it is assumed that the radial acoustic
pressure distribution g(r) can be expanded as a linear combination of the

modal pressure distributions Pi(r)

glr) = ¢ b,P (r) (41)
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where Pz(r) satisfies the sheared flow differential Equation 39 and the wall
boundary condition, Equation 40. The radial distribution of the axial

pressure gradient H(r) is
O
H(r) = -ik bz)‘zpz (42)

and )\!, is the axial eigenvalue of Equation 39. The radial acoustic velocity
v(r), is

v(r) = }:bzvz(r) (43)

where vz(r) is the modal radial acoustic velocity as given by Equation 38.

Equations 41, 42, and 43 can be represented by one vector equation

g(r)

- o (IBELL T o

q(r) = " 2 bz Yz(l') (44)
v(r)

where ’?‘l is defined by

Py
?‘z = (2P, (45)
)

It is pointed out that the modal vector components of 'fz(r) are

functions of the cross duct coordinate, r.

A linear eigenvalue problem can be formed by defining [A] to
be a matrix operator such that
[A] ¥ (r) = AT (r)

where 1 is again an axial eigenvalue of Equation 39. The form of [A] can be

found by manipulating the sheared flow acoustic differential Equation 39 and

the radial momentum Equation 38. The differential Equation 39 is rearranged

to get

1 1., 2\M! 2 - 2
- P'+—P'+{s P+ K (1-2Mh - —5)P) = \'P (46)
K“(1-M") (kr)
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From the radial momentum relationship Equation 38

=17 Sl
PI
substituting for T in Equation 46 gives
2
> : S +%P' B M e B~ Bl R ) = R (47)
k (1-M) (kr)

By solving for A from the radial momentum Equation 38 and then multiplying

by v it can be shown that

iP!'
" pckM

Av = — (v ) (48)

L0
M
After substituting the expression for Av from Equation 48 into the modified

differential Equation 47 the final form of the transformed differential

equation becomes

2

1 1 : '
-—2—1————— Pt =Py kz(l-ZM)\ - —=—)P - ZipckMV(v - I—Pk-) = )\ZP (49)
K (1-M") : (kr) o
It can be verified that the matrix [A] defined below
0 1( ) 0 N
1 2M' 2 m2
PS50, Pk ===} ) '
= M -2M -2ipckM' -
(4] = e SU1 . SRy )} 450 ]
k (1-M") (1-M k (1-M )M
=i 2
pckM s M( )

and the relation Ay = A7 represents the set of equations 1

AP = \P

e

transformed differential Equation 49

radial momentum relation 12

where ¥ has been defined previously as y = (AP ) .




A complex inner product is now defined over the interval of
interest such that
T

<3 (r), B(r)> =] a(r) B (r)dr (51)
(e}

where ( ) represents the complex conjugate and (*) represents the vector
product in the usual sense. (See Nomizu [ 19 ] for details on inner product

spaces.) The definition of the adjoint [A*] of the operator [A] is given below.

<[A]l T, Z>= <7, [Ax]Z> (52)
z]

and the vector Z ={ zp\ is the adjoint vector.
25

By using the properties and definition of the complex inner product it can

be shown that if A is an eigenvalue of Equation 53.
[Aly =AY (53)

A must then be an eigenvalue of adjoint Equation 54.

[A*¥]Z = %z (54)
and —z'z is the adjoint eigenvector corresponding to_kz. If the inner product
<A Y, Zk> is formed and ¥y 18 the Et eigenvector of Equation 53 and z) 1s
the kth adjoint eigenvector of Equation 54, it can be shown that

- v,z =0 <v.,z >=0
(AL Ak)<yz, Zk> and 7L zk (55)

Hence the adjoint eigenvector is always orthogonal for £ # k to the eigen-

vector of Equation 53 when the eigenvalues are different.

Equation 55 is the usual definition of orthogonality. Assuming
a modal expansion exists, let 3 (r) be the generalized vector which fully

describes the conditions at any plane in the duct under consideration.
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ql(r) T .
q(r) ={q,(r)) = 4 b7 ,(x) (56)
q3(r)

The components of q (r) are the following

ql(r) = g(r) radial pressure distribution

ih(r) . . ; : : g
qz(r) e radial distribution of the axial pressure gradient
q3(r) = vr(r) radial acoustic velocity

When the inner product between the kth adjoint modal vector ':Zk and

Equation 56 is formed, all terms except one in the summation are zero
from the orthogonality condition, Equation 56. Hence,

_
9 Z, >

<q(r), zk(r)> = <bkyk Kk

and solving for bk

<q(r), a‘k(r) >

k <yk(r); Zk(r)>

Thus if the adjoint modal vectors can be generated, the sheared flow modal
coefficients, bk’ can be found. The eigenvalues and eigenvectors of
Equation 42 may be found by solving the differential Equation 39 with the
associated boundary condition (4), thus giving Pl(r), KE. Equation 38 is

used to find vz(r).

c. Construction of Adjoint Matrix [A*]

The only restriction placed on [A%*] is that it must satisfy

Equation 52.
<[AlY,Z> = <7y, [A%]Z>

Let [cyiJ] = [A] and [a:}] = [Ax%] i,J = 1,2, 3 then Equation 52 becomes
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x 5

= S i
) (ainJ) Zi dr = E Yy (OIJi Zi) dr (58)

where the definition of the inner product, Equation 51, has been used,

and the repeated index (unless the index is underlined) means summa-

tion over that index. Hence .
Ot T (_
[o%
LTLTLTRIES 2y
%5Y5%4 7 1 %1 %2 %23 | V2 B ¥ 4%
— B
[0
) a1 %32 % | Y3J Z3J
Nl o O | ~
and
( = —_* S _*1 —_— \
Y1 TR TR T
¥58u: 57 § Y, %1 %2 %3] § %2 >
E N a* a* z_
Y3 31 “32 33 3)
\ —

The operator x5

on y; can be transposed to 2_1 by performing integra-
tions by parts where r-\-ecessa.ry. Thus

r £
(2,55 ) Z, dr = Y (ag Z,) dr + [BC(y,Z)] , T
(o] — o — o — —_— _— — — 1—
and (59)
b od r
(ainJ) 'z’i dr = i Y; (ag 'Zi) dr + [BC(yJ_Z-i)] ag

Use Equations 58 and 59 to get Equation 60.

b of r

% ¥ e
= 60
¥ (aJi Zi) dr : ¥y (o:iJ zi) dr + [BC(yJZi)] °’i§ (60)
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If the Boundary terms collectively are made to be zero at the end-

points then

o r

P _ T =
¥ vy (¥5,24) dr = i vy (%5 z,)dr (61)

By letting a;;: air.ll" Equation 61 is automatically satisfied. The

construction of [A} is complete.

sk %k i 'I'

(A" = [o,}] = [0} ]
b - -—

The system of equations represented by [A ] Z(r) = X Z(r) can now be
reduced to a single differential in Zz(r). Since A is known the radial
distribution of Zz(r) can be found using an appropriate numerical
integration scheme or Runga-Kutta technique, and finally the sheared
flow modal coefficients may be isolated.

d. Approximate Method of Isolating the Modal Coefficients
(Galerkin Method)

As in the previous analysis on the adjoint method it is
assumed that the radial distribution of the Pressure, g(r), and the
radial distribution of the axial Pressure graduent, H(r), may be ex-
panded in a series of sheared flow modes, Pz, which satisfy the

differential equation (3). Hence

Z
g(r) =, b, P, = P(r)

2 _ oP(r)
-k A, b, P, =5

H(r)

and the differential operator L is defined below

1 2

DI i T TTOL N L 5
(kr)

" 1 2A\M
= =+
LP]=P + (r P-MA

]P=0 (39)
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The Garerkin method as applied by Unruh and Eveisman [ 17 ] assumes
that each sheared radial pressure distribution, P, may be expanded in a
series of the no flow eigenfunctions satisfying the wall condition as

N
P=2 € _R_ {k ) (62)

m mn n
n=1
. th . : .

where Rmn(kn r) is the n = eigenfunction for the no flow case and m is
the angular mode number. Thus each sheared flow mode, P, may be
made up of a linear combination of the no flow modes, Rmn(kn r).
After having substituted Equation 62 into the differential Equation 39
an error, €(r), resulted.

N &
L - e Rk 2l =) (63)
n mn n
n=1
Equation 63 is subsequently multiplied by (1-MA) to remove this term
from the dﬁe;nominator to give
‘N
(1-MAMyL| £ C_R = (1-MM) e(r) (64)
n  mn
n=1
Equation 64 is now multiplied by rRrnp and ’integrated over the radius
of the duct to give

R R

o (e]

%
(1-MA) L € K R rdr = (1-MX) e(r) R rdr (65)
g n n mn| mp “ mp

If the error €(r) is forced to be orthogonal to Rmp with weighting
(1-MM)r over the duct radius, then Equation 65 represents a set of
homogenious equations in Cn and A. It can be shown [ 18 ] that
Equation 65 can be cast into the form of a linear eigenvalue problem

such that
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[B]<x2>=lﬁxz$ (66)

3 3
& \ "/
where
= =4€. % = {xe | x. = Ix%c ]
1 n 2 n 3 n

and the Matrix B is composed of known numerical quantities which

come from carrying out the integration of Equation 65.

R
(o]

b z = 67

j; (1-M\) L[5 o Rmn] Rmp rdr = 0 (67)

Since Matrix B is known, the eigenvalues, A, and corresponding
eigenvectors can be found. Essentially Unruh and Eversman [ 17 ]
and Yurkovich [ 18 ] found the sheared flow eigenvalues and the no
flow modal coefficients, Cn, which were used to build up each sheared
flow modal pressure distribution, P. Hence
N
P =BG R (68)
£ ng
sheared n=1 i
To find approximate values of the sheared flow modal coefficients,
bz, Equation 68 is substituted into the expressions for g(r) and H(r).

Thus

2N N
glr)= £ b, | Z cyh, R (69)
4=1 . n=1 £ “mn
and
2N N
H(r) = -ik Z xz b‘ z Cn, Rmn (70)
=1 n=1
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It is known that the no flow modal pressures Rmn are

orthogonal to each other with weighting r. Thus

R
o
<Rmn, RmJ> E‘I; rR__R__dr=0 forJ#nand < )

means inner product. After forming the inner product of Equations

69 and 70 with R and using the no flow orthogonality, the following

J
equation results

2N

= Z = e e e
<g(r), RmJ> > b, Cy, <RmJ, RmJ> F= 4 N

and (71)

Y 2N
iH(r) £ _
< = ,RmJ> _z=1 xzbsz<RmJ, RmJ> Felose 8

Equations 71 represent a set of 2N linear equations in 2N unknowns,
b,. Equations 71 can be written in compact matrix notation as

( \Tj/}

{<g’ RmJ>} J=1... N o

AL ey

where [A] and [B] are Nx 2N matrices with

s

A
—_—
i
A
g
~

[A]=[Cy, KR R ;D]

Je L eee N
and
L=1 see 2N

rml =TI J
Lt SRR CJJZ <‘ij' RuxJ>]

The components of [A] and [B] are known from the previous solution of the

eigenvalue problem. Premultiplying by the inverse of the Matrix in Equation

72 will then give expressions for the sheared flow modal coefficient, bz.
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(A <<g’RmJ>} J=1..M

B i (73)

[B] <<1k—H’ RmJ>> J=1..N

e. Discussion

Methods for evaluating the acoustic modal coefficients have
been developed for the case of a cylindrical duct with a sheared mean flow.
Extension of these methods to include rectangular and annular ducts with
sheared flow is straightforward, although generating the adjoint vector in
the adjoint method will become more complex because of the additional

sheared flow region near the second wall.

The adjoint method of evaluating the modal coefficients is exact

and allows each modal value to be evaluated separately, but it requires that
the axial eigenvalues and radial pressure distributions for the sheared

flow to be known. The Galerkin Method gives approximate values for the
modal coefficients and requires only the no flow modal pressure distribu-
tions as input, but, as pointed out by Unruh and Eversman [ 17 ] and

Yurkovich [ 1g ], there are limitations on the application of the method.

As stated, axial eigenvalues are needed to implement the exact
adjoint method of evaluating the modal coefficients. Usually each eigen-
value is associated with a '"forward' or a ''backward'' traveling wave and
it is generally accepted that there are an infinite number of axial eigen-
values corresponding to each direction. This interpretation works out
well in a duct with a uniform flow where only two arbitrary conditions
(P(r), and u(r) or aa—I:(r)) may be specified across the duct. Each infinite
set of uniform flow eigenvalues, corresponding to either the forward or
the backward direction may be thought of as generating an arbitrary function;
hence P(r) or 2—1;(1'), (u(r)). Thus, two infinite sets of eigenvalues were

necessary. In a duct with sheared flow the situation is a little different.
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If the duct has a uniform flow region, then only two conditions
(P(r), %%(r) or u(r)) may be specified in that region; but in the sheared
flow region, since the partial differential equation is third order in the
axial direction (z), a third condition must be specified in that region.
That third condition can be v(r) (transverse acoustic velocity), but the
v(r) must be compatible with the wall boundary condition (P/v) and the
uniform flow interface with the sheared flow. Thus v(r) is arbitrary in

the sheared flow region, but not in the uniform flow region. Difficulty

£
now arises in trying to explain three arbitrary functions (namely P(r),
%-l?-(r), v(r)) with only two infinite sets of eignefunctions in the sheared
Z
E flow region. Further investigation into this apparent problem is continuing.

The eigenvalues which were discarded and called invalid in the
Galerkin Method [ 17 ] are being looked at more closely and the criteria
for calling these eigenvalues invalid is being reviewed. It is apparent
also that the approximate method (Galerkin's) of evaluating the modal

coefficients is not quite compatible with the adjoint method since the

former neglects the radial acoustic velocity in the sheared region entirely.
It is believed that this discrepancy will be resolved when the problem in

the sheared flow region is solved.

When the modal coefficients are found, the conditions every-
where in the duct will be known. The next logical step would be to analyze
the effects of sheared flow on a multisegmented liner's performance as

fone by Zorumski [ 10] for a uniform flow.

The only added feature of the sheared flow would be making the

[ radial acoustic velocity in the sheared region continuous across the

' impedance discontinuity. Some preliminary results are that the acoustic
pressure and the radial acoustic velocity must both be zero at the wall at
the discontinuity. The actual effects of the sheared flow on the liners

performance remains as a major area in which work is to be done.
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Summary

Two methods are developed for finding the sheared flow
acoustic modal coefficients. An exact method uses an adjoint solution to
isolate the coefficients; an approximate technique makes use of Galerkin's
Method in finding the coefficients. Several problems must be resolved
before either method can be used to analyze the performance of multi-

segmented liners.

SECTION V
LINER ANALYSIS

Several programs have been developed to permit the design of
liners with a given acoustic impedance and to ascertain the acoustic
impedance of liners of a given design. The perforated plate lining
programs LINPART and LINFREQ are based on papers by Nelsen, et al
[23]. These programs are incorporated as subroutines where needed

in our major programs. Listings of these programs are in Appendix E.

A design program for two layer liners based on a random walk

technique for finding local optimums is detailed in Hoffman's [ 4 ] work.
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SECTION VI
COMPARISON OF AVAILABLE
DUCT ATTENUATION PREDICTIONS

A comparison of attenuation prediction techniques was conducted.
Techniques compared were 1) Least Attenuated Mode attenuation as com-
puted using OPTSHE, the lining optimization program developed under
Phase I of this contract, 2) Plane Wave Propagation from either Rice [ 11 ]
or Quinn [24 ], with optimum uniform or optimum three-section liners
respectively, 3) Equal Energy in each propagating mode with a uniform
liner as computed using the interactive version of OPTSHE, and 4) Two
semi-emperical approaches, DUCTEC, a Pratt & Whitney program, and
BOEING, a Boeing program based on a report by Dunn and Peart [ 25 ].

Comparison of Peak Attenuation per L/H versus Eta (Rf/c) is
shown in Figure 2 for the no flow, L./H = 2, cylindrical duct. Results
for the finite difference method (3-sectional liner) were direct output of
program DUCT with optimum impedence as input. DUCTECH and Least
Attenuated Mode results were also direct outputs of programs DUCTECH
and OPTSHE.

Equal Energy results were indirectly the output of program OPTSHE.
At a particular eta, energy loss for each propagating mode was deter-
mined by OPTSHE output using the optimum impedence for the least
attenuated mode as the optimum impedence for the combined modes.
The individual energies were then summed and equalized over all propa-
gating modes by dividing total energy by the number of propagating
mecdes. The equalized energy loss was then used to calculate sound
level attenuation per propagating mode. Data for the Equal Energy

curve is shown in Table G. 1, Appendix G.
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Lining Attenuation Spectra comparisons for the no flow, EH =2,

cylindrical duct at design Eta's of . 8 and 2.9 are shown in Figure 3a

and 3b, respectively. Wall designs for the Least Attenuated Mode,
Finite Difference (single liner), and Equal Energy methods at each
design Eta were performed through program LINPAR with corresponding
optimum wall impedences as input. For frequencies different than the
design frequency, wall impedences were the output of program LINFREQ
with optimum design parameters from LINPAR as input. Spectra by the
DUCTECH method were output of the DUCTECH program.

Data and impedences for the Equal Energy method at design
Eta = .8 are in Table G. 1, Appendix G. OPTSHE data can be read

directly from this table.

The comparison of the peak attenuations in Figure 3a shows some
interesting trends. At low frequency the analytical attenuation peaks
were substantially above the empirical techniques. This would seem to
indicate that, while high attenuations are theoretically possible, the
narrow bandwidth of the analytical methods shown in the low frequency
half of Figure 3 make the attenuation of an actual liner very sensitive
to any deviations from the optimum wall impedance. That is, practical
manufacturing considerations make it difficult to attain the analytically

predicted high attenuation at low frequencies.

At higher frequencies, Figure 3 shows that the band width of the
analytically predicted attenuations is much wider than it is at low fre-
quencies, although still not as wide as the emperical band widths. This
widening of the band width can be interpreted to mean that the sensitivity
of the attenuation to lining wall impedance is donw. Consequently,
manufacturing tolerances would not be expected to have the devastating
effects that they had at low frequencies. This means that the actual

linings should approach the theoretical attenuation.
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Simutaneously with the widening of the band width as the frequency
increases another phenomena occurs. The number of modes that propa-
gate with only reasonably large attenuation increases too. It appears
that the slope of the equal energy curve is much nearer to the slope of
the empirical curves that the slope of the single mode curves. This
would mean that, in the ducts from which the empirical approaches
derived their data base, the distribution of energy over the propagating

modes was probably fairly even.

The equal energy curves shown were based on a single duct lining.
A higher attenuation might be expected from an equal energy approach
with a multisegment lining like the tkree segment lining shown for a

plane wave input. Studies along these lines are in progress.
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SECTION VII
ACOUSTIC LINING SURFACE ROUGHNESS

Evaluation of the effects of acoustical linings on aircraft perfor-
mance requires an accounting for the possible changes in weight, size
and surface roughnesses caused by the acoustical treatment. Methods
of accounting for weight changes and size changes are inherent in most
design procedures. The design procedures, however, usually evaluate
losses caused by skin friction based on a smooth surface assumption.
The results presented here permit the smooth surface capability to be
extended to acoustical type rough surfaces with minimum impact on the
established design procedures. The extention to rough surfaces follows
a form adapted from Pratt and Whitney [26 ] using data obtained by
Boeing [27 ]. A more complete description of the development is in

Schauer [ 5 ].

The correlation presented is a very simplified version of the
Boeirc ' 7 ] technique for computing the effects of surface roughness
on ski. triction coefficient. Its advantage is that it does not necessarily
depend on other computer programs. That is, it fits well with standard
design methods for smooth surfaces. The Boeing data on which the
correlation is based is relatively independent of Mach number when

put into the form (C - CF)/CF. Although the data is based on

FR
average skin friction coefficient for an entire plate, it should apply

to local values of skin friction coefficient as well. This follows from
the usual relationship for turbulent flow over a smooth flat plate where

the local friction coefficient is simply a constant times the average

friction coefficient.
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SECTION VIII

DISCUSSION AND RECOMMENDATIONS

1. PHASE I - SOUND TRANSMISSION PREDICTION

Schematically the problem of sound transmission prediction is of
the form shown in Figure 4 consisting of (1) a definition of the acoustic
source, (2) the attenuating effects of ducting, and (3) radiation to the far

field from the ducting ends. All three of these areas deserve consideration.

First let's consider the acoustic source. The work of Lordi and
Homicz [28 ] is certainly a step in the right direction. They are pre-
dicting analytically the radial distribution of pressure and axial velocities
at a plane behind a fan. This is just the information required as input
to duct attenuation programs. The prediction, howevexr, involves an
assumption of the duct around the fan and also the duct extending from
the plane. Consequently, there is a coupling of the two problems, that
of predicting the input to the duct and that of designing the duct to have
a minimal output. From our viewpoint, the problem of how the source
changes as the duct changes has not been adequately specified. This is
perhaps of more importance than the prediction of the initial conditions
analytically because in an actual design the initial conditions can be
measured with a known ducting as reported by Kraft [ 20 ]. An analy-
tical, or empirical, specification of how the initial conditions change
with ducting is desirable since an analytical ducting design is the
objective of sound transmission prediction work. It is recommended
that future work consider this coupling of the initial conditions with the

1 4 o=l van
auct uedigii.

Now let's consider the problem of radiation from the duct ends,
leaving the duct attenuation consideration until last. It is not difficult to

use the analysis of Tyler and Sofrin [29 ] to find the far field radiation
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associated with the pressure fluctuations at the duct exit plane. The
only strong assumptions involved are neglecting the effects of the mean
flow velocity outside the exit on the acoustic propagation, and neglecting
the forward quadrants. With these assumptions, the analytical propaga-
tion from the duct exit plane to the far field is well in hand. A way
around these assumptions will be discussed in connection with duct

attenuation predictions.

Finally let's consider the heart of the problem, the attenuation of
sound in the duct. Many analytical solutions to the duct propagation
problem are readily available. They all involve assumptions. From
our viewpoint the most noticeable shortcomings are, first, the best
treatment of the exit plane reflections neglects flow, and second, there
is a clear weakness in analyzing a varable area duct with a mean flow.
That the flow causes significant effects on the lining design is evident
from the constant area duct with flow results. An analytical and numeri-
cal procedure seems clear at this time which would eliminate these
shortcomings and simultaneously improve the exit radiation analysis.
This procedure follows the work of Quinn [30 ] in analyzing variable
ducts with no flow. Here Quinn maps conformally the varable area into
a rectangular area, using the mapping to change the no flow acoustic
equations in the variable area coordinates to new equations in the
rectangular coordinates. The new equations in rectangular coordinates
in the rectangular region are solved by finite difference procedures.

A preliminary study indicates it is feasible to map the flow acoustic
equations in a similar manner. Further, the study shows it seems
feasible to map a portion of the region outside the duct exit into the
rectangular region too. This eliminates the difficulties at the exit plane
and also incorporates mean flow 1nto the radiation analysis in the region
close to the exit where it is most significant. Our recommendation,

then, is that this promising approach be emphasized in future work.
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Still considering the attenuation of sound in a duct, another approach

which is promising is the utilization of the sheared flow modal coefficient
isolation developed in SectionIVinto an operating attenuation program in a
multisection duct. That is, the sheared flow orthogonality now must be
utilized in a manner analogus to the utilization of the uniform flow

orthogonality in the multisection duct program CO.

In conclusion, the present status of Phase I - Sound Transmission
Prediction is adequate to support the initial version of Phases II and III -
Development and Implimentation of a Performance/Noise Trade Metho-
dology. Improvement in prediction is possible and desirable to permit

improvement in the initial methodology.
2 PHASE II - PERFORMANCE/NOISE TRADE METHODOLOGY

The general scheme developed by AFAPL for performing Perfor-
mance/Noise Trades seems to be completely satisfactory at this time.
The sound transmission work developed in Phase I has not been inserted
directly into the noise analysis portion of the methodology. The compari-
son studies of Section VI show how the noise analysis would be changed

by inclusion of an analytical duct analysis instead of the emperical duct

The Phase I technology developed here fits into the Performance/
Noise Methodology in two ways. First, it provides a possible correction
to the empirical noise analysis. Second, and more important, it
provides the design information necessary to assess the pressure
recovery effects, weight and size penalties associated with the noise
improvement. This degree of integration between the Phase I work and
the Performance/Noise Trade Methodology seems adequate at the
present time. It is recommended that the methodology be used in its

present form to gain experience before changes are incorporated.
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3. PHASE III - TRADE STUDY VERIFICATION

The Performance/Noise Trade procedure is in the process of being
applied to the Air Force AMST by AFAPL and ASD personnel. A com-
parison of the predicted noise and performance with the actual noise and
performance cannot be made at this time. Preparation for correction of
differences between actual and predicted data is represented by both the
capabilities developed under Phase I and the comparisons of prediction
techniques of Section VI. Progress in the application of the Performance/
Noise Methodolagy might be facilitated by giving future contractors more

responsibility in this area.
4. SUMMARY OF RECOMMENDATIONS
Future work might be guided by the following recommendations:

1) The sheared flow orthogonality should be developed from its
present status as a theoretical development to an operational program.

2) The variable area duct with flow analysis should receive
attention because it promises to circumvent several analytical difficulties
in the current prediction methods.

3) The Performance/Noise Trade Methodology should be impli-
mented in its present form before changes are made.

