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Preface

The intent of this study is to find a trajectory profile which will
minimize the terminal error of an air-to-ground missile. This thesis is
a follow-on study to the research conducted by Major Rony Dayan, I.A.F.
His work was concerned with evaluating the parameters of an advanced
missile guidance and control system using a maximum likelihood estimator.

This thesis was sponsored by the Avionics Laboratory, Wright-
Patterson Air Force Base, Ohio. I would like to give my sincere thanks
to Captain Gary Reid for his untiring assistance and help throughout
this entire project. Without his enthusiasm and intellectual insight,
this work would not have been possible.

My typists, Miss Patsy Rose and Miss Cheryl Gilliland, did an out-
standing job. I thank them for their assistance and professional support.

I would also like to thank my fiancée, Miss Sandra Sundermeyer, for
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Abstract

Many errors are known to exist in Inertial Navigation Systems of
modern air-to-ground missiles. These error sources, if undetected, con-
tribute to navigation errors of position and velocity. This study
analyses one source of INS errors -- the misalignment of the accelero-
meter reference frame. By maneuvering a missile, the error source
becomes more observable. Thus, a better estimate can be made of the
error source, This directly influences the estimate of position.

Hence, in order to minimize the terminal navigation error, some control
energy must be expended to identify the error source. This dual control
problem may be viewed as an optimization problem. By formulating a
performance index of the terminal error and control energy appropriate
mathematical techniques should yield an optimal flight trajectory.

This thesis seeks to analyze the dual control nature of an air-to-
ground missile. Two methods are used. The first uses a predetermined
flight path which is incremental until a minimum is reached. The second

is a first-order gradient which allows greater freedom in the control

'

law.
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DUAL CONTROL ANALYSIS
OF AN

AIR TO GROUND MISSILE

I. Introduction

Background and Motivation

The production of low cost, expendable, air-to-ground missiles is
of primary consideration in the development of an effective standoff
weapons systems capability. Since these systems are intended strictly
for one time use only, low cost navigation systems are employed. These
navigation systems are subject to a variety of error sources such as

bias errors, scale factor errors, initial position and velocity errors,

gravity anomalies, and transfer alignment errors. Each of these sources

contribute to errors in the final position of the missile. If the
terminal errors are large enough the missile will miss the target com-
pletely. It is therefore advantageous to find methods to reduce all
sources of error to a minimum.

The transfer alignment problem is perhaps the single most signifi-
cant source of error for low cost navigation systems. Even though the
carrier aircraft is flying in straight and level unaccelerated flight
there are inherent vibrations, wind gusts, and turbulence that create
problems in aligning the platform of the inertial guidance system. If
this misalignment is too large, then there will be incorrect values of
specific force measured by the accelerometers. This will be used in
the navigation computer and thus erroneous values of position and
velocity will result. Figure 1 shows schematically the problem of mis-

alignment of the inertial reference frames.
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x-y-2z inertial frame

x¥*-y*-2z¥* perturbed frame

Figure 1. Misalignment of Inertial Frames

If an effective estimation algorithm is used to accurately predict
the value of the misalignment angles then this information can be relayed
to the navigation computer to arrive at a much improved estimate of
position and velocity. This in turn would greatly enhance the proba-
bility of a successful "hit" of the target.

In a previous study, conducted by Major Rony Dayan I.A.F., the
problem of estimating the misalignment angles was undertaken. By
choosing an appropriate system model and using radar tracking the mis-
alignment parameters can be estimated. However, it was not determined
if the estimation can be improved by maneuvering the missile. This is
the central theme of this study: that by maneuvering a missile it may
be possible to inducc large sensitivities and hence improve our esti-
mation capability.

In order to establish a clear understanding of the problem some
basic background material concerning estimation, optimal control systems,

and dual control will be presented.
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Estimation of Unknown Parameters

In order to gain understanding and explain the processes of natural
and man-made environments, models are created. Models in this sense are
mathematical descriptions o: ‘iese processes. They may pertain to any
system. The system may be physical or nonphysical. The important point
is that models are made to explain the dynamic processes of the system.
Mathematical models aid in understanding the performance of the system.
By selecting a suitable criteria, it is possible to select an input which
will optimize this factor. By optimal it is meant that the performance
criteria will be maximized or minimized.

