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CHAPTER I

INTRODU CTION

This dissertat ion describes the results of an investigation of

radiation transfer through aerosols. Aerosols have been studied for

many years, and several good reference works on the physical properties

of  aerosols are available. (Green and Lane, 1964; Sedunov , 1974; Fuchs

and Sutugin , 1970; Junge, 1963; Voloshchuk and Sedunov , 1973; Friedlander,

1977.) Sedunov presents a concise, useful definition of an aerosol: a

solid and/or liquid substrate in a gaseous superstrate. Basically an

aerosol is a collection of solid and/or liquid particles suspended

in .~ gas. The gas involved is usually an atmosphere such as that

ol t h e  earth , and the particles are suspended due to some act of

nature ~r man. Aerosols may be generated by meteorological

condittons (condensation fog), by the wind (dust or near surface

h a z e ) ,  and by combustion (most smokes).

Most liquid aerosols are comprised of water, often with

impurities. Solid aerosols are more varied, be ing comprised of such

varied materials as minerals (dust), elemental carbon, or organic com-

pounds (spores). In some situations, it is possible for an aerosol

particle to be both solid and liquid. An example of this would be a

dust aerosol that is exposed to varying humidity conditions: a gust of

wind ra ises a cloud of dust, the particles, wh ich are irregular in sha pe

,3
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are carried into a region of greater humidity and water is adsorbed

on the surface of the particle(s). This adsorbtion has the effect

of making the particle more spherical in shape and increasing its

size. If the particle is insoluble, it may continue to adsorb

water until equilibrium is reached . Sufficient water may be

adsorbed to completely cover the particle. Then this particle

would be layered , with an irregular, solid core, and coated with

liquid that is externally spherical. If the particle were water

soluble , the water solution would eventually form a spherical water

particle with impurities.

In general , liquid aerosol particles are spherical until

they become large enough for gravity and aerodynamic drag to deform

them. Solid aerosol particles are usually nonspherical, although

spores, some forms of carbon , and some plastics may be spherical.

Aerosols are, of course, a collection of particles, and in

addition to their shape, must be described in terms of their sizes.

(Aerosol collections made up of particles of only one size are

monodisperse, those of particles of several sizes are polydisperse.)

The number of particles per unit volume per unit size is usually

described by a particle size distribution function, size usually

being expressed in terms of the particle radius, although particle

diameter , area , volume or mass may be used (Corn, 1976). Because the

radius representation is the most comeon, and is well suited to

radiation transfer calculations, the radius representation will be

used in this dissertation.

t 4
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There are three main types of particle size distribution

functions in common use . These are the Junge (Junge , 1963),

n ( r )  — C/r ’~ (1.1)

where n ( r )  — number of particles per unit volume per unit radius,

r — particle radius,

C — a constant , and

n — coe ff icient,

the Deirmendjlan modified gamma (Deirmendj ian, 1964) ,

n ( r ) — Ar ’~exp [—Br
6
1 (1.2)

when A , B, v , ~S , are the parameters, and

the log normal (Corn, 1976) ,

n (r )  — exp [— ( ln ( r )  — ln (~r”)}
2/2 l n ( o) 2] (1.3)

where D — coupling constant,

- average particle radius , and

- standard deviation.

The Junge d istribution is conmionly used to describe atmospheric aero-

sols (haze ) ,  is defined with an upper and lower limit on particle radius,

and has a coeff ic ient  n that is observed to vary between the limits of

2.5 and 4. A Junge distr ibution is shown in Figure (1.1).

The Deirntendjian distribution is cot~~only used to descr ibe fog ,

S
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Figure (1.1) Particle Size Distributions for Junge (A) , Deirmeudjian
(A), and log Normal (C) Distributions.
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4 haze, and rain. An example of the Deirmendjian distribut ion is shown

in Figure (1.1). The log norma l distribution is also commonly used to

describe fogs and hazes as well as many smokes. This distribut ion enjoys

much experimental popularity due to the ease it affords data analysis.

An example of a lo~ norma l distribut ion is also shown in Figure (1.1).

Wh i le nonspher ical aerosols exist and are commonplace , they are

usually described in tense of one of these three distributions and rules

exist for d’termin1n~ the “equivalent” spherical size of the particles

~Cadle, l9t~~~. No attempt is made by Cadle to describe the shape

distribution of the  particles as a function of size.

Aerosols are also described by their refractive indices. This

quantity is usually complex and because of the difficulty of measuring

it. is assumed to be constant for any one aerosol with respect to parti-

F ~‘1e size and shape. The refractive index of water is shown as an example

in Figure (1.2) (Deirmendjian , l’~7S).

The first step in treating the problem of radiation transfer

through aerosols is to solve the problem of the scattering of l ight hr

~, si n g le pa rt  Ic Ic.  This  ,trob Len h.~s been stud Lcd with not able ~~e~’ess

since the formulation of the Maxwell Equations (Rayle igh , 1871; Mis’,

1 Q08; Debve , lQ0’~). Whi le an analytic solut ion for the scattering and

absorpt ion of a plane wave of light ot arbitrary wavelength by a sphere

of arb i t r a ry  radiu. and refract ive index (the Mie solution) has long

been known • the extent .‘t the  numeric al  ca lcu la t ions  h pre—

c Lude ~I t’x t t’ns ly e use o t t h e  so t n t  ton unt 11 the recent  advent ~ t t he

di  gi t.~ 1 computet The Ray leig h solut  ton or part  t c It’s sma LI in

rad i us compared to the wavelength is relative Iv $ in” Ic and has

-~
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Figure (1.2). Refractive Index of Water.

LEGEND : k — Re(m)
v — -Im (m)
m — refractive index
A — wavelength
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therefore enjoyed much wider use prior to the computer ’s advent. While

the Rayle igh solution is not applicable to most aerosols for wavelengths

shorter than the submillimeter (100 inn.), it is applicable to gas molecules

even into the ultraviolet, and much work on the single and multiple scat-

tering properties of clear atmospheres has been conducted.

At this time, no elegant solution to rival Mie theory has appeared

to describe the scattering properties of general nonspheriáal particles

except for small size particles which may be treated by Rayleigh—Gans

theory (Cans, 1925), Attempts have been made to adjust particle

size distributions used with Mie theory to reproduce experimental

data , but these efforts have met wi th  limited success (Cadle, 1965).

In recent years, several treatments of the problem of single

scattering by irregular particles have been advanced . These treatw~nts

have included extensions of the Mie solution into other coordinate

systems where Helmholtz ’s equation is separable. One notable example

of this type of effort is the solution for prolate and oblate

spneriods (Asano and Yamamoto , 1975).

Perturbation techniques have been applied by expanding the

electric and magnetic fields, and the particle ’s shape in perturbation

series. Application of the boundary conditions results in a perturbation

equation that allows the corrections to the electric and magnetic fields

to be calculated in a bootstrap manner (Yeh, 1964). Unfortunately,

this method suffers from the usual limitation of perturbation theory — —
the perturbations must be small.

A technique that has enjoyed some use in describinp conductors

is the use of the last—squares regression technique to solve for the9
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scattered electric and magnetic fields (Davies, l973~ . This technique ,

however , does not exactly satisfy the boundary conditions of

electrodynamics.

One recent technique of note has been the use of an integral

equation formalism (Eyres and Nelson, l976~ Uzonoglu and Holt , 1977;

Waterman , 1971) . Wh ile  integral equation formalisms have been used

before, these latest treatments are notable because the boundary con-

ditions are’ properly accounted for, and the numerical solution [a

obtained , not by iteration , but by reducing the integral equations to

linear equations and obtaining the expansion coefficients.

An empirical treatment recently advanced is a modification of

the Mie solution based on the correlation of resonances in the ana—

lv t i c . d  s o l u t i o n  w i t h  glories in the experimental data (Chvlek , crams ,

and Pinnick , 1976).. Although calculations performed using this mod !—

fication have displayed better agreement with experimental data than Mie

calculations , the validity of the modification has been criticized

(Kerke~r , 1977). While  this  treatment offers a possibility of widespread

usefulness because of i ts computational s impl icity , the modi f ica t ion ’s

basEs has not been substantiated by more exact calculations.

The second step in treating the radiation transfer prob l em is

to extend the ca lcu l a t i ons of the single scattering of l ight by a

single’ particl e to the single scattering of light by a co llec t ion  of

parti~’lt ’s. In most cases, notably  for naturally occuring aerosols and

the visible wavelengths of light , aerosol particles are sufficient Iv

large that the Mie solution is required . Fortunately, the aerosols are

a [so suf f i c tent lv d [lute so that dur ing  any reasonably long ~ ‘r ted ot

10
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time, the particles are in the far fields of all the other particles.

Deirmendjian has shown that under these circumstances, the particles

are independent and the scattered intensities rather than the scattered

elec tr ic and magnetic f ields ma~. be added (Diermendjian , 1964). As a

result , the scattering properties of most aerosols may be described in

terms of an average particle. It should be noted , however, that work

has been done to include the interparticle correlations (Foldy, 1945).

As the submillimeter and millimeter regions of the spectrum become more

accessable and utilized , the importance of this problem should become

more apparent.

The third step in treating the problem of radiation transfer

through aerosols is the calculation of the multiple scattering effects

that may occur in an aerosol medium. To perform this calculation , the

theory of radiative transfer (RT) developed by Chadrasekhar may be

used (Chandra sekhar , 1960). This theory has enjoyed extensive use In

describing the propagation of light through stellar and planetary

atmospheres. These two problems are characterized by three notable

conditions: first , the illumination incident onto and/or from the atmos-

phere Is uniform ; second, the scattering medium varies in only one direc-

tion at moat; and third , the scattering phase function of a gas (the

Rayleigh solution) has a simple analytic form . These conditions allowed

the general form of the RT equation to be reduced to a one—dimensional

form that could In a few cases be solved analytically and , for the

Rayle igh phase func tion, could be solved numerically without the computer.

Indeed , this numerical solution represented the essential state—of—the—

art Prior to the computer ’s advent about 1960.

11 
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The digital computer has permitted the RT equation in its one—

dimensional form to be solved for other, more complicated phase func—

tiona so that the problems of light transmission through a hazy atmosphere

or an atmosphere with uniform cloud cover could be solved .

While this one—dimensional form of the RT equation was adequate

for descr ibing the br igh tness of a star , or the amoun t of light reach ing

the surface of a planet, advances in detector/aource technology have

uncovered problems that the existing RT techniques cannot treat. The

availability of both visible and infrared imagIng devices and of the

laser have introduced a new class of problems involving nonuniform

incident Illumination . The determination of laser beam broadening or

imaging contrast degradation due to multiple scattering is beyond the

scope of the uniform illumination formulation of RT.

To da te, however , only limited attempts have been made to solve

the general RT equation. Notable among these is a calculation using the

four—dimensional RI equation simplified for small angle scattering only

(Weinman and Shipley , 1972). This calculation, which was performed to

predict laser pulse stretching in clouds, is valid only when the aerosol

particles are much larger than the wavelength. (The phase function is

sharply peaked.) This approach is not valid for scattering by atmos-

pheric gases because the Rayleigh phase function is not sharply peaked.

F 
Another notable calculation was performed to support the optical

measuremen t of the par ticle aise distribu tion in a chamber (Deepak and

Green , 1975). Although this calculation was valid for general scatter—

ing angle , it was carried out only to third order in scattering. W h I l e ~

third order scattering is adequate for the optical depths ob serv ed In

12



the experiment , the technique of Deepak and Green is not readily appitc—

able to problems that require that higher orders of scattering and/or

more general boundary conditions be considered .

As a result of these considerations , this dissertation

investigation was begun to determine the effects of aerosol and

atmospheric gas multiple scattering on imaging and laser beam trans-

mission. These transmission calculations involve nonuniform incident

Illuminations and aero sol media that had not , to date , been generally

treated , either analytically or numerically. This phase of investi-

gation has resulted in a two—dimensional RT code for the treatment

of imag ing and laser beam transmission . This code constitut~s the

contribution of this investi gation to the third step of the radiation

transt.er problem.

As calculations with this code proceeded from liquid aerosols to

solid aerosols, the problem of single scattering by irregular particles

surfaced . As has been noted earlier , several techniques for treating

the problem were known, but none provided the necessary information for

solution of the RT equation . This information includes the extinction

coefficient , the albedo , and the phase functions for irregularly shaped

dielectric aerosols. Considerable effort has been made to extend the

Mie solution to irregular particles to provide this information . This

extension was implemented into a code for solving the single scattering

problem for cylindrically symmetric irregular dielectric particles. This

restriction is imposed , not by limitations of the theory, but by limi—

tations of the computer. The development , implemen tation and use of
t

this code is described in this dissertation.

~I I 13
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This code constitutes the contribution of this investigation to

the first part of the problem of radiation transfer through aerosols.

Thus , of three parts to the problem , two have been addressed in this

iflVe8tigatiofl the single scattering by an irregular dielectric particle,

and the multiple scattering effects for nonuniform boundary conditions.

In Chapter II of this d isser tat ion, the Hertz vector formalism

is developed from the Maxwell Equations. This formalism has the ad-

vantage of reducing the vector differential equations (which are derived

directly from the Maxwell ~..quations) for describing the single scatter—

ing to scalar differential equations . This Hertz vector formalism is

then used in Chapter III to derive the Mie solution . The extension of

the Mie solution to aerosols is reviewed In Chapter IV.

Several of the previous formalisms for treating scattering by

irregular particles are reviewed and discussed in Chapter V. Chapter VI

then presents the theory for single scatter ing by Irregular par ticles

used in this investigation. This is an extension of the differential

equation , Hertz vector formalism of Mie to “slightly” irregular par ticles

with cylindrical symmetry. Unlike the Mie solution for the spherical

particle , which has an analytic solution that can be evaluated , this

formalism requires a numerical solution because the radius of the

particle is itself a function of angle. This solution may be obtained

by the computer , however , and a code to perform this calculation is

described in Appendix (I).

The calculations performed using this code for spheres and

spheroids are compared with exact calculations in Chapter Vii . Addi-

tionally, sample calculations for a variety of irregular particles are

14
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presented. In Chapter VIII, the validity of the Mie modification of
I

Chylek , Grams and Pinn ick is addressed (Chylek , Grams, and Pinnick ,

1976). This modification is first examined by calculat ion of the

electric and magnetic field expansion coefficients. Following this,

polydisperse aerosol phase functions are calculated for several types

of irregular particles after incorporating the techniques of Chapter IV

into the code. These phase functions are then combined using linear

regression techniques to fit experimental data.

Chapter IX begins the discussion of the multiple scattering part

of this investigation. In this chapter, the general RI equation is pre-

sented and its reduction to one—dimensIonal form for the treatment of

plane—parallel atmospheres is outlined . An approximate solutIon of the

two—dimensional unpolarized RT equation suitable for imaging and steady—

state laser beam transmission calculations is presented in Chapter X,

together with an algorithm for its numerical solution. This algorithm

is implemented in a code described in Appendix (IV). Calculations per—

formed for transmission through a Deirmendjian C.3 fog using this code

are presented in Chapter XI and discussed . Chapter XII is a summary of

the results of this dissertation investigation with emphasis on the

various limitations of the calculations. A few problems to be treated

as future efforts are indicated .

LI L
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CHAPTER II

ELECTROMAGNETIC WAVES AND HERTZ VECTORS

The Hertz vector formalism for electromagnetic waves may be

derived from Maxwell’s Equa tions (Jackson , l962), t

4~T p ,  (2.1)

— 0, (2.2)

(2.3)

and

~4 — - — j
~

-
~ 

(2.4)

where: = the electric displacement,

— the electric f ield ,

= the magnetic flux intensity,

— the magnetic field,

p = the charge density, and

c the speed of light.

The constitutive equations are

J~ — E~~, (2.5)

(2.6)

and

(2.7)

t Gaussian units are used throughout this dissertation.

17 
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F
where: c — the d ielec tr ic func tion (constant) ,

a — the conductivity , and

u — the permeability.

The dielectric function and the conductivity are restricted in this

treatment to be scalar functions that change value only at known,

definite boundaries. It is assumed that u — 1, and p — 0.

As a result of these restrictions , Eqs. (2.1) and (2.2) may be

written as

— 0, (2.8)

and

— 0. (2.9)

For monochromatic light of wavelength, A , ~ and ~ may be taken to have

time dependence of the form e~~
t 
where w — 2itc/A . The modulus of the

wave vector, k, and the refractive index, m, may be defined by

k - ü~/c - 21T/A , (2.10)

and

— c — 4i~cof~j, 
(2.11)

since the permeability is one (Born and Wolf , 1975; Van de Hulst, 1957).

Equations (2.3) and (2.4) may be rewritten using these caveats

and Eqs. (2.5) and (2.6) as

_ —tiun
2
~~, (2.12)

and

18
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— .k~ . (2.13)

This set of Maxwell Equations, Eqs. (2.8), (2.9), (2.12), and (2.13) may

-
. be used to calculate the light scattering properties of individual

particles .

In particular , Equations (2.8) and (2.9) admit the solution of

the Maxwell Equations by Hertz vector. Because the divergence of the

curl of a vector is zero (V.VxA — 0), the magnetic and electric Hertz

vectors may be defined as

— &~‘Xj ~, (2.14)

and

- b~x~ , (2.15)

where a and b are coefficients to be determined . It may be noted that

and are two independen t solutions of the second order vec tor

partial differential equations derivable from the Maxwell Equations.

Because and must be transverse in the far field , Q and must be

rad ial vector func t ions and any l inear d if fe ren tial equa tions in

and must be reducable to scalar equations.

The magnetic f ield due to Q may be found by subs tituting

Eq. (2.14) into Eqs. (2.12) and (2.13) to yield

ZXJ~ 
— — tkam2V’.J~ (2.16)

and

• , (2 .17)
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so that

— —~.kam + ~$ , (2.18)

where • is a scalar potential that is consistent with Eq. (2.16) since

the curl of the gradient of a scalar is zero. This potential is

included to insure that will satisfy the Lorentz condition (Jackson,

1.962; Tyras, 1969) ,

(2.19)

Equation (2.17) may be rewritten using the vector identity,

ZxZx~ 
- Z~Z’~~ 

~~~~~~~~~ 
(2.20)

to become

aV(Z.
~

) — aV 2fl — ~~~ , 
(2.21)

which may be combined with Eq. (2.18) to yield

aV(Z.
~
) — aV2J~ — ak2m2J~ + .Lkv,. (2.22)

Equation (2.22) may be combined with Eq. (2.19), the Lorentz condition,

to yield

aV(V.Q) — aV2~ — ak2m2~ + ~kV(V’~) . (2.23)

Since a is an arbitrary constant, It may be identified as k, so that

Eq. ,2.23) reduces to

+ k m ~~ — 0 (2.24)

Helmholtz ’s wave equation. Equations (2.14) and (2.18) may be rewritten

H as

20
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— tk~ x~ , (2.25)

and .

— k2m2J~ + V (V .~ ) (2.26)

The electric Hertz vector , ~j , may be derived in a similar
manner , starting with the substitution of Eq. (2.15) into Eqs. (2.12)

and (2.13). This substitution yields

b
~
xZ\

~ — — ~~~~ (2.27)

and

— ~~~~~ . (2.28)

Equation (2.28) may be exploited to admit

(2.29)

wher e ~ is a scalar potential that satisfies the Lorentz condition

- . (2.30)

Equation (2.27) may be rewritten using Eq. (2.20) as

bZ(Z.~
) - bV2~ — bk2m2~ — ~~~~~~ . (2.31)

Equation (2.27) allows b to be identified as -~.km
2
, and Eq. (2.31)

becomes

+ k
2
m
2
~ — 0 , (2.32)

the Helaholta’s wave equation for the Magnetic Hertz vector. Further.

Equations (2.15) and (2.29) may be rewritten as

— , (2.33)

21
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and

2~~k m~~ + V (V.~ ) . (2.34)

The Maxwell Equations , Equations (2.8), (2.9), (2.12), and

(2.13) may now be replaced by the equations

+ km ~~ 0 (2.35)

+ k
2

m~~ 0 , (2.36)

- t kV ’~ + k rn ~ + \‘ ( \ . ‘ )  , (2.37)

and

- km ~~ + V ( V ’~~) - tkm~Vx~ . (2.38)

Equations (2 .35) and (2.3t~) may be reduced to scalar d i f f e r e n t i a l

equations because and must be transverse in the far field , and

and can therefore only be radial. The scalar potentials may be

defined in relation to the Hertz vectors (Born and Wolf , 1975) by

— rn , (2.39)

and

— ro • (2 .40)

where r is the unit vector in the radial direction. Equations (2.35)

and (2.36) may be rewritten as

V~~ i + km ~~ — 0 , (2,.~l)

and

~~~~ + k~m
2
~’ — 0 , ( 2 . .42’~

22
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which have general solutions of the forms (Born and Wolf , 1975)

S V (  a
~~ ë(~~

r) + bt n e (kmr) )  
~~

(cos O) [ cm
sinGn

~
) + ‘ cos~ n~ ) ] i

(2 .43)

and

- V 
[a~~~~~mr~ + b ~~~~~~~~~~~~~~~~~~~~~~~~~~~ +

(2 .44 )

depending on the boundary conditions to be applied . The angular

function is the m t
~ associated Legend polynomial of order -t, and

the cylinder functions 4,~
, ~~~ ~~~~, and p

~
2 are related to the usual

spherical Bessel functions (Abramowitz and Stegun, 1964) by

xj~ (x) , (2.45)

r L ( x) = x
~Je

(x)
~ 

(2.46)

— xh~ (x) , (2 .47)

p~ (x) — x14(x), (2.48)

Equations (2.37) and (2.38) may be explicitly written as

2
E — k

2m2a + (2 .49)

23
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rsin(e) ~~ 

+ 
~ aO~r 

(2.50)

E — ~~~~~~ iI~. + 1 
_____ 2 51’

$ r ~)O rsin(8) a$~r 
‘ •

- 2
H — k2m2n + 4 (2.52)

H: ~ ~~~r 
- ;

~~ f l(O) ~~~~~ (2.53)

H ~
. ~~~~ !~. (2 54)

• rsln(o) ~~~ r ~)O

Equations (2.41) — (2.54) constitute most of the basic mathematics for

the solution of the Mie type problems to be discussed in subsequent

chapters.

