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PREFACE

Efficiency of storage management in algorithms which use arrays is
often enhanced if the arrays are stored in a proximity-preserving manner,
that is, array positions which are close to one another in the array are
also stored close to one another in the memory structure. It has been
shown that any scheme that stores arrays in a linear memory, in both the
worst and the average case, induces unbounded loss of proximity, but
arrays can be stored in binary trees with bounded loss of average
proximity. This paper is devoted to studying the effect of introducing
duplication of items of a square array A on the average path length
between the images of any two records adjacent in A under a mapping from
A into the set of leaves of a complete binary tree. It is shown that with
the appropriate choice of duplications, in some arrays the average path
length can be decreased by as much as 127 without using a deeper tree

than needed in the absence of duplication.
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CHAPTER 1
INCRODUCTION

The running time of an algorithm is usually measured by summing the
execution time attached to each operation performed. 1In practice, the
running time, or complexity, of an algorithm depends very much on how
efficiently its data structure can be accessed. Algorithms which operate
on arrays frequently access the array in accordance with a notion of
locality, that is, the array cell accessed after cell v is accessed is in
a neighborhood of v. For instance, the usual matrix multiplication
traverses rows and columns of the matrices; and the Strassen's matrix
multiplication [1] accesses matrices in blocks of four. There-
fore, it is important to store the array in a manner so that the proximity
is preserved, that is, cells that are close to one another in the array are
also stored clese to one another im the memory structure.

Preservation of proximity in arrays has been studied in [2], [3], and
[4]. In [2], A. Rosenberg showed that any scheme that stores arrays in a
linear memory, in the worst case, induces unbounded loss of proximity.

In {4], R. A. DeMillo et al showed that even average loss of proximity
is unbounded in such schemes. However, they showed that arrays can be
stored in binary trees with bounded loss of average proximity.

In this paper, I will discuss the effect of introducing duplication of
items of an n X n array A on the average path length between the images of
any two records adjacent in A under a mapping from A into the set of leaves
of a complete binary tree. Arrays will be represented as graphs: vertices
represent array cells containing records, and arcs represent logical

adjacencies.
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This paper consists of six chapters. In the next chapter, graphical
models of arrays with and without duplications are defined. In Chapter 3,
a binary tree memory structure is defined and a storage allocation mapping
is presented. In Chapter 4, a method for finding the stationary probability
distribution of any array is presente& and the average stretch between
two vertices is formulated. In Chapter 5, variaus duplicating patterns
are discussed and an efficient duplicating scheme is outlined. Finally,

conclusions are drawn.
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CHAPTER 2

GRAPHICAL MODELS OF AN n X n ARRAY

2.1, With No Duplication

An n X n array is a two-dimensional data structure. It consists of n
rows and n columns.of cells. Each cell can hold one record. If each cell
of an array holds a distinct record, then the array is said to be with no
duplication. In this section, an array with no duplicates will be modeled
as a directed graph.

A finite directed graph G = (V,E) consists of a finite set V of vertices
and a set E of ordered pairs of vertices, the arcs. (v,w) is an arc directed
from a vertex v to a vertex w and the direction is indicated by an arrow-
head on the arc. A vertex w is called a successor of a vertex v if there
is an arc (v,w); vertex v is then called the predecessor of w. The set of
successors of a vertex v will be deno:ed by Succ(v) and the set of
predecessors of v will be denoted by Pred(v).

Let I(n) denote the index set from 1 to n. Suppose A is an n X n 1

array with no duplication; it consists of n2 cells ¢ i,j € I(n) where

i,3’ 1
i denotes the row and j denotes the column. Then the graphical model GA of ’

A is a directed graph (V,E), where V = {ci j|i,j € I(n)} and
= {Ceg, 00, 340 Cp, 341051, 102 C1, 12441, 02 G, 521, 0 103 € Ta-DTL

The graph GA of the 3 X 3 array A with no duplication is shown in Figure 1.

Figure 1.
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2.2, With Duplications

Duplicate copies of a record can be introduced into an array to
enhance its performance. When n is not a power of 2, an n X n array can

Mog nl W 2f-log g

be padded to an 2 array with duplicate copies. A
systematic scheme will be described.
A x2® array can be divided into smaller square arrays by a set of

horizontal and vertical lines. These lines are called jth boundaries, for

some j € I(s-1), they are defined recursively as follows:

1. the (s-l)th boundaries divide an 2° x 2° array into four

281 y p5-1 subarrays;

2. the jth boundaries divide each of the 22(8-1-1) 53+l , 53+l

arrays into four Zj X Zj subarrays.

In figure 2, (s-l)th boundaries and (s-2)th boundaries of the 25 x 28

array are denoted by boldface lines and dotted lines, respectively. The
ith boundary is said to be higher than the jth boundary if i is larger

than j.
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Figure 2. (s-1)"P (boldface) and (s8-2)™® (dotted) boundaries of an 2° x 2°

array.

1All logarithms are to the base two.
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A cell is said to be at the vertical (horizontal) jth boundary, j > 0,

£ it 1a La column (row) 23(2i-1) + k, for some £ € 1¢283") 20d some

k € {O,l}. Only the cells in columns (rows) l and 2® are said to be at

the vertical (horizontal) Oth boundaries.

A finite sequence of nonnegative integers (al,az,...) is called a

duplicating pattern if a, is the number of duplicatioms at each jth boundary.

b

The duplicating patterns suggest a systematic duplication at the boundaries.
Suppose A is an n X n array, n = 25+t, s2land 1= t< 23, and suppose sach

cell < 3 of A contains a record T, j? i,j € I(n). Then the extended
k] ’

array A* of A under the duplicating pattern (al,az,...,as) is defined

recursively as follows. If s =0, A* is A. Otherwise, A* is an

s+ s+l

1 . ] s
2 X 2 array coansisting of four 2° x 2~ subarrays Afl’ ATZ’ AEI and

e i
Afz. Ea?h Ai,j is the extended array of Ai,j

(al,az,...,as_l) and Ai,j is an n' X n' array, where n' = (n+as)/2, contain-

under the duplicating pattern

ing records Tegs k = (i-1)a"+1,(i-1)a"+2,...,(i-1)n"+"',
2 = (j=L)n"+l,...,(j=1)n"+n', where n"s(n-as)/z. The construction of the exte

array of a 5 X 5 array under the duplicating pattern (l,l) is illustrated in

figure 3.

(a) an 5 x 5 array A
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(e) extended array A* of A under (1,1)

Figure 3. Construction of the extended array A* of a 5 X 5 array A under
the duplicating pattern (1,1).

