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CHAPTER 7

DUALITIES AND SHADOW PRICING

The dualities to be considered here are between: (a) Minimal Cost
Functional and Distance Functional for Input Structures, (b) Maximal
Revenue Functional and Distance Functional for Output Structure.

Globally strong forms of these dualities take the forms: (a) Minimal
Cost and Distance Functional are expressable in terms of each other by
dual minimal problems, (b) Maximal Revenue and Distance Functional are
expressable in terms of each other by dual maximal problems. These
strong forms require the addition of rather strong additional assumptions
beyond the weak axioms for the related dynamic production correspondences.
Globally weak forms involving inequalities for the equality expressing
the distance functionals apply under the weak axioms. Partial dualities
in the strong form are possible under the weak axioms.

The shadow pricing is formed by use of the dual functionals in the
weak form. Such prices are a dynamic generalization of the usual shadow
prices of static mathematical programming.

7.1 Duality Between Minimal Cost Functionmal and Distance Functional
for Input Correspondence

For the analysis to follow it is convenient to introduce for

u e (Lm): - (Lm): , the functional

(7.1-1) ?*(u,x) : = Inf {(p,x) : K(u,p) 21, pce (Ll):} ’
P

*
and define a subset 1L (u) for u € (Lm)z by




(7.1-2) ]L*(u) o= {x € (Lm): : E’*(u,x) 2 l} .

The following proposition holds:

*
Proposition (7.1-1): (Shephard, 1970:a) IL(u) C L (u)

If u=0, L(O) = (La‘,)n

24 (property L.1l, Section (2.2.1)),

—% *
implying K(O,p) =0 and Y (u,x) = +° , which in turn implies L (u) =

(Lw): . If u>0 and L(u) is empty, K(u,p) =+= for p € (Ll): s
implying f*(u,x) =0 for x € (Lw)i , and thereby ]L*(u) is empty.
Thus we need only consider further that u > 0 and 1©L(u) is not empty.
Let x° € L(u) , u >0.

From the definition of K(u,p) it follows that

(p,x") > K(u,p) for all p e (Ll): ;

and, if p € {p € (Ll)i : K(u,p) 2 1} )

(p,x°) 2 K(u,p) 2 1.

%

Accordingly, from the definition of Y (u,xo) as the infimum of (P,xo)
for X(u,p) > 1, it follows that there exists for any positive scalar
€ >0 a vector of price functions P, € {p € (Ll): : K(u,p) 2 l}

such that

-k
¥ (u,x°) + € > (pe,xo) 24,

-l o o * *
whence ¥ (u,x’) >1 and x € L (u) . Thus L(u) C L (u)




The following proposition states the Weak Global Duality between
minimal cost functional and distance functional for the dynamic input

structure.

Proposition (7.1-2): (Shephard, 1970:a)

If the dynamic input correspondence u -+ L(u) satisfies the weak

properties L.1l, ..., L.6, in weak form,

¥(u,x) < Inf {(p,x) : K(u,p) 21, pe (Ll)i}
P

K(u,p) = Min {(p,x) i $uaxd 21 . x e (Lw)i}
X

m n n
for u e (L“)+ v e (Lw)+ s P E (Ll)+ ;

The second part of the statement of Proposition (7.1-2) follows from
the definition (6.1-1) and Proposition (4.2-1). Concerning the first

2 _%
part, there are two cases to eliminate in comparing V¥(u,x) and ¥ (u,x)

- =% -%
(a) ¥(u,x) > ¥ (u,x) , ¥ (u,x) =0

- -% —-%
(b) ¥(u,x) > ¥ (u,x) , ¥ (u,x) >0 .

For case (a), let xo € (Lm): be a vector of input histories such

—% 2 e -

that T (u,xo) = 0 . Then f(u,xo) >0 . Let A = [!(u,xo)] 1 . Then
- *

!(u,xxo) =1, implying (Axo) € L(u) C L (u) , by Proposition (7.1-1).

Hence, by the definition (7.1-2)

% —%
Y (u,Axo) Ay (u,xo) >1,

%
and Y (u,xo) > 0 , a contradiction. Hence case (a) cannot hold.

—%
For case (b), choose x° so that ¥ (u,xo) >0 . Then from

- ——————

i e i

P

s i il

S S S—




Fos

~%
AF (u,x%) > 1

and
AT 300

it follows tha- E*(u,xo) > E(u,xo) , a contradiction. Thus case (b)
cannot hold.

For a globally strong duality between minimal cost functional and
distance functional for input correspondence, the inequality for the
first statement of Proposition (7.1-2) is strengthened to an equality
when the map sets ILL(u) of vectors of input histories to attain

u e (Lm)z are convex, i.e., if

x € L(u) , y € L(u) , ((1 - A)x+ Ay) € L(u) for X e [0,1] ,

and axiom IP.3SS <= 1L.3SS holds, i.e., input rates are freely disposable

for the input histories x ¢ (Lw)_t:_ . Since prices are chosen in (Ll):_l 5

*
a weak topology is used for x € IL(u) . Then the following proposition

may be stated.

e




Proposition (7.1-3): (Shephard, 1953, 1970:a)

If the dynamic input correspondence u - IL(u) satisfies I.3SS
*
and 1L(u) is convex for u ¢ (Lm)z under a weak topology for

u =+ IL(u)

E(u,x) = Inf{(p,x) : K(u,p) 21, pe (Ll)i}
P

K(u,p) = Min {(p,m : ¥(u,x) 21, x¢ (Lm)i},
X

for u e (Lm)t_: 5 X € (Lm)i s P € (Ll): :

For proof one need only show in addition to that for Proposition
" —%
(7.1-2) that g(u,x) > ¥ (u,x) , and to this end Proposition (7.1-1)

is strengthened to:

Proposition (7.1-4): (Shephard, 1970:a)

*
L(u) = L (u) if u » IL(u) satisfies IL.3SS and L(u) is

*
convex for u € (Lw): under a weak topology for u -+ L(u)

*
Here we need only show beyond Proposition (7.1-1) that L (u) C L(u)
=¥ n * n
If u=0, Y (0,x) =42 for x ¢ (L®)+ and 1L (0) = (LQ)+= L(0) .
If u>0 and L(u) is empty, K(u,p) = += for p ¢ (Ll): ’
% *
implying ¥ (u,x) = 0 and L (u) {is likewise empty by the definition
(7.1-2). 1It remains to consider u > 0 , with 1IL(u) not empty.
*
Now 1L(u) not empty, u > 0 , implies 1L (u) O L(u) also nonempty.
* o n
Now suppose 1L (u) ¢ L(u) . Then there exists x ¢ (L),
o o * o *
x >0 such that x € L (u) , but x J: IL(u) . Then, using the weak
topology for (Lm): , with IL(u) convex and the correspondence u =+ L(u)

being taken closed (property I.5) in this topology, and input histories

o




disposable by ILL.3SS, by the strict separation theorem (see Berge, 1963),
there exists a vector p ¢ (L.l): » P >0, of price functions such

that (p,xo) < K(u,p) and (ﬁ,xo) < 1 where

o>

P T o
s Ku,p) € {p € (L1)+ : K(u,p) > 1} -
: o * =% o o) .
Since x ¢ L (u) , ¥ (u,x) ${p,x )<1 , a contradiction. Hence
* *
L (u C L(u) and L (u) = L(u)
= —%
Now, continuing with Proposition (7.1.3), suppose g(u,xo) < ¥ (u,xo)

o
for some x ¢ (Lw)i . As before we have two cases

@ ¥, > Fu,x®) =0

®) ¥ (u,x°) > ¥(u,x >0 .

By similar argument to that given for _"{/:(u,x) > f*(u,xo) using the fact
that ]L*(u) = L(u) , the two cases are shown to be not possible.
Thus i*(u,x) = ?(u,x) for u € (LQ)T X e (Lm)_r:_ .

If one seeks to construct the dynamic input correspondence u -+ IL(u)
completely from the minimal cost functional, convexity and free dis-
posability of input histories for the map sets 1L(u) are required.
However for some economic analyses one may be interested only in a given
vector p > 0 of price histories for inputs, so that only input vectors
;c(p) such that (p , x(p)) = XK(u,p) , and scalar extensions of the same,

are of interest. For this situation where p >0, p ¢ (Ll): , define

(7.1-3) Wp(u) : = {Ax : x e L(u) , (p,x) = K(u,p) , A € [1,+)} .




*
Then the following proposition holds without recou.se to the weak

topology for u - 1L(u)

Proposition (7.1-4): (Fare, 1978:a)

For p>0, pc¢ (Ll): 21 (Lw)f and IL(u) # @ , and only

the weak axioms L.1l, ..., L.6 holding,

(7.1-4) ¥(u,x) = Inf {(Ap,x) : A € [0,+=) , K(u,Ap) > 1}
A

if and only if x ¢ Wp(u)
For Wp(u) C L(u) a distance functional is defined by (see

Section 4.2)
(7.1-5) T wm 1= [f (2 () €W @, 2 e (0,417,
and, like Propositions (4.2-1) and (4.2-2),

(7.1-6) v, () = {x e @)+ ¥ 3 1} .

