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CHAPTER I

INTRODUCTION

This dissertation describes the results of an investigation of
radiation transfer through aerosols. Aerosols have been studied for
many years, and several good reference works on the physical properties
of aerosols are available. (Green and Lane, 1964; Sedunov, 1974: Fuchs
and Sutugin, 1970; Junge, 1963; Voloshchuk and Sedunov, 1973; Friedlander,
1977.) Sedunov presents a concise, useful definition of an aerosol: a
solid and/or liquid substrate in a gaseous superstrate. Basically an
aerosol is a collection of solid and/or liquid particles suspended
in a gas. The gas involved is usually an atmosphere such as that
of the earth, and the particles are suspended due to some act of
nature or man. Aerosols may be generated by meteorological
conditions (condensation fog), by the wind (dust or near surface
haze), and by combustion (most smokes).

Most liquid aerosols are comprised of water, often with
impurities. Solid aerosols are more varied, being comprised of such
varied materials as minerals (dust), elemental carbon, or organic com-
pounds (spores). In some situations, it is possible for an aerosol
particle to be both solid and liquid. An example of this would be a
dust aerosol that is exposed to varying humidity conditions: a gust of

wind raises a cloud of dust, the particles, which are irregular in shape,
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are carried into a region of greater humidity and water is adsorbed
on the surface of the particle(s). This adsorbtion has the effect
of making the particle more spherical in shape and increasing its
size. If the particle is insoluble, it may continue to adsorb
water until equilibrium is reached. Sufficient water may be
adsorbed to completely cover the particle. Then this particle
would be layered, with an irregular, solid core, and coated with
liquid that is externally spherical. If the particle were water
soluble, the water solution would eventually form a spherical water
particle with impurities.

In general, liquid aerosol particles are spherical until
they become large enough for gravity and aerodynamic drag to deform
them. Solid aerosol particles are usually nonspherical, although
spores, some forms of carbon, and some plastics may be spherical.

Aerosols are, of course, a collection of particles, and in
addition to their shape, must be described in terms of their sizes.

(Aerosol collections made up of particles of only one size are

monodisperse, those of particles of several sizes are polydisperse.)

The number of particles per unit volume per unit size is usually
described by a particle size distribution function, size usually

being expressed in terms of the particle radius, although particle

diameter, area, volume or mass may be used (Cora, 1976). Because the

radius representation is the most common, and is well suited to
radiation transfer calculations, the radius representation will be

used in this dissertation.
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There are three main types of particle size distribution ’

functions in common use. These are the Junge (Junge, 1963),

n(r) = C/r" (1.1)

where n(r) = number of particles per unit volume per unit radius,

r = particle radius,
C = a constant, and

n = coefficient,
the Deirmendjian modified gamma (Deirmendjian, 1964),
Y §
n(r) = Ar'exp [-Br ] (1.2)

where A, B, y, §, are the parameters, and

the log normal (Corn, 1976),

n(r) = % exp [~ {1n(r) - 1n (<r>)}2/21n(o)2] (1.3)

where D = coupling constant,
<r> = gverage particle radius, and

o = standard deviation.

The Junge distribution is commonly used to describe atmospheric aero-
sols (haze), {s defined with an upper and lower limit on particle radius,
and has a coefficient n that is observed to vary between the limits of
2.5 and 4. A Junge distribution is shown in Figure (1.1).

The Deirmendjian distribution is commonly used to describe fog,
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haze, and rain. An example of the Deirmendjian distribution is shown
in Figure (1.1). The log normal distribution is also commonly used to
describe fogs and hazes as well as many smokes. This distribution enjoys
much experimental popularity due to the ease it affords data analysis.
An example of a log normal distribution is also shawn in Figure (1.1).

While nonspherical aerosols exist and are commonplace, they are
usually described in terms of one of these three distributions and rules
exist for determining the "equivalent" spherical size of the particles
(Cadle, 1965). No attempt is made by Cadle to describe the shape
distribution of the particles as a function of size.

Aerosols are also described by their refractive indices. This
quantity is usually complex and because of the difficulty of measuring
it, is assumed to be constant for any one aerosol with respect to parti-
cle size and shape. The refractive index of water is shown as an example
in Figure (1.2) (Deirmendjian, 1975).

The first step in treating the problem of radiation transfer
through aerosols is to solve the problem of the scattering of light by
a single particle. This problem has been studied with notable success
since the formulation of the Maxwell Equations (Rayleigh, 1871: Mie,
1908; Debve, 1909). While an analytic solution for the scattering and
absorption of a plane wave of light of arbitrary wavelength by a sphere
of arbitrary radius and refractive index (the Mie solution) has long
been known, the extent of the numerical calculations has pre-
cluded extensive use of the solution until the recent advent of the
digital computer., The Rayleigh solution for particles small in

radius compared to the wavelength is relatively simrle and has
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therefore enjoyed much wider use prior to the computer's advent. While

the Rayleigh solution is not applicable to most aerosols for wavelengths
shorter than the submillimeter (100 um.), it is applicable to gas molecules
even into the ultraviolet, and much work on the single and multiple scat-
tering properties of clear atmospheres has been conducted.

At this time, no elegant solution to rival Mie theory has appeared
to describe the scattering properties of general nonspherical particles
except for small size particles which may be treated by Rayleigh-Gans
theory (Gans, 1925). Attempts have been made to adjust particle
size distributions used with Mie theory to reproduce experimental
data, but these efforts have met with limited success (Cadle, 1965).

In recent years, several treatments of the problem of single
scattering by irregular particles have been advanced. These treatments
have included extensions of the Mie solution into other coordinate
systems where Helmholtz's equation is separable. One notable example
of this type of effort is the solution for prolate and oblate
spneriods (Asano and Yamamoto, 1975).

Perturbation techniques have been applied by expanding the
electric and magnetic fields, and the particle's shape in perturbation
series. Application of the boundary conditions results in a perturbation
equation that allows the corrections to the electric and magnetic fields
to be calculated in a bootstrap manner (Yeh, 1964). Unfortunately,
this method suffers from the usual limitation of perturbation theory --
the perturbations must be small.

A technique that has enjoyed some use in describing conductors
is the use of the last~squares regression technique to solve for the

9
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scattered electric and magnetic fields (Davies, 1973). This technique,
however, does not exactly satisfy the boundary conditions of
electrodynamics.

One recent technique of note has been the use of an integral
equation formalism (Eyres and Nelson, 1976: Uzonoglu and Holt, 1977;
Waterman, 1971). While integral equation formalisms have been used
before, these latest treatments are notable because the boundary con-
ditions are properly accounted for, and the numerical solution is
obtained, not by iteration, but by reducing the integral equations to
linear equations and obtaining the expansion coefficients.

An empirical treatment recently advanced is a modification of
the Mie solution based on the correlation of resonances in the ana-
lytical solution with glories in the experimental data (Chylek, Grams,
and Pinnick, 1976)., Although calculations performed using this modi-
fication have displayed better agreement with experimental data than Mie
calculations, the validity of the modification has been criticized
(Kerker, 1977). While this treatment offers a possibility of widespread
usefulness because of its computational simplicity, the modification's
basis has not been substantiated by more exact calculations.

The second step in treating the radiation transfer problem {s
to extend the calculations of the single scattering of light by a
single particle to the single scattering of light by a collection of
particles. In most cases, notably for naturally occuring aerosols and
the visible wavelengths of light, aerosol particles are sufffciently
large that the Mie solution is required. Fortunately, the acrosols are

also sufficiently dilute so that during any reasonably long period of

10
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time, the particles are in the far fields of all the other particles.
Deirmendjian has shown that under these circumstances, the particles
are independent and the scattered intensities rather than the scattered
electric and magnetic fields may be added (Diermendjian, 1964). As a
result, the scattering properties of most aerosols may be described in
terms of an average particle. It should be noted, however, that work
has been done to include the interparticle correlations (Foldy, 1945).
As the submillimeter and millimeter regions of the spectrum become more
accessable and utilized, the importance of this problem should become
more apparent.

The third step in treating the problem of radiation transfer
through aerosols is the calculation of the multiple scattering effects
that may occur in an aerosol medium. To perform this calculation, the
theory of radiative transfer (RT) developed by Chadrasekhar may be
used (Chandrasekhar, 1960). This theory has enjoyed extensive use in
describing the propagation of light through stellar and planetary
atmospheres. These two problems are characterized by three notable
conditions: first, the illumination incident onto and/or from the atmos-
phere is uniform; second, the scattering medium varies in only one direc-
tion at most; and third, the scattering phase function of a gas (the
Rayleigh solution) has a simple analytic form. These conditions allowed
the general form of the RT equation to be reduced to a one-dimensional
form that could in a few cases be solved analytically and, for the
Rayleigh phase function, could be solved numerically without the computer.
Indeed, this numerical solution represented the essential state-of-the-

art prior to the computer's advent about 1960.

11
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The digital computer has permitted the RT equation in its one- ’

dimensional form to be solved for other, more complicated phase func-
tions so that the problems of light transmission through a hazy atmosphere ‘
i ' or an atmosphere with uniform cloud cover could be solved.

While this one-dimensional form of the RT equation was adequate

for describing the brightness of a star, or the amount of light reaching ;
the surface of a planet, advances in detector/source technology have
uncovered problems that the existing RT techniques cannot treat. The }
availability of both visible and infrared imaging devices and of the
laser have introduced a new class of problems involving nonuniform
incident illumination. The determination of laser beam broadening or
imaging contrast degradation due to multiple scattering is beyond the
scope of the uniform illumination formulation of RT.

To date, however, only limited attempts have been made to solve
the general RT equation. Notable among these is a calculation using the

four-dimensional RT equation simplified for small angle scattering only

! (Weinman and Shipley, 1972). This calculation, which was performed to

predict laser pulse stretching in clouds, is valid only when the aerosol

Aaaitiie

E | particles are much larger than the wavelength. (The phase function is
sharply peaked.) This approach is not valid for scattering by atmos-
pheric gases because the Rayleigh phase function is not sharply peaked,
Another notable calculation was performed to support the optical i
measurement of the particle size distribution in a chamber (Deepak and |
Green, 1975). Although this calculation was valid for general scatter-

ing angle, it was carried out only to third order in scattering. While

third order scattering is adequate for the optical depths observed in

12
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the experiment, the technique of Deepak and Green is not readily applic-
able to problems that require that higher orders of scattering and/or
more general boundary conditions be considered.

As a result of these considerations, this disserta;ion
investigation was begun to determine the effects of aerosol and
atmospheric gas multiple scattering on imaging and laser beam trans-
mission. These transmission calculations involve nonuniform incident
illuminations and aerosol media that had not, to date, been generally
treated, either analytically or numerically. This phase of investi-
gation has resulted in a two-dimensional RT code for the treatment
of imaging and laser beam transmission. This code constitutes the
contribution of this investigation to the third step of the radiation
transfer problem.

As calculations with this code proceeded from liquid aerosols to
solid aerosols, the problem of single scattering by irregular particles
surfaced. As has been noted earlier, several techniques for treating
the problem were known, but none provided the necessary information for
solution of the RT equation. This information includes the extinction
coefficient, the albedo, and the phase functions for irregularly shaped
dielectric aerosols. Considerable effort has been made to extend the
Mie solution to irregular particles to provide this information. This
extension was implemented into a code for solving the single scattering
problem for cylindrically symmetric irregular dielectric particles. This
restriction is imposed, not by limitations of the theory, but by limi-
tations of the computer. The development, implementation and use of

this code is described in this dissertation.

13
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This code constitutes the contribution of this investigation to
the first part of the problem of radiation transfer through aerosols.
Thus, of three parts to the problem, two have been addressed in this
investigation: the single scattering by an irregular dielectric particle,
and the multiple scattering effects for nonuniform boundary conditions.

In Chapter II of this dissertation, the Hertz vector formalism
is developed from the Maxwell Equations. This formalism has the ad-
vantage of reducing the vector differential equations (which are derived
directly from the Maxwell tquations) for describing the single scatter-
ing to scalar differential equations. This Hertz vector formalism is
then used in Chapter III to derive the Mie solution. The extension of
the Mie solution to aerosols is reviewed in Chapter 1IV.

Several of the previous formalisms for treating scattering by
irregular particles are reviewed and discussed in Chapter V. Chapter VI
then presents the theory for single scattering by irregular particles
used in this investigation. This is an extension of the differential
equation, Hertz vector formalism of Mie to "slightly" irregular particles
with cylindrical symmetry. Unlike the Mie solution for the spherical
particle, which has an analytic solution that can be evaluated, this
formalism requires a numerical solution because the radius of the
particle is itself a function of angle. This solution may be obtained
by the computer, however, and a code to perform this calculation is
described in Appendix (I).

The calculations performed using this code for spheres and
spheroids are compared with exact calculations in Chapter VI1. Addi-

tionally, sample calculations for a variety of irregular particles are

14
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presented. In Chapter VIII, the validity of the Mie modification of
Chylek, Grams and Pinnick is addressed (Chylek, Grams, and Pinnick,
1976). This modification is first examined by calculation of the
electric and magnetic field expansion coefficients. Following this,
polydisperse aerosol phase functions are calculated for several types
of irregular particles after incorporating the techniques of Chapter IV
into the code. These phase functions are then combined using linear
regression techniques to fit experimental data.

Chapter IX begins the discussion of the multiple scattering part
of this investigation. In this chapter, the general RT equation is pre-
sented and its reduction to one-dimensional form for the treatment of
plane-parallel atmospheres is outlined. An approximate solution of the
two-dimensional unpolarized RT equation suitable for imaging and steady-
state laser beam transmission calculations is presented in Chapter X,
together with an algorithm for its numerical solution. This algorithm
is implemented in a code described in Appendix (IV). Calculations per-
formed for transmission through a Deirmendjian C.3 fog using this code
are presented in Chapter XI and discussed. Chapter XII is a summary of
the results of this dissertation investigation with emphasis on the
various limitations of the calculations. A few problems to be treated

as future efforts are indicated.




CHAPTER II

ELECTROMAGNETIC WAVES AND HERTZ VECTORS

The Hertz vector formalism for electromagnetic waves may be
derived from Maxwell's Equations (Jackson, 1962),+

z°2 = 4mp, (2.1)

X-E =0, (2.2)

; 4 1
Xxﬂ = ;—Q el (2.3)
and
. Bk
1
k=~ = 5g.° (2.4)

where: Q = the electric displacement,
E = the electric field,
B = the magnetic flux intensity,
K = the magnetic field,
p = the charge density, and
c = the speed of light.

The constitutive equations are

Q = CE, (2.5)

% = of, (2.6)
and

% - un, (2.7)

+ Gaussian units are used throughout this dissertation.




where: ¢ = the dielectric function (constant),

o = the conductivity, and

u = the permeability.
The dielectric function and the conductivity are restricted in this
treatment to be scalar functions that change value only at known,
definite boundaries. It is assumed that p =1, and p = 0.
As a result of these restrictions, Eqs. (2.1) and (2.2) may be

written as

X-E = 0, (2.8)
and
vH= 0. (2.9)

For monochromatic light of wavelength, A, E and j§ may be taken to have
time dependence of the form ¥t yhere w = 2mc/A. The modulus of the
wave vector, k, and the refractive index, m, may be defined by

k =w/c = 2n/A, (2.10)

and

wt = ¢+ dniole, (2.11)

since the permeability is one (Born and Wolf, 1975; Van de Hulst, 1957).

Equations (2.3) and (2.4) may be rewritten using these caveats
and Eqs. (2.5) and (2.6) as

Pk = - ikn’E, (2.12)




e

vxE = <kff . (2.13) ‘

This set of Maxwell Equations, Eqs. (2.8), (2.9), (2.12), and (2.13) may ‘ %
be used to calculate the light scattering properties of individual {

particles.

it
B S ——

In particular, Equations (2.8) and (2.9) admit the solution of
the Maxwell Equations by Hertz vector. Because the divergence of the
¥ curl of a vector is zero (x-gxﬁ = 0), the magnetic and electric Hertz i

vectors may be defined as i

E E = any, (2.14)
{ and
R = by, (2.15)
Al
" where a and b are coefficients to be determined. It may be noted that
:
) and § are two independent solutions of the second order vector

partial differential equations derivable from the Maxwell Equations.

Because E and n must be transverse in the far field, [l and ¥ must be

e

&i radial vector functions and any linear differential equations in [l
; and { must be reducable to scalar equations.

. The magnetic field due to [l may be found by substituting
Eq. (2.14) into Eqs. (2.12) and (2.13) to yield

xxﬁ . - ikluzgxn ’ (2.16)

and

ayxyx = iku ’ (2.17)

19
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so that

u = —Lkang + Ve, (2.18)

where ¢ is a scalar potential that is consistent with Eq. (2.16) since
the curl of the gradient of a scalar is zero. This potential is
included to insure that Q will satisfy the Lorentz condition (Jackson,
1962; Tyras, 1969),

® =30 . (2.19)

Equation (2.17) may be rewritten using the vector identity,

i = L TR (2.20)
to become
ay (D) - agzn -, (2.21)

which may be combined with Eq. (2.18) to yield

av(y-p - avzg - akzng + kyo. (2.22)

Equation (2.22) may be combined with Eq. (2.19), the Lorentz condition,
to yield

ay (gD - av’y = akzmzu + XY@ - (2.23)

Since a is an arbitrary constant, it may be identified as {k, so that
Eq. (2.23) reduces to

vl + kg -0, (2.24)

Helmholtz's wave equation. Equations (2.14) and (2.18) may be rewritten

20
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£ = &y, (2.25)

and

B o= k3’ + preD - (2.26)

The electric Hertz vector, g. may be derived in a similar
manner, starting with the substitution of Eq. (2.15) into Egs. (2.12)
and (2.13). This substitution yields

bYNIXE = - (km’F (2.27)

and

ZXE - ikaXE . (2.28)

Equation (2.28) may be exploited to admit

g = ikb,g T, (2.29)

where Y is a scalar potential that satisfies the Lorentz condition

LR o (2.30)

v

Equation (2.27) may be rewritten using Eq. (2.20) as

bY(Y %) - bV2§ - bkzmz)a - &mzx,v . (2.31)

Equation (2.27) allows b to be identified as -ikmz. and Eq. (2.31)
becomes

vzi + kzmz;g -0, (2.32)

the Helmholtz's wave equation for the Magnetic Hertz vector. Further,
Equations (2.15) and (2.29) may be rewritten as

- -ik-ZX'E 5 (2.33)
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and

-

g = kzng + X(X'Q) . (2.34)

b The Maxwell Equations, Equations (2.8), (2.9), (2.12), and

! (2.13) may now be replaced by the equations

vzq + kzng =0, (2.35)
2 22
v+ Kkmy =0, (2.36)
2
- kPN + KomiE + 9(VeD) (2.37)
E " Q. el N &7 ? i
and
' o Konl + F(Ve]) - {kmiUx] 2.38
= kl nfl +3QR - Lkm Pxf . (2.38)
Equations (2.35) and (2.36) may be reduced to scalar differential

equations because § and n must be transverse in the far field, and Q
and L can therefore only be radial. The scalar potentials may be

defined in relation to the Hertz vectors (Born and Wolf, 1975) by

sl st A

L=en, (2.39)

and

{ero, (2.40)

where r is the unit vector in the radial direction. Equations (2.35)

and (2.36) may be rewritten as

v + Kar = 0, (2.41)

and

v2o + k*nda = 0, (2.42) L
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which have general solutions of the forms (Born and Wolf, 1975)

S = % [ apvp (kmr) + bznz(kmr)] P?(cose)[%"sin6m¢) + g"cos0n®)].

Jn
(2.43)
and
S' = ; aépt(kmr) + bépﬁ(kmr)JP;kcose)(c ‘sin(m¢) +
,m "
d,'"COS(mv)] (2.44)

depending on the boundary conditions to be applied. The angular
function ﬂ? is the mth associated Legend polynomial of order £, and
the cylinder functions Wz' Nps p;, and ptz are related to the usual

spherical Bessel functions (Abramowitz and Stegun, 1964) by

Wz(x) - xje(x). (2.45)
nf(x) = xye(x), (2.46)
pg(x) = xhy (x), (2.47)
o%(x) - xh%(x). (2.48)

Equations (2.37) and (2.38) may be explicitly written as

2
E o xinte ¢ 12 (2.49)
r ar2

23




-

1

RN i AN

3 an 5 320
rsin(@) 93¢ r 303r °
-¢k 9n 1 320
r 930 rsin(0) 3por °’

2
kzmzﬂ +___3 ; i
ar
1 2% _.L;&mz 9
r 90dr rain(0) 930

8211

ikm® 30

rsin(0) d¢dr

r

a6

e

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

Equations (2.41) - (2.54) constitute most of the basic mathematics for

the solution of the Mie type problems to be discussed in subsequent

chapters.
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CHAPTER III

SPHERICAL PARTICLES:MIE THEORY

The Mie problem is that of describing the scattered electric and

magnetic fields due to the interaction of a plane wave of light with a

spherical object. The boundary conditions for this problem require that

the components of the fields tangent to the sphere at its surface be
continuous. Because the surface normal for a sphere is purely radial,
the boundary conditions require that EO’ EO' HO' and H¢ be continuous
at the spherg's surface. Examination of Eqs. (2.49) - (2.55) reveals
that 1f n and o are continuous and once radially differentiable contin-
uous at the surface, the boundary conditions will be satisfied since
the angular dependence of Equations (2.43) and (2.44) are identical.