4) Future contractors might be given more responsibility in the

application of the Performance/Noise Trade Methodology.
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LF (ETAPLTaeb) TE=,u3 FROM COPY FURNISHED TO DDC L

IF (FMeGELQs) 74,73

F*.’.:'lo'?.o‘F”

iF (ETAP.LTe2.) FME=FME*FME
TE4=.55*ETAP**1 ,3

IF (ETAPGT41.9) TEA=«S*LTA?**1,%0%
TES=.40%ETAP**1 .3

IF (TECokTeTEA) IEH=TECH+(RI/-M)*(IiEA-TET)
TE=TEA+(TE-TEH) *FME

TES=TE*95% (1e=-EX2(=TZ*TL )

IF (CTAPGLT ee? e ANJF4.06T 401) TeF=42*1ZF
TE.STZ*(1e1+EXP(-TE*TZ))

IF (CTAPWLTele) TEL=L4L7*TE/-TLF

GD TJ 55

TE4A=.3%

IF (ZTAPGGTWeS) TZH
FMZ=S QIRT (1. #2,%F ™)
TESTEH=-(TEA~TE) *F¥E
Us(TE+ZTAP) /2.
Te==T=Z*,9* (1.-EX2(=-U?J))

LF (ETAP LT e4e) ToF=izZF®(letei2%(le=tXP(=(CTAP =242 (2TAP=3,))))
TE.STE¥(1a1¢EXP(=TCE4TI))

IF (ETAD.GT.‘Q) ]:L=-i-‘(lv'o :7‘(10'5‘(‘(-(LTQD'-‘n).(dTAD-SQ,)))
IF (ETAP LT le) TEL=S1e+7*ic/_TAP

SONTINUZ

OIVIOT THE INVERVWL LW A8LF 15 TIMFS
ANJ CAECK eACH Titc FO< 4 LOOP 1O LEZ WAICH HALF TJ KczZb

NU

51

18

IF (("4¢E€Qel) e Jina(U3HeERevwsl)) GU TJ 5L

HUZ194:%(e27 34, 7013903 TENP =2 4208 =T*TEMP*TEM?) /(K13%1.83)
1S KINETIC VICOSLITY 4N UNLTS OF INCHLI**ZrsSz3
U5=314T (e G223 S FM* M2 (L1000 (FH) "udATHANU)®
AL=3 4 %/ (H*JS)

3L=%5.*AL

SONT I NJE

SKIw=2,

NC<=1)

NU. =2

NC=?

WLl0rF=g

NCJS? =0

IST=)

JJi=1>

LF (LIUSTeENe=1eLNUSNSUF ToaE2.2) JJIJ=>

J0 1 J=1,JJJ

SES(SEL+SEUN /2,

NP-21)

IF (HUKeEQeDelUUsNTIS2eUe)) NPzl

IF (WlTebEs2) P=20
IF (_T(‘QLI.QZO) ?v'r=23
TF (N3JUSPenTelu) 50 1
SE_N=(ALOG(TzL) =4Nu(
30 2) I=1,NP

TE=EXP (ALIO(TEF ) ¢(1=2)*DELLN)

= C 5

: 5 2
\T ez i

p)
1

o
SF)Y)Z(NP=3)

i




GE IS BEST QUALITY PRACTICABLE
TODDC

IW=)

CA_L SHISET (St ,TZ,«59XS,IH) THIS PA :
XL} = 35 FROM COPY FURNISHED
Y(I) = ¥

20 CONTINUC
CAL. L0u?3 (X,Y,ND)L)OP,I,N)
IF(INTKPsEQel) wITE (0y102)
102 FUMAT (/1LH (R STARX 3STAR))

LF{IATRPEAel) ARITE (B4201) (X(IW),Y(IW)yIW=1,N")

501 FORMAT (3(LXy5(*(*F7.4y®y*Fa,uy*)*3X)/))

IF(INT <PeEWel) AFITE (0y502) St y>ELySIU,TEF,TSEL,L00P
502 FOMAT (1X,)*SEySE. 95y TEFyiZLyLUDF*571246,113)

{ IF (LJ0Pe5Zel) 13,14
| 12 NLJOF = NLOOP#1
NCL=NZ4<+1
i IF (53KiP.EQe1e) GI TO 19
SE-A=StLL
16 SKiP=).

IF (NeLTeNP) Toi=IXP(ALOGI3)+ (N+1)*ICCN)
iF (L eGZ42) TEF=XP(LA000L(3)e(I=2)*dN)
IF (N[1.£Qe1) 60 TO 75

IF (NCuUdeEQeINIT=1)) 1Juh=1

IF (NLOJP.tQ@s2) NZOUN=NIT

EF (JITQGEDZQA"J.\|C'<0LJOCa-‘liJolLO“‘oCJo <)
IF (NITeGEG24A00eNCKeZQe=) G) TO 75

EF (I‘JL.EJ."JQANUQ“CJSDQEQo;cLNJoNch\-’; «J)
IF (NOL.EQ.C eANIeNCUSPoclUelaandenIletdel)
LIF (NJLeEQeToPNUGNLIUFeGOTo3) SZU=(1eteu3*ilidP)®*52

IF (NLDDJP=2) 15,110,417

T7?00

1€ Se=5zY
GO0 7Y 13
17 3EJ=352Utel*(oEU=-3ELA)
IF (UoudPeGT L) SZLA=I*SE0
SKiLP=1,
oE=3:ZU
60 TJ 13
1 0.=4JL+
IST=[5T+1
NLJIP? = )
IF (NC2K) 494,349,237
LI IF{(ZTR/NSIFT) aL762eedxeihlTe5542) wvyido
37 SEd=s=
6D TJ v
3t V=4 312/7(1e#e5°*NLT)
VVz,023/7(1eteb+MIT)
=12+
>EJL U (N3) =SE
SE=(Let(=L)* NP VENV) P LEAL
IF (N3 e5Ee?) SE=(L o¥(=1)* "Nt VYNNI *SZA
IF (‘_:o_.loi", D‘;zlobL.SLL

IF (NZezdviB) SE=17"5EK
IF (NJsEdeln) HE=2,J)*5CA
IF (NCeEDNe20) SE=2 65 SEA

53

SEJ=1.32%3k
SEJ=1.1%SE

IF WE C0J)P TWICZ CHelK '3, LF _CUF AGRIN LAANLE U3




“b

4€

42
&

39

‘ 43
! 5GC
E 41

72

rE

b

SEJES It (Letalal (,531IT))
SE.=5T% (1e=e 35/ (a34N1IT))

THISPIGEISBESTQU!LITYFEACTICABE‘
FruM CurY FURNISHED TO DDC

TF(NS e0Ze3)
LF(NS e 0Ee X)
IF (N3«Gle20)
GO 7)) 13
fu2=1

IF (L JUST.EQ.
IF(IZ>JCT.EQal

seU=SEuLL(INC~-1)
SEL=520LJ(NC=-1)

&t JTO 3&

-l.kaJ."bL(l‘iT,?) .

ESevemiue (CIAZNSDF i) alieeS2)
.A\‘I\:.LT"'LTOIQ:) 1UP=g

adrP=g

iF(I)Jvl’oE]-'llr‘;\Joﬂ‘);(-‘11,2, ot’.‘J-_.AN].L’ﬁpo-Toov) IJP):.L
IF(LJPezQel) LACL TUZP (Y gXyNPHyIMTUSFHNIL 9IiMyX1)
IFCIJO,EQeB) ColLt ITNS? (X,Y,w.”"I;J}l’),"UL)IH""')
IE (L2U>P.EQeL) &I To 46

S(L3T) =5E

LF (11-E101.J‘:0‘.‘1-Elo““') Nuo=NUlL -1

IFCLIRP 2ol «iNUeX4e 3T (Lec*23EN) )Y 30 1O 36

IF (NSUSPeGE el e UneNIT ¢« LEW2 50 Tu -7

GO T) 35

iF Ci4.EQel) ToF==EXP(Rc0GLTE") =S oELN)

IF (LMeEQe1) GI TI 1>

IF (1 1.5QeNP) TECSEXA(ALUG(IZL) 5% D )

IF (iM+EQ.nP) GO TO 13

IF (MTYsP.EQeL) LI TO 30

SO T2 4

NO_4=IST-1

1F (s=«60e3010) GO FO 39

SE.=52

SEJ=s5(1)

IF (NJL=2) Gig+ iyl

Jn 4. M=2,10-M

JE (S()elT eSEYeAND a5 (M) «GTesEL) Szd=3 (M)

60 T @i

SEJ=3SE

2E.=5(1)

IF (NOL=2) L1y+14+3

00 545 Hv=2,NJU_M

IF (S(t) a0l eSEL eANUeS (M) e TeobJd) SEL=E5(¥)

O =3

IST=u

LF (LUUSTeEQe=1eANDeZTAGCToedeliNdarMecTe=al) 50 1I 72
IF (NITeOGTeCsANDeZiAeTene) 20 TO 72

IF (WCUSP.NE.L) GI) TN 71

IF (NIT.GE.2) GO TO 71

IF (IMolTa(NP=3)) TE. =t XF(ALJG(ToF)«(IMe3)*IILN)
LF (LAe0Te3) TEF=ZA2(R_QULITZ=) ¢lari=3)*DELN)
NCUSF=HIUSP¢+1L

SE=(S<L+SEN /2,

IF(LNTRPEQel) WKRITZ (velde) LIUSF,SI_,ctU

FoRaT
& F
ifF

(ixs*l
(N;UDPUEQ-
(NCUSPL.EQ,

IF(V:JSaoEJ.‘)

50 TJ 13
IF (NOL.GT.1)
IF (X4.GTe50)

CJSF,Q&L,StU'Li.,ZFlD-U)

1eand «NITeEQel) GO T2 75

2enNI o NIT.LEL2) GO T0 7%
GO iJ) 75

GO TO w2

GO TO 3t

54



THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TODDC __~

sb o
(TC_‘TEF'QLT.o'uli) 60 TO 7=
R

o= ((TL'_--'TCF)'\.Yloujl) 6l TO (5
tF (K «EQe2) 50 TE L9
iF (NOUL#EQe3) SE=sebl=(38U=5z.)7/2,
iF (wJLeEQew) SE=5EJE(SEU=SI Y/ 2,
IF (NJLwEdeS) SE=SEL+:EL=SZU
+F (NJLecQes) 3E=35TJ¢SSU-SEL
IF (NJLeGZe?7) Gu TU 74
o0 T2 19
£e CONTINUs
7€ TE=(IZF+TEL) /2.
IW=1+¢0TR?
CA_¢ SHESET (5T )12y 2oy RSy 1)
IwWwe=_
LF‘A.))FT.iJnild“ﬁn\JIT-BL-(NI: 'I‘Z),.J.\.J.\TxF-EJ.i) IAr=1
IF("J.]FToiulolo'Jlko[J'J..]0;001) ""\ITE (0’3"\5)
FARAGT (///7/7/7° T Lot NELL CUININO*®)
1F(r€$‘)F'f.GT.1.C’\‘,.;).';T.I‘.E.l.&Nu."-UD(‘LT,Z).:'.]-J.l-\‘i.)-il'l{.:-.iol)
+ARITS (249305)
308 FUxMAT (////77% UFT14u% LidNER WALL®)
[F(N.};r.rosrnlo“\\ibnl)J:TchtoloA\lp.ﬂG\J(VlT,Z).“&-:-%“Jniﬂ{oi‘lol)
+ARLTZ (05329)
369 FORMAT C/Z/2/7/7/% UPTIAUM OUTER WALL®)
IF(IA%eZNe1) W17z (Ly304)
33« FOMAT (/oGH SIGYMA T4 Th) =TA 0°PT R STAR oPT
XX 5TAR)
IF(IA2eZ241) HxITz (oy30%) oo yiEy<x3yXS
305 FONIAT (4F15.5)
JSc=(3SEU=>EL) /2,
JEES(TEL-T=EF) /2,
AF(INXe=del) wWxii-= (>y olt) JyzyUlt
3Co FOR“AT (* $OR=2"F 40, " +3X=*FR.5/)
IF (LUJ3TeEQe=1.GN0.nw50FTais2) 25,24
23 A1T=MIT+1
LF (117eE061) SC 70 23
SEA=LZL=SEU=5E
IF (NITeGEe?eb NI ICUSP LD GO T3 83
IF (N[TevFe2) GO 7O 73
TES=TZ%633% (Le=3X2(=TL"TE))
TE.=TZ“ (1eJutEXP(=T2°TE))
w0 T 3+
8BS EE-=TEFssl* ClE~ic=")
IF ((PiS=TEF) oLt sedu=) TEF=TE=4L04
TE<SIEL® eI (TEL=72)
IF ((TEL=TE)oli eedis) TeL=T_ teuli
00 I'IJ e
8 TEF=TLEF=e5*(IE-TEF)
SPJz4s2/(1e42,%d1T)
P CCTE=FEF) LT +S20U) TEFSTE=SPD
a2l SLP a5 CIEC=TZ)
IF ((TCL=TE) LT sS2)) TEL=TZ¢5PD

(]
D
(@]




84 CONTLNUE i, THIS PAGE IS BEST QUALITY PRACTICABLE
IF(MOD(Ny2) oNE.§) KSIN=RS FRO0M COFY FUBRISHED 10200

IF(RSINGLT«04) RSIN=.1
IF (NITW.GT.(NITM=2)) 2“,91
28 ETHP=ETA*(ROJT-xM) /A
SEA=.22/ETAP
SE.=(422/3ART(ETARP) ) * (RI/RIUI)I**,2
IF (NSOFTLEQ.2) SEZL=SIL*(ROJT/RM)**,2
SE4=.27/(ETA2*ETAR)
IF (cTAPLT.e7) SZH=.39/cTAP
IF (FMeLTele) SEA=SZA=(SER=5ZA4)%2,%F4
IF (F1e5Tel4s) SEA=SERA-(SEA=-L-L)*2.%FN
SE:=.+7‘ETAF"('1:1?)
IF (2TA24LTeed) LEC=e?*ETAP®?* (=,425)
SE.= s 30*ETAP** (-4354)
SENH=e25/ (ETARP*LETAD)
IF (ETAPLTee8) SZH=.55/ETA>
IF(ETAP LToeebd) SE4=eI2%ETHP** (=4 3%)
IF (FMeOTeleeANIETAPLT42s) SEC=5cu=(57C=SE_)*2,.%
IF (Fq.LTQOOUQMUOETAF.LT.i'Z’ )Ec=SL;'(SLH'Si:).2-'F*
SE2=35C0=14035%(SE.o-SEQ)*(1e--KP (=3435*R1/FIJT))
SEA=SZL=SEU=St2+S=
SE4=3SZA*(R1I/ROUT)I**,2
IF(ETA.LTllts) 5tﬂ=(l-*-19’1;/k0U7)¥SiA
SE=3EL=5EU=SEA
TE=TI*H/(RM=<1)
TES=TE*e37* (Le-eX>(=-LTal)}
TECSTE® (1L 3+EXP(-ETA))
IFCINTRP.EQ L) WriTZ (5,y303)
60 TD 51
2L JBPH=2,*PI*SE/ZALIG(10.)
JBPIN=U3PH/H
IF ((NSOFTeEde2) oaNJ (LVUUCT.206¢1)) uB>hH=2,%*03°H
WRLTZ (953071 JoFi,23PIN
307 FORMAT (* ATTENUATION PSR DUCT HZELGHT =*4,F5424* JbB PEIR H=/= ATTCWJ
UATIOWN FER INCH =2,F5.2y% 03 2Ex Iaid*)
ARITE (Hy311)
311 FORMAT (* EACH OF THE FOLwuWanNs LININGS IS JIPITIMJIM FOL THE siven
XIN2JTl CONOITIONS, SIVERAL IXZ GLVEWN TU PERMLT a4 ScEecoTIuN 3Y TH:Z
X DISIGNER.*//)
RE>=ZTA*KS
REA=ZTA*XS
WRITZ (5y+11) FREQyToMPyrhiosynEC,~EA
411 FORMAT (7Xy®*INPUT INT_JIES*/7Xy*FiQ =2%*Fool® 4Z2%77Xy*TEMP =*Fo.u*
PRANKLNE*/TX g *PRESSS*F541% PSL¥/ /71 X9y *wInMALIZZU CivanG RESLISTANCES
"FJ.Q/T‘,'“U&MALIZEJ LINING REGCTANCE ='Fb-%//)
WRLTZ (24312)

312 FORMAT (6Xy * FAC: SHEET OrILlL Nue DRIl Jait FdeTol
UiNAL CORE 2alKiIN5>*)
WRLTL (0y313)

313 FOR4YAT (oXy * THICK = 1N St INGHZS JPEN A

AREA DZPTHyINCHES*)

0C 30 I=1,7

CD-; ;L (RES';gk,r;4; ;(KSJ,::ICQC?’I*,U'LJ(I),;)J:TyNIT,\I’\,UT,(
+,01,)JP)

WRIT: (J|310) ]H,\‘JD\_(L))J’;L.(:))U»;':D

-
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31¢C
3C

364
503

31
5095
35
22

23

22

2¢c

2u

‘sBESTQpALI
THIS PAGE 1 T0DDC  —
FORMAT (1X,F15.4,I15,3F1%.4) coPY FURNISHED
CONTIVUE FROM
IF (NIT.EQe (NITM-1)) 51,35

ARITE (5,503)

FORMAT (* THE ITERWTIONS ON SIGMA :tTA VALUES SHOA NJ SIGN UF CONv:z
ERGINS AFTER 20 iTIRATIONS®)

GO0 T2 35

WRITZ (045C5)

FORAAT (* XM IS GT 5., AT SE=(SEU+SEL)’Z2.*)

GO 7O 1

CONTINUE

EN)

SUSRKOUTINE SHESET (SFyTEyRSyXSyINW)

CO4vC{ /3LKLY/ FM,-T4,?1

COMMON /3LKA/ SSEyTTELyuUSHyHysM

COAMUN /30LX3/ 10UCST,<0UT,yK,y<Z

COMMIN Z8LKCZ/ NSO TyXSTARTZNILT

CO0M101 /BLKD/ HrnyISHAyIM

C0%40 1 /8BLKE/ USyNU,AL,4BL,sC

CO41UN /BLLF/ VMyHS

CUOMPLEX AI,Z2ETASy<ZyPyPPyRHS

REAL KyU

JIMENSION Y(4)yYL(+)

LOSICAL MODE

cXTZNAL DERIV

MO)cZ=.FALSE.

So==S5=

TTZ=TF

AI=CMPLX(0491,)

N=4

AC:=1.E‘7

IF (LUUCT) 21422423

XSidxT=).

S0X=1.,

GC TJ 24

XSTAxT=R0UT/H-1.

30«4=4.,

GO T) 2+

LF (MDJ(NIT42) 6 FlLe ) XSTHRTI=¥DUT/H

IF (HOJ(INIT,2) eNEauw) GO TO 2

5J(='lt

IF ((N3DFTeEde2) edli)e (NITWoEIeU)) 2592%

RI=WUT=-H

HA= M=« 1

XSTa~T=M/44

X=A5TART

>OX==1.,

IS4z )5Hd* H/ Hu

IF ((‘:J;"'NEQU-).kVi}n(:ﬂ"‘Enu'), ALL=:)U“JU/(HQ'US)
IF (():a"‘o“:’.uu)QA\‘Jo(:‘qolit.(o)) '.'\.L=‘:>.'/‘\LA
Y(1)=1.

Y(2)=Y(3)=Y(4)=.

el 1 &I

X=XSTAKT

IF ENETW6TIsbY SO JO 27

Y(L): 1.




27

8c
10C

THIS PAGE 15 pgp

FROM ¢ N
Y(c)=Y(3)=Y(6)=C O:x’*“‘“ﬁmTODQQ
L0 T) 8)
Y(L)=YL(1)
Y(2)=YL (2)
Y(3)=YL(3)

QUALITY PRACTICARLE

Y(+)=YL(4)

GO T3 31

IF(IACEQe2) ARITE (5,1C3)
FOAAT (/*

1 A& UH

2IM RH3 *)

PRESS 5x40
SM RZ RdS

> T
n
m
o
%
[
A
=

101 FORMAT (1XyI«y3F1+.7)

31

GX=33XK*2.E~4

J=1

CA_. SET (N,A,Y,DX,J;iI\I,A{;:,M'JDE,.Gu,Z.E-o)

IF(INezZ)e2) WRITE (5y101) JyY g¥WMygXygoMy kHS

CA-\. STED (N,X,Y,)X,UE&IV,AC:,MUU;,.GS,d.t-b)

J=J)¢l

IF (J«G6T41000) GO TO 31

IF(IH.CIQZQANDQMOJ‘J)EC)-CQ-C) H’KITE_ (0,101) J,Y,VH,X,SH,QH:
IF ((1e=A3S(X=X>TART))«GTaA35(uX)) o0 TO 82
IX=SUX*(Le=m3S(X=-XSTLLT))

AL ScT (NgXyYyuXydixeVyACoyMODFyel592e=2)

CA_L ST=ZP (NgXgYedXyDixIYyALZyMOUEyeloy2ek=D)

IF (LJUSTeEQe=L sANDeNSOF14EQa24ANDaNLIT ecQeD) Y (3)=Y(3)*H/HA
IF (IJUSTebde=1eANDeNIIFT ¢EQs20ANIelLlTecQel) Y(4)ZY (%) *H/4n
IF(INeEQe2) WRITE (5y101) JyY,yVMyXyaMyrHS

IF(IA.cQe0) 50 TO 2

IF (IJUST eNEe=10NSUFTen=e2) Gu TD 3
YL(1) =Y (1)

YL(2) =Y (2)

YL(3) =Y (3)

P=MFLX(Y(1),Y(2))
PO=3MILXIY(3)4Y (+))
ZETAS==AI*PI*F/FF

IF (JS5H.EQele) LETAS=ZETAS¥ (L e~FM*KZ/K)**2
IF ((LOJCTeEde=1) e ANDo (MODINLT92) oL Qe3d)) ZETAS=-ZZTAS
RS=RZAL(ZETAS)

XS=AIMAG(ZETAS)

RETURN

EN)

SURJIJUTINE DERLV (NyXyYyLY)
COM40N /3LK17 FryzTA,P1

COMMON 7/BLKA/ ScyTEyUSHyH,S4
COMMON /3LKS3/7 10USTyRIJIT,K,y<Z
CCYMON /BLKC/Z NSOF TyXSTAKTSNLT
COMMUN /BLKD/ HMA,ISHAHRM
COMMIN 78LKE/Z USyNUy1_yBLyC
COMMIN /BLKFZ VMyRHS

COYPLEX AyBy<HS,yFyPP,<(2Z

REAL KyNU

OIMENSION Y (), 0Y(N)
AKZ=KX*TE/ETA

BKZ=-K*SE/ETA

58




31

32

12
17

22

IF ((IJU:T-EQ.’l).A‘J.(NSOF]oEJ.Z)oANJo(NITnEJoJ)) 4(13".AKZ/"A
IF ((ZJJCTeEQe=1)eANLs (NSOFT . EWe?2) eANI o (NIT,ZQ44d)) 3KZ=A*3KZ/4n
KZ=CM2LX(AKZ,3<2)

IF ( (F1.6']-(:.).0".()51-[0-3-)) GJ TO 12

SI>N=1.

IF (FMeTelbe) 5iGN=-1,

IF ((TuJCTeEAe=1) e 8i4)e (NSOFT42362) AN (WITL2Z2.3)) 31,22
08=X=(X3TAxT=-1,)

IF (J3.5Le05HA) GJ TO 12

ALa=5.*NU/Z (A% UDS)

JLAZ5 . *ALA
YPz013%44%Us/NJ

d=o 47 H PP TEIS PAGE IS BEST QUALITY PRACTICARLE
EF C2:gia5) Gt andT® (=3 0t3. *aL060YO ] FROM COPY FURNISHED T0 DDC

IF (Y2453Te33) Q2=e+07* (2 e5¢2.0%2LC00(YF))
30:10/0'4:7*01.(&XJ(l‘;‘ln'Q‘]*J/Zo‘C*‘«‘Qléo)
SM=SIGHI*HA®US*US/(L* J*L07*35))

C=1e=J)3/0SHA

IF CLelLTeel) SH=51*1Lt.%E

69 FJ) 17

JA=A35 (X=XSTART)

I3= (X5TART#1,-X)

IF (33.6GTe14) JB:X'(XS'AKT-I.)

IF (()\.LT-US-H oh‘do(N)oFTOC]OZ)QQNDc(lJU:TQE-lll)) GJ TJ 12
IF ((JAeiLTeOSH) sAND o (XSTARTZQ2e0e) «ANI o (1UUCT EQau)) I TO 12
YP=DA*4*US/NJ

IF (U3ecTouA) YP=I3*YP/JA

Q=sbo7*YP

IF (YP,G7e2) A=e]7*(=3.00¢=,%8L0G(YF))

IF (Y2.3T430) 2=e437°(5.54¢2.2%ALOG(YP))

SNzLe/ e 457+l (EX2 (V) =1e=-U=0*Q72.-U*2%A/ V)

SM=SL 50*H*US*US/ (C*dU* o (7 *50)

E=1.-OA/DSH

T 4N T _YAY (-4
P NJ et @ - T a4

IF (ZelLTesl) SH=$‘1“17.'E

IF (03.TeDA) S1==0H4

LF ((TUJCTeEQe=1)eAdue (MUDLILT,H2) «EQs7)) SM=-3H
oV TD 17

SM=],

CUNTINUZ

CALL 1ASH (FHMyvMyIH,y4I3,ALA,3_A)
A=2%CZ*3M/(K=-V414KZ)

IF (IDJUsT) 22422,21

IF (XeGTeNe) A=A+l /X

3=4* A (K*K=KZ*KZ* (1 =VM*VM) =2 ,* yM*K*KZ)
IF ((IJUCT.E]o'l).ﬂNJ.(N)OFT.LQ-Z).AN).(liIT-il.J)) 3=T1A"HQ‘3/(H’H)
P =CM2LX(Y(1),Y (2))

PP=SHMPLX(Y(3)yY (L))

RH3==1%43p=8+2

vwY(1)=Y(3)

DY(2) =Y (4)

IY(3) =rnEAL(RHS)

0Y (%) =ALMAG(RAY)

KETMJRN

ENJ

SUBRIUJUTINE MACH (FMyV4yDnyJu3yALA,3LA)

- AW NS
v T wor
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11

12

10

COMMOA /BLKAZ SE,TE OSH,HySH THIS PAGE IS BEST QUALITY PRACTICABLE
CUMMUN /3LKB7 LDUST,RIUT,K,KZ FRUM CurY FURNISHED TO DDC
COMMON /3LKC/Z NSO T yX>TAKT,NLT

COMMON /3LKD/ HA,DSAL, KM

COMMJ{ /3LKE/ US,NUya_yBLyC

REAL K,NU

IF (JDSH) 1,1,2

VM=FM

GO T2 1)

SI5N=1.

