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On a Particular L.L fe Testing Problem

A. John Pet.kau*

• 1. INTRCDUCTI~)N

* Consider the usual U f e  testing situation in which observations

become available in an ordered manner. In this situation , it is natural

to consider the possibility of terminating the life test at an early

stage; say , after the first r out of the total. of n observations

have been recorded . Any such procedure has the advantage that ~ t may

lead to a decision in a shorter period of time and with fewer observations

than a procedure which involves observing what happens to all the items

being tested .

The special case in which the underlying Lifetime distribution

is assumed to be exponential with unknown location parameter ~ and

unknown scale parameter ~‘ has recently been considered by Pernq (l9’ ’
~

He argues that a problem which wilt sometimes arise in practice i~ that

of testing th~ simple null hypothesis H~ ~ t- versus the compostt~

alternative .1
1 

t~ — where ~ a ~~~~~~~~~ ~~ ‘

~

•

~~

‘‘

~~~

‘ ,

• and ~ J ~~~~ , 3a~~ Without loss of ge n e r a l i ty , w,~ w ’~ll  ,.assume
‘3

from this point on that — 0 and — I

Perng argue. (Perng , 1~Y’”, p.14O1) that ‘the likelihood ratio

me thod does not give us any “neat” test for this problem , since the

likelihood r a t i o  test  stat i t l c  is r a t h e r  compl ica ted , and the di~~t r i~~uttc ’ u

of the 1! :~a1ihood ~~i t  •~ tes ~ -
~ t at i s  r ‘mdt ~ ~ s not ~s:~~wn •

consequently •; not Lvated t .~ loc’k f~’r other •i~~~r . i~ h t-~’ t:i~~ : ‘t . m t e m .

H~ ~‘rcposos .a ~~~-; t ~~L-
~~cos1Ur .? based on F i sh e r ’ s method o~ ~~ :~~

~ndepanden- test statistics ~see , f - r example , “~sh~~r ~~~~~~~~~~~ ~~~~~

*Th i~ report was prepared wi th  th . partial support of  t~;o N.~t i o n a lResearch C~ouncil , Canada
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and proves that the proposed procedure is asymptotically optimal in the

sense of Bahadur efficiency .

In Section 2 of this paper Perng ’s test procedure is described

in detail. Critical values for this test are available and the test

appears to be straightforward to carry out. Unfortunately, as is pointed

out in Section 2, difficulties arise in attempting to carry out the test

in practice . An alternate test procedure is proposed which is truly

straightforward to carry out. Petkau (1978) has already shown that this

alternate test is asymptotically suboptimal in the sense of Bahadur

efficiency . Since neither of these alternate test procedures is entirely

satisfactory , we return to consideration of the likelihood ratio method .

The likelihood ratio test statistic is determined and the appropriate

critical values for carring out the test are provided . In addition , the

asymptotic null distribution of this test statistic is determined . The

critical regions and the power functions of these three procedures are

briefly compared in Section 3.
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2. TEST PROCEDURES

• Suppose X
1
,X
2
,”~~,X are the order statistics of a random

sample of size n from the exponential distribution with probability

density function

f 9
(z)  = 1 e~~~~

B)
~
c for z ~

where 8 — ( B , c) . We consider test procedures based on the first

r(1<r�n) order statistics for testing

H0 
: S versus H

1 
S € ~2 —

where ~ — 
{(
~,c) I B�O , O<a~i} and = 1~ 0,l)}

Define the statistics V and U as follows
n

V = 2(~~ (X j _X
r

) + (n-r) (X r
_X

i
)

i—i
(2 . 1)

U — 2nX
ii 1

In the general case , V / a  and 2n(X1
-S)/a are independently distributed

as X ( 2r...2) and X (2 )  respectively and , thus , when H~ is true, the

same is true of V and U . Small observed values of V and large
n n r,

observed values of U constitute evidence against H
0

Perng (1977 , p. 14O2~ defines the statistic