It is assumed that the probability of accessing a cell cij containing

record rij in the array A is equal to the sum of the probabilities of accessing

the cells containing the record r,, in the extended array A*.

ij

The graphical model GA# of an extended array A* of an 2%+t x 25+t

array A under the duplicating pattern (al,az,...,as) is a directed graph

s+l

(V,E), V = {ef 1,3 € 102 s

2s+l

)} and E = {(ct

JOR. Y, (o )]
j 1.,1:.j i,j+l i,£j+1

-1) and kj is the smallest integer larger than j

such that c*i,kj contains rx,y+1 if ct,j contains rx,y' zj is

the largest integer smaller than j such that c*i P contains
’
|

i,j € I(

if ¢ contains r
ns r, ol

Tx,y-1 1,3




s+1

U {(cf,j,cﬁi’j),(c*i+1’j,c*zi+1’j)Ii,j € 1(2°77-1) and k, is the

L smallest integer larger than i such that ct i contains
i’

i *
rx+1,y if ¢ 1, contains rx,y and zi is the largest integer

smaller than i such that c*

NP S S

if c*

contains rx-l,y g4

zi’j
contains r }.
Xy

cididman. oo

In the graphical models as defined above, there are two classes of
connections, the horizontal connections which connect vertices in the
same row and the vertical conmections which connect vartices in the same
column. Furthermore, all rows have the same horizontal co .nections
} ;( and all the columns have the same vertical connections. The graphical

model qx of the extended array A* constructed in figure 3 is shown in 5

figure 4.
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CHAPTER 3
BINARY TREE MEMORY ORGANIZATION

3.1. Memory Configuration

There is a distinction between linear memory and arbitrary lists [4]
in array storage mapping, namely arrays can be stored as nonlinear lists
with bounded loss of average proximity, but cannot be stored in a linear
memory. In this paper, binary tree memories will be used as the storage
structure.

A binary tree memory structure, BTMS, is hierarchically organized.
It is either a single memory cell or it consists of a complete binary tree
of four sub-BTMSs of equal size. Each memory cell can hold one record. The
level of a BTMS which consists of a memory cell is zero, otherwise the
level of a BTMS is 2+ level of one of its sub-BTMSs. BTMSs with zero, two,

four levels are shown in figure 5.

l\,
c gog
(a) 0 level (b) 2 levels (c) 4 levels

Figure 5. BTMSs with 0, 2 and 4 levels.

In the figure, the circles denote linkage cells and the squares denote

data cells.
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3.2, Array Storage Mapping

The binary tree memory BTMS is described in the last section.
A recursive method of mapping an array of records into memory cells of a
BTMS will be described in this section.

Consider an n X n extended or non-extended array A, where n = 7*
and divide A along the (s-l)th boundaries to form four n/2 X n/2 subarrays
All’ A12’ A21, and A22‘ Suppose A is to be stored in a BTMS B which

consists of four sub-BTMSs Bl’ BZ’ B3, B, from left to right at the second

4
level of the hierarchy. Then All’ A12’ A21, and A22 are stored in

Bl’ BZ’ B3, and B4, respectively. The process is continued recursively
until the subarrays are of order 1 x 1 which results in mapping a record
into a memory cell.

Figure 6 shows the results of mapping an 4 X 4 array A of records

rij’ i,j € 1(4), into the memory cells of a BTMS with four levels.
With the graphical models described in Chapter 2, storing an

K array A in a 2s-level BTMS is represented as mapping the set of

2
vertices of the graph GA into the leaves of a complete binary tree of
height 2s.

When n is not a power of two, the storage mapping is applied to an

2 Mognl p Mognl

X array and the records of the original array are held in
the first n rows and first n columns in the top left corner of the new

array. The remaining cells are empty.

dac o aial s o o
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(a) an 4 X 4 array A
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(b) 4-levels BTMS containing A

Figure 6.

Array storage mapping.
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CHAPTER &
STRETCHES UNDER THE STORAGE MAPPING

4.1. Definition of Stretch

Under the storage mapping defined in the previous chapter, the image of
an arc (v,w) in QA is defined as the path from the image of veértex v to the
image of vertex w in the BTMS. The ratio of the length of the image of an
arc (v,w) to the length of the arc (v,w) is called the stretch of (v,w)

under the mapping. All arcs have length one, hence the stretch of an arc

is an integer equal to the path length of the image of the arc. It will be
shown in the following lemma that the stretch of an arc is completely
determined by the position of the arc in the graph.
Lemma 4.1,

Let the vertical jth (horizontal ith) boundary be the highest boundary
that an arc e crosses in the graph. The stretch of the arc e is 4j + 2
(41 + 4).

Proof

Consider a horizontal arc (v,w) in G, (refer to Figure 7(a)) and jth
A

boundary is the highest vertical boundary that (v,w) crosses. Then v
and w are in two horizontally adjacent 2j x 23 arrays and their images
under the mapping will be in the left subtree and the right subtree of a.
BTMS of level 2j + 1. Therefore, the stretch of (v,w) is 4j + 2.

For a vertical arc (v,w), v and w are in two vertically adjacent
2i X 2i arrays if the horizontal ith boundary is the highest boundary that
the arc (v,w) crosses. The images of v and w under the mapping are in the
left subtree and the right subtree of a BTMS of level 2i + 2. Therefore,

the stretch of (v,w) is 4i + 4, Qa
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(a) Stretch of a horizontal arc
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(b) Stretch of a vertical arc

Figure 7. Illustration of the proof of Lemma 4.1.

4.2, Average Stretch

4,2.1. Probability distribution of the vertices of the array

GA is a stochastic process.

The collection of sequences of visits to the vertices of the graph

We assume that this process is a random walk

[5], that is the conditional probability of traversing an arc originated

cardinality of Succ(v), and the moves are independent.

graph qA is irreducible.

at a vertex v is a constant which is equal to the reciprocal of the

Furthermore, the
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In an array of records rij’ {9 e {0,1,...,n-1}, record rij is even
if (i+j)mod 2 = 0 and is odd otherwise. A vertex is called even (odd) if
it represents a cell containing an even (odd) record. In a graph model

G, = (V,E), the vertices set V can be partitioned into two sets: V1 consists

A
of odd vertices and V2 consists of even vertices. At even time units, only

vertices in a particular set V1 or V2 can be accessed, without loss of
generality say the set is Vz; so at odd time units, only vertices in V1 can
be accessed. Hence, from the graph GA = (V,E), we can obtain two disjoint
graphs G1 = (VI’EI) and Gz - (VZ’EZ) where Ei = {(v,w)lv,w = Vi and there is
a path from v to w of length 2 in GA} for i = 1,2. Let Pred, (v) be the set

*
of predecessors of the vertex v in Gi.( ) Bach of G1 and G2 is an irreducible

and aperiodic Markov process. Therefore, we hawe the following lemma.
Lemma 4.2.

For a given graph Gy = (V,E) of an array A, there exist two unique
limiting (steady-state) probability distributions p1 and P, of V such that
at odd time units, 121 satisfies the following set of equations:

p(v) = px PI(V)Prl(vlw) for all v €V,
w € Ptedl(v)
pl(v) = 0 for all v € VZ’
and

Z p(v =1
vEV

at even time units, p2 satisfies the following set of equations:

(*)Also for v, w € Vi’ with paths of length 2 between v and w in G,, let
Pri(vlw) denote the probability of reaching v from w in two time units.
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Py(¥) = z P, (W pr; (v|w) for all v €V |
2 w € Ptedz(v) 2 2 2 :
= |

pz(v) 0 for all v € Vl’

and
Z py(v) =1,
veEV
Since a randomly selected time unit is odd or even with equal
probabilities, we can take the arithmetic mean E of P and p, as the
stationary distribution at all times. A stationary probability distribution

p of V of GA = (V,E) is one which satisfies the following equations:

p(v) = Z-’P(W)E’r:(vlv.w), for all vEV (4.1) 1
w € Pred(v) :
and
Z p(v) =1.

vEV

Lemma 4.3. ,j
The distribution p = (p1 + PZ)/2 of V is stat .onary.