(7.1-7) 1S0Q W (u) = {x e Ly : ¥ = 1} .

Assume first that x e Wp(u) . Then x = Ay , where y e ISOQ Wp(u)
implying y € ISOQ L(u) , and E(u,x) = E(U,Ay) = XE(u,y) A

Also, fp(u,x) = :{‘-_p(u,)\y) = X?p(u,y) = X . Now, using (7.1-3),

fp(u,x) = [Inf (X : (pyix) 2 K(U,P)}]-l

. LPsX)
K(u,p) ’

and




Rl T

o w—

¥(u,x) = i%giﬁ%f = I;f {(Ap,x) ¢ K(u,Ap) 2 1, A ¢ [0,4=)}

%
Conversely, let i’p(u,x) denote the right hand side of (7.1-4), and

L —*
suppose ¥ (u,x) = !p(u,x) . Define also
* n -k
Wp(u) = {x € (Lm)+ :xe Ll , fp(u,x) > l} .

Then, by an argument analogous to that given in Proposition (7.1-1),
* *
it may be shown that Wp(u) CWp(u) . Next let (Axo) € Wp (u) , and

assume (Ax°) #Wp(u) . The first implies

while the second implies

3 oy _ Mp,x>)
20D = R <1

* *
a contradiction. Thus Wp(u) CWp(u) and Wp(u) =Wp(u) . By an

argument similar to that of Proposition (7.1-3) it may be shown that
-% - n
Yo%) = ¥(u,x) , x e (L), .

Note that when (Axo) #Wp(u) for A e [0,+=) , ?p(u,xo) = f(u,xo) [ T
% *
implying K(u,p) = 4+~ and !p(u,xo) = (0 , and also ()\xo) twp(u)

% -
for A ¢ [0,+) . Finally if x ¢ L(u) and !p(u,x) = ¥(u,x) , then
¥ (u,x) = T (u,x) = F(u,x) > 1

= x) = X ¢
Lo u,x L u, ¥(u >

and x ¢ Wp(u)




The significance of Proposition (7.1.4) is that when the vector
x of input histories belongs to the aureoled subset of cost minimizers
of L(u) # @ for a given vector p > 0 of price histories for the
factors, the value of the distance functional of u -+ L(u) for x
may be expressed as a partial minimal problem of structure similar to
that for the global duality. This partial strong form of the duality
holds under the weak axioms for the correspondence.

7.2 Duality Between Maximal Revenue Functional and Distance Functional
for Output Correspondence

The analysis for duality between maximal revenue functional R(x,r)
and the distance functional Q(x,u) so closely follows that given for
the minimal cost functional X(u,p) and the distance functional
E(u,x) , that details need not be repeated here.

A global weak duality between R(x,r) and Q(x,u) is expressed by:

Proposition (7.2-1): (Shephard, 1970:a)

If the dynamic output correspondence x - IP(x) satisfies P.1, ...,

P.6 in weak form:

ate,uw) g sup {(r,0) + R@o g1, e @)
) 5

R(x,r) = Max {(r,u) : Q(x,r) <1, uce (LQ)I}
u

n m m
for x ¢ (Lm)+ , U E (Lm)+ 5 £ € (Ll) :
A globally strong form of the duality between R(x,r) and Q(x,u)

is stated by
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Proposition (7.2-2): (Shephard, 1970:a)

If the dynamic output correspondence satisfies IP.6SS and IP(x)

n
is convex for x ¢ (Lm)+ s

Q(x,u) = Sup {(r,u) : R(x,r) i G (Ll)m}
r

R(x,r) = Max {(r,u) : Q(x,u) =1,0¢ (L@):}
u

*
for- u e (L'w)f y X e (Lw): s I E (Ll)m , under the weak topology

for x » P(x)

Again, one cannot construct the dynamic output correspondence
x > IP(x) completely from the maximal revenue functional unless the

sets TP(x) of vectors of output histories have freely disposable

m

histories and P(x) 1is a convex subset of (Lw)+ . However a partial

duality in the strong form holds under weak axioms for the correspondence.

Define, for given r ¢ (Ll)m y X & (Lm): » R(x,r) >0,
(7.2-1) er(x) :={fu : ue P(x), (r,u) = R(x,r) , 5 ¢ [0,1]}

Then the following partial duality in the strong form holds:

Proposition (7.2-3): (Fare, 1978:a)

For r ¢ (I..l)m s X € (Lm): with R(x,r) > 0 ,

(7.2-2) Q(x,u) = Sup {(6r,x) : 6 € [0,+) , R(x,0r) < 1}
0

if and only if u ¢ er(x)
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7.3 Shadow Price Functions for Input and Output Histories

Consider first the case where a vector x0 € (Lw)i of input histories
is given and a vector e (Ll)m of price histories for outputs is
likewise given. With xo a set ]P(xo) of vectors of output histories,
and for any u € ]P(xo) . (ro,u) is the value of that result from the
use of x . The maximal value of <r°,u) for u ¢ ]P(xo) is given by
]R(xo,ro) for some u*e ]P(xo) , depending upon x° and r° . The
value R(xo,ro) represents the best result possible from the use of xo
One seeks a vector ps € (Ll)i of shadow price histories for the input
histories of x° which reflects their contribution (technical importance)
in attaining R(x°,r%) . It is clear that the shadow price history
vector ps may depend upon x° and r° .

For the construction of the vector ps of shadow price histories,
suppose ]R(xo,ro) > 0 , otherwise an imputation of price histories
ps is meaningless. In some way the valuations of the components of x°
sought are the minimal price histories pi possible subject to the
constraint that the so imputed value (ps,xo) is at least as large as
the maximal value R(xo,ro) attainable with x° .

Consider any feasible vector pair, u ¢ ]P(xo) . The distance

functional for u + L(u) satisfies (by Proposition (7.1-2))

.31 Fwx® g e {pa®y + K@) 31, p e @]
P

* o o
with u (x,r ) vyielding

(7.3-2) R(xo,ro) = Max {(ro,u) T u € ]P(xo)} ¢ = (ro,u*) .
u

e e . v S A ———— —— e
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The inequality (7.3~1) may be rewritten

1
= Inf{(p,x°>: K(u,p) 2R(x",r%) , p ¢ (Ll)f}.

(7.3-3) ¥(u,x°) <« ———
R(x ,r ) p

* o o * = o
Then since u ¢ P(x ) , implying x ¢ L(u ) , ¥(u,x’) 21, and

Inf {(p,x°) : KGu',p) > RGO, , pe (Ll):}; (r%u"y .
P

Accordingly, the following proposition holds:

Proposition (7.3-1): (Shephard, 1970:a)

o

For x° ¢ (Lw): GBI (Ll)m given with IR(xo,ro) >0, a vector

pS solving the problem

@36 e fp o 2% s K@) 2 RGO L e e @il
P

*
where (ro,u ) = m(xo,ro) , 1s a minimal vector of shadow price histories

for x° satisfying

(7.3-5) (p%,x%) 2 (r%u") = R,

In case x° ¢ 1S0Q l&u*) and the globally strong dual expression
for ?(u,x) holds, the inequality sign in (7.3-5) may be changed to an
equal sign.

In a similar way a vector r® of shadow price histories may be
constructed for a given vector W e (LQ): when a vector po € (Ll):
of price histories is given for inputs, where m(u°) #0, u® > 0 and

R(uo,po) > O

o ———— . o—— —
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Let x € ]L(uo) yield l((uo,po) and

1 Sup {(r,uo) : R(x*,r) < R(uo,po) s T e (Ll)m} -

* o
12> Q(x ,u) e
K(u »P ) r

v

Then the following proposition is evident.

Proposition (7.3-2): (Shephard, 1970:a)

For u° ¢ (Lm): , p° ¢ (Ll)i , Lw® #0 and K(uo.Po) >0,

a vector r° solving the problem

(7.3-6)  Sup {(r,uo) : R(x,1) < K@’,p%) ,re (Ll)m}.
r

*
where (po,x ) = l((uo,po) , is a maximal vector of shadow price histories

for u° satisfying

(7.3-7) (r®,u%) < (%% = K1®,p%

In case the globally strong dual expression for Q(x,u) holds
and u° ¢ 1S0Q ]P(x*) , the inequality sign of (7.3-7) may be changed
to an equality sign.