= — 2 log 
~H 

(U~~ U) -2 log P~ (T~~~z) (2.2)

0 “0

where T~ — and u , t are the observed values of C and T
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respective ly and proposes the test procedure

Reject H
0 

if Q ~ . ( 2 . 3 )

Since Q is distributed as X (4) under H
0 , 

the critical value

C
Q 

— can be determined from a chi—square table . However , in

order to carry out this test procedure , one must evaluate both of the

probabilities appearing in the defini tion of the statistic ‘2

(U �u) can be easily determined since , unde r H 0 ‘ 

~n ’ is exponentiali~
0

distributed with mean one . On the other hand , since chi-square tables

contain only a few , and typically very few , selected precenti les , the

probabili ty 
~H (T at)  cannot , in general, be accurately determined .

0
This d i f f icu l ty  is familiar to eve n the most casual user of statistical

methods who may at some time have attempted to determine an observed

P-value from a chi-square table . Approximations , such as the Wilson-

Hilferty approximation , might serve to alleviate this d i f f i c u l t y  some-

what ( for interesting related work , see Hoaglin ( 1 9 7 7 ) ) ,  however , Lt is

clear that while Perng ’s test is easy to carry out in theory , diff iculties

arise in attempting to carry out the test in practice .

Since V and (3 (see (2 . 1 ) )  are , unde r H
0 

, independently

distributed as x 2 and x 2
( 2r -2 )  ( 2 )  respective ly , and since small values

of V and large values of U are evidence against H
0 

, an alternate

test which immediate ly suggests itself is to define the statist ic

= ( r — l ) U  Vn n n

and to use the procedure
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Reject H
0 
if F � C

F 
. ( 2 . 5 )

Under H
0 , F has a F distribution with 2 and 2r - 2 degrees of

freedom and the critical value c = F can be determined fromF 2,2r—2 ,l—cz

a table of the F distribution. This alternate test is truly straight

forward to carry out. Unfortunately , at least for large sample sizes

this test will perform poorly in comparison to Perng ’s test since , as

has been shown by Pet’cau (1978), this alternate test is asymptotically

suboptimal.

Since neither of the test procedures considered above is

entirely satisfactory , we now consider the likelihood ratio test procedure.

*
In what follows , X denotes the vector of the first r order statistics.r

The marginal joint density of the first r order Statistics (Epstein

and Tsao, 1953) is given by

* , r
g9

(x~) = 
n. 

r exp{—( ~ 
(x
i
_B)+(rz_r) (x

r
_8)]/a} for x

1 
� ~

(n—r) ~o i 1

where e = (3 , a) . Defining

*
sup g

5
(x)

* 
e€0 0

X ( X ) 
* ‘

SUp g
5
(x
r

it is easy to verify that this likelihood ratio statistic can be written

( se e (2 . l ) )  as
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\ ( X )  e x p ( — U  /2) for V > 2r ,ri r 
(2.6)

= exp (_U~ /2){(V /2r)exp [1_ (V /2r)])
r for V ~ 2r .

The usual likelihood ratio test procedure is

Reject H if X � k . (2.7)0 n L

Perhaps a more convenient form is given by

*
— 2 log ~ CX ) = U for V > 2rn r n n

(2.8)

— 2r{1 — (V /2r) + log(V /2r ) } for V ~ 2r

with the corresponding procedure

Reject H
0 
if —2 log A � —2 log k

L 
= c

L 
. (2.9)

It should be noted that this test statistic is easy to evaluate and it

reamins only to evaluate the critical value , or equivalently , C
L

In what follows 
~m

(X) , ~~ (x) denote the density function and distribution

function respectively of a random variable having a gamma distribution

with parameters m and 1 , that is,

1 m—l -x
= x e for x ~ 0 ,

x

= 

~~~~~~
0
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We also recall that if z is distributed as X (2m) • then Z/2 is

distributed as a gamma with parameters m and 1 . The following theorem

evalua tes the critical value k
L 

appearing in (2.7).