Modeling encompasses four problem areas: representation, measure-
ment, estimation, and validation. Representation deals with the mathe-
matical structure of the system. Is it static or dynamic, liwwar or
nonlinear, discrete or continuous, deterministic or stochastic? Measure-
ment deals with the physical quantities of the system. There are two
basic types of physical quantities: signals and parameters. It is
difficult to give a precise definition of signals and parameters because
many times they tend to overlap one another. Basically signals are time
varying quantities which can easily be measured and parameters are con-
stants which are known only to a certain degree of accuracy. Take for
example the relation

F(t) = Ma(t) (1)
If we apply a known force and measure the acceleration then force and
acceleration are the "signals" and the mass is the unknown 'parameter."
With accurate measurements of the signals, accurate estimations may be
made of the parameters. However, in most systems there is a certain

amount of '"noise" present. This presents a degree of uncertainty in

——————



our measurements. In this case, the uncertainty is described by the
covariance of the measurement. This would be the stochastic case. It
is desirable to reduce the amount of uncertainty to a desired level.
Exact measurements are simply not possible. In summary, parameter
estimation is the determination of those physical quantities that cannot
be measured directly but can be determined from quantities that can be
measured.

Parameter estimation, sometimes referred to as parameter identifi-
cation, encompasses a large block of engineering. Depending on the type
and structure of the system, it may or may not be possible to identify
the parameters.

Many numerical techniques for parameter identification are based
on parameter sensitivity. Parameter sensitivity is the study of any
property of a mathematical model which might be altered by a change of
the parameter values from their nominal or assumed values (8:1). 1If a

system can be described by a nonlinear differential equation of the form:

X(t,b) = f(x,b,t) (2)
where b is the unknown, constant parameter, then the relationship may be

linearized to the form:

S & (£,bo) = §§ (x,b,t) |, & (t,bo) +-§§-(x,b,t)|b° 3)

where

5 (t,bo) = ax/a

Equation 3 is known as the "sensitivity system" and equation 4 is

u b3l ®)

known as the "sensitivity function" (8:4). Parameter sensitivity may
be defined as the Fréchet derivative of the unknown mathematical model

output with respect to the unknown constant parameter (8:1).
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One approach to parameter identification is to view it as an opti-
mization problem in which parameter values are selected to either maximize
or minimize some selected cost function. This may be the difference
between some predetermined model output and the actual measured output.
Generally an iterative technique is used and involves the use of parameter
sensitivities. If our sensitivities are '"large" then there will be a
noticeable change in our output and we can compute our parameter values
more accurately.

It is apparent from the discussion that parameter identification
is extremely important if it is desired to obtain an accurate mathemat-
ical model. In the case of navigation, parameter values of the equations
of motion are the unknown sources of error. Such things as bias values,
scale factor errors, and misalignment angles are known to exist in any
Inertial Navigation System (INS) to some degree. If these values are
estimated incorrectly then there will be errors in the model output of
position and velocity. Thus for an accurate INS, it is necessary to be
able to estimate parameters accurately.

In the navigation problem discussed above, accurate state estimation
is also required. As described by Eykoff (3:446), a problem of this type

with constant parameter vector a may be reformulated as:

[é] . [%(x,uaa,u,t)] (5)
a

Thus, even for a process with linear dynamics and linear in the
parameter, the combined parameter and estimation problem is nonlinear.
This suggests the use of an iterative technique for the solution of this
problem. One of the methods suggested by Eykoff is a quasi-linearization

approach.




In many cases the problem of optimizing performance by controlling
the input variables is considered. When the system contains unknown
parameters, the problem becomes a tradeoff between parameter estimation
and optimal control. This is the theory of dual control presented by
Feldbaum in 1960 {4:31). Before discussing this, however, a brief review

of optimal control systems will be presented.

Optimal Control Systems

In Figure 2, a block diagram of a general automatic control system
is presented (4:8). '"B" represents the controlled object. "A" is the
controller. The controller provides the input, U, to the controlled
object B. "X" represents the controlled variable which characterizes
the state of the controlled object B. The perturbations, Z, are mea-
sured as input noise and cause the output X to vary from the desired
state.

The controlled object is fixed for a particular system but the
controller may be selected from a large class of possible algorithms.
When considering optimal control systems, the problem is to choose the
controller, A, which will control B, in a known, predictable manner to
minimize the performance criteria. Take for example the control of an
automobile. The performance function may be efficiency or miles per
gallon. In this case it is desired to maximize the function. The
driver would be the controller and using his knowledge of speed and
efficiency, traffic conditions, route select!~n, and maintenance required,
he will be able to control the car at the optimal level.

In selecting a controller usually the following factors are used:

1. Characteristics of the object B




#
X = vector of initial input conditions

Figure 2. Automatic Control System

2. Demands on object B
3. Characteristics of the information about B entering A
The characteristics of the object B are the relations between the
input and output. In general operator notation this may be written as
X = f(u,2) (6)

or for dynamic systems

X = f(x,u,z,t) (7)
In any realistic system there will be some constraints. Usually the
control u may be restricted such as:

Iullsu1 PRI lumlsum (8)

where U;. . . Um are selected constants. The state of the system may

also have constraints, especially at the terminal state. These may be




written as

¥ [x,tf] =0 9)

or more specifically in the form

xz(tf) - Xy = 9 (10)
° °
) [ ] L]

xn(tf) e 0

The demands on the controlled object B are characterized by the
selection of the optimality criteria. Usually a minimum or maximum is
desired. Typically J is selected based on terminal conditions and an

integral term of the form:

J=0 (x,tf) f}fzf L(x,u,t) dx (11)
o
{ The actual selection of the optimality criteria presents a difficult

problem in itself. The important point is that once J has been selected

the problem is finding the input control u to minimize the function.