The plane wave is taken to be incident along the z axis with

components

E, = . e (3.1)
and

hy = e *2, (3.2)

which give rise to scalar potentials (in spherical coordinates) of

k2 )‘jzi"" 2oty v k) P (cos 0) cos (8, (3.

g =

and

Ty Yo o) p; (cos 0) sin (¢,  (3.4)

i % A1 28+ 1




where the superscript "i" denotes the incoming wave (solution) and m = 1
(free space) outside the sphere. The assymptotic behavior of the
cylinder functions in the limits r + 0, and r + «» allow the internal

("w") and scattered ("s") potentials to be written as

P el Eath (kmr) P; (cos 8) cos (¢), (3.5)
I Ebth (kmr) Pi (cos 8) sin (¢), (3.6)
w7 %ctoi (kr) Py (cos 6) cos (4), (3.7)
et %deo} (k) Py (cos 6) sin (4). (3.8)

The difference of a factor m_1 between Eqs. (3.5) and (3.6) arises from

the fact that if £ = &, Ae"™ g

and H = é2 B , then Eqs. (2.12) and

(2.13) require that B = mA. The boundary conditions, that the tan-
gential components of the E and U fields be continuous, may be determined
by examination of Eqs. (2.49) - (2.54). Since m and o are already

continuous in angles, the tangential continuity is satisfied by: Ee, m

90

90 am
and =7 3 E¢, m and —=; H

50> Hes 3¢ and mzo; and H¢, %% and mzo. Thus, the

boundary conditions are specifically,

%? (oi £ T Piike a, s

LT e BEEEE X (3.10)

Ol | I o (3.11)
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where a 1s the radius of the sphere.

The orthogonality properties of sin(¢), cos(¢), and the

,‘ 1 pll (cos¢) may be exploited to reduce Eqs. (3.3) - (3.12) to
iz—l Z—-Z—-*—zf ++11) wé(ka) + clptl'(ka) - m_18£4’é(lma) (3.13)
E | 3
£-128 +1 1 ' |
A7 Ty e N G i = T O, i
, APl ooy wie,ol(ra) ¥, (kma) (3.15)
| T e W TR 2 S T :
; J
T ET D vt + 4pop(ka) = by, (kna), Te i
s | awe(x)
where: y'(y) = 3~ 'x -y

Equations (3.13) - (3.16) may be combined to solve for the expansion

coefficients of the scattered wave scalar potentials,

=4

£-1 28 + 1 l‘wz (kma) y,'(ka) - ¥, (ka) w"t (kna)] i

i 1
E Y e p_e}(k&)‘#’z_f (kma) = mpl‘l (ka) wl(kma)
(3.17)
and o
-1 28 + 1 [mVp(ka)y,' (kma) = ' (ka)y,(kma)
TTWID caae,T " (kma) p,* (ka)
Vp(kma)p,” (ka) - my, )P, (ka ?
(3.18)
27 o
i

it et e TIPS — i -~ A‘




1
|

DI i S R R il g e T i R VR Syl e SN - S i T

- s b oS

By combining Eqs. (2.50), (2.51), (2.53), (2.54), (3.7), (3.8),

(3.17), and (3.18), the scattered electric and magnetic field and

components may be written as

P} (cos8)

= : 1
Ey = (kr) g'[‘dt Pe (k) Sin(@)

3P£(cosﬁ)

m
[ |

~er) Y [ idgP,t (k)
2

apl(coae)

x
]

(kr)‘lg [ d z"z " (kr)

P 1 (cosb)
sin(Q)

x
[}

(kr)‘lz[ a0 M)
e

: : 1
- Lclpl (kr)

+ j'clpl (kr) SR

i Z (coa 0)
+ clpt (kr) e ——

X cos (¢), (3.19)

Z (cos 0)
9 cl L (kr)sin 9)

x sin (¢), (3.20)

le(cos 0)
sin (0)

X sin (¢), (3.21)

1 aPll(cos 9)]

x cos (¢). (3.22)

The radial components may be calculated in the same manner, but are

not included because they decrease as r“2

Pather than as ¢ -

and will

be vanishingly small in the far field when compared to Eqs. (3.19) -

(3.22).

The asymptotic properties of the ch 's are
() = (D™ =z e w (3.23)
' 13
ot 0 = 0 e, x4 (3.24)
28 &’3sv
v“:', -
ettt ————————————itiates —

e ko)




(mhamd i il fis odls- L ke
b
P SRS

PSR S LRSS

1
i
|

Y TS N SO A B i R g S k! Ty, g e il T e

which may be used to write the far field components as

: 1 1 :
Lkr P, (cos 0) 3P, (cos 0)
e 241 Jé £
Ee T E (=0 [?l sin(0) *+cp 30 ] cos (¢), '
(3.25) i
eikr L aPtl(cos 0) Pal(cos 0)
s ae L B BT e T e Skl
(3.26)
eikr o4l aPel(cos 0) Ptl(cos 8)
Ho = %r ; (=) T * cp 3in (9) sia (),
(3.27)
eikr 24 ' Pll(cos 8) 3P£1(cos 0)
H¢ RERE ] i (-<) [ dp sin (0) *cp 0 ]sin (@),
(3.28)
It may be noted that
Ee - H¢, (3.29)
and
Eo - -He, (3-30)

Equations (3.25) and (3.26) may conveniently be rewritten (Van de Hulst,

1957) as

Lkr
Ee iy %r—— 31(0) cos(®), (3.31)




et - P S i SRR W it ARG s SRR, ke —_—
- . et e o

» and

b o kr
EO % i sz(e) sin(¢) (3.32)
where '
| 1 1

?\‘ el Pc (cosf) 3PL (cosb)
| 8,(0) = E(“) de sin(®  t %2 30 ’ (3.33)
E and

1 1
P, (cosb) 9P, (cosB)
4 .__.L;__._] (3.34)

AL
$,(8) = Z(“) (% ain(® T

A new set of angular functions are commonly defined (Van de Hulst, 1957;

;' Deirmendjian, 1964),

Ptl(cose)

nl(e) T (3.35)

and

aPtl(cose)
Tpl0) m gyt (3.36)

i
b |
|

It is also convenient to define new coefficients “L and 82,

. 2+l 2L + 1
ap = (=) ctﬁTT)' : (3.37)




¥j (kma)y, (ka) - mp, (kma)y}(ka)
: [ b (ima)p J(ka) = my (kma)o Zl'(LJ %
and
Bp = (-0, HEXL @a.
_ [wi(m)wt(ka) - Vp(kma)y ) (ka) ] =
mpy (kma)p b (ka) - vy (imalo o (ka)| i
Equations (3.33) and (3.34) may now be rewritten as
5,(0) = %%—%—z—*ﬁ; ((£ene® + gr ) - @.
and
5,00 = I 37T ene® * 8pme®) 3.

It is now possible to develop the cross sections and phase
functions by introducing the Stokes vector formalism (Van de Hulst,

1957). The components of the Stokes vector are defined as

_2
I, = EC 3 3.
L = E%l’ (3.
U= 2E£E&cos(6). (3.
Ve ZELEnsin(G). (3.

38)

39)

40)

41)

42)

43)

44)

45)

46)

where the bar indicates an average over polarization angle, and EL and

k) §
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;l are field components. For the spherical (Mie) problem treated here,

E
EL - -E¢’ and E, = Eg, so that ’

O
S,S,cos” (¢)
2 1”1
Ez.‘ ;E;E""“" ; (3.47) ’
3
_ .
S,S,cos (¢)
2 273
(s s* + s*s )sin(¢)cos(¢)
n C
EpE, = ;iizz 12 ; (3.49)
, * *
£(S,S, - S¥s,)sin(¢)cos(¢)
EqEp = . 21 S i ; (3.50)
r

By averaging over ¢, the differential cross sections may be derived as

*
S,S
| o (a, \, m, 8) = =+ | (3.51)
1 2
A k
vi y
' $,5,
k| o,(a, A, m, 0) = =5 (3.52)
b | .
|
& * ®
E | (Sls2 + SIS )
: ; 03(a. A, m, ) = ——i-—-—--l‘ (3.53)
| 2k
g * *
(a, \y m, 8) = :SELEZ_:_ELEth
0‘ ’ ’ ’ 2 (3.5‘)
2k
1
Bl 32




R

e el e, il e s it st N i

b3y o datchils " SIRSGIISH S N e P SR

where the cross sections 9; have been written with all explicit
dependence on particle radius, wavelength, refractive index, and
scattering angle. The cross sections are related to the Stokes vector

components by the matrix equation

Il 01 0 0 0 Igo

- (3.55)
U 0 0 03 0[. UO
' 0 0 '04 03 Vo

where the subscript "o'" indicates the pre-scattering value.

The total scattering cross section is given by

a
Ogc(as Ay m) = [ T2 (0, + o)) (3.56)
4m
where the integral is over solid angle. Equation (3.56) may be
integrated exactly for the Mie problem because of the orthogonality

properties of the Legendre polynomials, yielding

0 (8 Ay m) = 3—;—% 2 + 1)(%0; + “tf‘;]‘ (3.57)

k

The extinction cross section may be evaluated using the optical theorem

(Van de Hulst, 1957) as

Tgx(@s Ay m) = % Re [ $,(0) +5,(0) ] (3.58)

k

The two angular functions n,(8) and 7,(6) may be evaluated at 6 = 0 as
(4 14

np(0) = 1,(0) = %“*—11 : (3.59)

i il
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reducing Eqs. (3.41) and (3.42) to

5,(0) = 5,(0) = %; 2L + 1)[“2 + Bz]° (3.60)

Equation (3.58) then becomes

aex(ao A, m) = i_;'i (u + 1) {Re(at) + Re(Bl)} . (3.61)

These equations may be used to calculate the extinction properties of

the entire medium of aerosols as will be diacuaaéd in the next chapter.
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CHAPTER IV
SINGLE SCATTERING FOR MANY SPHERICAL PARTICLES

Chapter III discussed the scattering of light of arbitrary ‘
wavelength by a single spherical particle of arbitrary radius a and
refractive index m. In nature, aerosol particles are generally
distributed in size (radius) although the particles are usually either
spherical as in the case of fog, or are treated as spherical as in
the case of atmospheric haze or dust. Some of the aspects of light
scattering by nonspherical particles will be discussed in subsequent
chapters.

In this chapter, the aerosol particles will not only be assumed
to be spherical, but also each particle will be in the far field of
all other particles. If d is the average distance between particles,
then it is required that A<<d, a<<d. Since the aerosol particles are
moving, it is assumed that the average time between collisions is
sufficiently large that the number of particles for which‘kxp at any
instant is small with respect to the total number of particles. These
restrictions allow the particles to be treated as independent and the
resulting intensity quantities, rather than the field amplitudes, are
summed over all particles.

It will be further assumed that there exists a usable analytic
or numeric (piecewise analytic) function N(&, a, t) such that
N(&, a, t) d3{ da dt is the number of particles of radius between a
and atda within the volume d3& during the time interval between t and

t+dt. While this function may in principle be calculated, this
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calculation has never been performed exactly, although several
approximate calculations have been performed (Voloshchuk and Sedunov,
1973; Sedunov, 1974).

While the refractive index for any one particle is assumed
constant, the refractive index may vary in position, time, or particle
size, corresponding to such cases as an evolving acid fog or a mixture
of water haze and dust haze. This variation is represented by a
function m({, a, t) representing the refractive index of particles
of size a at position r at time t. Because of the difficulties in
measuring refractive index, most calculations are performed with a
constant refractive index. Only in some special cases when it is
known that two types of aerosol are mixed, such as from a gun blast
on land, is the refractive index varied in practice.

Further, most experimental data on the particle distribution
function is limited to one-(Qr _at best _a féw) measurementssof "the~
size distribution at a point averaged over some measurement time and
the total concentration of aerosols at.several points. As a result,

the particle distribution function N(&, a, t) is commonly factored
N(r, a, t) = f(x, t)n(a), (4.1)

where f(&, t) is the concentration of particles and n(a) is called

the particle size distribution. While Eq. (4.1) is known to be true

for only limited, special cases, it is commonly used as an approxi-

mation for N(&, a, t).
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Given N({, a, t) and mQ{, a, t), the extinction coefficient

per unit length is given by

a(£9 t) = fosc(a) A, m(E’ a, t))N(Eg a, t) da, - (4.2)
o
and the scattering coefficient per unit length is
B(E, t) = fo_ (a, A, m(g, a, )N, a, t) da, (4.3)
)

where osc(a, A, m) and oex(a, A, m) were defined in Eqs. (3.57)

and (3.61). The scattering phasé¢ functions are defined by

Py(x, £, 0) = {oj(a, A, m(g, &, t), 0IN(x, a, t) da,  (4.4)

where the o0,(a, A, m, 6) were défined in Eqs. (3.51) - (3.54). The

3
unpolarized light phase function is defined by

P(g, t, 8)=8(, = Jo . (as A, m(x, a, t)), 6) (4.5)
0

X N({, a, t) da,

It may be noted that P({, t, 6) has unit integral over solid angle.

It is convenient to define the albedo of single scattering as

N(&, t) - B(ED t)/n(E' t)' ) (4.6) 3




As noted previously, Eq. (4.1), the particle distribution function

is often factored into two parts, f(:, t) and n(a). The concentration
may frequently be represented by either a uniform cloud, either of
infinite extent (fog) or of finite extent (patchy fog), or by some
concentration function such as a gaussian plume (smoke). The particle
size distribution {s most commonly represented by one of three
functions; the Junge distribution, the log normal distribution, or

the Deirmendjian modified gamma distribution. The Junge distribution

has the form
n(a) = ¢/a", (4.7)

where C 1is an'aqjustable coefficient to reconcile the concentration,
and n is usually of the order of 3 for most atmospheric hazes (Junge,
1963). This type of distribution is most commonly used to describe

atmospheric hazes. The log normal distribution has the form
D 2
n(a) = cexp(-{(In(a) - In(<r>))/1n(0)}"/2], (4.8)

where D is again a coefficient to reconcile the concentration, <r>

fs the average particle radius, and ¢ i8 the standard deviation

(Green and Lane, 1964). This distributlon {s commonly used to describe
fogs and smokes, The Defrmendjian modified gamma distribution has

the form

n(a) = AaYexp(-Bla) ' (4.9)

38
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where A is again a coefficient to reconcile the concentration and B,
Y, and § are parameters to characterize the aerosol. This distribution
has been used to describe fog, haze, snow, rain, clouds, dust, and
smoke (Deirmendjian, 1964). In most cases, the parameters n, <r>, 0,
B, y, and § are measured experimentally. While the log normal and
Deirmendjian distributions may be reconciled with the overall concen-
tration by a direct integration, this reconciliation for the Junge
distribution requires the specification of the minimum radius to
avoid the pole. (This lower size limit also applied to Eqs. (4.2) -
(4.5).

When N(x, a, t) is separable, and m is a constant, Eqs. (4.2)

and (4.3) reduce to

alg, t) = f(x, t)Iqex(a. A, m)n(a)da, (4.10)
0
and
8(&. t) = f(&, t)Ioac(a‘ xn m)n(a)da. (4.11)
0

and w(g, t) and P(&. t, 0) become constant with respect to yx and t.

In this case, the notation w and P(0) is commonly used for the albedo

and unpolarized phase function.
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When N(x, a, t) is not separable, an effective albedo w*

that is the maximum value of w(g, t) is commonly defined. Since
w(g, t)<1, w*<l. A modified phase function
w‘&’ t)P(E" t, 6)

Q(x, t, 0) = - (4.12)
w

is defined that has integral value 51 for all X» t. The effective
albedo and modified unpolarized phase function are commonly used in
Radiative Transfer to permit an order-of-scattering analysis to be

performed even when the albedo is not constant.
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CHAPTER V |
PREVIOUS STUDIES OF NONSPHERICAL PARTICLE SCATTERING
While the solution for the scattering of a plane wave of light ’
of arbitrary wavelength by a sphere of arbitrary radius and refractive
index has long been known, (Mie, 1908; Debye, 1909) no such elegant
formalism has existed for nonspherical particles of arhitrary size
and shape. There are only a few geometric shapes where the Mie
problem can be solved exactly by using the standard separation of
variables method (Jackson, 1962). An excellent example of this type
of effort ts the recent work on prolate and oblate spheroids (Asano and
Yamamoto, 1975). It must be noted, however, that even when the
analytical solution is available, the results are extremely complicated.
Particles that are small may be treated with Rayleigh-Gans
theory (Rayleigh, 1881; Gans, 1925). This theory requires that

[m = 1] <<1, (5.1)

the refractive index of the particle be only slightly different from

one (free space) and that

&

T"h lm - 1] <<1, (5.2)
where b is an effective radius; that the phase shifts be small. As a
result of this latter requirements, the particle may be broken up into
volume elements (subparticles) which interact only in terms of the
phase of the light scattered from each volume element. The scattering

intensities may be calculated by integrating over the vélume of the




T

particle without regard for any further interaction of the internal
electric and magnetic fields.

When the particles are large,

a>>\, (5-3)

geometric optics is, of course, valid.

Thus the problem of light scattering by particles of size
approximating the wavelength remains to be solved. The modern digital
computer has permitted several approximate techniques for the solution
of this problem to be developed. The remainder of this chapter will be
concerned with a brief review of some of these techniques.

One of the earliest of these techniques was that developed by
Yeh (Yeh, 1964). This technique makes use of perturbation theory,
expanding the particle radius (as a function of angles), the normal
to the surface, and the electric and magnetic fields in perturbation
series. The boundary conditions on the fields are applied and the
resulting expressions are separated in orders of perturbation.

Yeh's calculations are limited to only slightly nonspherical
particles that could be accurately treated with first order pertur-
bation theory (preserving the cylindrical symmetry found in Mie
theory). Little additional work appears to have been done using this
technique, perhaps due to the burden of explicitly developing the
analytic formulae of the perturbation series.

It is obvious that for slightly irregular particles whose
radius differs from a constant by much less than the wavelength,

some type of perturbation solution is available. For more irregular
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particles, it is necessary that the Rayleigh Hypothesis be introduced.

Because of its importance, Millar's statement of the Rayleigh Hypothesis

TR

for a two~dimensional scalar field will be paraphrased here (Millar,
1973). The extension to the three-dimensional vector field is
&  straightforward.

|

i E;
L ‘ "Consider a two-dimensional configuration (Figure (5.1))
with origin inside the scatterer S. The domain exterior to §
S is denoted by D. Let C be the circle with center O
inscribed in S and let C' be the corresponding circum- _
j scribed circle. A field is incident on S. Then at all ]
- points outside C', the scattered field may be expressed as

us - Amﬂm(l)(r)exp(im)

(where Hm(l)(r) = Hankel function of the first kind of

| order m, and the A may be determined on Gla)

;! Millar investigated the validity of the hypothesis for both the

bounded particle problem and the irregular surface problem. His

conclusions may be briefly summarized by noting that bouundary value

type scattering problems may be validly solved if the particle has no
sharp corners and is sufficiently smooth so that light scattered from
one surface region of the particle is not rescattered by another
surface region of the particle (no multiple scattering). All of the %
techniques described in this chapter and the next assume that the
Rayleigh Hypothesis is valid. Any assessment of the validity of the 1
Rayleigh Hypothesis is difficult. While the limits of its validity have
been quantified for certain special irregular, infinite surfaces, its

validity for irregular particles is usually inferred from comparison of

1§
'
;

approximate calculations with exact calculations such as the Mie solution. }
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Figure ( 5.1) Irregular Particle Showing Inscribed (C) = Circle
(Sphere) and Circumscribed (C') Circle (Sphere).

(2




One technique for irregular particle scattering, due to Reilly, ‘
F is a direct extension of Millar's statement of Rayleigh's Hypothesis

(Reilly, 1973). For simplicity, the description here will be limited to ’
the scalar wave case. The actual vector wave case of interest follows i
directly in a like manner, but with additional complexity that obscures

the methodology.

The scalar Helmholtz equation has the form

' vzo + k2m24> = 0, (5.4)

The solution ®1for the incident field is known and the form of the

% is

solution ¢° for the scattered field is known. The solution ¢
E | assumed to be valid on and outside the circumscribed sphere around the
particle. The refractive index m in the region outside the circum-
scribed sphere is assumed to be constant with the value m .

The refractive index m inside the circumscribed sphere is not

3 constant and has the form

! m = m, inside the particle (5.5)

| 1

-. outside the particle.

(Actually m may vary in any manner inside the circumscribed sphere,
{ thus incorporating refractive index gradients and voids or impurities
in addition to the nonspherical shape.) The interior solution & s

assumed to have the form

¢ = R(r)G(r, 6, ¢), (5.6)

45




where: R = an unknown function, and

G = a test function that is usually chosen to be a weighted

sum of orthogonal polynomials so that R may be determined without

recourse to Galerkin's method.
The interior Helmholtz equation has the form

v2(RG) + k’m2RG = 0,

which may be expanded as

GV2R + ZXG'ZR + RV2G + k2m2RG = 0,

Since R is purely radial, Eq. (5.8) may be simplified as

2
GLR 4 8R36 | po20 4 12020 - 0,
3:2 dr dr

(5.7)

(5.8)

(5.9)

Equation (5.9) may be converted to a radial (one-dimensional) differ-

ential equation by multiplying by G* , the complex conjugate of G and

integrating over angles,

2
EB6%cdn + 228[x2Sa0ersonvican + KR/m GRG0 = 0,

Jr

(5.10)

where df indicates integration over 4mn. By defining the integrals

a() = [6"Laa/ [ can

B(r) = [c"v%cdn/[c"cda

c(r) = [m%G cdn/[c" caq ,
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Equation (5.10) may be reduced to

2
-3—‘2‘- + zA(r)g-‘i + [B(r) + k%C(r)]R = 0 (5.14)
or .

which may be solved, usually numerically, for R(r). Once R(r) has
been calculated, the scattered field ¢ may be calculated by matching
the fields at the circumscribed spherical boundary as shown in Figure
(5.1).

While this technique is both elegant and conceptually simple,
it does not rigorously satisfy the boundary conditions of electro-
dynamics. Perhaps for this reason, this technique has not enjoyed
extensive use to date.