Vectors of shadow price histories may be determined for both

input and output histories for any technically feasible pair x° ¢ (L@): s

o

e @)™

4 f.8., W ¢ P(xo) e x° ¢ ]L(uo) . By the globally

weak dual expressions for f(uo,xo) and Q(xo,uo) , and Propositions

(4.1-1) and (4.2-1),
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nv

Inf{<p’xo> : K@,p) 21 ,pe¢ (Ll)z}
P

(7.3-8)
< Sup {(r,uo) : ]R(xo,r) <1 ,E % (Ll)m} .
T

Accordingly the following proposition holds:

Proposition (7.3-3): (Shephard, 1970:a)

o n

S
%2 ¥

For u° ¢ (LQ)T + X € (Lm) ° ¢ IP(xo) vectors p , s

respectively solving the problems

(7.3-9) Inf {(p,xo) : K@u’,p) >21,pe (Ll)f}
P

(7.3-10) Sup{(r,uo) : ]R(xo,r) £1l,r¢ (Ll)m}
r

are minimal and maximal vectors of shadow price histories for x°  and

u’ respectively, satisfying

(7.3-11) (%) S (B )

The inequality (7.3-11) becomes an equality if x° e 1S0Q lL(uo) "
u® e 1S0Q P(x°) , and the globally strong dual expressions hold for
Q(x,u) and f(u,x)

When the dynamic input or output structure has ray homothetic form,
the shadow price history mixes are not altered by scaling of inputs and

outputs. If the dynamic output correspondence is ray homothetic,

F(HOx®))

p(u(m)) R(II:ZII ’ )

]R(Axo,r) =

e . AA————— — g
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for X e (0,+~) . Then the minimal problem defining ps for given
o
Ax° € (Lw)i x e (Ll)m , with IR({IXOI ; r) >0, and A e (0,+=) ,
x ||

becomes

o

o
Inf (P,/\xo) . K(u*,P) ; F(H(/\};)) * R( xo ) ro) y P € (Ll):
p ,,(H(_z_ [1=°] |
|

<1

o (o]
s F(H()\XJ) Ing ‘(p,xo) :]((u*,p) z R(ﬁ 5 ro) s P E (Ll)n) .
X

() :

In the case where the dynamic input structure is ray homothetic,

u® e (L)

& Lw®) #0 and 'K(uo,po) > 0 , the maximal

(o] n
» P C(L1)+,

problem defining rS for (eu°) , 8 € (0,+) , becomes

Sup {(r,6u’) : R(x*,r) K@u’,p%)}

r

WA

=0

o
G(ﬂ(euo)) ¥ Sups(r,uo) c R(X*,r)
G(D( uo )) ; I
[u”] |

When both ps and r° are simultaneously determined for a feasible pair,

WA

and either x° or u° is scaled so that (kxo) € n,(eu°) , the shadow
price mixes are likewise independent of the scaling factors A , 6 .

Thus the following proposition holds:

Proposition (7.3-4):

If the dynamic output structure (input structure) is ray homothetic,

the relative price histories of the shadow price vector pS (rs) and

Ku—o- p° re(L)m).
el ) i

a
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independent of scaling of x> (u°) , when a price history vector
r° (po) is given. Feasible scaled vectors of input and output
histories have shadow price history mixes independent of the scaling

factors.




————— —_— —
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CHAPTER 8

INDEX FUNCTIONS FOR PRODUCTION THEORY

In the static theory of the price index, prices at two points of time
for a given bundle of goods and services are compared by the ratio of the
implied cost of the bundle at these two points of time. In case the
bundle represents a collection of consumption goods and a representative
utility function is used to optimize a vector of input rates of these
goods, a "cost of living index" is formulated by comparing the minimal
cost of achieving a given level of utility (satisfaction) at the two
points of time, which in general is not independent of the level of
satisfaction selected.

For the dynamic theory of production it is useful to formulate index
functions which represent at a time T € (0,+®) , a comparison of two
aggregate levels, cumulatively, of prices and quantities for both inputs
and outputs, in such a way that the index functions so developed serve a
dynamic macroeconomic expression of the theory. Since the use of value
ratios to define index numbers is of long tradition in economics, this

approach will be used here.

8.1 Price and Quantity Indices for Inputs+

1

Let p ¢ (Ll): 4 p0

. > 0 be two vectors of price

n
€ (L1)+ 9 p
histories for vectors x ¢ (Lm): of input histories, and let u € (Lm)i 5
u>0, L(u) # 9, be a reference vector of output histories, to which

input histories are related for definition of price indices.

-
‘The contents of this chapter are modifications of (Shephard, 1978), and
(Fdare, 1978:b).
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At a time T e (0,+°) for definition of the index of price level

comparison for the two price history vectors p1 and p0 , let

u-° [0,T] : = (v : v(t) =u(t) , t € [0,T] , v(t) =0, t >T)

Then an index of pl relative to p0 over [0,T] is defined for

lﬁr(u.po) >0, by

KT(U’Pl)

(8.1-1) ﬂT(pl,po | u) : = 5= » T e (0,+) ,
Kp(u,p?)
where
(8.1-2) KT(u,p) : =Min{(p,x) : x € L(u « [0,T])}
X

An index function for comparing pl and po cumulatively for T
ranging over (0,+x) with po € {p € (Ll)t : l&r(u,pO) >0 5 T & (0,+w)} .

is defined by

mr heh e @l x @wpla 16l | weay,
(8.1-3)
ot,p0 | uw,T) ¢ = "T(pl,po | u) , T e (0,4)

We may assign

1
(8.1-4) 1m 1o (ph,p0 | w) = Bl
T K(u,p )

since L(u ¢ [0,T]) C L(u * [0,T']) C L(u) for all 0 < T ST < 4=

and RT(u,p) is monotone nondecreasing in T . Thus, interpret (8.1-4)

as an infinite horizon comparison of pl and po .

a4 o




Turning now to the formulation of an index function for comparing

aggregate levels of two vectors xl e (L, : : xO € (Lm): of input

histories, cumulatively, at time T e (0,+°) , let r e (L denote

m

l)+
; . 1

a reference price vector to value outputs derivable from x~ and x

For comparison of xl and x0 , let r and the base vector xo be

chosen so that iRT(xo,r) >0 for T e (0,+) . Then an index of xl

relative to xo over [0,T] is defined by

G(R (x',1))
6,0,

(8.1-5) 1,60 | o)

where ﬁT(x,r) is a "'standardized" value of

(8.1-6) ]R.I(x,r) : =Max {(r,u) : ue P(x - [0,T]}
u
The standardized value ﬁT(x,r) of the maximal revenue functional

RT(x,r) is defined by

llr(x,t)
* " Max ({r,u) : ueA_- [0,T])°
u

(8.1-7) R (x,7)

where A 1is some appropriately chosen representative subset of output
vectors, A C (Lw): , the maximal revenue from which under the price

history vector r serves as a ''price level deflator." The function
¥

G(+) 4is any nonnegative, nondecreasing, transformation of "standardized"

maximal revenue over [0,T] , with G(0) = 0 and G(v) + += for

Vv > 4o,

— g & o Ao ——— —

0
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The '"standardized" values of maximal revenue ﬁT(xl,r) , ‘ﬁT(xo,r)
are '"'real" measures of xl and x2 over [0,T] , but there is no
absolute unit for their values. Hence the monotone transformation
ﬁT ER_~ G(ﬁHQ e R, is used to permit adjustment of the value ratio so
that the product of the index of price and quantity over [0,T] may equal
the ratio of the minimal cost of obtaining two vectors u1 and uo over
[0,T] , when the input histories are chosen to minimize cost over [0,T]

of obtaining ul and uo -

The index function for comparing the aggregate levels of xl and xo
cumulatively for T ranging over (0,+») , with xo and r chosen so

that 'RT(xo,r) >0 for T e (0,+) , is defined by:

s QP s BN T N ) i £l B S e

(8.1-8)

10 | 5D = I | 1), T e (0,4)

Similar to (8.1-4) we may assign

) T
lim IT(xl,xo | £) = G(?(xozr))
L G(R(x",t))

as an infinite horizon comparison.
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8.2 Price and Quantity Indices for Outputs

Similar to the formulations of Section (8.1), let rl € (Ll)m 5

ro € (Ll)m 5 ro i 0 , be two vectors of price histories for vectors
u € (Lm)z of output histories, and let x € (Lw): be a reference vector
of input histories from which outputs are derived.

For x and ro such that ]Kr(x,ro) >0 for T e (0,+¢) , the

index function for cumulatively comparing rl and ro as T ranges

over (0,+®) is defined by:

o (chr?) e (Ll): x (Ll)i > ot | 0 e S

o(rl,r0 | x,7) : = pT(rl,rO | x) , Te (0,+)

(8.2-1)
1
1 0 By (x,r)
o (r,r | x) + = ————— .
T 0
RT(x,r )
In the case of an index function for output histories, let ul € (Lm)i ’
0 0

u € (Lw)z o U =00 I&uo) # 0 be two vectors of output histories for

comparison over [0,T] as T ranges over (0,+~) . A reference price

vector p € (Ll)z is chosen so that ]ir(uo,p) >0 for T e (0,+»)

Then the index function comparing u1 to uo is

)m

0 : (ul,uo) € (Lm)i * (Ldy

> 0(ul,u0 l p) € (Lw)+
O(ul,u0 | p,T) & = OT(ul,u0 | P) , T € (0,+=)

(8.2-2)
- F(Ry(u',p))

| 4% weaiasg
F(i (u0,p))

i
OT(u ,u

in which the standardized minimal cost function iT(u,P) is
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ey K, (u,p)
KT WP} % Min f€p,x) s xe B « [0,T]}
X

where B 1is some appropriately chosen representative subset of input

"price level

vectors, B C (Lm): , over which the minimal cost serves as a
deflator" for the minimal cost functional. The function F: KT € R+ =

F(KT)S R+ is a nonnegative, nondecreasing, transformation of the stand-
ardized minimal costs over [0,T] , justified as in the case of comparing

two input vectors, with F(0) = 0 and F(v) » += for v - += ,

As before we may assign ¢

%

1 &~
lim pT(rl,rO | X) = B(x_o’_rl » lim bT(ul9u0 | p) = F(l.((uo L)
T-»o R(x ,r) T F(K(u,p))

as infinite horizon comparisons.