Proof:

Since p1 and pz are steady-state distribution at odd and even time units,

respectively, then

T opPrvlw) = p Er(vlw) + T p (MPr(v|w)
w€EvV w€Ev z wEv
w € Pred(v) w € Pred(v) w € Pred(v)

But the first term is 0, since pz(w) = 0 when w € Vl’ and the second term

is equal to pl(v), thus




(1) mias P, (W Pr(v]w).
w
w € Pred(v)

Similarly we obtain

(ii) p,(v) = pl(w>rr(vlw>.

z
w€vV
w € Pred(v)

Summing (i) and (ii) and dividing both sides by 2, we obtain

p, (V) + p_ (V) p. (W) + p_(w) i
- : 1 2 " pevlw é

} T
? 2 Ev
E | ¢

Since it is assumed that the conditional probability of traversing:

i which satisfies equation (4.1). o
|
!

an arc' is a constant, the stationary probability distribution of the set

of arcs can be easily obtained from the stationary probability distribution

A

of the set of vertices. The stationary probability distribution p(i),

2
i € I(n ), can be expressed as the product of a positive weight w(i) and a
normalization factor equal to the reciprocal of the total weight of all the

vertices. Therefore, equation 4.1 can be written as follows.

w(i) = L w(j)Pr(ilj) for all i €V (4.2)
j € Pred(i)
The graph QA of a square array A with no duplication is highly
symmetrical, Hereafter we let (i,j) denote the vertex at the intersec-
tion of row i and column j in A. The following lemma gives the statinmary

¢ { ] weight distribution for the vertices.

o e LI TR T N s e RS
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Lemma 4.4.

The vertices of the graph GA = (VLE), V = {(i,j)|i,j < I(n)} have the
following weight distribution: (Figure 8)

w(l,1) = w(l,n) = w(n,l) = w(n,n) = 2

w(l,j) = w(i,l) = w(n,j) = w(i,n) = 3 for all i,j =2,3, ,.., n-1

w(i,j) = 4, for all i,j =2,3, ..., n-1
and the normalization factor is 4n(n-1).

It is required to show that for every vertex (i,j) € V, equation (4.2) is j
satisfied by the weight distribution given in the lemma. ;

For (4,3) = (L,1), (,1), (1,n) and (m,m), w(i, i) =3 + 243+ 5=z

so the equation is satisfied, For other vertices, it can be showed
analogously that the equations (4.2) are satisfied.

The normalization factor is the sum of all the weights, z w(i,j),
i,j € I(n)

which is equal to 4n(n-~l). a

Pt e AR e )

¥ & & v & 3

i

Figure 8. Weight distribution of an array with no duplication.

I
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From Lemma 4.4 and the definition of weight distribution, we have the

following theorem.

Theorem 4.1.

Let A be an n X n array with no duplication. Then the vertices in
set V = {(i,j)li,j € I(n)} of the graph GA has the following stationary
probability distribution:

p(1,j) = p(i,1) = 2/¢ for i,j = 1,n,

p(1l,j) = p(n,j) = p(i,1) = p(i,n) = 3/¢ for i,j = 2,3,...,n=1,

p(i,j) = 4/¢ for i,j = 2,3,...,n-1,

where ¢ = 4n(n-1).

Corollary 4,1

The arcs of E ic.G,, with no duplication are equiprobable.

A’
Proof:
For each arc (v,w) € E,

Pr((v,w)) = p(v) * Pr(w|v)

»

1
and Pr(v|v) = {; if v is at pesitions (1,1),(1,n),(n,1), or (a,n)

% if v is at position (1,j),(n,j), (i,l),(i,n) for
2=<1i,j < n-l

{ % otherwise.
Thus, by Theorem 4.1, Pr((v,w)) = % for all edges (v,w) € E.

The graph GX of the extended array A* of a square array A is more
complicated., The following lemmas are established for finding the

stationary probability distribution of the set of vertices of qx.
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Lemma 4.5.
+1 +
For a graph G¥ = (V,E), V = {¢i,) 11,5 € 12°7)} of a 2° I
extended array A%, we have the following relations among the terms of w,

the stationary weight distribution of V, (Figure 9)

( w(j,1i)
! s+l
rw(j,2 +
, s+l
i w(i,2 +

i

+1
w(i,j) -1‘ W(Z‘(""1 PRI il S i for 1,j € 1(2%)

-

- 1)

[

= 3

: stl s+l

(W2 T +1-3,2  +1-4) |
i s+l ;
fw(2 +1 - §,1)
f s+l |

w(2 +1-1,j) f

Proof:
Observe that the graph GX is symmetrical (by definition) about the

th t
horizontal s boundary, the vertical s H boundary, and the main diagonal.[d

e, F
s j i ¢ th}+1- : ]
b j J } j i 1
//v . i p !i \& 23 A
L e e o 1
A A 4/ S } i
/ Z v K E
3 it :}'f : \’ i
{1 \2*
23+1+1-j i
! | ‘ Ll }j J

Figure 9. Symmetries of the weight distribution (the vertices at the
marked position have identical weight).

RN oG et
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From Lemma 4.5, we only have to find the weights of the vertices
(i,j) for i = 1,2,...,2s and j = 1,2,..,,i, (the shaded triangle in

+1
Figure 9) rather than those corresponding to all (Zs )2 positions.

Lemma 4.6.

Let w(i,Zs) and w(22,j), 11, £ ZS, be given, The set of weights
8 8 s
w(l,1) =5 w(1,2) + w2 ,1)
w(i,j) = w(i,2%) ¢ w(2%,4) for 1< 1,5 < 2° and (1,§) # (1,1),

and w(i,j) as in Lemma 4.5 for i or j > 28 satisfies equation (4.2)

(refer to Figure 10).

Proof:

Observe that w(2°,j) = w(j,2%) due to the symmetry of the graph Gx
about the diagonal. Assuming (i,j) # (1,1), it is required to show that
w(i,j) = w(2®,]) satisfies equation (4.2), which is
w(i,j) = Z w(i,k) Pf((i.j)l(i.k)) =+ Z w(k,]j) Pr((i,j)l(k,j)).

(1,1‘)€Prod(i,1) (k’j)epr‘d(ivj)
Recall that all the rows have the same horizontal connections and all the
columns have the same vertical connections in GX and let Ci be % if
1 e £1,2’+1] and 1 otherwise. Hence, the right hand side of the equation

can be expressed as
w2®,1) T w@®k) e, pr(2®, 1) |(2%,k)
(2°,k)€Pred(2®, 1)

+w(2®,1) Zwmﬁﬁgkunfﬂwﬂﬂn *)
(k,2%)€Pred(i,2%)
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since w(2°%,2%) = T w2®,k)pre(2%,2%) | 2%,K))
(2%, k)€pred(2°,2%)
B £ owk,2%)Pr((2°,2%) | (x,2°%))
(k,2%)€Pred (2%,2%)

and (due to the symmetry around the main diagonal) the two terms in the

right side are equal, w(2°,2%) = 2 T w(k,2%)er((2°,2%) [ (k,2%)).
(k,2%)€Pred(2°,2%)

Furthermore, the definition of w(i,j) implies that w(Zs,Zs) = 1. Letting

i = 2% in the expression (*) we have,

w(2®, 1) = w2®,2%) £ w2®, ke Pr2®,1)]2%,K)
(25 k) €Pred (2%, §) 2
+w(2%,9) E w(k.Z’)cj pr((2°,2%) | (x,2%))
(k,2%)€pred(2%,2%)
Hence,
w(2%,j) = 1/(1-¢,/2) T w(2®,k)Pe((2%,1) | (2°%,k))
(2% ,k)€Pred (2, j)

Substituting the identity just obtained into expression (*), we have

w(2®,1) +w(2%,j) for 1s1,j=2% and (1,§) # (1,1)
w(i,3) = 8
w(2®,1) + w(2%,1) for 1,j = 1.