24

H , ,

L L ~ -



‘
~~~~ :‘ ____ 

- 

~~~~~~~~~~~~~~~~ 
“ - -

~~~~~~~::
I

;

CHAPTER III

SPHERICAL “ARTICLES:MIE THEORY

The Mie problem is that of describing the scattered electrtc and

magnetic fields due to the interaction of a plane wave of l igh t w ith a

spherical object. The boundary conditions for this problem require that

the components of the fields tangent to the sphere at Its surface be

continuous. Because the surface normal for a sphere is purely radial ,

the boundary conditions require that E0, E~ . H0, and H~ be continuous

at the sphere ’s surface. Examination of Eqs. (2.49) — (2 .55)  reveals

that if n and 1 are continuous and once radially differentiable contin-

uous at the surface , the boundary conditions will be satisfied since

the angular dependence of Equations (2.43) and (2.44) are identical.

The plane wave is taken to be incident along the a axis with

components

— ~
tkz (3.1)

and

— ~~~~~ 
(3.2)

which give rise to scalar potentials (in spherical coordinates) of

- k~~ ~~~~ ~~ (kr ) P~ (cos 0) cos ($), (3,3)

and

- k 2 ~~~ 2 + 1  
~~ (kr ) (cos 0) sin ($) , (3.4)
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where the superscript “i” denotes the incoming wave (solution) and m • 1

(free space) outside the sphere. The assymptotic behavior of the

cylinder functions in the limits r + 0, and r ~ allow the internal

(“w”) and scattered (“s”) potentials to be written as

V k 2 m 2 
~aL~~ 

(~~r) P~ (cos 0) cos 
~~~ 

(3.5)

W 
— k 2 m ’ 

~
b
~ Pe 

(kmr ) P~ (cos 0) sin ($), (3.6)

o

~ 

— k 2 
~~~~ (kr) P~ (cos 0) cos ($) , (3.7)

— k~~ ~deP~ (kr ) P~ (cos 0) sin ($) . (3.8)

The difference of a factor m~~ between Eqs. (3.5) and (3.6) arises from

the fact that if • e1 Ae~~mm and — ê
2 Be~

kmm
, then Eqs. (2.12) and

(2.13) require that B — mA. The boundary conditions, that the tan-

gential components of the and f ields be continuous, may be determined

by examination of Eqs. (2.49) — (2.54). Since it and a are already

continuous in angles, the tangential continuity is satisfied by: E0, ~
and ; ~~ 

it and 
~

-°
~
; H0, ~~ and m2a; and H~1 

~~ 
and m2a. Thus, the

boundary conditions are specifically,

~ (
i + a~) — ~ aW l (3 9)

r — a  3r r a ,

~~
— (it

1 
+ it

5
) — !_ (3.10)

r — a  ~r r a ,

1 (ai +a 8)I r a
_ m 2ow 

‘r ’ a, (3.11)

- . 
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(1Ti + 1 T S
) l r _ a

_ 7t
W

l r _ a~ (3.12)

where a is the radius of the sphere.

The orthogonality properties of sin($), c o s ( ) ,  and the

(cos~) may be exploited to reduce Eqs. (3.3) — (3.12) to

~~—l ~~~~+
l
l) ~~(ka) + ctpt

’ (ka) • m a~~~(kma) (3.13)

£.—l 2~~+ 1 
‘ ‘  1’

e(-e + 1) ~~ (ka) + d~ p~ (ka) — b~ j),~’(kma), (3.14)

~
L-i 

~~~~~
1

1) ~~(ka) + c1p~ (ka ) - a
~~ t (kma) , (3.15)

~~~~ ~~~~~~~ ~~(ka) + d~p~ (ka) - m
2
b~~~(~~a), (3.16)

34,e(x)
where: ~~~~~ —

Equations (3.13) — (3.16) may be combined to solve for the expansion

coefficients of the scattered wave scalar potentials,

.1-i U + 1 
m1
~L 

(kma) ~I,~ ’ (ka) - (ka) 4~ 
(kma )

C e 
- 

~ 
t~t + 1) p 1(k )*’Ø~

n )  — mp~ (ka) 
~Pe
(k1aa)

(3.17)

and
.~-l 21. + 1 ss~1.(ka)ip1.’(kma) 

- ~1
t (ka)~1.

(kma )
d — 

~ ~~~~~~~ 
1 

- m*1.
’(kma)p

1.
1 (ka)

(3.18)
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By combining Eqs. (2.50), (2.51), (2.53), (2.54), (3.7), (3.8),

(3.17), and (3.18), the scattered electric and magnetic field and

components may be written as

1 P~(coaO) 1’ 
‘aP

e
’(cos 0)

- (krY 1 

~~
.Fd 1. P1. (kr) sin (O ) + c1.P1. 

(kr) ae
X cos (4),  (3.19)

1 
aP~ (cose) ~

, P
1.~
’(cos 0)

E — —(kr)~~~ .td
1.
P
1. 

(kr) 
~ 

— c1.
P
t 

(kr)
8~~ (0)

1.

x sin (4), (3.20)

—l 1’ aP~(cose) 1 
P
1.
1
(cos 0)

H — (kr) 
~ 

d
~~ ,e ~~~~~~~~ ao - tc

1.Pe 
(kr) 

sin (0)

X sin (4), (3.21)

1 1’ P
1.
1 (cosO) 

1 
aP
1.~

(cos 0)
H
4 

— (kr ) ~ d P  (kr) 
sin(e) 

+(c
1.
P
1. 

(kr) 
~

x cos (~ ) .  (3.22)

The radial components may be calculated in the same manner , but are

not included because they decrease as r
2 rather than as r

1 and will

be vanishingly small in the far field when compared to Eqs. (3.19) —

(3.22).

The asymptotic properties of the p1.
1 ‘s are

P
1.
1(x) — (._t) t~~ e ’0t , x + (3.23)

P
e
1 (x) — (_ )

t 
~~~ x + (3.24)
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which may be used to write the far field components as

A.kr P1.
1(coa 0) 3P

1.
1 (cos 0)

• E 0 - 
- kr ~ 

+1 
[~

1. sin(O) 
- + C

1. ~ 
} cos ($) ,

(3.25)

- 
I Lkr 1. ~P1.

1(cos 0) P~~ (cos 0)
- - 

~~~~~~ 

+1 { d1. ~~ 
+ C1. sin(O) 

sin (4),

1 (3.26)

tkr ~P~
’(cos 0) P 1 (cos 0)

I H
0 

— (— 4.) ~1 d1. ~~ 
+ c1. sIn (0) sin ~~

),

(3.27)

£kr 1. P
1.
1(cos 0) ~P1.

1(cos 0)
H
4 

- - 
+1 { d1 sin (0) + C

1. ~ 
j am ( f) .

(3.28)

It may be noted that

E
0 

— H~ , 
(3.29)

I i  and

— —H0. 
(3.30)

EquatIons (3.25) and (3.26) may conveniently be rewritten (Van de Hulst ,

1957) as

4 kr
— — 

r S
1

(0) cos (~ ) , (3.31)
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and

kr
E~ — — 

r 
S2

(0) sin(~) (3.32)

where

1. P 1(coa0) 3P
1.~

(cos8)
S1

(0) Y ( — ~~
) 
+1 

d1. sln(0) 
+ C

1. 30 
, (3.33)

and 

S
2

(0) - ~(.)
1.+l 

[c1. 

P~~ (cos0) 
+ d1. 

ap l ( 8)) 
. (3.34)

A new set of angular functions are commonly defined (Van de Hulst, 1957;

Deirmendjian, 1964) ,

1
P1. (cosO

)
— sin(O) ‘ 

(3.35)

and .

3P1.
1(cos0)

te
(O) — . (3.36)

It is also convenient to define new coefficients and 
~1.’

a1. - (-~
)
~~~ c1. ~~

1.
+
+
l~ (3.37)
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j,
~ (kma )

~1.
(ka) — m*1.(kma)~~~(ka) 1

— 
1 i ’~~ 

I ‘ 
(3.38)

P~ (kma)P
1.

(ka) - mip
1.

(kma )p
1. 

(ks)J

and

81. — (~~)
1.+l

d ~~
1.
+
+
l
]) 

(3.39)

m~p ’(kma)~, (ka) — ~‘ (kma)i4 ’(ka)1. 1. 1. 1.— 1 l’ (3.40)
m~,~ (kma)p 1.(ka) — i~,1.(kma~p 1. (ka)

Equations (3.33) and (3.34) may now be rewritten as

S
1(0) 

- ~ ~(1.+l) [ 81.n1.(0) + c*1.tZ(0)] , (3.41)

and

S2 (e) — ~ 1.
+
+
1
l) (ct1.~1.(O) + 81.t1.(9)) (3.42)

It is now possible to develop the cross sections and phase

fun ctions by introducing the Stokes vector forma lism (Van de Hulst,

1957). The components of the Stokes vector are defined as

F?

~t ~~~~~ 
(3.44)

U — 2E
1.
E~C0S(ó), 

(3.45)

V — 2E
1.
Ek
sin(tS), (3.46)

where the bar indicates an average over polarization angle, and E1. and
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• E
k are field 

components. For the spherical (Mi.) probles treated here,

— _E
~, and Ek — E0, so that

2 S1S~cos2($)

k
2
r
2 

(3.47)

* 2
2 S.,S~cos (4)

Ek
_ 

~~~
‘ (3.48)

(S1S + S~S2)sin($)cos(4)
— 2 2 , (3.49)

k r

.t(S1S~ — S~S2)sin(4)cos(4)EkEL — 2 2 ‘ 
(3.50)

k r

By averaging over ~~~, the differen tial cross sections may be der ived as

*SISi
k , m , 8) — ‘~ , (3.51)

k
.p f

*S S..,
0
2
(5, X , m, 8) — 

2 
(3.52)

k

* *(S
1
S2 + S1S2

)
) , m , 0) 2 

(3.53)
2k

.(S S~ — S~S )
\ , in , 8) — 2

1 2 1 2 • (3.54)
2k
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where the cross sections have been writ~en with all explicit

dependence on par ticle rad ius, wavelength, refractive index , and

scattering angle. The cross sections are related to the Stokes vector

components by the matrix equation

o 0 0

0 0
2 

0 0
— (3.55)

U 0 0 0
3 

0 4 U

V 0 0 03 V0

where the subscript “o” indicates the pre—scattering value.

The total scattering cross section is given by

\ , in) — f f (a~ + 02 ) (3.56)

where the integral is over solid angle. Equation (3.56) may be

integrated exactly for the Mie problem because of the orthogonality

properties of the Legendre polynomials, y ield ing

o ( a , A , in) — (21 + i)(c~ a~ + 818~). 
(3.57)

The extinction cross section may be evaluated using the optical theorem

(Van de Huist, 1957) as

A , in) - Re [ S1 (0) + S
2
(0) ). (3.58)

The two angular functions ~~(0) and r ,C (O) may be evalua ted a t 0 - 0 as

n1.(0) — t
~
.(O) — ~

(1. + 1) (3 59)



reducing Eqs. (3.41) and (3.42) to

S1(O) 
- S2

(0) - (21. + l) [ai + 81.). (3.60)

Equation (3.58) then becomes

Oex(a, A , in) (21. + 1) {Re(cs~) + Re(B1)} . (3.61)

I These equations may be used to calculate the extinction properties of

the entire medium of aerosols as will be discussed in the next chapter .
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CHAPTER IV

SINGLE SCATTERING FOR MAWI SPHERICAL PARTICLES

Chapter III discussed the scattering of light of arbitrary

wavelength by a single spherical particle of arbitrary radius a and

refractive index m. In nature, aerosol particles are generally

distributed in size (radius) although the particles are usually either

spherical as in the case of fog, or are trea ted as spherical as in

the case of atmospheric haze or dust. Some of the aspects of light

scattering by nonspherical particles will be discussed in subsequent

chapters.

In this chapter , the aerosol par ticles will not only be assumed

• to be spherical, but also each par ticle will be in the far f ield of

all other particles. If d is the average distance between particles,

then It is required that X<<d , a<<d . Since the aerosol particles are

moving, it is assumed that the average time between collisions is

sufficiently large that the number of particles for which A~d at any

instant is small with respect to the total number of particles. These

restrictions allow the particles to be treated as independent and the

resulting intensity quantities , rather than the field amplitudes, are

summed over all particles.

It will be further assumed that there exists a usable analytic

or numeric (piecewise analytic) function N (~~, a , t) such that

N (~ , a, t )  d3.t da dt is the number of particles of radius between a

and a+da within the volume d3~ 
dur ing the time interval between t and

t+dt. While this function may in principle be calculated , this

L
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calculat ion has never been performed exactly, although several

approximate calculations have been performed (Voloshchuk and Sedunov,

1973; Sedunov , 1974).

While the refractive index for any one particle is assumed

constant, the refractive index may vary in position , time, or particle

size, correspond ing to such cases as an evolving acid fog or a mixture

of water haze and dust haze. This variation is represented by a

function m(~, a, t) representing the refractive index of particles

of size a at position ~ at time t. Because of the difficulties In

measuring refractive index, most calculations are performed with a

constant refractive index. Only in some special cases when it is

known that two types of aerosol are mixed , such as from a gun blast

on land , is the refractive index varied in practice.

Further , most experimental data on the particle distribution

function is limited to one-~(gr .at bèsLa féw)-’measurementa~of th~ -’

size distribution at a point averaged over some measurement time and

the total concentration of aerosols at.several points. As a result ,

the particle distribution function N(~ , a, t) is commonly factored

N(t, a, t) = 
~~~~ 

t)n (a) ,  (4.1)

where f(~ , t) is the concentration of particles and n(a) is called

the particle size distribution. While Eq. (4.1) is known to be true

for only limited , special cases, it is commonly used as an approxi—

mation for N(ç~, a, t).
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Given N (~ , a, t) and m(~, a, t), the extinction coefficientI
per unit length is given by

a~~~, t) fo (a, A , m (~ , a, t))N(~, a, t) da, 
• (4.2)

• and the scattering coefficient per unit length is

8(

~~

, t )  — f o (a , A , m(~ , a, t))N(~ , a, t) da,

where 0 ( a, A , m) and aex (a , A , m) were defined in Eqs. (3.57)

and (3.61). The scattering phasà functions are defined by

t, 0) = fo~ (a. A , m(~ , a, t) ,  0 ) N (~ , a, t) da , (4.4)

where the aj
(a~ A , m, 8) were defined in Eqs. (3.51) — (3.54). The

unpolarized light phase function is defined by

P(~ , t, 8)—~~(~ , t)
4 fO sc

(a
~ 

A , m (~ , a, t)), 8) (4.5)
0

X N (~ , a, t) d a .

It may be noted that P(~, t, 0) has unit integral over solid angle.

It is convenient to define the albedo of single scattering as

w (~~, t) = 8(~ , t)/cz(~ , t). 
- 

(4.6)
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As noted previously, Eq. (4.1), the particle distribution function

is often factored into two parts, f(r, t )  and n(a). The concentration

may frequently be represented by either a uniform cloud , either of

infinite extent (fog) or of finite extent (patchy fog),  or by some

concentration function such as a gaussian plume (smoke). The particle

size distribution is most commonly represented by one of three

functions ; the .lunge distribution , the log normal distribution , or

the Deirmeudjian modified gamma distribution . The Junge distribution

has the form

n(a) — C/a ’1, (4.7)

• where C is an’ adjustable coefficient to r~concule the concentration ,

and r~ is usually of the order of 3 for most atmospheric hezes (Junge ,

1963) . This type of d is t r ibut ion is most commonly used to describe

• atmospheric hazes. The log normal distribution has the form

n(a) - ~exp[- ((1n(a) - In(’r~ ))/1n(o)}
2
/2J , (4.8)

where D is again a coefficient to reconcile the concentration , <r’

Is the average particle radius, and ~ is the standard deviation

(Green and Lane , 1964). This distribut4on is commonly used to describe

fogs and smokes. The Deirmendjian modified gamma distribut ion has

the forin

n(a) As ’~exp(—Ba~), (4.9)
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where A is again a coeff ic ient  to reconcile the concentration and B,

y, and iS are parameters to characterize the aerosol. This distribution

has been used to describe fog, haze, snow, ra in , clouds, dust , and

smoke (Deiruiendjlan, 1964). In moat cases, the parameters fl, ‘Zt ’, ci ,

I B , ~, and iS are measured experimentally. While the log normal and

• Detrmendjian distributions may be reconciled with the ov.rall concen-

tration by a direct integration , this reconciliation for the Jung.

distribution requires the specification of the minimum radius to

I avoid the pole. (This lower size limit also applied to Eqs. (4.2) —

(4.5).

I When N (~ , a, t) is separable, and in is a constant , Eqs. (4 .2)

and (4.3) reduce to

• c*(~, t) - f(~, t)fCex(a. A , m)n(a)da, (4.10)

• 
0

H and

8(~, t) • f (~ , t)Jc~8 (a, A , m)n(a)da, (4.11)

I t
and w( 1~ , t) and P(~~, t , 0) become constant with respect to and t .

In this case , the notation w and P(0) is commonly used for the albedo

• and unpolariud phase funct ion .

I L ~~
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When N (~, a, t) is not separable, an effective albedo w*

that is the maximum value of w(~ , t) is commonly defined. Since

• w(~, t)~c.l, w*~,l. A modified phase function

I w(~, t)P(~, t , e)
Q(~~, t, 0) 

* 
(4.12)

La)

is defined that has integral value ~l for all ~~, t. The effective

• albedo and modified unpolarized phase function are commonly used In

Radiative Transfer to permit an order—of—scattering analysis to be

performed even when the albedo is not constant .

I
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CHAPTER V
I

PREVIOUS STUDIES OF NON SPHERICAL PARTICLE SCATTERING

While the solution for the scattering of a plane wave of light

of arbitrary wavelength by a sphere of arbitrary radius and refractive

index has long been known, (Mie, 1908; Debye , 1909) no such elegan t

formalism has existed for nonspherical particles of ar’~itrary size

and shape. There are only a few geometric shapes where the Mie

problem can be solved exactly by using the standard separation of

variables method (Jackson, 1962). An excellent example of this type

- I of effort is the recent work on prolate and oblate spheroids (hsano and

I Yamamoto, 1975). It must be noted , however , that even when the
I 

analytical solution is available, the results are extremely complicated.