IF (FMelTed4) SIGN==1,

IF ((LOUCTeEQAe=1) e ANDo (NSOF1¢E1e2) AN (NITeZ2403)) Jdy4
IF (J)3.GE.,3SHA) GO TO 1

YP=0D3*HA*US/\J

IF (03..T.BLA) GU TO 5
VM=SIGN*US*(5.5¢2.,5*4L0G(YP)) /C

50 T2 9

IF (U3.LT.ALA) GO 7O 5
YM=SIGN*US* (=3, 0545,*4L06(Y>))/C

GU T3 9

YM=SIGN*US*Y2/C

GO TO 9o

IF ((DAWGEWDSH) eVl (33e0Eedsd)) Su TI 1

4F ((NSOFTeEQe2) sANCe(DCALTeudA) eaNDe(IJUCT4z2As12) 50 TO 1
IF ( OXSTART «EQs ) o AND s (10U +EQ a5 «4NEs (DAsT083)) 6O TO 1
Y=)A

IF (03..TeDA) Y=03

YP=Y*H* JS/NU

VM=SLGN*US*(5.5+2.5%A_06(YP)) /3

GO TJ 9

IF (YJLT.AL) GO 72 3

UM=SIGN*US* (=3.054#5.,*3L.0L(Y>))/C

GO T2 Qa

VM= SIGH*US*YP/C

L=3

IF (IOUSTeEde=1 enNUGNSUF TeElo2e ANToNIT olel) 11412
£=1.-J3/0SHA

IF (CelTueel) VM=VM4(Le=10a*e) *(FA=yM)

GO TI 11

£=1.-JA/0SH

IF (D}ILT.)A. Ezlo'JQIJSH

IF (EeiTeoel) VM=V (1,-10.%2) % (FHi=VM)

RETURIN

END

SU3KIJTINE LOOP3 (XyYyNPyMyIL,NC)

DIAZ N30 XT(50) 9¥(Hu)y5(L0)

JJ=N2 =1

00 1 J=14JJ

S(J) = (YUJ+1) =Y (J)) /(X (J+1)=X(D))

CONTINUE

M=)

II=NP=7

00 2 [=1,1I

Jo= 12

00 3 N=J,yJJ

e

60




oW

nN W

i1

12

THIS PAGE IS BEST QUALITY PRACTICABLE

LOJP=) FROM COPY FURNISHED TO DDC

Z = (Y(N)=YLD)+S(I)*X(D)=SI(N)*X(N))/(S(I)=S(N))

IF (C(XCI)eLEeZ AN eX(I#1) e0z02) eURe (X(I)eGEsZANIX(I+1)oLlW2))
XeANO o (C(XIN) e LEeZeANDeX(N*1)e3EeZ) eORe(XI(N)eGEeZiANDeX(N*1)e2a2)))
X LuoP=1

IF (LD0P.EQel) GO T o

G0 10 3

Az4+1

IF (1.6T.1) 50 T0 5

IC=1

NC=N

60 T3 3

IF ((N=I)eLTe(NL=-IC)) b,y3

IC=1I

NC=N

CONTINUE

CONTINUE

RETURN

cN)

SU3RIUTINE INSP (XyYyNFy1CUSPyNyIMyXHM)

JIMINSION XUNP) g YIN2) 9 Z(2) yW(2) yMX(5)yMY(5),4](5)

DO 2 J=1,5

MX(J) =44(J) =1

u(J)=10.

IT=JJ=MX(1)=11(1)=1

25=11J.

IF(X(2) eLEeX(1)) IS=(X(1)=X(2))**L+(Y(1)=Y(2))**2

00 5 J=2,NP

IF(X(J)eLTeX(J=1)) GG TO &

IF(JeNE«2¢ANIeMM(JJU) dEQe(U=1)) JJ=JJ+1

MX(II)=)

DCELLY=(X(J)=X(J=1)) **24(Y(I)-Y(J=1))**2

GO T o

IF (JeNEe2eANDaMX(1I)eEQea(J=1))TIi=11¢1

M 9J) =)

CONTINUC

NN=1

OMIN=0(1)

00 7 J=2,5

IF(J(J) oLTeUMLIN) NN=J

IF(D(J) «LTo0LMIN) JDMIN=D(N)

IF(JIS.G=.,OMIN) GO TD 8

IM= <

GO T2 <1

IM=MX (NN)

XM=X(IM) .
IF(IPCE).NP) GO T 4¢

XL=AMAXL (X(IM=1),X (Iv+1))

IF (XA.,LT«ds) GU TO 11

XPl=,39%XM

IF (XCeuTele) XLA=ZXM=o01*(XM=XL)

IF (XL eLEels) XLA=T,
XA=AMAA KL (XPhyXLA)
G0 T2 12
XrA=1,71%X
XLA=X4=401% (XM=XL)
XA=AYMAXL (XPA,XLA)
CONTL[HUE




B ;
: THIS PAGE :
Z(1)=X(IM-1) GE IS BEST QUALTTY PRy
Z(2)=X(IM) FROM COY FURNI SHED TODDCPRAcucuLE
W(L)=Y (IM=1) -
W(2)=Y(IM)

YA1=ATKN(Z,N,2,1,XA)
IF(YA1.GTe100s) GI TO 40
Z(L)=X(1IMel) E
W(1)=Y(IM¢1) 3
YBL=ATKN(ZyWy2,51,XA)
IF (Y31.6Te10Cs) 30 T «&
IF (Y31.GE.YA1) IJP=1
IF (YB1l.LT.YAL) IJP=0Q
IF (N.EQ.1) IUP1=LUP
IF (IUP«NZeiJP1) ICU3>=1
IF (IUP.EQ.1IJP1) ICUSP=)]
RETURN .
4G ICJSP=0 ;
RETURN 3
END
SU3ROJTINE CUSF (X ,Y,VP,ICJS",N’I”,XN)
JIMENSION X(NP) 3 Y(NP) 4y Z(2C)yA(50)
IM=1
XMzX (1) ]
J0 1J J=2,4NP
IF (X (J)GT XM} Iv=y
10 IF (X (J)oGToXM) X4=X(J)
IF (X'1.GT05000R01:1.EJO1.0"{'&0‘OEQOI“P’ ;0 TO QJ
XL=AMAXL1(X(1)4X(N3))
IF (XMsLTe0.) GU TO 11
XPa=,99%*XM
IF (XL eGTele) XLAZXM=o(L1*(XM=XL) 4
IF (XLsLEWQ4) XLA=0.
XA=AMAXL (XPha,XLA)
GO TJ 12
11 XPa=1.01%X4 ]
XLA=XM=401% (XM=XL)
XA=AMAXL(XPA,XLA)
12 CONTINJE .
XAz . 30%XM ‘
20 2y J=1,IM ‘
Z([M+1=-))=X())
20 WL +1=-J)=Y(J) .
YAleTK‘(Z,“,IH,l,XA) ‘
IF (YA1.,GT.1ulse) 50 TD 4C
NM=NP=-IM+1
00 33 J=1yNM
Z2(J)=X(IMe)=-1)
3G A(J) =Y (IM+)-1)
YBL=ATKN(ZyWyNY,1,Xx1)
IF (Y31.,6T.1004) 50U T 4i
IF (¥31,6G2.YAL) 1JP=1 f
IF (Y31,LT.YAL) IJP=¢
IF (NeEJs1) ilPL=1UPR
IF (IJPJNE.IJP1) ICUs2=1
IF ([JP.tQeIJFP1) ICUSF=C




THIS PAGE IS BEST QUALITY mcrmM,
RET URN ' FROM COPY FURNISHED TODDC ———
40 ICUSP=0

RETURN

£N)

FUNCTION ATKN(X,Y,NyKyX8)

OIMENSION X (300),Y (30))

COAMO 4 XX(300), YY(30)

Ki1=K+ 1

IF(X(N) =X (1)) 106G, 19,10
10 IF(X3-X(1))20,20,30

29 LL=9
G0 TJ 23¢
30 IF(X(N)=XB)40,LCy50
&0 LL=N=-K1
GO TJ 230
S0 tL=1
LU=N

e 1F(LJ=-LL-1) 183,1390,70
70 LI=(LL+LU)Z2
IF(X(LI)=XB) Buy80,3C

80 LL=Ll

GO TO o0
90 Lu=LI

GO TJ 83

100 IF(X3=-X(1)) 125,23,26¢
120 IF(X(N)=X3) 13,40, 4C
136 wL=1
LU=N
14C IF(LJ=-Ll=-1) 1Bu,133,150
150 LI=(LL+LUN/2
IF(X(LI)=XB) 150,173,170

160 LU=LI
GO TJ 149
170 LL=LL

GG T3 1i+0
180 LL=LL=-(LK1+1)7/2
IF(Le22)52G04198
190 IF(.c+K1=N) 2GJ,200,y¢2
200 00 210 I=1,K1
11=Lc¢d
XX{I)=x(I1)=-X2
210 vY(I)= Y(I1)
J0 221 I[=1,K
00 22) J=I,4K
PEXX(J¢L)=XX(])
IF (FeEQede) GI T2 2+)
220 YY(J+1)=(La/2) ¥ (YY (L ¥ XX(J#1) =YY (J®1)*XX(I))
AT<Y =YY (K1)
RETURN
240 AT<N=939),
RETURN
SU3ROJTINE Cu (g X yTymyFyFMyTHyOyIJUCT yNITyXI420J4T,4,00,0P)
REAL M,K
M=8 35 (F4)
TR=T/513.
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IHISIKGEISBESTQUAL TY

PR=P/1u4e7
A=q 07 02*TR*TR*TH/(PR*(TR+e%1,))

34 d223374%(TR**475) DAXTIF)I/SURT (PA*(TI+0415))
OA= (A +3% (Lo4#TH/D) ¢ LTBS*H)/ (<+3)
EXZEXP (=3605*M*M=-e5132% 1)

C=e J0)+0Y*F* (TH+e35%J% (Le=ar *SaRi (JA))*cX)/SART(TR)
OP=ATAN(1./(C/0A=-X)) /K

E=2.2=7

IF(IJJCT.EQ4C) GU TO 3
LF(NITeoTeleAND«HMID(NIT,2)4E2.C) 50 TI 3
UP=02*RI[/(RI-UP/2.)

XF=X=3704

RrS=K*R1I

CA.L dE3S (KS,i,l,C,?'_’AL)

CALL 3;‘:53 (R))U’l,E,L‘,L,)L)

AL=XP* 4L

JL=X2%3L

AP= (ZL+3L)/ (JL+AL)

XS=KX*(kI=-0P)

NN=J

CALL 3ESS (X3S,1,1,E,3X%,3¥X)

s.:A-L. '3’;;5 ()\S,J,l,E,CX,j)\)
JE=(AP*3X=AX)/ (AP* (JX=2X/X5) =CK+AX/X3)
XSi=x>=JE

LF(A3S(XSN=X3) ¢LT4e0ec31) GO id O
AS=XSN

NNz AN +1

IFCINSLTS10) GI T2 ~

OP=RI-=X3N/K

GO T) 2

XP=X=0C/JA

OP=DP*rIUT/ (RUUT*+JF/2,)

KS=K*0UT

CALL 3E35S (RSy1,1,E93LyAL)

CA_L 3:=S5S5 (K3y041yE49JL5EL)

AL= XP*AL

3L=XP*3L

AP=(3L=-JL)/(AaL=-cl)

XS=K* (RIUT+DP)

NN=3J

CALL 3ES3S (XSyily1,yEyaX,y3X)

CA-L DC-SS (XS,O;iyE,:X,DX)
DE=(AP*3X=-AX)/ (AF* (IX=3X/XS) =CX+AX/XS)
XSN=X3=JE

IF(A3S(XSN=XS) eLTsbeull) GO 10 7
X5=X3SN

NN= NV +1

IF(INeLTo1d) GO T2 O

JP=XSN/K=ROUT

GO TO 2

0P=3313,

RETURN

END
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: CABLE
CCAPUTLS BESSEL FUNSTIONS THIS?AGEISBESTQUALITYPRACTI
JO(X) IF N=0 K(=C FROM COPY FURNISHED TODDC
J1(x) IF UN=1 K<=0
JOUX) 4 YI(X) IF NN=O X<=1
JLUX) YL (X) IF Nu=1 <=1
£2A00JRACY

OOCOOOOO0

SUIRIJTINE BZSS (XyHIy<<yEyY1lyYe)

COMMUAZSFCZ 2(LE)30(13) 901 (10) 0L €LYy C2(15),32(13)953(1L5)433(15)
JATA  C,0,C04i,01 /1euETy=14272(8251353125-=59=2.0302731+
A46517/25=39=2e325%213150220% =2 9=3.0+272114137513 E-29y=2 402751623
331413 Z=19=2e292102401i579b50 2=19=1.00+193431J2273 Euy=1.4923)+24204
2979 £70,=3417399333422137 £ly)-4e9239+4321291322 £dy=7.3943960118333
J1 279y =1.064147122305032 E1y=1.40553351373¢29 21,-2.02130)73131578 ¢
E1y7e03129E-495¢129521 3304415023 £=cy24332503080353430 E=1y4e+472351932>
FuS350 £=197e393177034455767 £=-1,1.23765975920351 ZUy1.783+20321910>
G3 I2,2.42206€3013141725 239361237 -03427330 E09y+e001373808783335 ED0,+
He933002139664771 tiy5e937003538+-310%+c E2497411050359300930 EJy3.34425
092734063 ECy9et7237J53764775311 -2091eCEl39g=1e473541253755562 E=49=5e21
J71)0547543374 £=-39y-34+4056071233000 E=2,-1.137337239312153 Z-1,-3.03
K903275315734% E-1,-5e04125152373842 c=19-1.25207J128+41032 £0y=-2413«
LIBI253353773 ZL9=345%03592975+501 ELy4=3.4+9856781297398 EQ,y-8.126813
M31n31+01 ENy=14103u20234EL36Ly Z1y=1,0250Ck45238517 Z1,=2.175042202
N”3333 219568983752 =392¢07102551C054343 £29253793.42221047 =-1y5.2
02436573722593 ©=196435712232/33175 E=1491.30455421302835 EJyl.3 322>
P363593113 E092.293553503806122 z0y3e303534645934537 ZJ,4.2271°9701632
Q15] EU95e18956318791511 LUy5.2505393020b157 Z047.+1332156793225 ED
R98s5293745531JC0767 Eiygled 25522047147 EL/

JATA C2,029539037 1602091657325 400i90375 E=53y=2.4+4381233312872 E=3
Ay=24130)J0523492/E3 E=2,=ce7772610793723 £=Cy=2e+3u+137417+4527 E£-1
By=>e25337600u2170] S=1y=1.0723c3961303«3 EO0y=1.30053064+2188248 £Qy-
C361520377184334~ ZC9=4e9cb72755393717 EG9y=74¢30C55714038C543 =Cy=1.1
060)251332307%5 £1y=1.+45063833153652 £1y-2.015+4539357849 Ely=-1.1713
E722=7434450839537326u57 E=2,14921747081953820 =Z-1,4.3330900+023073 =
F=147433295223c3559 0 ==191.22737123951150 EV9y1le75950453320143 20,2,
G+1)97731972933 L C9y3.415087610359130 €uyp3.989593320640350 EDy 4327037
H4623377) £092e3031571392G60¢3 S0 9T7el93060d281337, c0y3.33101254«2131
I31 )y 3.P038BG7+c1 )34 EUy3euFC9=0e65435791315025 E=5,=-ke331358675
JuB3n7 =3,-3.277322332cb13b -=29y=1.10+27130443435 E-1,-3.,033525080
K28447 m=1,-be55527 315108281 t=19)=1¢24394451433523 ECy=2¢1770111033/
L3703 S0y=3e24L560735322022 c£ly=5e471205372308531 c7,=8,0923737053323
M8 _0y=1.1559367%179525 E£1,=1.5036483723363767 =1,-2.15933655336+51 ¢
V192673643795 =337 e9112735914392,7 E=242.+550425134333¢€ E-195.100530670
0334203 Z=196e55350103029723061 -=1,1.35473397252989 ZJy1.92133530%381
Pal 752050767280 0L%32531 tiy 3603252753307135%5 £Jy+e21532-246831+0 EOD,
5e¢175)2313132522 S ugue23tBLun”w18u82 £047,39837227534312 ED48eb505
R1I67523+39(0 £091.0)13:24069787435 EL/

PI=3,11592L53549979

IF((-’.):O)la.c”.ZC

p I - UNZ=1,.20

=<K

=N

2=¢/2.1

6G=.577215606301532
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11

12

14

1%
20

IF(N) 3,3,6 ] THIS PAGE IS BEST QUALITY PRACTICABLE
S=IN: . FROM COFY FURNISHED T0 DDC

U=INZ
EM=0NE
R=Z/zM
U==J**R
S=3+J
EM=EM+UNE
IFC A3S(U)=Eloyby>
Y1=3
IF(K)2,43,2
RETURN
S=INE
UsINZ
EM=0NE
R=(Z*72)/ (EM*(EM+0ONE))
U==-J*rR
9=3+J
EM=EM +ONE
IF( ABS(U)=E)18,7,7
Y1i=5*Z
F=v1
IF(K)2,10,3
RETURN
S=Y1* (G+ALOG(Z) ) +Z2*%2
uU=Z+*2Z
EN=2.
0=JINC
R=(Z/EZN)*(Z/EN)* (ONE+(ONE/Z (EN*Q)))
U=-J*
S=5+U
QA=)+ (ON=Z/EN)
EN=EN+UNE
IFC A3S(Ud-ED12y11,11
Y2=3*(2./PI)
IF(N) 14413,13
RETURN
=-1
K==-1
GO T0 3
Y2=(F*Y2=(ONZ/7 (P1*2))) /Y1
Yi=F
RETURM
K=<{K
N= 4N
SQ= LART (45)
uX= 225 (X)
SX= SIN (X)
Z=52* (CX+35X)
32203 (SX=CX)
X1=X*%*X
R= S1¢T(2ev Z(FI*X))*Cail
Y=X*J,.,1
Z=Y*Y
PO=X1*EVAL(CyO9Ey1542)

b Miide cetdn. e




21

23
24

25

26

QO0=-(X/3.0 )*EVAL(C1,01,Ey15,42)

THIS PAGE IS
IF(K) 23,21,23 BEST QUALITY PRACTICABLE
IF(N) 25,2225 FROM COFY FURNISHED 70 ppg s

Y1=*(PJ*3Z-20*52)

GO TO0 15

IF(N) 204924925

Y1=R* (PU*CZ-20*S2)

Y2=R* (PJU*SZ+20*C2)

60 TJ 15

P11=X1*EVAL(32,y02yEy15,42)

Q1=(X/5.0 DP*EVAL(C3,)3,Ey15,2)

Y1=R* (21*SZ2-P11*2C2)

GO T) 15

P11=X1'EVAL(32,DZ,E,lB,Z)

Q1=(X/0.0 )‘EJAL(CB,Ds,tyj.';,Z)

Y1=R* (P11%¥5Z+41¥*02)

2=*(114SZ-P11+*C2)

GO TO 15

EN)

SUBRIUTINE TJ EVALUATZ COUNTINUED FRACTLON
FUNCTLUN EVAL(AydyEyNy2Z)

DIMENSION A(15),38(13)

ONZ=1.C

C=Z+3(1)

EvaL=A(Ll)/C

W=ZVAL

T=0ONZ

D0 3 I=2,N

0=Z+3 (1)

x=A(I)/(C*D)

S=0NE/ (JHE#KR*T)

V=3=01\E

T=3

b8
<

$
L=cVAL+NW

Om=x
"< il

A
)

IF(C A3S(W)=E)10G,10,43

CONTIHYZ

RETURN

END

SU3IKIJTIMNE LINMPAKR (QyxygyTyPyFyFryTHydyIAyCPy2EZD)
REAL 4

4=a3S (FY)

TR=T/513.

PR=P/1we7

A=, J702%TR*TR*TH/(PR¥* (TR ¢te9id))

320 JLIU 376 (TR**.75)*SQRT(FI/SART(FR*(TR+.0415))

DAz (A rJ* (1o¢TH/ZU)+41060%M)/ (#3)

IF (J4..Tede) LO TU 1

EX=EX2(=8,55%*M*1=,0132%*4)

S0 Jud 409 FF (TH+ e85* % (1e=e7%SART(IA)I*X)/SART(TR)
NP=(oZe/ (542831 35*F))*ATAN(L /7 (L/0u=X))

G0 T3 2

IP=333,

~ETUAN

ENDJ
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THISPAGEISBESTQUALITYFRACTICABLE

FRuM COPY FURNISHED T0 DDC

FOR CJDC 6580 Use***+*CALl ST-P MUST 3% -XECJIZu WITH PARAMETEKS

85 ILLUSTRATED ON CARD OFEQ.:27
SUBROUTINE SETUNyX,YyOXKgFyI1osMUUEy)UKMAKyUXMIN)

OFZQs CONSISTS OF TH0 SUBKOUTANE SJUBPROGKAMS, SET 4NDU STEP,

SO.VE THE INITIAL VALJc FRO3.IM
JY/ZIXK = F(Xy,Y)y Y(X0) = YO
WHERZ Y IS AN N=-VZCTOk WITH REAL CUMPINEZINTS,

CALL SET(NyXy¥,UXyFyI[3,M00=y JXMAK,OX1IN),
WHERE
N OIS AN INTozZR SUNSITENT OR VaRiddek,
X IS A REAL VARIAZLE, TH-. INOJOEFENJcNT VARIAZLZ,

Y IS A RZAL vARIa3LE N~axXAY, THE CEPENIZINT VAXIA3LE,

T0

OX IS A REAL ZONSTANT JR VaRIuwdlLEy THE CJURXZINT SiZP S1ZE,

F I> THE NAM= OF SU3FOUTLNz SUBPKJIGTAM 07 THLZ FOXM F(NyXyY,0Y)

WAICH 2PROVIJES >JoRUUTIND SET WITH 0Y/IX,
0Y IS A REAL VARIABLE v=4FrRY, JY/0X,

JIS IS A REAL VARIWBLE J< CONSTANT WhiCH 2I0VIJZS A4 TJULEXANCE
VARIABLE

FOR THE ADA4S=-vOULTCUV LOCAL 5RxOn CHZICK IV
STEP >5IZt MID:,

1002 IS A& LUGICAL VAFLAL.Z OF JUNSTANT WHAICH WHEN
INITIATES THZ FIXEL (VARIA&BLZI) STERP 3471 vudE,

IXMAX (UXMLN) IS 8 REAC. JARIA3SLE ux CONSIANT SIVING UPPER

(LOWER) B0UNDS FUON 435(uX) IN THE VAxI4A3_E STEP MUOE,
INITLALIZES NEOESSAY VARIABLIS PRICK TU ANY INTL3RATLIONS.

OFc.01
DFEQ.C.
JFEQ.C:
SFLJCU

JFEQ.C

DFcl.C

JOFEJd.D

DFEQ.C!
JFEQAeut
JFLQ¢0.
IFEde0:
JFed.0.
JFcda0:
CFCdel:
OFEQ.C:
JF;4.U.
JFEde0:
JFHJICJ
thl-UI
OFeEdeCc
JFL‘lt(J(

(FALSE) IFEW€ O«

OFS.0¢
JFcdelc¢
DF:J.G;
IFZQ.lc
JFcd.0c

GALL STEP(NyXyYyOXyFyiSyMOZyOXAAXyLXMaN) THEIN INTcORATES FROM X JDFcd.be

TO X+JX. UPON EXIT FRUM SI1Z2, X,

Yy AND IJX WILL HAVE 2ZEN S=T TJ THEI~ NoW VALJES. Td4US
INTZSRATE OVEX SUSCEEULNG oTzPS, oall STEP(NyX,YyIX,FyJISyM03Z,

IXMAX , DOXMINY IS FXEOUTZO FOR EALHA oTe? ooeolIRIo,

THZ SU3RJUUTINE >SU3P<OSXAM F MUST =c UINCLUUED LW ANY JO3B

CALLING SET=3TEFe 4T Lo FROVIDED 3Y THE USEX wWJ MAY HAVE ANY

LES4L 3SJ3RGUTINE NAdce THE VARIASLIS SURRESPINIL IS
MUST 3E DIMENSLONED APFAUPKIATELY THERIN,

JIMSNSION Y (V)

THE vALJE OF NMAY A42 THL DIMEWSIONS ASSIGNI) Tu THC

1) Y Adu Jv

OF THE VARLIA3LES O ANJU W UIN TH:z FOLLOWLNS UIMZINSIIN STATE-

MENT SHJUL) 3E IO0INTICAL.
JIMENSIUN 0(30y5)y W(30,%)

eXTeE< AL F

LOGISAL 100E,CJ0c

OATA N1AX/337

JATA =xF/170.7

JATA JXF/247

M=N

IF (MeTel1e0eMoGT oNMEX) GO TO 2°
<A=01L>
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OFC.Cc
OFEd.03
IFEQ.CS
JFEY.03
JFEQ.C3
DF11003
JFET.Q3
IFcdeG3
IFEd.03
3F;l.03
OFLCWel3
0FE2.06
JFEJ-CQ

F0S5ITIJDOFL L0

OFc1.Cu
JFLAQOH
JFzZ2.C4
JFZleNn
IJFzdelo
JFEdeCw
OF CQe bl
JFedeuy
JFEdeUy
JI:L lo 05
JFCJ.C;
OF Y409
IFZledz
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CO3L=M00C OFEQ.0S

HMAX =) XMAX DFeQ.05
HMIN=0OXMIN JFEQ.O05
RB=ZxF OFEQ.05
3ETA=JXF OFEQ.06

K=1] OFEQ.06

K2=0 JFtd.06

{ D0 10 I=1,4M DFEQ.06
i 10 W(Iy1)=Y(I) OFEQ.0b
CALL F(MyXyYyd(1,3)) JFed.06

, xKET JRN OFcQ.06
20 PRINT 3) OFcd.00
30 FORMAT (55H1SUBRUUTIN: S&i Hm> ARGUIMENT OUT=0F=RANSce SZE LISTING.) UFEQ.06
CA.L SYSTEM(202,1. ) JOFCQ.06
RZTURN OFEQ.07
ENTRY STEP OFEQ.07

“0 XC=X DFcQeC7
H=)X JFcl.07

IF (KeNZef) IF (K=2) 5C0,%uy113 JFcl.C7
XP=X3J DFEQ.07

D0 45 1=1,4M JFc2.07

“5 A(Ly2)=4(1,1) JFed«07
S0 Ki=¢-K JFEQ.07
20 7v I=1,M JFEQ.07

00 87 J=Kiyb OFEQ.08

(3 0(L9J)=0(1yJd¢1) JFEQ.08
A(Iy2)=H*D(I,y4) JFEQ.08
A(Lyl)=W(Iy1)¢sS*W(I,2) JOFEQ.08

70 Y(L)=W([,1) JFtQ.C6
X=XCt+ ¢ 5*H JFEQ.C8

CALL F(MyXyY¥yD(1,43)) OFZ3.08

JO 34 I=1,M DFEQ.08
d(;,3)=H‘D(I,5) JFL-.anG

! WA(Lyl)=W(Iyl)#aZ*(N(I,3)=HW(1ly2)) DFcQ.Cb
80 Y(L)=4(I,1) JFEQ.09
CALL F(W,X,Y,D(i,':)) OFcQ.09