The characteristics of information entering A vary significantly
among systems. Some systems may have complete information about the
controlled object, while other systems may have only partial information.
It is the latter that presents the most concern. With only partial in-
formation about the controlled object B some of the control action must
be used for learning more about the nature of the object itself and not
just strictly minimizing the performance function. This is the under-

lying assumption of dual control discussed in the following section.
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Fundamental Concepts of Dual Control

When a system with incomplete knowledge of the controlled object B
exists, the controller A is attempting to solve two problems (4:26):
1. To learn more about the characteristics of the controlled

object B.

2. To determine future control actions to minimize the performance
criteria.

Feldbaum (4:27) offers an analogy of a man interacting with his
environment. Man studies the surroundings in order to influence them
in a direction useful to himself. However, in order to direct his own
actions better he must have a better understanding of his environment.
Therefore, sometimes he acts on the environment not to take advantage of it
but only to try to understand it better.

In considering a system with unknown parameters, the conflicting
goals in the control law are to learn about the parameters and to direct
the object in a manner to minimize the performance function. As a result
the control law must have characteristics of distributing its energy for
learning and achieving the performance objective (1:2).

As a measure of the information content of the object B, a probability
distribution of the characteristics may be used. A reduction in the
covariance of the parameter estimates is a measure of the amount of
learning made by the dual control algorithm. Thus, in the case of an
air-to-ground missile, the control action should be able to demonstrate
the relationship between knowledge of the error parameters and the esti-

mates of the navigation states.

Statement of Problem

This study will analyze an inertially guided air-to-ground missile,




with an unknown but constant misalignment angle of the guidance platform.
Figure 3 shows a simplified drawing of the guidance platform. The overall
objective of the analysis is to find the nominal trajectory which will
minimize the terminal position covariance as indicated by the circular
error probable (CEP).

Figure 4 shows the overall scenario of the problem to be considered.
There are two distinct phases of flight. Phase I is a period in which
the carrier aircraft can track the missile by radar. There is also a
data link between the missile and aircraft which allows for updating
state and parameter estimates. Phase II is without radar tracking or
communications data link. The missile is controlled by pure inertial
guidance. During this phase parameter estimates of bias values, scale
factor errors, and misalignment angles remain at the last estimate made
during Phase I.

The terminal target is fixed in space but the missile is free to
maneuver during flight. This is especially true during Phase I where
parameter estimates occur.

The objective of the study, as stated earlier, is to find the
nominal trajectory profile which gives, a priori, the lowest terminal
position covariance. This is measured by the CEP which can be written
as a function of the position covariance as:

CEP = 0.588 (0x + oy) (12)
However, a secondary objective is to limit the amount of control used so

the total performance objective is of the form:

t
J=cep +f°f wle dt (13)
to

where vy is a constant weighting value determined from engineering

judgment. The major emphasis on J will be on the CEP; however, a
10
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Two Dimensional Inertial Reference Platform

V=1000 m/sec

M=misaligmment angle

X*-Y* perturbed frame

Figure 3. Description of Missile Platform
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Figure 4. Description of Problem !

realistic problem must also be concerned with a finite energy source
for control input.

This problem has several characteristics which deserve explanation.
During Phase I the maneuvering of the missile allows estimation of the
system model parameters. The model equations for acceleration, to be

developed in detail in Chapter II, are:

Vx 1 -yl |ax
= (14)
Vy u 1f lay

ax, ay = specific force measurements

~ 4

It 1is apparent that by commanding inputs to the x and y accelerometers

12
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the misalignment angle, H, becomes more observable. Hence, a better
estimate of U may be made by maneuvering the missile in some matter.

Phase II of the flight is "open loop'"; that is, no more parameter
estimates are fed back to the missile INS. Hence, any uncertainty which
may still exist during Phase II will directly contribute to the success
or failure of the missile system.

Considering these characteristics, it may be concluded that this
problem is one of dual control. This is because during Phase I use of
the control input directly contributes to the knowledge of the system
parameters and hence influences the ultimate objective--to get to the

target with the minimum CEP.

Approach to the Problem

This study could logically include all phases of flight from boost
to cruise and terminal guidance to the target. However, since this
study is primarily a feasibility study in applying the concept of dual
control to an air-to-ground missile, the approach will be to use a
simplified analysis. Several assumptions will be made which will limit
the modeling process but still allow a detailed study of the dual control
concept. These assumptions are:

1. The missile has boosted to cruise velocity and maintains a
constant velocity of 1000 m/sec.

2. The missile is restricted to maneuvering in a horizontal, two-
dimensional plane. Hence, gravity accelerations are not considered.