Particles that are small may be treated with Rayleigh—Cans

theory (Rayleigh, 1881; Cans, 1925). Thia theory requires that

in — i~ ‘<1, (5.1)

the refractive index of the particle be only slightly different from

I 
one (free space) and that

• !~1L~ urn — ii  cci , (5.2)

where b is an effective radius; that the phase shifts be small. As a

result of this latter requirements , the particle may be broken up into

• volume elements (subparticles) which interact only in terms of the

phase of the light scattered from each volume element. The scattering

intensities may be calculated by integrating over the vôlume of the

I ’
I
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particle without regard for any further interaction of the internal

I electric and magnetic fields.

• When the particles are large,

(5.3)

geometric optics is, of course, valid.

- 
l Thus the problem of light scattering by particles of size

• approximating the wavelength remains to be solved . The modern digital

computer has permitted several approximate techniques for the solution

of this problem to be developed . The remainder of this chapter will be

concerned with a brief review of some of these techniques.

1 One of the earliest of these techniques was that developed by

Yeh (Yeh , 1964). This technique makes use of perturbation theory ,

expanding the particle radius (as a function of angles), the normal

I to the surface, and the elec tric and magnetic f ields in per turba tion

I series. The boundary conditions on the fields are applied and the

resulting expressions are separated in orders of perturbation.

Yeh ’ a calcula tions are limited to only slightly nonepher ical

particles that could be accurately treated with first order pertur-

ba tion theory (preserv ing the cyl indr ical symmetry found in Mie

theory). Little additional work appears to have been done using this

techn ique , perhaps due to the burden of explicitly developing the

analytic formulae of the perturbation series.

It is obvious that for slightly irreg~lar par ticles whose

radius differs from a constant by much less than the wavelength,

some type of perturbation solution is available. For more irregular

42 S
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particles, it is necessary that the Rayleigh Hypothesis be introduced .

Because of its impor tance , Millar ’s statement of the Rayle igh Hypo thesis

for a two—dimensional scalar field will be paraphrased here (Millar,

1973). The extension to the three—dimensional vector field is

straightforward .

‘Consider a two—dimensional configuration (Figure (5.1))
with origin inside the scatterer S. The domain exterior to
S is denoted by D. Let C be the circle with center 0
inscr ibed in S and let C’ be the corresponding circum-
scribed circle. A field is incident on S. Then at all
points outside C’, the scattered f ield may be expressed as

u~ —~ A H W (r )exp (~m )

(where Iç,,~
1
~~(r ) — Hankel function of the f irs t kind of

order In, and the A
~ 
may be determined on C’ •“)

Millar investigated the validity of the hypothesis for both the

bounded particle problem and the irregular surface problem. His

conclusions may be briefly summarized by noting that boundary value

type scatter ing problems may be val idly solved if the par ticle has no

sharp corners and is suff icien tly smooth so that ligh t sca ttered from

one sur face region of the par ticle is not resca ttered by ano ther

surface region of the particle (no multiple scattering). All of the

techniques described in this chapter and the next assume that the

Rayleigh Hypothesis is valid . Any assessment of the validity of the

Rayle igh Hypothesis is difficult. While the limits of its validity have

been quan tif ied for cer tain special irregular , infinite surfaces, its

validity for irregular particles is usually inferred from comparison of

approximate calculations with exact calculations such as the Mie solution .

~~L.. 
_ _ _ _ _
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Figur e ( 5.1) Irregular Particle Showing Inscribed (C) — Circle
(Sphere) and Circumscribed (C’) Circle (Sphere).
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One techn ique for irregular par ticle scatter ing, due to Reilly,

is a direc t ex tension of Millar ’s statement of Rayleigh’s Hypothesis

(Re illy, 1973). For simplicity, the description here will be limited to

the scalar wave case. The actual vector wave case of interest follows

directly in a like manner , but with additional complexity that obscures

the methodology .

The scalar Helmholtz equation has the form

+ k
2m
2$ — 0. (5.4)

The solution ~
1for the incident field is known and the form of the

solution 4~ for the scattered field is known. The solution is

assumed to be valid on and outside the circumscribed sphere around the

particle. The refractive index in in the region outside the circum—

scribed sphere is assumed to be constant with the value in

The refractive index in inside the circumscribed sphere is not

constant and has the form

in — m
1 

inside the particle (5.5)

— in outside the particle.
0

(Actually in may vary in any manner inside the circumscribed sphere,

thus incorporating refractive index gradients and voids or impurities

in addition to the nonspherical shape.) The interior aolution is

assumed to have the form 
•

— R (r )G( r , 0. •), (5.6)
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where: R — an unknown function, and

C — a test function that is usually chosen to be a weighted

sum of orthogonal polynomials so that R may be determined without

recourse to Galerkin ’s method.

The interior Helntholtz equation has the form

V2(RC ) + k2m2RG — 0,, (5.7)

which may be expanded as

GV2R + 2~ G’~ R + RV 2G + k2m2RC — 0. (5.8)

Since R is purely radial, Eq. (5.8) may be simplified as

~~~~ + 2 ~~~}~~+Rv
2c+ k

2
m
2G — O .  (5.9)

Equation (5.9) may be converted to a radial (one—dimensional) differ-

ential equation by multiplying by G* , the complex conjugate of C and

integra ting over angles,

1 41 C*Gd~ + 2}~fd* RIG*v2cdc2 + k2Rfm2G*GdQ .~~ 0, (5.10)

H

where d~ indicates integration over 4ir. By defining the integrals

A(r) — fc
*~~ rn/fG*Gdcz (5.11)

B(r) — fG
*v 2Gcth/fG*Gcli~ (5.12)

C(r) — fm
2C*Gd~2/JG *Gdfl , (5.13)

• 46
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Equation (5.10) may be reduced to

2
+ 2A(r)~-~ + [B(r) + k2C(r)JR — 0 (5.14)r

wh ich may be solved , usually numer ically, for R(r). Once R(r) has

been calculated , the scattered field 4~ may be calcula ted by matching

the fields at the circumscribed spherical boundary as shown in Figure

• (5.1).

While this technique is both elegant and conceptually simple,

it does not rigorously satisfy the boundary conditions of electro-

dynamics. Perhaps for this reason, this technique has not enjoyed

extensive use to date.

Another technique tha t has been demonstra ted by Millar (Millar ,

1973) and others (Davies, 1973) is the least—squares technique that

is used to approximately satisfy the boundary conditions on the

electric and magnetic fields. The technique is employed in the

following manner; the electric and magnetic fields are assumed to

have some functional form in terms of series of N linearly independent

functions and N expansion coefficients for each of the fields;

incident , interior, and scattered . Of course, for a conduc ting

particle, the inter ior f ields are zero , and for either a conduc ting

or d ielec tric par ticle, the incident fields are known. The radius of

the particle is assumed to have some functional form in terms of the

angles,

r — f (O , •) (5.15)
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so that the surface normal vector may be calculated

— — f(0, $) .J (5.16)

and the boundary conditions wr itten,

Ew)! — f(O,4) 
— 0 , (5.17)

and

nx (H~ + — Hw) — (5.18)
‘b •

~~ ‘~, ‘b r — f ( Q ,~ )

To this point, this technique does not greatly differ from

either the Mie solution, or the technique to be presented in the next

chapter . The difference will arise as a result of the way in which

the boundary conditions, Eqs. (5.17) and (5.18) are “satisfied”. To

illustrate the distinction, consider how the boundary conditions are

satisfied in the Mie solution by requiring that the equivalent of

Eqs. (5.17) and (5.18) be satisfied exactly at all points on the

surface of the particle. This type of “satisfac tion” is known as

collocative and is characterized by no error being introduced at the

points where the boundary conditions are satisfied. In the Mie case,

this collocation is performed analytically so that no error is

introduced at all points on the surface of the particle. Collocation •

may , of course, be used numerically (called the boundary matching

method) but this is done at a finite number of points and error may

be introduced at those points where the boundary conditions are not

explicitly satisfied .

48
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Least—squares boundary condition “satisfaction” introduces an

error in satisfying the boundary conditions. On the surface of the

particle, a number of points in the form of angle pairs, ~~~ -L i ’ 
~ 

—

1. .1, are selected . Often, these points are uniformly spaced over

the surface of the particle, although the spacing may be adjusted to be

less in regions of grea ter curva ture , and grea ter in regions of less

curvature. The accuracy of the solution is influenced by this spacing

and it is a matter of obvious note that the solution is not unique,

varying with the placement and number of points and the number of

functions included in the field representation.

These angle pairs are used to form rad ii (r~ } and normal

vectors {~~~~~}. The errors £
~ l and 

~~2 
are def ined by

— L~~ x (~
i+~

s
_r)Ir r 1

2
, (5.19)

• and

— ~ ~~~~4~~8~~~W
) 
r_rj

2
’ 

(5. 20)

and the sum

— ~ (c 2 
+ ~~2

2 (5.21)

is required to be minimal with respect to the expansion coefficients.

This requirements of minimal sum square of errors may be used

to formulate the solution in matrix algebra (Draper and Smith, 1967).
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To illustrate this, consider the scalar equivalent of either Eq. (5.l7’~

or (5.18)

• [f i(~ ) + g5(~) — hw (~ ) I I r f ( O  •) 
— 0 (5.22)

where:

I N
• — 

~~~~~~~ 
e , •)

N

— ~ b~~~ (r , 0, $)

and 
~n’ 

‘
~n 

— known linearly independent functions. The least—squares

matrix equation is

A B = C  (5.23)

whereI 
~1(r 1, 0l~ ~2

(r 1, 0l~ •~~ 
- - 

~N (r l, 
~l’

• A - ~1
(r2, 02~ ~2? 

‘P2(r 2, 02~ 2~ 
— 

N (r 2, 02~ 2~ (5.24)
I ,

4 , , ..

~1
(r1, 0

~~
, •~

) ~2(r1, O~ , ~~~~~~~~~ 

— 
~~N (r I 1 01, •~~

t I
50
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I

(~
\~

B an 
(5.25)

_b
l

_b
2

-f 1(r 1. Ol~ ~~—f 1(r 2, 02~ ~~ \
‘ (5.26)

I J
_fi(r 1, 0~ ,

The solution may be found by the matrix equation

B — (A~A) 1A4C (5.27)

where At — transpose of A, and

(A A) — inverse of A A

Solution of Eq. (5.27) does introduce an error source into the

satisfaction of the boundary conditions compared to the analytical

• collocative. However, the numer ical colloca tive satisfac tion would

be to solve Eq. (5.23) for the expansion coefficients when I — N.
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IL may be seen that the least—squares technique admits more points

than the numerical collocative technique and despite the inherent

error in the technique, less total error may result, expecially if

the solution is constrained by the size of the matrix that can be

inverted .

Additionally A+A is a symmetric matrix whereas A(I’mN) is

not and A+A may therefore be inverted more easily. This has been a

crucial factor for many computations in the past.

In summary, the least-squares technique does not exactly

• satisfy the boundary conditions , but it may be more accurate in terms

of overall error than a numerical collocation satisfaction , and it

does offer some computational advantages. Nonetheless, some additional

error is introduced because the boundary conditions are satisfied

numerically rather than analytically.

Another technique is the use of an integral equation rather

• than a differential equation forinalisni. Although the use of this type

of formalism is not new (Shifrin , 1964), several recent treatments

deserve special attention since not only are the boundary conditions

accounted for, but numerical results are presented (Eyres and Nelson,

1976; Uzonoglu and Holt. 1977; Waterman, 1971). Although these three

formalisms .ire similar in development , their applicability differs.

The formalisms of Eyres and Nelson and of Uzonoglu and Holt are based

on the scalar rather than the vector wave equation. Alternately,

the formalism of Waterman is completely general, but was applied to

conducting particles only.
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In these three e f f o r t s , the electric (and magnetic) field is

represented as a series of orthogonal polynomials and expansion

coefficients that permit the integral equation to be reduced to a

set of linear algebraic equations that may be solved for the expansion

coefficients.

An interesting modification to Mb theory to account for the

nonapherical character has recently been advanced (Chylek , Grams, and

Plnntck , 1976). They suggest that the most notable difference between

spherical and nonspherical polydisperse phase functions is the pr esence

of glories in the spherical aerosols. Because the glory may he

assoc iated with the sharp resonance In the c~ and the d( in the region

t”i2xa/\ they suggest that the difference between the sph.ric.~1 and the

nonapherical phase functions is the  1’re sence (absence) of these

resonances. By replacing the and the d( Mt e  calculated values w i t h

the iiodulo values in these regions , agreement with experimental data

superior to that enjoyed by Mb calculations has been demonstrated .

Chylek et al . continue to explain that the glory is due t o

sur face  waves and that in an Irregular particle . these surface waves

would disappear. While the agreement has been no t eworthy , the

validity of this theory has been questioned (Kerker , 1977) and wi l l  he

• addressed in Chapter VIII.

Before conc lud ing th is cha pter , some discussion of the nature

of the experimental data is in order (Holland and Gagne. 1970; P inn ick ,

Carroll and Hoffm a n, 1976). These data are limited , and in many cases
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no supplemental data on refractive indices, size and/or shape distri—

butions , or polarization are available. The following features are

present in many cases; the phase function is broadened about the forward

peak relative to the Mie theory, the backecatter decreases, and the

amount of structure decreases but some structure is still present.

It should be emphasized that even for data repor ted for a monodisperse

aerosol, averaging over particle orientation has already been conducted

during the measurement process. As a result theoretical calculations

should be averaged over particle orientations.

1 I
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CHAPTER VI

r 
I

NONSPUERICAL PARTICLE SCATTERING FORMALISM

• While the Mie theory formalism developed in Chapter III is

applicable to spherical par ticles only, the boundary conditions for

and used to solve the problem are general and applicable to any shape

particle providing the Rayleigh Hypothesis holds. This hypothesis,

reviewed in Cha pter V, is valid if the mathematical representations of

the scattered fields accurately describe the scattered field outside and

on the boundary of the particle. Millar has shown the validity of the

hypothesis for conducting particles when the scattered field is contin-

uous across the surface and all singularities of the scattered field are

inside the particle. For the dielectric particles to be considered here,

it is adequate to require that the interior and scattered fields are con—

vergent and that the surface is sufficiently simple that no secondary

(or higher order) scattering from one region of the particle surface to

another region occur.

This discussion will be concerned only with nonapherical par-

ticles that are cylindrically syumtetric with respect to the z axis , and

incident fields will propagate only along the z axis. These restrictions

allow retention of the Hertz vector solutions derived in Chapter III for

the spherical problem and in addition, are forced by the computational

requirements of the problem. This computational restriction is described

in Appendix(I). If the particle considered does not exhibit this sy~ netry ,
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I
or the incident fields propagate in some other direction, higher order

angular functions must be included in the solution with a propor tional

increase in the number of expansion coefficients to be determined.

The surface of the nonspherical particle is defined by its

radius

a( 0) — £S~P~(cos0). (6.1)

The function describing the surface is then

h(r ,8) — r—a(0) — 0
(6.2)

r—ES P (8)
n f l

which has a nonunitized surface normal vector

— ~h((r ,8)
(6.3)

— ~~~~~~~~~ 
~].na( O)

It may be noted that the “normalization” or unitization of the surface

normal is unnecessary for this calculation.

By introducing the notation

— ~i + - ~w (6.4)

and

~~~~ 
—~~~~~~~+~~~~~~~_~~~~~ (6.5)

• • ~~.I 
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j i where the superscripts i, s, and w indicating the incident, scattered ,

and interior (“within”) fields were introduced in Chapter III, the

boundary conditions are

0, (6.6)

and

- 0. 
(6.7)

In determinant form, Equations (6.6) and (6.7) may, by use of Equation

1 (6.3), be written as

r 1• r

— o — ~1na(0) 
— 0. (6.8)

3 0

and

I 1

I 

— 0 — MI
8 

— 0. (6.9)

3 0 All
,

Li • ••~~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~~~ ~~~~ • • 
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Equations (6.8) and (6.9) may be written in component form as

— — ~~na(O)~~~
, — 0 (6.10)

• (
~

X
~~

)
r 

- - ~inaL8) ~H, 
- 0 (6.11)

(j,~xt~)0 —~~ E~~~~0 
(6.12)

• (~x~~~9 — — A H ~~~~0 (6.13)

— + ‘~~~~~~-~~~~ — 0 (6.14)

(~x~~~)~ — + 
am a(s) 

— 0. (6.15)

Obviously, Equations (6.10) and (6.12), and Equations (6.11) and (6.13)

are red undan t, so that the boundary conditions reduce to

• — 0 (6.16)

(6.17)

+ ~~~~~~~°‘ ~E - 0 (6.18)

+ ~~~~~~~~ AH
~ 
- 0. (6.19)

‘ I-
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When the regular Mie problem for spherical particles is solved ,

the orthogonality of sin(p),cos(p),and the P~ ’s is used to solve for the

coeff icients ce and dt. Equations (3.13) — (3.16). This technique

cannot be used for the nonspherical particle problem because the rad ial

func tions i4.~ and p 1, Equations (2.45)and (2.47), are now also functions

of angle 0. The orthogonality of the 4 functions is still valid for the

nonspherical particles considered in this chapter , but the field com-

ponents will be seen to be already resolved in 4 , so that no advantage

is derived from this orthogonality. By combining Equations (2.49) —

(2.54) and (3.3) — (3.8), the field of components for the three waves

may be wr itten as

- ~y~[4~~(kr) + 4~
”(kr)]P~(cos0)cos(4) (6.20)

—l P~(cos0) aP~ (cos0)
E0 

— (kr) 
~ ~~e

(kr)
i e  + i~~(kr)~ 0 cos($) (6.21)

—l aP~(coao) , P~ (cosO)
(kr) 

~y ~
L*t(kr) 

_*
~

(kr )sin(O ) sin($) (6.22)

— ~Y44~
(kr ) + 4~~(kr)) P~(cos8)ain(+) (6.23)
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1 P~(cos0) aP~ (cos0)
H

~ 

— (kr) 
~~e £*t(kr ) $jfl(O) + 4’~ (kr) 30 sin(4) (6.24)

1 ~P~ (cos ) P~ (cos0)
(kr) ~~~ 

_
~
L4e

(kr ) ae — tP~ (kr) 51fl(0) cos($) (6.25)

E” ’’ ~a4*L
(kmr ) + 4~~(kmr))P~(cos0)cOS(+) (6.26)

:1 1
—l 

aP
e
(cose) 

~e (cosO)
E

~~ 

(kmr) 
~ ~ 4~

(kmr ) ao + 
~
b&iIe

(kmr) sjfl(o) cos(4)

(6.27)

P~ (cos0) 
_________

— (kmr) ~~ 
~
a
~~~

(kmr )sjn(O) ~~
tb
t4i~

(kmr )
~ 0 

sin(4)

(6.28)

H” — ~mb4*~ (kmr) + 4~~(kmr))P~
(co80)sifl(4) (6.29)

P1(coa0) aP1 (cogS)

H~ — (kr)~~~ £a~*Z
(kmr )$jfl(O) -I- bt*~

(kmr )
~ 0 

sin(4)

(6.30)
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—l I aP~ (cos0) P~ (cos0)
H (kr) 

~ ~~ t (kmr) ae + bt~P~
(kmr )

i (O ) cos(4) (6.31)

— ~c~ [P~ (kr) +~~~(kr))P~ (cos0)cO5(4) 
(6.32)

1 1
1 1’ 

3P
e
(cose) 1 

P
t
(cosO)

E~ — (kr) ~ c~ p~ (kr )~9 + td
tPZ

(kr ) Sjfl(O) cos(4) (6.33)

—l 1’ 
P~ (cos0) 1 ~P~ (cos0)

— (kr) 
~ 

_c
ep e (kr) 5i~ 0 — — 

~
Lde P t

(kr)ao sin(4)

- 1 (6.34)

H8 - ~d44(kr) + pi’(kr))P~
(cosO)sin($) (6.35)

— l 1 
Pt (cose) 1’ 

ap~ (cos0)
— (kr) ~ ~

.cePz (kr )sjn~ 
+ dePt (kr ) ae stn(4)

(6.36)

3P~ (cos9) 
~~~

, P~ (cosO)

H; — (kr)~~~ ~
.ct4(kr) ae + dLPZ (kr)~~ 5(0) cos($) (6.37)



_ _ _ _  TT~~~~~~T~ ~ TT~~T

where the prime on the radial functions indicates differentiation

with respect to total argument, and — ~•
t~l 

~~~~~~
While the boundary conditions, Eqs. (6.16) — (6.19), may not be

solved simply because of the angular dependence of the and the

funct ions , these equations may be rewritten as

Ew _ E 5 _ E i 8

— H; — H~ (6.39)