Lemma 2.1. The appropriate critical value k
L 

for a size i (0<a<l)

test is given by

l-x
k a [x 0e 0

1
r 

(2.10)

where x0 is the unique solution between 0 and 1 of

+ 

~r-i~~~~ 
- a . (2.11)

• Proof: For 0 < t < 1 , we have

P ( X (X )~~t )  — P~
0

( l ~~ X ( X )  ~ - log t)

— P~~~(_ l og A ( X ) 
~ 

— log t V /2r X)dP
H

(V /2r S x)

which , by (2 .11) anu the independence of 0n and Vn under H 0 , can be

wrj tten

1

— J H
0
Wn/

’2 
~ — log t + r ( 1  - x ~ log x ] ) d P H (V~~- 2 r  S x)

• + 
1~~H 

(U /2 ~ 
— log t)dP:~ (V 2r S x)
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1
For fixed t , 0 < t < 1 , examine h (x )  = — log t + r[l—x+log x]

Since h(0) = - ~ , h ( l )  = - log t > 0 and h (x) is monotone increasing

for x between 0 and 1 , there is a unique solution, x
0 

, between

0 and 1 of the equation h(x) = 0 which can be written as

l-x r -
t = [xe ] . (2.12)

Then

x0 1

P ( X (X )�t) = dP
H
(V /2r�x) + 

JP~~(U fl
/2�_lo~ t+r [l-x-~-log x))dP~~(V /2r�x)

0 x
o

+ P (U /2�—l og t) (V /2r�x)

1

= 
~r—l ~~~ O~ 

+ t re
_r 

fx
_r
e~~~ r l rx dx

x0
+ t [ l  — 

~r— l~~~~ ~

which can be written as

P
H

(A (X ) S t) = 
~r-l~~~ O~ 

+ t{l_
~ r i (r) + r ( l/x 0

-l)~~~~1
( r ) } .  (2 .13 )

This gives the null distribution function of the likelihood ratio statistic

which leads directly to the desired result.

It should be noted that the critical values k
L 

, or equivalently

C
L 

= -2 log k
~ 

, are functions of ~ and r and do not depend upon n
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A o u ~h equata~’r.s (2.lO~ - ~2 . 1~ appear rather complicated , the

avai~.tc~i~ty of standard nuxnerical rcut~ ite s whi~ ~va1uate the incomp~~te

gamma integraL rmits the easy eval~ a t~~r ..~~ the cr~.tical values L’v

means of an ~.terative procedure . 2ndeed , t: desired , the null distribut~.on

~f the likelihood ratio statistic could be examined in detail. Criticai

values c~ for selected values of ‘ and r are provided in Table 1.

Table 1 about here

:t is of interest to examine the asymptotic r-’~~ null

distribution of minus two times the log of the likelihood ratio test

statistic. A cursory glance at Table 1 reveals that convergence tc’ this

limiting distribution, whatever it be, is quite slow . Naively one might

expect this u ni ting distribution to be chi-square , as is customary.

That th~.s is not qui te the case is established in the following theorem.

Theorem 2.1. The asymptotic ~r-~~ null iistrxbut~cn of — 2 o~

is a mixture of X~~ ) 
and \ 3) each with probability 1 2

—t ’2 in (2.l2~ and (2.13) , we have
Proor: Replacing t by e

* — t  
,

P ~— 2 log \ ~X )~~t) 1’ ~rx e • 
~~~~~~~~~~~ ~r)~-r~~l x — 1~~ ~~H0 

n r r—l  0 r—I C

for t ~ • where x -
‘ 

is th~ -~m~cue ~ oL. : t i c r .  be tween  C and 1 ‘f the

• equation

— t 2  ~. — x r  -
C = ~X e  I .
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In order to evaluate the limi t as r in (2.14), we examine the

behavior of x~ as r -
~~ ~ . ~iriting (2.15) in the form

— x ~ log x = — t , 2r

it is clear that as r 
‘ 

-
~ 1 . Simple expansions yield that

as r - ~~~~,

1 3x0 1 — .~ + A / 3  ~
- 

~ /12 •. .  , (2.16)

• where .1~ = (t/r)~~
’ . In the following W denotes a gamma random

variable with parameters r — 1 and 1 and Z
r 

= [W
r 

— (r—l)]/(r-l)~~~
2

It is well known that Zr has an asymptotic distribution which is

standard normal. Examining the terms in (2.14), we have as r -
~

_ .1 /1
(r) = P(W �r) = P(Z 5Cr—i) ‘ ) -

~~ ~(O) = 1’2
r—1 r r

1/’
= 
~~~r