3 o
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Figure 10. Weight distribution in upper left quadrant of-

. 23+1 x 25+1 iy,

From Lemmas 4.5 and 4.6, we only have to find the weights w(ZS,j),
denoted as W(j), for j = 1,...,23, rather ﬁhan those corresponding to
all (2”1)2 positions. For an extended array of an (23+c) X (2’+c) array
under the duplicating pattern (al,az,...,as), the weights W(j) will be
found by a sequence of s iterations. In the initial step, all a, except
a, are assumed to be zero and we find the weights Ws( j) for the pattern
(0,0,...,O,as).‘ In the next step, we extend the pattern to include

a 1 and find u"l(j), for (0,0,...,0,a3_1,as), in terms of ws(j).
This process is continued until the pattern is extended to including

all ai's: at this point, the weights El(j) are the W(j), for j = 2,...,2s
and W(l) = % wl(l). The weights Ei(j) are generated in each iteration i

as follows. Initially, we have
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as(j) L 1 , for j = 1,...,(28+c-as)/2
and ) = (2’+:+as)/z+1-j , for j = (2%+t-a)2+1,...,(2%¢+a ) /2.

For example, s = 3, t = 1, and A= 3, 53(_1) are as follows.

oy A 44 3 2 1
(28+t:-as)/2 a

~i+l

Suppose we have found W )y 3= l,...,m“_l. The weights Ez‘t(j)

are to be generated in the following way. Partition positioms 1 to o "

into (s-1) segments, each of length q = /(s-1); the first segment

g

consists of the first q positions and the second segment consists of
positions gq+l,...,2q and so on. Let Xk’z be the weight ?ii"'l(j) where

j = (k-1)q + £, and Xk’z be the weight v'vi(j), where j = (k-1) (q+ai) + L.
From the set of the weights D(k,l.ll < 2 S q}, the set of weights

{xk zll <2< q+ai} is generated as two parts:
b4

X, =%,  ford=l...(aa)/2

(q+e,)/2+1-2
Keg ® s S %, (q-a,) /2’ for £ = (q-a,)/241,...,(qte,)/2

and Yet " %k, 0ea, " %20, , for 4= (qra)/2+1,..., (e /24,

x‘kl. 1 X‘k,z-a

{0 for 4 = (q+ai)/2+ai+1,...,q+ai .
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For example, s = 4, t = 1 and (a1,32,33,34) = (0,1,1,9), the weights are
generated as follows. (Notice that there is no duplication at the 1“

boundaries, therefore Wz(j) = 'G]‘(j).)

#ei: 10 10 10 10 ¢ B 7 6 5 &3 g2 1 |

{
) 10 1w 1w 1o 9 eglals s & '3

g 1 4
WG@): 10 10 10(5/59 84 3 6 5|§a 32 3

- 5

e B M 533 Bad e 53 2.7 1

g 5

¥ i B 0 100559 6436 52 &2 1

The set of weights ﬁi(j) obtained at each iteration i and w(k,%),

for 1< k,L < 2m1 given in lLemma 4.6 satisfies equation (4.2).

Theorem 4.2.

The procedure in Algorithm 4.1 correctly generates the weight
distribution W(j), for j € I(28) for the extended array of a(23+t) X (23+t:)
array under the duplicating pattern (al,...,as).

See Appendix A. (|
Theorem 4.3.

Let A* be the extended array of a (23+t) X (23+t) array A under the
duplicating pattern (al,az,...,as). The normalization factor Z w(i,j),

3
for a weight distribution w of a graph Gf = (V,E), V = {(1,1)]1,] €125ty

is equal to (2%+£)(2%+t-1)(a+1)%.

A, | iAGJ‘".‘."‘N‘“:"" WIRT A0S
eraee FATR T TR 5,3 2, .'1’;*-7.



T

TR

iR Sk

s

.

e D e e P =

PR

s

L

i

Proof:

Observe that

Z w(i,j) = % (a'+1)2 if r is at the corner of A
V(i,j) contains
record r
% (a’+1)2 if r is at the lowest boundary

J

L(as+1)2 otherwise.

a

The limiting probability distribution p of the vertices of a graph

G* can be obtained by Lemmas 4.5 and 4.6; and Theorems 4.2 and 4.3.

A

Algorithm 4.1.
begin

for § € 1(2%) and 1 € 1(2°), set dj and X'(j) to zero;
set ao to zero;

for i € T((2%+t)/2), set W (i) to a+1;

[Zj is the number of distinct records between a jth boundary

and the nearest boundary which is higher than jth]

zs+1 T

for j = 1 tosdo 4j = (4 + aj)/2;

j+l
j=s;
LP: while j 2 L do
begin
for i = 1 to 2%°J step 2 da

begin

FPG(L + (i-1)43,3)

26
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?;
£
“
1
8

:mn'v

end;
i=3-1
end;
for 1 = 2 to 2° do
W(l) =W(1) - 3/4;
Procedure FWG (f,j):

begin
for 1 = f to £ + zj - a.j -1 do
begin
W) =witl - 4,23
j . S ;
() =x"""d dj j),
end;
fori-f+zj -aj to f+1¢~j -1 do
i +f i
(i) = S @J(f+zj 2, + & (+4,-a,-1))

end;

if j # s then begin BPG(1+1°lj,j);

4 =d, +1;

end;

W) = T(1);

27
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Procedure BWG(f,j):
begin

for i = f to £ + aj -1 do

W) = #7lu - @ +a,) - w(i-a

b

for i = £ + aj to £ + zj -1 do

begin
wi) =@ty - (d+Da);
) = x3tq - (d+1)a,);
end;

XE+a, - 1) =W - 1)

j

end:

end.

4.2.2. Calculation of average stretch

28

j);

The average stretch of the arcs of a graph QX = (V,E) is defined as:

Z Pr(e) °* Stretch of e.

e €E

It can be expressed as

z % p(v) ° Pr(wlv) * stretch of arc (v,w)

v €V w € Succ(v)

Since the conditional probability Pr(wlv) is a constant 1/|Succ(v)|

for all w € Succ(v), the average stretch is

= p(v)/ISucc(v)I- z
€V

v w € Succ(v)

stretch of arc (v,w). 4.3)




T ST

T —

B “ e S

TR

T—

e L D A e

-t

T T g T [T T

-

29

Let S(i,j) be the sum of the stretches of the arcs originating at a
particular vertex w which is at the horizontal ith and the vertical jth
boundaries, that is

S(i,j) = Z stretch of (v,w)
w € Sucec(v)

In the following lemma, it will be shown that S(i,j) is a function

of i and j.
Lemma &4.7.
J 12 + 41 + 4] for i,j >0
S(1,1) = 8 + 4j for i = 0and j >0
t10+4i for i >0 and j = 0
6 fori=j=0
Proof:

In Figure 11 it is observed that there is a horizontal arc and a
vertical arc directed from a vertex v at the horizontal ith boundary
and at the vertical jth boundary, and these boundaries are the highest
ones which these arcs must cross. If j (i) is greater than zero, there
is an additional vertical (horizontal) arc directed from v and the
horizontal (vertical) 0th boundary is the highest boundary that this arc

crosses. By Lemma 4.1, the lemma follows.

oth jth

on |
th 4-—(1}-—»
l

Figure 11, Arcs directed from a vertex at the horizontal ith and the

vertical jth boundaries.
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By Theorem 4.3 and equation (4.3), and the Lemmas 4.5 and 4.6,
the average stretch ES of a graph GK where A* is the extended array of
a (2s+t) X (28+t) array under the duplicating pattern (al,az,...,as)

can be expressed as follows.