00 3] I=1,M JFEQ.GY
W([y4)=A%*D(1,5) JFEQ.09
ALyl )=d(Iy1) e (Lyb)=05%vi(l,y32) JFEQ.L9

90 Y(L)=W(I,y1) JFE2.09
X=XS¢H OFEd.Co

CALL F(49XyYyI(1435)) JFEQ.CY

D0 1iuv I=14M JFEQ.CH

WLy 1) =l (Iy1)=W(Iyu)telotbbobunubbtZo/* (W (Ly2)+2s* (W(Iy3)¢Ad(ly)) +40FCQ.09
1*0(I,5)) JFzd¢ly

100 Y([)=4(I,1) OFE2.10
{=(+1 JFZ.10

K1:=K OFEQ«10

CALL FUMyXyYyd(1y3)) OFE2.10
RETUR OFEQ.10

110 )0 13) I=1,M JFLQ.10
Ally2)=A(I,1) OFtd.1u

J0 12 J=1,4 JFE.10

120 J(I,4J0)=0(I,0¢1) JFcldel0

A(Ly3)=A(1,2)#4+15665206L0007E=1%4* (05 *I(Iy9)=03.%0 (1,3 +37.%0(LIFZQ.11
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130

140

150

155

160

170

180
190

200

210

THIS PAGE IS BEs?
FROM COPY FURNISHED 10 ppg

1,2)=3.%J(1,1))
Y(I)=A(I,3)
X=XC+n
:ALL F‘*,X,Y,:(Lys))
N0 140 I=1,M
H(Igi)=H(1,2)+.-15690606b09437£°1‘H’(3.‘D(I,5)+19.'3(I,H)
1-5.*0(I1,3)¢u(l,2))
Y(L)=W(I,1)
CALL F(4y3X,Y,C(1,3))
IF (20)3) ReTURN
ER=T.
DO 152 I=1,M
ERi=A1AX1(ERR,ABS(w(;,1)-N(L,S))/(1%.‘AﬂAX1(AiS(A(I,1)),1.)))
IF (ZRreGERA) IF (AAIN=£55(4)) 1ol,y1325150
K1=1
IF (X3%EWeLTern) IF (HMAX=A33(H)) 1E2,1.5,213
K2=3
RETURN
IF (K1.NEe3) Gu TI 157
DO 17) I=1,M
W(Ly1) =W (I,5)
0([,5)=)(I’1)
X=xXP
60 TO 230
20 13) I=14M
W(Ly1)=W(I,2)
J(Ly2)=0(Lyt)
X=XC
K=9
K2=1
DX=SIGN(AMAX1(ABS(H)/DETAyHIIN] yH)
GO TJ 42
K2=K2+1
IF (K2+.Teb) RETURN
=l
OX=SIGN(AMINL (43S (H)*3ETAyHYAX) yH)
K2=1]
RETURN
ENJD

70

QUALITY PRACTIC

ABLE

———m

IFEQ.11
JFEl«11
JFcdell
OFZ4.11
JF:J-II
DFcd.11
DFcleil
3"‘;1011
JFZ2.11
OFtcldeic
dFcdelc
IFcdeic
JFzdelc
JFEQelc
JFCJ,.LL
JFCldelc
JFEdelc
JFLd.1s
JFEQelc
IFZ4e1:
JF el
JF Ede1.
Jredel:
IFE. 1L
JFZde1.
JFEd. L.
JFEd.1.
JFE2.1

JFdel!
JFEde1

IFZd.1:
AFcdels
OFEle1s
JFC—J'l‘
JFcdele
IFzQel-
JFEQ L.
JF el
JFEQeL:
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A.2 OPTSHE INPUT - TEST CASE

Card 1

Column 1 ! 21 31 41 59 70 80
5 5000. 0. 4, 5. =1 2 1

Card 2

Column 1 11 21

540. 14.7 .0750

Input Data is defined on comment cards at start of OPTSHE. Read

and Formats Statements are on the first page of the program listing.
A.3 TYPICAL OUTPUT - FOR INPUT GIVEN

The following 12 pages of print-out are typical output for input

given.
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THIS PAGE IS BEST
APPENDIX B YoM COFY FURNISHED 10 ppg

QUALITY PRACTICARLE

INTERACTIVE VERSION OF PROGRAM OPTSHE

PROGRAM LISTING

PROGRAM NP TSHE(TAPE ™, INFUY,OUTFULi,TAREE=INPUT,TARER=QUTPUT)
COMMON/3LK1/FM,ETA, T, A\
COMIMON/BLKA/SSF 3 TTE g0 SHyH,ySM
COMMON/OLKR/TCUCT PO yKyK 7
COMMON/QLKC/NSOTT X START,NIT

FOMMON/ 3LKC/HBA,y "SHA 4=V
COMMOM/RLXKEZUSyNU,BL,RL,C

TOMMUN/ 2LKH/ZACC,, JLT

NIMENSION X(57) ,Y(5")

COMPLEX KZ

REAL KyNU

WRITE(6,125)

SEAD(S5,%) JP

IF(JFeNTe1) GO TO 77

WRITE(6,1C 1)

READ(Cy+) FREQyAM,COUT,TFMP

FI=3.1L1E

C=L9,0C+12*SART (TEMF)

H=0OUT

K=2 ,*D]+FREQ/M

ETA=2,*H*FREN/C

WRITE(R,127)

REAG(54%*) FM,CSH

WRITF(E,130)

READ(54%*) IDUCTyNSOFT,NIT, IV

WRITE(C 414 7)

READ(S544) ACC,JLTM™

WRITE(F ,150) FRTN,AMROUT,TZ 4P

WRITE(E,150) F4,DSH,-TA

WRITE(64,170) TIUCT,NIOFT,NIT,IW, JLIM ACC
IF(FVQEQQ‘JQ oORc Q?HOFQ.LQ) GO TC 16
WRITE(E,181)

READ(54%) PPESI,RHN

NU=164 * (4 279+, 0C10392TEMP =2 ,568F=7*TEMP*TEMP) / (2HO*1,E5)
US=SQRT (1 223*C*C*FV*FM* ((C*A3S{FM) *ISH*H/NUI** (-,25)))
AL=5,*NU/(H*US)

AL=6.*AL

LONT INUF

WRITE(E,190)

READ(S,*)LLL

IF(LLL «EQsu) CALL FIGFN

IF(LLL.FQ.3) WRITE(E,230)

TF(LLL «EQe3) PEAN(S,*) FMy,DSHyAM,FFEA,JLIM
TF(LLL4EQe3) WRITE(G,150) Fr:zQ,AM,ROUT,TEMP
IF(LLL«FQe3) WRITE(R,160) FM,DSH,FTA

JF(LLL WNEel +ANC. LLLGNE.,3 AND. LLL.NE.4) GO TO 700
TF(LLL .€EN. & +OR., LLL.EN., Y GO TO 16




17

700

77

175
100
i2¢
13¢C
140
150

16 ©
17¢

180
190
2¢ e
21n
23¢
250

READ(5,%) SE,TF FR&MCDrYEmﬂHSHEDIDDDC

WRITE(€,210)

READ(5,*) STEF

0N 17 I=1,10

CALL SHESFT(SE,TC49S4XS,TH)
WRITE(F,250) S5E,TE,RF,XS
TE=TE+STE®

CONTINUZ

G0 TO 16

IF(LLL oNEL2) STOF
WRITE(£,222)

REAN(5,%*) SE,TC

CALL SHESETISFyTE 37 39¥Sy1)
HRTTZ (659256) SZ,TE 97 SyXS
G0 TO 1o

STOF

FOPMAT (1 X, #*ENTF? 1)

FORPMAT (1Xy 2ENTEF  F37Cy A0, 00T, TT4F%)
FORMAT (LX, “ENTER  F M, BSH*)

FORMAT (1X, *ENTEF  TTUCT,N50FT NI, IW®)
FORMAT (1 X, *ENTER ACI,JLIM¥)

FORMAT (1X,.Fp..‘-'0=' "'- 3, ;.’,-?X,‘C“‘:' ,"-7‘.2, 3X,'ROUT=":“03,
23X ¥ TEMP=®,F3,7)

FORMAT (1 Xy 2FA=% 3 F B, 29 F Xy *0SH=*3 FLaF 43Xy *FTA=%,F3,5)
FOPMAT (1X *TOUCT =% 3 T2, IX,*NSOFT=2,T2, X, *NIT=%,T4,3X,
I¥TW=%, T2 Xy *JLTM=* 3T0,y IX,*ACC=*,FF 1)
FORMAT (1X, *FNTER PRESS,PIU*)

FORMAT (1 Xy *ENTEF (491,29 2,4%)

FORMAT (1X, *ENTER SFE,TE*)

FORMAT (1 X, *ENTER STEC¥)

FORMAT (1 Xy *ENTER FMOSH,AM,FroQyJLINY)

FORMAT (41X, *ST=2 s F10 2 y X, ¥ TC=%, F12,8, Xy *RS=*,F12, R,
2LUX y¥XS=%,F13,8)

END

SUSROUTINE EIGFN

BIMENSICN TE(3) ,FS(3),XS(3)

WRITE(E,1C ")

READ(5,4%*) SE,~E

WRITE(E,1217)

READ (54*) RS,y XS

WRITE(E,1L1N)

READ (D, *)RSD,y XSO

DELRS=HS(3) =S (1)

CELXS=XS(?)=XS(1)

DELTE=TE(T)=-TE( )

NERRS=DELRS/IELTE

DERXS=UZLXS/IELTF

F=RSD=-KS(2)

X=XS0=XS (?)

CENOM=[ERP S*DER S+ CE~XS*ERY S
DELTE=(R*IERRS+X*DEWXS) /LE NO~
DELSE==(X*DERNS=-F* =¥ S)/0ENCM

TEN=TE (2)+CELTE

SEN=SE +0ELSE

WRITE(E,455) TEN,SEN

CFORMAT (1 X, *FNTER SF, TE'S *)

FORMBT (1Xy TENTLR RS 'S, XSr!C =)
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. 1ian FNRMAT (1X, *ENTZ+ ®ST, XSC #)
E Les FORMAT (L1 Xy ®TTNZ *,3F 12, 9,6 X" oFN= *,F12,?) ;
3 RETURN ]
END
SUBKOUTINE SHESET (St yTeygyRSy XS, 1INw)
COMMON/ 3LK 1 /FM, EFTA,RT AM
COMMON /8LKA/ SST,T77 ,0SHyH, T
COMMON /BLKA7 T IUAT,= (U~ ,K,«7  THISPAGE IS BEST QUALITY PRACTICABLE
COMMON /30 KC/ NSCE™ ,«STAFT,r 77 FROMCOFY FURNISHED TODDC -
COMMON ZELKDN/Z HZ,DoHA 4 kM
COMMUN /BLKEZ USGaNUy Ly 4"
COMMON /BLKF/ yM,PuUR
COMMUON/ LK HAZACT 4 JLT ¥
COMPLEX AT gZCTAT gKZ4y7yPEyRHS
REAL <y yNU
DIMENSICN Y(3),YL(a)
LOGICAL MINE
EXTERNIL 2FRIV
MO0 )JE=,FALTE,
SSE=<Z
TTE=TF
AI:FVDL((”.,’Q.)
N=4
IF (IJUCT) 21,22,2%2
23 XSTA-Qng'
SD‘:IU
GO TO 24
22 XSTAOT=INYT/4=-1,
SC¥X=1.
G0 TO 24
21 IF (MOD(NIT,2).EN,") XSTurT="0OUT/H
TEF (MOC(NTT42)MNELF) CO 7N 22
SOX==1,
IF ((NSCFT (ENe2) ANJ. (NTT 6N, T)) 2€4284
26 RI=POUT=-H
HA=R™=R]I
XSTART=RM/HA
X=XSTAFT
SIX==1,
ASHA=TSH*H /4"
TIF ((ISHeNFa"a) o AND G (FMNeNETe)) ALA=S «*NU/(HA®US)
IF ((OSHcMF.-Uo)AA'\”)o(FMo‘-EOL'Q)) !’L“-'-.‘.\.'ALA
Y(i1)=1,
Y(2)=Y(3)=Y(4)=12,
GO TN @9
24 X=XSTAFT
IF(AMeGTaa PTeANI « XSTALNT ¢FC 4 o dANDICUZT«EQWC) X=,101
IF (NIT.GT.f) GO Tn ~7
Y(i1)=1.
CC=1.0
TF(XeEGCeol71) Y (1)=CloX**AM
Y(2)=¥(3)=Y(u)=",
IF(XeENeeNPL) Y()=CrAMAX** (AM=1,0)
GO TN ¢f0
27 Yt =yL(n
Y(2)=yYL(2)
Y(3)=YL ()
Y(u) =YL (L)
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HHﬂTI&um'
GN TO £n FROM COxY FURNISHED 10 DDC
IF(IWeGELWL) ARITE(?41C0)
FOPMAT (/* FrESSURT PRESS GRAD
HACH X SM RE RHS

234 RHES =)

101 FOSMAT (IX,I&,3F14.7)

7?28

8L

RA

8e

a2

31

OX=S2¥*2,T -4

J=1

f=a,°0

CALL SET ('I,X,Y.T‘Y,TF IV, ATC ’M(‘.'jr, oCS,EuE'b’

IF(IWeGE L) WRITF(™,1(1)JyY,yYhyXySMyQHS

CALL STEP (NyY,Y,0Xx,PErIV,ACTyMOCEyed2,424F-5)

J=J+1

IF(JeOoT o JLIM) WRITE(RyT2F) JoX

FORMAT (1%, *DTI0 *OT RELCH WALL TN *,I3,% STEPS,;XN= *,F7.6)
IF(J.GT.JULIM) GO TH 74

TE AT W GE of <AND. CHORN L, 20) « BT e ORw Js= Ve 2 0Re (A3SCAX) «GTs « 105, AND o

EMOT(J9yT) eETel) e R (AGLT 4 Co o ANDNMCD(JyT)oFRT)))
CARITT(749171) JyY VM, X, Sk, S

B=1,-AGS(X=XSTART)

A=3=-NSHk

TF(AGTLARS(IX)) GO T(C 82

I:(AOLTDZOE-6) GO TN AL

CX=350X*A

CALL SET(VNyXyYyOXyNE TV4hTCyMITE, .5 2.F=6)

CALL STEP(NyXyY,,CXyC"RIV,ACT,~0CE,405,42.E=5h)
TE(INGGE L) ARITEAT7,171) JyY,VMyX,SH, "HS

IF (ABS (IOX) «LEoe(USH/19,) AMDeZe6T «ARS(NX)) GO T9 82
IF(F.L1'A9Q(F’X) OAk’D.q.GTOZOE’e) GO T) ?r‘
IF(R«LE«2.E=6) GO T g8

UX=S0Ox*JSHrs2",

CALL SET(NgXy¥y WX yDETVyrCTy Y 00E, 455, 2,c=6)

GO 70 &2

0X=S0x*3

CX=SOX* (1e=A3S(X=XSTIRT))

PALL SET(N,X,Y,')X,D?;IV,ﬂCZ‘,“ODE,."B,".E-b)

CALL QTFP(N,K,Y,DY,C"PIV,AL"',“.OT‘E, nCB,ZcE‘.“‘)'
FONTINUE

IF(IDUCTOEQI-ilQNP.N§OF-th. 2-L'\F-NIT .tQ.D) Y‘;) =Y(3)‘H/HA
TF(TOUCTENa=1 s ANDANSCFT (EQe2ANC NITLEQ.™) Y(<4) =Y (L)*H/HA
IF(IWeGFal) WRITF (7 41C01) JyY,yViigXySHyRHS
EECENGEQ Y 60 DT

IF (ISUCTeNE«=1.NRNIOFT,NE.2) G TO 2

YL(1)=Y (1)

YL(2)=yY(2)

YL(3)=Y (3)

YL(K)=Y (W)

P=CMPLX(Y(1),Y(?))

FO=CYPLX (Y (2),Y (L))

JETAS==-AI*PI*F/PF

IF (DSHeEVele) ZFTAS=ZETAS®*(L+=FM*KZ/K) **2

IF ((ILUCT ¢€Ne=1) JANT, (MOD(NITy2).FQse D)) ZETAS==-7ETAS
RS=RFAL (ZETAS)

XS=AIMAG(ZETAS)

RETURN

END
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32

12

SU3ROUTINE DERIV (NyX,Y,"Y)
COMMON/ 2LK1/F M, ETA,PT4AM
COMMON /3LKA/Z SE,TE 4,NSHyH,SY
COMMON /8LK37 IDJUCT,"NUT,K,K?
COMMON /BLKC/ NSOFT,WWYSTARTZNIT
TOMMON /RLKD/ HEL,NSHI,PM
FOMMON ZBLKT/ US,NU,%L 2% 57
COMMON /BLKF/ VM,RHS

COMPLEX AyB8,~"HS,®,P%,K7

REAL K,NU

NDIMENSION Y (N),DVY(N)
AKZ=K*TZ/F TA

JKZ==-K*SE/=TA

IF ((ICULT ¢ENu=1) AND . (NSOFT sEQe2) ¢ ANDs (NITTeEQe 1)) AKZ=H®*AKZ/HA
IF ((TUUCT eFQe=1) AINI(NZOFT (EN4Z) AND, (NITL.EQ.7)) BKZ=H*¥3K7/HA
KZ=CMPLX(NKZ,yBK2Z)

TE ((FMJ EQ %) e0F JUTSH EPeRs Y)Y GC TO 12

SIGN=1,

JE (EM LTINS ) SIEN==1 ¢

TF ((IDUCT EDe=12 ANJD . (NSOFT oEQe2) o ANDo (NITLEQeT)) 21,32

MRz X=(¥START=1,)

IF (CR.GE.0OSHA) GO 7O 12

ALA=S,*NUr/ (HA*1)S)

3LA=6.=ALA

YP=C2*HA>YS /MU

A=k 07 *YP

IF (YP GTe5) Q= 4l73 (=G, F+F FALCG(Y2))

IF (YR oG s 30) QA=ellf?= (£ 94245 AUCE (Y= 1)

SQA=1 e/ 407 + 1 ¥ (EXP(N =1 s=N=1*07 2 s =621 “QLE,)
SM=SIGR*HA L USYUS 7 (C U el T T)

€=1,=-D00/0SHeL

EET SCE TS e I S =SS M

0, Y6 17

CA=AZS (X=XSTAFT)

08=(XSTART #1 ,-X)

IF (ch':’Toio) DA¥=X=(XSTAT=1,)

TE ( (UL 4GS ¢OSKH) ¢BND G (FB.6E.L 53KY)) G0 0 12

IF (DALY « OSHY s AND G (RSUFT o & %620 «ANDy (1 IUCT 52 L)) GU 1O 12
IF CCO8 LT o OSH) ¢ aND(XSTIST ¢ 20k o) AN D (TBUC T EQEYY SO 70 12
YE=DA* H*US /N

IF (06.LT«0R) YPRP=OREYE/IA

S 07%YP

JE YPablTs5) GG F l=Tei b ¢S *ALTELY=))

IF CYP e Gio 30) Q=GR 7% €6 5825 ALEG (Y )}
SA=1 ¢/ 607 €12 (EXP())=2e=0=0%U 2+=Q%L*7/FRy)
SM=STGN*H* US*US/ (CENU®* (417 %€ q)

€=1,-0L/0SH

IF (C3.LT7:0R) S=1,-CR/D&K

L SRy L Tge §). S ESME LS (R E

qu (qi.LT.r‘;A) C;A{:_Qq

IF COESUCT sEVe=l) s "N g iRGD(HF Ty 20 w8 D LY ) S5
60 TO 317
SM=0,

FONTINUE
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THIS PAGE IS BEST QUALITY PRACTIC
CALL MACH (FM,V4,D0A,1B,ALA,7A) FROM COPY FURNI ASLE
A=2¥KZ*SM/ (K=VM*KZ) NS WY
IF (INUCT) 22,22,21
IF (XeGTo0e) B=AR1.7Y
Q=H¥H® (K¥K=KZ*K7* (1 =VH¥VMH) =2 * Y *K*K 7)
IF(XeGTeo) 3=8-(AM/X) %22
IF ((ICUCT «EQe=1) ¢ANY, (NSOFTVEQe2) «AND« (NITSEQ.T)) 3=HA*HA¥3/ (H*H)
F =CMPLX (Y (1),Y (2))
PP=CMPLX (Y (3),Y (4))
RHS==-A*PpP-3%¥0
DY (1) =Y (3)
CY(2)=Y (L)
NY (3)=REAL (RHS)
Y (4)=AIMAG(RHS)
RETURN
END
SUSROUTINE MACH (FM,UM,02,37,ALA,3LA)
COMMON /3LK8/ SE,TEZNSHyH,SM
COMMON /BLK3/ TITUCT,,20UTyKyk7
COMMON /BLKL/ NSNFT,YSTAFT,NIT
COMMON /3LKD/ KA,DSH,RM
COMMON 7BLKE/ USyNU AL 0L ,"
SEAL KyNU
IF (DOSH) 1,1,2
YM=FM
GO Tn 13
SIGN=1,
IF (FM,LT.Ne) SLIGN=-1,
TF ((ICUCT e€EQe=1) AN, (NSOFT EQe ) AND L (MIT, 22, M) 3,4
IF (03.G5.DSHA) 6N TO 1
YP=0D2*KHA*YS/NU
IF (05.LT.9LA) GC TC ¢
UM=SIGN*US*(5.5¢2,5%4L0G(YP)) /C
GO TO 9
IF (NR,LT,ALA)Y GO TO F
UM=SIGLAUS*{=2, TE4E 4L NG(YF)) /0
GO Tn ¢
VM=SIGN*US*YD/(
60 TO S
IF ( (28,65 .0SH) LAND,(P3.,GELLcH)) 50 TO 1
IF ((NSOFT eEQe?) oANT, (CALLTLSH) ¢ANCe (I0UCT4SN¢1)) GO 70 1
IF ((XSTARTEGC ) o A0, (ZNUTT o ELol) eANDo(DALLTN2)) GN TO
Y=0A
IF (N3,LT.3A) Y=D29
YP=Y*H*US/NY
IF (Y.LT.3L) GO 70 ~
VM=STIGHLPUS® (5,542,522 LNAG(YP)) /O
50 T0 9
IF (Y.LT.AL) GO Tn @
VM=STGN*US™ (=3, 545 JSALAGC(YE)) /0
GO Tn &
YM=SIGN*USAYP/(
L="
IF (TOUCTeEQe=1sANDNSOFTLEC 2, ANDNITL,ECeD) 11,512
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10

X

E=1.-08/0SHA )

IF (EelToel) VM=VUMe (L o=1( J*E)*(FM=-VM)
GO TO 190

E=1.-0A/NSH

IF (D3.LT.NA) E=1.-93/0SH

IF (FelToeel) VUM=VM& (1 ,~1(.*E)*(FM=VM)
RETURN

ENN

SUSROUTINE LNOP T (XyVyehPyM,,IT,NC)
CIMENSION X(5C),Y(57),S(F0)

JJ=NP=1

CO 1 J=1,JJ

S(J) = (YUJI*1))=Y (I DN/ (X (u#1) =X (IJ))
CONTINUE

L

ITI=NP-2

CO 2 I=1,11

J = I+2

CO 3 N=J,JJ

LOOP="

THIS PAGE IS BES
FROM COPY FURNIS

2 = (Y(N)=Y(I)#S(T)*X(I)=-S(N)*XIN))I/(S(I)=S(N))
IF CCOX (I eLTeZ J AN (X (1410 oFCeZ) JORG(X(I)SEZANDX(I*1).LE2Z))
X oBAMD o ((X(N) eLEGZeANI X (N41)eGFeZ) eORs (X(N)eGZeZeANDeX(Nt1)eLELZ)))

LOOP=1
IF (LOCF.F941) GO TO L
G0 10 Z
M=M4q
IF (M.GT.1) GO TO 5
IC=1
NC=N
G0 TO 2
IF ((N=I)eLT4(Nr=TM)) 6,3
IC=1I
NC =N
CONTINUE
TONTINUE
FETURN
END
SURRNAUTINE TNSO (X, ¥,MF, 1050,y 14,X4)

OCIMENSICN XINMF) g Y (NCT) yZ () yHW(2) g*X(B) 4MM(5),0(5)

CO 2 J=1,°F
MX(J)=FM(J)=1

Je)) =10,
TI=JdJ=rXx(1)=MM(1) =1
nS=11,

IF(X(2) «LE«X (1)) DS=(X(1)=X(2))**24(Y(1)=Y(2))**2

TO0 5 J=2,4NF
TFIX(J) eLToX(J=1)) G517 TO €

TF(JeNL 2o ANI MM JI)EQe(J=1)) Jj=Jyel

MX(ITI)=J

Q(TII=(XOID =X (J=1Y) *=22+(Y(JV=-Y(J=1))**2

GO 70 ¢

IF (JONEOZQANQQ”X(II)oEGo(J“l))IT=II.‘1

MM (JJ) =)
CONT INUE
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N0 7 J=2,5

TIF(D(J) «LT «DMIN) NN=)
IF(D(J) LT OMIN) QOMIN=C(J)
IF(DS.GE.IMIN) 6O TC &
IM=1

GO Tn &9

TM=MX(NN)

XM=X (I M)

IF(IM.ENWNPF) GO TN 4r
XL=AMAXL (X (IM=1) 4, X (IM+1))
IF (XM.LT.4) GO TN 114
XPA=,9G* YV

IF (XL eGTeNe) XLA=XM=, (1% (XA=XL)
TE (XL LE.C.) XLA=T,
XA=AMA X1 (XPA,XLA)

GO0 TN 12

XPA=1,C1%XM
XLA=XM=,C1*(XV=XL)
XA=AMAX1 (XPA,XLA)

CONTINUE

7¢1)=X(IM=-1)

7(2)=X(IM)

(1) =Y (IM=-1)

W(2)=Y(IV)

YAL=ATKN(Z yWyZy1yXL)
IF(YAL.,GT.172,) GO TO i
7(1) =X (IMe1)

W(1) =Y (IM+})
YRL=ATKN(ZyWy?2y1,XN)

IF (YBi.GT.i"G.) GO 0 4"
IF (Y21,.,6E.YAL) Inp=1

TF (Y31.L7T.YAL) 1uU==7

IF (N.eQ.1) TUF1=TUSB

IF (TUFWNZLIUF1) ICUSF=1
IF (IUF.EQ.IUFL1) Try<f=r
FETURY

TCUSP=¢(

RETURN

END

SUIRQUTINE CUSP (Xy¥yh FpiCUSH 4N, 14,X4)
CIMENSTICN X(NF) Y (NS) 4Z(40)yW(BEG)
IM=1

XM=X (1)

