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Abstract

Many errors are known to exist in Inertial Navigation Systems of

modern air—to—ground missiles. These error sources, if undetected , con-

tribute to navigation errors of position and velocity. This study

analyses one source of INS errors —— the misalignment of the accelero-

meter reference frame . By maneuvering a missile, the error source

becomes more observable. Thus, a better estimate can be made of the

error source. This directly influences the estimate of position.

Hence, in order to minimize the terminal navigation error, some control

energy must be expended to identify the error source. This dual control

problem may be viewed as an optimization problem. By formulating a

performance index of the terminal error and control energy appropriate

mathematical techniques should yield an optimal flight trajectory.

This thesis seeks to analyze the dual control nature of an air—to—

ground missile. Two methods are used . The first uses a predetermin’-d

flight path which is incremental until a minimum is reached . The second

is a first—order gradient which allows greater freedom in the control

law.
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DUAL CONT ROL ANALYSIS

OF AN

AIR TO GROUND MI SSILE

I. Introduction

Background and Motivation

The production of low cost, expendable, air—to—ground missiles is

of primary consideration in the development of an effective standoff

weapons systems capability. Since these systems are intended strictly

for one time use only, low cost navigation systems are employed . These

navigation systems are subject to a variety of error sources such as

bias errors, scale factor errors, initial position and velocity errors,

gravity anomalies, and transfer alignment errors. Each of these sources

contribute to errors in the final position of the missile. If the

terminal errors are large enough the missile will miss the target com-

pletely. It is therefore advantageous to find methods to reduce all

sources of error to a minimum.

The transfer alignment problem is perhaps the single most signif i—

p cant source of error for low cost navigation systems. Even though the

carrier aircraft is flying in straight and level unaccelerated flight

there are inherent vibrations, wind gusts, and turbulence that create

problems in aligning the platform of the inertial guidance system. If

this misalignment is too large, then there will be incorrect values of

specific force measured by the accelerometers. This will be used in

the navigation computer and thus erroneous values of position and

velocity will result. Figure 1 shows schematically the problem of mis—

alignment of the inertial reference frames.
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x—y— z inertial frame

x~-.y~--z~ perturbed frame

Figure 1. Misalignment of Inertial Frames

If an effective estimation algorithm is used to accurately predict

the value of the misalignment angles then this information can be relayed

to the navigation computer to arrive at a much improved estimate of
4

position and velocity. This in turn would greatly enhance the proba-

bility of a successful “hit” of the target.

In a previous study, conducted by Major Rony Dayan I.A.F., the

problem of estimating the misalignment angles was undertaken. By

choosing an appropriate system mode). and using radar tracking the mis-

alignment parameters can be estimated. However , it was not determined

if the estimation can be improved by maneuvering the missile. This is

the central theme of this study: that by maneuvering a missile it may

be possible to induc... large sensitivities and hence improve our esti-

mation capability.

In order to establish a clear understanding of the problem some

basic background material concerning estimation, optimal control systems,
4’

and dual control will be presented .

2
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Estimation of Unknown Parameters

In order to gain understanding and explain the processes of natural

and man—made environments , models are created. Models in this sense are

mathematical descriptions OL :.ese processes. They may pertain to any

system . The system may be physical or nonphysical. The important point

is that models are mad~ to explain the dynamic processes of the system.

Mathematical models aid in understanding the performance of the system.

By selecting a suitable criteria, it is possible to select an input which

will optimize this factor. By optimal it is meant that the performance

criteria will be maximized or minimized .

Modeling encompasses four problem areas: representation, measure-

ment, estimation, and validation. Representation deals with the mathe-

matical structure of the system. Is it static or dynamic, 1i5: ~~ or

nonlinear, discrete or continuous, deterministic or stochastic? Measure-

ment deals with the physical quantities of the system. There are two

basic types of physical quantities: signals and parameters. It is

difficult to give a precise definition of signals and parameters because

many times they tend to overlap one another. Basically signals are time —

varying quantities which can easily be measured and parameters are con-

stants which are known only to a certain degree of accuracy. Take for

example the relation

F(t) = Ma(t) (1)

If we apply a known force and measure the acceleration then force and

acceleration are the “signals” and the mass is the unknown “parameter.”

With accurate measurements of the signals, accurate estimations may be

made of the parameters. However, in most systems there is a certain

4. amount of “noise” present. This presents a degree of uncertainty in

3
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our measurements. In this case, the uncertainty is described by the

covariance of the measurement. This would be the stochastic case. It

is desirable to reduce the amount of uncertainty to a desired level.

Exact measurements are simply not possible. In summary, parameter

estimation is the determination of those physical quantities that cannot

be measured directly but can be determined from quantities that can be

measured.

Parameter estimation, sometimes referred to as parameter identif i—

cation, encompasses a large block of engineering. Depending on the type

and structure of the system, it may or may not be possible to identify

the parameters.

Many numerical techniques for parameter identification are based

on parameter sensitivity. Parameter sensitivity is the study of any

property of a mathematical model which might be altered by a change of

the parameter values from their nominal or assumed values (8:1). If a

system can be described by a nonlinear differential equation of the form :

X(t,b) = f (x ,b,t) (2)

where b is the unknown, constant parameter, then the relationship may be
p

linearized to the form :
~~ 

(t,bo) = 

~~ 
(x,b,t)l b ~ (t,bo) + ~f 

(x ,b,t)IbO (3)

where

~ (t,bo) 
‘~b 

(t ,b)Ibo (4)

Equation 3 is known as the “sensitivity system” and equation 4 is

known as the “sensitivity function” (8:4). Parameter sensitivity may

be def ined as the Fr~chet derivative of the unknown mathematical model

output with respect to the unknown constant parameter (8:1).

4
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One approach to parameter identification is to view it as an opti-

mization problem in which parameter values are selected to either maximize

or minimize some selected cost function. This may be the difference

between some predetermined model output and the actual measured output.