5
~~O~ 

= 
~~~r 

~ [r(x0
— l) 1]/(r—1) ‘ 

~~) ~(—t ~

where in the latter we have made use of (2.16) . Further, use of (2.16)

together with Stirling ’s formula yields that as r -
~

r(1,x ~1)~ (r) —~

0 r-l

Cc11ect~ng these results , we cbtain

* 1 ‘‘  1 — - 
~~~~~ 

-

lim ?~ C —2 oq ~~~~~~~~~~~ ~ t~ — ~~(— t  
• -• 

_________

r-~ ~0

—~ ~~~~~~~~~ 
— ,_ ._ ,

~~~~~ 

i..... . A ~~~



~

1l

Di~ ferentiati nq this expression yields the asymptotic null density as

1 1 —t/2 tl/~e
t
~
’2

— — e  +2 2

which is the desired result.

It is easy to verify that the (l—c~) th quantile of this

asymptotic distribution is given by c , say, where c/2 is the

solution of the equation

— e~~ l—2c~ . (2.17)

These critical values are displayed for selec ted values of a in the

last line of Table 1. It should be noted that since the convergence

of the critical values C
L 

to the asymptotic critical values c is

quite slow, this asymptotic distribution is not particularly useful for

practical purposes . Indeed the magnitude of the effect of using the

asymptotic critical values as approximations to the actual critical values

can be roughly estimated for any fixed r from Table 1.. If desired ,

this effect could be examined in detail by evaluating ( 2 . 1 2 )  - (2.13)

with exp(—c/2) replacing t

The availability of critical values for the likelihood ratio

test makes this procedure easy to carry out. None of the practical

difficulties which arise in carrying out Pernq~~ test are encountered .

Prom this point of view , both the F test and the likelihood rat~

test are preferable to Pernq ’s test. C~n the other hand , Perng ’s test

is known to be asymptotically optimal in the sense ~f Bahadur effic~.encv

while the F test is asymptotically suboptiznal. Further, Dahadur and
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Raghavachari (1972) have shown that any test procedure based on a likelihood

ratio test statistic is , under regularity conditions , asymptotically

optimal. Although these asymptotic considerations rule out the F test

as a viable competitor to either Perng ’s test or the likelihood ratio

test for all large enough sample sizes, no preference is indicated bets~een

these latter two tests. Moreover , the implication of these asymptotic

considerations for the fixed sample size case is unclear . In the next

section we consider the fixed sample size properties of these three test

procedures.

_________________________________ - - _•
~~~
i_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— -
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3. (‘OMPARISON ~F TESr PROCEDURES

Since critical values tot the likelihood ratio test are nc~

available , this procedure would seem to be preferred to Pevng ’s test

in view of th. practical difficulties encounter ed in carry i ng out the

latter. On the other hand , since Perng s test is asymptoti cally optima l ,

it is of interest to compare the behavior of Perng ’s test with that of

th. likelihood ratio teat in fixed sample s i z es .  Further, it i, of

interest to determine whether the asymptotic inferi~’rtty of the F test

is also evident in the fixed sample s u e  case . In this section we

examine and compare the c r i t ica l  regions and the rower functions of the

three test procedures .

Recalling (2 .1), we now define

~ — U  2 ,n n

— V 2rn ii

From the distribution theory of Section 2 , we have

d
V a Il.: ’ + ~•‘‘Wn

(3.l~z
ii r v—I

where W and are independent random variables iavt~is~ ~unit )

exponential m d  gamma (with parameters r — I a n d  L )

respecti vely . ~ht ~ the di ;t ~~t~’ut ~ on o r V ~ ~~
. same ~~ •i 1 :~

except ~ or the ~h t ntj of the ~
t- 

~i o th e ~~o ~ n • th e  ~t • ion

~ becomes degenerate ~t • ‘ -~~~~ r -
~~ . We wi I ~ow . t . i’t~
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the critical regions of the test procedures of Section 2 in the