E~ - E~ + - E8) - E~ + ~~~~~~~~~~~~ (6.40)

H~ - H~ + 
0)
{E
w 

- ES) - H~ + 
a
~~~E

t (6.41)

and each side mul tipl ied by P~ , and integrated with respect to cos(0).

As an example , Eq. (6.38) becomes

jP~~(cos0) [E - E )dcos8 - JP~~(cos0)E~dcos0. (6.42)

If each series in Eqs. (6.20)— (6.37) is truncated at t — L, then there

exist L af~ b~
, cC, and d

t; 4L unknowns. There are 4 boundary con-

ditions, Eqs. (6.38) — (6.41), and integration of each with P~ , yields L

equations for a total of 4L. Thus there are 4L equations in 4L

unknowns. The ae, be, c~ , and d
t may be solved for by using some

coeff ic ient  of equation algorithm such as a Gauss—Jordan reduction
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(Carnahan , Luther, and Wilkes, 1969), as will be used in the calcula-

tions described in the next two chapters. It may be noted that the ae

and the bt are unwanted quantities as far as the desired result is

concerned , but their calculation is dictated by the structure of the

formalism.

By defining the integrals

- 
~i1[~z

(
~~
) + ka)I

~~~~
P
~
P
~
,dcosO (6A3)

~~~~ _____— gin(O)dcosO (6.44)

— 
~~ 

J

tP~ (ka ) 
~~~ P~ ,dcos0 (6.45)

1
~ t

’
~~~ ~~

‘
t 1

— 
~~~~

— P
~~
dcos0 (6.46)

4)
t
’ (ka) ~~~~~

A
U~S 

— YLJka ~~0)dcosO (6.47)

A~~t,6 - J[1~~(kma ) + *~ (kma)} ~~~~~~~~~~~~~~

AU
G
,., 

— s~fl~o) JCO$O (6.49)
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I iP~ (kma ) 3~,l
A
~~~8 —J ,_ _  

~tP~
,dcos (6.50)

I~~t0 ma) ~~~
A11,9 —J ~~~ ~~—P~ ,dcos (6.51)

• iji~ (kma) ~~~~
A11,10 — 

Jkma sin(S) 
dcos0 (6.52)

• A11,11 - (ka ) + ~~~(ka)}P~P~ i 
nadcos8 (6.53)

p~(ka) ~~~~
A11,12 — J ka sin~O ) dc05O (6.54)

P1
e(ka) 

~e 1
A11,13 — fka ~~~~

— P~ , dcos0 (6.55)

1 1
~

A11,14 — 
Jka ~~~

Pt,dcos6 (6.56)

H 4 (ka) ~~~~
A11~15 = 

fka sin(S) 
dcoso , (6.57)

where the S dependence has not been explicitly shown for the P~ ’s,

the P~ ’s, and a. The 4L equations formed form Eqs. (6.20) - (6.37) F

and (6.38) - (6.41) may be written as
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(a~A11,1~ + £btAU,g 
- et

A11115 
- .Ld

t
AU.14) =

~ ~~11’, 4 
+ A11, ~

) (6.58)

~ ~-~a2
m~11t ~ - bt

mA11ii0 + 
~
c
t
A11~14 + £d

t
A11~1s) =

- A11,5) (6.59)

- a
tA11t6 

- £b
t
A11~7 + c

tA11~13 + C
t
AUt ii

+ 
~
Ld
t
A&ii2) ~(-J~A11,2 

- A11,3 - A11, (6.60)

• 

I ~
(
~~
at

mA11i7 
_b
t
mA&t8~

bt
mA11t6 + ~c1

A11112 +

+ dtA11i ii~ ~ (-A11~~ + A11,1 - 

~~~~~~~~ 2~ ~ 
.61)

Equations (6.58) - (6.61) may be written in matrix form as

B G F  (6.62)

where B is a 4L by 4L matrix given by
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10 ~A11, 
~ 

-A~~~15 —tA11~, 14

( - LmA11s.9 ~~~ 11’, 10 ~A11,14 A11115
B’4

- (A
e~
, 6

+A11, ,8~ 
tA 7 A11, li~~11’, 13 tA11, 12

• I \4.mA~~II 7 -m (A11, 6+A11, 8~ 
tA11,, 12 A11111 

+A11, 13

(6.63)

I where each entry is an L by L array with t variation along the columns

- j and C’ variation along the rows . The matrix G is a 4L by 1 (one) matrix

I given by

( 
b~

1 (6.64)

H
I where each entry is an L by 1 matrix , and F is a 4L by 1 matrix given by

I 7 ~~~ee’,4 + A11,5)

f ~~~~~~~~ + A11,5)
F = f ( i . o 5 )

I 

~ 
( A~~, 1 

- 
~~~~U’, 2 - A&, 3)

~ ~ ~~ee’. i - 

~~~U’, 2 
- A11, 3)

where each entry is an L (in t ’ )  by 1 matrix. The coding of Eqs.

(6.63) - (6.65) and their solution is described in Appendix (1), along
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I
with a l i s t ing  of the code. A demonstration that Eqs. (6.61) -

(6.bS) reduce to Mie theory for spherical particles is given in

Appendix ( 11) .  Some special considerations involved in calculating

the radial functions and p~ 
are discussed in Appendix (III).

• After the and the dt 
have been calculated , It is necessary

• to form the and the used In the cross section and phase function

calcula tions . Eqs. (3.41), (3.42). (3.57), and (3.61). These quantities

were defined in Eqs. (3.37) and (3.39) as

I (()e4l ~•~4+a c e (6.66)

1 and

8 (~~)
t+l ~~t+l) d( (6.67)

It may be noted that the formulae for calculating the cross sections

and phase functions are the same as those developed in Chapter 111

for spherical particles .
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CHAPTER VII

NONSPHERICAL PARTICLE CALCULATIc~~S:I

A coniputer code was generated to perform the calculations

described in the previous chapter. This code is described in Appendix

(I). Additionally, some special aspec ts of the numerical aspects are

• also descr ibed , in Appendix (II).

Any computer code or algorithm must be validated . This vali-

dation was approached in this investigation by a three part effort.

The first part, described in Appendix (III), demonstrates analytically

the reduction of the formalism developed in the previous chapter to the

Mie solution when the particle is spherical.

The second par t of the validation was to demonstrate the

numerical equivalence of the code to a Mie code for a spher ical

particle. This demonstration was achieved by exercising the non—

• spherical code and a standard Mie code (Blattner , 1972) for the same

single particles. Approximately fifty cases were considered . The

Ct, dt,cross sections, and phase functions were compared. In all cases,

the agreement between the calculated quantities was within the round—

off error of the machine. This error was therefore significant only

beyond the fourteenth figure.

While these two validation checks are heartening, they offer

no real assurance that the formalism or the code is valid for non—

spherical particles, only that it has the proper limiting behavior. To

continue the validation, the code was exerc ised to provide calculations

for comparison with exact calculations for prolate spheroids (Asano

and Yamamoto, 1975).

1U
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The size parameter in this exact theory is

2na b2 ½
c— - i -  ~

l _ -~.} (7.1)

where: a — semimaj or axis, and

b — semiminor axis of the ellipsoid.

In these calculations, a/b — 2 in all cases , and values of c — 1, 3, 5, 7

are used. The radius a(S) and its derivative are calculated both

analytically and by expansion of a(S) in Legendre polynomials as a

further check on code accuracy. The calculated phase functions are

shown in Figure (7.1).

• Comparison of the approximate calculations using this formalism

and the exact calculations evidenced minor differences in the fine

structure of the phase functions. The positions of the relative maxima

and minima and the relative magnitudes of the curves agreed very well,

however . Al though it is difficult to make an exact estimate of the

accuracy of the calculation, an approximate comparison is made by

comparing calculated values with exact values at 100 increments. This

comparison gives an overall error bound of ± 2% with an average error

of 8 x lO
_2
2. Because some of this error may be attributed to the

limited number of expansion coe~f icients calculated, to computer noise,

and to the truncation error of the Gauss—Jordan integration, this error

bound seems to be reasonable. :
The overall conclusion of this validation exercise is that the

agreement with limiting cases evidenced by the code indicates that it

is useful despite the Rayleigh Hypothesis.
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Figure (7.1) Calculated Phase Functions of Prolate Sphsroids Used to
Validate Code by Comparison with Exact Calculations
(Asnao and Yamamoto, 1915). (Solid curve is parallel
polarization, dotted is perpendicular polarization.)
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Having validated the code , attention was next turned to the

cross sections and phase functions of single, nonspherical particles.

Ind ividual par ticles of shape func tion

x(O) — 2na(O)/X

— x * (O)], (7.2)

where x — 2ITa/X, the Mie parameter , for x — 1, 3, 5, 7, 9 and

n — 2, 3, 4, 5 are considered . A refractive index of m — 1.5 + 0~

is used in this and all subsequent calculations.

The calculations are compared with Mie calculations for the

same x0. Comparison of the cross sections demonstrate values both

greater than and less than the equivalent Mie cross sections. A

similar variation in the forward scatter and backscatter is also

observed .

The phase func tions ar e also compared and found to be similar

but not identical to the Mie phase functions. While it is difficult

to draw concise trends of difference between the phase functions, it

is noted that the differences increase with increasing n and decrease

with increasing x0
. These trends may be seen in Figures (7.2) — (7.9).

In figures (7.2) — (7.6), the phase func tions for x(8 ) — x
0

(1—0.1P
4(O))l x0~l, 

3, 5, 7, 9 are shown to demonstrate the variation of

difference of phase functions with x0
. The decreasing difference for

• x0—1, 3, S Is evident, al though the trend appears to reverse for — 7

• and 9. This reversal is an indication of the inexactitude of the trend .

Figures (7.4) and (7.7) — (7.9) show the increase of difference

in the phase functions with increasing n. In this case, the shape

function x(O) x (1—0 .1P~ (O))~ n — 2, 3, 4, 5, and x0 — 5 is used.
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Figure (7.2) Unpolarized Phase Functions for Shape Functions x(O)
x and x(9) — x0(1—O.lP4(O)) (Dotted),x0 — 1.
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Figure (7.3) Unpolarized Phase Functions for Shape Functions x(O) —
x and x(O) — x (l—0.1P4 (0)) (Dotted) ,x0 — 3.
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Figure (7.4) Unpolarized Phase Functions for Shape Functions x(0) —
j x and x(9) — x ( 1—0. lP 4 (0)) (Dotted), x0 — 5.
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Figure (7.5) Unpolarized Phase Functions for Shape Functions x(8) —

x and x (0)  — x (1—O. 1P4 (0)) (Dotted )~ x — 7.
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Figure (7.6) Unpolarized Phase Functions for Shape Functions x(0) —I
J— 

x and x(0) — x0(1—O.1P4 (0)) (Dotted), x0 — 9.
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Figure (7.7) Unpolarized Phase Functions for Shape Functions x(O) —

x0 and x(0) — x0(l—O.1P2 (0)) (Dotted),x0 — 5. 
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Figure (7.8) Unpolarized Phase Functions for Shape Functions x(0) —
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(0)) (Dottsd),x0 — 5.
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Figure (7.9) Unpolarized Phase Functions for Shape Functions x(0) —
and x(0) — x0(l—0.1P5 (0)) (Dotted),x0 — 5.

L~
I 

80



_ _ _ _ _ _  - -- - •- 
- 

~~~~~~~~~~~~~~~~~~~~~~~~ •~ ~~~~~~~~~~ 
_ _ _

Additionally, the effect ‘of varying the strength of the defor-

mation is examined. Shape functions of the form

x( S) x [l±a P (0) 1 (7.3)

for n = 2 and 3, a — 0.05 , 0.01, and 0.15 are considered . Two effec ts

of this variation of a are noted ; the values of the relative maxima and
n

minima vary by as much as a factor of five although the positions of

the maxima and min ima vary only slightly, and the amount of near forward

scatter (scattering angle less than 300) varies by as much as a factor

of five about the e~~Livalent Mie curve. This latter effect would seem

significant in terms of the experimental data reported by Chylek et al.

since they demonstrate this frequently observed effect.

• • • - -
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CHAPTER VIII

NONSPHERICAL PARTICLE CALCULATIONS: It

In Chapter V, a modification to the Mie solution to model non—

spher ical par ticle scatter ing was reviewed (Chylek , Grams and Pinnick ,

1976). Because this modification is so attractive as a possible tool

• I in radiation transfer analyses, part of this investigation is devoted

to an estimate of the validity of the modification.

This modification is based on the correlation of the resonances

of the C
t 

and dt in the region x~t with glories in the pt~ase functions,

• I glories not being commonly observed experimentally. As a result,

• Chylek et al. proposed the truncation of the resonances to model the

effects of particle irregularity. This modification was implemented

into a code, and calculations were presented that enjoyed better agree—

went with experimental data than did standard Mie calculations. This

truncation was not applied to all C
t 

and dt, but rather only to those

for ~~~ otherwise the calculations do not exhibit good agreement with

the data. This restriction is based on an argument that a certain

minimum particle size is necessary for the validity of the modification.

The starting point for this effort is the calculation of the

c
3 

and d
3 
in the region x~t. Shape functions of the form

x ( O ) = 
0[

btO.lP (O)] (8.1)

for x0 
= 3 to 4.5 by steps of 0.1 and for n—2,3,4,5 are considered.

The real and imaginary parts of the c
3 

and d
3 
are compared with the

c3 
and d

3 
calculated using the Mie solution. In seven of these eight

cases, the shape of the curves is preserved , although the resonance
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sharpens in the sense that the real par ts of the curve narrow by as

much as a factor of two. This behavior is demonstrated in Figure (8.1)

where the real part of c
3 

is plotted for the Mie solution and for two

shape functions. The imaginary parts of the curves also narrow. In

one case, that of x(0) = x (l+O.lP
3

(0) ) ,  the resonance curve is replaced

by a slowly varying curve whose real parts have a mean of approximately

• 0.3, and whose imaginary parts have a mean of approximately zero.

Additionally, although the centers of the curves shif t, apparent-

ly without trend , the real parts of the curves always fall under the

Mie resonance curves. The extent of the narrowing or the curves seems

to be approximately proportional to n. On the basis of these calcu—

lations, therefore, the modification of the c1 
and d

t 
is not sub-

stantiated , but the numerical results of Chylek et al. may be justified

in view of the narrowing of the resonance curves.

As a further step, calculations are performed for one of the

polydisperse aerosol distributions reported by Chylek et al. (i.e. the

first KC1). Nine phase functions are calculated using

x( O ) x
0

x(O) — x (l±O.05P2(O))

x(O) = x (1t0.1P
2

( O ))

x(O) = x (ltO.].5P
2

( O))

x(O) — x (l—0.lP2(
8)±O.1P4

(O ))

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~•i ~~~~~~~~~~~~~~~~~~ •~~~~~• • - -
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FIgure (8.1) Comparison of real parts of c for x(O) x0 (b—O. 1P 2 ( O ) )
(— .— ) ,  x(O) — x (1-O.lP 3

(0))  
~~

— — — ) , and Mie (solid).
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and combined linerly with adjustable coefficients calculated using

regression techniques to fit the data. Two different fitting schemes

are used ; one using all the da ta, and another using only those da ta

for scattering angles greater than sixty degrees. A representative

fit for each scheme is compared with the data in Figure (8.2). These

fits appear to be as good as those reported by Chylek et al.

• It must be noted , however , that the Chylek, et al modification

incorporates the effect of averaging over particle orientation while

the formalism of Chapter VI is limited to only one particle orien— I’

tation. A complete calculation would incorporate this averaging

process. Unfortunately, this average is beyond the scope of this

investigation because of the limitation of available computer memory .

It the averaged values of ce and d~ were calculated , better agree—

went with the behavior suggested by Chylek , et al. might be observed .

Additionall y , improved agreement with the experimental data shown in

Figure (8.2) for scattering angles between 100 and 170 degrees might

• result. It is in this region , however , that the resonance behavior

of the c~ and d
~ 

is most impor tant .  While  the agreement between

these calculations and the data is poorest in this region , the agree-

ment is still better than that displayed by Chylek , et al’s calcu-

lations because truncating the resonances in the c~ and d
1 

effectively

removes all structure such as is found in the experimental data in

I •• this region of scattering angle. Thus, some resonant behavior may

still be expected in the ct and dt after averaging over particle

orientation , and the behavior suggested by Chylek, et al, should not

be completely reproduced .
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Figur. ( 8.2 ) Comparison of Nonsph.rteaL Data (Circle.) of ChyI.k,
Grams, and Pinnick with Figurative Mi. (Solid) and Two
Combinations of Calculated Phase Functions. Both
combinations use phase functions for the shape functions
x(0) — x0(1—O.05P2(0)), x(0) — x (l—0.1P2(0)) ,  and x (0) —

I x0(l—O.15P 2(O)). The curve ( — — —
~~ was fitted using all

data , and the curve (— .-) was f itted using only da ta
• I for scattering angles greater than sixty degrees.
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CHAPTER IX

REVIEW OF RADIATIVE TRANSFER THEORY

The theory of Radiative Transfer (RT) has been developed to

describe the transport of light in an extinguishing medium. The

general four—dimensional form of the RT equation is (Chandrasekhar ,

1960; Pomraning, 1973)

• 
-
~~~~ 

+ ~~~~~ ~~~~ t, )~
) — —cs(~ , t) ~~~~ 

t, ~
) (9.1)

a(~ , t)w(~ , t) “ 2
+ 41T J YP J J •.~~~ t , ~ •J~’)I 1, (x~, t , ~ ‘)d J~

’

j’—l

where: ~~~~ t , ~~
) — the component of the Stokes vector (Eqs.

(3.43) - (3.46)),

c - the speed of light,

t — time,

— position vector ,

~
, 

~~
‘ — unit propagation vectors ,

cz(~, t)  — the extinction coefficient at ~~, and t (Eq (4.2)),

w(,~, t)  — single scattering albedo at ~~, 
and t (Eq. (4.6)),

t, ~~~~~~ 
— scattering phase function for the jI th

Stokes vector component into the 1
th

Stokes vector component at ~~and t through

an angle,

— cos(0) , the cosine of the scattering angle. ‘
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The phase function ~~~~~~ t , ~~‘~~ ‘) differs from the ~~~~ t, 0)

defined .in Eq. (4.4) by a pair of rotations to correct for the change

of orientation from to ~~
‘ (Chandrasekllar , 1960).

The RT equation is most commonly used in its unpolarized,

time independent form

_______  
2

~~~~~~ ~~
) = -cI(r)I(~, ~~) + ~ ~~~

‘)I(
~ , j~’)d ~~

‘

(9.2)

where : I(~ , ~~) — the unpolarized intensity, and

p(
~ , )~~~

‘) — phase function defined by Eq. (4.5).

Add itionally, a source function J(~ , 1~) is commonly def ined as

J(~ , ~) — -
~~~~ ~ ~‘k’~’~~’ ~

‘)d2~ ’ , (9.3)

which allows Eq. (9.2) to be rewritten as

~~~~~~ ~~
) - a(~)[I(~ , ~~) 

- w(~)J(~, k) ] .  (9.4)

Until recen tly,  most of the work on RT has been performed in

describing stellar or planetary atmospheres (Chandrasekhar, 1960).

This work was concerned with plane or spherical parallel atmospheres

with symmetry of medium and boundary conditions that allowed

Eq. (9.4) to be reduced (in the plane parallel case) to

— —ct(Z) [I(Z, ~‘) 
— w(Z)J(Z , j i ) ]  (9.5)
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where Z — coord ina te along which the medium varies ,

and

J(Z , ji ) — -
~~ JP(Z. )~.)~‘) I (Z , p ’)d~i ’.

Equation (9.5) is commonly referred to as the RT equation in the

literature because of the interest it has enjoyed.

While Eq. (9.5) is useful for describing the brightness of a

star or the amount of sunlight reaching the surface of a planet, it is

limited to media varying along only one axis and uniform incident

illuminations. Thus Eq. (9.5) cannot be used to treat problems where

the media varies in wore than one direction such as smoke (Fr iedlander ,

1977; Gr eene and Lane , 1964) or clouds (Mason , 1971). Additionally,

• nonuniform incident illuminations such as are encountered in imaging

and laser propagation problems cannot be treated .