In the case of a steady state model, when it exists, see Section 2.6,

m n m
one may treat u € R+ s X € R: s P E R+ , * € R , and replace

Kr(u,p) by T * Q(u,p)

RT(x,r) by T ¢ R(x,r)
ﬁ.l.(u,p) by T + Q(u,p)
Ry(s,p) by T ° R(u,p)

where

Q(u,p) = Min {p - X | % E R: 3% L(u)}
x
m
R(x,r) = Max {r «u I ue€ R+ s 08 P(x)}

u




= e o e . - - A S—— e

and Q(u,p) " ﬁ(x,r) are price deflated values of Q(u,p) and R(x,r)

Then the index functions reduce to indices expressed by

“(plapo | u) = 9(_“;_9_:_) ’ I(xl,xo | r) : = ﬂ(xi’_r))
Q(u,p™) G(ﬁ(x ,T))

1 Ao ]
o(rl,r0 | x) : =R_(£’r_o) ) O(Ul,uo | ) : = F(~(u0’ .
R(x,r") F@u™,p))

8.3 Index Functions for Homothetic Dynamic Production Structures

Consider first the case of inversely related globally homothetic

dynamic structure (see Section 5.1), where

PG = FhG)fue @) £@ g1}, xe @)l
=1 n m
L = FHEW) - {xe @] : 4@ 21}, ue @)} .

m

For a bounded interval [O0,T] , consider u °* [0,T] for u ¢ (Lm)+ .

The minimal cost functional for u *« [0,T] becomes,

XpGar) 1 = ia {(px) 5 #00) 2 F(EG - (0,1 x e ] - (0,11}

and

(8.3-1) K (u,p) = FH(E @ + [0,T]) - M (p) ,

where

(8.3=2) P&(p) : = Min {(p,x) : w(x) >1,x¢ (LQ): : [O,T]}

X
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is a minimal cost functional over [0,T] for input vectors constrained

to a "standard" set B , defined by
(8.3-3) B: = {x € (Lm): @ (x) > l} .
The maximal revenue function ]RT(x,r) for x « [0,T] becomes

Rp(x,r) = Max {(r,u) ¢ £) £ F@@& -+ [0,1) , we @} - (0,11

u
and
(8.3-4) Ry (x,r) = F(e(x - [0,T])) - Ny (r)

where

(8.3-5) NT(r) : = Max {(r,u) : ff(u) $l,uce (Lm): . [O,T]}
u

is a maximal revenue functional over [0,T] for output vectors con-

strained to a '"standard" set A defined by

(8.3-6) A:={ue (L) : £(u) < 1}

As notation, let ET(u) denote ff(u ¢ [0,T])) , and @T(x) denote
*
#(x+ [0,T]) . Then for a cost minimizing vector x ¢ (Lm)_t:_ + [0,T]
yielding l(.r(u,p) one has, (see definition preceding (8.3-1)), due

to the homogeneity of ¢p(x) , that
* -1
(8.3-7) #p(x) = F (£ ()

*
Similarly, the revenue maximizing vector u ¢ (LQ)$ « [(0,T] yielding

IRT(x,r) satisfies
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*
(8.3-8) Fp(u) = F(#,(x))

Accordingly the index functions of Sections (8.1) and (8.2) take

simplified forms. First, using (8.3-1),

M, (1)
(%)

(8.3-9) nT(pl,po | u) = , T e (0,+)

independently of the reference vector u . The index comparing x1

to x0 over [0,T] becomes

-1 RT(xl,r)
F \s——— 1
1 0 N.(r) o (x7)

X ,X Il')’ - 0 ,TC(O,"’Q)

2[R0\ w60
N, (r)

(8.3-10) IT(

F

using (8.3-4), independent of the reference vector r . From (8.3-4)

NT(rl)

NT(rO)

0

(8.3-11) pT(rl,r [ x) = » T e (0,4)

and the index is independent of the reference vector x .

For the last index comparing ul and u0 , use (8.3-1) to find

K, (u',p)
F\————— 1
(p) . (u”)
(8.3-12) 0 (u',u’ | p) = ™r = 5 T e (0,4
KT(u »P) ET(u )
F —
M. (p)

and again the index is independent of the reference vector p .
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In (8.3-9) and (8.3-11) }H&p) and 'NT(r) , respectively, serve as
aggregate measures of price levels for 'price deflation'" at the time
T € (0,+x)

For a steady state model the four index functions reduce to index

numbers

1 0
M(p)
. 1
I(xl’xo) e ¢(x0)
¢(x7)
1
15 50
pxr,r ) = N(ro)
N(r")
yi
14 f
0(u ,uo) = (uo)
f(u)
where x1 5 xo 3 pl : p0 € R: s ul 3 uo € Rr < rl s ro e R , $(*) and
f(¢) are real valued functions
?:xer" d(x) € R
= + = +
f :ue Rm + f(u) € R
i + +
and
Mp) = Min{p - x| 0G0 21, x ¢ R}
x
N(r)-Max{r' u | f(u):l ,ueRf}.

u

It is of some interest whether the index functions satisfy at each time
T € (0,+°) the usual "Tests'" or properties required of such indices. The

most important of these '"'Tests'" is, for the theory of production, that

o ——————— T ————————— -< ———— e —— e e

)
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i (R
(u",p)
ET—= m (pl,p0 | u) - (", | ©)
KT(UO pO) T

(8.3-13)
i.e., the ratio of the minimal cost over [0,T] of obtaining u1 at
price histories p1 for factors to the minimal cost over [0,T] of
obtaining uo at price histories po for factors, must equal the
product of the price index function value at T for factor prices and
the quantity index function value at T for inputs evaluated for cost
: 1, % 0,* 1 0
minimizing input histories (x7) , (x) to obtain u and u

respectively. For the inversely related globally homothetic production

structures,

KD  FHE WD) - Mo
k0% FhE ) - 69

Using (8.3-7) and (8.3-8)

1
Kheh)  Meh  #phh
K 16Y  wahHh

- 1 (ptip? | w1 ehh e [,

and the '"test'" is satisfied. Ordinarily, in the static theory of index

numbers, Equation (8.3-12) is required for any value ratios, i.e.,

1 1
‘“T’-%; - 1680 - 1Y)
(u” , p

but our interest here is in cost minimal ratios and for such ratios cost
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minimizing values must be used for xl and xO . Another way of putting
the matter is that the "test" is required to hold only for comparing
minimal costs over intervals [0,T] , T ¢ (0,+®) , that is for output
history vectors u1 3 uo and two factor price history vectors pl - po 3
the test is applied only for 'realizable cost minimal factor demand"

histories.

Similarly, one may verify that

lRT(xl,rl)
RT(xO,ro)

1 0 L 0
= op(r7,r | x) - 0p(u™,u | p)

N D g (WD

N g (H)

* *
where (ul) i (uo) are respectively revenue maximizing output histories
1 1 0.0
for ‘RT(x ,r ) and RT(x ,f ) respectively.
Another property for the values of the index functions which

ordinarily would be required is linear homogeneity, i.e., for example

n 000,00 | W = anp(eh,0 | W)
The general definitions (8.1-1) and (8.2-1) have this property while
(8.1-5) and (8.2-2) do not. However, for inversely related globally
homothetic production structures, all four index functions have the linear
homogeneity property for each T e (0,+=)
The time reversal and transitive ''tests' are satisfied in the
general definition by all four index functions at any time T ¢ (0,+®),i.e.,

by (8.1-1), (8.1-5), (8.2-1) and (8.2-2). For example, regarding (8.1-1)
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1 0
A 5 1 ) K (u,p”) Kp(u,p) A
nT(p »P I u) "T(P sP | B} = 0. gty
Kp(u,p)  Kp(u,p)

l,

5 2 ]KT(u,pz) 1<.1.(u.p1) KT(u,pz)
TTT(P sP | u) » TTT(P sP l u) = 1 k 0 F 0
Kp(u,p?)  Kp(u,p)  Kp(u,p)

A dimensional change in the unit of money or in the unit of any
physical quantity does not affect the values of the four indices as
defined by (8.3-8), (8.3-9), (8.3-10) and (8.3-11) for inversely related
globally homothetic structures.