3. The control of the missile is restricted to deflection of the
control surfaces and the resultant lift vector is always perpendicular
to the velocity vector. The lift vector is restricted to 100 m/sec2

maximum.

13




4. The accelerometers are misaligned by a small angle p which is
assumed constant. See Figure 3 for a description of the missile platform.

5. During Phase I of flight, the missile is tracked by radar from
the carrier aircraft. The aircraft is modeled as a stationary point mass.

6. During the tracking phase, continuous measurements are taken of
missile position. The radar measurements are taken directly in polar form
but can be related to cartesian form by a simple transformation.

These assumptions simplify the analysis; however, if the concept of
dual control can be successfully demonstrated then the door will be open
to future study of this concept on a more detailed basis.

Two algorithms were employed to solve this problem. The first, a
"single turn" analysis, commands the missile to turn to a desired o angle
then fly to a specified range limit. It then flies to the target by
turning to the proper heading. This technique, although simple in con-
cept, allows for the numerical demonstration of the theory.

The second algorithm is a modified gradient technique. By searching
in the negative gradient direction, the method should converge to a local
minimum. This technique allows for greater flexibility in the amount of

maneuvering during Phase I.

Organization

This thesis is organized into five chapters. Chapter I is the intro-
duction, motivation, and underlying background material concerned with
the problem. Chapter II formulates the problem in detail and describes
the plan of attack. Chapter III discusses the single turn analysis for
solution. This chapter brings together the theory of Chapter I and prob-
lem of Chapter II into a realistic numerical example. Chapter IV dis-

cusses a more sophisticated numerical technique for finding a solution.

14
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Gradient optimization was used because of its fast rate of convergence
during the initial phases of solution. The numerical difficulties of
this method are also explained in this chapter. The last chapter sum-
marizes the results, forms conclusions, and makes recommendations for
further study. There are two appendices. Appendix A presents the
details of the continuous measurement covariance equation of the Kalman

filter. Appendix B presents a listing of the computer programs used.

15




II. Problem Formulation

Overview

The problem to be undertaken by this study is to find a control
input which will minimize the terminal position error of an air-to-
ground missile employing a low cost inertial navigation system. There
are two inherent difficulties which preclude an easy solution. These
difficulties are the time-of-flight and the knowledge of the misalign-
ment angle. During Phase II of the flight, the covariance of the
position estimates can only increase with time. Therefore, the time-of-
flight must be kept to a minimum. Knowledge of the misalignment angle,
H, helps directly in reducing the covariance of the position estimates.
Knowledge of the misalignment angle is achieved by maneuvering the
missile. However, too much maneuvering will increase the time of flight.
Therefore, the optimum solution will be a tradeoff between the amount of
maneuvering versus the time of flight. In summary, the main objective
of this study is to find a control law which will minimize the CEP of an
air-to-ground missile with a small, constant misalignment angle of the
INS platform. The éontrol law will have to consider the conflicting
difficulties of:

1. Time of flight: the shorter the time of flight the smaller the CEP.

2., Maneuvering: increased maneuvel ing during Phase I directly aids
in reducing the CEP.

As described in Chapter I, the missile trajectory will be divided
into two phases of flight. During Phase I radar measurements will be
taken. The estimates of position and velocity will be a result of
measurements from the INS accelerometers and the radar measurements

themselves. Figure 5 shows a block diagram of Phase I flight. The

16
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Figure 5. Block Diagram of Phase I

important feature of Phase I is that the state estimates and covariance
matrix are a result of both the INS specific force measurements and the
radar tracking measurements. As a result, knowledge of the misalignment
angle U is constantly being updated and improved.

Figure 6 shows a block diagram of Phase II flight. During Phase II,
no radar measurements are taken. The state estimates are produced
strictly by the specific force measurements taken by the INS platform.
The important feature during Phase II is that the misalignment angle u
is not being updated but remains at the last estimate, ﬁ , made during

Phase I.

17
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Our main objective is to minimize the CEP. This can be achieved by
minimizing the terminal position covariance of the estimate. Covariance
is defined as (6:80):

cov(x,y) = L (Xi - ux)(Yj - Uy)h(Xi,Yj)
=E[(X-ux)({¥ - uy)] (15)

E [XY] - uxuy

where
UX, Uy = mean value of x,y
h (Xi, Yj) = joint probability function
Covariance is a measure of the uncertainty of the random quantity involved.

For a Graussian distributed random variable, 67.8 percent of the random

18
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samplings of that variable will be contained within *1 standard deviation
(0) of the mean value. Obviously the smaller the 0 the smaller the dis-
persion about the mean. It is therefore desirable to minimize the covar-
iance for a successful missile.