00 10 J=2yNFP

IF (X(J)GToXM) 1IM=)

IF (X(J) GT XM XM= X (J)
T (X eGTe5ee0ReTIMiENe1.0RI"eEQNF) G0 T9 43
XL=AMAX1(X (1) X (NF))

IF (XM.LT.%e) GO TN 11
XPA= ,QC ™Y

TF (XL «GTeDe) XLASYNa 04X (XM=XL)
IF (XL .LEeYs) XLE=",
XA=AMA X1 (XPA,XLA)
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GO TN 12

XPA=1,C1%X"
XLA=AM= 401 * (XM=-XL)
XA=AMA XL (XBA,XLA)

CONT INUE

XA=,90*XM

cn 2" J=1,1I4
2(IM*L=-J)=X())
W(IM&1-J)=Y(J)
YAL=ATKN(Z yWyTM,1,¥Y4)

IF (YAL1.06T ,10%.) GO 76 &f
NM=NP=1IM+1

no 27 J=1yNM
7(3)=X (I~ )=1)
W(J) =Y (TIM+ J-1)
Y31=ATKN (Z g Wy MMy 1,¥ )

IF (Y31.GT41704) GO 70 Ly
IF (YRi1,65,YA1) THo=t

IF (Y31.L7,.Y41) Inm="

IF (NeFQe.1) lUuPi=IN=

IF (IUBNE.TUPL) ITUSE=1
TF (JUFLESTNFLY TOUSF=(
RETURN

ICUSF=C

RETUKRN

END

FUNCTION ATKN(X,Y 4N 4% 4 XB)
CIMENSICN XU(3£G),Y(2370)
COMMCON XX(20L),YY(3T7)
Ki=K+1

IF(X(N)=-X(1)) 1:7,17,16C
IF(X3=X(1))2",20,2"

tL=¢

GN TN 2080
IF{XIN)=X3)L",u0,5"
LL=N=-K1

GO TN 2G0

LL=1

LU=N

IF(LU-LL=1) 180,18",7r
LI=(LL+LWY /72
IF(X(LI)=-XB) BC,R0, 77
LL=LI

GO TO €9

Ltu=LlI

GO TN €3

IF(X8=-Xx (1)) 122,?27,22
IF(X(N)=X3) 137,47, 4"
LL=1

LU=N

IF(LU-LL=-1) 18Nn,180,1F¢C
LI=(LLeL) 72
IF(X(LT)=X3) 160,172,17C
Lu=LI

THIS PAGE IS BEST QUALITY PRACTICABLE
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180
190
20r

219

22e

24¢

GO TO 14c THTS.PAGE IS BEST QUALITY PRACTICABLE

LL=LI DD
FURNISHED TO DDC o5
g FRAM TOPY

LL=LL-(K1e1)72

IF(LL) 29,270,197

IF(LLeKL=N) 207,20°,!C

00 213 I=1,K1

I1=LL+]

XX(I)=X(I1)=-XR

¥Y(I)= Y(T1)

nn 222 I=1,K

0O 222 J=I,X

E=XX(J+1)=-XX(T)

IF (PeENe o) GN TA 25

YY(J41) =(Lo/P)* (YY(T)*XX(JHL) =YY (J+1) *XX(I))
ATKN=YY (K1)

RETURN

ATKN=9CG,

FETURN

SUBROUTINE CL (% Xy TyFyFyFoy THy Dy TNUC T,y NITyRI,AIUT,K,04,DP)
REBL M,K

M=ABS(FM)

TR=T/519,

BR=P/1L .7

A=, C702*TF*TR*TH/ (PR¥ (TR+.L1%5))
B=,00C0L374*{(TR*> ,7RYI*SORT (FY/SQART(FR* (TR+,416))
OA=(A+LC* (L ¢TH/D) 4,17 65*11) /(" +3)
IF(OA.LT.S4) GN TO 1

EX=EXP (=8, REX¥ME M 5{NT%Y)

C=oCNILAYYFE (TH® RS %07 (1,=.7*SOKRT(NR))*EX)/SART(TR)
NP=ATAN(1./7(C/NA=¥))/K

IF(INDUCT.EQ.1) GC 77 2

F=5,F=7

TFOTVOUT U B0 T

IF(NITeGTe1eAND MOD(MNTITyc) oENet) GO TO 3
OP=NE*EI/(RI=CF/2,)

XP=x=C/0NA

RS=K*R1

CALL BESS (PSy14,1,F5,2L,yAL)

CALL BESS (RS,Q,1,5,FL,0L)

AL=XP* AL

BL=XP*BL

AP=(FL #3L) /7 (DL +AL)

XS=K*(RI=-DP)

NN=n

CALL 3€SS (XSy141,548X,8X)

CALL BESS (XSy0y1,F 47 ¥%,0x)
DE=(AP*AX=AX) /(AP*(2X=8X/XS) =CX#8X/XS)
XSN=XS=-CE

TF(ARS (XSN=XS),LT.",0C1) GO ~90 &
XS=XSN

NN=NN+1

IF(NN«LT.10) GO TO &

0P=PI=-XSN/K
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Xe=x-C/0A -~ .

NP=DP*ROUT / (COUT+ND /3 ,)

eS=K*x0UT

CALL SESS (RSy14,1497 71 4AL)

CALL 32SS (S9N y145,7T1 4EL)
AL=xF®2 L

AL=xF*Ql

AP=(BL=-TL) 7{AL=-5L)

XS=K* (FUUT ¢DP)

NN=10

FALL 3ESS (XSy1414742X,RX)

CALL 3ESS (XS,041,45,°¥X,0X)
NE=(AP*AX~AX) /(2P ¥ (J¥=3X/XS) -CX +4AX/X3)
XSN=X3=9E

IF(A3S (XSN=XS),LT.,",2C1) GO "0 7
XS=XSN

NN=NN+1

IF(NN.LTe1?) GO TN 3
NDP=XSN/K=PNU~

6N 1Tn 2

pP=9¢q,

CFTURY

FND

COMPUTLS BESSEL FUNTTTQNS
Jn(x) TF NN=P KK=0

Jix) IF HM=1 KK=0

JO(X),¥YN(X) TIF #N=O <Kk=1

JL(X)y,YL(X) IF AN=1 ¥v=1

T=ACCULACY

SUBROUTINF ASSS (X NNyKKyEyY1,Y2)

COMMON/CFS/Z C(15) 3" (19),01(1T),M1(13) 4F2(15),02(15),C3(15),03(15)

NATA Cy0,C1,01 /147ENy=1.77208251953125E-5,=-2.3802791+4
BubG172F =2y =2.32548121€8122Pw “=24=8,04575414137712 £=-2,=-2.482751629
391012 E=1y=5.951€2LB1ET36°€ t=1,-1,08619247172279 EQy=-1.9230624200
C2979 Efy=2,173993884°C187 E7,=6,S5394 121891922 FN,-7,3943966118938
N1 ECy=1.C6414712795603€ F1,=-1,45550951679R29 £1,-7,02120078191578 &
1974031255 =4,5,196%196460415u2> F=2,2,005123M80053437 F-1,4.475351926
FB5863 E-1,7,9317763LLELTE7 “=1,1.23745958927051 S0,1.7804268219166
G3 Fly2.422067191L1729 E£7,3,16237LH942737% TJ,4,13137338739936 EQ,4
H.939CbC1957L771 FN,5,975L35243165L42 S1,7.1105705996093C EDJ,8.344L25
I632754063 SNy39.HTE7NITL77811 FCLy1e027y)=1.47354127976562 E=-4y=5.51
J71P05L476937L F=T,=2,4L0NE0ET712930€0 €-2,-1,19703729312153 E-1,-3.08
KGOR2795:157 34 E~1y=F4nL12%155303b42 £-1y-1,26207012841032 ECy=2.194
LN"632235777 3 €0y =3,5R86M54297% .6M1 E(,-C,498587812973638 ED,-3.126813
MT{pTI4EL Sy =1.1€E0NSTEILFTREE F1,-1,508L0645293517 F£1,-2.175642262
N7PC39 £195.85937565=3,F 0716 c51586343 £-2,2.53733042221067 E-1,5.2
NEW2ZE57E8722599 £-1,49.98741523¢ 792175 £-1,1.36465451005838 E0y1.93226
PE6H3538118 €0,2,5965535F08FR127 £NMy3.3535UL59G467 E0,4.2271970146432
Q16C E0,5.1%954318791%°11 tC,6.2505893626€157 F0,7.4L1032156793225 ED
ReB.,6687455310C7L7 F,1.M(25362C 474147 F1/
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DATA C2,02,5C3,037 1.0€0,1.573284€667%875 E-5,-2.64L381083312872 E-3
Ay=2.,18806583455783 F=2,=E.TL7728187323729 €-2,-2.43041074174527 £-1
By=5.469974N60217€C S-1,-1.M72386S613534% EN,=1.39"A86442188243 FQ,-
C3.152697718LI3LL FN =L ,G2uTF7563C2717 EQ0y=7,36)55714UB05L49 EJy=1,0
06002016823086 E£1,y~1.406M62393153652 €1 ,-2.015445892574349 €1,-1.,1718
E76E=-3,4,508355Q782€%37 F=2,91.9217576819522y €-1,4%,38339304023672 E
F=1,7,8329522363%€90 ©-1,1,22707123581158 EJ,1.7€2960463320143 E0,2.
GL1087731972993 E",2,150L8781°% 569130 E7,3,S89539325LN356 ECy4.927037
H46293779 Z0,5.,963187139290227 (0 457.09%74622813375 EQ,y3.331612642131
I91 EF0,S.6538847«B17217L F,y 2, E0,=€,65625791015625 E£=F,-4.231868675
JUBBET [=3,=3,27735232246128 F-2,-1,16627130443483 £-1,-3,033525986
K28LL7 E-1y=6.55627 7151 €82581 “=-1,y=1,24994LL51433323 Z0y=Cei77o1112G7
L9703 FLy=3.FUL5LT7IEE (22 Ef ,=F ,L742362372586531 £0,-3,3G629737653329
M8 E0y-1,1559367547Q252F E1,-1,50343373283787 £1,-2.163826553C6451 €
N1y24734L375E=3,7,41427680149277 F=2,2, 4564251342526 £-1,5.166538790
N334202 £-1,8.8637117372973461 C=1,1.354722972523373 £1,1.321935369281
P49 ECy2.58787206H492591 El, 2. 362537633A7175 E£90,9.21592526583140 £0,
0Fe1798023131R2C22 FFf 4= (2IEBL57LLENNED? =1 ,7,3933722753L312 £748.6560
RC65828439% ENy1,nNL135LEATAT712E F1/

0I1=3,1L159265358¢8709

IF(X=7NEY) 16,27, 20

ONE=14.(C0

K=KK

N=NN

2=X/2,(

G=.5772415664231°F 32

IF(N)3,3,t

S=NNF

U=0NE

EM=NNE

R=Z/¢cM

U==1J*K*R

S=S+U

EM=E~M4+ONFE

IF( ABS(U)=E)E,y= 4,5

Yi1=%

IF(K)2,4842

RETURN

S=0ONF

U=ONF

EM=0NE

= (Z*2) /7 (EM®{EM+ONT))

U==-U*R

S=S+U

FM=EM+NNE

IF( ASS(U)=E)18,7,7

Yi=S*7

F=Y1

JF(K)2,1(,8

EETURY

S=Y1*(G+ALOG(Z) V+7*7

U=2z+7

EN=2,

Q=0NC
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R=(Z/7ENI)*(Z/E
U==U*R

S=S+U

Q=0+ (ONE/EN)
EN=EN+ONE

IF( A3S(U) -E)
¥2=S*(2./P1)
IF(N)1L4,13,13
RETURN

N==1

K==1

GO TO 2
Y2=(F*Y2=-(0ON=
Yi=F

RETURN

K=KK

N=NN

SQ= SART (.5)
£X= C£0S (X)
SX= SIN (X)
CZ=SN* (CX+SX)
SZ=SN* (SX=-CX)
X1=X*X

R= SNRT (2., "
Y=X*(,1

2=Y*Y
FO=X1*FVAL (T,
NO0==({X/8.7 )
IF(K)23,21,23
IF(N)2% 422,25
Y1=R*(FN*2Z-Q
GO TO 15
IF(N)?6,424,476
Y1=R*(FJ*32-Q
Y2=R*(FC*SZ+1
GO TO 15
Fii=y1*SVAL ("
N1=(X/35,C
Y1=Rk*(C14SZ2=-P
GO TN 15
Pii=xX1*EVAL ("
Al=(X/&.0 )+
Y1=R*(P11%SZ+
Y2=F*(Q1*¥<7-P
GO TO 15

END
SURKNUTINE 79

DIMENSION AC(1
ON==1.(
f=72+3(1)
FVAL=L (1)/°
=z VAL

T=0NE

N) * (ONE+ (ONE/Z (EN®*Q)))

12,11, 11

/(PI1*Z))) /Y1

/7(°"I*X))* 0,01

DySy15,7)

b
*SVAL(T1y019F915,7)

n*<7)

0*S7)
Q= cZ)

2y N29F415,4,27)
’

YYEVAL (D3, L3yT,1%,7)

11 %07

290295914, 7)

EVal ((‘3,03”:,1:92)

G1*C?)
o GIbATTA)

FVALUATE CONTTHUED FRATTION
FUNTTLIOMN CVEL(A,3,E94Ny7)

£) y&u(15)
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00 3 I=2,4N
N=Z+8(1Y
R=A(I) 7 (C*M)
S=0ONFE/ (ONE ¢R*T)
V=S=0ONE
T=<
W=W*V
EVAL=EVAL+W
€=0
IF( ABS(W)-F)12,10,7
CONTINUE
RETURN
END
SUBROUTINE LINPAR (,X,T,F,F,FM,TH,0,08,C0P,C€C%)
REAL ™
M=ABS(FM)
TR=T/519.
PR=P/14L,7
A= C762*TR*TR*TH/ (PR (TR+4<1c))
B= QR0 C 374 % (TR®E* 7F)2SQPT(F)/SOFT (PR* (T=¢,416))
NA=(A+08*(1,#TH/D) 4,17 85%M) /(~4+8)
IF (CA.,LT.%2%) GC "0 1
EX=EXP (-8,65*M2v_ 81004 M)
C=eDI2GBO%F* (TH#,85%D> (1,=e7"SOPT(NA) )*TX)/SQART(TR)
CP=(CEE/(5.29313C*%C)) *ATLN(1.7(C/0A=X))
GO YO 2
0P=939,
RETUPN
END
FOR COC /50N USE**%x2xcAt | STEF YUST 35 £XZOUTIN WITH FARAMETERS
AS ILLUSTRATED CON CAQL NFEN,C 27
SU2EOUTINE SET(NyXy Yy Xy FydISyMODE 43X HMAX,DXMIN)
OFFEQe CANSISTS AF TWO SURDITTHF SU3PROGPAMS, S=Z7 AND STEP, 79O
SOLVE THE INITIAL VALUE FFCRLEM
OY/7X = F(XyY)y Y(X0) = YO
WHERE Y IS AN N=VYECTNAE WITH FLAL CTOMPOWNENTS,

CALL SET(N X Yy TXyFyNTSyH0NTyIXHEX,OXMIN),
WHERES
N IS AN INTGER "OMSTANT Jn VARIA3L:e,
X IS A REAL VARIARPLE, “WZ INCEPENICLMT VACIA3LE,
Y 1S A RSAL VART.LELE N=L:iOAY, THD DPcFEMNIENT VARIARLD,
IX IS A REAL CONSTANY N~ VARIAELI, THFE CUR2AINT ST=P SIZE,

OFEQ.0C1
OFEQ.C J2
DFEQ2.0C3
DFEQ.C Cw
DFEQ.2C5
DFE.C 66
JFEQ.CQI7
OFEQ.08
OFFQ.0 09
OFEQ.C 10
OFCJ .U 11
OFEQ.C12
OFEN.013
OFFN.0 i+
DFEQ.C 15

F IS THE MAGF 0F SUs» 0T TNE SUAPCULIAM OF THT FORYM F(NyX,Y,DY)DFEN.C 16

WHITH PROVIOES SUINOJTTHE SET AITH DY/IX,
JY IS A KEAL VAFI&LE 1=-AFCAY, TY/TX,

CIs IS A PCAL VA'T£RLE 2 CCONSTANT WHICH 2R0VIDES A TOLEANCE

FA© THE ACAS-@OULTAL LOCAL IFRAT CHEGK [N THE VARIASLE
STFF SI7F wmcor,

DFzZQ.017
OFEQ.C 18
OFEQ.C 19
IFEQ.0240
OFZn.021

MOCE IS A LNGITAL VARIEILE OF CONSTANT WHICH WHEN TRUE (FALSE)DFEQ.® 22
NFzQ.C22
DFEY.C 24
OFEQ.CQS5

INITIATFS T<E FIXED (VAFIAR_T) STE® 5I7T MUDE,
OXMAX (OXMIN) IS A RPEAL VARTA3LE Ok LONSTANT GIVING UPPER
(LNWZR) 3CHHDS FNAT A3S(CX) It THE VARTASLFE STEP ™MOut;,
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c INITIALIZES NECFSSAY VARIABLES PRIOR TO ANY INTEGRATIONS. DFEQ.026
] c DFEQ.027
c CALL STEP(NyX,Y CX,FyDTS,MOCcyOXMAX,I¥MIN) THEN INTEGRATES FROM X DFEQ.C28
c TO X+0X. UPON EXIT FFOM STEP, X, DFEQ.029
c Y, AND DX WILL HAVF OFEN SET TO THEIR NEW VALUES, THUS TO OFEQ.0 30
1 c INTEGKATE QVER SUCrecCING STePS,; Call. STEP(N;X;Y,;0%,F,0IS,M00¢, OFEQ.031
‘ c OXMAX, DXMIN) IS EXFZUTED FOR EACF STZF NESIRED, DFEQ.032
; c OFEQ.C 33
{ c THE SUBROUTINF SUBPRAIGRAM F MUST 3t INCLUDED IN ANY JOB DFEQ.C 34
3 c CALLING SET=STEF, TT 1S PROVIOFO RY THT USZR AND MAY HAVE ANY OFEQ.035
i c LEGAL SUSIOUTINES NAME, THE VARIAGLES COFKESPONDING TN Y AND OY OFEQ.0 36
i c MUST RBE DIMFNSTONEN AFPRCPRIZTELY THIRTN, ODFEQ.0 37
c DFEQ.0 38
CIMENSION Y(V) DFEQ .0 39
c OFEQ.0 40
c OFEQ .0 &1
c THS VALUT CF N4AX AN) THE DTMENSTIONS ASSIGNEN TO THF FIRST 20SITIODFEQ.0W2
(o CF THE VAXTAJLES DO ANPD W IN THE FOLLCWING JIMENSION STATE- DFEQ.C &3
C MENT SHOULZ 3F INSENTICAL. OFEQ.044
C OF EQ.04S5
CIMENSION N(Q0,5), W(Q(,%) DFcQ.0 46
& DFEQ.047
EXTERNEL F OFEQ.0 L8
LOGICAL ™MIRE,CNANF DFEQ.C &9 4
CATA NMaX/QC/ NFEQ.G50
3 CATA EFF/110./ DFEQ.051
i JATA OXF/247/ DFEQ.C 52
M=N NFEQ.053
TE (Mol Te1 oD GToNYBX) GO TO 20 OFEQ.054
RA=DIS OFZQ.C55
CNDE=M0TF DFEQ.056
HMAX=C XMAY NFEQ.057
HMIN=OXMIN DFEY.C58
| RS=FRF DOFEQ.C59
AETA=OXF DFEQ.C60
R | K=n DFEQ."61
Kz=C DFEQ.062
0O 17 1=1,4™ DFZQ.063
10 W(I,1)=Y(T) DFEQ.C 64
CALL F(MyX,4YyT(1,%)) DFZQ.C65
RETUCN DFZQ.066
an PRIMT 39 DFEQ.067
*9 FORMAT (B5HLSUARNUTINT SET Har RARGUMENT QUT=-0F=ANGE, SEE LISTING.)DFEQR.C68 E
CALL SYSTEM(2fa,1L ) DF£2.069
RETURN DFE2.970
ENTKY STeEP NDFEQ.071
Lo XC=X DFEQ.072
H=9X 0FZ2.073
TF (KeNEe?) IF (WKe2) FC,480y114¢ OFEQC76
xe=x" 0FE2.075
rn «% I=1yu NF=Q.076
L5 W(I,5Y=w(I,y1) ODFEC.077
€0 Ki=4-K OFQ.078
no 72 i=1, M DOFEN.079
!
4
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THTS PAGE IS BEST QUALTTY PRACTICABLE i
FROM COrY FURNISHED TODDG ___

G0 TO 202 OFEQ.1 2 i
140 00 190 I=1,M DFEQ.1 35 |
W(I,1)=W(I,2) DFEN.1 26 |
19C D(I45)=0(J 48) OFEY.137 |
X=XC OF €0 .1 38 1
, 200 K=n DFZN.1129 |
$ K2=0 DF £Qe1 &0 |
! DX=SIGN (AMAX1 (ASS (H)/BETL, 44 TN) 4 H) DFEQ.141 ;
| GO TO 49 DFEQ.142 |
{ 210 K2=K?2+1 DF Q4143
IF (K2.LTeh) RETURN NFEQ,.144
K:C OFEQ01“5 |
OX=SIGN (AMINL (A 3S (H)*RETA, H*2X ) 4 K) DFcQ.1 46 |
K2=0 OFE.147 |
RETUPN OFEN .1 48 |
Soe OFZ0.149 ;
|
: ssyssarprne JISCNFS /777 “ND  OF LIST /777
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: THIS PAGE IS BEST QUALITY PRACTICABLE
a2 FROM COPY FURNISHED T0 DDC e

N0 67 u=K1i,& DFEN.C 89

(3 (I, N=C0(I,d¢1) DFEQ.081

W(I,?)=H*] (I,4) NFZQ.082

W(Ig1) =W (T,1) 452U (T,7) DFEQ1.083

70 Y(I)=W(T,1) DFZQ.084

X=XC#,5*H DFEQ.C 85

i CALL F(MyX,Y,0(1,5)) DFEQ.G 86

! N0 BC 1=14M CFEQ,.C 87

| W(Ty3)=H*N (I, %) DFEZQ.088

! WL 1) =W(Ly 1)+ oE= (W (Iy2)=W(I,42)) DFEQ.C 89

E | 80 YCI)=W(T,1) DFEQ .0 S0

3 CALL F(MyX,Y,0(1,5)) DFEQ.091

"0 90 I=1,M OFEQ.092

W(I,4)=H*](I,5) DFEQ.G 93

WIT 1) =W (T, 1) 4W (TyL)=ob® (I, ) DFEQ.C 94

90 Y(I)=W(I,1) DFEQ.C 95

X=XC +H DFEQ.096

CALL F(4,X,Y,0(1,5)) DFEQ.097

DO 100 I=1,M NFEN.098

W(Iy2)=W(I,1) =W (T L)+, ,16F5E0L HEEEBERT* (W (I92)4¢2.% (W(I,3)+W(I,4))+HDFEQ.09Y

1%N(1,5)) DFEQ.1u0

10F  Y(T)=W(I,1) DFEQ.1 01

K=K+1 DFEQ 102

K1=K DFEQ.103

CALL F(MyX,Y,N(1,5)) DFEQ .1 04

RETURM DFEN 135

110 70 130 I=1,M OFEN.106

V(I,?_)=H(I,1) DFEQ.107

00 120 J=1,4 NFEQ.108

120 N(I,0) =C(T,J+1) DFEQ.109

W(Iy2) zW(T 2V 4, 416FRAEBOERBOFTR=1%H*(55,%0(I,4)=59,%*0(I,3)¢37,.*D(IDFEQ.110

192)=9.%C(T,1)) DFEQ.111

130 Y(I)=W(I,3) NFEQ.112

X=X +H OFEQ.113

CALL F(M,X,Y,N(1,5)) OFE1.114

nO 140 I=g,M DFEQ.115

W(I 1) =W(T 42+, L16FEIEREEEOLETE=1*H* (2, *C(I,5)%13.*D(I,4) OFEQ.116

1-5.%0(1,2)40(I,2)) DFEQ.117

14C  Y(T)=W(T,1) DFEQ.118

CALL F(MyX,Y,D(1,5)) DFER.119

IF (CODE) RETURN OFEQ.120

ERR=1, DFEQ.121

00 150 I=1,™ DFEQ.122

150 EPR=AMAX1(CFR,A2S (W (T, 1)=W(T,2))/ (14s*AMAXL(ASS(H(Iy1))y10e))) NDFEQ.123

IF (ERKRGE,RA) IF (HMIN-ARS(H)) 16C,15%,155 OFEQ.124

K1=0 DFEQ.125

IF (RI*ERRL,LT.RA) TIF (HMAX="3S(H)) 156,155,210 OF EQ.126

155 «2=9 DFEQ.127

RETURAN DFEQ.128

160 IF (K1.NE.3) GO TN 1q=f¢ OFEQ.129

CO 17C I=1,M DFEQ.1 30

W(I,1)=W(I,5) OFEQ.1 31

170 0(I45)=0(I,1) OFEQ.i 32

X=XP DFEQ .1 33
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B.2 OPERATING INSTRUCTIONS AND TYPICAL INTERACTIVE RUN

,%
3
|
;

OPERATING INSTRUCTIONS FOR TERMINAL
VERSION OF PROGRAM ""OPTSHE"

Program has Free Format input

ENTER 1 Program runs only if "'1'"' is entered.

b gt

ENTER FREQ, AM, ROUT, TEMP Frequency, Angular mode, duct
height (radius) in inches, tempera-
ture in degrees Rankine are entered. ;

ENTER FM, DSH Mach Number, Shear Layer thickness
‘ as % of duct height areeentered; Dsh = 0 ‘
is for uniform flow.

ENTER IDUCT, NSOFT, NIT, IW Iduct is type of duct; Iduct = 0 for &
cylindrical, Iduct = 1 for rectangular.
NSOFT = number of soft walls;
NIT = 0, IW = 0.

Aol l ot | e o o Unely SRR " Sy

ENTER ACC, JLIM ACC = Accuracy of Numical Integra-
tion, JLIM = Maximum number of
steps across duct.

ENTER PRESS, RHO Pressure in psi, density in 1bm/ft3.

TE; 2 - Uses one SE, TE; 3 - Not
usable; 4 - Uses Newton-Raphson
iteration to find SE, TE for a given
RS, XS.