If the specialization of inversely related globally homothetic
structures is relaxed to one of merely both input and output structures

being homothetic, i.e.,

P(x) = F(H(x)){u e (L) : £

WA

ST N

LW = cW@@{x e @)} : %

hv

l} y U € (Lm)f ’

then the minimal cost and maximal revenue functionals become

(8.3-14) Kp(u,p) = G(Ip(u)) « Mp(p)
and
(8.3-15) Rp(x,r) = F(Hp(x)) * Np(r)
with

Ho(x) = G(IL (W)
(8.3-16)

f(u) = F(HL(x)
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Then
1
M.(p")
(8.3-17) nehp? | w o= L
M (p")
1
(x7)
(8.3-18) IT(xl,xo | ) = ﬁ"o“
HT(x )
1
N.(r)
(8.3-19) pphr® | 0 = -
lNT(r )
1
I, (u”)
(8.3-20) O,r(ul,u0 | p) = —T—O ’
JIT(u )
where
Hp(x) : = H(x - [0,T])
(8.3-21)

‘DT(U) I - [0,T])

The index functions so constructed will not satisfy the test (8.3-13),
and the quantity index functions (8.3-18), (8.3-20) are not homogeneous
in xl and u1 respectively. Because of thesedifficulties a different
approach may be used for the case where both x -+ IP(x) and the inverse
correspondence u -+ L(u) are homothetic but may or may not be inversely
related in homotheticity.

Recall from the weak duality Proposition (7.1-2) that for u =+ L(u)

under weak axioms
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K(u,p) = Min {(p,X> : ¥u,x) 21, xe (Lm):}

X
¥(u,x) < Inf {(p x) * EKeu,p) =21 ,p e (L )nl
I\, = ’ . ’ £ ’ 1+Iy

P

with the equality sign holding for the second expression when the corre-
spondence u - IL(u) has convex map sets 1iL(u) , axiom IL.3SS applies

*
and a weak topology for u -+ I@L(u) 1s used. Because of the possibility

of a duality gap, consider

(8.3-22) ET(u,x) .= Inf {(p,x) : K(u,p) > L spe (Ll): . [O,T]} >

P
Then, by symmetry with the definition (8.1-1), (8.1-3) for comparing two
vectors of factor price histories, one may define alternmatively, for

two vectors of factor input rate histories, that

I s (xl,xo) € (Lm): x (Lw): > I(xl,x0 I u) € (Lm)+ s
(8.3-23) b
1.0 2ple,x)
I(x ,x | u,T) : = T T ¢ (0,+=)
¥o(u,x7)

Similarly, in using the weak duality Proposition (7.2.1), where

(8.3-24) Q(x,u) < Sup {(r,u) : R(x,r) €1,rc¢ (Ll)m . [0,1]} = ﬁ(x,u) 3
r

an index function for comparing two vectors of output rate histories may

be defined by

— - e A _a

— il PO — P - A — a———
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0 : (ul,uo) € (LQ)_T x (Lw)f > o(ul,uO | ) e (Lw)+

(8.3-25) o
1.0
O(u,u | x,T) : = ————— | T e (0,+=)

In the case of inversely related homothetic correspondences treated

previously
, : ¥ (%) - £, (u)
.3-26) ¥ (u,x) = ——— , @ (x,u) = ———1r
=T F_l(ET(u)) T F(@T(x))
where

v

() = i fomy + M 21, e @pf - (0,11}
(8.3-27)

;f,r(u) = S\rxp {(r,u) . NT(r) £1,xe¢ (Ll)m . [O,T]} s

and

= . 3

@ (x7)
(8.3-28) LG | = T

o (x7)

£ 3

. (u)
(8.3-29) op(uu® | x) = .

ﬁ:',r(u )

It is of interest to compare ¢Ab,r(x) with @T(x) and f;fT(u)

with ET(u) . Recall from (8.3-2) that for the fixed set

Ly ={xc @)} : w00 21}
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the weak duality theorem implies for
M (p) = Min{(p,x i w21, xe @} - (0,11}
that
Wy () < 1;f{<p,x> P M) 21, pe @D 0,11 = o

If the duality gap is positive, the definitions (8.3-23) and (8.3-25)

*
will not satisfy the test (8.3-13). However, if the weak topology is

n

used for (La)+

and the correspondence u =+ ILL(u) , has convex map sets

and satisfies the strong axiom IL.3SS of free disposal of inputs, the test
is satisfied and the index function for comparing two vectors of input

rate histories is exactly (8.3-10) obtained earlier without the stronger
assumptions on the correspondence u -+ L(u) . Similarly, under these
strong conditions, &T(u) = ET(u) and the alternative definition becomes
exactly (8.3-12) obtained earlier without the stronger assumptions.

Nothing seems to have been gained here.

On the other hand, if the comparison of minimal cost (and maximal
revenue) with product of price index and quantity index is restricted to
cases where output (input) varies only by a scale factor, the alternative
definition can serve to extend the basis for defining index functions.

For this purpose the parent correspondences are assumed to be only ray

homothetic (see (5.3-1), (5.3-2)), i.e.,

_a
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P(x) = — B . P( X -
F(H x
((mm)
which also covers the case where the correspondences are globally

homothetic, but not inversely related in homotheticity. The minimal

cost, maximal revenue and distance functionals then take the forms

G (T (w))

SO o) T )

F (B (x))

Ry (x,1)

"
]
S——
N—
A
ﬂx
H
N —

|
«
——
&
-
| —
a‘:
N —
—

e = u
i B = ol sy BT )
(8.3-31) Q. (x,u) = F<}H7(II: |)) . Q X
« T X,u) = F(HT(X)) T lell ,U) .

Replace ¥.(u,x) in (8.2-23) and Qi (x,u) in (8.2-25) by ¥(u,x)

and QT(x,u) respectively for the alternative definition of the quantity

index functions. Then in the case of ray homothetic correspondences

n

I: «hx0) e (Lm): x (L),

- I(xl,x0 | u) e (L),

(8.3-32) ( u 1)
b4 X
IT(xl,x0 | w) = =X [TulT , T e (0,+=)
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B ¢ (ul,uo) € (Lm)i x (Lm)i > O(Ul,uo | =) & (L,
(8.3-33)
o

OT(ul,u0 |

X) = =
QT(TI_X—]T o

All tests except (8.3-13) are evidently satisfied by (8.3-32) and
(8.3-33). For the exceptional one, let (ul,pl) and (uo,po) be two

output-factor price vectors for comparison of minimal costs. Then

ah G(ﬂ(l)) G(JJT(—i‘g——)) K(—“—i— ,pl)
i el rle , N

0 0 1 0 0 3
Bl ) Kr<1|:°ll <)

and using (8.3-30),

ul 1) - ( ul 7 *)
“r‘“;'*’:’ : K‘(uu;u il e 1] il
s KT(H:OII ’po) ET(H:"ll ’(xo)*)

(8.3-34)

1, * 0, * ’ 1 - 0 0
where (x7) and (x) respectively yield 'KT(U ,Pp ) and KT(u s

5 = 1 1. * = 0 0. * i
for which ET(u ,y(x7) ) = XT(u ,(x7) ) =1 . Now, if one compares minimal

m

costs for vectors of output histories along the same ray in (Lw)+ "

f.8., £f ul = euo , 8 € (0,4+=) , then clearly (8.3-13) is satisfied.
Thus, under the weakest assumptions, i.e., ray homotheticity of
input and output structure and not assuming convexity of map sets or free

disposability of inputs and outputs, the definition of quantity index

functions by ratios of distance functionals weakly dual to the minimal

cost and maximal revenue functionals, satisfies the test (8.3-13),
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sometimes called Factor Reversal Test, if the reference vectors have

the same mix of input (or output) histories.

8.4 Macroeconomic Relationships

For this discussion we shall assume initially that the inversely
related dynamic production correspondences ars inversezly related globally
homothetic.

Let KI‘ and ]RT denote the values of Kr(u,p) and RT(x,r)

respectively. From (8.3-1) and (8.3-4)
(8.4-1) Ky = F(Ep@) * M (p) , T e [0,42)
(8.4-2) Rp = F(@,(x)) * Np(r) , T e [0,+)

As discussed above, M.r(p) and N.r(r) are price level functionals,
T € (0,+°) . Denote the values of those two 'price levels" by MT

and ]NT respectively. From (8.3-7) and (8.3-8), it follows that

(8.4-3) K, = @; S M, T e [0,4w)
(8.4-4) B =& M. ,Te (049)

T T T 7

*
where @T and ff are the values of the functionals Q.r(x)

*
and fET(u) for x yielding KI‘ and u yielding R’l‘ . Now as

* 3 %

shown by the previous formulations of index functions, wT(x) and
ET(u) are index functions of input level and output level respectively
(see (8.3-10) and (8.3-12)). Thus (8.4-3) and (8.4-4) are valid macro-
economic statements: that minimal cost and maximal revenue over [0,T]

are the product of optimal factor (output) level and factor (output)
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price level over ({0,T] yielding the minimal (maximal) value.
With the same definition of macroeconomic variables, (8.4-1) and

(8.4-2) yield

K,
(8.4-5) £, = F(ﬁ » T e [0,+=)

(8.4-6) #y = F’l(—l) , T e [0,4)

The macroeconomic statement of (8.4-5) is that the "level" of output
histories over [0,T] is a function F of the factor price level
deflated minimal cost available over [0,T] to support the output
level, i.e., it is a macroeconomic indirect production function in
real terms. Similarly, (8.4-6) states that the "level" of input histories
over [0,T] required to attain a price deflated revenue over [0,T] is
a function F - of this real revenue.