To date , calculations performed on varying media and/or

nonuniform incident illuminations have been limited to either few

• orders of scattering (Deepak and Green, 1970) or small angle scatter-

ing (Weinman and Shipley, 1972). Additionally, some Monte Carlo RT

calcula tions have been performed for laser transmission through

clouds (Bird , l974),but these calculations are costly in terms of

• computer time requited because the trajectory of each photon must

be followed from source to absorption by either the medium or the

de tec tor, and a large number of photons must be counted to achieve
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I

statistical significance. Thus, there have been no general numerical

RT calcula tions performed to date from a general solution of the RT

equation.

• 
j 

The RT equation, Eq. (9.1) may be rewritten by noting that the

differential (~~ ~~~ + ~~~~~ is essentially a directional derivative

• 
-
~~~~~ where

(9.6)

r — boundary of the med ium, and

to 
— time the light crosses the boundary.

Equation (9.1) may be rewritten as

}t
1(
~
, t, ~~) — — ct(~ , t) I (~ , t, ~~

) + (9.7)

~~~~ t) w( ~~, t) •
~ 2

4
~ 

JP(~ t, ~~~~~ 
t, ~ ‘)d ~~

‘

in an unpolarized form. Because most experimental data provide

only the information of a concentration of total aerosol as a

function of position and t ime and a constant particle size distrib—

ution, it is most useful to adopt the case where N(~ , a, t )  is separ—

I able (Eqs. (4.1) — (4.4)), so that Eq. (9.7) may be rewritten as

• 

• 
92
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-~~~ ~t
I(x

~ 
t , ~~) 

— — a(~, t)I(~, t, ~~
) (9.8)

a(,~, t)w 2
+ 4 JP(k~’)~’)’(~’ 

t , ~‘)d ~~
‘

If the scattering events are independent , n
th order scattering

is due to n consecutive single scatterings, and the intensity may be

written as a sum of contributions for each order of scattering (Deepak

and Green , 1970). That is,

N
I(~, t , ~~

) = ~~
n1(~ ~ , ~ ) (9.9)

n— I)

where I
n
(Ik~

t
~ 
k) is the intensity at at time t along ~ due to

order scattering. While it is assumed that this series is convergent

it may be noted that the series will converge in the limit n -
~ ~~ if

t~ ~)/ I~(~~ t, ~ ) < 1. Since w<l, this assumption seems

reasonable and is borne out numerically.

Equation (9.8) can be decomposed into N equations by

subeti~uting Eq. (9.~0);.

t , ~
) — —ci (r,, t)Ic,(~

, t~ ~~) 
(9.10)

and
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and

t, ~~
) — —cx (~~, t) I ( ~ , t, J~

)

ct(~~, t) 2
• + 

4rT J PQ~
S
~~

’)In_l (~~ 
t, ~ ‘)d ).~

‘, n>o (9.11)

• It is convenient to extend the definition of the source -

function by combining Eqs. (9.3) and (9.9) to give

t , )~
) - ~~~ fp(~~~ ’)I~(~~ t, ~‘)d~~’) (9.12)

I Equation (9.11) may be rewritten as

t, ~~
) — —ct (~~, t) I ( ~ , t , ~~

) + a(~ , t)Jn_i(~~ t~ ~ )

• (9.13)

- 

I The boundaries of the medium may be expressed as the set of

• vectors {
~~,

} and the initial times as {t }. The incident illuminations

I are defined as I0(~~ ,t0,~ ) .  The solutions to Eqs. (9.10) and (9.13)

may then be written as

I ( ~ , t, ~~
) - t ( ~~, t , ~ ) exp( _J a(~~+~L’, t0+~’/c)dV}(9.14)

and

I ( ~ , t , ~~~~ 
I ( ~~, t0, ~ ) exp [_ J~(~0+~’~ t0+t’/c)dV} (9.15)
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I

+ J~(~+~1~’. t +.€‘/c)J 1
(~~~+~L’ , t + ee/ c ,

1
~~~~)

• 
exp 

1j~0~ut’ , t0+V/ c)det1 }deI . n>O.

If the boundaries are nonreflecting, I (r-~ , t , ~~
) = 0 ;n >0 , and Eq.

(9.15) may be reduced to

-e

~~~~ t , ~) = fc~(~~+~ e’. t0+ ’ / c)J~~1(~~+~ e~, t +-e’/c )~
) (9.16)

• I 
• 

~~~ ( -f”~0+kt” , t +1”/c)dtt}dL’.

Equations (9.9), (9.12), (9.13), and (9.16) constitute the

four basic equations for the general RT calculations to be performed .

Chapter X describes the development of a numerical algorithm for the

solution of the two—dimensional RT equation, and Chapter XI presents

some calculations performed using the code implementing this algorithm.
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I CHAI’TER X

TWO-DIMENSIONAL RAD IATIVE TRAI4SFER EQUATION ALGORITffl4

The RT equation is solved by introducing a quadrature

approximation for the source function similar to that of Chandrasekhar

(Chandrasekhar , 1960). The approximation for the source function ,

I Eq. (9.l2)~ is

I 

• 

~n~~’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J~~
’) (10.1)

where the W~ are approximate weighting factors chosen such that

- I  I

~ p(e~ ’~ )w~ = 1 (10.2)

I I where e3. is the unit vector in the z direction. The phase function

is now independent of position and time because the medium has been

assumed to be separable. Additionally, because the RT equation of

interest in this chapter will be essentially two—dimensional, all

• 

I 

reference to the functional dependence on time t will be dropped ;

only steady state conditions will be admitted .

The aerosol medium will be represented by a rectangular array

• L by M points in extent. The positions of the points in the array are

designated by the indices e and m . Since the array is rectangular,

the points in the array have eight f irst, second , and third nearest

• neighbors , defining eight directions (and J~~
) .  This geometry is

shown in Figure (10.1).
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Figure (10.1). Eight Beam Geometry
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2
The d ifferential d in Eq. (9.12) may be written as

dcostPd4’ and Eq. (10.1) may be formed as the product of two trapezoid

rule in tegra t ions  (without derivitive terms)(Abramowits and Stegun

t %4 ) .  One property ot the trapezoid rule is that the weighting

factors for all po ints except the end points are equal. The weighting

factors for the end points are one—half of the other weight ing factors.

The 4~’ integration Is approximated at the points +‘ — 0 , 11, and 211.

Since  the integrand of Eq. (9.12) has the same value at •‘ — 0 and at

a 2ii , the Integration effectively looks only at the points P 0

and P’ — 7’ with equal weighting factors at both points .  The cosO ’

integration is approximated at the points cos8’ — ±1, ±0.5 and 0,

but the end points , cos~ ’ • +1 are counted twice because of the •‘

approximation. As a result , the weighting factors are the same for

.~ll 
( and are de f ined  by reduc ing Eq. (10.2) to

- t , (10.3)

where W is the integration weighting factor.

Equation (10.1) allows the solution of the time—independent

RT equation to be reduced to an eight—beam formalism, so’ that only

those intensities needed for the source functions are calculated .

Additionally, the approximation that the source functions and

intensities are constant in the rectangular region about each point

In the array is made.
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Equation (10.1) may be rewritten as

8

~n~~&em ~j
) — ~~~~~~~~~~~~~~ (10.4)

where — WP (
~J~~~

) and ~~~ is the position in the array.  It is

concep tually conven ient to introd uce the notation

— (10.5)

1n~ i tin, ~ ,4 ) — 1n tni,’ ’ 
(10.6)

and

— a~~. (10.7)

The incident illuminations are specified at all points on the

boundary of the array (( — 0 and f — 1. for all in, and in • 0 and
in — N for all 1) for all k. interior to that ~,IP1 point. The I

0 ,

are calculated p rom these boundary conditions by a point—to—point ,

along each path integration of Eq. (9.14) . The J are cal-

culated from the 
~~~~~ t m j  using Eq. (10.4). Following this, the

are calculated from the J0 
~~~~~~~ 

using Eq. (9.16) and the

ar e calcula ted from the 1
~ t m j  The intensities

and the source functions J •for n 1  are calculated in a similar
n ,j

manner. The total intensity at any point in any direction may be

100

Li



_.
~
. - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~ 
~~~

1
1 1

calculated from Eq. (9.9). For example, the forward intensity along

the boundary £ - L is

l m e 3
) - 

~~0 n, Lm , l
W (10.8)

and the backacattered intensity along the boundary ~ - I is

N
l(r~1 ,

e3
) — 

~ 
m
n ,lm,S

W

H n 0

These two quantities are calculated to the order of scattering N for

which the Center Line of Sight (CLOS — the line between the source—

detector system , being along varying ~ for in — M/2) forward intensity

varied with order of scattering by less than 12. That is,

~ ~~~ — ~~~~ ~~ 1
U)’~’(.01~ 1n 4 (  ~~~ (10.10)

Another quantity calculated is the modulation contrast defined by

I(~~p~j~ ~~ - ~~~~ ~t~minC(;Dm~~~
) — 

C m t~max
’
~~ôn~~ ?m in 

(10.11)

where 
~~~~~~~~~~ 

k~~max 
and ~~~~~ ~‘t~min 

are the maximum and minimum

intensi ties along the path perpend icular to )
~~~
. Specifically, the

contrast for the forward intensity along in for e — L is calculated
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~ I
since this would be the contrast seen by a detector looking along the

CLOS.

Available computer memory would only permit this two—

dimensional algor ithm to be coded and then by storing only the

the J —l ~~ 
and the forward scattered and backecattered intensities,

n , 3
Eqs. (10.8) and (10.9). The run time of the code was minimized by

introducing an eight beam interlace integration scheme for the

intensities and source functions.

The eigh t beam interlace integration scheme arises from noting

that the quadra ture approximation to the source function, Eq. (10.4)

may be calculated sequentially by incrementing for each I~ 
~~

as it is calculated rather than waiting until all eight 1~ 
~~

have been calculated and then summing them. The chief advantage of

this scheme is tha t it allows the calculation of the source functions

to be shifted from a consideration of each point in the array on a

point by point basis to a consideration of each point in the array on

a path by path basis, collecting points as they occur on each path

to increment the source function at that point. The operation of

this scheme is shown in Figure (10.2).

The advantage of Eqs. (9.9), (9.12), (9.14) and (9.16) in

coding is that they allow the intensity for each order of scattering

to be calculated from the source function for the previous order

of scattering. The code may be structured so that the I~, 
~~ 

are

calculated from the boundary conditions, the 
~~0, 

~~~~~ ~ 
are calcula ted

from the I and in general, the L . are calculated from
o , bi ,j n tin ,j
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the J and the J from the I .. The calculation of
n ~in ,j ~~, 

fm , j
the I~ 

~~
, 

~ 
has been described by Eq. (10.4). The equivalent

equations for the calculation of the I . from the incident
H 

0 , 3

illuminations and the I~ 
~~ 

from the 3n .i  
~~ 

mai be derived

from Eqs. (9.13) and (9.16), respectively. To describe this, consider

the specific example of the first two points along the direction

— 1. These two points are — 1, and t — 2, m — 1. Equation (9.13)

may be rewritten as

10 ii ~ 
— 1o c~ 1exp [—u ii~

2/2) (10.12)

and since there are no reflecting boundaries, and the source function

is constant in the rectangular region about each point in the array,

Eq. (9.16) may be rewritten as

~Z/2

ii , i — “ii”1n—i , 11, ~. 
exp (—a11(~Z/2 —

(10.13)

which may be integrated to yield

1n, 11, 1 ~n-1, ~~~~~ 1 
[1 - exp (-cz11~ Z / 2 ) ]  (10.14)

The upper limit of integration L~Z/2 occurs since this is the distance

from the boundary of the array to the point t 1, in — 1 along the

direction t — 1. The intensities I and I each
0, 11, 1 n 11, 1
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t

contribute one term Q11
10 ~~ 

and Q 1T
~ , 11, 1 to the calculation

oI Jo 11 ,j and J~ ~ 
, respectively. The intensities at the

p oint e — 2 . ‘H — 1 may also be calculated form Eqs. (9.13) and

(9.lb) as

AZ 3AZ/2

10 21, 1 - 1o 01, 1 exp [_Jc~ 11
dAZ’ - J ~121dAZ’} (10.15)

0 AZ

- 10 11 1
exp [_&~11AZ - a21AZ/2 }

and

AZ AZ

‘n 21, 1 
- 
~ll~~-l. 11, 1 

JdAZ’ exp (- J a11dAZ” ) (10.16)

0 AZ’

3AZ/2 3AZ/2 3AZ/2

exp [_Ja21~~z”} 
+ a2lJn i 21, 1 JdAZ

IexP(_J ~t21dt~Z”)~
AZ AZ AZ’

which may be integrated to yield

1n. 21 , 1 
— 
~~~~ 11 1[l_exP(~~11AZ))eXP(.4*21~

V2)

21, 1(i_exp (_ct
21A Z / 2 )~ (10.17)
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since the point t — 2, in — 1 is 3AZ/2 from the boundary and the

source function changes value is going from the first rectangular

region about ( - 1, in — 1 to the second rectangular region about

C — 2 in — 1. Equation (10.15) may be rewritten as

21, 1 - ‘n 11, 1 exp [-(a11 + a21~~2~21 (10.18)

by recognizing that 10, 21, 1 is equal to the intensity lo 11, 1

degraded by extinction between the points t — 1, m — 1, and ( — 2 ,

in — 1, while Eq. (10.17) may be rewritten as

~ I 1n, 21, 1 
— 
~n—l , ~~~~~~ ~~ 

(l— exp(—c*11AZ/2)Jexp[— (a11+c*21)AZ/2J

~] , 1[l—ex
p(—ci11AZ/2)]exp(—a21AZ/2) (10.19)

21, 1[1— exp(-a21AZ/2)]

The t irst term ot the right hand side of Eq. (10.19) may be recognized

as the intensity in, 11 ~ 
degraded by extinction between the points

- 1, m — I and £ • 2, in - 1. Equation (10.19) may then be rewritten

as

‘n 2 1 , 1 
I
n, 11 ,
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~~
n—l , 11, 1[1— exp(—c*11AZ/2)]exp(—a21AZ/2)

.

~~~~ 1 [l— exp (—ct21
AZ/2fl . (10.20)

n— i ,

Equations ( 10.18) and (10.20) are the spec i f ic  form s for this example

of the general numerical equations for the intensity at a point in the

array along a path in terms of the intensity at the previous point in

the array along the path and the previous order of scattering source

functions at the two points on the patti along the path , noting that

‘n, ~rn ,j — 0 for n’~0 for all C , in , j .  It may also be noted that

Eq. (10.20) may be derived from Eq. (9.15) if — 
~~~~~~

, and I (,r~ , 1~
) —

I 
~ ~~~

. It is the~ combination of Eqs. (10.4), (10.12), (10.14),n,

(10.15) and (10.20) that allows the order of scattering path—by—path

calculation to be performed .

The derivation of these equations incorporated several

approximations. Two approximations were used in deriving Eq. (10.4);

that the extinguishing medium may be represented as planar, and that .

within that plane, the radiation transport may be represented by eight

beams. It is expected that computational errors will increase when the

incident illumination varies greatly outside the plane, or when eight

beams are not enough to represent accurately either the incident

illumination or the scattering phase function. Equations (10.12),

(10.14), (10.15), and (10.20) incorporate one major approximation.

that the source function does not vary appreciably about each point
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in the rectangular array representing the planar medium. The iterative

form of the solution and the close computational connection between

Eqs. (10.4), (10.12), (10.14), (10.15), and (10.20) makes an exact

estimate of error difficult.

As an estimator of worse case error to be expected from the

combination of these approximations, calculations were performed

using this two—dimensional algorithm (a listing of the code is given

in Appendix (IV)) and a three—dimensional Monte Carlo trajectory

tracing code (House and Avery, 1969) for a Rayleigh scattering

medium (Chandrasekhar , 1960) with an albedo of 0.5. The medium was

assumed to be uniform (a~~ constant). The Rayleigh phase function

was chosen for this comparison because it represents the worse case

of any situation of interest with regard to nonforward scattering,

since polydisperse aerosol phase functions do not generally exhibit

glories or rainbows (Van de Iluist, 195fl Deirmendjian, 1964). The

incident illumination was a gaussian profile beam held constant with

respect to the third dimension for the Monte Carlo calculations.

The forward CLOS intensities at five optical depths are given in Table

(10.1). The precent differences were calculated relative to the

Monte Carlo results. It may be seen that while there are considerable

differences between the two calculations (maximum 3.3X), the variation

In the difference and the degree of approximations extant in the

two—dimensional algorithm indicate that the agreement in this case

may be considered to be quire good. Better agreement might be
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expected for most polydisperse aerosol phase functions, but worse

agreement for incident illuminations with more variation outside the’

plane when the planar medium approximation becomes more inaccurate.
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CHAPTER XI

RESULTS OF

TWO-DIMENSIONAL RADIATIVE TRANSFER CALCULATIONS

The calculations presented in this chapter are for a uniform

Deirmendjian C.3 fog. Because the fog is uniform, the extinction

coefficient is constant within the fog which encompasses the

entire rectangular array. In terms of Eq. (4.9), D = 5.5556,

B = 0.3333, 6 = 3, y = 8, and the concentration is l00/cni
3 (Deirmendj ian,

1964). Three wavelengths were considered ; 1.06 I’m, 3.~ im, and 10.6 jnn ,

representing the near ir, the mid ir, and the far ir. Two of these

wavelengths correspond to actual laser wavelengths (1.06 ~im and 10.6 tim).

The other wavelength was chosen close to the 3—5 tim window of the

atmosphere, but just outside the window where the water absorption would

be considerable (Selby and McClatchey, 1976). Additionally, the

refractive index of water is well known at these wavelengths (Centeno ,

1944; Pointer and Dechambenoy, 1966; Curcio and Petty, 1954).