Another technique that has been demonstrated by Millar (Millar,
1973) and others (Davies, 1973) is the least-squares technique that
is used to approximately satisfy the boundary conditions on the
electric and magnetic fields. The technique is employed in the
following manner; the electric and magnetic fields are assumed to
have some functional form in terms of series of N linearly independent
functions and N expansion coefficients for each of the fields;
incident, interior, and scattered. Of course, for a conducting
particle, the interior fields are zero, and for either a conducting
or dielectric particle, the incident fields are known. The radius of
the particle is assumed to have some functional form in terms of the
angles,

r=£(6, ¢) (5.15)
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so that the surface normal vector may be calculated

R = Yr - £(6, ¢)] (5.16)
and the boundary conditions written,
i i s w
REE R -'E)'r-f(e,¢)-o' (5.17)
and
Hi 4 HS _ WY - .18
E gl + P - IO ey O (5.18)
5 To this point, this technique does not greatly differ from
either the Mie solution, or the technique to be presented in the next

the boundary conditions, Eqs. (5.17) and (5.18) are "satisfied".

: chapter. The difference will arise as a result of the way in which

To

illustrate the distinction, consider how the boundary conditions are

: satisfied in the Mie solution by requiring that the equivalent of
’ Eqs. (5.17) and (5.18) be satisfied exactly at all points on the

! surface of the particle. This type of "satisfaction" is known as

collocative and is characterized by no error being introduced at the

| points where the boundary conditions are satisfied. In the Mie case,

this collocation is performed analytically so that no error is

may, of course, be used numerically (called the boundary matching

introduced at all points on the surface of the particle. Collocation

method) but this is done at a finite number of points and error may

be introduced at those points where the boundary conditions are not

explicitly satisfied.
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Least-squares boundary condition "satisfaction'" introduces an
error in satisfying the boundary conditions. On the su;face of the
particle, a number of points in the form of angle pairs, {Oé, ¢i}’ L=
1..1, are selected. Often, these points are uniformly spaced over
the surface of the particle, although the spacing may be adjusted to be
less in regions of greater curvature, and greater in regions of less
curvature. The accuracy of the solution is influenced by this spacing
and it is a matter of obvious note that the solution is not unique,
varying with the placement and number of points and the number of
functions included in the field representation.

These angle pairs are used to form radii {ri} and normal

are defined by

vectors {Qi}’ The errors € ., and €,
B i,p8_gw 2
en = IR -5) r.rL_l , (5.19)
and
2 i s W 3
¢t [Mx ) )|r_r£] , (5. 20)
and the sum
2t pd.on o
0 41 42 .

is required to be minimal with respect to the expansion coefficients.
This requirements of minimal sum square of errors may be used

to formulate the solution in matrix algebra (Draper and Smith, 1967).
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To illustrate this, consider the scalar equivalent of either Eq. (5.17)

or (5.18)

1) + ) ~ 2 W e, 4 = 9 (5.22)

where:

-

s N

8 (,{) - 23 *n(r) e) 0)
n=
N

: w
E AR IR

and Wn, Qn = known linearly independent functions. The least-squares
matrix equation is

E | 8= (5.23)

where

Yp(rgs 800 0 ¥olry, 8y, 607 7 = op(ry, 6,5 ¢;)

A= | Y1(F2r 820 &) ¥a(rp, 8y 09) 77 Toy(ry, 8y, 9)) (5.24)
' ' N\ '

N
' ' N [
e '
] ' %

N
Wl(rl’ eI' QI) wz(rI! eI' 01)- =S -QN(rID eI’ ¢I)

e ettt <t <
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L | B=| a (5.25)

C= P (5.26)

]

i
-f (rI’ GIQ ¢I)

The solution may be found by the matrix equation
» +4.-1,+
! B = (A'm~1a'c (5.27)

k| where AT = transpose of A, and
(A‘.'I\)-1 = inverse of Ata .
Solution of Eq. (5.27) does introduce an error source into the

satisfaction of the boundary conditions compared to the analytical

R

collocative. However, the numerical collocative satisfaction would

be to solve Eq. (5.23) for the expansion coefficients when I = N. i
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It may be seen that the least-squares technique admits more points
than the numerical collocative technique and despite the inherent
error in the technique, less total error may result, expecially if
the solution is constrained by the size of the matrix that can be
inverted.

Additionally A+A is a symmetric matrix whereas A(I=N) is
not and A+A may therefore be inverted more easily. This has been a
crucial factor for many computations in the past.

In summary, the least-squares technique does not exactly
satisfy the boundary conditions, but it may be more accurate in terms
of overall error than a numerical collocation satisfaction, and it
does offer some computational advantages. Nonetheless, some additional
error is introduced because the boundary conditions are satisfied
numerically rather than analytically.

Another technique is the use of an integral equation rather
than a differential equation formalism. Although the use of this type
of formalism is not new (Shifrin, 1964), several recent treatments
deserve special attention since not only are the boundary conditions
accounted for, but numerical results are presented (Eyres and Nelson,
1976; Uzonoglu and Holt, 1977; Waterman, 1971). Although these three
formalisms are similar in development, their applicability differs.
The formalisms of Eyres and Nelson and of Uzonoglu and Holt are based
on the scalar rather than the vector wave equation. Alternately,
the formalism of Waterman is completely general, but was applied to

conducting particles only.
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In these three efforts, the electric (and magnetic) field is

represented as a series of orthogonal polynomials and expansion

coefficients that permit the integral equation to be reduced to a
set of linear algebraic equations that may be solved for the expansion
coefficients.

An interesting modification to Mie theory to account for the
nonspherical character has recently been advanced (Chylek, Grams, and
Pinnfck, 1976). They suggest that the most notable difference between
spherical and nonspherical polydisperse phase functions is the presence
of glorfes in the spherical aerosols. Because the glory may bhe
associated with the sharp resonance in the e and the d( in the region
(\2ma/)\ they suggest that the difference between the spherical and the
nonspherical phase functions {s the presence (absence) of these
resonances. By replacing the ¢ and the d( Mie calculated values with
the modulo values in these regions, agreement with experimental data
superfor to that enjoyed by Mie calculatfons has been demonstrated.

Chylek et al. continue to explain that the glory i{s due to
surface waves and that in an {rregular particle, these surface waves
would disappear. While the agreement has been noteworthy, the
validity of this theory has been questioned (Kerker, 1977) and will be
addressed in Chapter VIII.

Before concluding this chapter, some discussion of the natuire
of the experimental data is in order (Holland and Gagne, 1970; Pinnick,

Carroll and Hoffman, 1976). These data are limited, and in many cases
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no supplemental data on refractive indices, size and/or shape distri-
butions, or polarization are available. The following features are
present in many cases; the phase function is broadened about the forward
peak relative to the Mie theory, the backscatter decreases, and the
amount of structure decreases but some structure is still present.

It should be emphasized that even for data reported for a monodisperse
aerosol, averaging over particle orientation has already been conducted
during the measurement process. As a result theoretical calculations

should be averaged over particle orientations.
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CHAPTER VI

NONSPHERICAL PARTICLE SCATTERING FORMALISM

While the Mie theory formalism developed in Chapter III is
applicable to spherical particles only, the boundary conditions for E
and n used to solve the problem are general and applicable to any shape
particle providing the Rayleigh Hypothesis holds. This hypothesis,
reviewed in Chapter V, is valid if the mathematical representations of
the scattered fields accurately describe the scattered field outside and
on the boundary of the particle. Millar has shown the validity of the
hypothesis for conducting particles when the scattered field is contin-
uous across the surface and all singularities of the scattered field are
inside the particle. For the dielectric particles‘to be considered here,
it is adequate to require that the interior and scattered fields are con-
vergent and that the surface is sufficiently simple that no secondary
(or higher order) scattering from one region of the particle surface to
another region occur.

This discussion will be concerned only with nonspherical par-
ticles that are cylindrically symmetric with respect to the z axis, and
incident fields will propagate only along the z axis. These restrictions
allow retention of the Hertz vector solutions derived in Chapter III for
the spherical problem and in addition, are forced by the computational
requirements of the problem. This computational restriction is described

in Appendix(I). If the particle considered does not exhibit this symmetry,
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or the incident fields propagate in some other direction, higher order
angular functions must be included in the solution with a proportional
increase in the number of expansion coefficients to be determined.

The surface of the nonspherical particle is defined by its

radius

a(p) = ZSnPn(cosﬁ). (6.1)

The function describing the surface is then

h(r,6) = r-a(8) = 0

(6.2)
= r-ES“Pn(e)
which has a nonunitized surface normal vector
R' = xh((rre)
(6-3)

A~

o dlna(6)
r-ew———-

It may be noted that the "normalization" or unitization of the surface
normal is unnecessary for this calculation.

By introducing the notation

N F+P-F (6.4)
and

o = bt - (6.5)
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where the superscripts i, s, and w indicating the incident, scattered,

and interior ("within'") fields were introduced in Chapter III, the é

boundary conditions are

N, O s sy

Q"AE =0, (6.6)

; " b
7
PUPERESER S—

and

3 pxif = 0. 6.7)

In determinant form, Equations (6.6) and (6.7) may, by use of Equation

(6.3), be written as

>
[
>
m

D>
|
Q
D

>

m

R*0E = 4 : - 0. (6.8)
@ 0 A£¢ é
_' and
‘ r 1 AHr
: - |5 - 2Lna(e) 5
! QxAn 0 26 AH0 0. (6.9)
! ¢ 0 AH0
:
! ;
" 3
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Equations (6.8) and (6.9) may be written in component form as

(pref) = - %%“—‘—Qlaio -0 (6.10)
eefh, = - 524 aH, = 0 (6.11)
(RxtPg = - BE, = 0 (6.12)
(’e"ék?e - - A|-|$ =0 (6.13)
(et = oF, + 34289 o - 0 (6.14)
(eaf), = ok + 5228 ap -0, (6.15)

Obviously, Equations (6.10) and (6.12), and Equations (6.11) and
are redundant, so that the boundary conditions reduce to
4E, = 0 (6.16)
AH’ =0 (6.17)
AE, + 21088 4 . o (6.18)
shy + U088 4y .o, (6.19)

(6.13)

T WY
g/ er
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When the regular Mie problem for spherical particles is solved, ‘
the orthogonality of sin(¢),cos(¢),and the Pt's is used to solve for the
coefficients e and dl‘ Equations (3.13) - (3.16). This technique

cannot be used for the nonspherical particle problem because the radial i

functions "’z and pll, Equations (2.45)and (2.47), are now also functions
of angle 6. The orthogonality of the ¢ functions is still valid for the
nonspherical particles considered in this chapter, but the field com-
ponents will be seen to be already resolved in ¢, so that no advantage
is derived from this orthogonality. By combining Equations (2.49) -
(2.54) and (3.3) - (3.8), the field of components for the three waves

may be written as

E: - Evzwz(kr) & wt"(kr)]l’i(cose)cos(op) (6.20)
{ 1 1 \

i - ; Pp(cos) aPl(cosG)

Ee = (kr) EYZKN’Z(‘“)W" wt(kr)-aT———J cos(¢) (6.21)

,

aP}(coae) ¥ Pi(coue) ‘

i -1 Vi
E¢ (kr) Eylt &Wt(kr)ﬁ————-wt(kr)————-.m(e) | sin(¢) (6.22)
Hi = Eyzlwl(kr) + Wz(kr)] P;(cooe)ain“) (6.23)
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-1 Pi(coée) BPi(cose)
= (kr) {yt x;wz(kr)m-)—+ wi(kr)ﬁ———— sin(¢) (6.24)
2
1 1
-1 : 3P, (cos ) Py(cosb)
= (kr) %yz < er gt e = Mgk cos(4); €6.23)
- Eaz{wl(kmr) + wz(kmr)]Pt(cose)cos(q)) (6.26)
-1 aP‘t(cose) P 1(cosf))
= (kmr) E %wk(kmr)-é-e————— + Lbzwz(kmr)-;m—(é-s—— cos(¢)
(6.27)
-1 Pi(cose) : 8P£(cose)
= (kmr) % -atw'z(kmr)m-(e—)— -Lbzwz(kmr):;é———' sin(¢)
(6.28)
- %mbl[wz(kmr) + wz(kmr)]l)}_(cose)smw) (6.29)
-1 Pl(cose) BP;(cose)
= (kr) %ialwl(kmr)-;me—)—*' blvbi(kmr)-a-e—-——— sin(¢)
(6.30)
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1
o 3P, (cosb) ~
= (kr) IZL‘%" (kmr)—-L—‘— ’ Pt(cose)
) ¢ =5 + blwl(k‘“)m cos(9) (6.31)
= )c [pl(kr) + 1" 1
Et ¢ 0 (kr)]Pe(cose)cos(w (6.32)
Z (kr)-12[~ pl'(k )BPt(cose) 1 P}_(cose)
e r)—— + 4
) e %% + &dlpl(kr)-sﬁ-(—e—)— cos () (6.33)
1
-1 5 P, (cosb) 1
o (ke Z["C pl " bl ) e ok AU 1 9P, (cosb)
3 Lt ( r)sine 5 &dlpl(kr)ﬁ-ei—_ sin(¢)
(6.34)
1 "
e 1 1
E z[pl(kr) + Pe (kr)]l’z(cose)sinw) (6.35)
1
el P, (cosf) :
ol l& 1 I 1 9P, (cosb)
E coPp (kr)gymg—— * 4% (“"?e'L_ sin(9)
(6.36)
. (kr)-l):[i.clol(kr)apt(co.e) vl Py (cos)
: ] NS dePp (kr)W cos(¢) (6.37)
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vhere the prime on the radial functions indicates differentiation

m+ .

While the boundary conditions, Eqs. (6.16) - (6.19), may not be

with respect to total argument, and YL =

solved simply because of the angular dependence of the wl and the pi

functions, these equations may be rewritten as

w s ¢l
R N (6.38)
HY - HS = ni (6.39)
¢ ¢ ¢
(
Ey - Eg + sana(® gy _ E:] - b + Ana(®)gt (6.40)
(
e - HE + Joa(®fpw _ g;] - HY + dna @t (6.41)

and each side multiplied by P;, and integrated with respect to cos(0).

As an example, Eq. (6.38) becomes

jP;,(cose) lE; - E:]dcose = IP;.(COSG)Eidcose. (6.42)
If each series in Eqs. (6.20) - (6.37) is truncated at £ = L, then there
exist L aps b(. oo and dl; 4L unknowns. There are 4 boundary con-
ditions, Eqs. (6.38) - (6.41), and integration of each with P;. yields L
equations for a total of 4L. Thus there are 4L equations in 4L
unknowns. The ap, bl' Cps and dt may be solved for by using some

coefficient of equation algorithm such as a Gauss-Jordan reduction
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(Carnahan, Luther, and Wilkes, 1969), as will be used in the calcula-
tions described in the next two chapters. It may be noted that the a,
and the bl are unwanted quantities as far as the desired result is
concerned, but their calculation is dictated by the structure of the
formalism.

By defining the integrals

+1
Au',’i =Y I[‘p((k‘) * WZ(ka) g;—na'l’;l’i.dcose (6.43)
+1
1.1
Y,(ka) P,P,’'
82,2 * *LJ kﬁ sfnfe)dcose (6.44)
vj(ka) 98 | e
ALC',3 = Ylf_ka 30 Pl,dcose
I“’zk‘) ®
Aes = Velia 38 Pprdcosd (6.46)
Vy' (ka) PyPy,
AU',S 2 Y[Jka sin(e)“cose (6.47)
" 1.1 dlna
ALC',G = I[‘P‘e(kma) + lpl(kma)} Plpt'_ae—'dc“e
Ilbz_(kma) PyPy'
Aee,7 = lima — sin(8)oc°%® (6.49)
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[ ¥} (kma) 3P
£ _lé,l
Aee,s ¥ ma 7

¢ 1
wz(kma) an 1
kma 6 L'

dcos

Aper g

/

Vj (kma) PPy,
Aget1o T kaa sin(0)

dcosH

3 | g 1.1
Allﬂll = J[pz (ka) + e (ka)]PLPL'

2
 og(ka) PPy,
Apet 12 ) ka sin(®)

dcosb

o'y (ka) 3P
ALC',13 - J——ka 38 Fpr dcos6
rplé(ka) aPipl
Aeet1s = Jia 39 Pgrdeosd
oL (ka) Plpl,
A = £ te dcose
ee,15 ~ Jka sin(0) :

where the 6 dependence has not been explicitly shown for the Pé's,

the P;'s, and a. The 4L equations formed form Eqs. (6.20) - (6.37)

and (6.38) - (6.41) may be written as
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g(alAU',IO + dbpApp g = Cphgp 15 - AdpAppr 14)"

E("‘ALC'A *+ Aggrs) (6.58)
%(‘“I.‘“"u',g‘ bpMgpr 1o * LCphppr 1 + AdpAppn 1) =

%(-ﬂw", - Apprs) (6.59)
%('az“u',s - aghppre - Dphppra * Sphpens * Spheetna

+ Adphporg)) = 2(-4::\&.,2 - Agprz = Agpr ) (6.60)
fisiaghen s ~bpshen e P s * Sodaen i

* Shee) - %('Aw,s * Appry = Appp) (6.61)

Equations (6.58) - (6.61) may be written in matrix form as
BG=F (6.62)

where B is a 4L by 4L matrix given by
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App g “Aee 15 Ao 14

MAog 10 Aop 14 Ao 1s
~Appr 7 Ape 11*Aee 13 e 12
M(App g*Apprg)  App o Aoen11t8ee13

(6.63)

where each entry is an L by L array with£ variation along the columns
and €' variation along the rows. The matrix G is a 4L by 1 (one) matrix

given by

Ge (6.64)

where each entry is an L by 1 matrix, and F is a 4L by 1 matrix given by

+

LiApp 4 + Appr 5)

+

L&App 4 * Agprs)

Eih : (6.65)
L-Agp,y = “App, = Mgy 3)
L-Agp,y = “Age, 2 - Agers)

where each entry is an L (in £') by 1 matrix. The coding of Egs.

(6.63) - (6.65) and their solution is described in Appendix (1), along
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with a listing of the code. A demonstration that Eqs. (6.61) -
(6.65) reduce to Mie theory for spherical particles is given in
Appendix (1I). Some special considerations involved in calculating
the radial functions Wz and pi are discussed in Appendix (III).

After the o and the d£ have been calculated, it is necessary
to form the ap and the Bt used in the cross section and phase function
:{ calculations, Eqs. (3.41), (3.42), (3.57), and (3.61). These quantities
were defined in Eqs. (3.37) and (3.39) as

£+1 £(L+1

ap = (=<) * e (6.66)

and

L WAV
By = (U }'é"n‘ 1 de (6.67)

It may be noted that the formulae for calculating the cross sections
and phase functions are the same as those developed in Chapter Il

for spherical particles.




CHAPTER VII

-

NONSPHERICAL PARTICLE CALCULATIQNS:I

A computer code was generated to perform the calculations
described in the previous chapter. This code is described in Appendix
(I). Additionally, some special aspects of the numerical aspects are

also described, in Appendix (II).

Any computer code or algorithm must be validated. This vali-
dation was approached in this investigation by a three part effort.
The first part, described in Appendix (III), demonstrates analytically
the reduction of the formalism developed in the previous chapter to the

Mie solution when the particle is spherical.

The second part of the validation was to demonstrate the

numerical equivalence of the code to a Mie code for a spherical
particle. This demonstration was achieved by exercising the non-
spherical code and a standard Mie code (Blattner, 1972) for the same
single particles. Approximately fifty cases were considered. The
cl’ dt,cross sections, and phase functions were compared. In all cases,
the agreement between the calculated quantities was within the round-
off error of the machine. This error was therefore significant only
beyond the fourteenth figure.

While these two validation checks are heartening, they offer
no real assurance that the formalism or the code is valid for non-
spherical particles, only that it has the proper limiting behavior. To
continue the validation, the code was exercised to provide calculations
for comparison with exact calculations for prolate spheroids (Asano

and Yamamoto, 1975).
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The size parameter in this exact theory is

2 |k
2ra b
b g » e -[1--:2-] (7.1)

where: a = semimajor.axia, and
b = semiminor axis of the ellipsoid.

In these calculations, a/b = 2 in all cases, and values of ¢ = 1, 3, 5, 7

are used. The radius a(8) and its derivative %%191 are calculated both

analytically and by expansion of a(6) in Legendre polynomials as a

further check on code accuracy. The calculated phase functions are

shown in Figure (7.1). %
Comparison of the approximate calculations using this formalism

and the exact calculations evidenced minor differences in the fine

structure of the phase functions. The positions of the relative maxima

and minima and the relative magnitudes of the curves agreed very well,

however. Although it is difficult to make an exact estimate of the

accuracy of the calculation, an approximate comparison is made by

comparing calculated values with exact values at 10° increments. This

comparison gives an overall error bound of * 2% with an average error

of 8 x 10_22. Because some of this error may be attributed to the
limited number of expansion coefficients calculated, to computer noise,
and to the truncation error of the Gauss-Jordan integration, this error
bound seems to be reasonable.

The overall conclusion of this validation exercise is that the
agreement with limiting cases evidenced by the code indicates that it

is useful despite the Rayleigh Hypothesis.
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Figure (7.1) Calculated Phase Functions of Prolate Spheroids Used to s
Validate Code by Comparison with Exact Calculations t 3
(Asnao and Yamamoto, 1975). (Solid curve is parallel

polarization, dotted is perpendicular polarization.)
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Having validated the code, attention was next turned to the
cross sections and phase functions of single, nonspherical particles.
Individual particles of shape function

x{6) = 2ma(0)/A

= x_[1:0.1P_(8)], (7.2)

where x, = 2fa/\, the Mie parameter, for x, = 1, 3, 5, 7, 9 and
n=2,3, 4, 5 are considered. A refractive index of m = 1.5 + O&
is used in this and all subsequent calculations.