From (8.3-7) and (8.3-8) one obtains the following two macroeconomic

production functions

*
(8.4-7) ET = F(@T) » T € [0,+=)

(8.4-8) @,’; - F_l(ff,r) LT e [0,4®)

Equation (8.4-7) states that the level of revenue maximizing output
histories over [0,T] 1is a function of the level of input histories
available over [0,T] . Inversely, (8.4-8) states that the level of
minimal cost input histories over [0,T] to attain a given level ET of

output histories over [0,T] is a function F-l of the latter.
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If the system is operated at minimal cost and maximal revenue,
the macroeconomic production functions (8.4-5), (8.4-7) and (8.4-6),

(8.4~7) may be combined to obtain
Rp (KT)
v, - f\m |-
T

i.e., over [0,T] real maximal revenue is a function F of real minimal
cost, an interesting relationship for estimating the function F which
plays the role of defining returns to scale in macroeconomic terms.

Of course we have assumed:

(a) Inversely related globally homothetic production correspondences

(b) Operation simultaneously at minimal cost and maximal revenue.

Also the definitions of the function ZMT . ‘NT . ET . ”T , T e [0,+=)

and the relationships between them must be observed in calculating the

prive level deflators M, and N T € [0,+)

T ’
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CHAPTER 9

INDIRECT DYNAMIC PRODUCTION CORRESPONDENCEST

In the preceding chapters production structure has been defined
in purely physical terms by correspondences relating vectors of input
rate histories to subsets of vectors of output rate histories obtainable
thereby, or inversely by relating vectors of output rate histories to
subsets of vectors of input rate histories yielding at least these output
rate histories. However, indirectly for some production decisions,
particularly those involving a comparison of cost and return to be ob-
tained from production (as in cost-benefit analysis), one would like
to relate cost to subsets of output histories obtainable with this
monetary resource, or to relate return to subsets of input rate histories
yielding at least that return. Here, vectors of factor price histories
in the first case, and vectors of output price histories are involved

in defining the correspondences.

9.1 Cost-Indirect Output Correspondence

Consider a vector p ¢ (Ll): of factor price histories. For any
vector u € (Lm): of output rate histories, the minimal cost of obtaining
u under the price structure p 1is defined in terms of the input
correspondence u + L(u) by the cost functional K(u,p) . Let ¢
be any positive monetary value. The Cost Indirect Output Correspondence

is a mapping

B

The contents of this chapter are a revision of Shephard (1977) and
extension of Shephard (1974a).
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@)
= P i oo
(9.1-1) (c) e @)l II'(E-)(-:Z
where
(9.1-2) ]I‘(%) ;= {u € (Lw)i : K(u,p) 2 c}

is the set of vectors of output rate histories obtainable at total cost
not exceeding c¢ , under the price structure p . Equivalently, I(E)
may be defined by

(9.1-3) E(E) t = {LJ P(x) : x € (Lm)i s {P,x) < c} .

c
To see this note:

(a) If ue F(E) , there exists x* € (L”): such that K(u,p) =
(p,x*) < ¢, implying that u e U P(x) for (p,x) gc.
(b) Conversely, if u e U P(x) for (p,x) < c , then for some
2 (Lw)_r:_ : K(u,p) g (p,xo) $c and uce {ue (Lm)::K(u,p) < c} .
The definition of the Cost Indirect Output Correspondence expressed
by (9.1-2) does not guarantee that the set T'(p/c) 1is compact or even
bounded. There are several possibilities for T'(p/c) to be compact.
First, as a practical matter one would not expect that input rate histories
unbounded in the Ess Sup norm to be of interest. Hence, without serious
loss of generality, the allowable vectors x € (Lm): may be restricted
to a subset V C (Lm): defined by

(9.1-4) 9 : = {x € (L&): s i]xil‘ Sh; o Ay W O ; £ ¢ L0385 soss n}} .

i

gr—— e ———————
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Then H‘(%) CcC U P(x) , since
xeV

fxe?:lpx)cclCV.

Now U P(x) 1is bounded, because if there exists an infinite sequence
xeV

{u"} ¢ U P(x) of output vectors with {||u®||} + 4+= , there exists
xeV

corresponding to {u®} an infinite sequence {x*} with u* ¢ P(x%) such
that {||x%||} » 4= , contradicting (9.1-4). Alternatively, if Property

P.3SS holds and x € V , then x <y where y = Sup ||xl|| . Since ||y]]|
v

is bounded and P(x) C P(y) for x ¢ V , it follows that U TP(x) is
xeV

*
bounded. Accordingly, under a weak topology for output vectors,
I‘(%|V)-{ueul’(x):xev,(p,x):c}

is relatively compact. Further if Property IP.5 is taken as holding under
the weak* topology, ]I‘(% | V) is compact.

On the other hand, if price vectors for inputs are such that p >>> 0 ,
i.e., price histories are strictly positive except on subsets of [0,+x)
of measure zero, the set

Sc o {x € (Lm)i : (p,x) < c}

of admissable input vectors x 1is bounded. Then boundedness and compact-
ness of T (p/c) follow as described when vectors of input rate histories
were restricted to V .

For either of the two cases described above, i.e., x € V or
p >>> 0 , the set Sc is relatively compact under a weak* topology for

vectors x of input rate histories. Then if Property IP.2S is applied
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with P.5 and P.5+ (see Section 2.1) T(E) is compact, because the

following proposition may be applied.

Proposition (9.1-1):

L
Property IP.5+ holds for the correspondence x ¢ (Lm): +Pix) e 2 ¥

with P.2S and P.5 holding (i.e., x + TP(x) 1is compact valued), iff

n

U P(x) 1is compact when Y 1is a compact subset of (Lm)+ -

xeY

Proposition (9.1-1) is a paraphrasing of the characterization of
upper semi-continuity by sequences. See Hildenbrand (1974). Thus with
the stronger properties P.5+ and 1P.2S with IP.5 under the norm topology
for vectors of output histories, compact cost indirect outputs sets E(E)
may be obtained under a weak* topology for vectors of input rate histories
when x 1is restricted to V or p >>> 0 .

Not all price histories Py need be strictly positive for bounded
T'(p/c) , if there exists an essential proper subset of factors which is
strong limitational. Strictly positive price histories for such factors
implies that the input rate histories of these factors are bounded, and
then it follows that T(x) 1is bounded for any x ¢ Sc , (see Section 3.3)
even though Sc is not a bounded subset of (Lm): "

For easy reference the properties of the cost-indirect output

correspondence are stated in the following proposition.

Proposition (9.1-2):

The properties of the cost-indirect output correspondence

L)
(%) € (Ll): - E(E) e 2 = are:

R S R e s—— . |
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L m P n
r.1l T(0) (Lm)+ and O ¢ II‘(C) for all p ¢ (Ll)+ o

B‘(OIA)= U P(x) , where A is ¥V or 8§
XeA

P\ . n n
.2 ]I'(c) is bounded if (a) p € (Ll)+ s & >0 . xe (Lw)+ nv , or

o

(b) p >>> 0, or (c) price histories are strictly positive
for a strongly limitational subset of factors.

.28 I‘(%) is totally bounded (relatively compact) if:
(i) (a), (b) or (c) of Property I.2 apply with a weak*
topology for vectors u of output rate histories, or
(ii) the norm topology is used for output vectors and a
weak* topology is used for input vectors with P.2S, and
P.5 with P.5+ is invoked for the parent correspondence
x +P(x) .

o (8) > s(8) o (2)<(2)

T.4 If L(u) #90, p ¢ (Ll)i , ¢ >0, there exists a positive
scalar 6 such that u € ]1"(6 E‘) .

.S If XK(u,p) is lower semi-continuous in u € (La)z 5 ]I‘(E-)
is closed.

T.6 If u e ]I‘(P-) , (Bu) € II'(%) for 0 ¢ [0,1]

T.6S If uce r(P-), (BoW Bty wesy L) ® n‘(P-) for o, e [0,1] ,

(o

Tr.688 If u e ]I‘(g) , {ve (LQ): : Oiv:u}c ]I‘(E') "

Certain similarities may be observed between the map sets II‘(E—)

of the cost-indirect output correspondence and the map sets TP(x) of
the parent dynamic production correspondence. The null vector of output

rate histories belongs to both, and the disposable structure of the ouput
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set E(g) parallels that of P(x) . The boundedness and relative
compactness of F(E) are similar to that of P(x) , with some
complication. T (%) is monotone nonincreasing in (%) while TP (x)
has a comparable nondecreasing relation to x only if Property 1P.3SS
holds. Every feasible vector u of output rate histories, i.e.,

L(u) # § , may be attained in a set F(eu E) by sufficiently small
positive scalar eu , but no comparable global property holds for the

parent correspondence x -+ P(x)

9.2 Return-Indirect Input Correspondence

Consider a vector r ¢ (Ll)m of output price histories. For any
vector X € (LW)S of input rate histories, the maximal revenue obtain-
able under the price structure r is defined in terms of the output
correspondence x + P(x) by the return functional R(x,r) . Let
R > 0 be any positive value. The return-indirect input correspondence

is defined by

: o o8
(9.2-1) (ﬁ) € (Ll)"‘ > n(i) €2 , R e (0,+)
(9.2-2) H(%) : = {x € (L@): : R(x,r) > R} s

where H(E) is the set of vectors of input rate histories yielding

R
at least the total return R wunder the price structure r . An equivalent
definition of H(%) is
(9.2-3) I(E) s = Ju L@ s ue @) .tz R).
R ©’ 4 =
e —— y—

ok




Verification of (9.2-3) is analogous to that made for (9.1-2).