The extinction coefficients, albedoes, and phase functions

were calculated using an existing polydisperse Mie scattering code

adapted to calculate the Oj~ 
(Blattner , 1972). A listing of this code

is given in Appendix (IV). The wavelengths, refractive indices,

calculated extinction coefficients, albedoes, and 
~~~~~ 

for j — 1—5

are given in Table (11.1). The other Q
11

ts are not included in

Table (11.1), since the symmetry of the unpolarized phase function

requires that — Q81, Q31 
— Q41 — Q61.

Two sources were considered in these calculations —- a uniform
intensity beam and a Gaussian profile beam. The uniform intensity
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~ Ibeam was used to investigate the transmission of contrast. This beam

was 1.9 km wide against a black background 5.2 km wide including the

beam. The geometry of these calculations , showing the uniform intensity

beam, is given in Figure (11.1). As defined by Eq. (10.11), t h i8  beam

has an inherent contrast of one. Both beams were treated as plane

waves traveling along the t - 1 direction for the pur pose of establish—

ing boundary conditions . The other boundary conditions were taken to

be z~ro. For both beams, the incident illumination at the CLOS was

one so that intensities along the CLOS could be directly interpreted as

transmissions .

The depth of the fog was varied in 0.5 km increments from 0.5

to 5 km.~ The sl :e  of the array was M — 31 and L — 50, limited only by
the available computer memory. The scale of Ac is determined by the

depth of fog to be considered , the scale of Ax is determined by the

scale of Az , and the size of the beam is determined by the number

of Ax needed to accurately represent it. Thus the beam diameter is

directly constrained by the depth of fog considered .

The forward and backacattered Intensities are calculated using

Equations (10.8) and (10.9) for both beams at the three wavelengths

and ten fog depths described . The forward intensities along the CLOS

are shown in Figures (11.2) and (11.3) for the uniform profile and

gaussian profile beams, respectively. Examination of these intensities

reveals that the intensities fall off with fog depth z as approximately

exp (—c*qz) where q is a diffusion exponent (always ~ 1) similar to that

found in traditional one—dimensional plane—parallel RT (Chandrasekhar ,

1960; Kattawar and Plass, 1967). The intensity at 3.Opm falls off
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fastest because the extinction coefficient is largest at that wave-

length due to the water absorption. While these q ’s are not the same

• numerically as those encountered in one—dimensional RT because of the

nonuniformity of the boundary conditions, this behavior of the inten—

sity along the CLOS is not unexpected because of the symmetry of the

boundary conditions. The intensity of the uniform beam falls off

faster than the intensity of the gaussian beam for each wavelength, and

the magnitude of the difference between the intensities for each

wavelength decreases with increasing wavelength. This difference in

intensities is due to both scattering and initial beam profile. The

total orders of scattering N required to satisfy the convergence

condition , Equation (10.10) is dependent on the depth of fog and the

albedo , which is wavelength dependent. As the albedo or the fog depth

increases, N increases. Experience with the two—dimensional

code indicates that N is more strongly influenced by albedo value

than by fog depth. Further, the value of q decreases with increasing

~ and/or N. This behavior of q has been noted in plane—parallel

one—dimensional RT (Kattawar and Plass, 1976).

The difference in transmission between the two beams is also

due to the form of the initial beam profile. The uniform beam inten—

city falls off less rapidly adjacent to the CLOS than does the gaussian

beam incident intensity. This condition affects the scattering of

light away from the CLOS. The total scattering out from the CLOS is

less for the uniform beam than for the gaussian beam for low orders

of scattering since the intensity scattered out of the CLOS is largely
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replaced by intensity scattered into the CLOS. For higher orders of

scattering, the situation is reversed. At the edge of the uniform pro—

file beam, intensity that scatters out into the background is not

replaced , largely because there is little intensity to be scattered

from the background into the beam. Some intensity is scattered into

the edge of the beam from the interior of the beam , but there is a

net scattering out from the beam into the background . As higher orders

of scattering are considered , more intensity scatters into the back—

ground than out of it.

This net scattering out of the CLOS also occurs for the

gaussian beam, but at a lesser rate since there are no regions of zero

initial intensity for the gaussian beam. If the gaussian beam were

truncated to the size of the uniform beam, the intensity of the

truncated gaussian beam would fall off even faster than the intensity

of the uniform beam.

The forward intensity is strongly influenced by the total

orders of scattering N required to satisfy Equation (10.10). As pre-

viously stated, the value of N required is largely determined by the

albedo. In practice, it is found that the relative value of N

required goes at least as the square of the albedo. Since the value

of the albedos used in this study decrease with increasing wavelength,

N decreases with increasing wavelength. Thus shorter wavelengths

evidence higher order intensities that fall off faster for the uniform

beam than for the gaussian beam.
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Comparison of the backscattered intensities, Figures (11.4)

and (11.5), respectively, at each wavelength shows that the uniform

beam intensities are greater than the gaussian beam intensities.

Further , the magnitudes of the intensities decrease with increasing

wavelength as do the differences between the intensities. This is

because the backscattered intensity is largely due to low orders of

scattering. This fact is demonstrated by the shape of the curves,

being proportional to 1 — ex p(—2c~q ’z),  where q ’ is again a diffusion

exponent. This curve may be calculated analytically for first order

scattering , using Equation (9.15) for n — 1 and — —e3. While q ’

could not be calculated as exactly as q for each wavelength—beam case

because of the difficulty of accurately calculating the proportionality

constant for each curve (essentially a total source term,) it was found

that q ’ < q in all cases by an amount consistent with the errors

involved in the 1% criterion of Equation (10.10). This behavior is

consistent with the content ion that backscattered intensity is largely

due to low orders of scattering since the 1% condition applies to the

forward intensity and for equal numbers of forward and backscattered

intensity terms contributing to the total intensities, the backscattered

intensity should be more accurate and q’ < q.

The increase in backecatter with decreasing wavelength may be

seen by considering that the albedo decreases with increasing wave-

length , and the product of albedo, extinction coeff icient, and Q51

decreases with increasing wavelength. This latter quantity is the

backscatter coefficient that determines the amount of first order

J 
backscatter back along the CL0S. Thus the backecatter coeff icient
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determines the first order backscatter, and , in this case, the relative

wavelength order of the curves, while the albedo determines N and

therefore q ’.

The relative difference between the backscattered intensitIes

at each wavelength is due to the same effects that caused the differ-

ences in the forward intensities; scattering and initial beam profile.

The first order backseattered intensity along the CLOS is the same

for both beams. The second and higher order backscattered intensities

arc due to intensity fro n outside the CLOS entering the CLOS to be

scattered back along the CLOS. Since these entering intensities fall

off as exp (-~~), the immediate region to the CLOS is most important in

contributing to the backscattered intensity. For the uniform beam,

this region changes less in intensity for low order scattering, and

more for high order scattering than it does for the gaussian beam.

Thus, since the backscattered intensity is largely determined by low

orders of scattering, the uniform beam should have more backscattered

intensity than does the gaussian beam.

The scattering of intensity out of the uniform beam is

demonstrated in the contrast of the uniform beam forward intensity.

The contrast for the three wavelengths , calculated using Equation

UO.11’), is shown in Figures (1l.o) — (11.8), rcspective l~’. Since

the contrast is symmetric about the CLOS, only one—half el the beam

contrast is shown. Figure (11.6), the contrast of the uniform beam

at 1.0b~m clea rly shows the decrease of the contrast of the beam , t lit’

increase of the contrast  of the background , and the deformat ton ot  the

122
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beam. These three features are most pronounced in’ this figure, and

may be seen in Figures (11.7) and (11.8) to decrease in magnitude

with increasing wavelength. Figure (11.7), the contrast of the

uniform beam at 3.OIjm, shows thi. decrease in magnitude, although

the decrease Iof the beam contrast and th. increase in the back-

ground contrast are still evident in the beam contrast curve furthest

f r om the  CLOS in crossrange and in the background contrast curve

nearest the CLOS, respectively. The deformation of the step func-

tion shape of the initial profile is much less e*ident at 3.0lm than

It was at 1.0b~&m . At 10.6~im , Figure (11.8), increase of the back-

ground contrast is barely discernable, although some decrease In

beam contrast and deformation of beam profile may be seen at extreme

fog depth.

The gaussian beam profiles also demonstrate the scattering

of Int ensity outward , although to the lesser degree expected. For

t h i s  reason , one—h a lf  of the beam profile at I.06iim for the gaussian

beam Is presented in Figure (11.9). This prof tie was •at1cu1a~ed by

d ividing the intensity at each fog depth and croserang. by the dO S

intensity at that fog depth. The deformation of the beam profile to

a w ider gauss ian Is evident in the increase of the relative Int en—

s ity  curves away from the CLOS with increasing fog depth. The

— deformation may be seen to be much less for this gaussian beam than

in the comparable! un i form beam, Figure (1L6). The beam p ro f i l e s

at 3.0~im and l0.6~im art ’  not shown since they differ only qualItatt vel~

from Figure (11.9). Figure (11.10) shows the increase of
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the beam diameter with fog depth at the three wavelengths. The

relative effects of albedo value may be clearly seen.
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CHAPTER XII

SUMMARY

This dissertation has described the results of an investigation

of radiation transfer through aerosols. The first part of this inves-

tigation was concerned with single particle scattering. The scattering

of light by a single spherical particle, the Mie solution, was reviewed

by developing the Hertz vector solution for the Maxwell Equations in

Chapter II and reproducing the Mie solution using the Hertz vectors

in Chapter III. The extension of the Mie solution to describe the

single scattering of light by a collection of independent particles,

the usual case with aerosols , was reviewed as developed by Deirmendj Ian

in a format compatible with performing radiative transfer (RT)

calculations (Deirmendjian, 1964). This description of aerosol single

scattering was given in Chapter IV.

The Mie solution Is valid only for spherical dielectric

particles so that It may treat most liquid aerosols and those solid

aerosols that are spherical. Large liquid aerosol particles that have

been deformed by gravity and aerodynamic drag, and most solid (irregu-

lar) aerosol particles cannot be treated. While dielectric particles

of regular geometric shape may be treated by solving the Mie problem in

other coordinate systems, no generally accepted solution for irregular

particles is available. Much effort has been directed towards this

problem, however, and several solutions have been developed to treat

various aspects of the irregular particle problem, Several of these

efforts were reviewed in Chapter V.
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The central theme of the irregular particle scattering problem

is the Rayleigh Hypothesis which limits the degree of Irregularity

of the particle if the scattered fields encorporate only outgoing

spherical waves. Thus solutions that assume the Rayleigh Hypothesis

are not valid for particles that are sufficiently Irregular for light

to be scattered from one part of the particle to another and then out.

All of the solutions descr ibed in Chapter V assume the Rayleigh

Hypothesis.

The previous efforts described in Chapter V satisfy the bound-

ary conditions of electrodynamics approximately. The implication of

these approximations is unclear. Recently, an integral equation

solution has been advanced that accounts for the boundary conditions

correctly and solves the vector Helmholtz equation rather than the

scalar (Waterman, 1971). Unfortunately , only conducting particles

have been treated numerically with this method although It is valid

for dielectric particles.

Additionally, Chapter V reviews the Mie solution modification

proposed by Chylek et al. (Chylek , Grams and Pinnick , 1976). This

modification is based on the observation that glories are not

• commonly observed in the experimentally measured phase functions of

polydisperse irregular particles. The mathematical source of glories

in the Mie solution is the resonances in the scattered field

expansion coefficients. Chylek et al. propose that these resonances

be truncated to model the effects of particle Irregularity on

scattering. While the validity of this modification has been

132
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questioned , Chylek et al. have demonstrated better agreement with

experimental data for their calculated phase functions that for Mie

phase funct ions.

Recognizing the limitations of previous efforts to treat the

problem of irregular particle scattering , the Mie theory was extended

to cylindrically symmetric irregular dielectric particles. This

extension is presented in Chapter VI. The limitation of this extension

to cy l indr ica l ly  symmetric particles was not prompted by an deficiency

• in the basic theory, but rather by the constraints of available

computer memory. The only theoretical limitation on this solution is ,

in common with all other solutions described in this dissertation, the

assumption of the Rayleigh Hypothesis, which permits only a small

degree of particle irregularity.

A computer code was generated to calculate the scattering

properties of these particles. This code is listed in Appendix (I).

Analytic and numerical calculations were performed to demonstrate that

the theory and code would reproduce the Mie solution when spherical

particles were treated . These calculations are described in Appendix

(III) and Chapter VII, respectively. The Mie solution has also been

extended to nonspherical particles of regular geometric shape. Notable

among these efforts is the solution for prolate and oblate ellipsoids

• (Asano and Yamamoto, 1975). Approximate calculations using the

solution of Chapter VI were performed for prolate ellipsoids and

compared with the exact calculations. Despite the Rayleigh Hypothesis,
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j the agreement evidenced by this comparison was quite good. In view

of this agreement, the applicability of the code to large irregular

particles is demonstrated . These calculations are described in

Chapter VII.

This code was then used to investigate the scattering proper-

ties of single irregular particles, and to address the validity of the

Mie solution modification of Chylek et al. Calculations were performed

to determine the effect of particle irregularity on the resonant

behavior of the scattered field expansion coefficients. While it was

found that the resonances narrowed, the numerical method of Chylek

et al. was not substantiated. This finding did not explain the agree-

ment of the Chylek et al. calculations with the data, so the code was

modif ted to treat polydisperse aerosols using the techniques described

in Chapter IV. Calculations were then performed to generate poiy—

disperse phase functions for nine shapes of particle using the

particle size distribution and refractive index reported by

Chylek et al. for one set of their data. These nine phase functions

were then combined linearly in various combinations using regression

techniques to fit the data. It was found that several combinations

of calculated phase functions would fit the data as well as the

calculations of Chylek et ii., and that the choice of phase functions

used in fitting the data was not especially crucial. The insensi-

tivity of the data to particle shape indicates that calculations

utilizing their modification may be adequate for most RT calculations.

Chapter VIII is devoted to a description of these calculations.
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The RT theory uses certain single scattering quantities, the

extinction coefficient , the albedo of single scattering, and the phase

V 
functions , along with the appropriate boundary conditions to permit

solution of the problem of describing the multiple scattering effects

of aerosols. This theory, mainly developed by Chandrasekhar , had

been primarily used to treat the problems associated with stellar and

planetary atmospheres where the symmetry and time—independence of

the boundary conditions and the extinguishing medium allow the general

four—d imensional (3 space plus time) RT equation to be reduced to a

one—dimensional RT equation (Chandrasekhar , 1960). This theory and

the development of the one—dimensional equation are reviewed in

Chapter IX.

The RT theory has most commonly been applied to practical

problems such as the calculation of the brightness of a star or the

amount of light that reaches the surface of a planet. A new set of

practical problems, that of describing the propagation of low energy

laser beams and images through the atmosphere with and without aerosol

aerosols, has developed in recent years that cannot be treated by

one—dimensional RT theory. These problems are characterized by non—

uniform boundary conditions and/or asymmetric extinguishing media.

Previous efforts to treat these problems have included Monte Carlo

trajectory tracing codes that are exceedingly time consuming, small

angle approximation developments of the four—dimensional RI’ equation

that are valid for aerosols only in the visible and near—ir regions

of the spectrum, and are not valid at all for atmospheres, and V
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general angle analyses that are limited to few orders of scattering .

No general analytic or numerical solution of the four—dimensional

• RI equation has yet been developed.

In Chapter X , a numerical algorithm for the solution of the

two—dimensional RI equation- with nonuniform boundary conditions and

as~’niuetric medium is developed. This algorithm is suitable for

t reating steady state laser beam and image propagation problems.

The extinguishing medium used in this algorithm may incorporate both

aerosol and atmospheric effects and the solution may be obtained to

an arbitrary order of scattering. Thus, two limitations of previous

efforts , the small angle approximation and the restriction to few

orders of scattering, are removed.

A code was generated implementing this algorithm. A listing

of the code is presented in Appendix (IV). While this code requires

a large amount of computer memory to execute, it Is rapidly executable.

This speed advantage was demonstrated when the code was validated by

comparison with a Monte Carlo trajectory tracing code that was much

smaller in size but required much more execution time. The accuracy

evidenced in the comparison of the results of the two codes and

the speed of execution of the two—dimensional code demonstrate the

utility of the code for steady state problems.

The two—dimensional code was then used to calculate the effects

of aerosol multiple scattering on transmission. backscatter, and

contrast transmission through an aerosol medium. Calculations were

performed for a liquid (spherical) aerosol , a Deirinendjian C.3 fog
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of uniform concentration. Two beams, one of uniform profile and the

other of gaussian profile, were considered at wavelengths in the near,

V 
• mid , and far—Ir. These calculations are presented in Chapter XI.

In summary , two parts of the problem of radiation transfer

through aerosols have been addressed in this dissertation investi-

gation. The first part, that of single scattering by a single -
article , resulted in an extension of Mie theory to nonspherical

particles. This extension is limited only by the ubiquitous Rayleigh 
V

Hypothesis and the current state—of—the—art in available computer

memory . The code implementing this extension offers the capability

to treat those solid, irregular aerosol particles that could not be

treated by the Mie solution.

While the second part of the radiation transfer problem, that

of single scattering by a collection of particles, was not addressed

because most aerosols are comprised of independent particles and the

basic work of Deirmend) Ian is valid, the third part of the problem,

that of multiple scattering, was addressed. A numerical solution

algorithm for the two—dimensional RI equation was developed and a

computer code implementing it produced. This code is useful for

treating steady state problems of low energy laser beam and image

propagation through aerosol laden atmospheres . - 
V

This dissertation has suggested some interesting problems

for future effort. One problem would be the comparison of the

multiple scattering effects of liquid (spherical) and solid (non—

spherical) aerosols. An example of this problem is the difference in

137



propagation through fog as compared to dust. This comparison could

be addressed by using the single scattering quantities calculated

with the nonspherical scattering code In solving the two—dimensional

RT equation .

• 
This second problem is an extension of the two—dimensional RT

solution algorithm to four dimensions. The two—dimensional algorithm

• developed during the dissertation investigation is limited because it

cannot treat t ime dependent problems such as calculating the stretching V

effect of multiple scattering on laser pulse propagation, nor problems

in which the third spatial d imension is asymmetric . While the two—

dimensional algorithm is adequate for some modern theories of detection

and recogn ition , the four—dimensional RI’ equation solution is needed

to consider problems with two—dimensional images and vertically

varying media such as smoke and dust clouds. The extension of the

two—dimensional algorithm may be effected by returning to the four—

dimensional RT equations developed in Chapter IX. A numerical

solution algorithm may then be developed for these equations by

using the quadrature approximation and evaluating the path integrals

numerically rather than analytically as is done in the two—dimensional

algorithm .
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APPENDIX I

NONSP HERICAL PARTICLE SCATTERING CODE

The computer code described in this appendix was generated to

implement the formalism developed in Chapter VI . Calculations performed

• V 

using this code are presented in Chapters VII and VIII.

The integrals Aee~~~ , Eqs. (6.43) — (6 .57) are performed w i t h  a

Gauss—Legendre Quadrature , (Carnahan , Luther, and W ilkes , 1969).

Equation (6.62) is solved for the a~ , b~ , c e~ and d~ with a Gauss—

Jordan e l imina t ion  rout ine  modif ied to treat complex entries (Sellers

V and Gibbs, 1977). The radial functions i4 e
(x) and p~ (x) , Eqs. (2.45) and

I (2.~.7), and their derivatives are calculated with a special routine

implementing the method of Miller (Miller, 1950). This method is

described in Appendix (II). The cross sections and phase functions

are calculated in the same manner as the Mie solution (Deirmendjian ,

1964: Van de Hulst , 1957).

• The formalism developed in Chapter VI is , of course , also valid

V 
for particles not cylindrically symmetric with respect to the incident

• plane wave. At this time , however , an extension of the formalism and

I computer code to consider more general geometries is not feasible due
- 

to computer l imi ta t ions . If a general particle and/or incident direction

I were to be cons idered , Eqs. (3.3) — (3.8) would include terms cos(inp),

sin(m~) ,  and P~ (cosO), rn — 0 to L. The size of the array B, Eq. (6.63),

would increase by terms m and m’. Arrays G and F, Eqs. (6.64) and

(6.65), would increase in size from 4L to 4L
2
. Thus the total storage

required would increase from 16L2 + 8L to 16L4 + 8L2. For large value
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of L, this is an approx imate increase by a fac tor of L2. The increase

in computer memory required for operational code (as compared to array

storage) should be approximately proportional. The present code requires

2 x 8~ words to ini t iate compilation , so that L2 84 words and a general

code would require approximately 2 x 8~ words to initiate compilation.

• I Computer memory of this extent is available only on a very few machines

- • j so that  the implementation is not feasible at this time .

It should be noted tha t while the code requires a large amount

of computer memory for initial compilation (2 x 8~ words) , this does

nut restrict the utility of the code as much as might be expected .

This code is normally executed on the MICOM CDC 6600 computer using the

SCOPE 3.4.2 compiler. This is a two pass compiler tha t performs some

optimizat ion of the compiled code. In this case , the optimization is

significant as the computer memory required for the compiled code is

only 6.5 x 8~ words. Add itionally, execution of the compiled code is 
p

accomplished in about 15 seconds for a nominal particle with 19 expansion

coefficients in each Debye potential, and Mie parameter (x0) of nine.

• Compilation of the code requires about 60 seconds. Thus, the compiled

code may be used to perform calculations with only moderate demands on

computer memory and execution time .

This code consists of one driver routine and five subroutines.

These routines are listed in Tables (1.1) — ( 1.6) .  The operation of

-• each routine is described below.
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NONSPH (Table (1.1))

This is the main driver routine. It accesses the five sub-

routines to perform the calculation of the nonspherical particle

scattering. The version of the code shown here is the polydisperse

aerosol code wi th  provision for a log normal particle size distri-

bution. The routine calls START to input the necessary parameters and

- load the arrays with the points and weights for the Causs—Legendre

quadrature. The value of the radius and its derivative at these points

art’ calculated . The increments to the Aee,, integrals are calculated

• and the routine calls ADO to store these increments in the appropriate

1 places in the B and F arrays. Once the B and F arrays have been

1 calculated , CCAUSS is called to solve for the a~ , b~ , c~ , and d~ .

Routine AP2 is then called to calculate the cross sections and phase

funct ions  from the c~ and de.
START (Table (1.2))

V 
This subroutine performs two functions. It first loads the

1 
values of the weights and points for the Causs—Legendre quadrature ,

and then inputs the necessary parameters for the calculation . These

1 parameters include the refractive index, the wavelength of light , the

minimum and maximum particle radii , the average particle radius and

standard deviation for the log norma l particle size dis t r ibut ion , and

the number of terms in the particle radius expansion, the number of

expansion terms in the Debye potentials, and the number of particle

radii to be calculated . The routine also calculates the increment of

particle radius. 
V

I
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AP2 (Table (1.3))

Subroutine AP2 performs the calculation of the cross sections

and phase func tions for both the individual particles and for the

• polydisperse aerosol. Additionally, it calculates the frac tion of

particles in each radius using a log—normal particle size distribution.

ADO (Table (1.4))

This routine receives the increments of the A~~,, integrals

to form the B and F matrices . This routine is called once for each

• ang le In the quadrature for each t and V pair.

I CGAUSS (Table (1.5))

Subroutine CGAUSS is modified version of a library Gauss—

I Jordan elimination routine (Sellers and Gibbs, 1977). The only

modifications performed to it were to permit consideration of complex

I rather than only real numbers.

BESSL (Table (1.6))

• This subroutine implements the method of Miller described in

Appendix (II) to calculate the radial functions j
~e
(x) and iP

~e
(mx).

The radial function p~(x) and the derivatives of the radial functions

4~~(x)~ J~((mx)~ and P~(x) are calculated using the method described in

Appendix (II). This routine has an upper limit on x due to the use

of the backwards recursion method of Miller (Miller, 1950). Should

V 
larger values of x be required , another version of BESSL impelmenting

both Miller ’s method and the standard forward recursion method is

Ij .V -
• - V
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available. This additional capability is not generally required

• V because values of x that result in divergence were not needed in

this investigation.
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TABLE (1.1). LISTING OF ROUTINE NONSPH

PROG~ AN Nurs (~H(~ p4*~ ,r ,oufp ,,r,Ta.€’~zi’,I’,,I, r*~’cAs .~I.y. -1)
C0$MONI’ONt /A(20) .W(20) .AM,4LAM ,~~~.PqN,Ar .(1~~)
COMMON/TUO/AI5O ,$L •CI (IS), *1
OIMENSION i~O( ~2O) .14pfl20)

S COMMON/TNNt.&A$(20),AJI2O),t4’l(2°). A J ( , f l ) . f l A p ’ ( ? f l ) ,  •5ii ( ’ ~~ )

COMPLEA AJ ,AI1,RH,~)AJ ,D*M,O~ .i
COMM flN/FOUM/NT .NP.i~’4lN,~)R,’,O,S’(.A4* ( ~~~ ,NX *
COM PLE A A
COMPLEA Cl

10 COMPLE* AM,$I(M
COMPL U A1 ,ALP
OATA PIi3.1~.15927/c ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C NO’4—SPP~E.~1C4L PARTICLE MiF SCA11F~’INu
IS C ASCO PWO GWA M

C C0i E1) t4Y 5. w . FOw L~ ’i
• C VE ’~SION OF 1 AnGus i 1977
• C METII~ I) Os SOLUTION IS ~uUNI A WY V * L- .P tD raN ( . PNTT * L  r 4 ) Pi f - I~~( S

C USINC. COEFf ICIENT uf EQu *TIuN iU&.&U ION
10 C ~Ef1~ E~ rE I s  SORN 6N0 wOLF

C PR )JECTION USING LF~*NUkE ~‘L OYNnMl .~i. S .~F F IPS) ASS C14r ’u  l y.-’f
C COnE L INIT ~ U TO PA’aICLES W11P$ (.YL ~~-~O~~l C*L SVM- ’ T — ’
C RAcIiJS SUwI~ACE EAP*NUEU IN LEW’) IpI I rnt,~ ,,W E PLtIv,4014 ’4L5
C E~~ E.4IUR s~~(UON ASSU$€ () VAC UUM
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C A = POINTS iN GAUSS—L~ fkNOwL O*IA OWAI U ,~
C w a wEi~ $1s IN &*USS L~~~ENs)~ F U,JAU.. A TPD.~
C W ic HAn IUs AT X (1
C A IS M AT WIA OF CUEFFI C It- PlI INftf,W4,

30 C CI I!, SLIRMtrI T CONT .~1I~U1IO”1 10 L,N INt ,I~AL I
C NM Nift~’5Ew OF LECIPNORP~ CONMP0N~ ’41, i~ WM ’)I IIS
C AL AN IS .AV€LENr ,TM IN M JCPON S
C •*•*e***.*•**•..~~*. **•e•*.***•..*.•*.*.**~~. e.w **~~.**.*e*4 ea*.
C SU~ P~’)UTIN& 10 10* ) VA,~IOUS ~~~~~~~~

CALL START
C CALCULATION OF ~ VALI J~ I lAv~ NJ’4- ..~

*Kz2.*P (/ALAM
• 

V C Al IS sQUA.~~ ROOT •W — lI
40 wW)Tfla, 91)AM,A 1 ,A,~

C COI~~ TO CALCULA TE T n t VA LI*S OP 1,- s g~A~’)U~ A T ‘- 4C~ t .—L INIPh~ aI IuN
00 9$ Pl:l,’i I
A NI1)~~NM IN .PLOAT I~e—i) .i’W

4’, 00 4)
4) AN U I ) aA N t I ) *A A A t I I )
4? COMTINUc

NM*P4 A A
NP : ‘4

SC 00 1 ~~~~~~
C P VA ,JIAHLt .’, AI~F IIW OTM L(t.’NUW ’’.

P0=1.
• P1 .4(l )

C I vAw IAPiLL ,  ANF OI .I V A I I V I s OP iI. III LFC,tN(’,~ts  — • 4s1 P ~1 ,LsT
56 10:0.

T 1r X( I ) V

- V C PP V~JiIA ,4LI ’, A ’P V AN Ot (tSIST ~ Pt P~~C~
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TABLE (1.1). CONTINUED

IlPORO.
• PpI *1.
V bI’

RP4 ( I )S A P I ( 1 J  III
00 2 Js3.N .

• AJJ *FLO*T (JI
P2a~~(2..AJJ—i .) ** (I)*P’i—AJJ *PO )~~1A J I.I

~
s

PPa((2.*AJJ—l .)•A(I) *P’PI—AJJSI-PiJ It),( AJj—(.)
T T . A ( l).I,

~
P—PPn )— ( ? .

~
A J J — ) . ) ’ ( I . —

~~
t I )

~~
*( I) ) *P P I .T t )

PPO’PP L
7 . pp):pp

• T l ~~T T
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.~P~~I)ahJsI(I).ANI J)*TI
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I CO-~T )P4UE
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P4NNP*NNP4.(
00 3 Lt~~L.NNN

• 00 3 NIal,NNPØ’
1 A(L~~.NI)~~çMP~ *IU,. .)

C CALL EuuAIION PO4JT INL
C 14(151 EITP$L ’ BE COM.~LL* OW W Iu’e TM” sr~ c,ts

00 4 I~~).~~0
C ZMTt (.RA TION LOOP — P(EFF$S lu It) P~ ‘~—L QUAOP*I .I,4F

RK’4aWK ( I) *AM
C AN 15 RF.Fpt .)CTIV E II’IIIJEA
C ROU T1N~ 10 CA L C ILA Tt BFSSEL PU’~ t (I ’H ’ . .j Sue F ~~ AN,j ,.w .  *,,,
C II SUR Li 1W ucw ANU II-IEI$ r * $ I v a 1 I V p s

CALL BESSL ( Pluc ( I ) .WI IM )
C J SUM P4 Of I~MR — P401 PSI FNC OP M(~ 5C~~fTE kTMj ‘~OL ’T l0~

95 C SET tiP OF vu~ P1 FNC
F P0*0.

P1 *1.
P2:3~ *A ( I )

C V0’l TAO FNC sET UP
1t)0 T0:0.

Ti :A(l)
T2:3.~~(?. A ( I) 4 ( 1) 1.)

C P sUN L SUP’tR 1 SE1 UP

PL2s3.~ X ( i ) ’P L L
C NN IS NOMBt I4 OF TLpMb IN FIELO .- AP ,MSI ’N

00 5 L1~~I.NN
ALeFLOAT ILl)
ALL AL •(AL.).)

( j r
LZaNN.LI
L3t2*NN.L i
L4.3~ NP4.LI
IFIL ).(,7.I)oOTO Si
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I • 
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C NLL1 .3..A(i)

1.- C F IR ST LtOtNI~Rt wUIY ’90M1AL5
P’LLISSdQI(( . *( Il1(4 l  PP
P t L l .3 . SA ~~5PLL I
00 5 NI.l.,4P4
ANN.P LOA T (‘44)

i’,. N25NN .Nt

I N3sl~ NN.Nt
N4s 3*NN.NI 1•

IF IN I.uT .4 ) uOT O Ni
I P LL .P t . L )
• lsn I~OIO Si

I 
N) IF INI .,T .l)bOtO P1.1

PIL ~ØLL1
I 00)0 61

C 6 1

I 155 C F 1 5 1
C P11

[
W L L* s PLL2

- V PLL2.P*.L
in.- C C)  AWE AINnA S’114 I ,N.I INTI’l,wAL’.

Si C I U) s A I P ALL A $( I  I ) / M P 1 I I ) / . 4 u I)’~’t *PLL°lI I) ’A ~~’ — 4 t II
V CIli).aI P*A$hLI)5PsPtL~~~( I)

CI(3).A~P•(AH (iII?WA(I)4~~A~,ItI))0T*PU_ ** (I)
C I ( . )5 4L P ’ .~P I ( L I ) ) P ’LL N ( I t
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APPENDIX II

SPHERICAL BESSEL FUNCTION GENERATION; NUMERICAL ASPECTS

One of the difficulties experienced in this investigation was

the calculation of the radial functions P,e(x) and P~(x) , Eqs. (2.45)

and (2.47), and their derivatives. This difficulty is not new, and

in the early days of the implementation of the Mie solution, it was

necessary to derive recursion relations for the C
e 

and d1 to effect

their calculation (Deirinendjian , 1964). Since that time, however,

advances in the construction of compilers has permitted more fundamental

calculations of the radial functions if sufficient safeguards are taken.

Because of the special dependency of this investigation on calculating

the values of these rad ial functions, this appendix describes the

numerical considerations of calculating these quantities.

The radial function *e
(x) and P~ (x) are related to the spherical

bessel functions and spherical hankel. functions of the first kind by

— xj e(x)  (11.1)

and

P~~( x )  — x14(x) z x[j
L

(x) — Ly~(x)] (11.2)

where !~~(x) — spherical Neuman function. The first two 1I~~(x) and V

(i.e. £ = 0 and 1) are V

* (x) sin(x) (11.3) - 
V

ain(x) V

— cos(x) (11.4)

161
~~~~~~ V V