tilane. Note that V and 2 are both positive random variables.n n

From (2.8)—(2.9) , the critical region for the likelihood ratio

test is given by the union of the two sets A and B defined by

A — {z>l} ii (y � c
L
/2}

B — (zsl} n Cy — r (l—z + log zi 
~ 
c
L
/2} -

Since 1 — z + log z ~ 0 for s 1 , the set B contains all (, ~~~~)

pairs for which z 5 1 and y 
~ 
c~/2 . Thus, all pairs for which

y - c
L/2 and no pairs for which both y C

L/f2 and z 1 are contained

in the critical region. For the remaining pairs , namely those wi th

5 1 and y < C
L

/2  , only those points below (or on) the curve z - c~ y )

defined by

y — r[l  — z 4~ log zJ — C
L
/ _ (3.2)

are in the critical region. Examining this curve , we have :(c
L~ ~

and z(0~ 
a z

~~
(c
L.
r) , say , is the unique number between 0 and 1

which is the solution of

r(1 — a + log z] + C
L

/_ — 0 -

Further, 
dz
~~1 ., [r(l—z ) I which is positive for < 1 and •Wproachc~

as 1 , that is , as v - 2 . 7hus the curv~’ z(v~ monotone

increasing for 0 y C
L•

_ and f i t s  smooth I :  wi t h  the ~-ortica1 fine

L~_ _  ___



•: 
~~~~~

-1 5 - )
y — c

L 
2 a t  the point 

~
°L

2 ’ 1). Indeed , a simple expansion yields

— . that for ~(y) defined by (3.2),

z(y) 1 - (2~ /r) 1 -

when y - c
L
/2 — 

~ 
, where is a small positive quantity .

We note that, for fixed r , z
L
(c
L
.r) decreases as C

L

increases, that is , as the size of the test decreases. Further, for

fixed a , C
L 

-
~ c defined by (2.1’) as r - . Thus, CL• r 

-
~ 0

as r -.
~ and consequently Z

L
(c
L.

r) -
~ 1 as r - . As r increases ,

the critical region of the likelihood ratio test approaches the set of

all points in the first quadrant not satisfying both y ~ C, 2 and z � I

Remark : Given this simple limiting form of the cri t ical  region , at first

glance i t  may seem attractive to use this limiting region as an approximatic~

to the critical region for fixed r . That this should not be done is

clear upon evaluation of the size of the resulting test

P (reject) — 1 — P (V ~ c- 2~ ‘P ( ~ I )
H0 K0 ~ H

0 
n

— 1 — (1 — 
~~~~~ L 

) •l  —

Now ‘P 1
( r )  is monotone decreasing in r (for r ~ 2~ and ~‘ 1

(r~ — 1 2

as r . Thus , for the test which corresponds to this critical regicn

we have

• 
- (1-e~~ 

2) (1—c
2) 

~ P~ ~re~~ ct~ 1 - ~~~~ 
2~ 2 2

Turning to consideration of ‘orng ’s tos~~, w~’ ~ee from ~2.2) -

(1’.~
) that the critical region is the sat of all (y,~i) pa. rs sat f ;r.~
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y — log ‘
~ ( r • z )  ~ c~ /2 . (3 .3)
r—1

Since — log ~~~1
(r z) 0 for a 3 , all (y,z) pairs for which

y C
Q
/.. are contained in the critical region . Examining the curve

z — z(y) defined by equality in (3.3), we have z(c
Q
/2) - — and

z(0) a z
Q
(c
Q~

r) , say , is the unique positive number satisfying

— log ~ (r’z) c /2
r-1

Recall that c = . Since ‘
~ 

( r )  is monotone decreasingQ r ,l—~ r—l

and approaches 1/2 as r -
~ , z (C  ,r) < 1 provided that

— log 2 > 0 which will certainly be the case for any a of interest.