Generally an iterative technique is used and involves the use of parameter

sensitivities. If our sensitivities are “large” then there will be a

noticeable change in our output and we can compute our parameter values

more accurately.

It is apparent from the discussion that parameter identification

is extremely important if it is desired to obtain an accurate mathemat-

ical model. In the case of navigation, parameter values of the equations

of motion are the unknown sources of error. Such things as bias values,

scale factor err ors , and misalignment angles are known to exist in any

Inertial Navigation System (INS) to some degree. If these values are

estimated incorrectly then there will be errors in the model output of

position and velocity. Thus for an accurate INS, it is necessary to be

able to estimate parameters accurately.

In the navigation problem discussed above, accurate state estimation

is also required. As described by Eykoff (3:446), a problem of this type

with constant parameter vector a m ay be reformulated as:

[
c] = [f

(x~u~a~u~t)] (5)

Thus, even for a process with linear dynamics and linear in the

parameter, the combined parameter and estimation problem is nonlinear.

This suggests the use of an iterative technique for the solution of this

problem. One of the methods suggested by Eykoff is a quasi—linearization

approach.

5
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In many cases the problem of optimizing performance by controlling

the input variables is considered . When the system contains unknown

parameters, the problem becomes a tradeoff between parameter estimation

and optimal control. This is the theory of dual control presented by

Feldbaum in 1960 (4:31). Before discussing this, however, a brief review

of optimal control systems will be presented .

~ptimal Control Systems

In Figure 2, a block diagram of a general automatic control system

is presented (4:8). “B” represents the controlled object. “A” is the

controller. The controller provides the input, U, to the controlled

object B. “X” represents the controlled variable which characterizes

the state of the controlled object B. The perturbations, Z, are mea-

sured as input noise and cause the output X to vary from the desired

state.

The controlled object is fixed for a particular system but the

controller may be selected f r om a large class of possible algorithms.

When considering optimal control systems, the problem is to choose the

controller , A, which will control B, in a known, predictable manner to

minimize the performance criteria. Take for example the control of an

automobile. The performance function may be efficiency or miles per

gallon. In this case it is desired to maximize the function. The

driver would be the controller and using his knowledge of speed and

eff iciency, traffic conditions, route select:- ‘n , and maintenance required ,

he will be able to control the car at the optimal level.

In selecting a controller usually the following factors are used:

1. Characteristics of the object B
4,

4-.
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X vector of initial input conditions

Figure 2. Automatic Control System

2. Demands on object B

3. Characteristics of the information about B entering A

The characteristics of the object B are the relations between the

input and output. In general operator notation this may be written as

X = f (~~,z) (6)

or for dynamic systems

X — ~~~~~~~~~~ (7)

In any realistic system there will be some constraints. Usually the

control u may be restricted such as:

I U m kTJm (8)

where U1. . . U are selected constants. The state of the system may

4. also have constraints, especially at the terminal state . These may be

7
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written as

~
‘ [~~, t f]  = 0 (9)

or more specifically in the form

x1(t f )  — X1f = 0

x2 (t f )  — X2f 
= 0 (10)

• • S

• S S

x ( t f ) — x  = 0n nf

The demands on the controlled object B are characterized by the

selection of the optimality criteria. Usually a minimum or maximum is

desired . Typically J is selected based on terminal conditions and an

integral term of the form:

J = 0 (x ,t f ) L(x ,u ,t)  dx (11)

The actual selection of the optimality criteria presents a d i f f icu l t

problem in itself. The important point is that once J has been selected

the problem is finding the input control u to minimize the function.

The characteristics of information entering A vary significantly

among systems. Some systems may have complete information about the

controlled object, while other systems may have only partial information.

It is the latter that presents the most concern. With only partial in-

formation about the controlled object B some of the control action must

be used for learning more about the nature of the object itself and not

just strictly minimizing the performance function. This is the under—

lying assumption of dual control discussed in the following section.

1
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Fundamental Concepts of Dual Control

When a system with incomplete knowledge of the controlled objec t B

exists , the controller A is attempting to solve two problems (4:26 ) :

1. To learn more about the characteristics of the controlled

object B.

2. To determine future control actions to minimize the performance

criteria.

Feldbaum (4:27) offers an analogy of a man interacting with his

environment . Man studies the surroundings in order to influence them

in a direction useful to himself. However, in order to direct his own

actions better he must have a better understanding of his environment.

Therefore , sometimes he acts on the environment not to take advantage of it

but only to try to understand it better.

In considering a system with unknown parameters , the conflicting

goals in the control law are to learn about the parameters and to direct

the object in a manner to minimize the performance function . As a result

the control law must have characteristics of distributing its energy for

learning and achieving the performance obj ective ( 1:2).

As a measure of the information content of the object B, a probability

distribution of the characteristics may be used . A reduction in the

covariance of the parameter estimates is a measure of the amount of

learning made by the dual control algorithm. Thus , in the case of an

air—to—ground missile , the control action should be able to demonstrate

the relationship between knowledge of the error parameters and the esti—

mates of the navigation states.

• Statement of Problem

This study will analyze an inertially guided air—to—ground missile,

9
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t
with an unknown but constant misalignment angle of the guidance platform.

Figure 3 shows a simplified drawing of the guidance pla t form.  The overall

objective of the analysis is to f ind the nominal trajectory which will

minimize the terminal position covariance as indicated by the circular

error probable (CEP).

Figure 4 shows the overall scenario of the problem to be considered .

There are two distinct phases of flight. Phase I is a period in which

the carrier aircraft  can track the missile by radar . There is also a

data link between the missile and a i rc ra f t  which allows for updating

state and parameter estimates. Phase II is without radar tracking or

communications data link. The missile is controlled by pure inertial

guidance. During this phase parameter estimates of bias values, scale

factor errors, and misalignment angles remain at the last estimate made

during Phase I.

The terminal target is fixed in space but the missile is free to

maneuver during f l ight . This is especially true during Phase I where

parameter estimates occur.