The covariance of the x and y estimates may be thought of as an
error ellipse. As shown in Figure 7, the initial covariance of x and y
is an area of uncertainty of the estimate. The ellipse is propagated
forward by a Kalman filter during Phase I. This will be developed
mathematically in the next section. Now it is sufficient to say that
the covariances of x and y are a function of the lift and time of flight,

and misalignment angle u:

COV(X) f(L’ tf ’#)

(16)
cov(y) = £(L,tg,u)

During Phase II, the covariance propagation is expressed as a linear
system driven by white noise.

The two flight paths shown in Figure 7 show the intuitive effects
on the error ellipse. In flight path A no lift is produced hence the
misalignment angle Y is not observable. In flight path B the lift
generated directly effects the observability of u and hence aids in
reducing the covariance.

L—i—>cov(x), cov(y)
The covariance is represented by the P matrix. This matrix is symmetric
and positive semi-definite. The derivation of this matrix is presented

in the following section.

Development of P Matrix

The dynamical relations of the missile position may be expressed as:

19
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Initial CEP

Terminal CEP

Figure 7. Propagation of Error Ellipse
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V Cos @ (17a)

5 e
"
<
"

V Sin @ (17b)

Assuming O is the angle between the velocity vector V and the Xl axis.
Since the 1lift vector is assumed to always be perpendicular to the
velocity vector, the change in heading angle, 6, may be expressed as:
0 = L/V (18)
It was also assumed that the missile platform is misaligned by a
small angle, pu. This means incorrect specific force measurements will
be made by the accelerometers and this incorrect information will be
relayed to the on-board missile navigation computer. More specifically

looking at the lift vector, L as shown in Figure 8, L, is the desired

1
*
component of lift in the xl direction and L1 is the actual component
*
of 1ift measured by the Xl accelerometer. As long as U is small lell
20




and Lzz:Lz*. However, the discrepancy is significant enough to cause

the missile to navigate incorrectly. The equations for acceleration in

the X, and X, directions are respectfully

| 1 2
{ Sx =V, =-VSin® 0=-VSin0 ' L/V (19a)
P =L Sin 0
Sy =V, =V Cos & 0=V Cos® " L/V (19b)
=L Cos ©

These equations represent the desired or "truth model" representation
of i. Because of the misalignment problem, é may be expressed differently.
The relationship between the measurements in a non-misaligned frame and
one which is misaligned may be considered as a coordinate transformation.

Figure 8 shows the geometrical interpretation of the lift vector. 1In the

nominal frame, the lift vector is:

= _ L1
L [LZ] (20)

In the perturbed frame, the lift vector is:

L

- 1*

L= 21
[Lz*] g

These two frames are related by the direction cosine matrix:

i cos 4 — sinu] i
= *
- sin u cos | = (22)
thus
L1 = Cos U Ll* - Sin u L2* (23a)
L2 = Sin u Ll* + Cos U L2* (23b)
For small angle assumption, and Ll*z L1 this results:
Sx = V1 = Ll - M L2 +Ex (24a)
21
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Figure 8. Geometrical Analysis of Lift Vector

Sy =V, =u L+ L2 + &y (24b)

where Ex, £y are the noise inherent to the accelerometers.

- B8] )+ )

or in first order form:

in matrix form:
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e B be | i - e
X, 00100 iy 0 0
*2 00010 Xy 0 0
61 =joooo-L v, |+ | +]¢g (26)
62 oooor ||V, L, g,
L“_. Looooo_ l.“.; Lo_ [ 0

Equation 26 represents the dynamical relations of a missile at a constant
velocity with a constant misalignment angle, u. The last term of the
equation represents noise or undesired disturbances present to some

degree in all systems. The equation is of the general form:

Xx=Ax +Bu +G £
The covariance of the measuremeuts of position, velocity, and of
the misalignment angle U can be expressed by the covariance matrix, P.

In this case P is a 5 x 5 symmetric matrix of the general form:

el
r;’11 12 Fis Uy T
P T Tas o Py
]~} 3 %3z Faz Py Tus (27)
a1 Sk Tas e Tes
o5  Ca Ui Fs5 |

During Phase I, the P matrix is propagated by a Kalman filter using
INS data and radar measurements. The equation describing P during
Phase I is (7:273):

Lypee) +6qct (28)

P(t) = F(t)P(t) + P(t)FE(t) - P(t) H R
where
F(t) = "A" matrix of system equations

H = output position matrix
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R = measurement covariance matrix
G = noise position matrix
Q = noise covariance matrix

The F matrix has already been developed as the "A'" matrix of the
missile INS system.