The calculations are compared with Mie calculations for the
same X . Comparison of the cross sections demonstrate values both
greater than and less than the equivalent Mie cross sections. A
similar variation in the forward scatter and backscatter is also
observed.

The phase functions are also compared and found to be similar
but not identical to the Mie phase functions. While it is difficult
to draw concise trends of difference between the phase functions, it
is noted that the differences increase with increasing n and decrease
with increasing Xg* These trends may be seen in Figures (7.2) - (7.9).
In figures (7.2) - (7.6), the phase functions for x(0) = X,
(l—O.lPa(O)L xo-l. 3, 5, 7, 9 are shown to demonstrate the variation of
difference of phase functions with Xge The decreasing difference for
xo-l, 3, 5 is evident, although the trend appears to reverse for xg ™ 7
and 9. This reversal is an indication of the inexactitude of the trend.

Figures (7.4) and (7.7) - (7.9) show the increase of difference
in the phase functions with increasing n. In this case, the shape

function x(0) = xo(l-O.an(e)). n=2, 3, 4, 5, and X~ 5 is used.
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Figure (7.2) Unpolarized Phase Functions for Shape Functions x(0) = :
X and x(6) = xo(l-O.lPa(B)) (Dotted),xo -], :
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Figure (7.3) Unpolarized Phase Functions for Shape Functions x(0) =
X and x(0) = xo(1-0.1P4 (6)) (Dottcd).xo - 3,
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Figure (7.4) Unpolarized Phase Functions for Shape Functions x(0) =
x and x(0) = xo(l-O.lP“ ©)) (Dotted).xo =5,
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Figure (7.5) Unpolarized Phase Functions for Shape Functions x(6) =

X, and x(6) = xo(l—O.lPa (8)) (Dotted);xo = 7,
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Figure (7.6) Unpolarized Phase Functions for Shape Functions x(6) =
X, and x(6) = xo(l-o.le (8)) (Dotted),xo -9,
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Figure (7.7) Unpolarized Phase Functions for Shape Functions x(0) =
X and x(8) = xo(l—O.le (9)) (Dotted),xo =5,
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Figure (7.9) Unpolarized Phase Functions for Shape Functions x(6) =
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Additionally, the effect of varying the strength of the defor-
mation is examined. Shape functions of the form

x(0) = xo[lianPn(G)] (7.3)

for n = 2 and 3, B 0.05, 0.01, and 0.15 are considered. Two effects
of this variation of an are noted; the values of the relative maxima and
minima vary by as much as a factor of five although the positions of

the maxima and minima vary only slightly, and the amount of near forward
scatter (scattering angle less than 30°) varies by as much as a factor
of five about the eqguivalent Mie curve. This latter effect would seem
significant in terms «f the experimental data reported by Chylek et al.

since they demonstrate this frequently observed effect.
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CHAPTER VIII
NONSPHERICAL PARTICLE CALCULATIONS: II

In Chapter V, a modification to the Mie solution to model non-
spherical particle scattering was reviewed (Chylek, Grams and Pinnick,
1976). Because this modification is so attractive as a possible tool
in radiation transfer analyses, part of this investigation is devoted
to an estimate of the validity of the modification.

This modification is based on the correlation of the resonances
of the cp and dZ in the region x~{ with glories in the pliase functions,
glories not being commonly observed experimentally. As a result,
Chylek et al. proposed the truncation of the resonances to model the
effects of particle irregularity. This modification was implemented
into a code, and calculations were presented that enjoyed better agree-
ment with experimental data than did standard Mie calculations. This
truncation was not applied toallcZ and dl' but rather only to those
for £23, otherwise the calculations do not exhibit good agreement with
the data. This restriction is based on an argument that a certain
minimum particle size is necessary for the validity of the modification.

The starting point for this effort is the calculation of the

c

3 and d3 in the region x=£. Shape functions of the form

x(8) = 0[1tO.an(9)] (8.1)

for X, = 3 to 4.5 by steps of 0.1 and for n=2,3,4,5 are considered.

The real and imaginary parts of the cq and d3 are compared with the

¢, and d, calculated using the Mie solution. In seven of these eight

3 3

cases, the shape of the curves is preserved, although the resonance
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sharpens in the sense that the real parts of the curve narrow by as

much as a factor of two. This behavior is demonstrated in Figure (8.1)

Grin saianlin oo n il i)

where the real part of c, is plotted for the Mie solution and for two

3
shape functions. The imaginary parts of the curves also narrow. In
one case, that of x(0) = x°(1+o.1p3(eo), the resonance curve is replaced
by a slowly varying curve whose real parts have a mean of approximately
0.3, and whose imaginary parts have a mean of approximately zero.
Additionally, although the centers of the curves shift, apparent-
ly without trend, the real parts of the curves always fall under the
Mie resonance curves. The extent of the narrowing or the curves seems
to be approximately proportional to n. On the basis of these calcu-
lations, therefore, the modification of the qz and dZ is not sub-
stantiated, but the numerical results of Chylek et al. may be justified
in view of the narrowing of the resonance curves.
As a further step, calculations are performed for one of the

polydisperse aerosol distributions reported by Chylek et al. (i.e. the

first KC1l). Nine phase functions are calculated using

x(0) = x_

x(8) = x_(1+0.05P,(8))

x(8) = x_(10.1P,(0)) f
x(8) = x_(1+0.15P,(0))

x(0) = xo(1-o.1P2(e):o.194(e))
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and combined linerly with adjustable coefficients calculated using
regression techniques to fit the data. Two different fitting schemes
are used; one using all the data, and another using only those data
for scattering angles greater than sixty degrees. A representative
fit for each scheme is compared with the data in Figure (8.2). These
fits appear to be as good as those reported by Chylek et al.

It must be noted, however, that the Chylek, et al modification
incorporates the effect of averaging over particle orientation while
the formalism of Chapter VI is limited to only one particle orien- "
tation. A complete calculation would incorporate this averaging
process. Unfortunately, this average is beyond the scope of this
investigation because of the limitation of available computer memory.
If the averaged values of Cp and df were calculated, better agree-
ment with the behavior suggested by Chylek, et al. might be observed.
Additionally, improved agreement with the experimental data shown in
Figure (8.2) for scattering angles between 100 and 170 degrees might
result. It is in this region, however, that the resonance behavior
of the e and d( is most important. While the agreement between
these calculations and the data is poorest in this region, the agree-
ment is still better than that displayed by Chylek, et al's calcu-
lations because truncating the resonances in the e and dl effectively
removes all structure such as is found in the experimental data in
this region of scattering angle. Thus, some resonant behavior may
still be expected in the cp and dp after averaging over particle
orientation, and the behavior suggested by Chylek, et al, should not

be completely reproduced.
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, Figure ( 8.2 ) Comparison of Nonspherteal Data (Circles) of Chylek,
{ § Grams, and Pinnick with Figurative Mie (Solid) and Two
: Combinations of Calculated Phase Functions. Both
: combinations use phase functions for the shape functions

| £ x(0) = x,(1-0.05P2(8)), x(6) = x_ (1-0.1P,(68)), and x(8) =
x°(1-0.15P2(6)). The curve (---) was fitted using all
£ data, and the curve (-.-) was fitted using only data
: for scattering angles greater than sixty degrees.
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CHAPTER IX
REVIEW OF RADIATIVE TRANSFER THEORY
The theory of Radiative Transfer (RT) has been developed to
describe the transport of light in an extinguishing medium. The
general four-dimensional form of the RT equation is (Chandrasekhar,

1960; Pomraning, 1973)

139
[ * k0 1, & ) = G, ©) Ti(E, € k) (9.1)
ag, thw(g, t) r4 >
o szjj'(&' € kKD, € kDA
i'=

where: Ij(£’ t, k) = the fth component of the Stokes vector (Egs.
(3.43) - (3.46)),

c = the speed of light,

t = time,

X = position vector,

ks k' = unit propagation vectors,

a(g, t) = the extinction coefficient at x and t (Eq (4.2)),

w(f, t) = single scattering albedo at g and t (Eq. (4.6)),

ij(r, t, k°k') = scattering phase function for the j'th

Stokes vector component into the jth
Stokes vector component at K;and t through

an angle,

k' = cos(9), the cosine of the scattering angle.
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The phase function ij'(E’ €, k°k') differs from the Pj(£’ t, 0)
defined.in Eq. (4.4) by a pair of rotations to correct for the change ’

of orientation from k to k' (Chandrasekhar, 1960).

The RT equation is most commonly used in its unpolarized,

time independent form

a(r)w(k)
FULG B = S@IG B + 77— [p kKDIG D%

9.2)

where: I(&, &) = the unpolarized intensity, and
P(x> k'k') = phase function defined by Eq. (4.5).

Additionally, a source function J(x, k) is commonly defined as
1 ' 1y 321
Ik, k) = an JP({. k°k YI(x, k"dak', (9.3)

which allows Eq. (9.2) to be rewritten as

keYIGx k) = =@ 1, k) - @I, K]. (9.4)

Until recently, most of the work on RT has been performed in
describing stellar or planetary atmospheres (Chandrasekhar, 1960).
This work was concerned with plane or spherical parallel atmospheres
with symmetry of medium and boundary conditions that allowed

Eq. (9.4) to be reduced (in the plane parallel case) to

732, W) = @1z, W) - w@)IE, W] (9.5)
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where Z = coordinate along which the medium varies,
= k-i, and ’

3z, W =3 fr(z. Kk, uhdu'.

Equation (9.5) is commonly referred to as the RT equation in the

literature because of the interest it has enjoyed.

e .

While Eq. (9.5) is useful for describing the brightness of a
star or the amount of sunlight reaching the surface of a planet, it is
limited to media varying along only one axis and uniform incident
illuminations. Thus Eq. (9.5) cannot be uséd to treat problems where

the media varies in more than one direction such as smoke (Friedlander,

1977; Greene and Lane, 1964) or clouds (Mason, 1971). Additionally,

-

nonuniform incident illuminations such as are encountered in imaging

and laser propagation problems cannot be treated.

To date, calculations performed on varying media and/or

SO — N—

nonuniform incident illuminations have been limited to either few

1 orders of scattering (Deepak and Green, 1970) or small angle scatter-
ing (Weinman and Shipley, 1972). Additionally, some Monte Carlo RT
calculations have been performed for laser transmission through
clouds (Bird, 1974), but these calculations are costly in terms of
computer time requiied because the trajectory of each photon must

be followed from source to absorption by either the medium or the

detector,and a large number of photons must be counted to achieve
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statistical significance. Thus, there have been no general numerical

RT calculations performed to date from a general solution of the RT

| equation.

The RT equation, Eq. (9.1) may be rewritten by noting that the

1 differential (% %E + k'g) is essentially a directional derivative
_ﬂ %Z where
&
3 b e ) 14
4 (9.6)
t=t +&/c
o
X, - boundary of the medium, and
to = time the light crosses the boundary.
Equation (9.1) may be rewritten as
)
3 &y s k) = - alg, O, t, k) + 9.7)

|
alr, t)w(x, t) &
3 I ‘.“& & IP(E) t, k.k')l(&' t’ &')dzk'

in an unpolarized form. Because most experimental data provide

only the information of a concentration of total aerosol as a
function of position and time and a constant particle size distrib-
ution, it is most useful to adopt the case where N(x, a, t) is separ-

able (Eqs. (4.1) - (4.4)), so that Eq. (9.7) may be rewritten as

e ]
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If the scattering events are independent, nth order scattering
is due to n consecutive single scatterings, and the intensity may be
written as a sum of contributions for each order of scattering (Deepak

and Green, 1970). That is,

N
I(x, t, k) = ):wnln(,g, t, k) 9.9
n=0

where In(£’t’ k) is the intensity at r at time t along k due to nth
order scattering. While it is assumed that this series is convergent
it may be noted that the series will converge in the limit n + « if
w1n+1(&, t, k)/ln(x, t, k) < 1. Since w<l, this assumption seems
reasonable and is borne out numerically.

Equation (9.8) can be decomposed into N equations by

substizuting Eq. (9.0);.

TG 6 ) = G, DI G k) (9.10)

and




and

A Gt ) = -a(g, O (st k)

a(x, t) 2 gl .
+ H—_ IP()&’& )In_1(£’ t, k )d k , N>0 (9.11)

It is convenient to extend the definition of the source

function by combining Eqs. (9.3) and (9.9) to give
I, G s k) = z—n fp()g‘)g')ln(,g, t, }G')dzk*,') (9.12)

Equation (9.11) may be rewritten as
TGt ) = (g OL (s t, k) + (g O Gty k)
(9.13)

The boundaries of the medium may be expressed as the set of
vectors {Ko} and the initial times as {to}. The incident illuminations
are defined as Io(Ro’to’b ). The solutions to Eqs. (9.10) and (9.13)

may then be written as

L
I(gs t5 k) = I (ks tos k) exp[ -I aCr +kL's t°+£'/c)d£1(9.14)

(o]

and

2
I(Es s =T (5os £ k) exp [- Ia(&o+k£', t°+£'/c)d£'] (9.15)

o
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+ [“(EO*J&K" to+L'/°)Jn-1(§o+’€£" £ L'/c, k) ’

£
exp [-fa(£0+k£", to+£'/c)d£" d¢', n>0.
Jé

If the boundaries are nonreflecting, In(£o’ to’ k) = 0;n>0, and Eg. ;

(9.15) may be reduced to
£

In(&’ €y k)= f0(£o+k£', t°+£f/c)Jn_1(£°+k£?, t0+£?/c k) (9.16)
0
; ¢ :
exp [ -Iu(£°+ ", t "/c)dL"|dL'.
LI
Equations (9.9), (9.12), (9.13), and (9.16) constitute the

four basic equations for the general RT calculations to be performed.

Chapter X describes the development of a numerical algorithm for the
solution of the two-dimensional RT equation, and Chapter XI presents

some calculations performed using the code implementing this algorithm.
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CHAPTER X !

TWO-DIMENSIONAL RADIATIVE TRANSFER EQUATION ALGORITHM
The RT equation is solved by introducing a quadrature ’
approximation for the source function similar to that of Chandrasekhar
(Chandrasekhar, 1960). The approximation for the source function,

Eq. (9.12),1is

I
3 s J§)=Z=1P(J§‘}§i')wj_ln(;’. ki) (10.1)

where the wi are approximate weighting factors chosen such that

i_f(gﬂe W, =1 (10.2)
where 83.15 the unit vector in the z direction. The phase function
is now independent of position and time because the medium has been
assumed to be separable. Additionally, because the RT equation of
interest in this chapter will be essentially two-dimensional, all
reference to the functional dependence on time t will be dropped;
only steady state conditions will be admitted.

The aerosol medium will be represented by a rectangular array
L by M points in extent. The positions of the points in the array are
designated by the indices £ and m. Since the array is rectangular,
the points in the array have eight first, second, and third nearest
neighbors, defining eight directions (and ki)' This geometry is

shown in Figure (10.1).
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The differential d%& in Eq. (9.12) may be written as
dcost'd¢' and Eq. (10.1) may be formed as the product of two trapezoid
rule integrations (without derivitive terms) (Abramowitz and Stegun,
1964). One property of the trapezoid rule is that the weighting
factors for all points except the end points are equal. The weighting
factors for the end points are one-half of the other weighting factors.
The ¢' integration is approximated at the points ¢' = 0, m, and 2w,
Since the integrand of Eq. (9.12) has the same value at ¢' = 0 and at
¢' = 21 , the integration effectively looks only at the points ¢' = 0
and ¢' = n with equal wefghting factors at both points. The cos8'
integration {s approximated at the points cos®' = *1, 0.5 and 0,
but the end points, cos®' = *1 are counted twice because of the ¢'

approximation. As a result, the weighting factors w( are the same for

all ( and are defined by reducing Eq. (10.2) to

W; P k") = L (10.3)
(=1
where W is the integration weighting factor.
Equation (10.1) allows the solution of the time-independent
RT equation to be reduced to an eight-beam formalism, so'that only
those intensities needed for the source functions are calculated.
Additionally, the approximation that the source functions and

intensities are constant in the rectangular region about each point

in the array {s made.
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Equation (10.1) may be rewritten as

s ‘ ’
InGem, Ky? = 1 9ji%%em ) (04

A=

where jS - wP(kj'&i) and Kem is the position in the array. It is

conceptually convenient to introduce the notation

Jnccbm,k&') - Jn,tm,j ’ (10.5)

L Kem, XD = Ty, om, 40 (10.6)

and
(10.7)

The incident illuminations are specified at all points on the
boundary of the array (£ = 0 and £ =1 for allm, and m = 0 and
m =M for all £) for all ki interior to that £,m point. The Iu,lm,j
are calculated from these boundary conditions by a point-to-point,
along each path integration of Eq. (9.14). The J tm.; are cal-
0, %)
culated from the I . using Eq. (10.4). Following this, the

, v
Il.bﬂ.j are calculated from the Jo’ o, § using Eq.(9.16) and the

Jl.&m.j are calculated from the Il, on,j The intensities In,lm,j
and the source functions J“ m jfor n>1 are calculated in a similar
, ’

manner. The total intensity at any point iun any direction may be |
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calculated from Eq. (9.9). For example, the forward intensity along
the boundary ¢ = L is

A : n
I(KLm,e3) o, E-OI“' Lm, f” (10.8)

and the backscattered intensity along the boundary ¢ = 1 is

N ‘n
— - X 1 Q)
Ik, -ey) n,1m, S

. n=0
These two quantities are calculated to the order of scattering N for
which the Center Line of Sight (CLOS - the line between the source-
detector system, being along varying £ for m = M/2) forward intensity

varied with order of scattering by less than 1X. That is,

N e M TR ¥
W - . .
! L, 1 ) Lo, 1 <.01} Lo, 1 (10.10)
n=0 ’5 n=o "2' n=o 2

Another quantity calculated is the modulation contrast defined by

I(&lm.&i) P Ic‘bﬂ,ki)mi
C(&m.h) = I(&(m.ké)mfxl({bn.kﬁ)mi: (10.11)

where Ic&bm, &i)max and I(&lm, ki)min are the maximum and minimum
intensities along the path perpendicular to k&' Specifically, the

contrast for the forward intensity along m for £ = L is calculated
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since this would be the contrast seen by a detector looking along the
CLOS.

Available computer memory would only permit this two-
dimensional algorithm to be coded and then by storing only the Jn,lm.j'

the Jn-l tm, § and the forward scattered and backscattered intensities,
» »

Eqs. (10.8) and (10.9). The run time of the code was minimized by
introducing an eight beam interlace integration scheme for the
intensities and source functions.

The eight beam interlace integration scheme arises from noting
that the quadrature approximation to the source function, Eq. (10.4)
may be calculated sequentially by incrementing for each In, tm, §
as it is calculated rather than waiting until all eight In, m, §
have been calculated and then summing them. The chief advantage of
this scheme is that it allows the calculation of the source functions
to be shifted from a consideration of each point in the array on a
point by point basis to a consideration of each point in the array on
a path by path basis, collecting points as they occur on each path
to increment the source function at that point. The operation of
this scheme is shown in Figure (10.2).

The advantage of Eqs. (9.9), (9.12), (9.14) and (9.16) in
coding is that they allow the intensity for each order of scattering
to be calculated from the source function for the previous order
of scattering. The code may be structured so that the Io. m, | are
calculated from the boundary conditions, the Jo, o, j are calculated

from the Io. tm,j and in general, the If\ o, j are calculated from

102




T S N

AVHHY NI HLVd €

AVHYHYVY NI SLNIOd O

- —— ——

Eight Beam Interlace Integration Scheme

Figure (10.2).
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the J and the Jn, m, § from the In. m, 4 The calculation of

n-1 Ib"lj

the I has been described by Eq. (10.4). The equivalent

np b"’ j
equations for the calculation of the I . from the incident

o, &m, §
illuminations and the In, o, § from the Jn-l, i, § may be derived
from Eqs. (9.13) and (9.16), respectively. To describe this, consider
the specific example of the first two points along the direction

{ = 1. These two points are £ = 1, and £ = 2, m = 1, Equation (9.13)

may be rewritten as

IO, n, 1 = IO, o1, 18%P [-a 1].AZ/Z] (10.12)

and since there are no reflecting boundaries, and the source function °
is constant in the rectangular region about each point in the array,

Eq. (9.16) may be rewritten as

AzZ/2

1 exp [-all(Az/Z - Az')]aaz!