The objective of the study, as stated earlier, is to find the

nominal trajectory profile which gives, a priori, the lowest terminal

position covariance. This is measured by the CEP which can be written

as a function of the position covariance as:

CEP — 0.588 (ax + dy)  (12)

However , a secondary obj ective is to limit the amount of control used so

the total performance objective is of the form:

J CEP +f~ w1L2 dt (13)

where w1 is a constant weighting value determined from engineering

judgment. The major emphasis on J will be on the CEP ; however , a

10
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Two Dimensional Inertial Reference Platform
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rn/sec

/J Rnisaligzsnent angle

X~ —Y~ perturbed frame

Figure 3. Description of Missile Platform
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I

f

~~~~~~~~~~~~~~ Radar Range Limit Terminal
Condition

——
-5’’

PHAS E I PHAS E II

I

Figure 4. Description of Problem

realistic problem must also be concerned with a finite energy source

for control input .

This problem has several characteristics which deserve explanation.

During Phase I the maneuvering of the missile allows estimation of the

system model parameters . The model equations for acceleration , to be

developed in detail in Chapter II , are:

fVx] 11 -p1 ax
I. I —  I I (14)
~V~J L~ 

ij
ax , ay — specific force measurements

1~ It is apparent that by commanding inputs to the x and y accelerometers

12
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the misalignment angle , ii, becomes more observable. Hence, a better

estimate of U may be made by maneuvering the missile in some matter .

Phase II of the f l ight  is “open loop ” ; that is , no more parameter

estimates are fed back to the missile INS . Hence , any uncertainty which

may still ex ist during Phase II wil l direc t ly cont r ibute to the success

or failure of the missile system.

Considering these characteristics, it may be concluded that this

problem is one of dual control. This is because during Phase I use of

the control input directly contributes to the knowledge of the system

parameters and hence influences the ultimate objective——to get to the

target with the minimum CEP .

Approach to the Problem

This study could logically include all phases of flight from boost

to cruise and terminal guidance to the target. However , since this

study is primarily a feasibility study in applying the concept of dual

control to an air—to—ground missile, the approach will be to use a

simplified analysis. Several assumptions will be made which will limit

the modeling process but still allow a detailed study of the dual control

concept. These assumptions are:

1. The missile has boosted to cruise velocity and maintains a

constant velocity of 1000 m/sec .

2. The missile is restricted to maneuvering in a horizontal , two—

dimensional plane. Hence , gravity accelerations are not considered .

3. The contro l of the missile is restricted to deflection of the

control surfaces and the resultant l i f t  vector is always perpendicular

to the velocity vector . The l i ft  vector is restricted to 100 rn/sec 2

maximum .

13
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4. The accelerometers are misaligned by a small angle U which is

assumed constant.  See Figure 3 for a description of the missile platform.

5. During Phase I of f l ight , the missile is tracked by radar from

the carrier a i rc ra f t .  The a i rcraf t  is modeled as a stationary point mass.

6. During the tracking phase , continuous measurements are taken of

missile position . The radar measurements are taken directly in polar form

but can be related to cartesian form by a simple transformation .

These assumptions simplif y the analysis ; however, if the concept of

dual control can be successfully demonstrated then the door will be open

to future study of this concept on a more detailed basis.

Two algorithms were employed to solve this problem. The first, a

“single turn” analysis , command s the missile to turn to a desired a angle

then f ly to a specified range limit. It then flies to the target by

turning to the proper heading. This technique , although simple in con-

cept, allows for the numerical demonstration of the theory.

The second algorithm is a modified gradient technique. By searching

in the negative gradient direction , the method should converge to a local

minimum. This technique allows for greater flexibility in the amount of —

maneuvering during Phase I.

Organization

This thesis is organized into five chapters. Chapter I is the intro-

duction , motivation, and underlying background material concerned with

the problem. Chapter II formulates the problem in detail and describes

the plan of attack. Chapter III discusses the single turn analysis for

solution. This chapter brings together the theory of Chapter I and prob-

lem of Chapter II into a realistic numerical example. Chapter IV dis-

cusses a more sophisticated numerical technique for finding a solution.

14
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Gradient optimization was used because of its fast rate of convergence

during the initial phases of solution. The numerical difficulties of

this method are also explained in this chapter. The last chapter sum-

marizes the results, forms conclusions, and makes recommendations for

further study. There are two appendices. Appendix A presents the

details of the continuous measurement covariance equation of the Kalman

filter. Appendix B presents a listing of the computer programs used.

4
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II. Problem Formulation

Overview

The problem to be undertaken by this study is to find a control

input which will minimize the terminal position error of an air—to--

ground missile employing a low cost inertial navigation system. There

are two inherent difficulties which preclude an easy solution. These

difficulties are the time—of—flight and the knowledge of the misalign-

ment angle. During Phase II of the flight, the covariance of the

position estimates can only increase with time. Therefore, the time—of—

f light must be kept to a minimum. Knowledge of the misalignment angle,

U , helps directly in reducing the covariance of the position estimates.

Knowledge of the misalignment angle is achieved by maneuvering the

missile. However, too much maneuvering will increase the time of flight.