Clearly I[(%) is empty for r < 0, and O ¢ I[(%) s E 210 .

SED

R

@
Consider N I[(
a

) , for {Ra} + o . where R(x,r) >0
a=1

for P(x) # {0} . Assume x ¢ lI(Er-) o om0 S Since
Ca

Ra. + o and X € ]L(ua) for (r,ua) % Ra by (9.2-3), it follows that

xe n L@* for {||u®||} » 4+ , contradicting Property L.2.
a=1

@
Thus (3 ]I(
a=1

==

R
a

) is empty for r e (L such that R(x,r) >0

m
1+
for P(x) # {0} , and {Ra} > 4o

r

Concerning disposability of input histories for vectors x ¢ I[(—) 5

R

(Ax) € ]I( ) for X e [l,+~) because x ¢ ]I(%) implies TR(x,r) >R

x
R
and R(Ax,r) >R for A e [1,+=) by Properiy R.8 for the return

functional when outputs are weakly disposable (see Proposition (6.2-1)).

In case Property IP.6S or Property P.6SS applies for the parent

r
correspondence x -+ P(x) , (llxl,kzxz, Vo0 Anxn) € ]I(R for
xi e [1,4) , 1 ¢ {1,2, ..., n} or x'e II(%) for x' > x .

Next suppose X € (Lw)i such that P(x) # {0} and r ¢ (Ll)m
such that TR(x,r) > 0 . Then due to Property R.3 for the return
functional, there exists a positive scalar A such that for R > 0 ,
R(x,\r) > R, i.e., x € II(A %) .

If the return functional TR(x,r) is upper semi-continuous in

X € (Lm): 5 II(I-) is closed.

R
Finally, the correspondence (%) < I[({-) is strongly monotone
increasing in (%) due to Property R.5 for the functional R(x,r)

The following proposition summarizes these facts.
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Proposition (9.2-1): .

The properties of the return-indirect production correspondence 4
s 2
+
(%)a(Ll)m-r ]I(%)EZ g , R>0, are

.1 ]I(E) is empty for r <0 and 0 Q: I[(i—) .

R )
= r - m «
I.2 N I[(—) is empty for r e (L,) such that R(x,r) > 0
R 174
a=1 o
for P(x) # {0} , when R > oo .
I.3 If X e ]I(-R- (Ax) € I[( ) for X e [1,+=) . i
r s
L.38 If x ¢ n(R), Ny Aoy vens BB € n(R) for |
Ais[l,+°°),ie{12 el DL ;
1
M.38S If x ¢ ]I(),x (—) for z' > x .
<
I.4 For x ¢ (L ) with P(x) # {0} , and r ¢ (Ll)‘11

with R(x,r) > 0 , there exists a positive scalar A
such that x ¢ I[(%) .

I.5 If the return functional R(x,r) is upper semi-continuous
i X 4 I[(E) is closed.

e o) > o) o (0 (0)

Here too one observes similarities between the indirect and direct

nv

production correspondence. For r < (3 R II({-) is empty, whereas

L(0)= (L and similar to the property for the correspondence u »+ IL(u) ,

n
%
the null vector does not belong to the set II(%) of vectors of input

histories when it is nonempty. For {Ra} + 4 | the intersection of

R

the sets II(-L) is empty, like Property L.2. The disposal properties
a

IoI.3, II.3S, II.3SS are the same as those for the map sets IL(u) , but
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Property II.6 takes the strong form in all cases with inclusion property

which is the reverse of that for the parent correspondence u = ILL(u)

9.3 Cost-Benefit Analysis Under Global Prices

The result of expending a positive total cost c¢ is a set 11‘(%) c
(Lm)f of alternative vectors of output rate histories which may be obtained

under the price structure p ¢ (L Consider the case where a vector

n
1)+ i
r e (Ll)m of price histories for outputs may be applied globally to evaluate
the vectors of output histories of the set I‘(%) . With benefit expressed in

these terms, one may relate to each positive cost rate ¢ the functional

(9.3-1) IB(R ,r) : = Sup {(r,u) T u € ]1"(%)

c
u

as the corresponding maximal benefit which may be obtained at total cost
not exceeding c¢ with price history structure p .

Under the assumption that global price histories r apply, the
functional ]B(g- 3 r) establishes a cardinal relationship between total
cost ¢ and supremal return obtainable from c¢ , in the sense that R(E, r)
measures the amount of return.

Clearly ]B(% ,r) is zero if r < 0 . On the other hand, if r>0
and p=20, 18(1:- ,r) is 4= , and ]B(E— ,r) >0 for all p ¢ (Ll): 5
T e (Ll)m . When p >>> 0 or p, > 0 for ice {vl,vz, ST vk} y

where {v ., V. } 1is a strongly limitational essential subset of

L K

the factors, ]B(E— ,r) < 4o , Otherwise, in r ¢ (Ll)m , the
functional ]B(% ,r) has the same properties as the return functional
R(x,r) . Due to the strong property T .3, ]B(lc)- ,r) is nonincreasing

in (E—) € (Ll)i , whereas R(x,r) may take one or other of the non-

decreasing Properties R.8, R.8S5, R.8SS depending upon whether

e —— .t o Y AT _— ———p— R—

R




.3, P.3S or P.3SS holds for the parent correspondence

x >~ P((x)

n [e]

For given global price histories po € (L1)+ s E

o
the Benefit Functional ]B(P;— ,ro) depends only upon the total cost

g (1) .
c >0 . The cost-benefit relationship is then expressed as the function:

o
(o] o (o]
(9.3-2) ceR+->B(c|p,r):=]B(Pc—,r)eR+.
o o :
Clearly B(c ] P ,r ) 1is nondecreasing in c¢ .
A cost-benefit relationship can also be formulated inversely in
terms of the minimal cost of achieving a total benefit B ¢ R+_‘_

under a price structure r , by the functional

(9.3-3) xx(% ,p) : = Inf {(p,x) T X € E(%)}

X

[N

in which p € (Ll): is taken as applicable globally. If r 05

r e - L
I[(B) is empty and )«(B ,p) 40 ., If r i 0 with ]I(B) not
empty, )o((—;- ,p) =0 for p=0 and )o((% ,p) >0 if p >>> 0 .
Otherwise, xx(% ,p) has the same properties as the cost functional
K(u,p) in p ¢ (Ll)_r*_X . The strong property II.6 implies that )«(% ,p)
is nonincreasing in (%) .
o n o m

Then for given price histories (p ) ¢ (L1)+ P ) IR (Ll) , the

minimal cost of achieving at least a total benefit B is given by

the function

(o]
(9.3-4) B € R+ > X(B | ro,po) . = )«(r_ ’po) € R .




Since )o((% ,p) is nonincreasing in ( ), the function x(B | ro,po)

r
B
is nondecreasing in B .

In case the parent correspondences x -+ P(x) , u ~ L(u) are

inversely related homothetic, these cost-benefit relationships take

simple interesting forms:

A
—
o~

PG = F#G) - {ue @) £ <

v
[
—~

L) = FHEW) - {xe @)} : #( 2

where ff(u) and @&(x) are homogeneous distance functionals (see

Section 5.1). Then the map sets I’(%) and II(%) are expressed by
=1 c
: (M(p))}
R
F ——
(N(p))}

where M(p) and N(p) are price level deflators (see Chapter 8).

nA

(9.3-5) r(cﬂ) = {u e (L), @ E{u)

v

(9.3-6) n(%) - {x e (L)) @ ®(x)

R
deflated total cost ¢ and total return R by

The isoquants of ]I‘(Pc-) and I[(-E) are then expressed in price level

- iz = e H o = = l

oan  wn a{2) sl @il 2w - 55)
3 ‘ n . .

(9.3-8) 150Q n(g) 5 L, : #(x) = F(N(r));

In using these special forms one obtains
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IB(R ,r) = Sup ‘(r,u) & E(a) < F-l(_i__)l‘
u 1 = M(p) |

=F‘l( = ) Sup {(r,u) : f(u) <1},

M(p) u
and by (8.3-5),

o R s O
(9.3-10) ]B(c ,r) F (M(p)) N(r)
Similarly

r B
(9.3-11) )«(E ,p) = F(W) « M(p)

using (9.3-8) and (8.3-2). Recall that M(p) and N(r) are total

value price level deflators. In such terms (9.3-10) states that the

Maximal Benefit obtainable at a total cost not exceeding c¢ > 0 , under
price histories p ¢ (Ll): and globally effective price histories

r e (Ll)m » 1s directly proportional to the price level deflator of

total value of outputs, and varies by F—l(-) with total cost deflated
value #p) . Inversely, the Minimal Cost of achieving at least a

benefit B > 0O , under global price histories p ¢ (Ll): and price histories
r e \Ll)m for outputs, varies directly with the price level deflator

of total cost and by F(+) with total benefit deflated value %)— .
To put the interpretation of (9.3-10) and (9.3-11) another way,

Equations (9.3-10) and (9.3-11) may be written as

]B(R ,r) o
(9.3-12) - ( < )
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5 0)
(9.3-13) T F(]N(r))

stating respectively that

(a) The Real Maximal Benefit attainable at a total cost not
exceeding c¢ 1is a function F—l(-) of the Real Value of
Cost ¢ ,

(b) The Real Minimal Cost of achieving at least a total benefit

B is a function F(*) of the Real Value of Benefit B .