_ _  ~~~~~~~~ 
_ _



_ _ _ _ _ _  V 5 V~~~~ _ _ _

— sin(x) + £coa(x) (11.5)

and 

p
~ (x) - 

sin(z) 
- cos(x) + 4cos

x + sln(x)) (11.6)

Additionally, the j~~(x)~ y2
(x), and h~(x) all satisfy the same

recursion relation
V f.e(x)

f~~1
(x) — (2e+l) . — f t 1

(x) (11.7)

and derivative formula

I ~~f e(x) — fz.—l
(x) — ~~~f1

(x) (11.8)

where f
L
(x) may be any of the three functions. Additionally, the

j~~(x) and y1(x) have a cross product relation - V 

V

j~(x)yj1(x) — J~_j (x)~l~(x) — ‘
~j 

(11.9) 
V

I The recursion relation for 4~~(x.) or p~ (x) may be obtained

from Eq. (II.?) by multiplying by x to yield, , - V

a (2t+l) — 4~~_1 (x) (11.10)

I 

and the derivative relation may be similarly obtained as 
V

— ~ ‘I’~ (x) (11.11)

In principle, Eqs. (11.10), (11.11) and (11.3) — (11.6) may be

used to calculate the value of 1 e
(x) and p~~(x) for any x and ~

‘ by
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forward recursion. In practice, however , the forward recursion tends I

to diverge numerically when lx t c l , causing problems with overflow as

well as inaccuracy due to roundoff errors. V

V To circumvent this difficulty, the calculational procedure of

Miller may be used (Miller , 1950). This procedure operates as a back—

wards recursion. The algorithm operates in the following manner: 
V

some maximum value L for -f is established . An upper limit for the

I algorithm L* at least twice L in value is established. The larger L*

V 

is, the greater the accuracy of the method . A series of factors F~ 
V

V 

are calculated using Eq. (11.10) in a backwards recursion subject to

the conditions

I 
F
L* 

— 1 (11.12)

I and 

V

FL*+l —
.0 (11.13)

The L~ 
may then be calculated from the F by V

V 
4’ (x) j,

0
(x)P /F0 (11.14) 

V

where 4 (x) is defined by Eq. (11.3)

It may be noted that this method also suffers from divergence

problems in a like manner as the forward recursion technique. Fortu-

nately, this does not occur within the bounds of the Mie solu tion or

this investigation for Ix t~, 18. In practice, the two methods, forward 
V

V 

and backward recursion , overlap so that values of * (x) may be calcu-

lated for any except very small values of x where Rayleigh or Rayleigh— 
V

Cans theory ii valid . V
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V 

The 4(x) could also be calculated using Miller ’s method , but

are not because it is easier to rewrite Eqs. (11.2) and (11.9) as

4(x) - 
~~(x) - £n1

(x) (11.15)

and

n,(x) — , , (11.16)

where : n~ (x) — 
~ t

(x) , and 
V

n (x) — —cos (x).

The nt
(x) may then be calculated from the * (x), and the 4(x) from 

V

the ~~(x) and the ri~ (x). 
V

V The rou tine BESSEL uses this recipe to calcula te the values of

V 
the radial functions:

1.) Calculate the F~. 
V

2.) Calculate the ji~ (x) from the F .

3.) Calculate the P
V~~~

(x) (via the n~ (x)) from the

4.) Calculate the 
~
,
Ve (X) and the P~ (x) from the IP~ (x) and

V •
~~ the p~~(x) via Eq. (11.11).

• Based on a survey of the literature, it appears that Miller ’s
V 

method had previously been validated only for real value of x. During

this investigation, therefore, its validity for complex values of x

- 
: was demons tra ted through the numer ical valida tion of the entire code .
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APPENDIX III

V 
REDUCTION OF THE NONSPHERICAL FORMALISM TO MIE THEORY

FOR TUE SPHERICAL PARTICLE CASE

As a ma t t e r  of course , the nonspherical formalism developed

in Chapter VI must reduce to Mie theory when the particle is 
V

spherical. This appendix will demonstrate that reduction.

In terms of Eq. (6.1), the radius of a spherical particle reduces to

a(9) SP(cos0)~ 
(111.1)

and has angular derivative V

_____ 
— 

o. 
(111.2) 

V

V Additionally , the radial functions 
~ 

and 4 and their derivaLi’.res

are independent of 6, so that Eqs. (6.43) — (6.57) reduce to

— 0 (111.3) V

V 
AUI

2 
- ‘

~~ ka 
(111.4)

(
~

)
A
U~3 

1e ~~~~ 

(111.5) 
V

V 

V 

AU~4 ~
‘t ka 12-U’ (111.6) V
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—_ -
~~

— -
~ j  ~~:~z-~~~~~~~ T

‘tL’,s ~~
‘
~ ka T lU’ (111.7)

— 0 (111.8)

V ~p (kina)

kma ~1.U’ 
(111.9)

~~
‘ (kma )

ee ,8 kma 2U’ (111.10)

A11,9 — 
lcma ~2U’ 

(111.11)

(tuna)
A11, 10 tuna ~].U’ 

(111.12)

A111,11 — 0 (111.13)

~-e (k )
A11, 12 

— ‘
i.e_Vt’ 

(111.13)

A ~-t1 (ka) 
~U’~ l3 ka 211’ 

. 
(111.15)

PD1/1.

A — ~~~~~a1 
~ 

(I I I  16
U’ ,14 ka 211’
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LV

V 1’ (ka)
AU, 15 ka 

— 
~~2U’ (111.17)

where

1 1P
~~
Pt,

l 2~~~~~ — J sin(0) dcosO (111.18)

1
= J-~

-
~

-
~
--- P ,1 dcosl3 

(111.19)

V Equation (6.63) may then be written as

4I~ ,(kma) 
- t,~-~(kma) IPe_i (ka)

tun a tU. ’ 
~kma - ~2u’ ka ‘111’ ka 211’

~
4, ‘(kma) ~j, (Lana) 

. 1

Lana 211’ kma U’ _______ a

ka ka 
£ 1111

ji~~ (kina)
, 

_
~
41
~
(kma )

, 
4(lca)

, 
-~~e_~ (ka) 

V

kma 2W k~a 111’ ka 211’ ka 111’ 
V

- ~e_ (kma)
1 ~Lt

(kma ) 
, 

~~
1
(k8)

1 
p11’(ka)1 

t

tuna if t- ’ tuna 211’ ka 111’ ka - 211’ V 

V

(111.20)

anu Eq. (6.64) as
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p
P.

,,iYek~
41t (ka

~~
2a, + 

~
4)
t
’(ka)Iit.ei1/k>

\

( jYt (L
~t
(ka)I

2u~ 
+ ~~‘ (ka)i 211,~ /ka 

-

F ( (111.21)

\
\ 

_
~
y
t
[.-t
~Pt
(ka)I

i11, + ~.e ’(ka)12V U,J/k~a j
+ ~~ ‘(ka)1211,]/ka

,,
,/

To simplify the demonstration , two restrictions may be made

without compromise : first , that the part icle is small enough that

only the first term £ — 1 need be retained , and second , that 1’ be V

chosen such that

— 1 . (111.22) V

and

~2U’ 0 ( 111.23)
-

~ 

S

V This reduces Eq. (111.20) to 
‘ V
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V

A,4~ (kma) 
—p, (ka)

0 1.

E / 

o -~1

1
(kma ) 0 p~

’(ka) 
(111.24)

m 
0 -~p1 

(ka)

-u~~(kma ) 0 p
1
1 (ka) 0

and Eq. (III. .~I) to

,
4l~~l (ka

’

~

’

\ 

V

f ~~~~~~~~~~~~~~~ 
(ka)

F 

~
( 1 (111.25)

-

~~~~~ ~~~~ 

(ka)

\~
_
~~ i~ 1

(ka)

It may be noted that Eq. (111.24) is now separated in terms of

pairing a~ with c1
, and b

1 
with d.1. If Eq. (111.24) and (111.25) are V

comb ined , the result is V

~~~1
(kma ) - c

1
p
1
’ (ka) - 

~ 
~1 (k*) (111.26)
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—b11j1
’(kma) + d

1P1
1 (ka ) — y

1*1
(ka ) (111.27)

1 - ~~~~~~ ~P1
(kma) + £d1

p
1
1(kz’) - .~y1

lj1
1
(ka) (111.28)

V 

-~a1~1
(kma) + £c

1
p~ (ka) - --fy1~1

(ka). 
(111.29)

Equation (111.26) may be rewritten as

a1 
— m [c

1
p
1

1 (ka) + y1~p,.~’ (ka)1/~~ (kma ) (111.30)

and combined with Eq. (111.29) ‘to yield . 
V

c1P1
(kma) 1’ 1

- 
— m [c

1
p
1 

(ka ) + y
1~
p1
’(ka)] + .tc1

p1 (ka) —

V 4i (kma )

— .(y
14 1

(ka) (111.31)

- ~mc
1
p
1

1 
(ka)I~1

(kma) - .Ly1m*1
(kma)i1 1

’(ka) + .Lc p
1
1(ka)~ 1

’(kma )

V 
— — y

1~1
(ka)i~1

’(knta) (111.32)
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tc 1
[p ~ (ka)~ 1 (kma) — mp~ (ka)~ 1(kma)] 

—

cy [m~1
(kma)4i1’(ka) — ~js ‘(kma)4~(ka)J (111.33)

1 1

[nu~1
(kma)ij 1

’(ka) -
— 1 - 

1 1’ 
(111.34)

[p
1 
(ka)4

1
1 (kma) — mp

1 
(ka)4 1(kina)]

which is identical to Eq. (3.17) for -e — 1.

In a like manner Eqs. (111.27) and (111.28) may be combined to

yield Eq. (3.18) for I — 1.

Hi 
.

- V

4
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APPENDIX IV

TWO-DIMENSIONAL RADIATIVE TR.AI~SPER CODE

The computer code described in this appendix implements the

algorithm of Chapter X. Calculations performed using this code are

presented in Chapter XI. The version of the code presented here is

for a constant extinction coefficient.

The computer memory requirement for this code is approximately

V 1.25 x 8~ words. This requirement is not decreased appreciably by

V compilation using the SCOPE 3.4.2 compiler. Run time for a nominal

run in the near—jr requiring 24 orders of scattering to satisfy the

12 self—consistency requirement is about five seconds . The same

calculation for varying medium would require about twice as much

time.