Therefore, the optimum solution will be a tradeoff between the amount of

maneuvering versus the time of flight. In summary, the main objective

of this study is to find a control law which will minimize the CE? of an

air—to—ground missile with a small, constant misalignment angle of the

INS platform. The control law will have to consider the conflicting

difficulties of:

1. Time of flight: the shorter the time of flight the smaller the CEP.

2. Maneuvering: increased maneuveI~ng during Phase I directly aids

in reducing the CEP.

As described in Chapter I, the missile trajectory will be divided

into two phases of flight. During Phase I radar measurements will be

taken. The estimates of position and velocity will be a result of

measurements from the INS accelerometers and the radar measurements
(

themselves. Figure 5 shows a block diagram of Phase I flight. The

16
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Figure 5. Block Diagram of Phase I

important feature of Phase I is that the state estimates and covariance

matrix are a result of both the INS specific force measurements and the

radar tracking measurements. As a result, knowledge of the misalignment

angle p is constantly being updated and improved.

Figure 6 shows a block diagram of Phase II flight. During Phase II,

no radar measurements are taken. The state estimates are produced

strictly by the specific force measurements taken by the INS platform.

The important feature during Phase II is that the misalignment angle i.i

is not being updated but remains at the last estimate, , made during

Phase I.

17
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Figure 6. Block Diagram of Phase II Flight

Our main objective is to minimize the CEP. This can be achieved by

minimizing the terminal position covariance of the estimate. Covariance 5-

is defined as (6:80) :

cov (x ,y) = E (Xi — px ) (Yj — Uy)h(Xi,Yj)

= E [(x — px) (Y — py)] (15)

= E EXY] — pxpy

where

px , py mean va lue of x ,y

h (Xi , Yj )  = joint probability function

Covariance is a measure of the uncertainty of the random quantity involved .

( For a Graussian distributed random variable, 67.8 percent of the random

18

- __ .. • — ~~~



samplings of that variable will be contained within ±1 standard deviation

(a) of the mean value. Obviously the smaller the a the smaller the dis-

persion about the mean. It is therefore desirable to minimize the covar—

lance for a successful missile.

The covariance of the x and y estimates may be thought of as an

error ellipse. As shown in Figure 7, the initial covariance of x and y

is an area of uncertainty of the estimate. The ellipse is propagated

forward by a Kalman fi l ter during Phase I. This will be developed

mathematically in the next section. Now it is sufficient to say that

the covariances of x and y are a function of the lift and time of flight ,

and misalignment angle p:

cov(x) = f (L ,tf~/1)

(16)
cov (y) = f (L ,tf,p)

During Phase II, the covariance propagation is expressed as a linear

system driven by white noise.

The two flight paths shown in Figure 7 show the intuitive effects

on the error ellipse. In flight path A no lift is produced hence the

misalignment angle p is not observable. In flight path B the lift

generated directly effects the observability of p and hence aids in

reducing the covarlance.

L—*G—-i’cov(x), cov(y)

The covariance is represented by the P matrix. This matrix is symmetric

and positive semi—definite. The derivation of this matrix is presented

in the following section.

Development of P Matrix

The dynamical relations of the missile position may be expressed as:
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Figure 7. Propagation of Error Ellipse

= V1 
= V Cos 9 (h a)

X
2

V
2 V S in O (l7b)

Assuming 9 is the angle between the velocity vector V and the X
1 axis. 

5-

Since the lift vector is assumed to always be perpendicular to the

velocity vector , the change in head ing angle, 0, may be expressed as:

0 — L/V (18)

It was also assumed that the missile platform is misaligned by a

small angle, p. This means incorrect specific force measurements will

be made by the accelerometers and this incorrect information will be

relayed to the on—board missile navigation computer. More specifically

looking at the lift vector, L as shown in Figure 8, L1 is the desired
*componen t of lif t in the X1 direction and L1 is the actual component

1
5 *of l i f t  measured by the X1 accelerometer . As long as p is small L1~~ L1

20
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and L
2~~

L2*
. However, the discrepancy is significant enough to cause

the missile to navigate incorrectly. The equations for acceleration in

the X1 and X2 directions are respectfully

Sx = V 1 = - V Sin O 0 —V Sin O L/V (19a)

= L Sin 0

Sy V2 = V Cos 9 0 = V Cos 0 L/V (l9b)

= L Cos 9

These equations represent the desired or “truth model” representation

of 5C. Because of the misalignment problem , V may be expressed di f ferent ly.

The relationship between the measurements in a non—misaligned frame and

one which is misaligned may be considered as a coordinate transformation.

Figure 8 shows the geometrical interpretation of the l ift  vector. In the

nominal frame, the lift vector is:

— [
~
] (20)

In the perturbed frame , the l i f t  vector is:

(21)
L’~2*

These two frames are related by the direction cosine matrix:

Icos ii — sinpi 
—

L =  I IL* (22)
Lsin p cos uj

thus

Cos p L1~ 
— Sin p L2~ (23a)

L2 Sin p L1~ + Cos p L2~ (23b)

For small angle assumption , and L1~~ L1 this results :

S x — V 1 — L 1 - p L 2 +~~~x (24a)

21
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Figure 8. Geometrical Analysis of Lift Vector

S y — V 2 = p L 1 + L 2 +~~~y (24b)

where F~x , ~y are the noise inherent to the accelerometers .

in matrix form:

ISxl - 11 - ~1 ILli + Rxl (25)
[SyJ L~ ‘J LL2J L~J

or in first  order form:

22
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X
l 

0 0 1 0 0  x1 0 0

x
2 

0 0 0 1 0  x2 0 0

= 0 0 0 0 —L 2 V1 + L1 + (26)

0 0 0 0 L 1 V2 L2

U 0 0 0 0 0  U 0 0

Equation 26 represents the dynamical relations of a missile at a constant

velocity with a constant misalignment angle, U. The last term of the

equation represents noise or undesired disturbances present to some

degree in all systems. The equat ion is of the general form :

x — Ax + Bu + C ~

The covariance of the measurements of position, velocity, and of