The radar measurements are taken directly in polar form, that is,
range and angle information. Inherent to any radar system is a covariance
associated with range and angle measurements. For this problem, these
values are chosen as:

oR = 100 m (29a)

00 = 1073

radians (29b)
However, since it is desirable to work in cartesian coordinates, expres-

sions must be developed to relate the R matrix to the OR and 0@ values.

The R matrix can be written as:

cxz Oxy
R = (30)
Oxy 0y2
The x and y positions are related to the radar measurements by:
x =71 Cos @ (31a)
y =r Sin @ (31b).
Thus, an expression for cxi may be developed as follows:
To first order, the Taylor series approximation of Ax is:
le le
Ax‘l‘a-; Ar+‘c—e‘ A8 (32)
Ax = Cos 8 Ar - r Sin 640 (33)

Oxi = E[ox,"8x,] =E[Cos @ R - R Sin 046) (Cos OAR - R Sin 046)](34)
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e — Sy

2 5in0n@% - 2R Sin @ Cos 9A@ R]

= E[COSZGARZ + R
2 2 2 -2 2
= Cos“® E[AR"] + R” Sin “@ E[A8“] - 2R Sin @ Cos © E[AGAR]

For uncorrelated and zero mean functions E[AOAR] = 0, therefore,

1 3 .2 2 2,2
0x2 = Cos GOR + R Sin 906
2
Similarly for 0x2:
0X2 0X2
AX2 =~ = AR + 56 A8

AX2 = Sin @ AR + R Cos 6A8

ox E[sz-szj = E[(Sin@AR + R Cos6AB) (Sin OAR + R Cos 6A8)]

2

E[Sin26AR% + R? Cos20882 + 2R Sin @ Cos OARAG]

= SinZ @ E[ARz] + R% Cos® @ E[COSZOASZ] + 2R Sin O Cos OE[
2 2 2 2 2 2
Ox2 Sin”~ 6 UR + R” Cos” @ 09
Similarly for cxlxz:
oX,X, = E[Axl-sz]
it 2 2 2 2
ox.x, = E[Cos 8 Sin 8AR“ - R® Sin“ @AGAR + R Cos“ 6ARA® - R

12

Sin © Cos 046%]

Ox,x, = Cos @ Sin @ E[AR?] - R? Sin @ Cos 6 E[A67]

172

2 2 2
0x1x2 = Cos O Sin O GR - R” Sin O Cos 9 oe

1

Now an expression for R~ may be developed.

-1 adi R
« Bk
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(35)

(36)

(37

(38)

(39)

(40)

(40a)

(40b)

(40c)

(41)
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2 172
2
—Oxlx2 Oxl
Fla .
2 2
(ox1 Oxz - Oxl xz)
letting
_ 2 2 % 2
A= ox, / (Ox1 0x, oxy xz)
2 2 7
B Ox X, / (Ox1 0x, = 0X; xz)
2 2 2 2
D = ox] / (le ox; - lexz)

the matrix may be written as:

Again noting that the P matrix is symmetrical only the upper diagonal
elements are necessary to propagate. After multiplying the matrices

developed in Equation 28, the following equations are derived for

(41a)

(41b)

(41c)

(41d)

(42)

Phase I:
I.’11 e Bl TR T
I.’12 = Egy P By Fyy U REEL) = Brp PRy * BEg,)
l.’13 =Ry T Babyy = Fip ARy * BEge) ¢ Eyp URya % SEy)
By ® Byt bgfrs = Pqy Aipy ¥ Hhggd = Fes (Shey ¥ Moyl
" (43)
Fys = Fag = Fiy WE g & BEpg) = Byp (BEyg * Dhng)
Pyp = By, = By (APy, + B2,)) - Byy (B2, + DP))
I.’23 = Py = LyPyg = Pyp (APyg + BPyy) = Pyy (BPyq + DPyy)
éza = B, + L,P25 = B, (AR}, + BP,,) - By, (BB, + DP,,)
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Pas = Pus — Pyg MRy + BB,0) ~ By, (BRyg +DF

é33 = -2L,P, - P, (AP, + BP,) - P, (BP , + DP
ésa = Rl ¥ KqPag = Pog 0, * BRo.0 ~ By (BRy,
l;35 = ~lo¥eg ~Pyg (BRyg + BP0 - Byg (BRy5 + DR,

544 = 42L,P,, - B, (AP, + BP,,) - P, (BB , +DP,
P,s = +LPos — B, (AP + BP,o) - Py, (BP, + DP
I.’55 = ~Byg CAPyg 4Bl = Bog (B ¥ BE,

During Phzse II, no radar measurements are taken so the equation for P

is:

P(t) = F(t)P(t) + P(t)Ft(t) + GQGt

Thus during Phase II, the P

1

P2

P53
14
Fis

P2

Pa3

P

Pss

Y

equations become:

2P

13

=P + P

23 14

= P33 = LyPys

= P., + L.P

34 115

= Pas

- 2P,

=P L,P

34 - Y2725

B T Sl ol L

g™

= “2L;P4g
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(45)




Pos ™ balus * MqPas
I"35 = =laoPss

-44 = 2L1Pys

.45 = IyFas

éss =0

The main objective is to minimize the covariance of x and y, or

the P11 and P22 states, at the terminal time. By looking carefully at

the equations the interaction between the covariance of the error, PSS’

and the Pll and P22 states become evident. The driving sequence is

shown in Figure 9. It is therefore apparent that knowledge about the
error parameter will directly effect the P11 and Pz2 states. It is

also shown that lift is necessary to influence Pll and P22' In the

and L2 are 0 and P55 will not effect

Pll or P22' Therefore, it is only through maneuvering the missile that

Pg

nominal, '"mo-1ift" case, both L1

will effect P and P,,.

5 11 22

The system state equation may be augmented by the P equations to i

the form:

>l
fall

F(t)X B u
= + + (46)
£(P,L,0,,0p) 0

a1 1
[t}

By assumption 1, the magnitude of velocity is constant, only the
heading angle, 6, needs to be propagated. Therefore, the final system

of interest is as follows:
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5o 5 e e 54 o

X8

s -~

P

11

12

55

-

e

2P

V Cos 6

V Sin @

L/V

13

= Pll(APll =+ BPlZ) - PlZ(BPll + DP (47)

12)

This 18 state vector equation is the basis for the numerical techniques

to follow. By choosing appropriate initial values and a proper method

for selecting the control vector L then the objective of minimizing P

and P 2 will be achieved.

2

11

The state equations are nonlinear so an appropriate numerical

integration method will be used.

Plan of Attack

The first step is to formulate a performance objective, J. Generally,

the cost is of the form:

where

tf
J = o[x,tf] +f L(u,x,t)dt (48)

to

® = terminal condition of state

vector at tf

L = performance criteria of control

input
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Figure 9. Driving Sequence of P Matrix
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Since the main objective is minimization of the CEP, the cost function

will be
tf
J = 0.588 (ox + oy)lt +f Wledt (49)
f2 to
where
OX = covariance of x estimate
% (Pu);5
Oy = covariance of y estimate
3 (Pzz)%
W, = selected arbitrary weighting value = 10'5

1
The integral term for this problem is just a quadratic function of
the control input only

Lz, 0,t) = wlL2 (50)

in this case the dimension of m, of the control vector u is 1. As
described in Chapter I, |u1|<u1 for any practical system. Choosing a

maximum of a 10g turn for the missile

2
Lmax = 100 m/sec (51)

Two methods will be used to determine the minimum of the cost
function. The first will be a single turn analysis. In this concept,
the missile is commanded to turn to a predetermined heading angle, «,
fly to the radar limit, then turn to the target. Then the performance
function is calculated. By increasing o slightly the technique should
converge to an optimum o angle. This method does severely limit the
amount of maneuvering but should demonstrate the dual control concept.

The second method will be a numerical gradient technique. This

31
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.y

will allow for greater maneuverability in searching for a minimum of the

cost function.
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III. Single Turn Analysis

Overview

The basic approach of this method is to find an optimal flight path
based on an initial heading angle, o. The system equations, as described
in Chapter II, are:

= = f(x,u,t) (51)

]

and the performance function J is:

£
J = CEP +_f w L4t (53)

{ o

Figure 10 shows the schematic idea behind the single turn concept.
Beginning with an initial turn rate, the missile is commanded to turn
to a desired a angle. It flies a specified distance then begins a turn
to intercept the terminal condition. Thus, the maneuvering will be
accomplished during Phase I of the flight. The cost function is then
evaluated. The process is repeated after incrementing o. The pro-
cedure is continued from o = 0 to o = 1.0 radians to show the general
trend of the CEP versus the amount of maneuvering.

As seen from Figure 10, the amount of lift and the time-of-flight
required will vary greatly between flight path A and flight path D.

Therefore, the optimum flight path will be a tradeoff between these two

factors.

Initial Turn

To provide a valid comparison between no-maneuvering and maneuvering
an initial o angle of 0.0 was chosen. The increment size is 0.1 radian
to a maximum of 1.1 radians. The maximum permissible 1lift is 100 m/sec2

which yields a maximum turn rate of 0.100 rad/sec. To insure the proper
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ns g

Terminal Constraint

Figure 10. Schematic of Flight Paths for Single Turn Analysis

amount of turn, the commanded 1lift remains at 100 m/sec2 until (o - @)

<0.100. The following scheme was used to command the initial turn:

L = 1000 (& - @) (54)

where

0@ = Current Heading Angle

with restriction

L = 100
max

Thus, 1f @ = 0.5 and @ = 0.45 then L = 50 m/secz. By using an inte-

gration step size of At = 1.0 sec, this scheme will insure an accurate
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turn. After the completion of the turn, no 1lift is commanded so the
missile flies in a straight line to a predetermined range of 25,000 m.

prior to turning towards the target.