2
(a_+1)

4 1S 1.3 ; L 1
ES = z s(0,0) +5 *+(a +1)F+3 *~(a_+1)H+5G)

(25+t)(23+t-1)(as+1)2 2 2 3 4%s 3 4 s 4
4.4)

where F = T W, 8(1,0),
i € 1(s)

W, S(0,1i),

=
€

G= T w, I wj S(i,1)
€I(s)  j €1I(s)

and Wi = the cumulative weights of the vertices at the vertical ith

boundaries of the row 2s

- z @2t i-n2tY + selig-p2ttiay),
j € 1(2°-1-4) for i € 1(s-1)
W= 1.
We are going to use the following lemma on the inequality of sums of
two sequences of real numbers to show how the average stretch depends on

the weight distribution derived from some duplicating pattern (al,...,as).

Lemma 4.7.

For two sequences of real numbers (bl""’bs) and (cl,...,cs),

If Sic, <Zib, and T ¢, = ¢ b
{ i { i i i { i

then Zc, T ¢ (1+j) <Tb, T bj(i+j)

i tg 3 £
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Proof:
z c; ):cj(i+j) - Eic ch + z c chj
i 73 i 3
mZie, Ch.+Zb Ziec
i L 3 4 ¢t j 3
<Zib, ij +2b Zjbj
iy 3
=Zb I b (i+j). a
bt
Theorem 4.4.
SR g W! w!
1f a'il <Zi -a-;,-_t—l- , Where wj'_ and W'].: are the cumulative weights
i i s
at the ith boundaries of G( A%x) ! and G (a%)" respectively, (A*)' and (A*)"

are extended arrays under (al, ceesdg 'Yand (al, - | ') respectively, then

ES' < ES".
Proof:
Wi Wj
———-[6+2 1(18+81) - 2 +1 T S (12+4i+45)]
s
1 wi'. W" wl W"
f _ palf o ik
S = n(n-1) (e i 3g+L - s+1 1 as+1)
wl wl w" w"
Syl .
s +1E. A "2 3 "+1§ "+1)
W'l
i
w; %
we can show that X s z T A 1 and by the hypothesis,
i s i s
w' w"
Zi —,—i— <Zi -T,-i-— . Therefore, it follows from Lemma 4.3 that
i as+1 i a.s+1

ES' - ES" < 0.

5 Sl 0 o i A
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Since the set of arcs in a graph with no duplication is uniformly
distributed, the average stretch ES is the total stretch TS of all
arcs divided by the number of arcs. The total stretch TS can be

expressed as i

e ahiere aliveo I b ov Tl dbiead i &

- TS =Z m, S(i,j) where m,., = number of vertices at the

8| ij
e horizontal 1P boundary and

the vertical jth boundary. (4.5)

e

T
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CHAPTER 5
DUPLICATING PATTERNS

5.1. Feasible Duplicating Patterns

It has been mentioned briefly that a duplicating pattern is a
sequence of nonnegative integers indicating exactly the number of
duplications at each boundary, It is obvious that the duplicating pattern
cannot be any arbitrary sequence by observing that there are constraints
both on the amount of duplication and the number of boundaries. A feasible
duplicating pattern is defined precisely as follows:

Let A* be the extended array of an n X n array, where n = 2s + t,

for some t € I(23-1), under the duplicating pattern (al,az,...,as).

Then (al,a ,...,as) is a feasible duplicating pattern if ai's

2

satisfy the equation
]
Lt =2 (5.1)
i=]
s-1i th . s

where 2 is the number of vertical i boundary in a row and 2" - t

is the maximum number of duplications in a row.

We are only interested in feasible duplicating patterns; thus, for
brevity, a duplicating pattern means a feasible duplicating pattern. In
the remaining sections of this chapter, the effect of duplicating patterns
on the average stretch will be investigated.

5.2, Some Special Duplicating Patterns

5.2.1. No duplication

For a graph GA = (V,E) of an n X n array A with no duplication, all
the arcs in E are equally probable (refer to Corollary 4.1). Therefore,

the average stretch will be the total stretch divided by the cardinality

of E. When n is a power of 2, let n = 28. The total stretch TS is
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defined by the following recurrence:
TS(1) = 0

TS(n) = & TS(n/2) + 2n(2 log((n/2)%) + 2) + 2n(2 log((n/2)2) + 4),

where the first term on the right hand side of the equation is the total
stretch of arcs within each of the four n/2 X n/2 subarrays (refer to
Figure 12), the second term is the stretch of all the arcs crossing the
vertical SCh boundary, and the last term is the stretch of all arcs

crossing the horizontal sth boundary.

o1
o
TS(n/2) .| TS(n/2) n/2
th R~ ]
horizontal s - 4 2 4
boundary vy 2(— . ¥ ]
TS(n/2) . TS (n/2
(n/2) : (n/2) } s
|

o
4
vertical sth boundary

Figure 12, 1Illustration of the recurrence of the total stretch

The solution to this recurrence equation is
TS(n) = 28n2 - 16 nlogn ~ 28n

There are 4n(n-1) edges in E, thus the average stretch ES is

o &
ES = 28n 16 nlogn 28n :

4n? - 4n

which is asymptotically equal to 7 as n approaches infinity.

1 DA R AT
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When n > 2° is not a power of 2, there is no simple recurrence for
solving the total stretch TS since the storage mapping is not symmetrical
about the sth boundaries of the array. Equation (4.5) has to be used and
m, ., the number of vertices at a horizontal ith boundary and a vertical

i,]
jth boundary, is given below

m 4 = XX, for 1,j € I(s), n=2° +¢, 1< ¢ < 25
’
mo’0 =1
T
-1 -2 41
X, =235 42 ___{t -
i ‘_2i+1 *y, for i € I(s-1)

i
where y, = [ -1 if |£=2 #1
i it

2428ty J 1 S 0y

0 otherwise

and xs =2
Xo =]
s s ky ky kz
Thus, ES = 1§0 jEOmi’j s(i,j) - n*(8k-6) where k = kz if t=2 42 +,,.+2

4n(n-1)
k1 > kz 2 e 2 kg Instead of simplifying the expression on the right hand
side, which requires some tedious algebraic manipulations, we evaluate ES
for n = 25 4 ) 2* & 23'1, 2 2" . 1. The numerical results are shown in
Table 1. From these results, we can say that for these particular

3'1, "2 -1, B8 ds asymptotic to 7. Since these

n=d 51, 2+
values of n are the two extremes and the median of the interval comprised
between two consecutive powers of 2, it is resonable to say that ES is

asymptotically equal to 7, for all integer n. This value will be used as
reference to measure the improvement of ES when duplication is introduced.