the misalignment angle U can be expressed by the covariance matr ix , P.

In this case P is a 5 x 5 symmetric matrix of the general form :

P11 P12 P13 P14 P15

P21 P22 P23 P24 P 25

[P] = ~3l P32 P33 P34 P35 (27)

P41 P42 P43 P44 P45

P51 P
5~ 

P53 P54 P55

During Phase I , the P matrix is propagated by a Kalman f i l ter  using

INS data and radar measurements . The equation describing P during

Phase I is (7:273) :

P(t)  — F( t)P( t) + P( t)F t(t) — P( t )  H R ’ H P ( t )  + G Q (28)

where

F( t) — “A” matrix of system equations

( H — output position matrix

23
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R = measurement covariance matrix

C noise position matrix

Q = noise covariance matrix

The F matrix has already been developed as the “A” matrix of the

missile INS system.

The radar measurements are taken directly in polar form, that is,

range and angle information. Inherent to any radar system is a covariance

associated with range and angle measurements. For this problem , these

values are chosen as:

GR = 100 m (29a)

= lci 3 radians (29b)

However , since it is desirable to work in cartesian coordinates, expres-

sions must be developed to relate the R matrix to the aR and aO values.

The R matrix can be written as:

lax2 axy
R =  (30)

[axy ay2

The x and y positions are related to the radar measurements by:

x — r C o s O (31a)

y = r S i n 0 (3lb)

Thus, an expression for ax~ may be developed as follows:

To f irs t order , the Taylor series approximation of t~x is:

~~ + ~~ l (32)

= Cos 0 t~r — r Sin 0~0 (33)

ax 2 
— E[~x1~~ x1] E[(Co s 9 R - R Sin 9~0) (Cos OAR - R Sin OAO)](34)
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E[Cos2OLIR2 + R2 Sin29~O
2 

— 2R Sin 0 Cos OAO R)

= Cos
2
O E[AR2] + R2 Sin 20 E[A92] - 2R Sin 9 Cos 9 E[A9AR]

For uncorrelated and zero mean functions EEI~0LIR] 
= 0, therefore,

1 2 2 2 2 2
ax2 = Cos OOR + R Sin 90

9 (35)

2
Similarly for ax

2
:

= 2 AR + A9 (36)

= Sin 9 ~R + R Con OAO (37)

= E[AX2 -L~X2] = E[(S1nOAR ÷ R CosOLIO) (Sin OAR + R Cos 9A9)] (38)

E[Sin2OAR2 + R2 Cos2OAO2 + 2R Sin 9 Cos OARAQ]

= Sin2 0 E[AR 2] + R2 Cos2 9 E[Cos2OAO2) + 2R Sin 9 Cos 9E[~~

ax~ Sin~ 0 + R2 Cos2 9 a~ (39)

Similarly for ax
1x2

:

aX
1
X2 

= E[AX
1
.AX

2] (40)

- E[Cos 0 Sin OI~R
2 

- R2 Sin
2 QAQAR + R Cos2 OARAO - R2 (40a)

Sin 0 Cos 0A02]

0x1x2 — Cos 0 Sin 9 E[AR2] - R2 Sin 0 Cos 6 E[A62] (40b)

ax
1x2 

— Cos 0 Sin 9 O
R
2 

— R2 Sin 9 Con 9 ~~~ (40c)

Now an expression for R 1 may be developed .

— 
adj R . 

(41)
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ax~ —0x
1
x2

—l 
—ax1x2 

ax~ (4 1a)
R = 2 2 2(ax1 ~~2 - ax1 x2)

letting

A = ax~ / (crx~ c~x~ — a4 x2) (4 1b)

B = 0x1x2 / (ax~ Ox~ — ax~ x2) (41c)

D = c1x~ / (Ox~ cix~ — cYx~x2
) (4ld)

the matrix may be written as:

R 1 [
~ ~

] (42)

Again noting that the P matrix is symmetrical only the upper diagonal

elements are necessary to propagate. After multiplying the matrices

developed in Equation 28, the following equations are derived for

Phase I:

P~1 
— 2P13 

— P
11 (Ar11 + BP 12 ) — P12 (BP 11 + DP 12)

P
12 P23 + P14 

- P11 ~~~l2 + BP 22
) - P

12 
(BP 12 + DP 22)

P
13 

P33 — L2
P15 

— P11 ~~P13 + BP23) — P12 (BP
1~ 

+ DP23)

~
‘14 = P34 + L

1
P15 

— ~ll ‘14 + B?24) — 

~l2 (BP 14 + DP 24)
(43)

P 15 
— P35 — P11 (Ar 15 + BP 25) — 

~12 (BP 15 + DP 25)

~
‘22 — 2P 24 — 

~l2 (Ar 12 + BP 22 ) — P22 (8P12 + DP 22)

P23 — P34 — L2P25 — 
~l2 ~~

‘l3 + BP23) — P22 (BP 13 + DP23)

P24 — P44 + L1P25 — P12 (AP11, + BP24 ) — P22 (BP 14 + DP24)
(
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P25 P45 
— 

~
‘l2 (Ar15 + BP 25 ) — P 22 (BP 15 + DP 25)

P
33 

= —2L
2P35 

— P13 (AP
13 + BP 23 ) — P23 (BP

13 + DP
23
)

P
34 

= -L
2
P45 + L

1
P35 - P13 (Al’14 + BP 24 ) — P 23 (BP1~ + DP 24)

P
35 

= -L2P55 ~~l3 
(Al’15 + B?25) 

- P23 (BP 15 + DP 25)

P
44 

= +2L1P45 — P14 (Al’14 + B?24) — P
24 

(B? 14 + DP 24)

P
45 

= +L1P55 — P14 (Ar15 + BP 25 ) — P24 (BP 15 + DP 25)

P
S5 

= P
15 (Al’15 +BP 25) — P 25 (BP 15 + DP 25)

During Phase II, no radar measurements are taken so the equation for P

is:

P(t) = F(t)P(t) + P(t)Ft(t) + GQGt (44)

Thus during Phase II, the P equations become:

P11 = 2P
1~

P12 = P23 + P14

P13 P33 
- L2

P15

P14 = P34 + L1P15

P
15 

— P
35

(45)
P22 = 2P 24

P
23 = P34 - L2

P25

P
24 

— P44 + L1P25

P — P25 45

P
33 

— -2L2P35
(
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P34 = L
2
P45 + L

1P35

;
35 

=

P44 = 2L1P~5

P 45 = L1P55

P55 = 0

The main objective is to minimize the covariance of x and y, or

the P11 and P22 states, at the terminal time. By looking carefully at

the equations the interaction between the covariance of the error ,

and the P11 and P22 states become evident. The driving sequence is

shown in Figure 9. It is therefore apparent that knowledge about the

error parameter will directly effect the P11 and P2~ states. It is

also shown that lift is necessary to influence p11 and P22. [n the

nominal , “no—lift ” case , both L1 and L2 are 0 and P55 will not effect

P11 or P 22. Therefore , it is only through maneuvering the missile that

P55 will effect P11 and P22 .

The system state equation may be augmented by the P equations to

the form:

lxi F(t)~ 1 IB U1 Id
1 . 1 —  I + I 1 + 1 _ I  (46)
[PJ f(P

~
L
~
ao~

aa)] ~ O] [
~J

By assumption 1, the magnitude of velocity is constant, only the

heading angle, 9, needs to be propagated . Therefore, the final system

of interest is as follows:

(
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X V C os O

Y V S i n Q

X
3 9 L/V

X = = P11 
= 2P13 

- P11(AP11 + BP 12) - P12 (BP 11 + DP 12) (47)

~12

P55

This 18 state vector equation is the basis for the numerical techniques

to follow. By choosing appropriate initial values and a proper method

for selecting the control vector L then the objective of minimizing l’11

and P22 will be achieved.

The state equations are nonlinear so an appropriate numerical

integration method will be used.

Plan of Attack

The first step is to formulate a performance objective, J. Generally,

the cost is of the form:

— O[~,~~] L(u,x,t)dt (48)

where

O — terminal condition of state

vector at t f

L — performance cr iter ia of control
( input S
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Figure 9, Driving Sequence of P Matrix
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Since the main objective is minimization of the CE?, the cost funL~ ton