Such relationships afford a possibly interesting way of estimating
returns to scale when the parent correspondences are inversely related

homothetic. Then
P(x) = F(#(x)) * P(1) ,

where TP(1l) 1is a fixed set and ¢(x) may be interpreted as an index of
level of inputs (see Section 8.3), and the function F(¢) defines in this
sense the returns to scale of input histories, which may be studied by
(9.3-13) ac the smoothed graph of Real Cost of Achieving B plotted on the
Real Value of B . The price level deflators find their definitions in terms
of the distance functionals ¢(x) and ff(u) and the fixed sets 1IL(1)
and TP(l) as minimal and maximal problems. (See Section 8.3).

If the output price histories r ¢ (Ll)m are taken as given, and the

price histories p ¢ (L

1): are known, the maximal benefit fB(g-,t) varies

directly with real total cost c¢ by the function F-l(-) . See (9.3-12).

Similarly for given histories of prices p and r , the minimal cost

»((g-,p) varies directly with the real total benefit B by the function
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F(+) , see (9.3-13), indicating how the cost benefit relationship under

global prices is related to returns to scale.

9.4 Cost-Benefit Analysis Under A Representative Praference Structure

In the previous section the structure of a cost benefit analysis
under global prices reflects benefit to the recipients of outputs only
if a fixed set of price histories are compatible with the underlying
preferences. To some extent this may ne true if, for example, the
price histories r ¢ (Ll)m evaluating output histories express time
preferences, and the price histories p ¢ (Ll): reflect actual
anticipated costs, as they might if the evaluation is made over a bounded
interval of time. However, fixed price histories cannot be made to
express changing preferences for different relative amounts of outputs.

In any cost-benefit relationship, the benefit to many individuals
may be involved. Thus, even if a preference structure is used to evaluate
outputs, there may be no single relationship to consistently express
the preferences of all individuals.

For the discussion of this section, a single preference structure
(by delegated authority, perhaps) will be assumed in the form of a

functional
m 1
(9.4~1) u e (Lm)_‘_ + PF(u) € R .

Let > denote "at least as preferred as," and ~ denote indifference,

i.e., 2> and < . Then the preference functional (9.4-1) obeys for

~

we (L), » ve (L), that




(9.4=2) u2v iff PF(u) > PF(v)

When comparing two vectors of output rate histories u and v , we
need not consider all the details of this preference ordering, i.e.,
whether future outputs are less preferred than present ones, or whether
after a certain accumulated amount of a product it becomes less preferred
than one with less accumulation, and the like. The intertemporal
comparisons of the preference structure may be complicated indeed.
However, certain global properties will be taken for the preference
function PPIF(u) . The comparisons made by PIF(u) are ordinal, i.e.,
(PF(u) - PF(v)) has no interpretation as excess or deficit amount of
preference. Even so, as a matter of convenience we may take PIF(0) =0 ,
i.e., associate the real number zero with the null output vector, without
loss of generality. Then, any vector w € (Lw)z of output rate histories
for which PIF(w) < 0 is less preferable than nothing at all. With

some restriction of generality it will be assumed that
(9.4-3) PF(6u) > PF(u) for 6 e [1,+=) ,

which is to say that any upward scaling of a vector of output rate
histories is at least as preferred as the vector being scaled. This
assumption does not imply that PIF(Bu) - +* as 6 -+ +» ., One need
not go this far. For sufficiently large values of the scalar 6 ,
the scaled vectors (8u) of a particular vector u may be indifferently
preferred.

In place of an assumption that PF(Bu) - +» for 6 - +x for

all u e (Lm)m , it is assumed instead for nonsatiation that

53
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For each E € R there exists a vector
+
(9.4-4) -
u e (Lm)_‘_ such that T (u) >E.

However, TPIF(u) is taken to be bounded for u bounded.
The only further assumption to be made for the preference

functional TPF(u) is that it has closed level sets, i.e.,
(9.4-5) A(E) : = {u € (Lu): : PF (u) = E} is closed.

This assumption is made primarily for mathematical convenience.

In place of the functional IB(E- ,r) , one may calculate

*
PF (%) : = Sup

u

PF(u) : u e ]I'(%)

to represent the cost-benefit relationship. Regarding p ¢ (Ll): as

a given vector of price histories for inputs, suppose ¢ > ¢, with

*e o3

PF F > PTF - . All that one can say for such a cost-benefit relation-
1 2

ship is that the outcome of using the larger cost <y is more preferred than

that for the smaller outlay cy -

Let E ¢ R+ denote values of the preference functional PPTF (u)

A preference indirect correspondence is defined by

@),
Ee R+ + Z(E) € 2 , where
(9.4-6)

I(E) = {x e (L)} ¢ x ¢ L(u , PF(u) > E}




59

to replace the return indirect correspondence (%) -+ II(%) (see 9.2-1,2).

Alternatively ZI(E) may be defined by

(9.4-7) LZ(E) : = (¥ L(u)
PF(u)>E

An indifference class of vectors of output histories is defined by

(9.4-8) I(E) : = ISOQ IZ(E) , E € R+ .

Then Z(E) consists of the set of vectors of input rate histories
yielding vectors of output rate histories which are at least as preferred
as those of the indifference class I(E)

The properties of the preference indirect production correspondence

are given in the following proposition:

Proposition (9.4-1):

The properties of the correspondence E -+ I(E) are:

£.1 I(E) = (L)), for E< 0, and 0 ¢ I(E) for E>0 .

Bude ) 1 L(E) is empty.
EeR

.3 If x e I(E) , (Ax) € Z(E) for X e [1l,+=)

I.b I(Ey) CE(E)) for E,E

2 &
.5 E -+ I(E) is Quasi-Concave in E .

Concerning Property £.l, clearly PIF(0) =0, and L(0) = (Lm): -
Hence I.1 holds for E =0 . 1In case E < 0 , clearly TPF(0) > E
and 1LL(0) = (Lw): . Thus ZI(E) = (L”): for E< 0. Incase E>0,

PF(u) > E> 0 implies u >0 and 0 ¢ L(u) for u >0 . Thus

0 ¢ Z(E) for E > O .
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Property £.2 holds, because suppose x° € L(E) for E e (-=,4+x)
Then PIF(u) is unbounded on the bounded set P(xo) , contradicting
the assumption that PIF(u) is a finite functional.

Property I.3 obviously holds, since x € I(E) implies x ¢ L(u)
for PTF(u) > E , while any vector (Ax) ¢ L(u) for X & [1,+®) by
Property L.3.

Property £.4 is evident, since if x ¢ Z(Ez) , x ¢ L(u) with
PF(u) > E2 > El , and hence x ¢ Z(El)

The correspondence E + I(E) is Quasi-Concave if (Z(E) NZ(E')) C
(Z((1 - 8)E + 6E')) for 68 ¢ [0,1] , E' # E . To verify L.5, suppose
x e Z(E) NZ(E') . Then x e L(u) for PF(u) > E, PF(u) > E'
i.e., PF(u) > Max [E,E'] . Accordingly PF(u) > [(1 - 6)E + 6E']
for 6 ¢ [0,1] , and x € £((1 - B)E + BE') for 6 ¢ [0,1]

Now, with the preference indirect correspondence E -+ I(E) , one

may calculate the minimal cost functional

(9.4-9) w(E,p) : = Inf {(p,x) : x € L(E)}

to replace xx(% ’ ) defined by (9.3-3). This cost functional gives
the minimal cost of obtaining vectors u of output rate histories which
are at least as preferred as those of the indifference class I(E) .

The properties of x(E,p) in terms of p € (Ll)_t'_l follow those

of )e((—;- ,p) and will not be replaced here. It is of interest to observe

that
(9.4-10) w(E',p) > w (E,p) for E' > E.

This property follows directly from Property I.4.
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From an engineering viewpoint (as it sometimes appears to be
practical on public projects), different values E and E' in the
ordinal relationship IPPIF(u) may be measured by the minimal cost of
resources required to attain at least these values, assuming that the
price structure p 1is applicable in both cases. By this treatment the

cost benefit relationship

c + IPIF*(P-)
c
may be '"cardinalized" by
*(2
(9.4-11) c » x|PF (<) P

This comparison of Maximal ""Ordinal Preferences" by the resource costs
of achieving them has some basis for justification provided extremes
are not being compared. However, for an increased safety margin of one
percent at the ninety-eight percent level, the resource cost may be very
great and hardly commensurate with losses entailed by foregoing the one
percent. It does not seem reasonable to assume globally that inherent
worth is proportional to cost.

Still the minimal cost functional ¥ (E,p) ser§es to provide a
basis for evaluating the relative costs of two proposals ordered by

the preference function PTF (u)

e e A e —————— —ge
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