~ (rz)
Further, 

dz (yl r I 
which is positive and approaches asdy r~p (rz)

r- 1
a -

~~ , that is , as y -~~ c~ /2 . Thus, the critical region consists of

those points below (or on) the curve z(y) which is monotone increasing

and increases without bound as y -
~ c /2

We note that, for fixed r , z ,(c ,r) decreases as c increases.

that is , as the size of the test decreases . Further , i t  is clear that,

for fixed a , z~~(CQ
.r) -

~ 1 as r -
~ - For purposes of comparing the

critical region of Perng ’s test to that of the likelihood ratio test , it

*is of interest to determine the point (y , 1) which is on the curve defined

by ( 3 . 3 ) . We have

— y(c~~ r) = ~~~~~ r— l~~~ 
+

We assume as before that c~,- ’2 - log 2 0 which insures that thc ~~~~ t ht

hand side is positive . As r increases , 
~r—1~~ 

1/2 and we have

-



- 
• 

~~ 
a’ :~~~~ - . -~:-r~-~ :~~~ rT~~r

y (c
Q

S r) — c
Q

/2 - log 2. As r increases, the critical region of Perng ’s

test approaches the set of all points in the first quadrant not satisfying

both y S c
Q
/2 - log 2 and a � 1

The critical region of the F test is, from (2.4) — (2.5),

the set of all (y , z) pairs satisfying

y 
~~ 

rcFa/(r l) , (3.4)

where C
F 

— F 2 , 2 r _ 2 , i _ c i  . The critical region consists of those points

below (or on) the straight line z(y) defined by equality in (3.4).

Note that, as r -
~ — , rc~/(r l) decreases monotonically to

2
x2 1_ ~/2 log ci -

The above considerations ~.ndicate that the critical regions

• corresponding to Perng’s test arid the likelihood ratio test are , for

fixed r and ci , qualitatively quite similar . This suggests that the

power functions of these two test procedures are quite similar. The F

j 
test, on the other han d, is defined by quite a different type of critical

region which suggests the possibility of a very different power function.

The boundaries of the critical regions for these three test procedures

can quite easily be evaluated for any fixed r and a although equations

(3.2) and (3.3) must be solved in an iterative manner. These critical

regions are displayed for the case a — 0.05 for selected values of r

in Figure 1.

Figure 1. abou t here

Although the form of the :ritical regions of the test ~ro~-odures

gives us some insight into the nature of the small sample —2rcpertio~- of
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these procedures, it would clearly be of interest to obtain explicit

expressions for the power functions of these procedures. These power

functions will in each case depend upon the number of observations , n

and the number of order statistics being observed , r , in addition to

the parameter pair (~~,c) and the size of the test. The straightforward

calculations leading to these power functions are-not displayed ; the

results are merely summarized in the following lemma.

Leuuna 3.1. (a) ~ike1ihood ratio test:

Set ~ = (c
~
/2 — n8)/c - The power function ,

is given by

for 2~ 5 0

— e~~(L — ~
‘ 

1
(r/c)3 4 ~ 1

(rh/c ) +r r

(r(i-;)/c÷1] e r~~~~~~~~
t 1~~~/c+1) -

for 2~ > 0

where h is the unique solution between 0 and 1 of

r[l - h + log hj — - a ~ . (3.6)

(b) Preng ’s test:

Set y — (c /2 - n~)/a . The power f~nctj~~ , ?,,Q
is given by



~~~~~~~~~~~~~~
-
~~

- -
~~- ~~~

‘ :~~~~~
-
~~~ 

- ‘~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~

-19 - 

)
~PR

1 for y S O

( 3 .7)

—1 ~
— ~‘ ( v/ c)  + : e - dw for y > 0r— 1 J (il

v r— 1

where v is the uni que positive solu tion of

log •‘i)
r_i

(V) = — - (3 .8)

(c) F test:

- 1/(r—l) -Set ~, = ci and ri = n8/c - The power function ,

is given by

- 

~r-l~~~~~~~~~
1 + cie~~{l - 

~r_l
1
~~~~~ 

.

Remark : In evaluating P~, we have made use of the fact that

El + F, 2 r 2 i c iu U  ]-(r-l) = a

It should be noted that each of these power functions depends

upon n and 8 only through n~ as was clear , of course, from (3.1).

Further, the power function of the F test depends upon the parameters

n , ~ and c only through ~ — nG ,-”c . In particular , this implies

that P_ a whenever 8 — C , even i f  c ‘z 1 . This undesirable
r

property is not shared by the likelihood ratio test and Perrig ’s test.

For these tests , even if 3 0 , the power functions approach 1 as

o approaches 0 . Thus , the F test mi~ht be expected to perform

poorly relative to the other tests for  alternatives wh e re ‘~ — n~
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is small and c is also small. The rather complicated form of the

expressions appearing in Lemma 3.1 makes comparison among these power

functions difficult other than by means of evaluation for specific

choices of ci , r , a and n8 -

Equations (3.6) and (3.8) have already been encountered and

j  solving these equations presents no particular difficulty . The power

functions of each of these test procedures can then be evaluated with

the help of a standard numerical routi ne which evaluates

the incomplete gamma integral provided that the integral appearing in

(3.7) can be evaluated. In this connection note that

—1 ç ~, 1 (w/ a) 
1’r dw 5 (1 — 

~‘ (A/a)J/[y (A)) ‘~~~~ -
.1 r ’~i (W) ]~~~~

0 r—l r—1
A 

L r_1

For fixed r and a , this bound is monotonically decreasing in A and

consequently , for large enough A , this integral is negligible . Thus ,

the integral appearing in (3.7) can easily be evaluated by any of the

standard routines which numerically integrate a prescribed function over

a finite range.

Tables of the power functions (3.5), (3.7) and (3.9) have been

evaluated for various choices of r and a for grids of (n~ ,c) pairs.

It is rather difficult to summarize these results concisely but it does

appear that the likelihood ratio test is more sensitive to departures in

location than is Perng ’s test. More precisely , the only region of the

parameter space in which the power functions of ~~rn~ ’s test and the

likelihood ratio test seem to dif fer  substantially is the region of ‘

close to 1 and nB reasonably large where the likelihood ratio test
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has a distinct advantage . In fairness , we note that Perng ’s test appears

to be marginally more sensitive to departures in scale . As already

— 
noted , for fixed r and a , the power function of the F test depends

only upon n - n8/o and consequently behaves quite differently from

the power functions of the other two tests. It is interesting to note that t/

power function of the F test tends to dominate the power functions of

both of the other tests for moderate values of n8 arid the difference

can be substantial. On the other hand , as was anticipated , for the region

in which both nB and c are small , the F test performs poorly relative

to the other two tests. The powers for the case a = 0.05 and r = 10,

20 and 40 are displayed for selected values of nB and c in Table 2.

Table 2 about here

a

_ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _
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4. CONCLUDING RE MARK S

We have considered three different test procedures for the

particular life testing problem considered by Perng (1977). Critical

values which make the likelihood ratio test easy to carry out have

been provided. Comparison of the power functions of Perng ’s test and

the likelihood ratio test reveals that although these power functions

are qui te similar over most of the parameter space , the likel.~.hood ratio

test has the advantage in the region of the parameter scace where there

is a substantial difference in these power functions . Thus , the likeli-

hood ratio test should be preferred to Perng ’s test. This preference

is strengthened in view of the practical difficulties associated with

carrying out Perng ’s test. Examination of the power function of the F

test reveals that in the fixed sample size case it is not possible to

eliminate the F test as a viable competitor to the other two tests

since there is a region of the parameter space in which the F test

does substantially better than either the likelihood ratio test or

Perng ’s test.

_ _  --~~~~~~~~~~ -~~~~~~~~~~~~~-~~~-~~~~ — - - - ~~~~~~~~~~--—~~ ~-_____
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For a particular hypo ti esis testing problem inv o l v i n g  the

locat ion and scale parameters of an ex~ on entia 1 distribution , Pe r ng

(1977) proposed a tes t procedure based on the fir st r out of

n observ ed fai lure tim es. in this paper , tne like l i h o o d  ratio ‘!‘est 
-

for the same problem is considered. Critical values are provided and

the asymptotic nul l di stribution is determined. An alternate test

base d on an F statistic is also proposed and the cri~~ica 1 regions

an d power functions of all three pro cedures are examined.