In the following subsections, three special duplicating patterns will be

investigated.
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$0000000 ° ¢
S0000000 * £
$0000000° L
0000000 £
%76666666° 9
28666666° 9
%9666666° 9
0%666666° 9
968666669
€1£66666°9
LSY766666° 9
05686666°9
60086666°9
16196666° 9
86/.26666° 9
€L298666° 9
1.0%.666° 9
LLT1S666° 9
L%%80666° 9
68062866 ° 9
186¢8966°9
E16£1%66° 9
¢9¢5¢686°9
£96%%086° 9
96%LL%96° 9
06%5¢L€6°9
LLEIL68B" 9
28€¢S608 Y
9€61%LL9°9
€999999%°9
€1LG8IY1°9
89999999°¢

A~-~+m~vmm

"uUoTIedTTdnp ou Y3ITM Yo33a13s 28eIdAY °| I1qBL

(

$0000000 ¢
S0000000° £
$0000000° £
00000000 £
00000000° £
9L666666 9
865666666° 9
916666669
£0866666° 9
%2966666° 9
8L766666°9
119866669
SEEL6666° 9
126%6666 9
7%€06666° 9
569186669
L1%59666° 9
668%7£666° 9
626L.866°9
1ETCLL66°9
§6/£9.566°9
%2981266° 9
1%¢L9686° 9
8EI%6€L6°9
06€£90€56° 9
906%%916° 9
STEO%ES8° 9
6€89€LY%L "9
LOBIYYLS" 9
18L%€%0€° 9
£6060606 ° S
L666666€°S

1-s¢ts0)sa

$0000000° £
$0000000° £
11000000 ¢
0000000 £
0000000 £
S0000000° £
%6666666° 9
00000000° £
88666666 " 9
9.666666 "9
25666666° 9
70666666 ° 9
£0866666° 9
%2966666° 9
LET66666° 9
%7L%86666° 9
2%696666° 9
968£6666° 9
C6L.8666°9
165626669
LLT15666°9
6%£20666 9
£L89%0866"° 9
S.€60966'9
05/81266°9
00SL€%86°9
0005£896° 9
0000S.£€6°9
00000S£8°9
000000S.° 9
00000005° 9
00000000° 9

(1+g2)sa
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5.2.2. (0.0,....2%8)

When n is not a power of 2, there are many ways to extend an n X n
array to a 2 Mognl X 2r1°grﬂ array., Arcs whose images cross a high
boundary correspond to a large stretch under the storage mapping, which

contributes heavily to the average stretch. Thus, we would want to avoid

using arcs which cross the highest boundaries. This can be done by placing

duplicates of those records, which these arcs are trying to reach across
the highest boundaries, in the same subarrays from which these arcs are
directed. The first duplicating pattern (0,0,...,0,28-t) that we
investigate for an (23+t) X (zs+t) array is doing exactly what we have
just described.

Algorithm 4.1 can be used to generate the weight distribution and
then equation (4.4) is applied to obtain the average stretch ES(n). For

the pattern (0,0,...,28-t), the algorithm 4.1 gives the following weight

distribution
i= % 2 b it t+1 s PO
w(L) = %(23-t+1) 2% t41 2%l 2%-¢ 1

s-1

For t = 1,2 ,23-1, closed form expressions for the wi's used in equation

(4.4) can be easily obtained from the weight distribution (refer to

Appendix B). Numerical results are used to study the behavior of ESA*.

The improvement in ESA* with duplication can be measured in terms of the

ESA - ESA*
5 X 100%. Table 2 shows the average stretch

A

figure of merit
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=l RaP 1 6 (2,5 .. %)

ESA# (n) and their improvements for n = Zs+1,23+2
The improvements diminish rapidly to zero as n increases. Therefore
(0,0,...,23-t) is certainly not a good duplicating pattern.

s
There is nothing that can be done for n = 2 + 2% 1, since

Sicntiluniaibibobanyy

(0,0,...,0,1) is the only feasible duplicating pattern. There is more

freedom of choice of duplicating patterns for n < 2s+1 - 1, and this is

maximum for n = 2° + 1. Therefore, the remaining two subsections will be
dedicated to the study of the case n = 2?4 1, in order to learn the

effect of the choice of ai's on the average stretch.
$.2.3. (0.1, 1,002 50y

We have seen that duplicating only at the highest boundaries is not a
good strategy. In this section, a more uniform distribution of ai's,
namely (0,1,1,...,1,25-1+1), for n = 2° + 1, is investigated. This
duplicating pattern allows one duplication near each boundary except the
lowest and the highest boundaries. It allows no duplication near the
lowest boundaries and gives whatever number of duplications remained to
the highest boundaries.

Observing the weight distribution ;(i)'s, closed form expression
of W,'s in terms of n and i are obtained after some long algebraic

i

manipulation; they are shown in Appendix B. These wi's are substituted
into equation (4.4) to calculate the average stretch ESA*. The results
show that for a large value of n, ESA* is approximately 6.33 (and this ;

appears to be the asymptotic value) which produces an improvement of

about 9.5%. When n is smaller, the improvement is larger (Table 3).
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Yor' B 0 2% L 0.1, v ir s 35 NH1Y 28 supardon b0 (00, .. 02805,
For arbitrary 2 +1<n< 2s+1 - 1, it is also expected that duplication
at lower boundaries is desirable: indeed, the number of low boundaries is
very large, which corresponds to a high frequency of low-boundary

crossing in the random-walk hypothesis we have made.

5.3.4. (0,1,2,4,4,...,4,7)

We have seen that (0,1,1,...,1,23'1+1) is a better duplicating pattern
than (0,0,...,0,23-1) for n = 2° + 1. Are there patterns which are still
better? In this section, this question is answered by showing that
(0,1,2,4,4,...,4,7), forn=2% +1, s = 5,6,..., is better.

Algorithm 4.1 is used to generate the weight distribution W(i)'s for
s = 5 and the Wi's used in equation (4.4) are calculated. Since ai's,

i=4,5...,8-1, have the same value, Wi's for s = 5 is easily extended

to those for s > 5. The closed form expressions for these W,'s are given

i
in Appendix B.

Table 4 shows that for large values of n, ESA* approaches 6.13
which gives an improvement of 12.47%. This duplicating pattern is a
combination of the heuristic criteria presented in the previous two
sections, namely (i) crossing of high boundaries contributes heavily to
the average stretch and (ii) low boundaries are frequently crossed.
Therefore, this pattern suggests that there are duplications at higher

boundaries and at the same time there are duplications at lower

boundaries.

i
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This pattern seems to be quite good. Is it optimal? For arbitrary n,
what is a good duplicating pattern? These two questions will be examined
in the remaining section of this chapter.

5.3. Optimal Duplicating Patterns

An optimal duplicating pattern for an n X n array A is one under which

A is extended to A* and ESI* is smallest among all ES where A* is an

A*>
extended array of A under some duplicating pattern.
An optimal duplicating pattern can be found by exhaustive search.

The algorithn is given as follows.

Algorithm 5.1.

Input: An n X n array A, where n = 2% + ¢
Output: An optimal duplicating pattern for A.
Method:

1. Call the procedure PG (s,n) to generate the set DP of all
feasible duplicating patterns for A.

2. For each pattern in DP, use algorithm 4.1 to obtain the
probability distribution of the set of vertices in the
graph of the extended array A* of A. Then apply equation
(4.4) to obtain the average stretch ESA*.