W, 1 1 "t 31,0

(10.13)

which may be integrated to yield

Lo, 1™ dae1, 11, 1 [1 - exp (-a),42/2)] (10.14)
The upper limit of integration AZ/2 occurs since this is the distance
from the boundary of the array to the point £ = 1, m = 1 along the

direction ¢ = 1. The intensities IO. 11, 1 and In, 1, 1 each
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contribute one term QjIIO. Y and leln, 27, 4 to the calculation

of J and J 1, 4 respectively. The intensities at the ’
’

0, 11, f n,
point € = 2, m = 1 may also be calculated form Egs. (9.13) and

(9.16) as
AZ 3AZ/2
= - . e L]
N M S IG 11942 J x, 402 (10.15)
0 AZ

=1 exp [—ullAZ - a21AZ/2]

0 I R
and
AZ
= ! - "
In. 21, 1 allJn—l. 1, 1 JdAZ exp [ I ulldAZ ] (10.16)
0 a2
3A2/2 3A2/2 3A2/2
exp[-JGZIdAz"] + GZIJn-l 21. 1 dAZ'exp|- a21dAZ"]’
AZ Az Az

which may be integrated to yleld

- e A
Row 1™ Y, 11, 1[1 exp (=3, z)]"""('“21“’2)

l-exp(—azlAZIZ)] (10.17)

Wael, 23, 1[
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since the point £ = 2, m = 1 is 34Z/2 from the boundary, and the
source function changes value is going from the first rectangular
region about £ = 1, m = 1 to the second rectangular region about

{ =2, m=1, Equation (10.15) may be rewritten as

I

I % 3L 4

o, 21,1 ° exp [-(a), +a,,)42/2) (10.18)

by recognizing that IO. 21, 1 is equal to the intensity IO, 1. 1
degraded by extinction between the points £ = 1, m = 1, and =2,
m = 1, while Eq. (10.17) may be rewritten as
[l-exp(-allAZ/Z)]exp[-(011+u§1)A2/2]

I =J

n, 21, 1 n-1, 11, 1

+Jn_1. 11, 1[1’GXP(‘011A2/2)]eXP(-GzlAZ/Z) (10.19)

+Jn_1 P - | [1‘exP(‘°2IAZ/2) ]

The first term of the right hand side of Eq. (10.19) may be recognized

as the intensity In 1. 1 degraded by extinction between the points
A ,

=1, m=1and { = 2, m= 1. Equation (10.19) may then be rewritten

Lon 1" % 1. exp (- (o) +a, )Az/2]
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o SRR lll_exP(-allAz/z)]exP('021AZ/2)

Hoo1, 21, 1l1mexe(=ay,42/2)] . (10.20)

Equations (10.18) and (10.20) are the specific forms for this example
of the general numerical equations for the intensity at a point in the
array along a path in terms of the intensity at the previous point in
the array along the path and the previous order of scattering source
functions at the two points on the path along the path, noting that

1 = 0 for n<0 for all ¢, m, §. It may also be noted that

n, &m, gy
Eq. (10.20) may be derived from Eq. (9.15) if k = &1. and In({o. &) =

1 It is the. combination of Eqs. (10.4), (10.12), (10.14),

W 5 L
(10.15) and (10.20) that allows the order of scattering path-by-path
calculation to be performed.

The derivation of these equations incorporated several
approximations. Two approximations were used in deriving Eq. (10.4);
that the extinguishing medium may be represented as planar, and that,
within that plane, the radiation transport may be represented by eight

beams. It is expected that computational errors will increase when the

incident illumination varies greatly outside the plane, or when eight

beams are not enough to represent accurately either the incident 1
illumination or the scattering phase function. Equations (10.12),
(10.14), (10.15), and (10.20) incorporate one major approximation,

that the source function does not vary appreciably about each point
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in the rectangular array representing the planar medium. The iterative
form of the solution and the close computational connection between
Eqs. (10.4), (10.12), (10.14), (10.15), and (10.20) makes an exact

estimate of error difficult.

As an estimator of worse case error to be expected from the
combination of these approximations, calculations were performed
using this two-dimensional algorithm (a listing of the code is given
in Appendix (IV)) and a three-dimensional Monte Carlo trajectorv
tracing code (House and Avery, 1969) for a Rayleigh scattering
medium (Chandrasekhar, 1960) with an albedo of 0.5. The medium was
assumed to be uniform (op, = constant). The Rayleigh phase function
was chosen for this comparison because it represents the worse case
of any situation of interest with regard to nonforward scattering,
since polydisperse aerosol phase functions do not generally exhibit
glories or rainbows (Van de Hulst, 1957} Deirmendjian, 1964). The
incident illumination was a gaussian profile beam held constant with
respect to the third dimension for the Monte Carlo calculations.
The forward CLOS intensities at five optical depths are given in Table
(10.1). The precent differences were calculated’ relative to the
Monte Carlo results. It may be seen that while there are considerable
differences between the two calculations (maximum 3.3%), the variation
in the difference and the degree of approximations extant in the
two-dimensional algorithm indicate that the agreement in this case

may be considered to be quire good. Better agreement might be
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expected for most polydisperse aerosol phase functions, but worse
agreement for incident illuminations with more variation outside the ’

| plane when the planar medium approximation becomes more inaccurate.
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CHAPTER XI 1

L RESULTS OF

TWO-DIMENSIONAL RADIATIVE TRANSFER CALCULATIONS

The calculations presented in this chapter are for a uniform '
Deirmendjian C.3 fog. Because the fog is uniform, the extinction

coefficient ®om is constant within the fog which encompasses the

TR oy o T
. ¢
SPRIISULSES SN 3

entire rectangular array. In terms of Eq. (4.9), D = 5.5556,

B = 0.3333, 6§ =3, Y = 8, and the concentration is 100/cm3 (Deirmendjian,

1964). Three wavelengths were considered; 1.06 ym, 3.0um, and 10.6 ym,
ﬁi 3 representing the near ir, the mid ir, and the far ir. Two of these

wavelengths correspond to actual laser wavelengths (1.06 um and 10.6 um).

The other wavelength was chosen close to the 3-5 um window of the
atmosphere, but just outside the window where the water absorption would
be considerable (Selby and McClatchey, 1976). Additionally, the
refractive index of water is well known at these wavelengths (Centeno,

1944; Pointer and Dechambenoy, 1966; Curcio and Petty, 1954).

The extinction coefficients, albedoes, and phase functions
were calculated using an existing polydisperse Mie scattering code
adapted to calculate the jS (Blattner, 1972). A listing of this code

is given in Appendix (IV). The wavelengths, refractive indices,

calculated extinction coefficients, albedoes, and le's for § = 1-5

are given in Table (11.1). The other le's are not included in

P

Table (11.1), since the symmetry of the unpolarized phase function
requires that Qy; = Quys Q93 * 910 %1 * %61
i Two sources were considered in these calculations -- a uniform

' : intensity beam and a Gaussian profile beam. The uniform intensity |

111 :
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beam was used to investigate the transmission of contrast. This beam '
was 1.9 km wide against a black background 5.2 km wide including the

beam. The geometry of these calculations, showing the uniform intensity ’
beam, is given in Figure (11.1). As defined by Eq. (10.11), this beam

has an inherent contrast of one. Both beams were treated as plane

waves traveling along the < = 1 direction for the purpose of establish-

ing boundary conditions. The other boundary conditions were taken to

S et it et

2 be zero. For both beams, the incident {llumination at the CLOS was ]
one so that intensities along the CLOS could be directly interpreted as
transmissions.

The depth of the fog was varied in 0.5 km increments from 0.5
: ' to 5 km. The size of the array was M = 31 and L = 50, limited only by
the available computer memory. The scale of Az is determined by the
depth of fog to be considered, the scale of Ax is determined by the
scale of Az, and the size of the beam is determined by the number

of Ax needed to accurately represent it. Thus the beam diameter is

f { directly constrained by the depth of fog considered.
The forward and backscattered intensities are calculated using
i | Equations (10.8) and (10.9) for both beams at the three wavelengths
and ten fog depths described. The forward intensities along the CLOS
} | are shown in Figures (11.2) and (11.3) for the uniform profile and

gaussian profile beams, respectively. Examination of these intensities

reveals that the intensities fall off with fog depth z as approximately
exp (-aqz) where @ is a diffusion exponent (always < 1) similar to that {
found in traditional one-dimensional plane-parallel RT (Chandrasekhar,

1960; Kattawar and Plass, 1967). The intenaity at 3.0um falls off

i |
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fastest because the extinction coefficient is largest at that wave-

length due to the water absorption. While these ¢'s are not the same '
| numerically as those encountered in one-dimensional RT because of the
nonuniformity of the boundary conditions, this behavior of the inten-

sity along the CLOS is not unexpected because of the symmetry of the

boundary conditions. The intensity of the uniform beam falls off

faster than the intensity of the gaussian beam for each wavelength, and
the magnitude of the difference between the intensities for each

wavelength decreases with increasing wavelength. This difference in

intensities is due to both scattering and initial beam profile. The
total orders of scattering N regquired to satisfy the convergence
condition, Equation (10.10) is dependent on the depth of fog'and the
albedo, which is wavelength dependent. As the albedo or the fog depth
increases, N increases. Experience with the two-dimensional

code indicates that N is more strongly influenced by albedo value

than by fog depth. Further, the value of q decreases with increasing

w and/or N. This behavior of ¢ has been noted in plane-parallel
one-dimensional RT (Kattawar and Plass, 1976).

The difference in transmission between the two beams is also ]
due to the form of the initial beam profile. The uniform beam inten-

sity falls off less rapidly adjacent to the CLOS than does the gaussian

beam incident intensity. This condition affects the scattering of
light away from the CLOS. The total scattering out from the CLOS is
less for the uniform beam than for the gaussian beam for low orders

of scattering since the intensity scattered out of the CLOS is largely :
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replaced by intensity scattered into the CLOS. For higher orders of
scattering, the situation is reversed. At the edge of the uniform pro-~
file beam, intensity that scatters out into the background is not
replaced, largely because there is little intensity to be scattered
from the background into the beam. Some intensity is scattered into
the edge of the beam from the interior of the beam, but there is a

net scattering out from the beam into the background. As higher orders
of scattering are considered, more intensity scatters into the back-
ground than out of it.

This net scattering out of the CLOS also occurs for the
gaussian beam, but at a lesser rate since there are no regions of zero
initial intensity for the gaussian beam. If the gaussian beam were
truncated to the size of the uniform beam, the intensity of the
truncated gaussian beam would fall off even faster than the intensity
of the uniform beam.

The forward intensity is strongly influenced by the total
orders of scattering N required to satisfy Equation (10.10). As pre-
viously stated, the value of N required is largely determined by the
albedo. In practice, it is found that the relative value of N
required goes at least as the square of the albedo. Since the value
of the albedos used in this study decrease with increasing wavelength,
N decreases with increasing wavelength. Thus shorter wavelengths
evidence higher order intensities that fall off faster for the uniform

beam than for the gaussian beam.




o

Comparison of the backscattered intensities, Figures (11.4)
and (11.5), respectively, at each wavelength shows that the uniform .
beam intensities are greater than the gaussian beam intensities.
Further, the magnitudes of the intensities decrease with increasing
wavelength as do the differences between the intensities. This is
because the backscattered intensity is largely due to low orders of
scattering. This fact is demonstrated by the shape of the curves,
being proportional to 1 - exp(-2aqQ'z), where Q' is again a diffusion
exponent. This curve may be calculated analytically for first order

scattering, using Equation (9.15) for n = 1 and k = -e While q'

3
could not be calculated as exactly as qQ for each wavelength-beam case
because of the difficulty of accurately calculating the proportionality
constant for each curve (essentially a total source term,) it was found
that @' < @ in all cases by an amount consistent with the errors
involved in the 1% criterion of Equation (10.10). This behavior is
consistent with the contention that backscattered intensity is largely
due to low orders of scattering since the 1% condition applies to the
forward intensity and for equal numbers of forward and backscattered
intensity terms contributing to the total intensities, the backscattered
intensity should be more accurate and ¢' < q. ’
The increase in backscatter with decreasing wavelength may be .
seen by considering that the albedo decreases with increasing wave-
length, and the product of albedo, extinction coefficient, and Q51
decreases with increasing wavelength. This latter quantity is the

backscatter coefficient that determines the amount of first order

backscatter back along the CLOS. Thus the backecatter coefficient b o
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determines the first order backscatter, and, in this case, the relative

wavelength order of the curves, while the albedo determines N and

therefore Q'.

The relative difference between the backscattered intensities

! at each wavelength is due to the same effects that caused the differ-
ences in the forward intensities; scattering and initial beam profile.

11 The first order backscattered intensity along the CLOS is the same

for both beams. The second and higher order backscattered intensities

are due to intensity from outside the CLOS entering the CLOS to be
scattered back along the CLOS. Since these entering intensities fall
2 off as exp(-al), the immediate region to the CLOS is most important in
contributing to the backscattered intensity. For the uniform beam,
this region changes less in intensity for low order scattering, and
more for high order scattering than it does for the gaussian beam.

Thus, since the backscattered intensity is largely determined by low

! orders of scattering, the uniform beam should have more backscattered

intensity than does the gaussian beam.

| The scattering of intensity out of the uniform beam is
demonstrated in the contrast of the uniform beam forward intensity.

| The contrast for the three wavelengths, calculated using Equation
(10.11), is shown in Figures (11.6) - (11.8), respectively. Since
the contrast is symmetric about the CLOS, only one-half of the beam

contrast is shown. Figure (11.6), the contrast of the uniform beam

at 1.06im clearly shows the decrease of the contrast of the beam, the

increase of the contrast of the background, and the deformation of the
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beam. These three features are most pronounced in this figure, and
may be seen in Figures (11.7) and (11.8) to decrease in magnitude '
with increasing wavelength. Figure (11.7), the contrast of the

? ! uniform beam at 3.0um, shows this decrease in magnitude, although

' ‘ the decreaserof the beam contrast and the increase in the back-
ground contrast are still evident in the beam contrast curve furthest
from the CLOS in crossrange and in the background contrast curve
nearest the CLOS, respectively. The deformatfon of the step func-
tion shape of the initial profile is much less evident at 3.0um than
it was at 1.06um. At 10.6um, Figure (11.8), increase of the back-
ground contrast is barely discernable, although some decrease in

beam contrast and deformation of beam profile may be seen at extreme

‘.

- fog depth. .
‘ The gaussian beam profiles also demonstrate the scattering
1 of intensity outward, although to the lesser degree expected. For

this reason, one-half c¢f the beam profile at l.déun for the gaussian

E | beam is presented in Figure (11.9). This profile was @®@xlculased by
a1 dividing the intensity at each fog depth and crossrange by the CLOS
{intensity at that fog depth. The deformation of the beam profile to
a wider gaussian is evident in the increase of the relative inten-
sity curves away from the CLOS with increasing fog depth. The
deformation may be seen to be much less for this gaussian beam than

in the comparable uniform beam, Figure (11i6). The beam profiles

at 3.0um and 10.6um are not shown since they differ only qualitatively

from Figure (11.9). Figure (11.10) shows the increase of
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the beam diameter with fog depth at the three wavelengths. The

relative effects of albedo value may be clearly seen. ’
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CHAPTER XII
SUMMARY

This dissertation has described the results of an investigation
of radiation transfer through aerosols., The first part of this inves-
tigation was concerned with single particle scattering. The scattering
of light by a single spherical particle, the Mie solution, was reviewed
by developing the Hertz vector solution for the Maxwell Equations in
Chapter II and reproducing the Mie solution using the Hertz vectors
in Chapter III. The extension of the Mie solution to describe the
single scattering of light by a collection of independent particles,
the usual case with aerosols, was reviewed as developed by Deirmendjian
in a format compatible with performing radiative transfer (RT)
calculations (Deirmendjian, 1964). This description of aerosol single
scattering was given in Chapter IV.

The Mie solution is valid only for spherical dielectric
particles so that it may treat most liquid aerosols and those solid
aerosols that are spherical. Large liquid aerosol particles that have
been deformed by gravity and aerodynamic drag, and most solid (irregu-
lar) aerosol particles cannot be treated. While dielectric particles
of regular geometric shape may be treated by solving the Mie problem in
other coordinate systems, no generally accepted solution for irregular
particles is available. Much effort has been directed towards this
problem, however, and several solutions have been developed to treat
various aspects of the irregular particle problem. Several of these

efforts were reviewed in Chapter V.
131
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The central theme of the irregular particle scattering problem l
is the Rayleigh Hypothesis which 1imits the degree of irregularity
of the particle if the scattered fields encorporate only outgoing '
spherical waves. Thus solutions that assume the Rayleigh Hypothesis
are not valid for particles that are sufficiently irregular for light
to be scattered from one part of the particle to another and then out.
All of the solutions described in Chapter V assume the Rayleigh
Hypothesis.

The previous efforts described in Chapter V satisfy the bound-
ary conditions of electrodynamics approximately. The implication of
these approximations is unclear. Recently, an integral equation
solution has been advanced that accounts for the boundary conditions
correctly and solves the vector Helmholtz equation rather than the
scalar (Waterman, 1971). Unfortunately, only conducting particles
have been treated numerically with this method although it is valid
for dielectric particles.

Additionally, Chapter V reviews the Mie solution modification
proposed by Chylek et al. (Chylek, Grams and Pinnick, 1976). This
modification is based on the observation that glories are not
commonly observed in the experimentally measured phase functions of
polydisperse irregular particles. The mathematical source of glories
in the Mie solution is the resonances in the scattered field
expansion coefficients. Chylek et al. propose that these resonances
be truncated to model the effects of particle irregularity on

scattering. While the validity of this modification has been
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questioned, Chylek et al. have demonstrated better agreement with

experimental data for their calculated phase functions that for Mie
phase functions.

Recognizing the limitations of previous efforts to treat the
problem of irregular particle scattering, the Mie theory was extended
to cylindrically symmetric irregular dielectric particles. This
extension is presented in Chapter VI. The limitation of this extension
to cylindrically symmetric particles was not prompted by an deficiency
in the basic theory, but rather by the constraints of available
computer memory. The only theoretical limitation on this solution is,
in common with all other solutions described in this dissertation, the
assumption of the Rayleigh Hypothesis, which permits only a small
degree of particle irregularity.

A computer code was generated to calculate the scattering
properties of these particles. This code is listed in Appendix (I).
Analytic and numerical calculations were performed to demonstrate that
the theory and code would reproduce the Mie solution when spherical
particles were treated. These calculations are described in Appendix
(III) and Chapter:VII, respectively. The Mie solution has also been
extended to nonspherical particles of regular geometric shape. Notable
among these efforts is the solution for prolate and oblate ellipsoids
(Asano and Yamamoto, 1975). Approximate calculations using the

solution of Chapter VI were performed for prolate ellipsoids and

Despite the Rayleigh Hypothesis,

compared with the exact calculations.




the agreement evidenced by this comparison was quite good. In view

of this agreement, the applicability of the code to large irregular ’
particles is demonstrated. These calculations are described in

Chapter VII.

This code was then used to investigate the scattering proper-
ties of single irregular particles, and to address the validity of the
Mie solution modification of Chylek et al. Calculations were performed
to determine the effect of particle irregularity on the resonant
behavior of the scattered field expansion coefficients. While it was
found that the resonances narrowed, the numerical method of Chylek
et al. was not substantiated. This finding did not explain the agree-
ment of the Chylek et al. calculations with the data, so the code was
modified to treat polydisperse aerosols using the techniques described
in Chapter IV. Calculations were then performed to generate poly-
disperse phase functions for nine shapes of particle using the
particle size distribution and refractive index reported by
Chylek et al. for one set of their data. These nine phase functions
were then combined linearly in various combinations using regression
techniques to fit the data. It was found that several combinations
of calculated phase functions would fit the data as well as the 1
calculations of Chylek et al., and that the choice of phase functions
used in fitting the data was not especially crucial. The insensi-
tivity of the data to particle shape indicates that calculations
utilizing their modification may be adequate for most RT calculations.

Chapter VIII is devoted to a description of these calculations.
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The RT theory uses certain single scattering quantities, the
extinction coefficient, the albedo of single scattering, and the phase '
functions, along with the appropriate boundary conditions to permit

solution of the problem of describing the multiple scattering effects

of aerosols. This theory, mainly developed by Chandrasekhar, had

been primarily used to treat the problems associated with stellar and
planetary atmospheres where the symmetry and time-independence of

the boundary conditions and the extinguishing medium allow the general
four-dimensional (3 space plus time) RT equation to be reduced to a
one-dimensional RT equation (Chandrasekhar, 1960). This theory and
the development of the one-dimensional equation are reviewed in
Chapter IX.

The RT theory has most commonly been applied to practical
problems such as the calculation of the brightness of a star or the
amount of light that reaches the surface of a planet. A new set of
practical problems, that of describing the propagation of low energy
laser beams and images through the atmosphere with and without aerosol
aerosols, has developed in recent years that cannot be treated by
one-dimensional RT theory. These problems are characterized by non-
uniform boundary conditions and/or asymmetric extinguishing media.

Previous efforts to treat these problems have includéd ante Carlo

trajectory tracing codes that are exceedingly time consuming, small
angle approximation developments of the four~-dimensional RT equation !
that are valid for aerosols only in the visible and near-ir regions

of the spectrum, and are not valid at all for atmospheres, and
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general angle analyses that are limited to few orders of scattering.
No general analytic or numerical solution of the four-dimensional
RT equation has yet been developed.

In Chapter X, a numerical algorithm for the solution of the
two-dimensional RT equatfon: with nonuniform boundary conditions and
asymmetric medium is developed. This algorithm is suitable for
treating steady state laser beam and image propagation problems.

The extinguishing medium used in this algorithm may incorporate both
aerosol and atmospheric effects and the solution may be obtained to
an arbitrary order of scattering. Thus, two limitations of previous
efforts, the small angle approximation and the restriction to few
orders of scattering, are removed.

A code was generated implementing this algorithm. A listing
of the code is presented in Appendix (IV). While this code requires
a large amount of computer memory to execute, it is rapidly executable.
This speed advantage was demonstrated when the code was validated by
comparison with a Monte Carlo trajectory tracing code that was much
smaller in size but required much more execution time. The accuracy
evidenced in the comparison of the results of the two codes and
the speed of execution of the two-dimensional code demonstrate the
utility of the code for steady state problems.

The two-dimensional code was then used to calculate the effects
of aerosol multiple scattering on transmission, backscatter, and
contrast transmission through an aerosol medium. Calculations were

performed for a liquid (spherical) aerosol, a Deirmendjian C.3 fog
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of uniform concentration. Two beams, one of uniform profile and the
other of gaussian profile, were considered at wavelengths in the near,
mid, and far-ir. These calculations are presented in Chapter XI.

In summary, two parts of the problem of radiation transfer
through aerosols have been addressed in this dissertation investi-
gation. The first part, that of single scattering by a single
article, resulted in an extension of Mie theory to nonspherical
particles. This extension is limited only by the ubiquitous Rayleigh
Hypothesis and the current state-of-the-art in available computer
memory. The code implementing this extension offers the capability
to treat those solid, irregular aerosol particles that could not be
treated by the Mie solution.