A
ENTER O, 1, 2, 3, 4 0 - Terminates Program; 1 - Varies 4]

f RS +iXS = Normalized impedance/ETA

For Option '4' above, input must be :
for one ""SE'" and three "TE''s. ]

ENTER RSD, XSD RSD = desired Resistance for option 4.
XSD = desired Reactance for option 4.

Program gives: TEN = New guess value for TE

SEN

New guess value for SE

The following is a sample run of the terminal version of "OPTSHE. "
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| THIS PAGE IS BEST QUALITY PRACTICABLE
? FROM COPY FURNISHED TO DDC -

EHTER 11
EMTER FREQAMREOUT ,TEMP ESZ. 0.1, M. sS40,
EMTER FM.D=H -.5.0.
EHTER IOUCT HSOFT.HITSIk 1.1 .0.0
b EMTER HIC.JLIM 1. E-0&,10010
= FRER= E22.50 AM= 1.00 FOAT =40, 0 TEMFP= SH0. 000
' Fii= - .50 DesH=. oo ETA= 4. 00014
IOUCT= 10 HSOFT= 1 HIT= I} I=u JLIM=1000 ACC=.1E-0
EMTER D41 42424 2
EMTER SE.TE LO83,7.3
SE=-, 00300 TE= F.20000000 R&= -.25702228 nas =+ 3414872
EHTER Ga1.242,4 0
STOP
L1390 CF SECOMDS ERECUTION TIME
{ . «ATTACH « & JHIOF 4 Y eY
EMTER 10
EMTER FEEDJAMEOUT . TEMF BS2.5 1. JH0 ZEY0,
EHTER FHM.0OZH =S
EHMTER IDOUCT JHSOFTHITAIW 0.1 .0,0
EMTER HACC.JLIM 1.E-0E 1000
FRER= £23.50 AM= 1.00 ROUT=40, 000 TEMP= S40. 000
FH= =~ .50 OZH=. 00oonn ETA= Y4.0001&
i0UCT= 1 HZOFT= 1 HIT= 0 = 10 JLTM=1000 ACC=. 1E-QGS
EHTER SE.TE
ENTER STEF

|

21Ty

[T

AT DODADD DT

EMTER 0a1 42434
EMTER SE.TE
EMTER STEF

]
.
—
=
Nu)
=
=
=
o |
=

DR ] DOy D]
mmm mlrrl

wononngh

.

=

¥u)

—

=

]

=

=

)

i
0
2
=

Oy I

[
.
[t
=
=]
=

V
I

.
£
=

SE= L 0ne000nn

EMTER 141424344

el a B T el oo o) oal e

EMTER SE, TE'S ;
ENTER FS°S, MS'S, 27134691, 26582837, 26551477 ,-. 345 ,- . 642,
-2 3347

ENTER FSO, #SD  L.S.-.4

TEN=  7.79229189 SEN= 01685323
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oy

THIS PAGE IS BEST QUAL

ALITY PRACTICABLE
FROM COPY FURNISHED To ppg ’
EMTER 041,2,3,4 1
ENTER SE.TE
ENTER STEF

SE= (01 ESS00N

EMTER 041,2,2,% 4

ENTER SE, TE®S LOIEES 7 BT T,7LFE
EMTER FS'S. 'a 5173, 4340 35536 - L EMEEE - 931TE

ENTER RSO, ©S S

TEN= F.T25104E SEM= L ESE Ty
EMTER M+1 234 2_

ity
i
!

e e
SIS

mmmmmm

R R R R RO

m

LU T I T 1

= W
EMTER ©

_-15-..535"" L"

e LOIESSMSS
EHTER .1 4243
EHTER =E.TE
SE= (IEFEMNFS TE=
EHTER 0.1 42.3,4
STOR
2.547 CP SECOMDE EWECUTION TIME

=t o

RE= COGNN0eRE wes = 39933
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APPENDIX C
D'ALEMBERT TYPE SOLUTION

Isolation of modal coefficients for forward and backward traveling
acoustic waves in a constant area, solf-walled circular duct containing a

uniform flow.

C.1 NOTATION

z axial coordinate
P complex fluctuating pressure
r radial coordinate
Ro duct wall radius
h normalization parameter h = R0 for cylindrical duct
y normalized radial coordinate y = % = RL for cylindrical
duct °
M mean flow mach number
k a constant proportional to frequency k = -Zc—ﬁ- = %
w circular frequency
C speed of sound
kz complex axial propagation constant
A normalized axial propagation constant; eigenvalue of
Equation 2; A = 'kE
the angular (spinning) mode number
normalized wall admittance; A = -&;—
Z wall impedance; Z =%”
w
. A5 radial acoustic velocity in wall liner
be modal coefficient

Primes denote differentation with respect to the argument.

Superscripts

+ represents modes and modal constants associated with
acoustic waves propagating in the same direction as the

orientation of the axial coordinate frame (forward wraveling)
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J—

- represents modes and modal constants associated with
acoustic waves propagating in the opposite direction as
the orientation of the axial coordinate frame (backward

traveling).
C.2 INTRODUCTION

Derivation of the cross-orthogonality condition for the cylindrical
duct and isolation of the modal coefficients for forward traveling modes
will be presented in detail on the following pages. The method of
solution can be extended to rectangular and annular ducts. The ortho-
gonality condition for modes traveling in the same direction will be
presented here again for comparison to the cross-orthogonality

condition.
C.3 GENERAL EQUATIONS (Linear Acoustics)

The governing partial differential equation for a constant area
cylindrical duct with a uniform flow is known to be (from variables

separable type solution)

2 2 2 2
d d
s P aazit+‘1'M2’—£z’+—%+%%§'(% B9 ()
C~ ot dZ or r

where the angular dependency has been assumed to be of form P () «
cos(nf). The usual method of solving the above equation is to assume
P (r,z,t) @ P(r) exp (i(wt-kzz)) [4.8], where kz = k\; substitution of

P (r, Z,t) into 1 reduces it to Bessels differential equation:

2

1" t 2
P(r) +—:;P(r) & l-xz(l-M?‘)-ZMX- £ ] P(r)=0 (2)
(kr)

in which P(r) must satisfy the boundary condition at the wall, namely

—— = (1-MM)"A [continuity of particle displacement] (3)
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C.4 MODAL SOLUTION

Assume that the pressure in the duct has a modal solution consisting

of forward and backward traveling modes: (refer to Figure C. 1) hence,

® +
i -\
Blee g b} = 2 b;P;elk(Ct ¢ z)

4=1

L 5 A
1 b£ Pz e1l<(ct+ ) z) (4)

where P(r, z,t) satisfies the partial differential FEquation 1 and the wall
boundary condition. Substitution of Equation 4 into the partial differ-

ential Equation 1 yields the following:

+ - + =
2 4+ + ik(ct-A ") - - _ik(ct+r = z) 2 4+ +_ + ik(ct-A " z) - - - ik(ct+} Tz
[:k z{btP‘e L +blPte L - 2Mk zllblP‘e L -llblPte L

2 . t & = ; 2 i
3 +S 4+ ik(et-A, 2y . - - ik(ct+r, 2z) + + 1 4 n" 4| ik(ct-2 "z)
- (1-M )k T‘{)‘l by Pye L+, b Pe t SRS P Ry R Be 5
r

" C 2
ot n® o) ik(etirz)) | =0 (5)
+ b‘ (P‘ +-;Pl ey P, )e }]

Now group +'s together, -'s together in Equation 5 to give

2 2 +
+ 2.+ 2yt 2.2, 4 bl d B ik(ct-A " 2)
b, |k“P, - 2MK“A'P, - (1-M*)k"A +PZ+rP£~r2P e
= (6)
2 2 doaia? g % et ] S “e)
= = SEEis = = = n ik(ct+ Z
+%b, l:k P, +2Mk"A P, -(1-MOk"A " 4P +-P, - P|e t =0
r J
Equation 6 is rearranged to get Equation 7
= : 2 2 -
+ T 2 2.a4 2,4+ n i(wt-kX z)
! — » s - )\ .
sz Pz+er+(k(1 (1-M7)A" )-2Mk Z)PJe
r
(7

" 1 2 2 E
- - 1. . = 2 2o - 2 = N i(wt+kA  z)
- oils A -— =
+Zb£ P£_+rP£+(k(1 (1-MDA, )+2Mk >‘£ 2)P]e 0
r
+ 3
The differential equation associated with the b, coefficient is just the
governing acoustic differential equation for each mode propagating in a

forward direction (Equation 1)
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v
Normalized Wall Admittance A = pc —P-E

2 N O 5 N 0 O 1 O L
x -~
A + =~
b P b, P
L 4 £ 2
Ro —_— ———
A e e o forward moving modes backward moving modes
E—— -
SR T SR N S S SN
. ) . ; wk - X
Yo = radial acoustic velocity at wall y = Ro h
2 2
Az = =Az* _B_ = - 9 C = 3
3 3z dz* 2 *2
dz dz

Figure C.1 The d'Alembert Problem




. Fr ]

2
+ 2 2 +2 2. + n
) = - - - - S— :0
P, +rPl+[k(l(lM)>\z )-2Mk 2 :]P (8)

+
-P, (h)

and satisfying the boundary condition iA = g . 9)
k(l'M)‘z ) PL (h)

L
acoustic differential equation for each mode propagating in a backward

The differential equation associated with the b, coefficient is the governing

direction (in Z* direction (Figure 1), M is negative W.R.T. Z%* direction)

2
_ T | = 1 2 2 =2 2. = n
= -(1- = i S =
PL (r) +er (r) +[k (1-(1-M ))‘!, +2Mk )\z rZ:] ﬂr) 0 (10)

1
_Pl, (h)

and satisfying the boundary condition iA = . (11)

e
k(1+M)‘L ) Pz (h)
(M is assumed to be positive in Equation 7).

Modes traveling in the same direction must satisfy Equation 8 and
boundary condition 9,or Equation 10 and boundary condition 11. By

+
multiplying Equation 8 by rPK dr and integrating over the duct cross-

section yields the following

h 2
PRI U 2. 2 2. + n + )
fo ¥, [:PL i +(k (1-(1-M5 %) -2MK"X -rz)P" ] dr =

%
{
b [
rP, (0)dr =0 (12) [
o 3’

"
*p* and PP, in Equation 12

After integrating by parts rPK ‘ K Fy

~

h h h
" +'] - & ¢! v, 2 2 +d 2, ¥ B Y
[PK rPl ] f rpl PK dr 4‘[ rPK (k (1-(1-M )\l )-2Mk \l-—rz)Pt dr=0
oJo o

+| +l -
again integrating by parts [rPL PK dr to get Equation 13




+| +|
P Yy BT h
+ + L K + L PR
0=hP, " (h)P (h)[ - } +[ rP [P =R
g P, P£+(h) P, (7) s
Ko(l-(1-05 %) st n’ e ¥lar -0 13
o s Wbl Toe s 0l Lot el

But PK+ also satisfies Equation 8 and boundary condition 9, hence

2
LU +' 2 22 2, +.n +
PK +rPK +[k (1-(1-M )KK )-2Mk )'K -r—-] PK =0 (14)
: " + .
Multiple Equation 14 by rP P dr and integrate over duct radius to get the
following:

h
+ +1 1 4! 2 2., +2 2, + n +
j; P, [PK Al i [k (1-(1-MO 7)-2MKA --—2-} PK]dr—

h
[ rP£+(O)dr=0 (15)
(o]

Subtracting Equation 15 from Equation 13 gives the following relation-
ship:
+1

e
S h
+ K 2 2
0=th+(h)Pz (h)[ ‘+ E ] +[o er‘Lp;[ik (1-1\42)(;\[:?‘-7‘/&+ )+

+
PL (h) PK (h)

2. + . % B
2Mk (A -7, )] dr=0 (16)

from boundary condition at wall, Equation 9 it is seen that

4! +!
P, (h) P, (h)
—‘+—-— = -iAk(l-Mx:)z and —5+—— = -iAk(l-MlK+)2
P, (h) Px (h)

Substituting above expressions into Equation 16 gives Equation 17:
+ + . ¥ ol A HE
O-hPK (h)P‘ (h)(-iAk) [ZM(XK -xt )-M (XK -lz ):' +

h
g 2 +2 , +2 2 % -
4[0 rPK Pz [k (1-M )(AK -ll )+2Mk (kK -kz )]dr (17)
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+
factor out (XK+-X£ )

h
+ + 2 2 + + 2 A
(xK "‘z ) [k (1-M )(xK “z )+2Mk:][o (rPK Pl )dr -

) - + 2.+ 0+ ‘L B
iAkhP ()P, (h) [ZM-M (A A, )] =0 (18)

Equation 18 is the general orthogonality condition between modes traveling

B0 3
with the flow; if )\K #Xz then

+
WA iakhp. T(h)P T(h)-2MemP(r. )
rP_ P + K £ K L
. K T4dr+ e > =0 (19)
K(1-MO)( Mk

For modes traveling against the flow, the orthogenality condition is again

Equation 18 with M replaced by -M

e it xK'#xz' then

h 5 iAthK-(h)PL-(h)[+2M+M2()\K-+)\L-)]
: P, P,dr s =0 (20)

kz[(l-MZ)(kK_+kz-)-2M]

Equations 19 and 20 involve relationships between modes traveling in the
same direction. To get a relationship between modes traveling in
opposite directions,again start with the governing acoustic differential

equation.

For positive traveling modes:

2
PALIN L 2 2., +2 2, + n +_
P, +<P, +[k (1-(1-M") "7)-2MK"A -rz] P,=0 (21)
For negative traveling modes:
L Y R T 9;2- P =0 (22)
K r K = K K 'rz K




Multiply Equation 21 by rP_ “dr and integrate over duct radius, giving

K
h ,— 2 - (h
- +1 1 - 4! 2 2 E2 2.+ n ks -
= 27 = gt = =
fo rPy, LPL $=B [k“(1-(1-M M, )-2MKTA z ]PtJdr jo rP (0)dr=C

K L

+|
h h a(rp, ") h
SN L P - L AL +_ -
foer @y = )dr-j; B = —dr= B e T forpl P, dr

integrate by parts again to get the following

h 1
_ "ol 1
Integratef rP__ (P * +;Pl,+ )dr by parts to give
o

i PR N - +h ' _+.h " -
orPK (P, +;Pz )dr—[rPK P£ ]c)-[rpK P ]o+ oer P, dr=

h
- +! -! + = !
h[PK (h)Pl (h)-PK (h)Pz (h)] +£ rPK PL dr

Substitute above expression into Equation 21 to get

+! e
- P (h)y P (h)
f rPK'[L(P;)]dw hPK-(h)P;(h)[ ’°+ - £ } &
- P, (h) P i)

L

h
+ . V=t 2 2. +2 2.+ -
-P +Hk5(1-(1- R o o
j;rpjz [PK +- Py [k7(1-( M)kz )-2Mk xz Z]PK]drO

The R.H.S. of above equation is
1

+ 2
) Py B (W h o :
hP, (h)Per(h)[ L S +[ rP;[PK- shm “y
P, (0} P h) o r K

L

2 2 2 -
[k7(1-(1-M )xz“?‘)-sz xl+-“—]PK :f dr=0 (23)

Now multiply L.H.S. of Equation 22 by rP;'dr and integrate over duct

radius to get Equation 24.




h 2
+ SR | e b 2 2 -2 2 = m o
= 1-(1- e =
fo er [PK +rPK Hk(1-(1-M A, )+2Mk )‘K Z]P | dr=0 (24)

r

Subtract Equation 24 from Equation 23 to get Equation 25.

+! L
Pp'm P . (h] [h
* hPK‘(h)PE’L(h)[ LK +f rp P’ [kz((l-MZ)(xK'z-x;Z)-
P, (h) P, (h) | Jo \
2 K
2M(N, A +))1dr=o (25)
Sk

Substituting boundary conditions of Equations 9 and 10 into Equation 25

gives Equation 26.
4 + 2 s A
hP, " (h)P, " (h)(-iAk) |:(1-sz "= (L+MA )J+ / iP B,k
((1-MB)0Tx Fy-2m | (T Fdr0 26
((-)K-z)- g A, )dr= (26)

Further simplifying Equation 26 will give the expression below.

h
e i o A s
(h, )<k [(1-1\/1 Ay A, )-znﬂj’o P, P, drd

_ - + T g
iAkhP, " (h)P, " (h) [M - )+2M;] =0

- + i o
Since in general (kK +A, ) is never zero, the term inside the brackets

)/
must always be zero.

& (1M2)>\'x+)21\ﬂ hp'p+dr+
e Mol ey ) _JOrK )

iAkh(MZ(kK--)\£+)+2M) PK_(h)P;(h):O (27)




Two relationships now exist; one between modes traveling in opposite |
directions (Equation 27), and one between modes traveling in the same i
direction (Equations 19 and 20). It must be shown now that using these |
relationships the modal coefficients can be isolated independently of one

another, given an initial pressure and axial pressure gradient distribution.

C.5 ISOLATION OF MODAL COEFFICIENTS

The problem now is to utilize Equations 19, 20 and 27 to isolate the

+ T

modal coefficients involved in specifying the pressure g(r) = a(bz Pz++bz Pz)
and the axial pressure gradient —:% = H(r), at some arbitrary z s taken

to be zero for simplicity.

o+ - - “2g="
Sog=T0, P 4b TP
and
= =0
3p |* %0 , T T SR
H Y = -11(2()\_z bz Pl, -kz bl, Pl )
No Flow

For the no flow condition, the modal pressure distribution for the
Lth forward and zth backward traveling waves are the same; the ortho-
gonality condition is just _foherPndx=0 (superscripts are ne_ lected on
modal pressures). To solve for the coefficients bl,+’ bl,-’ the inner
product is formed between g and gth mode, and h and gth mode, to give
two equations in two unknowns. Solution is straightforward for b£+, bz—,

(conventional orthoganality exists).

Uniform Flow

For uniform flow, first express

o * i
tbl P, —g-T.bt P, (28)

and
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+ +_ +_ iH - - -
Bi, B, P, = —+EL "0 P, (29)

Restating the orthogonality condition for forward traveling modes Equation 19

h -
kz[(l-MZ)(B\n++)\z+)]2M[ rPn+PL++iAhkPn+(h)P£+(h)[Mz(kn++xz+)-2M} -0
o
(30)

2 +
By multiplying Equation 28 by [(1-M )Xn++2M]Pn rdr and integrating

over duct height h results in the following:

h h h
2. 4 +_ + + - S
% [(I-M |25 +2M]f Pn PL ¥ —[f grP, dr-%bzf PL o2 d{‘
o o (o]
[(1-M2)xn++zm} (31)

The above L.H.S. of Equation 30 inside braces looks like part of the term

associated with the integral term in Equation 19 (the orthogonality condition

for forward traveling modes). To complete the integral term in Equation 19,

(l-MZ))\J&+ ‘(ohrP2+Ph+dr must be added to L. H.S. of Equation 31 for each

(£2); to do this operation, Equation 29 is used (pressure gradient equation).

Multiplying Equation 29 by (l-Mz)rPh+dr and integrating over the duct

height yields Equation 32.

h hr.

§b£+ (a-mp* ‘ rP,"P Tdr) ] [lk—H + ixz'bz'pz'] rP “ary(1-M%)

(32)

Adding Equation 31 and 32 forms the integral term on L, H.S. of Equation 19.

h h
b Y la-mByo i Faeml | P e Trard=| (1-MP ) team
3 2 n 2 o n A n i

h{iHP
pten P P Y| rdr +1-M%) 2 +Sb, P P |rdr (33)
85n £ 74 "h o L K L2 n
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To make the L. H.S. of Equation 30 reduce to a single term, (when £=n),

i - + o+

l%}—‘ pn+(h)PL (h)[I\/IZ()\n +XL )-27 | has to be added inside the brackets, thus
giving the orthogonality condition for forward traveling modes as in

Equation 19 for all terms except £=n. Adding }—%P (h)P (h)[M (X +k ) 2M]

inside the braces of L. H.S. of Equation 33 is equivalent to addmg

1AL + 2o & +
—— + =
%bz K Pn (h)PL (h)[M (kn )‘L ) ZM}

to both sides. Carrying out this operation then allows the reduction of L. H.S.

to one term, hence, when £=n (since all others are zero by Equation 19)

resulting in Equation 34.

+ i 2 + iAh + & +
bn {El M )Zln +ZM] }rp P dr J—-k——P (h)[M (erI )-ZM:]} =

o

2 4 +
) o s
[( MO +ZM][[;P Ib pl Ph]rdn v (1-M )f P +§x bl PlPh rdr + (34)

iAh
k

+ + 2 4+ + +
1)L b -
Pn ( )E ¢ [M 0, 0, ZM]P‘ (h)

At this point it looks as if whatever is gained on L. H.S. is made more
complicated on the right hand side of Equation 34, the second orthogonality
condition (for modes moving in opposite direction) will allow the reduction
of Equation 34 to a simple relation. The orthogonality condition for modes
traveling in opposite directions is Equation 27.

iAh

h
2 - + + - 4
[(l-M )()\n -)\l )-ZM:l ) rP P'¢ dr +—— 1:(M ()\ - t )+2M] Pn (h)P‘(h)=0

(27)

Now group summations (E) on R.H.S. of Equation 34 together giving
Equation 35.
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2 . * 1 (h + 2.4 ‘rh +
L.H.S. (34)= | (1-M" A _"+2M| | gP ‘rdr+(1-M))p [ HP rdr«+ (35)
L sJo Jo

-
|

p

h :

% - +iAh 2 - + -1 + %
+Zb, =—— M (A +r, )-2M P _ (h)P, (h)

Pnpz’d’}zz ol Ll S e L

-(r e
H(1-M%)(A, "-2_")-2M
s, XL( A, -x ] :

The middle term of the R. H. S. of the above equation is the integral term
i associated with the orthoganality condition of Equation 27; by adding and
1 subtracting the proper boundary condition terms to the R. H.S. of the above
equation, Equation 27 can be formed, thus eliminating these terms.
iAh
k
of Equation 35, subtract outside the brackets to get Equation 36

Hence, most add Pn+(h)P!,-(h) [MZ(X!“-)\n+)+2M] within the brackets

h
r P L 23 +
L.H.S. (34)= | (l-Mz)ln +2MJf 8P, rdr+(1-M7)5 ; HP rdr +
o

-

e . aunl 2
Ib, {Pn (WP, (== | M

h
- + 2 - + + -
| .k )+2M] + [(LM KA, =k )-ZMl BEF rdl} (36)

L o

: b 0 . 2. - + + -
iAh I + 2 & + . + el ME T )+ZM] p *(nP “(h)
s {b,’ IMT(L TR )-ZMj P_ (h)P, (h)-b, (O, -y - .

Since the middle term of Equation 36 is just the cross-orthoganality
condition, (Equation 27), the middle term drops out completely. Also the
summation of the boundary condition terms iz over £, hence, Pn+(h) can

be pulled outside the summation. Hence,
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h h
2. + + 2.i +
L.H.S. (34)= {(I-M M +2M]]; gP_'rdr+(1-M )kfo HP_'rdr +

IAh -+ +_ + - - 2. +
_ b +b h) | (M A - +
P '(h) ﬂ o P, ()b P )]( L -2M)

X
2 +. + + - - -
- h 37
%M["Lbzpz "zbzpz()] (37)
but g(h) = £ (b P, (h)+b, P, ~(h)) _-- pressure at wall
Bl =3 Ty ) P
i 5 o e B e T T = i 3P [ wall
and Lm =20, "0, ", A0, B o k_az/

Therefore Equation 37 reduces to the final form, Equation 38.
+ 2 + 3 +_ 4+ iAh +2 2 +
b [(I-M )2\ +2M} rP P dr+=—P_ (h) [M (22 )-ZM] =
n n M n n k n n

2 i + 7 e +
[(I-M )xn +2M] . an rdr +(1-M )-1: : HPn rdr +

iAh

p tmy | v®r Tozm h+-i-M—2Hh 38
MR p (| (P -2M)g(hy+ - Hb) (38)

if r is normalized, y = %, then

1
v 2 + + 0+ iA . +2 2 +
b - = - =
n [(l M )Zln +2M}£ yPn Pn dy+]l Pn (1)[M (an ) ZM]

1 2 1
2. + + 1= i +
[(I-M ))\n +2M]f an ydy +£—1I:£—Ef HPn ydy +
o o

2
iA o + o, F iM
-h—k-Pn (1)[(M )‘n -2M)g(l)+T H(l)} (39)
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The relation for bn- can be arrived at using similar manipulations that were

F | used to get bn+' The result is stated below.
2 e iA 2
- - 1 - -
M2y - 1 =
b [(1 M2 ZM- 3 yP_ P dy+hk ( )[M (2r )+2M}
(11\/12)7\'21\4T lp'd 1My l'P'd
= A gP ydy-(1-M)/ HP ydy+
- o (o]
;
‘ iA o 2, - M
; = P (1)[(1\4 A, +2M)g(l : ] (40)

+ =
The solutions for bn ’ bn are given below.

1 1 g
2 i 2 H(1 2
: [u-Mznn‘nM]f gP 'ydy +(1-M )‘;[ HP ‘yay+ 12 p 'm[gmm WIS ’m]
o
n 1 g (41)
ZY{(I-MZMD’;.M}[ P P ydy +h—-P (l)p (U[M xn*'M]}
o

and

b

1 (1 . .
(l-MZ)x T_2M gP 'ydy-(l-MZ)‘— HP 'ydy+ip (1) g(l)(MZx “v2m)- 1HL) 2
n n k n hk " n n k
b= o ° (42)

n 2 _ 1 _ . _ 2 -
2 [(I-M )Xn -M] P P ydyihk (l)Pn (l)[M kn fM]
o

where M is the Mach number relative to the z axial coordinate of Figure 1.

C.6 DISCUSSION

The significance of Equations 41 and 42 is that the modal coefficients
can be found independently of one another instead of solving a truncated
system of linear equations as done by Zorumski [ 19 ]. Kraft and Wells
[ 16 ] developed an adjoint function which was othoganal to all modes,

except one, which were traveling in the same direction. This adjoint function
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~a.llowed each modal coefficient to be evaluated in terms of the pressure
distribution only. Kraft [ 20 ] did not generalize the adjoint method to
include both forward and backward traveling modes, but relied on
Zorumski's technique in determining the modal coefficients, with the
adjoint method being invoked to assure that the modal expansion is valid.
The only problem with the adjoint method is that the pressure alone is not
sufficient to completely specify the coefficients in a duct where reflected

waves exist; hence that method must be modified.