3. Output a duplicating pattern d € DP, such that A* is the

extended array of A under d and ESK* < ESA*.

A s o ey < 14:'“}1‘4‘\"\1* e
il il B i N s B i S R

ADTE R TR R |



- Procedure PG(s,t)

DP < ¢;
: s -2t m 008 12,000,000
; 382
e while j > 0 do
begin
s § = aads
) while a 20 do
begin ‘
$ add (al,az,...,as) to DP; :
as-l ) 8s-1 + 4
= e AL 2;
i end;
- repeat
. 1fj1‘0thenaj*-aj+1
i for i -~ j+1 until s-1 do a, - 0;
“ as"ZS-t-gzs'lai
T i=1
: ifas<0t:henj'-j-1
until a 2 0;
. end;
5.4. Near Optimal Duplicating Patterns for n = i
o o For large value of s and small value of t, there are so many
: duplicating patterns that it becomes impractical to obtain an optimal
| = duplicating pattern for each n by algorithm 5.1, It is preferable to
. d - have a general duplicating scheme which guarantees small average stretch
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for every n. The two heuristics used to construct an efficient duplicating
scheme are as follows:
1) An array composed of smaller arrays with good structure

has a good structure;

2) If wi's are small on the lower end and large on the higher end
s W
then Z i -% is small, which implies small average stretch.
i=1

These will be explained and justified in more detail in this section.

Theorem 5.1.

If A is an (23+1) X (28+1) array, s is an integer greater than or
equal to 6 and the duplicating pattern is (0,1,2,4,...,4,38_1,33)
then the minimum value of ESA* is achieved when

(a,_;3;) = (4,7) if 6=<s=9
(as_l,as) = (5,5) if s 2 10.
Proof: (by exhausting all the possible combinations of (as_l,as))

Since ;lai 2271 = 2 - 1and (a),8y00008, ) = (0,1,2,4,000,0),
Zas_l + a, i:st be equal to 15. Thus, there are 8 possible pairs of
(as_l,as). They are (i,15-2i{) for i = 0,1,...,7. Recall that the wi's
are the cumulative weights at ith boundaries. For each (as-l’as)

compute the difference D, j = 0,1,...,7

3

s wék) s Wij)

Dj = i o s a1 2 51 where ng) are the cumulative weights when
i=1 i=1 s

when (as_l,as) = (j,15-2j). The closed form expressions for these

wij) shown in the appendix B are used in computing Dj' The Dj are:
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277/60 - 123/80 + s for j =0

89/28 - 433/280 + s for j =1
313/360 - 27/120 + s for j = 2

D, =4 23/120 - 3/40 + s for j = 3
-29/120 + 3/120 * s for j = 5
-151/280 - 3/280 + s for j = 6

\ 17/40 - 9/40 + s for j = 7

For s 2 6, D, is negative when j = 0,1,...,3,6,7 when j = 5, D, is

3

is positive when s 2 10. Hence, the

3

negative for 6 < s <9 and Dj
theorem follows from Theorem 4.5, a

Since D5 is 0(log(n-1)), the difference in the average stretch between
the patterns (0,1,2,4,...,4,7) and (0,1,2,4,...,5,5) is 0(l/n) which
approaches zero when n is large. Numerical results show that for s 2 24,
the average stretches for both patterns are the same.

Using algorithm 5.1, the optimal duplicating patterns for
n=2%+1ands =3,4,56 are found to be (0,1,5), (0,1,2,7),
0,1,2,4,7) and (0,1,2,4,4,7) respectively. Thus, the duplicating
pattern (0,1,2,4,...,4,7) is inductively an efficient pattern. With the
evidence of Theorem 5.1, a reasonable conjecture is that (0,1,2,4,...,4,7)
is near optimal for n = 2* & Ls

When n is not equal to 2% & 1, (0,1,2,4,...,4,7) certainly cannot be

an optimal duplicating pattern since it is not a feasible duplicating

pattern. Further research is needed in order toc obtain some near optimal

duplicating schemes for n # 2° + 1,
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CHAPTER 6
CONCLUSION

Any scheme that stores arrays in a linear memory induces unbounded
average loss of proximity. DeMillo, Eisenstat and Lipton [4] have
shown that when square arrays are stored in a binary tree memory structure,
the average loss of proximity is bounded by a constant 7. In this paper,
duplication of items of an array is introduced to decrease the average
loss of proximity in arrays when they are stored in a binary tree memory
structure. It is shown that some duplication can induce as much as a 12%
decrease in average loss of proximity. Moreover, the duplication ratio
is limited in these schemes, since we do not use a deeper binary tree
memory structure BTMS than is needed when no duplication is used.
Therefore, the duplicating patterns defined in this paper yield a very
effective space-time tradeoff.

In Chapter 5, it is shown that duplication at low boundaries is as
important as at high boundaries in preserving the average loss of
proximity in arrays. And the distribution of the number of duplications
at the various boundaries must be carefully chosen in order to achieve

decrease in the average loss of proximity.
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APPENDIX A
The proof of Theorem 4.2 is given as follows.
By backward induction on L
Basis: L = S
FWG(1l,s) generates w° (i) =a_ +1 fori € I(Es-as)
and W (1) = 2+ 1 -4 for i € I(L) - I(4,-a,)
Since a_ = 1, W (4 -1) = 2
By Lemma 4.6, w(£_-1,j) is set to ws(zs-m;s(j) = 2%° (§)
i €1
Since w(l) is set to 3/4(as+1) and by Lemma 4.6,
w(l,1) is set to 1/2("3*1)2
Now, we show that w(i), for all i € I(4,), satisfies
equation (4.3)
W(L) =2 «W(l) * 1/3 +W(2) * 1/4
= 3/4(as+1)
- ZW(2) *1/4 + (L) *1/3+(3) *1/4 Lf 2<2 -a
W(2) =< 2W(2)*1/4+%W(1) *1/3+W(3) *1/4 +T¢'(£s)1/4 if Z-Ls-as
' w(l) *1/3+w(1)*1/3 if 2>Ls-as
1/2(a3+1) + 1/4(as+1) + 1/4(as+1)
= 1/2(as+1) + 1/4(as+1) + 1/4 i+ 1/4

S 1/2(a_+1)

- - s *1 1f 2<% -a
=7 s s s

. 1 b {£ 2>4 -a

: : 9 S s
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W(i) = 2W(i) *1/4+W(Li-1) *1/4+W(i+l)1/4, 1 € I(zs-asol)-I(Z)
= 1/2(as+1) + 1/4(as+1) + 1/4(as+1)
=a +1
s
w(i) = zw(i)-1/4+'€i(1-1)-1/4+W(1+1)1/4+'a(zs)-1/4, 1-zs-as#2
= 1/2(as+1) + 1/4(as+1) +1/4 a_+ 1/4
=a +1
s
W(i) = ZW(i) *1/4+W(i-1) *1/4+W(i+l)*1/4, i € I(zs-l)-I(zs-as)
= 1/2(zs+1-1)-+1/4(zs+1-1+1)+-1/4(zs+1-i-1)
=4 +1-1i
s
w(i) = 2W(i) *1/4+W(i-1) *1/4 i=4
= 1/2+1/2
=1
Assume that L = k, the algorithm correctly generates the weight
distribution (1), 1 € 1(2°74 ), that is (1) satisfies equation
(4.2) for i € 1(2s'kzk).
Suppose a1 > 0, that is L = k-1, the loop LP in algorithm 4.1 has to be
executed once more after ?ik(i), ié€ I(ZS'kzk), are found.
Each BWG(f,k) generates the weights of a, cells which contain
duplicate copies of some records and their copies the next zk - a weights

from 'v7k+1's. Thus, each BWG will shift the records a, places to the right.