will be

J = 0.588 (Ox + ay)I~ jtf 
W
1
L2dt (49)

f to

where

ax = covariance of x estimate

=

= covariance of y estimate

= (p ) ½

W1 
= selected arbitrary weighting value 10~~

The integral term for this problem is just a quadratic function of

the control input only

L(x ,u,t) = W
1L
2 (50)

in this case the dimension of m, of the control vector u is 1. As

described in Chapter I, 1u 11<u1 
for any practical system. Choosing a

maximum of a lOg turn for the missile

L = 100 rn/sec2 (51)max

Two methods will be used to determine the minimum of the cost

function. The first will be a single turn analysis. In this concept ,

the missile is commanded to turn to a predetermined heading angle, a,

- 
- fly to the radar limit, then turn to the target. Then the performance

function is calculated . By increasing a slightly the technique should

converge to an optimum a angle. This method does severely limit the

amount of maneuvering but should demonstrate the dual control concept.

( The second method will be a numerical gradient technique. This

31
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will allow for greater maneuverability in searching for a minimum of the

cost function.

C

(
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III. Single Turn Analysis

Overview

The basic approach of this method is to find an optimal flight path

based on an initial heading angle, a. The system equations, as described

in Chapter II , are:

= f (x ,u ,t)  (51)

and the performance function J is:

ft f 2J — CEP +J W L dt (53)
to

Figure 10 shows the schematic idea behind the single turn concept.

Beginning with an initial turn rate, the missile is commanded to turn

to a desired a angle. It flies a specified distance then begins a turn

to intercept the terminal condition . Thus , the maneuvering will be

accomplished during Phase I of the flight. The cost function is then

evaluated. The process is repeated after incrementing a. The pro-

cedure is continued from a = 0 to a = 1.0 radians to show the general

trend of the CEP versus the amount of maneuvering.

As seen from Figure 10, the amount of lift and the time—of—flight

required will vary grea tly between f light path A and flight path D.

Therefore , the optimum flight path will be a tradeoff between these two

factors.

- Initial Turn

To provide a valid comparison between no—maneuvering and maneuvering

an initial a angle of 0.0 was chosen . The increment size is 0.1 radian

to a maximum of 1.1 radians. The maximum permissible lift is 100 rn/sec2

( which yields a maximum turn rate of 0.100 rad/sec. To insure the proper

33
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Radar Range Limit

a

_  

/

Terminal Constraint

Figure 10. Schematic of Flight Paths for Single Turn Analysis

amount of turn, the commanded lift remains at 100 tn/sec2 until (a — 9)

<0.100. The following scheme was used to command the initial turn:

L — 1000 (~~— 9) (54)

where

9 — Current Heading Angle

with restriction

L — 100max

Thus, if a — 0.5 and 9 — 0.45 then L — 50 rn/ sec2. By using an inte—

• gration step size of At — 1.0 sec , this scheme will insure an accurate

34
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turn . After the completion of the turn, no lift is commanded so the

missile flies in a straight line to a predetermined range of 25,000 m.

prior to turning towards the target.

Terminal Guidance Phase

It is during this phase of flight that the lift vector is commanded

in such a manner to insure the terminal condition is met. Figure 11

shows the geometrical consideration for the guidance law. The scheme

is centered on the 0 angle. If the current 9 angle can be made equalreq

to the 0req angle then the missile will be heading directly toward the

target. Mathematically , the objective is to drive 
~ °rec? to zero.

From Figure 11, two equations may be formulated based on position

at the 25 ,000 m. range and estimating the final time tf. These equations

Figure 11. Schematic of Terminal Guidance Phase
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are:

(X
f 

— x1(t))V Cos 9
req 

= (e f — t)

H V Sin ~ = 
-X2 (t) 

(56)req (~ f — t )

By squaring each side, an expression for 
~~ 

may be found.

2 2
2 2 2 (Xf 

— x1(t)) + x2 ( t )
V (Coo 0 + Sin 9 ) = ,, (57)req req 

~t —

= Xf 
— 2Xf X1 + + x2

2/ (t f — t)2 (58)

— 2t~ f + [t
2 — [X f 

2 - 2Xf X1 + + x2
2]/v 2] = 0 (59)

using the quadratic formula and taking the positive root t
f becomes:

= 2t + ~ 4t 2 - 4t2 = 4[Xf: — 
2XfX1 + X1

2 + x2
2]/v2 (60)

letting

RAD = ~!4(Xf
2 — 2XfX1 + X1

2 + x2
2)/v 2 (61)

£f = t+RAD/2 (62)

knowing the current the 0req is:

9req - Cos~~ ((X
f 

- X1)/((tf - t)V) ) (63)

The l ift  requir ed , Lreq~ can now be calculated from

0 - 0
Lreq — 

re
~~ V (64)

( With constraint

- 36
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I L ~ 100 rn/sec2max

This algorithm will turn the missile at the maximum rate to inter—

cept the target in minimum time of flight. To maximize the maneuvering

during Phase I, this turn is initiated at a range of 25,000 m., thus the

turn will be completed in Phase I and during Phase II only a minimum of

lift will be required to maintain a target interception course.

To investigate the problem using this method , two cases were chosen.

Case 1 has a radar range of 50,000 m. and terminal condition of X
f 

=

101,000 m. The initial range is 1000 in. thus for a = 0 the time of

flight is 100. sec. For Case 2, the radar range is decreased to 40,000 m.

and the terminal condition is Xf 
= 201,000. The initial range remains

at 1000 in. thus for a = 0 the time of flight is 200. sec. The results

of these two cases are presented in the following section.

Case 1

Radar Range = 50,000 in.
Xf 

= 101,000. in.
X = 1,000.

The major results for Case 1 are presented in Table 1. With no

maneuvering, a = 0, the terminal CEP is 14.00. This decreases to 8.05

at a — 0.1 and is the minimum value for Case 1. This shows a definite

relationship between maneuvering, learning about the misalignment angle,

and reducing the CEP. The most significant result is the ay value

which decreases from 15.62 for a = 0. to 2.78 for a = 0.1. This in

turn decreases the CE? significantly.

The cost is rising steadily but this is due to the integral term of

control. It is hypothosized that the weighting value for the control

( integral is too high. The significant result is that a small amount of

37