To match an arbitrary pressure distribution and an arbitrary axial
pressure gradient distribution both sets of modal coefficients are necessary.
If the bl—'s are all zero (no reflected waves) then the pressure and pressure
gradient cannot both be arbitrary; if the pressure distribution is specified,

+
then the b!., 's are completely determined [ 17].

One may think that this method of isolating the modal coefficients
which requires the axial pressure gradient instead of the axial acoustic
velocity is limited if the acoustic velocity is specified. To circumvent this
apparent problem, one need only imagine that the duct walls are rigid or
hard so that the wall boundary condition is the radial acoustic velocity is
zero at the wall. In that case the modal pressures are again orthogonal in
the usual sense, and the hard wall modal coefficients are easily computed.
Having computed the coefficients, one may then compute the axial pressure
gradient which is needed in the solution of the soft-wall modal coefficients.
Hence, the apparent problem is solved; namely, converting the axial

acoustic velocity to axial acoustic pressure gradient.

One thing to be pointed out is that the expression, Equation 41, for
the modal coefficients for the forward moving modes is the same as
derived in [ 3 ]. The expression, Equation 47, for the modal coefficients
of the backward moving modes is the same as Equation 41, except that M
is replaced by -M, and H(r) is replaced by -H(r). The reasoning for this
is that the backward moving mode ''see's'' a flow and axial pressure

gradient of opposite sign as that for a forward moving mode.
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The method of isolating the modal coefficients assumes that all the

+ . . & . 4
P 's, and radial pressure distributions are readily

obtainable if need be, although usually only the first few modes are

axial Eigenvalues, A

necessary to get a good approximation to the initial pressure and axial
pressure gradient profiles. A further consequence of the orthoganality

: : : £ : + .
conditions derived previously is that any axial Eigenvalue, A, ~, of Equation 2

L
which satisfies the wall boundary condition must be considered as an
admissable mode. Hence, any ''strange'' modes [ 12 ] and [20] must

be included in the set of basis functions.

This method of isolating the modal coefficients is easily adapted to
multi-sectioned duct theory [ 10 ], Figure C.2, where finite discontinuities in
duck wall impedances occur. If constraints are put on the modal coefficients,
such as terminating the duct so that no backward moving modes exist
(bi-'s are zero at exit), simple linear equations can be developed to
iterate to the correct values of the modal coefficients at the duct inlet that
will meet the exit condition. Once the coefficients at the duct inlet are
known, one can proceed down the duct to each wall impedance discontinuity
and, by matching the pressure and axial pressare gradient, proceed past
the discontinuities to the duct termination. Using an acoustic energy
expression [ 21 ] the energy flux at any plane in the duct may be computed

to determine the overall attenuation up to that point. The theory is used

in Program CO detailed in Appendix E.

C.7 SUMMARY OF UNIFORM FLOW ORTHOGANALITY

An orthogonality condition for modes traveling in opposite directions
was derived. Using this cross-orthoganality condition and one previously
derived [ 3 ], an equation was developed which allows each modal
coefficient to be evaluated independent of all other modes when the
pressure and axial pressure gradient are known. The method can be used
to predict the overall attenuation in a duct with several different wall

impedances.
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APPENDIX D
CONSTRUCTION OF SHEARED FLOW ADJOINT EQUATIONS

[A]= [cxiJ] i,J=1,2,3 then from Equation 14

2
i - - or el RN a2 BB
| o TRRAL Tl B TEU B P i E )
{ 2M -2ipckM! Lol P
| @, () @y G ( ) ay =0
2
22 (l_Mz) 23 (l-MZ)M 31" pckM b v
1
@33 M)

The notation ( ) means ''operating on' and primes denote differentiation

*
with respect to the argument. To determine the adjoint operator o 5

must first be found. From Equation 23 it is apparent that if uiJ is not a

Q’T
S )
: : T
differential operator then o, _=«o._. Thus
iJ iJ
T _ T T T -2M T _-2ipckM'

Tt il S A L T z () ag==

= ()
o S8 el <X(1-M%)M

T _ g _1
3,70 e Ey ()

! Only aT and aT are now unknown.

21 31

From the definition of the transpose, Equation 23

R, R
e © T__
: (ai.]' yJ)Zidr = ; yJ(oziJ Zi)dr + [BC] (D. 1)

Putting %, into the above
2

1 2M 2 m
Bopy - SEm-Seyy . [B Te
- ; r szr=j y (e, Z,)dr +[BC] (D.2)
o k (1-M") o

By performing integrations by parts on the above equation it can be shown that
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2

e
1 2Mm ™! 2 m
Rofy " ok R " i ' 3
»[v‘ el el —z)yl TP o Z, ( ==L, '(k 7 . P
2 LT i e S T [
o k(l-M) o k(1-M") k(I-M) k (1-M7)

= - . ZM' Ro
YIZZ"-Y(—’ZZ oy(-M )7
] 7 3 :
a-m® N Rfaem? W ela-my)

From Equation D.3 and D.2 it can be seen that

(D, 3)

x (m

2
1 2
£ s e e S E i e
“1° (2 z) ('————) t ()
k (1-M ) k (I-M) k (1-M")

To find a’?]:l put % into Equation D. 1 to get Equation D. 4.

Ro Ro
: (ay,y,)Z,dr= p yl(a31 Z,)dr +[BC] (D. 4)

Substituting for «,, in the above equation,

31
R, -iyl’ R,
m Z3dr= yl(a3lz3)dr + [BC] (D.5)
o o
Integrate the left hand side of the above quation by parts to get Equation D. 6.
Ro ( i23 \ -iy173 R, Ro T —
—_— —— = + D. 6
4! pckM) ard | pekii ] y) (e g, Z;)dr +[BC] k%)
o o o
thus
1
Q'T : ( i{ )
31 pckM

It is now possible to write out the matrix for [A%*].

2
n b EM . 2 m
* _?‘ * % () (r" M)( ) (k ——;2-)( )

o, o a,,=0 o, .= + -
. . L oo - 2 - e —
1-M (I-MZ) (l-MZ) k2




A& ,(-i( ) x B -2M S *

o = | =0 (¢4 =1( ) o = ( ) o =0 @ =0
2

137 | pckM 21 22 (1-M2) 23 31

* _2ipckM!' ®* 1

O m e ===l )

32 kz(l_Mz)M 33’ M

The adjoint eigenvalue problem is

PN e <

A Z=)\2Z (D. 7)

Writing out the equations of D. 7 gives the following equations.

1 2M' 2 m
" Sl e Gl 1 = : 1

= ( . ) ‘{(r T +(k .rT)z (123 A Z

;) "1 - ety D. 8)
k2 |\ (1-m?) L (1M 1-mM%) 2 | pckM (
Zl = —ZMz Z2 =KZZ (D.9)

(1-M")
2ipckM'Z,  Z, _
—_—t ==z (D. 10)
3

Kia-mm M

Solving for Z1 and Z3 in Equations D.9 and D. 10 and substituting into

Equation I8 reduces the set of equations to one equation in Z

2.
= -2ipckM'Z
) bk 2Mz’zz’ by . i
1-M k“(1-M°)(1-Mn)
Z " (l_M)Z 1 (kz mz) ZM'Z
( 2 ( M 2| " R ( 2
- 2 2 2 — 0
K2(1-M%) k2(1-M") R (1-M") kz(l-Mz)(l-Mk)M
(Iz+3£”—"—2)zz=o (D. 11)
1-M

Equations D.11 show that Zl(r) and Z3(r) can be expressed in terms of
Zz(r) alone and that boundary conditions on Zz(r) are needed to uniquely

determine the radial distribution of Zz(r) to within an arbitrary constant.
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The boundary condition terms came from Equations D. 3 and D.6 and are set 1

equal to zero collectively.

e — 1 2M' — R — 7R
vy, Z Z b e A Ay Z. 1
N S (~_2__) BN 2 B e (D. 12)
> = L12
kZ(l-M ) 1 kz(l-M ) 1 kz(l-MZ) E pckM o
P
But y ={\P
) v

so that ¥y = P and Equation D. 12 becomes

— a— ' —_— ——
P'Z Z T R
2 2 P T 3 oy
e ik W owgie N e el e Tl ] B e
R(1-M) K%(1-M%) K2 (1-M%) "

Two conditions on Zz(r) are needed to make the differential equation of D. 11

a complete problem.

If the boundary condition terms of Equation D13 are set equal to

zero at r=0 and at r=R0 and the substitution for Z_ is made, then the

3

necessary two boundary conditions on Z_ will be specified. For a

2
cylindrical duct it may be assumed that the sheared portion of the flow is
confined to within a small distance § from the duct wall so that M'(xr)=0

for r <R - 8 and the resulting two boundary conditions are at r = 0

. P(r)Z_(r)
1 . r—3 1 le 2 -
P (O)ZZ(O) - :[:J(O)Z2 (0) + 1= 0 (___r ) =0 (D. 14)

and at r = R, (remembering that M= 0 at the duct wall)
. S T 1
' 3 ! it 1 as &
P (RO)ZZ(RO) P(RO)Z2 (Ro) + P(RO)ZZ(RO)[RO + 2M (Ro)l) 0 (D. 15)

The form of the adjoint differential equation of D. 11 in the non-sheared

portion of the fluid is (for M'(r)=0)
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b
k|

Z 2
At 2 2..2 1- —
Z "--i+k [I-2MA - (1-M )\ + L jZ_=0 (D. 16)

2 z 2 2
(kr)

where the complex conjugate has been taken. By letting ZZ =rF Equation D. 16
can be transformed into Bessel's differential equation in F.

F' 2 2.2 m2
Fl4—+k [l-2Mr - (1-M)\ - 1F=0 (D.17)

: (kr)®

which is the same differential equation for P(r) in the uniform flow portion
of the fluid. If (rZZ) is required to be finite at r=0, then F may be composed

only of Bessel Functions of the first kind,

22=r.]’m(ar) where a=k2(1-2Ml-(l-M2)XZ)

Thus for a cylindrical duct the adjoint can easily be found in the
uniform flow section and it remains only to solve the adjoint differential

Equation (Equation 11D) through the boundary layer at the duct wall.
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THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TO DDC ;
APPENDIX E

PROGRAM CO

PRIGRAM CO(INPUT=1t4/6L,CUTFUT=164/8y, TAFES=INPUT,TA2EB=0QUTRUT
THIS PRIGKRAM CALCULATES THE MODAL lJOcFFICIENTS AT

INTZRFLIES NOF SHANGIMG ACOJSTIC IMPEDANTE FU% SYLINIORICAL
DUCTS

CO4~_ZX 3(15,2’15)yLAM(1L)2,;n),ALpHA(l\,2 1“),&(10),1
COMPLZIX TOT1,4,7072,TO 7 Z4TLT+y TOTE,TOTHyZETA(LL)

COM1PLEZX PXRESSyPGikADy3FJyFART (15,130) 9X1(10)

OIAENS IAN I+ (10)

ReAL LENIGTH, LHl(l"), HTOTAL, DIST(L2)

REAL 49K ySE(10,2417) 3, TE(15924510)yLH(10)4LHH(1T)

INTEGZR SyTy2yZ7y2M

JATA (5_(1 192)y Z2=1,2)/ 0060361 68,429350115,.9047L047/
DATA (Si(i,l,l) 7=498)/e(275558067ye0u197¢H632,2.,72953575/
DATA (TZ(1,1,2) Z=1,3)/2.é“c60591,2.%9551728,2.32622534/
DATA (T2(1,4,1,2) 7=+y06) /1417 _169509y=eb44900763,-2.705879485/
DATA (52(1,2,2) 2=193)/423-70328y¢9054543u,y43L776125/
DATA (SS(1,2,2) Z2=492) /6027 L1899y s 43401E8742.75535781/
DATA (T2(1,2,2) Z=193)/¢e561060183,74307°045029,7+46394459/
OATA (TZ= (1,2,2) 7=4yF)/ta533557129,5.,015072455,2.75301951/
DATY (58(241,2) Z=192)/.00022709,y.30219833y.95026028/
JATA (SE(Z,l,Z) 2= 453€6) /.00 415708y 08110952,2.73251522/
DATA (TZ(2,41,2) 7=1,23)/C2457 3476239 2¢+9LLC3I, ZoU13339/

OATA (TZ2(24y1,2) 2=490)/1e102F7 343y =eu8230131,-2,71032085/
DATA (3575(242,2) 2=i92)/ed5379038,.0CC00155,4033130334%/
JATY (LE(242,42) Z=%440)/.00170124,.00249¢97,y2.793955652/
DATA (TZ(242,42) 7=193)/tel7t3BLE3y)740805¢c675,7443375475/
DATY (TZ(2492,42) Z2=04E)/e5t05u1G9y)4e3406305,2,71343187/
D0 7y Z=1,6

SE(3,1,Z)=SE(2,1,Z)

SE(3,2492)=SE(2y2,47)

TE(3,172)=TE(2’1’Z)

TE(?,Z)Z)zTE(Z,Z,Z)

SE(%9142)=SE(141,7)

SE(“’212)=SF(1,2,Z)

TE(“,1,2)=TE(171,Z)

TE(4,2’2)=TE(1,2

SC(59152)=SE(1,1,7)

SE(542,2)=SE(192,42)

TE(591492)=TE(141,2)

TE(S,Z,Z)=TE(1,2,Z)

M W W e W W e e W w W e W e e

CONTINUE
ZETA(L) =CMPLX(siey=2,)
ZETA(?)=CMPLX(ed5y=341) —— -

ZETA(3)=ZETA(2)
ZETA(“)=C“,PLX(Q"’"2|)

ZETA(5) =ZETA (L) BLANK
I=0M20X (0o gls) R _y
WRIT: (645)
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THIS PAGE IS BEST QUALITY PRACTIC.
FROM COPY FURNISHED TO DDC

ETA=2*x*F/C (A FREQUINCY PASAMETEKR)
AM [5 THE ANGULAm MJOF

ROUT IS THE OUTER XAQIUS OF 1HE CUCT
FM IS THE FLOW MACH NUMNMBER

FORMAT (LX) *ENTER ETALA i,KOUT 4Flr  *)

READ(S5,%) ETAy AM,4,1

WRITE (6,47)

FORMMAT (LXy *ENTERN THZ NUMEER UF EILIGEZWNVALUES *)
READ(5,%) J

WRITZ (6,3)

FORMAT (LX, *ENTEx THE NUMEEX UF INTERFALLES *)
READ(5,%) NI

T=NI-1

IF(T.20.0) G 7O &

00 12 Z=1,T

WRITZ (6,15) 2Z

LH(I) Is THE RATLIJ OF THE LENGTH IN THEZ AXIAL JIRECTION
SEGMENT I TG THE OUTER RRETIUS

FORMAT (L Xy ®ENTES _H(*yil4y%) *+)
REAI(3,%) LHA(Z)

JJ=2+2

LHOJJ)=LHH(2)

GO TO 13

LH(2) =C,

LAST=2%41

00 32 Z2=1,J

20 37 22=1,J
3(1,1,27.)=B(1,2,Z7)=uffl;’|_X(Co yle)d
PRRT(Z5722) =CrPLX(J ey W)
COMTINUCZ

CONTINUE

INITLALIZE THE InPUT SnEsSU~L LISTRIBITIOCH TO 32 THE
FIXWT FORWAFRG POS2ASIT NG HUILE

F(191s1)=CHMPLX(Lsy 2,)

H4=H4/712,

R=4

PI=3,141532¢6

K=21I *ETA/H

ARLTZ (£ 49)

FORMAT (LX,*LTST E15<WVELUES? 1-YZ5, J=NO *)
RESD(545%) LANS

CALCJULATE THT xADLGL KNl AXIsL ©IGENVALJES

D 3 KK=1yLAST
BUEK) 2L /LETAYZETN(KX) )
10 2 = y

=14J
70 1 S=1,2
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ALITYPRACTICABLE

THIS PAGE 1S BEST QU

FROM COFY F
E LAA(KK 939 2)=CMP X (T (KKyLyZi y=E(KKyS,2)) /572
ALO*A(K<’S,Z)=15.‘LA1(K(,S,7)‘*C‘(l.’-ﬂ‘42)

ALPHA (K€9S 9 Z)=Al P48 ({KgSyZ) =22 *4%(~1e3)**(S+1)*LAM(KLyS,y2)
ALPHA (KK yS9Z)=(K?2) #5222 LLPHL (KKySy2Z)

AL2HA (KK yS97)=0SCRAT (AL PHE (KK, Zi)

F IF(IANS.NEG1) GO TO 10¢
ARITZ (5417) KKySyZyALPHA(KK, $42)
17 FO&"AT(lX”“LPdk(‘)Il’“"’!l",“,11,‘,=;,2F1107)
WRITZ (5411) KK,S,Z,LLF(KK,S,7)
11 FORMAT (IXy¥LAM(*,1 1,7 y3%,12,y%,%,11,%)=%,2F11.7)
1co CONTINUZ
j 1 CONTINUT
i 2 CONTI UE

! IF(IANS.MEW1) GO TO 2
i WRITZ (5,425)
! WRITZ (6,25)
25 FORMAT (1X,* *)
3 CONTLNUEZ
21 CONTINUZ
D0 53 KX=1,4NI
3 NN=2*KK
LL=2*KK=-1
D0 1% =1,J
S=1
2n CONTINU=
CALL 1ATCH(KK’N)S,J’AV,W;K,LhW,ALPHA,H,A,a)
IF(NN.ZQ.LAS{) GO T) 22
CALL TRANSUNNgSyNyKyLhMyhsiry3)
22 S=5+1
M==¥
IF(S.EQ.2) GO 70O 23
10 CONT INUZ
50 CONTTINUZ
WRITZ(6425)
WRITEZ (5425)

PRINT 7T4E MO0AL CUECFFLCIENTS

O00

D0 35 KK=1,NI
NN=2%<K
00 32 N=1,J
HR[TE(O,‘Q’.‘) f‘lf“'l,i,qyr (NI’!'i,},N) ’N“"‘l,Z,N,:a( 44"1’2,‘)
L0 FORMAT (I XNy *B (s Il ¥ g s dlg Ty s lls*)=¢;52225091X3=1205
+1x,".4(‘v',11"‘,"7 Il",ny:1,¥)=é,212-6’1<,£1206)
3¢ CONTINUE
WRITZ (5,25)
WRITE (6,425)
0O A0 N=1,J
NRITE(P‘)"OS) Nh,l,'!, ‘;(NN’l,:‘) ,NN,Z’N’ ﬁ(l\'l,t_"g'))
AL CONTINUE 4
WRITE (86,425)
WRITE (5,25)
95 CONTINUZ
9C WRITZ (6,42%)
WRITE (by25)
WRITZ (0y35)

WO
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THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TODDC __—

FORMAT (1X,*D0 YOU WANT A FXESSUKE UDISTRIBUTION? 1-YES, a=NO *)
READ (5,*) IANS

IF(IANSNEL1) GU TO »F

WRITE (6545)

FORMAT (11X, *ENTER THZ SECTION NUMBER TO BE INVESTIGATIO #)
READ (G,*) LL

WRITE (0, 85)

FORMAT (LXy LX)y *X* 316X, *PRESSU.E* 325X, *PRESSURE oRADIENT*)
00 55 Z=1,11

X=Je.C+341%(2~1)

CALL ORES(JyLLyETA 3 Xy Lty ALPHA,) AM,3yPRESS,PLRAD)

WRITZ (2,80) X,PxE3S,yPGRAC

FORMAT (IXyF3e1yo Xy EL247,2Xy01347y0XyE134792X9E13.7)
CONTI«UZ

GO TO 9)

CONTINUZ

STIP

END

SUIRJIJTINI “METCH"™ SALCULATEL THE 4QuAlL COEFFLCZIFENTS

SU3ROUTINE MATCH(KKy My SyJd At yMyKyLaMyaL O uyHyA,R)
COMPLEKX 2F193F2,3F3y3F0yBF5,) uFE y3F7yF343F13,43711
COMPLEX 3016 92910) yLAM(1Ly2,12) yALFHA(L1292,17)4A(10)
COM2LEX TITL1,T0T2,TITZ,70T4,yi0TC,T0ToyIycFJ
INTEGER Sy AM

REAL KyM

NNz 2 ¥ KK

LL=2¢KK=-1

I=2MPLX (04 yl1,)

CALL IANT(KKyNyS,yJyKyar 42, LAY ,ALPHA,7UTL1,T0T2)
FFLI=( (1o J=M**T) “LAM (NI JSyN) ¢ 2,.*M)*TOT L
BF2=(1.0=4%%2)% (=L D) ¥* (S )T/ K*TOT2
TOT5=3F JOALFHA (iNy S y70) JAF)

BF3=T*A(NN)*TUTG/ (K*H)

CALL G(legJylLlyALPHAZAM,",TT3)

BF 4= (M**2% LAA4(NNyS,y 1) =24c*44) *TOT3

CALL HI1C(1. ,J,LL,AL;"i‘l,Ll‘«r',‘(,LH,B,TOTQ)

BF4=3F 4 #M* %22 («1 ,)) ¥+ (S41) *T/K*TNTL

BF>=83F3*3F«

3FA=3F1+3F2¢ UFY
E’F7=20:)‘LA"("N,),‘J)‘(10!..'“”"(2)*20\:‘-‘1

CALL INTZ(KK,S,‘J,%yL'JV,ﬁf',ALFH‘{,’.JTé)
3F3=3F7+T0T6

AF19=I%A(NN)*TOT5%*2
IF1)=3F10%(2,C% 1220 Fri(NNyS yN) =24G%M) / (K*H)
3F11=3F3+¢3F1(

BUINg S, 1)=3FR/3F 1L

RET U

eENC

SUSRIJTIND "TRaiS™ TruStexs THE MUUAL COEFFISLENTS AT
THEZ 2IGIANING OF & C(THING STOMINT TO 1HE MIXT CHANGE
IN ATOUSTIC 14PZOANSE




2000

10

o Nele Nl

BEST QUALITY mcncm
TODDC e

THIS PAGE IS
FROM COPY FURNISHED

SU3ROUTINE TRANSINNySyNyK,LAMyHyLHy3)

CO“DLEX LAM(lQ,Z)lJ)) 8(1L,2’1':) ,1

REAL K,y,LH(1d)

INTEGER S

=CMPLX(3.91.)

JJ=NN¢1

3(JJySyN) =3 ANy SyN) #TeXP( (=1 ) **S*[¥<*LAM(INy 5y N) *4*LH(ND)
RETURN

END

SU3ROUTINI *“INT*™ CSALZULATES THE INVEGRAL OF THZ ©ORESSURE
DISTRIBJTION MULTIPLIEL EBY THE N TH MO0E OF PRAISSURE

SUIROUTINE INT(KKsNjy3yJyKyAMy3yLAMyALPHA, TOT1,T072)

REAL X

INTEGER S,AM,AM1

COMPLEX TJOT1,T0T2

COMPLEX Ti,TZ,T3,Tio,T‘,,Tu,SU 11, SU-‘IZ,SJML’-,SU"IL-

COMPLZIX ALPHA(14G92,510) yLAM(L 9291 0) 93(12,92910)493FJyI1
=3’1:LX(30)10)

NN= 2% KK

LL=2*KK=-1

SUML=CMPLX (Cay0s)

SUA2=CMPLX(Gey5 )

SUM3=C4PLX(Cey0a)

SUM4=TMPLX(5ey0)

AMi=A44+1

00 13 L=1,J

T1=AP49A(LLy 1y L) *3FJ(ALPHA(L Lyl yL) 9AML) *EFJ(ALPHA (NN S,y N)yAM)
T2=ALPHA (NNySyNI*3F JULLPHA (L Lyl yL) gAM) ¥ 3FJ(ALP A (1iNy Sy N) 9a41)
TS=(ALPHA(LL 1y L)) #*¥2=(ALFHE(NNySyN))®*2
SUML=5UM1¢3(LL,1L,L)*(T1=-T2)/ 7S

SUM2=5U12+#83(LLy1,L) *LAM(LLy1,L)*(iL1=-T2)/T75

TI=ALPHA(LLy 2 L) *3F J(PLPHA(L Ly yt) 9 A1) " SFJ AL HA (NS, d4) A 1)
TH=ALPHA(NNy)ySyN) *3F J(RLPHA(LLy2 yL) yA D *3FJ(ALPHA(NNySyN) 32 11)
T6= (ALPHA(LL 929 L)) ¥ 22 = (ALFHA (NN, S, N) ) ¥*2
SUM3=SUM3#B(LLy 2y )*(T3=-1%)/76
SUM+=SUMG+3(LLy2yL) *LEHILL2 L) *(T3=TH)/TH

CONTINUE

TOT1=SUuM1+SUM3

TOT2=(=1)*K* (SUM2=-SJ™uL)

RETUXN

SU3R0JTINE "G CALCULATES TH- PRESSUKI A7 A POLNT FOR A

GIVEN NIRMALIZcJ DISTAISLy Xy FROUM THZ CcoNTER QJF THE JUCT

FN O
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OO0

10

OO0 0

1

mHISPwGEISBESTQUALITYPRACTICABLE
FROM COFY FunniSHED TO DDC §
SUIRDUTINE G (Xy Sybl AL FHu, 2843, TGTI)
todRLZX 3(1e ,Z,l:) "\‘.."T‘I,Q(le c,lC)
SO X FUyFUL,FU2,3JM3,T0T2,3FJ
INTEGTR A%
SUM3=34PLX (L eyl o)
60 18 Ltsted
FUL=3(Luysl s L)*2FJ(ALTHA(LLyL, L) #Xyh1)
FU225(LL92 9 )PBFJ(PLEHA(LL,2Z L) ¥XyAH)
FU=FUL+7U2
SUM3=3UM3¢FU
CONTIUE
TNTI=SU 4z
RETURN
ENJ

SUSRIUTING **H4*" CaloJLFTES inT PRESSURE GrAULENT AT A POINT
FOR & GLVEN WORMALIZTL DISTLALEE, Xy FROM THE CcNTER
OF THE 3JUCT

SU3RQUTINE H1{XyJgwy ALPHA L 1My K,A?"v’B,Tg]‘v)
0OMPLEX S(15492,1C0) 9 ALFHACLCy 29430 yLAMIL2,2,11)
COMPLEX SUMe,yTOT4yFJyFULsFUZ 4I148FJ

REAL X
INTEGe.: A“
I=oMPX(Cegl
SUAS=CHMPLX (3
00 13 L=1,J
FUL=30 gl yL)PLAM(Ly1,L)*3F S (ALFHACLL1yL) ¥ XyAM)
FU2=3(Liyg2yL)*Lam(Liyc L) *aF J(aLPHALLLy2yL) *XyAM)
FU=FUL-FU2

SUMG=,J 16+ FU

CONT INUZ

TOT&=SU4+*K* (=])

RETURN

END

SU3IRIUTINE "INT2* CALCULLTES THE INTEGRAL OF THE SQUARE
OF T4 N TH MODAL PRISSUFE CISTRL3JTIIN

SUIKIUTINE INT2 (KCy3yngRyL A ,AM, ALPHA,TOTSH)
COMOLTX 3(159291C) gAMLty 2y2i0) gmLFHA(L1L,2,17)
COMI_EX FUL,FU2,7IT>,5FJ

INTESER S’A:',A".J.)AV?