This explains the term dk'ak in the parameter of ‘-,k+1 in procedures FWG

and BWG.

e ———

: g L e W3 AN ol A e
b __...L‘L_;...m:-‘._u_:‘,...L..:_‘csa‘;.&_nm;c-,u, b s e e il
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At each (k-l)th boundary, a1 records are duplicated and each of
the 28'k sections of length 2 1is divided into 2 sections. Therefore,

k
s-(k-1)

there are 2 sections, each of length (Lk-kak_l)/Z when the loop

LP is executed the (s + 1-(k-1))th time. FWG and BWG are alternately

applied to each section.

FWG(1+(1-1)4, ,,k-1) generates Wk'l(j),j € T(i4y _)-I1((1-1)4 ;)
1ief1.a, ., 2
Bop $E R o) - ML )
V'k'l(j) s Fk'l(j-l) -1/4+v:'k'1(j+1) '1/4 + 23“'1(3) *1/4

= V4@ (-1-4_ja ) +TGH-G e )+ E-d e )
= 146 (-4 _a 1))

} : For j = i'zk-l -3

gy -7

3
+ 5 Loy e1/a

= V4l (14 _a +7 0+

(-1 /6 +F (D) 1/6+ T (1 og,_+1) 2176

L 4 .’.1..- o AR oy 4t g

Tty H1-(4_+Da_)) - Tl e )
't + (g g )]
i \ - TGy
. i3 For § € T(i*gy ;-1) - I(i4_ -2 )
" L TG = 14D e ))
: = Ublta 1+ @ iy o, D+l e 1)) j‘
- (Lo l-(3-DH ety FL-(I1)421 o8 +1-1)
I - V@ D @A e DX - 8 )
_A e i
F 11
|
k- | I
: ARSI IR e

Sl T i vy ; ort e g g El 23 = .'“ :’-"‘!'f .Nl';' ,' ":,

i B
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For j = i.zk-l

T = 1l Gy ) @ et DX e e )
(e HE=D4y +1-(iody ) -1) +2(4 _+(i-1)8 _+1-1
= (@ e XN, a0/ (e +D)
The procedure BWG(1+i+f ,k-1) generates #<~1(j)'s
for § € I((1+1)y ;) - I(i*4, ;) and 1 € {2,4,...,2° %]
For j € I(i4, ,+a ) - I(i+4 ,+1)
) = 14T G- +9 e + 51 g))
s 1/4@k(j-1-(dk_l+l)a.k_1-ﬁk'l(j-l-a.k_l)
+ TG+ tDa, ) Lg+ee )
+ W3- _*Da, -G ))
= V4@ -4 _+Da )4 (5-a )
For § = i+ ,+1
) = 1a@ e + 55 1))
= 4@ (+1-(4_+Da, )+ 1541 )
+ W3- e -7 (e )
= V4@ G-, +*Da,_ )T (G-a_)))
For j = i-l,k_1+a.k_1+1

) - 1/4@*(3-1-(dk_1+1)ak_1)-ak’l(j-1-ak_1)

+ Nk(J+1~(dk_1+1)ak_1)+wk'1(j-ak_l-l)
(- +HDay )
= 7=, _*Da )

52
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For j € 1((1+1)zk_1-1) - I(i'zk_1+ak_1+1)
T = ve@ gD+ T @ ()
= 4G (G-1-(@_FDa ) + T (5+1-(d_+1)a
* G- _*Day )
= ¥ (i-d,_*Da_))
For j = (i+1)zk_1
) = va@ G-+ @)
= U@ (-1-(d,_+Da, )+ Z°(3-(d,_+Da )
= V4@ (@ +D 4 - + 5504, D 4)
= T, DL

= ﬁk((i+1)£k_1-(dk_1+1)2k)

k-l)

In tﬁe proof, we claimed that (i+1)£k_1 - (dk_l+1)ak_1 = (dk_I+1)Lk.
It is true because dk-1+1 = (i+1)/2 and zk_l = (zk+ak_1)/2.

“s
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APPENDIX B

ax The closed form expressions for the cummulative weights Wi for some

duplicating patterns are as follows.
1o 40,0, .02 =0

a. t=1

| , W, - ™Vt e 1g e

| * W =1
, s
s-1

4

' | b. t =2

W, = T L T s T RO

: s
! | W = 2%

i e AN o A i3S

w_o=1
S
; . c. t =2°%1

h s=i+1
Wi 2

W =1
2, 01 %D
£ W = 1/12 20’4408+ (=1)°(-2))

L W, - 102" S aatiinear ™y )y 4223801

. AR - e
*
A\

W =1
s

3. B3 288000

L

- gyt

W, = 256/3.2572

: ie 1
! i W, = 124/5+128/5(2°+1)
9 - Wy = 29/3432/3(2°41)
T W= 16752570y as e
o
W =1
i . s
I L b, (0,1,2,6,4,...,4,0,15)
{ L

I 1 /3=32/3




‘yé¥mé;m< e -...2.%."-';-_-.--.._._.- g Vb oci

i St LB

W2 =

¥

Wa =

¥y

ws-1

W =
s

.1,

Wl -

Wz =

W3 -
Wa =
Wi =
ws-l

W =
s

©,1,

W1 =

=
"

=
[}

=
"

s-1

Ws =

©,1,

Wl =

Wz =

W3 =

2%3)5.8

= 2%%13.22/3

2%/5-11/5

w25 4 056,...,8%2

- 32

1

Ak R d 1)
224/3.257%
112/5-257%-22/5
28/3-2%74-15/3

3-5_

28/5-2 7/5

1675251 4 =5,6,...,8-2
- 14

1

2,6,4,0.0,0,2,11)

s-a_

64.2 1/3

96/5-2574.

7/5
8.25"%.11/3

24)5.25°3

= 12/5.2%% 1 =5,6,...,8°2

= 8
1
2,4,4,...,4,3,9)

160/3-25"%25/3

16-257%41

9-4_

20/3-2 7/3
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|
1 &
56
{ e
I =5
w = 4'28 |
% i 4
’ W, = 22", tie 5800000
A ws-l bl |
W= 1 |
‘- 8. (0,1,2,4,4,...,4,5,5)
- s=4
f wl = 32'2
| W, = 48/5-2°"%6/5
{ { s=4
] L W3 = 4.2
; s=5
: W, = 12/5-2
] - W, = T e S PSR
W =2
1 W o=1
- S
i 9. (0,1,2,4,4,...,4,6,3)
{4 - Wy = 64/3-2%7%.5/7
| o W, = 32/5-2%"%-8/35
- s=4
[ Wy = 8/3-2
W, = 8/5.2%°3
4
% T s-i
‘. ‘. Wi = 4/5’2 3 i= 5,6,.--,8-2
;', ; *- ws-l = 8/7
i‘ L w = 1
3 : e
t : | 10. (0,1,2,4,4,...,4,7,1)
i Wy = 32/3:2%7%
E | | & W, = 16/5-2°"%.2/5
] ! | E W, = 4/3.257%.1/2
1 | &
1 i - wa = 4/5.28 5
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