Terminal Guidance Phase

It is during this phase of flight that the lift vector is commanded
in such a manner to insure the terminal condition is met. Figure 11
shows the geometrical consideration for the guidance law. The scheme
is centered on the ereq angle. If the current 8 angle can be made equal
to the ereq angle then the missile will be heading directly toward the

target. Mathematically, the objective is to drive (8 - Qreq?to zero.

From Figure 11, two equations may be formulated based on position

at the 25,000 m. range and estimating the final time te. These equations

If Xr — Xq al

Figure 11. Schematic of Terminal Guidance Phase
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are:

(xf - %, (1))

V Cos ereq = (Ef o=
Vsine = -X, (t)
(Ef -t)

By squaring each side, an expression for ff may be found.

(g = %)% + x,2 ()
2

VZ(COSZG + Sin29 ) =
req req (e, - &)
f

2 2 2
V- = Xf = 2XfX1 o Xl

2 2
+ x2 /(tf - t)

2 2 2 2 29,42 _
Ef -2t€f+{t -[xf -2xfx1+x1 +x2]/v]-o

using the quadratic formula and taking the positive root te becomes:

& 2 2. 2 _ 2 24 /2
€ =2t + yll;c - 4t° = 4[)(f XX, + X7+ X, /v
2
letting
k. 2 2 T i
RAD = JA(xf - 2K X, + X7+ X,V

€f=t+RAD/2

knowing the current Ef, the ereq is:

8 eq = Cos™ (X = X))/ ((tg = ©)V))

The 1ift required, Lreq’ can now be calculated from

) -0
L =-X__y
req At

With constraint
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IL | < 100 w/sec?
max

This algorithm will turn the missile at the maximum rate to inter-
cept the target in minimum time of flight. To maximize the maneuvering
during Phase I, this turn is initiated at a range of 25,000 m., thus the
turn will be completed in Phase I and during Phase II only a minimum of
lift will be required to maintain a target interception course.

To investigate the problem using this method, two cases were chosen.
Case 1 has a radar range of 50,000 m. and terminal condition of Xf =
101,000 m. The initial range is 1000 m. thus for a = 0 the time of
flight is 100. sec. For Case 2, the radar range is decreased to 40,000 m.
and the terminal condition is Xf = 201,000. The initial range remains

at 1000 m. thus for a = 0 the time of flight is 200. sec. The results

of these two cases are presented in the following section.

Case 1
Radar Range = 50,000 m.

Xf = 101,000. m.
Xo = 1,000. m.

The major results for Case 1 are presented in Table 1. With no
maneuvering, o = 0, the terminal CEP is 14.00. This decreases to 8.05
at o = 0.1 and is the minimum value for Case 1. This shows a definite
relationship between maneuvering, learning about the misalignment angle,
and reducing the CEP. The most significant result is the Oy value
which decreases from 15.62 for a = 0. to 2.78 for a = 0.1. This in
turn decreases the CEP significantly.

The cost is rising steadily but this is due to the integral term of
control. It is hypothosized that the weighting value for the control

integral is too high. The significant result is that a small amount of
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maneuvering will minimize the CEP.

Figures 12 through 15 show graphically the results of Case 1.
Figure 12 is a schematic of four flight paths for o = 0.1, o = 0.3,
& = 0.6, and & = 1.0. The general trend of the results are evident
and point to the conclusion that a small turn minimizes the CEP. The
time of flight is a significant factor. For O = 0, TOF = 100., for
@ = 1.0, TOF = 115.68. During Phase II, the covariances are increasing
and every second of flight is significant. Thus, the optimal tradeoff
between maneuvering versus TOF, as shown by Case 1 is a small turn that

does not increase the TOF significantly. The TOF for @ = 0.1 is 100.222.

Table 1. Result of Case 1 Analysis

it TOF ox oy CEP COST Pig

0 100.0 8.20 15.62 14.00 14.00 1.0E-4
0.1 100.2 10.91 2.78 8.05 58.11 2.69E-6
0.2 100.9 14.52 3.70 10.71 61.85 5.39E-8
0.3 102.2 15.02 4.64 11.56 65.17 5.83E-7
0.4 102.3 13.89 4.98 11.09 64.81 3.07E-7
0.5 104.7 15.38 6.05 12.61 66.63 2.56E-7
0.6 106.1 13.62 6.37 11.75 66.75 1.80E-7
0.7 109.1 15.40 7.30 13.35 69.86 1.31E-7
0.8 109.9 13.13 7.32 12.02 71.30 9.9EE-8
0.9 112.9 14.73 8.11 1<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>