AML=LY+1

AM2z=AM4=-1

Wz 2*KK

LL=2%<K=1

IF(AM.c0eC) GO TH L3

FULS(3F JIALF AR (NiNg S9%) gAM) ) * =2

EUD= (3F JALBHE (dbe; S52) 3 ARV~ (RF (AL PHR (NS otl) v ANL) )
TO0fozs+53*Ful~FUg)

RETY KM

FUI.:(1FJ(:4LP’"$‘(:'-"-,:‘,'-') s 1) e sa g

FUZ=(3F JUOALPHML (MNyS%) gL) ) *%e

TOT3=2342%(FULeFU2)
AST YR A

ENJD
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- ~eme-

THIS PAGE IS BEST QUALITY PRACTICAsLE
COMPLEX FUNCTIUN 3FJ(Z,N) PROM COFY FURNISHED TODDC

3FJ(ZyN) IS J SUB N OF Z (BcoSEL FJUNCTION)

COMPLEZX AL,V

CO4YPLEX SV,ySU,GNyJN,VN

COMP_EX T9Z2y2ZyY359A,6,SyPPyGNE
IF(CASS(Z) sEQsus) GO TO 77
AI=(C. ’1.)

PI=3.,1415327

V==AI*2Z

ONE:(lo,O-)

ZRJ=] .

E=L.E-11

PP=(2.516628274,4C,)

XN=FLOAT (N)

IF(3A3S(V)/1J.=1s) 21,21,31
ZZ=1454904) %V

Y=22%22

FAS2=1.

IF(N) 41442

DO «3 I=1,N

FAS2=FAC2*FLOAT (1)

G=ONZ /CAPLX(FAL257KD)

A=3

X=X+1,

A=A*Y /CHPLX{XyZH0) /C“PLX (XN+ Ky ZRO)
L=5+4

J=CA3S (A)-E

IF(U) 23,23,°¢%1

G=(2Z**¥N)*G

GO T2 33

Usue®* XIN*XN

SV=(Caeyl.)

SU=0ON=Z

K=1

GN=Z-°1/4%.=N*F1/2.
82‘0125,00),2

IN={J=-1,)*3

UN==yN* (U=-G,) /2 .*?

SV=SV+ N

SU=SU+UN

090 33 K=246

XK=FLOAT (K)

UNz=UN® (U=(L4,*XK=3,)%*2)%c/ (2 ¥XK=1,)
UN==VYN* (U= (4 *XK=1)**2)* 2/ 2.% XK)
SVE5V+Vil

SU=SU+U

AFJ=30RT(24/P1) /CSURT(2)*(SU*CLCS(GN)=SV*USINIIGN))
RETUIN




99

86

77

16

THISPAGEISBESTQUALI"YPRAOTICABE!
FROM COFY FUrwISHED TODDC e

BFJ=CEXA[(V*PI*AT/2.)*C
IF(RCAL(Z) oL T oC o «BANDLALMLU(Z)oOT 03e) 50 7O o038
RETY 3
BFJTEXR (=34 *H*71*AL/2,) *6
RETURN

3FJ=(%4y0)

TF(NGEQ.0) B8FJ=(1.47.)

RETURN

END

SUSRDUTING PRES(Jy i gl ThgX L™,
COMPLEX LAM(10,2510)4ALPRA(L 42
CoOMPLZX FJ,Ful "UZ, )u,)U‘l’.} i
INTZIGER AM

SUML=CHAILX(Cagde)

SUM2 =0MILX (Jeyls)

D0 13 L=1,J

FUL=3(LL 1 L)I*3FJCRLFHA(LLYLyL) *XyAM)
FU2=3(LLyg2,yL)*3FJlALFHA(LLycgL) ® X AN)
FU=rFUL+FU2
FU3=LAM(LLy1, L) *FJL-LRi (LLyc L) *FU2
SU11=3JM1#FY

SU42=5J12¢FU

CONTINUS

PRZSS=5U41

PGAJ=35UmM2

RETURN

END

LPHA A4, 5,PILS5,~2GAD)
13) 930105251 7) 33FJ
9

”
’
29PRE35,7GRAD

136




RUN, FTN

@ 4.039 CP SECONDS COMPILATION TIME
@ENTER ETA,AM,ROUT,FM 4.,0,40,.5

@ENTER THE NUMBER OF EIGENVALUES 5
ENTER THE NUMBER OF INTERFACES 2
ENTER LH(1) .75

{ LIST EIGENVALUES? 1-YES, 0-NO 1

i ALPHA(1,1,1)= .1452562 1.2642084
LAM(1,1,1)= .6716515 -.0011585
ALPHA(1,2,1)= 1.4721282  6.9562253
- LAM(1,2,1)= 2.1402650 -.0586758
: ALPHA(1,1,2)= 3.6414120 .0375828
F LAM(1,1,2)= .6240043 -.0008953
ALPHA(1,2,2)= 2.7971369  .0755394
LAM(1,2,2)= 1.9750117 -.0013636
ALPHA(1,1,3)= 6.8943332  .0238853
LAM(1.1,3)= .5065563 -.0011851
ALPHA(1,2,3)= 6.3074688  .1002319
LAM(1,2,3)= 1.8674862 -.0044453
ALPHA(1,1,4)= 10.0646391  .0213496
LAM(1,1,4)= .2937974  -.0018890
ALPHA(1,2,4)= 9.6995186  .0836030
i LAM(1,2,4)= 1.6583928 -.0069040
ALPHA(1,1,5)= 13.1966252  .0245387
LAM(1,1.5)= -.1122519 -.0049317
ALPHA(1,2,5)= 13.0278470  .0580338
LAM(1,2,5)= 1.2539184 -.0108705
ALPHA(2,1.1)= .0089302 1.0063306
LAM(2,1,1)= .6698691 -.0000568
ALPHA(2,2,1)= .0709937  4.7320683
LAM(2,2,1)= 2.0690962 -.0020226
ALPHA(2,1,2)= 2.7036910 .0020492 ~
LAM(2,1,2)= .6225023  -.0000497
ALPHA(2,2,2)= 2.9856230  .0077840
LAM(2,2,2)= 1.9714709  -.0001504
ALPHA(2,1,3)= 6.9338692 .0013018
! LAM(2,1,3)= .5045848  -.0000651
ALPHA(2,2,3)= 6.5065811  .0070716
LAM(2,2,3)= 1.8584387 -.0003260
ALPHA(2,1,4)= 10.1000377  .0011667
: LAM(2,1,4)= .2906509  -.0001039
ALPHA(2,2,4)= 9.8480543  .0050087
LAM(2,2,4)= 1.6459005 -.0004253
137




ALPHA(2,1,5)= 13.2376073 .0013552
LAM(2,1,5)= 0.1205903 -.0002774
ALPHA(2,2,5)= 13.1250769 .0032051
LAM(2,2,5)= 1.2352158 -.0006247
ALPHA(3,1,1)= .0089302 1.0063306
LAM(3,1,1)= .6698691 -.0000568
ALPHA(3,2,1)= .0709937  4.7320683
LAM(3,2,1)= 2.0690962 -.0020226
ALPHA(3,1,2)= 3.7036910  .0020492
LAM(3,1,2)= .6225023  -.0000497
ALPHA(3,2,2)= 2.9856230 .0077840
LAM(3,2,2)= 1.9714709  -.0001504
ALPHA(3,1,3)= 6.9338692 .0013018
LAM(3,1,3)= .5045848 -.0000651
ALPHA(3,2,3)= 6.5065811  .0070716
LAM(3,2,3)= 1.8584387  -.0003260
ALPHA(3,1,4)= 10.1000377 .0011667
LAM(3,1,4)= .2906509 -.0001039
ALPHA(3,2,4)= 9.8480543  .0050087
LAM(3,2,4)= 1.6459005 -.0004253
ALPHA(3,1,5)= 13.2376073 .0013552
LAM(3,1,5)= ~.1205903 -.0002774
ALPHA(3,2,5)= 13.1250769 .0032051
LAM(3,2,5)= 1.2352158  -.0006247
ALPHA(4,1,1)= .1452562  1.2642084
LAM(4,1,1)= .6716515 -.0011585
ALPHA(4,2,1)= 1.4721282 6.9562253
LAM(4,2,1)= 2.1402650 -.0586758
ALPHA(4,1,2)= 3.6414120  .0375828
LAM(4,1,2)= .6240043 -.0008953
ALPHA(4,2,2)= 2.7971369 .0755394
LAM(4,2,2)= 1.9750117 -.0013636
ALPHA(4,1,3)= 6.8943332  .0238853
LAM(4,1,3)= .5065563 -.0011851
ALPHA(4,2,3)= 6.3074688 .1002319
LAM(4,2,3)= 1.8674862  ~.0044453
ALPHA(4,1,4)= 10.0646391 .0213496
LAM(4,1,4)= .2937974  -.0018890
ALPHA (4,2,4)= 9.6995186  .0836030
LAM(4,2,4)= 1.6583928 -.0069040
ALPHA (4,1,5)= 13.1966252 .0245387
1AM(4,1,5)= ~.1122519  ~.0049317
ALPHA(4,2,5)= 13.0278470  .0580338
LAM(4,2,5)= 1.2539184 ~.0108705
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B(1,1,1

=

~

-

-

=

-

(9%]
N N N N N
Won uwnon
OO OO

B(2s1)1)=
B(2,1,2)=
B(2,1,3)=
B(2,1,4)=
B(2,1,5)=

B(3,1,1)=
B(3,1,2)=
B(3,1,3)=
B(3,1,4)=
B(3,1,5)=

B(4,1,1)=
B(411’2)= i

B(4,1,4)=
B(4,1,5)=

1-CONTINUE,

ENTER DELTA

@LIST PARTIALS?

B(1,1,1)=
B(1,1,2)=

B(1s1)4)=
B(291y1)=
B(2,1,2)=
B(2,1,4)=
B(3,1,1)=
B(3,1,2)=

B(3,1,4)=

.100000E+01

.107224E+01
.989596E-01
.426578E-01
.272913E-01
.258513E-01

.106979E+01
.116468E+00
.305712E-01
.323711E-01
.269463E-01

.999555E+00
.183774E-01
B(4,1,3)= -.

132040E-01

.603931E-01
.299753E-03

0-STOP 1

.0001

.195197E+01
.101560E+01
B(1,1,3)= -.
.174610E+00

194688E+01

.207401E+01
. 764204E+00
B(2,1,3)= -.

173913E+01

cm=AAA A

.206791E401
.356203E+01
B(3,1,3)= -.
.212173E+01

52857 4E+00

1-YES,

[eNeNeNe N

.461873E-01
.643348E-01
.287741E-01
.186203E-01
.177915E-01

.784815E-01
.188210E-01
.413497E-01
.644275E-02
.159246E-01

.293236E-01
.499105E-01
.715555E-01
.249638E-01
.329887E-01

0-NO O

.390004E-01
.717458E+01
.274143E+00
.568140E+01

. 134046E+00
.708526E+01
.454197E+00

FEMAAT e A

«JDIIIIIETUL

.196467E400
.616841E+4+01
.171684E+01
.515470E401

B(2,2,1)==.
.882838E-03
B(2,2,3)=-.
.409883E-02
B(2,2,5)=-.

B(2,2,2)=

B(292)4)=

B(3,2,1)=-.
B(3,2,2)=
B(3,2,3)=
B(3,2,4)=-.
B(3,2,5)=-.

B(4,2,1)=
B(4,2,2)=
B(4s2s3)=

B(4,2,5)=

B(1,2,1)=

B(1,2,3)=

B(2,2,1)=-.
B(2,2,2)=-.
.210592E+01

B(2,2,3)=

“w /A
D\Lglg@)==,

B(3,2,1)=
B(3,2,2)=-.
B 3,2,3)=
B(3,2,4)=

139

o nonn
ecleoNoNoN

158089E-03
229084E-02

103703E-01

187724E-03

.674454E-03
.104757E-02

347298E-02
458417E-03

.223289E-04
.100928E-02
.427187E-02
B(4,2,4)=-.
.108228E-01

843627E-02

.183606E-01
B(1,2,2)=-.
.266783E+01
B(1,2,4)=-.

261584E+01

264145E+00

673036E-01
215084E+01

ez

Qrav_Av
/20007 L=UL

.159754E-01

511752E4+00

.228472E+401
.133037E+401

[eleNeNo N

.964180E-04
.668608E-03
.162667E-02
.288730E-02
.724852E-02

.195088E-04
.880359E-03
.261634E-02
.364385E-02
.127189E-01

.712663E-05
.362893E-03
.947539E-03
.623144E-02
.599971E-02

.150698E-01
.513490E+01
.295531E+01

-

689511E+01

.114168E+00
.588187E+01
.183519E+01

«U90107

LlYtT00anan
LTuva

.134132E+400
.625076E+01
.162203E+01
.631966E+01




B(4,1,1)= .191084E+01
B(4,1,2)= .380326E+01
B(4,1,3)= ~.655030E+00
B(4,1,4)= .224428E+01
1-CONTINUE, O0-STOP O

i

.272673E-01
.622155E+01
.187940E+01
.491479E+01

DO YOU WANT A PRESSURE DISTRIBUTION?

B(4,2,1)= .284520E-01
B(4,2,2)= -.788153E+00
B(4,2,3)= .256603E+01
B(4,2,4)= .993865E+00
1-YES, O0-NO 1

! ENTER THE SECTION NUMBER TO BE INVESTIGATED 1

| X
0.

0
1
2
3
b
<
6
7
8
9
0

£

.1001500E+01
.1001167E+01
.1008851E+01
.1036947E+01
.1078984E+01
.1112009E+01
.1130982E+01
.1176481E+01
.1298269E+01
.1427513E+01
.1180064E+01

PRESSURE

.2842171E-13
.1183152E-01
.2407052E-01
.6095731E-02
.1972273E-01
.5990515E-02
.8468392E-01
.1119220E+00
.3316751E-02
.4335035E-01
.6320837E+00

DO YOU WANT A PRESSURE DISTRIBUTION?

-.888894E-02
.554465E+01
-.606630E+00
.522715E+01

PRESSURE GRADIENT

.1625843E+01
.1995747E+01
.2970781E+01
.4203197E+01
.5266381E+01
.5794504E+01
.5580465E+01
.4642866E+01
.3304502E401
.2308622E+01
.2981733E+01

0-NO 1

ENTER THE SECTION NUMBER TO BE INVESTIGATED 2

.6829814E+01
.8885828E+01
.1328979E+02
.1612265E+02
.1434730E+02
.8126704E+01
.6354339E+00
.4433282E+01
.5684916E+01
.5022769E+01
.6209906E+01

X PRESSURE PRESSURE GRADIENT
0.0 .9769849E+00 -.1474205E-01 .1598795E+01  -.6833459E+01
ok .9869171E+00 -.2050817E-01 .1972721E+01  -.8891780E+01
t e2 .1012398E+01  -.2459882E-01 .2964705E+01  -.1329070E+02
o .1043196E+01  -.1122503E-01 .4227094E4+01  -.1609951E+02
.4 .1070392E+01 .2719755E-02 .5308967E+01  -.1430485E+02
o5 .1094738E+01 -.1871691E-01 .5812463E+01  -.8110914E+01
.6 .1129986E+01  -.7082811E-01 .5543096E+01  -.6821453E+00
o7 .1194598E+01 -.8516080E-01 .4601613E+01 .4378078E+01
.8 .1289856E+01 -.1720694E-01 .3379988E+01 .5739820E+01
) .1370750E+01  -.5267412E-02 .2459718E+01 .5129538E+01
1.0 .1322296E+01  -.4511934E4+00 .2454775E+01 .5722503E+01
DG YOU WANT A PRESSURE DISTRTRUTION? 1-YES, O0-NO 0

STOP
35.564 CP SECONDS EXECUTION TIME
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APPENDIX F
LINER ANALYSIS PROGRAMS

F.l LINPART INPUT

normalized lining resistance - dimensionless

i

normalized lining reactance - dimensionless

temperature in °R

duct mean pressure in psi

frequency in Hz

T g A X X
"

duct Mach number

RHO = duct mean density in lbm/ft>

TH

face sheet thickness in inches

@)
0

face sheet perforation hole diameters in inches

F.2 LINPART OUTPUT

OA = fractional open area of face sheet (. 063 means 6.3% open)

DOP = depth of backing cavity in inches

Program LINFREQ uses the same nomenclature as LINPART.
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FROM COPY FURNISHED TO DDC e

1CC= FRSCRAM LINFARTCINFUTL,OUTFUT, TAFES=InwFUT, TAFEEe=OUlFUT )
11Q= REAL i

120=5 WHITECE»2C0)

13C= REALCSsx) hoXKsTobsFavip it

14C=6 WRITE(06,230)

150= REALCSs%x) Tuasl

160= 1F(TiieEQeCoe) STICH

17C= CEE=12xSURKTC 1 e4%32e 1T4x144xF/ RIT)

16C= visAESCFri

190= Th=T/519e

200= FR=F/ 1467

21Cm= Am o CT62xTRxThxTru/(FR*(Th+ed 167

22(0= E=eGCOC3T4x( TH%x%e 75 ) SORTCF I/ SCRT(FR*(Threl4iniy
230= CAS(A+EX( l e +Tri/L)+e 1Co5*x1id/ (h+L )

240= 1FCCAeLTeGe) CO TO 1

25(0= EA=EXF( =0 ¢65%rixii=ed 1 72%¥149)

26(0= CmeCCOLOI*r % (Tii+e05% L2 le=e T*SQET(CAI IAEK)I/S5uhTC TN
270= DF=(CEE/(6¢263135*F ) )*ATANC 1 e/(C/0A=KJ)

2380= to To 2

29(C=1 Li=399

300=2 WRITE(€5255) TnsLsCAsLF

31C= WRiTE(6,232)

32C= G 10 6

33C=200 FORMATC 1Xo*ENTER RoXsToksFarvisriisc )
340=230 FORFIATC 1Ko *xENTER TdsL =3
350=232 FORMATC 1Xs55( 1a%x)s/)

360=255 FORMAT( 1K s xTiimx3FOeds* LiAm¥yrCedsr ULmesFYetar+r Li=ma
370= +sbTeldox LINCuUESx)

360= EWNL

410= PROGRAM LINFREQCINPUT>»OUTPUTs, TAPES=INPUT, TAPE6=0UTPUT)
420= REAL M

430= PI=3.1416

440= WRI TEC6s 400)

450= READ(Ss*) TsPsFMs THs Ds 0As DP» KHO

460= CIN=12%SQRT(1¢4%32¢174%144%P/RHO)

470= M=ABS(FM)

48 0= TR=T/519

490= PR=P/14.7

500=6 WRITE(65, 401)

510= READ( S5, %) FREQ

530= F=FREQ

540= =e 0762« TR¥* TRXTH/(PR¥( TR+ 416))

550= =e 000037 4*( TR¥*e¢75)%SQRT(F)/SQRT(PR*( TR+« 416))
560= EX=EXP(~=8¢65%MxM=+8192%M)

S70= C=e000463%F*{TH+ 854Dk (1.~.7%xSQART(OAIIXEX)I/SORT(TR)
580= R=1/70A%(A+B*(TH/D+(1-0A) )+« 1085%M)

590= X=C/0A-1/TANC2*PI*F* DP/CIN)

600= WRITE(65,501) Rs»X» FREQ

610= GO TO 6

620=501 FORMAT(1X,»¥R=%sF10e¢6,% X=%,F10+6s% FREQ=%,F10¢1,7)
630=400 FORMAT( 1X» *ENTER TEMP» Ps» FM» TH» D» OAs DP» RHO*)

640=401 FORMAT(1X, *ENTER FREQ%)

650= END
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f APPENDIX G
COMPARISON OF ATTENUATION PREDICTIONS

Table G.1 Lining Attenuation Spectrum

G niamad it g an bt e s o

= 0.
Equal Energy ndesign 8
E " £ AM | RM SE TE Kot
l ; Attn.
1 .4 136.7 0 0 .020 . 860
f i 1 0 .0338 .674 1.4 DB
b .6 205.0 0 0 .108 1.325
0 1 . 147 .481
1 0 . 139 1.236
1 1 1.086 .0719
i 2 0 « 1925 1.014 8.7 DB
.8 273.4 0 0 .284 1.381
0 1 1.470 w2l
) 0 . 394 1.471
: ¥ 1 «555 .004
[, “ 0 w912 1.347
2 1 1,310 .265
3 0 .689 1.135 22.6 DB
1.0 341.7 0 0 242 1.433
0 I 1,204 4389
0 2 2,611 . 1476
1 0 o« P E Lo T3
1 1 . 425 « 925
2 0 . 240 i
2 1 1.064 « 397
3 0 .398 1.196
| 3 1 1.728 .258
! 4 0 . 730 . 794 15.4 DB
E 1o 410, 1 0 0 .0991 1.936
0 1 e N
0 2 2.290 « 107
1 0 .0633 2.199
1 1 . 146 1.534
1 2 1.473 .165
2 0 « 103 2.015
& i . 294 . 847
2 é 2,202 x LES
3 0 « 155 1.754
<) 1 1.184 «229
+ 9] . 242 1o 3870
4 1 1.903 + 153
5 0 .488 . 802 10.0 DB
Conditions: Cylindrical duct 7 = hf/c
L/H=2 Mach=0 h = 40"
Optimum impedence/27 = (.8900-.38211) at -design
Design from linpar: Thickness = .05" Diameter = . 015"
Open area = . 0036 Depth = 2, 71"
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Table G.2 Peak Attention vs. Eta(Equal Energy)

= Comb.
f AM RM SE TE o

.4 136, 7 0 0 . 6004 .585

1 0 « 1335 . 791 37.0 DB
.8 273. 4 0 0 +2835 1.381

0 1 1.470 22118

1 0 .3944 1.4707

1 1 5552 .6039

2 0 AENAL 1.347

2 1 1.310 . 2650

3 0 .6885 Ea 1135 22.6 DB

2 683.5 0 0 .0979 3,909

0 1 .0925 3.360

0 2 « 1270 2.411

0 3 1.329 «229

0 4 3,351 . 0906

1 0 « 1475 3.933

1 1 . 1046 2.988

1 2 « 1970 1.560

I 3 2.475 + 123

2 0 .178 3876

2 1 . 128 2.498

2 2 1.169 .269

2 3 3.288 . 094

3 0 w207 3,781

3 1 . 181 1.814

3 2 2.300 . 138

3 3 3.974 . 0786

4 0 S i 3.650

4 1 .138 2.765

4 2 3.090 OS5

4 3 4.589 L0691

5 0 .2698 3.480

5 1 .176 2.276

5 2 3 153 .0883

5 3 5.159 . 0625

6 0 .309 3,267

6 1 »265 1,579

6 & 4.348 L0779

T 0 . 358 3.002

7 1 .893 . 489

4 2 4,898 .0707

8 0 . 426 2605

8 1 1.960 L2316 it B8

Conditions: Cylindrical duct 7 = hf/c
L/IH=2 Mach = 0 h = 40"

Optimum impedence /27N = (.8900-.3821 i) for all 7 at Mach = 0

n "
f e Attn = 10 logloEo




Table G.3 Data for Lining Attn. Spectra

Ductech Method

Cylindrical Cylindrical
L/H=2 LiH =2

S ETAdesign = +8 ETAdesign = 2.4

BEom ATTN/ATTNpeak ATTN/ATTNpeak
M=0| M=-.5| M=.5| M=0 | M=-.5| M=.5
.40 .374 .338 .380 .414 . 452 .380
.50 .570 . 545 .573 .596 .623 .573
.63 . 746 -132 . 749 . 762 T . 749
.79 . 946 .943 .946 .948 .952 .946
1.00 1.000 1.000 1.000 1,000  1.000 1. 000
1.25 . 946 .943 .946 . 948 .952 . 946
1.59 . 746 . 732 . 749 . 762 L7777 . 749
2.00 .570 . 545 .573 .5%6 .623 .573
2.52 . 452 .421 .457 .487 .521 . 457
3.18 .374 .339 .380 .414 . 452 .380
4.00 .335 .298 . 342 .378 .419 . 342

4.62 .307 . 267 .313 == - -
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APPENDIX H
FORTRAN SUBROUTINE FOR SKIN FRIC TION
COEFFICIENT OF ACOUSTIC SURFACES

SUBROUTINE FRIC(I,CF,CFRy0AyREDyUINF,NU)
RFAL NU
I IS CODE FOR SURFACE
I=1 STAGGFRFD HOI FS-PFFFORATFN PLATE
I=2 1IN LINE HOLES-PZRFORATED PLATE
I=3 AFUNSCOUSTIC Pl ATF-KS=,7-215 TN
I=4 BRUNSWICK FELT METAL=-KS=.0l7 IN
I=5 I AMINAGTF OF PCLYMINE Cl OTH-KS=,006 IN
CF IS SMOOTH PLATE COEFFICIENT OF FRICTICN
RFR IS ®OUGH FLATF COFFFICIENTY OF SRICTIQON
OA IS OFEN AREA IN PERCENT (3:%Z IS 3..)
RFN TS FFYNOLNS NUM2TP HASSH ON HO! = DTAMFTSR
OA AND PEZD INFUT ONLY FOR PERFORATZD FLATES
UYINF TS FoFc STREAM YEL TN FT/SFC
NU IS KIN VISCOUSITY IN FT¥*¥*2/ScC
NEFAULT VLI UF QF UTNF/NU TS 7Z.FS
IF{UINF.ZQe0.) UINF=7CDe
TE(MII. Q. 2.) NU=94 ,F=3
IF(I.EOQI) F=(1059‘0A"'05‘2031).RED‘10E‘5
IF(T.FN.2) F=(4,.R2*Q0**  S=L,1R)*RFN*Y F=5
IF(I+5Qs3) F=5,25E=-8*UINF/NU
JF(T.FN.<) F=2 LOF=7*{JTNF/NU
IF(I.EQeS) F=2.11E=-7*UINF/NU
CFR=CE*(1,.3+F)
RETUFN
SND

opopoOopoOopoOR

ODoOoOpopopopOpORNO

THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED IO 511 0 —
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