While the second part of the radiation transfer problem, that
of single scattering by a collection of particles, was not addressed
because most aerosols are comprised of independent particles and the
basic work of Deirmendjian is wvalid, the third part of the problem,
that of multiple scattering, was addressed. A numerical solution
algorithm for the two-dimensional RT equation was developed and a
computer code implementing it produced. This code is useful for
treating steady state problems of low energy laser beam and image
propagation through aerosol laden atmospheres.

This dissertation has suggested some interesting problems
for future effort. One problem would be the comparison of the
multiple scattering effects of liquid (spherical) and solid (non-

spherical) aerosols. An example of this problem is the difference in
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propagation through fog as compared to dust. This comparison could
be addressed by using the single scattering quantities calculated
with the nonspherical scattering code in solving the two-dimensional
RT equation.

This second problem is an extension of the two-dimensional RT
solution algorithm to four dimensions. The two-dimensional algorithm
developed during the dissertation investigation is limited because it
cannot treat time dependent problems such as calculating the stretching
effect of multiple scattering on laser pulse propagation, nor problems
in which the third spatial dimension is asymmetric. While the two-
dimensional algorithm is adequate for some modern theories of detection
and recognition, the four-dimensional RT equation solution is needed
to consider g;oblems with two-dimensional images and vertically
varying media such as smoke and dust clouds. The extension of the
two-dimensional algorithm may be effected by returning to the four-
dimensional RT equations developed in Chapter IX. A numerical
solution algorithm may then be developed for these equations by
using the quadrature approximation and evaluating the path integrals
numerically rather than analytically as is done in the two-dimensional

algorithm.

138

ATV ST -




LIST OF REFERENCES

Abramowitz, M., and I. A. Stegun, Handbook of Mathematical Functions,
National Bureau of Standards, Washington, D.C., November 1964.

Asano, S., and G. Yamamoto, Appl. Opt., 14 29 (1975).

Bird, R. E., "Calculations of Multiple-Scattering Effects on Active
Optical Sensors in Cloud Environments,'" Naval Weapons Center
NWC-TP-5667, China Lake, CA, May 1974.

Blattner, W., "Utilization Instructions for Operation of the Mie
Programs on the CDC-6600 at AFCRL," Radiation Research Associates
Research Note RRA-N7240, contract F19628-70-c-0156, Radiation
Research Associates, Inc., 1972,

Born, M., and E. Wolf, Principles of Optics, Pergamon Press, Oxford,
1975.

Cadel, R. D., Particle Size, Reinhold Publighing Corp., New York, 1965.

Carnahan, B., H. A. Luther, and J. C. Wilkes, Applied Numerical
Methods, John Wiley and Sons, Inc., New York, 1969.

Centeno, M., J. Opt. Soc. Am., 31 244 (1944).

Chandrasekhar, S., Radiative Transfer, Dover Publications, Inc., New
York, 1960.

Chylek, P., G. W. Grams, and R. G. Pinnick, Science, 193 480 (1976).

Corn, M., "Aerosols and the Primary Air Pollutants, Nonviable Parti-
cles, Their Occurrence, Properties and Effects" in A. C. Stern
(ed.), Air Pollution, Vol. I, "Air Pollutants, Their Transforma-
tion and Transport," Academic Press, New York, 1976.

Curcio, J. A., and C. C. Petty, J. Opt Soc. Am., 44 302 (1951).

Davies, J. B., IEEE Trans. on Microwave Theory and Techniques MIT-21,
99 (1973).

139

|

Z;

= 2o

2




T S

e ol e Aot

Debye, P., Ann. Physik., 30 59 (1909).
Deepak, A., and A. E. S. Green, Appl. Opt., 9 2362 (1975).

Defrmendjian, D., Electromagnetic Scattering on Spherical Polydisper-
sions, American Elsevier, New York, 1964.

Deirmendjian, D., "Far Infrared and Submillimeter Wave Attenuation by
Clouds and Rain," Rand Report P-5419, The Rand Cerporation,
April 1975,

Draper, N. R., and H. Smith, Applied Regression Analysis, Jeohn Wiley

and Sons, Inc., New York, 1967,
Eyres, L., and A. Nelson, Annals of Physics, 100 37 (1976).
Foldy, L. L., Phys. Rev., 67 107 (1945).

Friedlander, S. K., Smoke, Dust and Haze: Fundamentals of Aerosol
Behavior, John Wiley and Sons, Inc., New York, 1977,

Fuchs, N. A., and A. G. Sutugin, Highly Dispersed Aerosols, Ann Arbor
Science Publi{shers, Ann Arbor, Michigan, 1970.

Gans, R., Ann. Physik., 76 29 (1925).

Green, H. L., and W. R. Lane, Particulate Clouds: Dust, Smoke and
Mists, E. and F. N. Spon, Ltd., London, 1964.

Holland, A. C., and G. Gagne, Appl. Opt., 9 1113 (1970).

House, L. L., and L. W. Avery, J. Quant. Spectrosc. Radiat. Transfer,
9 1579 (1969).

Jackson, J. D,, Classical Electrodynamics, John Wiley and Sons, Inc.,
New York, 19062,

Junge, C. E., Air Chemistry and Radioactivity, Academic Press, New
York, 1963,

Kattawar, G. W., and G. N, Plass, Appl. Opt., 15 3166 (1976).

Kerker, M., private communication, December 1977,

140

e . R A




T s

Mason, B. J., The Physics of Clouds, Clarendon Press, Oxford, 1971.

Mie, G., Ann. Physik., 25 377 (1908).
Millar, R. F., Radio Science, 8 785 (1973).

Miller, J. C. P., British Association for the Advancement of Science
Bessel Functions, Part I Functions of order zero and unity,
Mathematical Tables, Vol. X, Cambridge University Press,
Cambridge, England, 1952.

Pinnick, R. G., D. E. Carroll, and D. J. Hoffman, Appl. Opt., 15 384
(1976).

Pomraning, G. C., The Equations of Radiation Hydrodynamics, Pergamon
Press, Oxford, 1973.

Pontier, L., and C. Dechambenoy, Ann. Geophys., 22 633 (1966).
Lord Rayleigh, Phil. Mag., 41 274 (1871).

Lord Rayleigh, Phil. Mag., 12 81 (1881).

Reilley, Jr., E. D., J. Comp. Phys., 11 463 (1973).

Sedunov, Yu. S., Physics of Drop Formation in the Atmosphere, John
Wiley and Sons, Inc., New York, 1974.

Selby, J. E. A., and R. A. McClatchey, "Atmospheric Transmittance
from .025 to 28.5 um: Computer Code LOWTRAN 3," Air Force
Cambridge Research Laboratory, AFCRL-TR-75-0225, Bedford, Mass.,
April "1976.

Sellers, W. R., and B. G. Gibbs, "Descriptions-General Purpose
Computer Subroutine,”" U. S. Army Missile Command Report No.
TR-WS~75-2, January 1977.

Shifrin, K. S., Scattering of Light in a Turbid Medium, NASA TT F-477,
Washington, D. C., 1968.

Tyras, G., Radiation and Propagation of Electromagnetic Waves,
Academic Press, New York, 1969.

141




bbbt v S B B st N T & 5 i e s i R Y

Uzonoglu, N. K., and A. R. Holt, J. Phys. A., 10 413 (1973). .

Van de Hulst, H. C., Light Scattering by Small Particles, John
Wiley and Sons, Inc., New York, 1957.

Voloshchuk, V. M., and Yu. S. Sedunov, Hydrodynamics and Thermo-
dynamics of Aerosols, John Wiley and Sons, Inc., New York, 1973.

CA SRS

Waterman, P. C., Phys. Rev., D3 825 (1971).
4 Weinman, J. A., and S. Shipley, J. Geophys. Res., 77 7123 (1972).

Yeh, C., Phys. Rev., 135 Al193 (1964).

|
1
|
|
i
|
|
]
|

o *’w"m% —

S 142




il W = . : o
S T e R R A Sy, o P TN o i ‘ W il b g

e A A s

s
APPENDIX I ‘
NONSPHERICAL PARTICLE SCATTERING CODE
The computer code described in this appendix was generated to '

implement the formalism developed in Chapter VI. Calculations performed
using this code are presented in Chapters VII and VIII.

The integrals A Eqs. (6.43) - (6.57) are performed with a

sl
Gauss-Legendre Quadrature, (Carnahan, Luther, and Wilkes, 1969).

Equation (6.62) is solved for the a(, b(' ce. and df with a Gauss-

Jordan elimination routine modified to treat complex entries (Sellers

and Gibbs, 1977). The radial functions we(x) and p;(x). Eqs. (2.45) and
(2.47), and their derivatives are calculated with a special routine
implementing the method of Miller (Miller, 1950). This method is
described in Appendix (II). The cross sections and phase functions

are calculated in the same manner as the Mie solution (Deirmendjian,
1964; Van de Hulst, 1957).

The formalism developed in Chapter VI is, of course, also valid
for particles not cylindrically symmetric with respect to the incident
plane wave. At this time, however, an extension of the formalism and
computer code to consider more general geometries is not feasible due
to computer limitations. If a general particle and/or incident direction
were to be considered, Eqs. (3.3) - (3.8) would include terms cos(m¢),
sin(m¢$), and P?(cosﬂ), m=0 to L. The size of the array B, Eq. (6.63),
would increase by terms M and Mm'. Arrays G and F, Eqs. (6.64) and
(6.65), would increase in size from 4L to 4L2. Thus the total storage

required would increase from 16L2 + 8L to 16L4 + 8L2. For large value
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of L, this is an approximate increase by a factor of L2. The increase

in computer memory required for operational code (as compared to array
storage) should be approximately proportional. The present code requires
2 x 8S words to initiate compilation, so that L2~8“ words and a general
code would require approximately 2 x 89 words to initiate compilation.
Computer memory of this extent is available only on a very few machines
so that the implementation is not feasible at this time.

It should be noted that while the code requires a large amount
of computer memory for initial compilation (2 x 85 words), this does
not restrict the utility of the code as much as might be expected.

This code is normally executed on the MICOM CDC 6600 computer using the
SCOPE 3.4.2 compiler. This is a two pass compiler that performs some
optimization of the compiled code. In this case, the optimization is
significant as the computer memory required for the compiled code is

only 6.5 x 84 words. Additionally, execution of the co;piled code is
accomplished in about 15 seconds for a nominal particle with 19 expansion
coefficients in each Debye potential, and Mie parameter (xo) of nine.
Compilation of the code requires about 60 seconds. Thus, the compiled
code may be used to perform calculations with only moderate demands on
computer memory and execution time.

This code consists of one driver routine and five subroutines.

These routines are listed in Tables (I.1) - (I.6). The operation of

each routine is described below.
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NONSPH (Table (I.1))

This is the main driver routine. It accesses the five sub-

routines to perform the calculation of the nonspherical particle

scattering. The version of the code shown here is the polydisperse

aerosol code with provision for a log normal particle size distri-
bution. The routine calls START to input the necessary parameters and
load the arrays with the points and weights for the Gauss-Legendre
quadrature. The value of the radius and its derivative at these points
are calculated. The increments to the Aff"n integrals are calculated
and the routine calls ADO to store these increments in the appropriate
places in the B and F arrays. Once the B and F arrays have been
calculated, CGAUSS is called to solve for the ap, bZ' Ce» and dl'
Routine AP2 is then called to calculate the cross sections and phase

-

functions from the cp and dZ'

START (Table (I.2))

This subroutine performs two functions. It first loads the
‘values of the weights and points for the Gauss-Legendre quadrature,
and then inputs the necessary parameters for the calculation. These
parameters include the refractive index, the wavelength of light, the
minimum and maximum particle radii, the average particle radius and

standard deviation for the log normal particle size distribution, and

the number of terms in the particle radius expansion, the number of
expansion terms in the Debye potentials, and the number of particle
radii to be calculated. The routine also calculates the increment of

particle radius.
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AP2 (Table (I.3))

Subroutine AP2 performs the calculation of the cross sections
and phase functions for both the individual particles and for the
polydisperse aerosol. Additionally, it calculates the fraction of

particles in each radius using a log-normal particle size distribution.

ADO (Table (I.4))
This routine receives the increments of the All"n integrals
to form the B and F matrices. This routine is called once for each

angle in the quadrature for each £ and £' pair.

CGAUSS (Table (I.5))

Subroutine CGAUSS is modified version of a library Gauss-
Jordan elimination routine (Sellers and Gibbs, 1977). The only
modifications performed to it were to permit consideration of complex

rather than only real numbers.

BESSL (Table (I.6))

This subroutine implements the method of Miller described in
Appendix (II) to calculate the radial functions wt(x) and wt(hx).
The radial function Oi(x) and the derivatives of the radial functions
wz(x). wl(mx). and O;(x) are calculated using the method described in
Appendix (II). This routine has an upper limit on x due to the use
of the backwards recursion method of Miller (Miller, 1950).  Should
larger values of x be required, another version of BESSL impelmenting

both Miller's method and the standard forward recursion method is
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available. This additional capability is not generally required

because values of x that result in divergence were not needed in

this investigation. ’
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TABLE (I.1). LISTING OF ROUTINE NONSPH ‘

PROGRAM NUTSPH(INPTeOUTPUT s TARESZ (NPUT o TAPFEONT i T) '
COMMONZONE /X (20) ow (20) s AMsALAM ¢ NMoNNgaN(15)
COMMON/TWU/A(B0481)+CI(15) a1
E! OIMENSION RK(20) ¢RH(20)
] s COMMON/THREEZAH(20) ¢ AJ(20) +BH(20) « 18J(20) ¢DAR(20) o1 ( 20)
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TABLE (I.1). CONTINUED

PPO=0,
PPI=].
6n RK(1)=AN(1) ®POeAN(2) *P]
RH(I)=aN(2) *T]
D0 2 J=3eN™
AJJEFLOAT (V)
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Clcar=aLPoariLll)®ToPLL®(])

CLiS) =aLPean(L L) /7« (D) spanILL) Y eveR L*w(])
CHL(O)=A J{LI)/RKM®ALLEORH (1) *PLO®PLL® ()/Z7NR(])®An
CliTy=a (Ll)ePepL*a(])
Cl(d)=(aJiLI)IZRKMe DAL I ®R L %0 )
ClM=aj L) *TePLLea(])

CLILOY = (AU(L]L) ZRKMeDA(L L) I @P2R L (1)
ClLOID=AnLIIZRK () /RK L) ®aneq Lo (1) *vL®pL®v ()
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1S PAGE 1S BEST QUALITY FRACTICABLE
. FROM COPY FURNISHED T0DDC v

TABLE (I.1). CONTINUED

Cltl2)=nniL])®Rep L 2q(])
CLOLVN=NILL)ZRK () DL I ®[oR L 2w ()
Cllad=an(Lld®TepRLL*w(])
178 CLUIS)=(HALLL) ZRK (1) *URH(L I ) D eReR 9w ()
CALL ADO(LASL2eLIeL @oNL1 N2 NI oNG)
C WARITE (00931 oNLsALPsAJsANHH A o ‘ArotiHeX (T2 sP el ePLLPL
91 FOPMAT(SReCI1002(50e2E20eM) 0/3(~Xa2t QUM o/ o2 (Nt el-2Usx]0
15X5¢20,.8)
180 S CONTINUE
@ COTINUE
C CALL AP)
CALL CGAUDS (NNNs ]l s oNNNsDs IRot o 1)
WRITE (6490 E :
148 90 FOPMAT(/SAF20,.8)
CALL AR2
98 CONTINUE
99 SToP
ENO
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THIS PAGE IS BEST QUALITY PRACTIGABLE
FROM COPY FURNISHED TODDC

TABLE (I.2). LISTING OF ROUTINE START }

COMMONZONE/ZX (20) oW (20) e AMALAM s NM, 'INo AL (]5)
! COMMON/THREEZAH(20) sAJ(20) oHn(21) o AJ(20) sDNAN(20) o HH(2()
! COMPLEX AJeAHoHHeDAJIDAH A
S COMMON/FOUR/NT ¢NP ¢ wMINDReSU SR ARK (15) aNXX
CUOMPLEX AM
NAMELISTZINTO/ZAMQAL AMewMINHMAX e S e DR eivNogNT oNX a2 R
BRVPR00VCQRVRRARRLRVBVORNVIVEEVERUIVRANCRACRIRVV ROV IVRVQRBRNECERROER
SUMROUTINE START
SUMKDUTINE TO SET 1 NECESSANY DA~ METENS FOw AN PrediraM
SRR RRRRRTRRRRRRRRVAVVRVRNAVRRRLACUVRVCARIRCBORLLRRLIREQEBRRCROEUIRO
K IS ARRAY OF GAUSS=LEGENDwE COSINs THe Ta vaLu- S
W 1S ARRAY OF COR®» SPONDING wh TeHT S
20 POINT L=L QuADKRaTURE
EXFECTEN UPPER LIMIT TrerttONe OWis =~ iy
AM IS5 COMPLEA INOEX OF REF~ACTION ¢ PamlICLt
AN IS ARRATY (F Suwk aCE COEFFICIENT -
MUST BE IN FURM OF ZEROTH LEGENORE POLYS
ALAM IS WAVELENGTH IN UNLIS OF 1]C 2ONS
NM IS NUMBE R OF TE~MS IN SURFACF FYPANSTUN
NN IS NUMBE = OF TEwMS TO 4 CONSTOSwED IN raPAISTO
X X Y Y L A Y P Y R R A Y Y PR Y R Y R R R R B Y R T R YRS Y T X 8 X
DATA(X(E) 01=)010)7,076526521) 042277650510 1737000R874, 5102670019,
166360530807, T46IIIV000eBIVLILANYITI “eeV12230u?l82e,Y 397192120
25 29931285991/
{ VDATA(MIT) ol=0010)741592T753InT1eale V! 129RRGe 142 9481 Yie, Ll3]lNnERA NG
] 1611819653199410193011980,08327A7610e0026T7206H 14,000 14290
240178140071/
VO 1 I=11ec0
I 11=21-1
X(1)==x(11l)
1 (D =w(1])
READ(SeINTV)
WRITE (64 INTU)
s OR= (RMAX=KA[N) ZFLOAT(NYI=1)
RETUNN

SUMROUTINE START ’

in

-
s
OOCOOOOOODOOOONO

END
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THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TODDC

1 TABLE (I.3). LISTING OF ROUTINE AP2

SU v Ul INe AP '
COMMONZONE /X (20) o (2U) e AMe AL AMeNMeNNIAN(15S)
COMMUN/Z TWU/ZA (B0 eB]) oCL(LS) ea]
COMMONZF QUR/NT o NP o wMIN oI e SU o SR AXX (15) oNXX
- DIENSTON PLTCL0L) «P2TCL0L) oPITLLINL) oPaT (10])
| COMPLFX AaealoCl 1
COVHLEA AMeLN
CUAPL EA SUNL ¢STwWU
IF NPk « 1) 60T 52
1 ST=0,
£T1=0,
FI=0,
VO 53 I=1s101
3 PlLItI)=0,
1 ks P31 (1) =0,
PaTll)=0,.
Sy P2i[)=n,
N2 WRITH (6e9¢2)
| FP=t AP (= ((ALUG(ANC(]) ) =ALOG(SR) ) 7 (AL OGSO I ®e2/2,) ) 7ANLL)
] Fl=tkTeFD
NNMz G ® NN
DU 2 1=1eNN
WRITE (6e90) 1 oA(]0])
96 FUO“MAT(SXe11092E2V . 8)
| P 2 CONTINUF
97 FO~MAT(1IH])
D0 3 I=]ennN
N2/ #NNe |
NA= JoNNe ]
$o "FN=FLOAT())
ON=(=AL)@® ([e))®FMNO(ENe]l )/ (2e%FNe) )
e Alile]l k=mA(Ne))®GN .
A(NAGL) =A (VAL ) ®ON
WRITH (0e92)
[E NNNP22eNNe |
U0 4 [=NNNF ¢NNN
WRITE (ReQU)TeA(Le])
o CONTINUE
NNNX =0
) SV,
E=u.
VO S [=]eNiv
NESON . ] AZL . .
NA=JeNNe |
ws AMzFLOAT(])
Ax=¢ ,®Ane],
F(CARS(AINGL) ) *®2.CAHS(AINAGL) ) ®®) /AN
NNNR =]
SE ek ®aneAR
) e=r e (REAL(A(NoL) ) et AL (A(NAG]L)) ) ®ax
! IF(FLealer=16)GUTO 51
! 5 CO Gl I NUE
FACSALAVOAL AM/2 /3, 14]15927
S=serA(
W5 E= *FAC {
AH=t -S i
ARTTE (6e93)E 9Se AN ‘

.
'
-

4
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THIS PAGE IS BEST QUALTTY PRACTICABLE
FROM COFY FURNISHED IODDC

TABLE (I.3). CONTINUED

on 9)

&5
m
5
6?
“o
L 63
61
wn
s
100
94
()
108
110

STaSTeSeFp

ET=ET et oFp

FORMAT(/SAUEXTINCTIUN & Mo 20eM e/ Xo"NCATTFR: 3 Yok 20 o Me/NKe
1MASORPTION = “oE20,8)

DO 6 I=aleiol

AMIIE) o=, 02*FLOAT(]1=])
SONESCMPLA(Ves00)

STWOSCMPLA (0004

9030.