The code consists of a driver routine and five subroutines. V

These routines are described individually below, and are listed in

Tables ( I V— l )  — (IV.6).
V 

RT2 (Table (IV. l ) )

This is the driver routine. It inputs the extinction coeff 1—

cient, the albedo of single scattering, and the phase func tion for V

directions i — 1 to 5, sets the scale of the calculations, and

V normalizes the phase function. The calculation is performed for

incremental ranges or optical depths . Routine LSTART is called to

generate the zeroth order of scattering source functions. Routines

UPDOWN , ACROSS , and ACCOUNT are called for each order of scattering

to calculate the source functions. Finally CTRST is called to

calculate to modulation contrast for the total intensities.

Li :“ 
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LSTART (Table (IV.2))

This subroutine uses the incident illumination beam profile,

the extinction coeff icient, and the phase function to calculate the

zeroth order of scattering source functions. This routine is specific

for beam type sources with light propagating only along the ~, — 1

direction. More general incident illuminations are not considered by

this routine because only this type of incident illumination was

needed in this investigation.

IJPDOWN (Table (IV.3))

Subroutine UPDOWN calculates the nth order of scattering source

function contributions for directions £ 1, 3, 5, 7 from the ~_1th

order of scattering source functions. Additionally , it calculates the

V ~th order of scattering intensities for directions £ — 1 and 5 at the

edges of the medium. These are the forward scattered and back—

scattered intensities, respectively.

V 
ACROSS (Table (IV.4)) V • V

This routine performs the same source function calculations as

UPDOWN except for direc tions £ — 2 , 4 , 6, 8. V

ACCOUNT (Table (IV .5))  V

Surboutine ACCOUNT transfers the ~
th order of scattering source

function array into the ~_1
th array in preparation for the next order

of scattering calculation . Additionally, it zeroes out the ~th order

array. V

k 174

I
V V ._ V ~~~~~~~~~~~~~~~~~~~~~ VV ~~~~~~~~~~~~~~~~ _V S

VV .. 4 ~~~~~ ~



V 
V - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2 VTVT

..-.

CTRST (Table (IV.6))

V 
V ~ This routine calculates the forward scattered and backscattered

1 modulation contrasts.

.1

V
~1

V d V

‘Vc
V t
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TABLE (IV. 1). LISTING OF ROUTINE RT2 ~~~~~~~~ ~~~~~ ~~~~2hilSL~~.L) A) i~J)C _~~~~~~~_ 

--

,.i~OGQAI4 wT2(IP4$~,Jt.OU1PIiT ,TA ~~ ’~~ I -1Pt1I.TAs .’F~.z-)IITl-’ T.I ’t7,1~ P.’,)

‘1 coHso.i/UNC/A(bt .31 .s~ , E , I .3)  •14’ .CI i .~) .1’) 1~~I ) .  I ( f l ,  •pp ( ,E ) .

V I
CONMONI IwU/f)A,uY ~~~~~~ .W,S,4,i.rM ..‘øe .’,

c COhSMON /AL/ILTLF
O1M€I-.sLU~4 X~~3l~~.Y(3))

NAUtL1ST/NIN/AL ,ALL ,W.
~~0*.1.

I)!.
in Or •

Ow uSQb~I 
(U*•fl *.0Y 0Y

CMU anA/~.W
SMU DY,’)W
DO I 1 1.-3 1

Y l  l)~~FLOAT lI *)
I T4I).t*PI LUAT (I b) ? .’~~~~

CALL CI ,rSI (V ,T .7 ,1)
*0 (5. ~Ts4

ir(AL.’w.U.)6010 4

AL~~.n5
GO!0 4L

4, ALL *AL
41 IF (PP (b).GI.O.)bOI(’ b

C
C ~~~ LEbt NU~IF
C

OO 3 1 A .~ 
V

11a1 0 1
in ~) PP I —e~P (Ii) 

V

S P5550.
00 31 IaI.*

3) PSS~°SS.P”(1)
00 32 1*1.”

3S 3~ PP (I)~~~P(i)/PSS
wI~IT F(a,RI.~)

0 99 NiI?5~ U.b0,k0
OUzAL •FLOA1(NN ) 

V

V NP1(,f.s0U~~ALL V

9’. rO”M AT(S*.” WANGE . ~~~~~~~~~~~~~ n— T . ,afI~TP4 * ‘ . F 1 - .~~
) 

V

CALL LSIA$T
NaO
Cfl—CI fib)

4S WRITF(6.9~ )

~R ITF (6.9I)((Y(I).C1(I).OIII)).I*I .~~i)
WR )T~ (b.9J1

9u FO,’M$T (cx. ” O€cAUL I ENI’ “)
9) FOwMAT (’jX,~ L0.?.2~~I5.5)

~e FO .’MAT ~~2A.”A”, 7~ ,‘WORWAW’)” . 5~ 
.“S~&r ~~ A .~i)”

9~ Fm~M A T ( / / I / / )  V V -. V

94 FO.-MA7 ,/5A.I)O)

in CnNUNUL
CALL UP~UU UN
CALL AC.~uSS
C A LL ACCOUN T
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TABLE (IV. 1). CONTINUED 
~~~ ~~~ 

yi.fltjUSK~
) TO DD,Q ~~~~~~~~~~~

sR I 1l~ 4b. &i 14  •Y I I) ,rl I)) .11 ( 3 ) )  .1*1 .31)
CFu*~~ (Cu—C I ( I ~.I I/C-)
Ic ((.LI.3)Glfl ,) 9s
1r4cr .Lt . .OL)6o’u 999 V

*F (’
~
.Gf .

~~
0)I’U10 999

Os

~~4 ) 1~
rO*CI (ih)

( U f u  to
999 CON TINUF V

CALL C T P S I I V , C h I ) I .~~~)

‘~9 t flN1J N~*

INI) V
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S~ HR0UT1NC ISTA ØT
- COMMON/ONI/A(~~t.3i,4I,* (bI,3I. s(,CIITi) ,n)(~~1)..(3I ,.s.~p (N),

CflMNON/ 1wO/O*.&)’r ,O4,AL,w.SWU,C~~,~1pI.Nc Oil I IaI.Sl
I 0~ I

Di) 1 i(~ 1,s

I 4(i.J,RI.0.
V in I CONTINUt.V 

C~~ txPt—AL’nx )

00 10 i.I.N) V

V C*C~ CA V
V 

Is 00 Ii~ JaI.31
U~C’T (.1)
00 10 K. 1,a

V A(I,J.K).0~~ P(I() V
10 CONTINUI.I ~•, C.(*D(—AL•0jI*N.~

DO 2fl 3.1.31 . •S V 5

01(1)30.
2fl CII1).T (1)•c

V NFT U.~NV END

j . , A • A - -

V . • V V  A —

VJ•
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TABLE (IV .3). LISTING OF ROUTINE UPDOWN

V 
SIIth4OUItNE UPI)UWN

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
l V 3 l~~~~P P( M )

~~

COMMONI 1w0/fl~~,UY,UN.* L .w. SMIJ .CM-t, N~~,N
-; C

C IW SP’ IN 3,3,5.7 O1)P~CT1 (INS

C

V E(*t.*P(—AL ~ flA/2.)

In  EFs1.—t.t. V

C 
V

C 1.5 oI~ FCT I0N~
C

00 10 J~ 1.3)

V 
ic VV sA41 ,J ,j)~ EF

U0*A(N14,J.S)*EF
U*UU
v*vv

V 00 Ii ~~~~~
2” B ( 1 ,J , I~)* b().J .1~).V PP(’ .)

3 1 7*uc—4 
V

IF(3Z.0f.0)C,OfO U
I? IZ.5

it H4N.4.J,l~)3BINH.J ,PU .U3PPIIL)
00 1 I*2.NI~
V~ • V V •EE
U*U’E .UU~E(

V VV.A(1,J,i)•tf
uu.A (p (N.i—1.J,5~’LF

3-” u*U.uu
V *V.VV
00 12 Y.* L .8

V d o I . J , l) * $( I , J , 1 ) . P P ( K ) 9

35 1F (I~~.4,(.0)G0TO 32
V Iz*1z•~Li

I CONTINUe.
V C

40 C NT$ 0NUt~4 INTEN SITIES
C

014 J) *0 14 J) . I U~ EE ‘UU I
CI (J)*C1 (J) .(VAEE .VV) 3W * 14

I~ CONTfNUt.
4,5 ~*E*P(—AL*DY )

EEat*P(—&L*f )Y/2 .)

C
C 3.7 OINtCT IONS

V 
- Si. C

00 2 I~~1,NN
V V * A ( I, i . ? )*EF

V UU*A(f ,31,3)’EF
V.99
U.UU

1)0 21 ~~~~~ 

V
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TABLE (IV . 3). CONTINUED ~~OM QQ~~ 
y~~~L9~2) TO DD,Q _— V

l i.K-6
V I (17.(ar.o)ciOru 211

60 11.17.8
231 $f1.1.~~).~~(1.J,’c).PPIJZ)Av

- Ir (Iz.bl.u)Go ro 21
I 12.11.8

V 65 21 I((1.31,’~).B(I,3I.~~).PPIll)*U
2

V -
V U.U~E.UU~ EE
4 1I~ VVs~~~).J.7)*EF

U*U.UU
V*v .VV

V ($1 22 ~~~~7; 1iaI(—b
IF(I/.bf.U )GOfI) 221
17—u .s

221 8(j,J,X)s~~(t ,J .rt ).PP (11P’V

Nfl IF (IZ,ol.0)GOT0 22
11.12.8

22 $4l.32—J,K)zN4I.32—J,,O .(~P
2 C”NTINUI.

kF Tu~N

-V • ‘ 
S
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V TABLE (IV .4).  LISTING OF ROUTINE ACROSS 
V

SIIBWOUT 1NE ACWO SS
V C0$MON/UNL/A4bl.JI,)).~l(bI, I .M),C I(~~IJ . P 1( 4f l . I 4’ 1 l, PP (~’~~.

V I PQIs ),~~~(8),00(M),PR(8 ).PStM) .I~~ (N),(3S (~~)
COMMON/ t W Q/ O* ,OY .OK,A L ,~~.SMt I .CMII. Nw ,N

c C
V C M~~S$ FON 2.4,4~.” U1~IECTLONS

C
E ~~~~I—AL *0I~)

I IE.EXP (—AL•0.I/2.)
10

C OIRt.CTION 8 DOW’.
V DI) 1 J.i.31

JPsJ.)
IPsi

IS VV*A (i,J.8)*(F V

I V .99
00 111 (* ~~~~M
175K—i

V IF (1l.6!.U)OOTO ill 
V

20 1/512.8
iii o ( i .J . I c l z b (1 , J . i ) . P P IIZ )• V

1 Ir(JP.~~I.3i)GoTt) 1
V ii  V .V~ F•VV *EE

V V .A I Ii’ .JP
- 25

00 t ia
1Z .K—7
IFIIZ.oT .0)GOTO 112
12.12.8

1” ii? NI IP.JP ,li).8 ( IPi. JP .K) .PM(j/) *~~
Jp—JP.I
1P81P41 

4,
LF (1 P.L1.INP .L) •ANO ..IP.LT .32)GWO L I

I CoP4r1NU ~.
V C DIRECTION 8 AC~lflSS

00 2 122.NR
JP.J.)

V V V z A ( l , I . $) • E F
I ~,n V V ~~V

V 
- 01) 21 1 ‘sl ,R

17.5—7
I F ( 1 7 . U, . O ) l ) O i 0  211

V 
I/ 1Z’~

45 2) 1
V IF(IP.UT.NR)GO TII 2

V 2)  VsV•F .LE*VV
VV S A (IP, W.i~)•U
V*V.VV V

Sn 00 2)2 i~*i. q
IZaK— 7
IF (i7 .I.,I .U)c,otO 212

212 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V

“ Pa ’s,.)
il l a IP. I
IF Ii P.4_ F • (NP.))  • Alit). IP.L I • ).i ’ ) I . l IT I l I-) I
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TABLE (IV.4). CONTINUED

2 CONTINUe
V C UIRECTIUN 6 0.Jw~

bO 0- ’ 3 •4ai.3 1
Juaj.

UU .AI !IN,i,b)*Ef
V U U U
V 65 00 3)1 *.~~,R

V 1 7*5—5
IF (i7.I,i.0)c ,OTO3LI
17.11.8

311 8INi~.J,5).8(NW, .l.K).PP (I1I U
4 70 IF (JP.bT.31)GOTi) 3

31 U.U*F.00 t.E
UUaA(1I1,.w.6)*E~

V UaU .UU
V DO 312 5~ 1.N

76 17.5—5
I IF (1 7.OI.0)GUTO iii

3 1/.12.8
312 1~~,.W,K a 1P.J~’.s .PPIIL)•U V 

V V

I IPRI P— I
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V 1,IIP.UT.0.ANU .JP.LT.3?)UU1O 31

3 CONTINUe.
C UIRECTI*J14 6 ACROSS

V 00 s I51.NR
V JP.2

‘P.1—I

U.UU V V

¶ 00 411 5R L~ 8 - 

V

‘~n IZ*5 5
iF I i Z . G T . 0 ) G 0 T O  si t
IZ.LZ.8

V 411 8(1,i,5).8(I,l,.).PP(IZ)~~4
D(IP.LT . i )GOTO s

95 41 U.U*E.UU’EE
V UU .AIIP,.JP.b)*EF

V U.U.UU
00 432 5*2 ,8

V 12.5—S
100 IF(Iz.oT.o ,noTo 412 

‘V

12.17. 8
412 N(IP,JP,5).M(IP.JP.K).PP 4 I Z ) 4)

IP.1p—l
JP.JP.1

106 IF(1P.bT.0.ANU .JP’.LT.32)DOTO 41
4 CONTINUe.

C DIWECTI0N ~
F 

DO S Ja1.30
JP.J— 1

it” 1P.NR I
UU.A(NH.J.4)’LF
U.UU 

V
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LIST OF SYMBOLS V

A Parameter for Deirinendjlan particle size distribution
function.

V 

~~~~~~ 
Integrals used in non—spherical particle scattering

V 
solution .

Aft) Field expansion coefficient in Rayleigh Hypothesis. V

A(r) Reilly integral.

Arbitrary vector function.

A Matrix in least—squares technique.

A’ Transpose of matrix.A.

(A”A)’1’ Inverse of matrix.A
+A.

a Constant used in relating ~ to A~. the specif Ic particl e
radius, and the semimajor axis of the ellipsoid/spheroid.

Interior electric Debye potential expansion coefficient.

9 a~ Shape function parameter.

Radius of particle as a function of 0 and ~~ .

B Parameter for Deirmendjian particle size distribution
function . V

B matrix representing interior and scattered fields.

B(r) Reilly integral. 
V

• 
Magentic flux intensity.

B Mat r ix  In least—squares technique .
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b Constant used in relating ~~, 
to ~~, effective particle

radius in Rayleigh—Cans theory, 2nd simimajor axis of the
ellipsoid/apheroid.

bt Interior magnetic Debye potential expansion coefficient.

C Coupling constant for Junge particle size distribution
V 

function.

C(r) Reilly integral.

C(r~,,1.k1) Modulation contrast at r~~ along

C Matrix in least—square technique.

c Speed of light , speroidal/ellipsoidal particle size V
parameter.

cC 
Scattered electric Debye potential expansion coefficient.

cog Cosine function.

D Coupling constant for log—normal particle size
• distribution function.

Electric displacement.

d e Scattered magnetic Debye potential expansion coefficient .

Lef t and right components.

Er iE0~
E
0 Spherical componen ts of E (also used for other vectors ) .

Electric field.

e1,e2, e3 Cartesian unit vectors.

F 
~~~~~ 

matrix representing incident fields.

f(r,t) Particle concentration. 
V

f1(r) Symbol ic incident field solution in least—squares
technique. 

V

f ( O ,~~) Radius function for non—spherical particle.

188

L



V ~ V V - ______________________

V - _ _ _ _ _ _

~~~
V V
~~~~

•VV - VV ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V

C(r ,0 ,41) Reilly ’s test function .

C Matrix of aL, b
~
, ce, and d e.

g5(r) Symbolic scattered field solution in least—squares 
V

technique.

H~ (r ) Hankel function of 1
8t kind and order in.

Hr1H0~
H
~ 

Spherical components of

Ma’~netic field.

Spherical Hankel function of the 1
st and 2nd kinds of

order Z.

h
W(~) Symbolic interior field solution in the least—squares

technique.

i~ , I~ 
Left and right polarized Stokes vector components,
Intensities.

Intensity at ,~~ at t ime t along ~~.

I (~,t,~) 
~~ order of scattering intensity.

nth order of scattering intensity at ~~~~~~ along 
~~~~~

‘ii ” Superscr ipt, indicating incident wave -or field.

J(~ ,~) Source function.

j (~~,t ,~~) 
~th order of scattering source function.

~th order of scattering source function at along

Spherical Bessel function of the 1
5t kind of order ‘. V

Propagation direction unit vectors.

thi propagation direction unit vectors.

k Wave number . 
V
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e,z’ Summation indices.

-~ Path length.

in Natural logarithm.

m Refractive index, summation index .

- . m 11m0 Refractive indices inside and outside particle. V

N (~,a,t) Particle distribution function.

Surface normal vector.

Unit surface normal vector.

n Index of order of scattering, ~im.nation index.

n (r ) V, n(a) Particle size distribution function. V

p(~ ,t,6),P(0) Unpolarized phase function. V

• P t (cosO) V Legendre polynomial of order £.

P~(cosO) ~
th associated Legendre polyno~ial of order t.

Scattering phase function corresponding to ~th Stokes
V vector component.

V 

~~~~~~~~~~~ Polarized phase function used in radiative transfer.

V Q - - Weighted quadrature approtimation phase fu~~tdi~ i -value
for scattering from P. to k.. V

5,

Q(~ ,t ,0) Modified unpolarized phase function. 
-

R (r )  Reilly’s unknown function. V

Radial unit vector.

Position vector.

Position of the t,m point in L x N array.

- - 

- 
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t

r Particle radius , radial coordinate.

S,S’ General solution of the Helmho].tz equation.

s1(O),s2(0) Angular scattering function.

Superscript indicating scattered wave or field.

s1 
Expansion coefficient in a(O,~).

V - sin Sine function. V

t ,t Time variable.
0

13 Stokes vector component.

V 

u5 Scalar scattered field. V

V Stokes vector component .

Superscript indicating interior (“within”) wave or field.

x,x Mie size parameter (— 2It a/A). 
- -

x(8) Irregular particle shape function.

y~(x) Spherical Bessel function of the 2nd kind of order -e.

V Unit vector in the z direction, identical with
V 

z Cartesian coordinate.

Angular scattering function expansion coefficient.

Extinction coefficient ar

ct(~~, t) Extinction coefficient at at time t.

Angular scattering function expansion qoefficient . V

Scattering coefficient at at time t 
V

Parameter for Deirmendji an particle size distribution V

function.

~~~

V

I
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- 

V

y
~ 

Incident Debye potential expansion coefficient.

iS Parameter for Deirmendjian particle size distribution V

V function , phase difference.

e Dielectric function (constant) total fitting error.

Fitting errors in least—squares technique.

Exponent coefficient in Junge particle size distribution
function.

Radial f unction, — xye(x). V

Angular function used in S~
(8) and S2 (0) .

K Real part of m . V

A Wavelength.

Permeability.

Ii Coa(O), ~ 2.

v Negative imaginary part of a. -

to Angular frequency.

Effective albedo.

V 

w(~~,t),W Albedo.

4’ Magnetic scalar potential.

Scalar Helmholtz equation solution of keilty.

V 4’ (r,O,$) Symbolic linearly independent function cf least—squares
technique.

Azimuthal angle 
V V

Electric Hertz vector.
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V I

:1

ri Electric Debye potential, ratio of circle circumference
to diameter.

‘V Electric scalar potential.

‘V (r,0,~ ) Symbolic linearly independent function of least— 
V

squares technique.

~e(x) Radial function, — xjj(x).

p Charge density. 
V

4(x), p~ (x) Rad ial f unction, — *4(x) and xh~(x) 
V

Magnetic Hertz vector.

u Standard deviation used in log—normal particle size
distribution function, conductivity, magnetic Debye
potential.

o ( a ,A,m) Extinction cross section.

Stokes vector component i differential cross section.

Total scattering cross section.

o ( a ,A ,m,0)  Unpolarized differential scattering cross section.

T
t

(O) Angular function used in S1(0) and S
2
(0).

V 0 Polar angle and scattering angle.

O Unit polar vector. 
V

Gradient operator.

Boundary condition function .

Boundary condition function.

Average particle size used in log—normal particle size
distribution funct ion.  

V

Infinity.
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