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maneuvering will minimize the CEP.

Figures 12 through 15 show graphically the results of Case 1.

Figure 12 is a schematic of four flight paths for a = 0.1, a = 0.3,

a = 0.6, and a = 1.0. The general trend of the results are evident

and point to the conclusion that a small turn minimizes the CEP. The

time of f l ight is a significant factor.  For a = 0, TOF = 100., for

a = 1.0, TOF = 115.68. During Phase II, the covariances are increasing

and every second of flight is significant. Thus, the optimal tradeoff

between maneuvering versus TOF, as shown by Case 1 is a small turn that

does not increase the TOF significantly. The TOF for a = 0.1 is 100.222.

Table 1. Result of Case 1 Analysis

a TOF ax ay CE? COST P18

O 100.0 8.20 15.62 14.00 14.00 1.OE—4
0.1 100.2 10.91 2.78 8.05 58.11 2.69E — 6
0.2 100.9 14.52 3.70 10.71 61.85 5.39E— 8
0.3 102.2 15.02 4.64 11.56 65.17 5.83E—7
0.4 102.3 13.89 4.98 11.09 64.81 3.07E — 7
0.5 104.7 15.38 6.05 12.61 66.63 2.56E—7
0.6 106.1 13.62 6.37 11.75 66.75 1.80E— 7
0.7 109.1 15.40 7.30 13.35 69.86 1.31E—7
0.8 109.9 13.13 7.32 12.02 71.30 9 .9EE— 8
0.9 112.9 14.73 8.11 13.43 72.20 8.74E—8
1.0 115.6 14.40 8.50 13.47 73.75 7.07E—8

(
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Case 2

Radar Range = 40,000 m.
Xf = 201,000. m.
X0 = 1000. in.

The major results for Case 2 are presented in Table 2. With no

maneuvering, a = 0. the terminal CE? is 38.80. This decreases only

slightly to 38.16 with a = 0.1. The general trend of Case 1 is again

evident in Case 2 but to a lesser degree. The minimum CEP is again

attained by a small turn and small amount of turning. The ay value again

shows the sharpest decrease going from 37.72 for a = 0. to 14.12 for

a = 0.1. Figures 16 through 19 show graphically the results of Case 2.

The CEP does not decrease as favorably as in Case 1. This may be

due to an increased TOF and less time during Phase I for learning about

the misalignment angle. As seen from Table 3, the values of ax and ay

are greater in Case 2 than in Case 1 at the end of Phase I fl ight . The

covariance of the misalignment angle is also greater in Case 2. This

coupled with a longer flight time in Phase II in Case 2 diminishes the

dual control nature of the problem.

Table 2. Results of Case 2 Analysis

a TOF ax ay CEP COST P18

0 200. 28.26 37.72 38.80 38.80 1.OE—4
0.1 200.2 50.76 14.12 38.16 88.34 2 . lE— 6
0.2 200.8 95.09 22.36 69.06 121.8 4.9E— 6
0.3 201.8 98.15 26.59 73.34 125.3 3 .2E— 6
0.4 202.4 93.99 28.57 72.06 125.5 2. 1E— 6
0.5 203.9 87.98 32.61 70.91 125.2 l .2E—6
0.6 205.2 96.99 40.73 90.98 137.67 l. 1E—6
0.7 207.7 111.82 50.97 95.72 153.03 l .OE— 6
0.8 208.5 84.21 42.98 74.78 125.19 5 .6E—7
0.9 211.0 102.21 53.61 91.62 151.85 6.3E—7
1.0 213.5 97.57 56.33 90.49 151.87 5.OE— 7
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Table 3. Comparison of Case 1 and Case 2 at End of Phase I

Case 1 Case 2

a 0 .1 .5 1.0 0 .1 .5 1.0

cx 11.8 11.8 13.8 12.3 10.2 15.1 24.6 21.4
ay 54.0 0.15 3.0 6.9 44.0 0.2 4.9 12.0
P18 1.OE—4 2.1E—6 2.7E’-7 7.4E—8 1.OE—4 2.9E—6 1.4E—6 5.4E—7

These two examples show that dual control can be applied to an air—

to—ground missile with a constant misalignment angle. These examples

also show significant results for all maneuverinQ during Phase I. Cases

were evaluated for accomplishing the final turn after Phase I. These

results are far less encouraging, however, they do show a significant

result: that high —g maneuvering during a non—radar environment can

increase the terminal CE?. Table 4 shows the results for Case with the

final turn initiated during Phase II rather than in Phase I.

Table 4. Results of Case 1, Terminal Maneuvering During Phase It

a TOF x y CE? COST P18

0 100.0 8.19 15.62 14.00 14.00 1.OE—4
0.1 100.9 113.06 .6.78 70.46 80.06 9.8E—5
0.2 103.2 215.23 16.35 136.17 148.25 9.lE—5
0.3 106.6 288.28 20.17 181.37 193.61 6.5E—5
0.4 109.6 289.82 22.38 183.57 199.34 4.3E—5
0.5 115.3 243.82 22.26 156.46 175.80 1.8E—5
0.6 118.1 211.13 27.79 140.49 159.46 1.OE—5
0.7 122.8 173.60 32.40 121.13 142.36 4.8E—6
0.8 128.9 149.15 30.25 105.49 130.63 2.7E—6
0.9 136.7 128.20 28.41 92.38 122.38 l.6E—6
1.0 143.9 109.53 30.20 82.17 116.32 9.OE—7

As seen from the table, a small turn will not reduce the terminal

CEP when the final turn is completed outside the radar environment.
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However, the trend of the data indicates that a large initial turn will

offset the maneuvering during Phase II. Note that the CE? reaches a

maximum at a = 0.4 and then decreases steadily as a increases to 1.0

radian. This is also related to the covariance of the misalignment angle.

When the P18 state is sufficiently small then the CEP is reduced.

The results of this chapter have demonstrated the feasibility of

dual control as applied to an air—to—ground missile. However, the method

of maneuvering was severely restricted. Chapter IV investigates the

problem using a first order gradient technique which allows more flexi-

bility during Phase I.

t

(
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IV. Gradient Optimization Technique

Theory

To understand the numerical first—order gradient technique, it is

first necessary to develop an understanding of the optimization problem,

the general gradient methods, and special variations due to the parti-

cular class of problem being considered .

The general problem is to find the control history of the tn—dimen-

sional control vector ~(t) which will bring the performance function J

to a minimum. The control function is expressed as:

J = O [x( t f) , t f ] + L[x,u,t]dt (65)
to

The system equations are represented as:

x — f(x ,u,t) (66)

where x is an n—vector .

The general method consists of adding Lagrange multipliers to the

cost function. This becomes:

J = O[x(t f ) , t f ) +f[L + A t(f — c)]dt (67)

Defining the Hamiltonian H as:

H = L + A tf (68)

the cost function becomes:

J = O[x(tf),tf] +f (II - A t )dt

(69)
= 0 +fHdt _fx

txdt

Integrating the last term of Equation 69 by par ts yields:

Jx
t
~dt Xt(t )(t ) — Xt(t )x( t ) _ f t(t )x (t)d t  (70)
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thus:

* 

J = 0 - X~ (t )x( t ) + X t (t )x(t ) +J ~~H(x ,u,t) + ~t(t)x(t)}dt (71)

Considering a variation in J due to variations in the control vector

u(t) for fixed to and tf
:

OJ = [(-
~ 

~t)S]÷ [X
tS] 

-

(72)

- 
+ 

f t f [ (
~~~ 