1020,

Pl=l,

Tl=sAMy

D0 61 J=) eNNNX

NuZoNNe

NAzIeNNeJ

AJsFLOAT (V)

AJIm (2,0AJe | ) 7AU/ (AJeL )
IF(J,67,1)00T0 &2

Pup]

T=1]

GOTO 63

P3(AMU® (2,4A0¢] ) #P 1 =AU%POI /(A )=],)
TEAMUR (P=pU) = (298 j=l )R (], =AMPALI) ®P | e T0
PO=P)

Plap

T0=T1\

T1=7Y
SONESSUNE ¢AJJU® (A(NL)®PeA(NAWL)@T)
STHO=ST1wO*aJU® (A(NL)®Toa(NALL) ®p)
CONT INUE
SONESSUNE®ALAM/2,/73.1415927
STWO=S IWO*ALAM/2 71, 14015927
S161sCARS (SONE ) ®#e2
STu2sCanS(STwO) *ep

S16I=REAL (SONE®CUNJL(STwWO))
S1uaz=ATMAL (SONE®CONJO (STwU) )
S1uS=(SIGL+S162) 72,
PIT(D)aRli(I)eSIGleF¥

P2Y (1) sP2T (L) eSLG2erP

OP] =2,/ (1a*STOLOSNI02/(STHI88245] o))
P3TCI)=P3T (1) +SIGI P
Pal(1)=spPal (1) eS]liunFp

WRITE (6¢99) AMULSIGL oS T02eNT0 e 1Ga S THN 0P
FOLMAT(SAeF10a3enE 15,.6)

COMT INUF

1F (NP NE «NT)RE TURN

ST=ST/F 7

ETsrTIZFY

ATsET=NT

WRITE (649¢)

WRITE(Be9IIETeSTeAl

DO T) 1=lel0)

PITUIV =R TUIVZF Y

P21 =PI LI ZFT

PITLII=PAT(L)ZFTY

Pal (1)=Pal (1) /FY
PAVOLE(PLT (1) eP2T (1)) /2,

- ot bl o b i Ml

|
|




THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED 70 DDC

TABLE (I.3). CONTINUED

s

3]

120

OPa] =2/ (LeoPIT([)O®RT([I/Z(PIT([)202¢4aT(])00r))
AMIIE) o =2.% LOAT(1=-1)/100,

WRITE(Oe94)AMUPIT (1) oP2T (1) ePITIT) oPul (1) oPAVINP
CONT INUE

RETURN

END




TABLE (I.4).

an

28

Y S i AL gl 34

THIS PAGE IS BEST QUALITY PRACTICABLE |
FROM COPY FURNISHED T0DDC - \

LISTING OF ROUTINE ADO

SUHROUTINE AUV (L Lol 2ol SeLeeiil onnde’t {oNG) '
COMMONZONEZ7 X (200 o (0] vaMe AL AMoNMg \ deirn( ]}

COMMONZTWUZa (B0er1) oCl ELS) e AT

COMPLEA AMeasATCI

MATRIX a 1> COMPLEX AwwaAY OF CORFRICTENY MULTLA LY >

NNNPz4eNNe |

AINLeLI)=A(NLOLL)*C{CLO)

A(NLoL2)ZAINLOL2) oA eCl ()

AINLLIIZAINL LI =C L L)S)

AN el w)®AtN) oL O)=0)0C)()0)

AINCLL)RA(NoL L) =l ®CLI9) *AM

A(N2L2)BA(NEoL2)=CI(10) ®am

A(N2oLI)SAIN2eLI)*A®CI (1)

AIN2oLG)=AIN2oLL) *Cl (L)

AINIL L) A INIL)=C L (B)=C] ()

A(MIL2)sAINIoL2)=01eCL (/)

AINIoLI)=AINSoLI) sCI (L D) eCH LD |
A(NIoLe)sANIoLG)en ] eCl (1 2)

AlvaslLL)sAINGL L) =a]®CTl(T)*AM

Al el 2)3AINGelL2)=(L]1 (D) eCI(R)) AN
ANl J)=A(NGs| J)ea]eCl()2) 1
Alvbola)sA(NGsLG)oCL(LDNeCICL D)

AlLv]l «NNNP)=A(N] oNNNP) eC L (S) AT ®CT ()
A(NZoNNNP) 2A (N2 eNNNR ) =C LIS =A1*C T (w) ﬁ
ALNIGNNNP) A INIONNNP) =C L) ~Clt VD =u[®C) () |
A(NGONNNP) =A (NG «NNNP) =CL (L) =CL L =aleC] (2) i
RE TUWN

END
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THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TO DDC e

TABLE (I.5). LISTING OF ROUTINE CGAUSS

SUMKOUT INe COA ISS(rigNHeMSeMNT il Jat ohit)
COMMON/TWU/ZR (B0 eH]) eCILLS) enld
COMPLE" Cleul
COMPLEA KexloY
5 A =CMPLI(Leel0)
Li=l
€E=ue
U=]e
IF(loetweVIN=0,
10 NN=NeNo
IF (MSetQe0ILLTO 21
K=ue)
00 22 l=len
VU 23 JaKenN
15 23 X(1 o N)SCMPLALD 000
J=leny
22 RU1eJ)=CMPLA(L,000)
2) NMl=th=]
00 1 I=)enN
2n K=|e]
IF(K,GT N)LUTO 31
1Ju=1
v=allel)
VO 2 Il=zKenN
28 IF(CABS(Y) oG «CARS (X (111D ))OTO 2
19)=11
vexlile])
2 CONTINUE
IF (1JJe€EQ 1)GOTO 3)
30 u==0)
DO 3 J=] NN
YExl(]eJ)
Kttoddsxtloded)
Y AUTIJIed) 2Y
35 31 D=n®*xll,.l)
IF(CABS(ALEel) ) ek 0)BOTO 1O
GOTV(Se13)oL)
13 IF(CABS((R1=X(Tol)7AL)=1o) ol Tl E~7IEEA
Xi=x(lel)
.l 8 Li=e
V0 & J=ExenN
 R{Ted=x(ledd/X)0])
1IF (1.EWNIWOTO &
00 1 1l=KenN
5 vaalllel)
DO 1 J=KonN
X(Iled)=X(lhod)=R([oJ) @Y
& DO B L=KeNN
M=NM]
o0 VO 7 I=]eNmI
Ml=Me)
Kl=N
DO 9 J=M]N
XAVMoL) =X (MoL) =X (Menl)®R(KLoL)
Kl=K]l=]
M=M= |
COv‘lNUf

S

r~<€




_ THIS PAGE IS BEST QUALTTY PRACTICABLE
FROM COPY FURNISHED TO pDC

TABLE (I.5). CONTINUED

IR=K=1

00 12 I=leN
Len

00 11 JsloeNy
XKtleddsxtleL)
LeLe)

COHT INVE

RE TU=N

€=\,

IRzK<]

RE TURN

eno
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_1 TABLE (I.6). LISTING OF ROUTINE BESSL ‘

SUHROUTINE HESSL(Z7+22)
COMMOIN/ THREEZAM(20) sAJ(20) e (20) 0 1AJ(20) sAN(21) o (2))
COMPLEX AJsAH9RHeDAYIDAHURH
8 COMMON/FOUR/NT oNP e RMINSDR 5D ¢ SR AXX (15) o NXX
! 5 COMPLEX ZZ+tAsBRGHCsPLeb24P)
22=1,/4#%2
AA=0,
BA=CMPLX (0,90,)
BB=CMPL((leoV0)
10 Ad=]1,
00 1 I=1e3dv
E 11=60=1
{ FI=FLOAT(ID)
FF=2,%F 1+l
15 AC=FF®aR//-AA
AAzA~
AB=AC
dC=FF*HR/LL-BA
Ha=HY
an Be=8C »
IF(11.07421)6070 )
IF(1TetQel)0LOTO 2
1J=11-1
| AH(1J)=AC
p 25 AJ(I N =RC
- 1 CONTINUF
: 2 P1=CSIN(Z2e)rIZrsBC
_ P2=CMPLX (SIN(Z)/Ze04)
P2=P2/AC
P3=CMPLX(SIN(Z2)/2C0S(2)72)
P3=P3/AC . . ”
00 3 I=1+cv
AJ(I)=P)*AU(])
AH(1)=P2%ANn(])
sH(l)=anH(])
P4=(22¢AH(1)2COS(2)/£)*2/SIN(2)
BH(1)=84(1) *CMPLX (N, 9P4)
LO 31 J=2s¢V
11=1-1
&0 Pa=(72+8H(])*P4) /AR (]]) i
31 BH(I) =uH (1) +«CMPLA (V4 9P4)
DAJ(L)=P1#3C=2, %A (L) /22 | * . e
DA~ (1)=P2Rac=2,2AH(1) /¢
DKM (1)=P3®aC=2,2dH (1) /¢
5 U0 4 I=2.20 q
FF=FLOAT(l*1)
DAJ(I)=AJ(I=))=FF®au(l) /22
DAR(T)=Aan(1=))=FF®aR(1)/Z
| 4 URH(T) =HH(T=1) =FFo4n(1) /2
| 50 Rk TU-N
I EN .

3s
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APPENDIX II
SPHERICAL BESSEL FUNCTION GENERATION; NUMERICAL ASPECTS

One of the difficulties experienced in this investigation was
the calculation of the radial functions wz(x) and D;(i), Eqs. (2.45)
and (2.47), and their derivatives. This difficulty is not new, and
in the early days of the implementation of the Mie solution, it was
necessary to derive recursion relations for the cl and d£ to effect
their calculation (Deirmendjian, 1964). Since that time, however,
advances in the construction of compilers has permitted more fundamental
calculations of the radial functions if sufficient safeguards are taken.
Because of the special dependency 2f this investigation on calculating
the values of these radial functions, this appendix describes the
numerical considerations of calculating these quantities.

The radial function wz(x) and Oi(x) are related to the spherical

bessel functions and spherical hankel functionsof the first kind by

wz(x) = sz(x) (11.1)

and

PR = xhy(x) =x[f,(x) - iyp(x)] (11.2)

where yzﬂx) = gpherical Neuman function. The first two wz(x) and
pt(x) (i.e. £ = 0 and 1) are

wa(x) = gin(x) (11.3)

wl(x) = iin&il ~ cos(x) (11.4)




p:(x) = gin(x) + 4{cos(x) (11.5)
and

pi(x) - iiﬂi!l - cos(x) + i(ﬁggi!l + sin(x)) (11.6)

Additionally, the jz(x), yz(x), and h;(x) all satisfy the same

recursion relation

fz(x)
f£+1(x) = (2£+1)x - ft-l(x) (11.7)
and derivative formula
d n+l

where fz(x) may be any of the three functions. Additionally, the
jt(x) and ge(x) have a cross product relation

-

Jp®Yp_ 1 (x) = fp_ 1 (X)Yp(x) = i—z- (11.9)

The recursion relation for wl(x) or pt(x) may be obtained

from Eq. (II.7) by multiplying by x to yield,

] .. S
wl(x)
w£+1(x) = (2£+1)x - wl-l(x) (11.10)
and the derivative relation may be similarly obtained as
oy =¥, x)~2v,x (11 i1)
dx £ e-1 T 2

In principle, Eqs. (II.10), (II.11l) and (II.3) - (I1.6) may be

used to calculate the value of wt(x) and pi(x) for any x and { by
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forward recursion. In practice, however, the forward recursion tends
to diverge numerically when |x|<1, causing problems with overflow as
well as inaccuracy due to roundoff errors.

To circumvent this difficulty, the calculational procedure of
Miller may be used (Miller, 1950). This procedure operates as a back-
wards recursion. The algorithm operates in the following manner:
some maximum value L for £ is established. An upper limit for the
algorithm L* at least twice L in value is established. The larger L*
is, the greater the accuracy of the method. A series of factors Fl
are calculated using Eq. (I1.10) in a backwards recursion subject to
the conditions

Fa 2 (11.12)

and

F 0 (11.13)

=
L*+1

The we may then be calculated from the FZ by

wz(x) = Wo(x)FllFo (11.14)

where wo(x) is defined by Eq. (II.3)

It may be noted that this method also suffers from divergence
problems in a like manner as the forward recursion technique. Fortu-
nately, this does not occur within the bounds of the Mie solution or
this investigation for lei 18. 1In practice, the two methods, forward
and backward recursion, overlap so that values of wl(x) may be calcu-
lated for any except very small values of x where Rayleigh or Rayleigh-

Gans theory is valid.
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The oi(x) could also be calculated using Miller's method, but

are not because it is easier to rewrite Eqs. (II.2) and (II.9) as

oi(x) = ¥p(x) - int(x) (11.15)

and

Vo (xdnp_; (x)-1
wl‘l(x)

nL(X) - (11.16)

where: nl(x) = Xz(x). and

no(x) = -cos(x).

The ﬁz(x) may then be calculated from the ¢£(x), and the p;(x) from
the we(x) and the nl(x).

The routine BESSEL uses this recipe to calculate the values of
the radial functions:

1.) Calculate the Fz.'

2.) Calculate the wc(x) from the Ft'

3.) Calculate the Di(x) (via the nz(x)) from the Vo (x).

4.) Calculate the wé(x) and the p;'(x) from the wz(x) and

the o;(x) via Eq. (II.1l1).

Based on a survey of the literature, it appears that Miller's
method had previously been validated only for real value of x. During
this investigation, therefore, its validity for complex values of x

was demonstrated through the numerical validation of the entire code.




APPENDIX III
REDUCTION OF THE NONSPHERICAL FORMALISM TO MIE THEORY
FOR THE SPHERICAL PARTICLE CASE
As a matter of course, the nonspherical formalism developed
in Chapter VI must reduce to Mie theory when the particle is
spherical. This appendix will demonstrate that reduction.
In terms of Eq. (6.1), the radius of a spherical particle reduces to

a(®) = SoPo(cose). (III.1)

and has angular derivative

da(b) -0

30 . (111.2)

Additionally, the radial functions.wl and p; and their derivaiives

are independent of 6, so that Eqs. (6.43) - (6.57) reduce to

Au.,l =0 (111.3)
¢L(ka) _
Au"z - Y‘a T.Iiu' (III-‘O)
Au.,3 it R Typpr (I11.5)
Vp (ka)
Au',lo . 'Yz‘ r I2u| (111.6)
165 "
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¥y (ka)
: Aegrys =Yk Thee (111.7)
4
3
i Agpr 6= O (111.8)
Wz(kma)
LT e Tieer (I11.9)
Vg (kma)
Ae 87 tma e (111.10)
] Aper 9 ™ kma Toper (1I1.11)
3 Vp (kma)
1 2 Agpr. 10 ™ Tma  Tiee’ (111.12)
32
i Appr .11 = 0 (111.13)
3 2e',12  km 12¢’ .
|
). ' A - p‘el'(ka) 1
; 2':13  ka 220" : (111.15)
A _ Pelaa) 1 (111.16)
2L’ 14  ka 228" ;
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o (ka)
A | —
€L',15 ka

where
1 1
Pp oo

12(2' = I P dcos8

Equation (6.63) may then be written as

o

W(n(kma) Vg (kma) ¥, (ka)
e BT I Ad. i Sl
kma e kma Lyeer ta I eer
B e W ipy" (ka)
kma 280"  kma L' *—'—“——_Izzzv
B - ka
% Lk
'we'(kma)l _L.w':(kma)l oe(ka)l
kma 208 kma 188 ka 208
km ey 1(ka)
_Uwe(kma)I _wz( a) 1 —-5———1
kma 188" kma 208" ka 12L"

ana Eq. (6.64) as
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ka

(]
D£1 (ka)

ka I

.L'p tli(ka)
ka 1

ptl'(ka)
ka -

Izlﬂ'

(I11.17)

(111.18)

(I11.19)

—
1

1L’

e’

(I11.20)
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;Yzliwl(ka)lzll. + Vp' (ka)T, pp]/ka

-;Ytliwz(ka)lzzl. + Vp' (ka)T,ypp]/ka

(I11.21)

-
"

-Eyz[iwz(kn)lltf, + wz'(ka)lztl.]/ka

—;Yc[iwl(ka)llgt, +Vp'(ka)l,p,, ) /ka

To simplify the demonstration, two restrictions may be made
without compromise: first, that the particle is small enough that

only the first term £ = 1 need be retained, and second, that £' be

chosen such that

(] L I . - - % (III.ZZ)

and

s e

1 (I11.23)

200t = 0

This reduces Eq. (II1.20) to

N

T

f‘-’ § |
W




L} 1'
1 (k"‘_{)_ a -0y (ka) 0
-0, (cma) 0 Di'(ka) (111.24)
-y, (kma)
1 0 io, ' (ka)
(b (kma) 0 épll(ka) 0
and Eq. (IIT.21) to
Ylw'l (ka)
"’1“"1 (ka)
-éyl ‘bl (ka)
-”1 ‘1’1 (ka) g

It may be noted that Eq. (III.24) {s now separated in terms of
pairing al with o and hl with dl' 1f Eq. (II1.24) and (III.25) are

combined, the result is

a ' ' '
Elwl Oosa) « clpll (ka) = v, ¥ (ka) (111.26)
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-by¥; 'Gma) + d ot (ka) = v W7 (ka)

ibl A 1 :
o by (kma) + 4d)p,"(ka) = - <y, ¥, (ka)

~ia ¥, (ma) + 4c p.l (ka) = iy, ¥, (ka).
Equation (III.26) may be rewritten as

a) = mleyo, (ka) + vy0, (ka)]/¥,' (kma)
and combined with Eq. (III.29) ‘to yield

¥, (kma) 1' 2 i
- -—-——~——-m[clpl (ka) + Ylwl'(ka)] + depy (ka) =
Wl'(kma)

- iylwl(ka)

e SR I 5 G0 S BRI T Ve Y. e i g

(111.27)

(111.28)

(I11.29)

(I1I.30)

(II1.31)

k cmclpll'(ka)wl(kma) - Ay mp, (ma)y, ' (ka) + iclpll(ka)wl'(kma)

= =y ¥, (ka)y, ' (kma)

(II1.32)
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ic [0} k), (ma) - mpl’ (ka)y, (kna)] =

| |
\; in[mwl(kma)wl'(ka) - Wl'(kma)*fka)] (I11.33) |
: [mwl(kma)wl'(ka) - Wl'(kma)wl(ka)] :
5 . Cl A S 1 5 17 (III.34) ¢
:{ [p1 (ka)w1 (kma) - mp, (ka)wl(kma)]
which is identical to Eq. (3.17) for £ = 1.

In a like manner Eqs. (III.27) and (III.28) may be combined to

yield Eq. (3.18) for £ = 1.

T
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APPENDIX IV , ;
TWO-DIMENSIONAL RADIATIVE TRANSFER CODE
The computer code described in this appendix implements the ’
algorithm of Chapter X. Calculations performed using this code are
presented in Chapter XI. The version of the code presented here is ;
for a constant extinction coefficient. %

The computer memory requirement for this code is approximately

1.25 x 85 words. This requirement is not decreased appreciably by
compilation using the SCOPE 3.4.2 compiler. Run time for a nominal
run in the near-ir requiring 24 orders of scattering to satisfy the
1% self-consistency requirement is about five seconds. The same
calculation for varying medium would require about twice as much
time.

The code consists of a driver routine and five subroutines.
These routines are described individually below, and are listed in
Tables (IV~1) - (IV.6).

RT2 (Table (1IV.1))

This is the driver routine. It inputs the extinction coeffi-
cient, the albedo of single scattering, and the phase function for
directions 1 = 1 to 5, sets the scale of the calculations, and
normalizes the phase function. The calculation is performed for

incremental ranges or optical depths. Routine LSTART‘is called to

generate the zeroth order of scattering source functions. Routines
UPDOWN, ACROSS, and ACCOUNT are called for each order of scattering
to calculate the source functions. Finally, CTRST is called to ;

calculate to modulation contrast for the total intensities.




LSTART (Table (IV.2))

This subroutine uses the incident illumination beam profile,
the extinction coefficient, and the phase function to calculate the
zeroth order of scattering source functions. This routine is specific
for beam type sources with light propagating only along the { =1
direction. More general incident illuminations are not considered by
this routine because only this type of incident illumination was
needed in this investigation.

UPDOWN (Table (IV.3))

Subroutine UPDOWN calculates the nth order of scattering source

function contributions for directions { = 1, 3, 5, 7 from the n-lt
order of scattering source functions. Additionally, it calculates the
nth order of scattering intensities for directions £ = 1 and 5 at the
edges of the medium. These are the forward scattered and back-

scattered intensities, respectively.

ACROSS (Table (IV.4))

This routine performs the same source function calculations as

UPDOWN except for directions { = 2, 4, 6, 8.

ACCOUNT (Table (IV.5))
Surboutine ACCOUNT transfers the nth order of scattering source
function array into the n-lth array in preparation for the next order

of scattering calculation. Additionally, it zeroes out the nth order

array.
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CTRST (Table (IV.6))

This routine calculates the forward scattered and backscattered

modulation contrasts. '
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TABLE (IV.1).

10

20

F

30

as

“n

S

3n

5

[2Xa K]

N
37

95

N
91
9z
93
94

1o
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THIS PAGE IS BEST QUALIT cabtz
Y PRACTL
LISTING OF ROUTINE RT2  FROM COPY FURNISH&D TG LDC &

et

PLOGRAM RT2(INPUTIOUTPUT o TARFSZTUPUT ¢ TARFE2)OUTP ITe 1 6PET o TEPH 1)
COHNON/UNEIA(SI-3loKDvﬂtslelo“l-CllJl).Dll:l)of(Jli-PP(#)'
PQ(U)vuﬁtslqOO(a)oP“(ﬂ)cPﬁ(hl'U-(ﬂ)-QS(A)
COMMONZ 1 wO/ZDR oY sUR AL oW oSMIJeCmitaniRoN
COMMON/ZALZTLTLE
DIMENSIUN X(31)eY(31)
NAMEL IST/RIR/ZAL s ALL oW ePP
Ox=1],
Dy=l 15>
LY = L.732
LUrESORT (LXENXeNYRLY)

CMUsDAZLNR
SMUzNY/un
00 1 I=1431
YUI)SFLOAT(I=])
TCI)=EXP (=FLUAT(I=16)®0203,/25,)
CALL CiInST(YeTeTol)
REAL (SeRTR)
1F (AL «NF oUe ) GOTO 4
AL=.05
GOTO &)
ALL=AL
IF (PP (6) o61406160TC* 5

N=2 LEGENURF

00 3 I=Aed
11=10-1
PP(I)=PP(1])
PSS=0,
DO 3) I=)en
PSS=PSS.PP LI
DO 32 I=]len
PP(1)=PP (1) /PSS
WRITF (6eRTH)
0 99 NR=IVS0.10
OU=AL®FLOAL (NR)
RNGE=0UZALL
WR1TE (6495) RNGE o 01
FONMAT (SX9" KANGE = "oF 15¢5e5Re" 02Te LFPTH = MeFlaed)
CALL LSTARY
N=0
Cn=Cl (lo)
WRITF (6+92)
WRTTE(64910) ((Y(D)sCI(I)oDI(I))el=1e31)
WRITF (6493)
FOPMAT (SXe* DEFAULT END W)
FO~MAT(5Xok 106202E15.5)
FOMAT (2R ™AW TR "FORWARIN e HA " BAI R WAWI)
FORMAT(/Z2/77) W !
FO-MAT(/SAe110)
N=])
CONI TNUL
CALL UPUOWN
CaLL ACwUSS
CaLL ACCOUNT
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THIS PAGE IS BEST QUALITY PRACTICABLE

TABLE (IV.1). CONTINUED FROM COPY FURNISHED 70 DD oo™

WRITHF OV LUV L) o7t DI tI) ) 0 ]l=1a3])
CF=ArS (Cu=Cl (1)) /C)
'F‘NQL.Q.”M‘\) L1}
1F ¢CFelt 0 001D GOV 999

1F INGT50)60T0 999

On h=Ne)
WRITE (Be94) N
c0aCltle)
GOoTu 10
999 CONTINUF
CALL CIPST(YsCTeNI2)
o CONT INUL
STOP
END
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THIS PAGE IS BEST QUALITY PRACTICABLE
TABLE (IV.2). LISTING OF ROUTINE LSTART  KROM COPY FURNISHED 10 DDC o

SUBROUTINE L START
COMMONZONEZA (5131 0R) oH(S1e3lam) aCLINIeNT (] ) 0 (31 aPP(H)
1 PU(H) oUWk (8) oQUIR) PR (B) PSS (M) o (8) su1S (B)
COMMON/ TwO/ZDX o)Y ¢UR o AL oW o SMUGCMI o NW o N
] 00 1 I=1e51
DO 1 J=1e31
DO ) K=)e8
AtleJen)=0,
HileJeR)=0,
10 \ CUONT INUC
Cr=pxPi=AL®NX)
C=] o /7Suni(CX)
V0 10 l=leNR
C=CoCx
15 00 1uv J=143)
L=Cer (V)
DO 10 K=)e8
Al oJoeK) =D®PP (K)
10 CONTINUL
20 CaEXD (=AL *DxONN)
DO 20 I=)e3)
DItl)=0,
20 Cith=T(])ec
RF TURN
2% END
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THIS PAGE IS BEST QUALITY PRACTICABLE |
FROM COPY FURNISHED TODDG ___ 1

§ ‘ TABLE (IV.3). LISTING OF ROUTINE UPDOWN ;

SUBROUT INE UPOUWN

COMMONZUNEZA (51«31 eR) oM (51e31en) oCILAL) T (31D (31) PP (M) e
\ PQ(B) oW (8) +QQ (1) sPR (B) «PS (M) 40« (B) OIS (K)

COMMON/ TwO/DX sDY sUR AL e e SMUCM IoNR N

MESH IN 103¢5¢7 ODIRECTIONS

[2XzXel

{
1
] €2EXP (=AL *0X)
1 ‘ EE=LXP (=AL®NX/2,)
10 EF=),~tt

1¢S5 DIRECTIONS

[sNa Xl

4 DV 10 J=1+31
. 1 15 VVEA(LleJs)) ®EF
UUEA (NReJeS) ®EF
3 Usuy
E 3 V=Vy
‘ 00 11 K=1+8
r-o Blle)eK)2B(leJeK) eVEPP(K)
17=K=4
1IF(12.61.,0)60T0 11
1Z=]7+8
11 BINReJoR) =B (NReJoK) sU®PP ([ 2)
3 s DO 1 I=2NR
E 1 VsVegevveEE
: UsU®E «UUSEE
Y VVsA(ledel) ®cF
UUsA (NRel=T1eJeS) *EF
33 UzU+uu
VaVeyy
D0 12 K=le8
Slledel)=B(Tede)) *PP(K) OV
178K<4
35 IF(1Z.0(.006070 12
12=2]12+8
12 BINRel=[oJoK) =B (NRel=TsJeK) *PP (1) *1
1 CONT INVE

B e

&0 NTH ORUER INTENSITIES

060

DI(J)=D] (J) » (UREE+UU) aweeN
CI(U)=Cl(J) ¢ (VREEVV) @waeN
1o CONT INUL
Y t=EXP (=AL*DY)
EE=e xP (=AL®DY/2,.)
EF=] ,-tt

347 DIReCTIONS

o0

| DO 2 I=1eNR
! VV=A(Iele7)®EF
| UU=A(Te3103) %EF
v=Vvv
55 u=yu

DO 21 K=1+8
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THIS PAGE IS BEST QUALITY PRACTICABLR B
TABLE (IV.3). CONTINUED FROM COPY FURNLSHED 0 DDC ' ]

12eK=6

1 t12.61.0060T70 2112 ’
60 12=]7+8

! 211 Bile)sK)zB(]e)ex)ePP(]JZ) 0y

: 128K =2 p

A IF(1Z,01,006070 21 3

12m]12+8 ;

,:‘ 6s 21 B(Ie3lon)sB(le31leK)ePP(12)®) ¥

: V0 ¢ J=ce3l

VayeFoevveLf
UzUSE ¢UUSEE
- n UUsa(le32=Je3) *F
VVsA(leJeT) *EF
1 UzUeUy
3 Vayevy
3 D) 22 K=],8
3 75 173K-0
IF(1Ze06T40)GOTN 221
17=] 20
a21 B(loJoK)=H(ToJerx ) ePP([Z) WY
@ 12sK=2
an IF(12.01.0)60T0 22
12=]12eb
22 Blle32=0eK)=H(1e32=UsK)oPP(]7) e .
2 CONT INULE
RE TURN
as END

———— e~ .

et o i
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TABLE (IV.4). LISTING OF ROUTINE ACROSS

10

15

20

s

n

35

0

o5

S0

S5

SUBROUT INE ACROSS

COMMONZUNEZA(S1 e 310D oM (S1e 31 e oCI(ALDaDTI (31Dt t3h) PP (R)
1 PQUB) +uP (8) ¢QQ(H) sPR(B) o PS(H) o2 (8) 415 (A)

COMMON/ TWO/DXosDY s DR o AL o 9 SMUIeCMIIaNR o N

MESH FUOR 2ebesben VIRECTIUNS

Ooco

E = FEXP(=AL®*DR)
EE=EXP (=AL®DR/2,)
EF=] ,=tt
C DIRECTIUN & DOwN
DO 1 J=1431
JP=Jel
IP=2
VV=A(leJel8) *EF
V=VyV
DO 111 K=len
17zK=7
IF(12.61.0)60T0 111
12=12+8
111 B(leJeK)zB()oJden)ePP(12)®V
IF (UPLGT,.31)60TO )
11 VaVeE s VVeEE
VVEA(IPeUPsR) ®E¢
V=Vevv
00 112 n=le8
12=K=7
IF(1Z7407.0)60TO 112
12=12+8
11e BUIPsJPsK)ZB(IP«JPeK) ePP ([Z) oV
JP= P |
1P=]Pe] *
IF(IPLTo(NReL) (AND,. WP LT,32)1G0T0O 11
| CONT INVE
C DIRECTIUN 8 ACROSS
DO 2 1=2eNR
IP=]e)
JP=2
V=A(le]loR)®EF
vvsy
VO 211 n=],R
12=k=7
IF(12.,0i.0)6070 21)1
17=212+8
211 BilelsR)=B(lelex)ePPL]IZ)®y
IF(IPLTNRIGOTO 2
21 V=VeFsLE®VY
VV=A(IPeJPeR) *EF
v=Vevy
D0 212 n=]eR
12=K=7
IF(I7,06740)G0T0 212
17=17+8
212 HIIPoUPeK)IZR ([P JPeK) ePP (/) *V
JP=z JPe |
IP=iPel
TFLIPLTLINRe]L) JAND WP T, 32)60T0 2)
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' FROM COPY FURNISHED TODDC __—

E TABLE (IV.4). CONTINUED

2 CONT INUE
E | C DIRECTIUN 6 DUwWM
e o0 0 3 Us2.31
| JuzJel
{ IPaNR=]
| UUSA (NR9 Je6) EF
I Us=uu
65 D0 311 n=)sA
| 172K=5
IF(12.601.0)G0TU311
17=]7+8
311 B(NReJIR) 3B (NKo.JoK) oPP (12) %L
70 IF(UP.6T.31)G0TH 3
1 31 UzU*F +UU*EE
. UU=A(IPsIPe6) *EF
UsUe+yy
D0 312 r=leA
78 172K=5
IFtI7.067.0)60TO 312
1421748
3le BUIPsIPeK)ZR (1P JPen) +PP (1) 2V
1e=1pP-1
a0 JP= pel
IF‘lPUU'QOQANUoJP.L‘QSZ)W'O 31
- k} CONT INUE
1 C OIRECTIUN 6 ACROSS
00 « I=1eNR
3 JP=2
IPz]-]
UUEA(Ts]le6) ®EF
(VEXVV)
D0 411 n=len : 2
90 173K =5
IF(1Z2.6T.0)G0TO «11
12=12+8
1l B(loloeR)=B(Telex)ePP(]Z)®
IF(IP.LTL1)GOTO o
95 4] UsU®E +UUSEE
UUSA (1P )P e6) ®EF
UsU+WU
DO 412 R=],e8
1Z2=K=S
| 100 IF(12.07,0)60TV 4)2
| 12=]7+8
{ 412 BlIPsIPIK)ISH{IPIP 9K ) «PP(T12) %)
| iP=1p=1
{ JP=ype]
108 IF(IPeLTs0eANDUPLT(32)60TL &l
o CONT INUE
[ DIRECTION & uP
DO S5 J=1,30
JPzy-]
11n IPsNR=1
UU=A (NReJok) *EF
U=y
3 DO 51) X=]4R
¢ 12=K-3

e St <

it e
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165
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158 C
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THIS PAGE IS BEST QUALITY PRACTICABRLE
FROM COFY FURNISHED T0 DDC

m—

CONTINUED

Sl
S\

Sie

611

61

6l

n

IF(12.01,00G0TL S11

4P AL]
BINRJIR ) =B (NRe JoR) ePP ([ 2) *Y
l"JpoL‘ol.GO'() Y

UsUeF euyett

ULmA ([P P sb) *F

VeUeUU

DO 912 R=len

17=n=3

IF (1240674006070 S12

12=17+d
BIP«JUPIR)ER (1P UPer ) oPP (1 2) *0
Iv=fe=i

NELNELS

IF(IP LT 40eAND .. IPGT,0)6GUTO S
CONT INUt

DIRECTIUN & ACROSS

DO & I=l¢NR

1P=]-1

JP=30

UU=A(le3)ee) oEF

U=Uu

DO 611 K=)eR

1¢=x=)

I (17.01.,00G0TD ol

[72=]7e0
H(loedlon)mB (Lol oK) ePP(1L)
IF(IPLTLIIGOTY &

UsU®E sUUSEE

Ul=a (TP eJP o) @tk

UsUe+)

NO 612 K=leR

12=K=)

1F (12074006070 612

172128

RUIP«JP oK) ZR ([P UP oK) ePP(TZ2) ®1)
IP=IP=]

Jozypel

IF ([P0l U AND o 1P GT 01 6OTE &1
CONT INUL

DIRECTION 2 uP

DO 7 J=ledl

| CL T

NCENEY |

UU=A(ledel) *EF

U=uu

DO 711 Rl eR

172n=]

IF17.01.006010 711

t/7=i/*8

Wile jeRisglladem)eRPR (I 2) %)
WLt brcoro 7

Uatier cuet

HinAL Ve Wyt e
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E THIS PAGE IS BEST QUALITY PRACTICABLE ’

; FROM COPY FURNISHED 10 DD
3 TABLE (IV.4). CONTINUED - R

IF(12.01,00G070 712 ‘
12u]2e8
T2 BUIP Wk )SRLIP P X)) ePR (/) 1)
175 Jragpe-}
1P=]pel
IF(IPe! To(NROL) (ANDQUP LT LU GOYO 171
7 CONT INLE
C DIRECTIUN 2 ACKRNSS
180 00 8 [32«NR
IPafel
Je= 30
UUsA(leld)e2) obF
UsWy
138 00 d1l K=leA
173K}
1F(17.01.0)G0TL 811
17=]12¢0
sll Biledlex)mB(le V) oK) PP (1))
190 IF UIPLCT.NRIGOTO o
81 UsUSF ¢UUSEE
UWUSA (TP e Pe2) ®t
UsUeyu
DO 8)12 K=)leA
198 173x=])
IF(12.01,0)GOTO 812
[7a}7+¢8
ul? BUIRQUP R DIBAIP P eK) PR L) ®Y
Jrayp=)
200 1P=|pel
1P (1PL T INReL) LAND o UP LT, 0) 0T H)
L] CONT INUE
R TuRN . . 5 =
EnD
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THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED 0 DDC

TABLE (IV.5). LISTING OF ROUTINE ACCOUNT

SUBROUT INE ACCOUNT

COMMONZONEZA (ST e 31 o8) oR(BT e eM 1 aCL 12D LD a LI )PP (N)
PRA) sUP (B) 40O (M) sPR(B) «FSIN) Q7 (H) S (H)

COMMONZ TwOZOX DY oURCAL oW o SMUICMitaNR o N

SUBROUT [NE TO INSERT W INTO 44 THAT IS J(N=1) I GUTTEN ENO
JIN)

LO L Is)leNR

00 1 u=iel

D0 | K=).8
A(TeJeK)mg(Tedoen)
HileJeR) =0,

CONT INVE

RE TURN

ENV
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20
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20
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9
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THIS PAGE IS BRST QUALITY PRACTICARLY
FROM COPY FURNISHED 10 DDC __—

LISTING OF ROUTINE CTRST

SUAROUTINE CTRST (XaVel2ol2)
COMMONZALZ TTTLE

NDIMENSTON A1) eV (D eZ (I eC LA o CCUIN)
vsvy())

€=v())

00 1 1=24J31
D=aMaxl (Dev (i)
E=AMINL(EoY(]))

00 2 =131
ClI=(Y(I)=t)/ (kD)
TITLFs"CONIRASY F*
IF(1Z2.EQ:0)600T0 SN

Va7tV

E=2(1)

V0 20 1=2431
D=AMAX] (Dol 1))
E=AMINL(EL2 LI

00 30 I=lesl
CCih=t2Lr=E) 2 (E)
TITLE="CONTRAST b*
FORMAT (SXot 10.242€15.5)
FORMAT(12A " R% o TR o "FURWARD" ¢ AR « "HACKWAKD")

WRITF (6e92)
WRITF(6e91) LUIRIDI eCUIDoCClTNNolnleil)
RETURN

WRITE (6492)

WRITE (6e90) C(RCIDeCUINIol=la))

RE TURN

END
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A(r)
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LIST OF SYMBOLS

Parameter for Deirmendjian particle size distribution
function.

Integrals used in non-spherical particle scattering
solution.

Field expansion coefficient in Rayleigh Hypothesis.
Reilly integral.

Arbitrary vector function.

Matrix in least-squares technique.

Transpose of matrix.A.

Inverse of matrix.A+A-

Constant used in relating E to Q, the specific particle
radius, and the semimajor axis of the ellipsoid/spheroid.

Interior electric Debye potential expansion coefficient.
Shape function parameter.
Radius of particle as a function of 0 and ¢.

Parameter for Deirmendjian particle size distribution
function.

A(["n matrix representing interior and scattered fields.
Reilly integral.
Magentic flux intensity.

Matrix in least-squares technique.
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i}

Constant used in relating J to &, effective particle
radius in Rayleigh-Gans theory, and simimajor axis of the
ellipsoid/spheroid.

Interior magnetic Debye potential expansion coefficient.

Coupling constant for Junge particle size distribution
function.

Reilly integral.
Modulation contrast at Xom along ki°
Matrix in least-square technique.

Speed of light, speroidal/ellipsoidal particle size
parameter.

Scattered electric Debye potential expansion coefficient.
Cosine function.

Coupling constant for log-normal particle size
distribution function.

Electric displacement.

Scattered magnetic Debye potential expansion coefficient.
Left and right components.

Spherical components of 5 (also used for other vectors).
Electric field.

Cartesian unit vectors.

AL!"n matrix representing incident fields.

Particle concentration.

Symbolic incident field solution in least-asquares
technique.

Radius function for non-spherical particle.

b s i




G(r,0,9)
G
g°(r)
B (r)
H_,Hg M
Iy

2

1
h(’hl

¢

h" ()

Tgr L
I(x,t.k)
In(&o tok)

In,lm.i
11} 1"

J(E. k)
Jn(&.t,&)
Ia, tm, &
Jp (%)
Kok
kqok'

k

il N Ry i o S A R 2 SO A s e S

Reilly's test function.
Matrix of ap, bl’ Cp» and dl' ’

Symbolic scattered field solution in least-squares
technique.

Hankel function of 1% kind and order m.
Spherical components of M.
Magnetic field.

nd

Spherical Hankel function of the ISt and 2 kinds of

order L.

Symbolic interior field solution in the least-squares
technique.

Left and right polarized Stokes vector components,
Intensities.

Intensity at x at time t along k.
nth order of scattering intensity.
nth order of scattering intensity at g, along &1.
Superscript, indicating incident wave ‘or field.

Source function.

nth order of scattering source function.

nth order of scattering source function at Kem along Ki'
Spherical Bessel function of the 1% kind of order ‘.
Propagation direction unit vectors.

1th propagation direction unit vectors.

Wave number.
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m

b L
N(£,a,t)
R

n

n
n(r),n(a)
P(x, t,0),P(0)
Pt(cose)

P?(cose)

ij'(&’t’k.k )
Q

Q(x,t,9)
R(r)

b %o
LR

Kem

RS- L T Tt i DR RO R AT

Summation indices.

Path length.

Natural logarithm.

Refractive index, summation index.

Refractive indices inside and outside particle.
Particle distribution function.

Surface normal vector.

Unit surface normal vector.

Index of order of scattering, summation index.
Particle size distribution function.

Unpolarized phase function.

 Legendre polynomial of order £.

mt? associated Legendre polynomial of order £.

Scattering phase function corresponding to jth Stokes
vector component.

Polarized phase function used in radiative transfer.

Weighted quadrature approximation phase functéem value
for scattering from Fi to k..

J
Modified unpolarized phase function.
Reilly's unknown function.
Radial unit vector.

Position vector.

Position of the £,m point in L x M array.
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T Particle radius, radial coordinate.
s,s! General solution of the Helmholtz equation. ’ 4

81(6),82(6) Angular scattering function.

>
e e e

b Superscript indicating scattered wave or field.
S‘1 Expansion coefficient in a(6,¢).
sin Sine function.
i t.to Time variable.
U Stokes vector component.
u® Scalar scattered field. : v
v Stokes vector component.
] ' Superscript indicating interior ("within") wave or field.
X, X Mie size parameter (= 2ma/l).
x(0) Irregular particle shape function. .
yz(x) Spherical Bessel function of the an kind of order £.
b | z Unit vector in the z direction, identical with 83.
’! z Cartesian coordinate.
?i ap Angular scattering function expansion coefficient.
% Yo Extinction coefficient ar Xem:
é a({,t) Extinction coefficient at X at time t.
BC Angular scattering function expansion coefficient.
B(&.t) Scattering coefficient at y at time t
Y Parameter for Deirmendjian particle size distribution

function.
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nz(x)
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w
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w(E,t),w
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Incident Debye pctential expansion coefficient.

Parameter for Deirmendjian particle size distribution
function, phase difference.

Dielectric function (constant) total fitting error.
Fitting errors in least-squares technique.

Exponent coefficient in Junge particle size distribution
function.

Radial function, = xyz(x).

Angular function used in sl(e) and 82(6).
Real part of m.

Wavelength.

Permeability.

Cos(0), k * 2.

Negative imaginary part of m.

Angular frequency.

Effective albedo.

Albedo.

Magnetic scalar potential;

Scalar Helmholtz equation solution of Kkeilly.

Symbolic linearly independent function cf least-squares
technique.

Azimuthal angle.

Electric Hertz vector.
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¥ (r,0,0)

Yo (x)

o

pp(x), P5(x)
k

g

oex(a,k,m)
oi(a,x,m,e)
osc(a,k,m)
osc(a,A,m,S)
T0(®)

0

0

X

Bk

o

<r>
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Electric Debye potential, ratio of circle circumference
to diameter.

Electric scalar potential. '

Symbolic linearly independent function of least-
squares technique.

Radial function, = sz(x).

Charge density.

Radial function, = xhz(x) and xh%(x)

Magnetic Hertz vector.

Standard deviation used in log-normal particle size
distribution function, conductivity, magnetic Debye
potential.

Extinction cross section.

Stokes vector component i differential cross section.
Total scattering cross section.

Unpolarized differential scattering cross section.
Angular function used in sl(e) and 82(6).

Polar angle and scattering angle.

Unit polar vector.

Gradient operator.

Boundary condition E function.

Boundary condition § function. ' i

Average particle size used in log-normal particle size
distribution function.

Infinity. ' i
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