+ ~t) Sx + -~-~ Su(t)] dt

A necessary condition for a minimum to exist is that oJ = 0 for arbitrary

öu( t ) .  Therefore , from Equation 72 a necessary condition is that

Xt = — (73)

with

A(tf) = ~~~~ 
(tf

) (74)

and

(75)3u au

In summary, a two—point boundary value problem must be solved to find

the minimizing value of J. The differential equations that must be

solved are:

x f(x,u,t) (76)

- 
- 

~~ x 
= - (~~~~)X - ~~~x) t (77)

where u ( t )  is determined from

(78)
(
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I
Considering no variations in the initial conditions, Equation 72 becomes:

ÔJ =J ~ ô
udt =f (~ 

+ A~ ~
5
~~)dt 

(79)

To apply this gradient technique to the problem of this study, it is

necessary to consider the terminal constraint ~[x(tf)]. This constraint

may be written as follows:

f
x1
(tf) —

*[x tf ] 
= : (80)

In a similar manner to the previous development, Lagrange multipliers

are added to influence the terminal constraint. This may be developed

using a special cost function of the form J
1 

= t~i[x(tf)]. Designating

the coefficient as R, letting ~~x(tf)) 
= O(x(tf) ) ,  and considering ôx(to) =

0, Equation 72 becomes:

= 
[(
a~/ — Rt )ô x] +f [ (~u1 + Rt)öx + -

~~~~~ öu ( t )]dt (81)

choosing R to make the coefficients of dX zero yields

R t _ _ a
,~% = _

a% R _ a~i:/ax (82)

However , this coefficient is considering a special performance index , J1,

where L — 0. Therefore ,

(83)

with

R
t ( t )  = 

~~
-
~x
(tf

) (84)

Considering the special cost f unc tion J1, Equation 79 becomes :

(
I

- - 
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= 
~~ 
ft

f 

~~~ 
5u(t)dt (85)

Now a control history may be formulated that decreased J and satisfies

the terminal constraint. Multiplying Equation 85 by a constant V and

adding to Equation 79 yields:

5J + viOx i(t f ) f f  
~~ 

+ [x + \)iR]
t a~/- } Ou(t)dt (86)

Now choose

öu(t) = —K 
~ ‘~~u)~~~ 

+ ViR] + (

~~
)t

~ (87)

This forces the ÔJ + v~ öx (tf) to vanish. The v’s may be chosen to

satisfy the terminal constraint.

Application to Problem

In applying the theory of gradient optimization to the problem of

minimizing the terminal CEP of an air—to—ground missile with constant

misalignment angle, numerical difficulties are en’ountered . The first

attempt was to use an unspecified final time and allow gradient search

during Phase I while commanding the missile to fly toward the target

during Phase tI. This method had difficulties in the backward integration

of the influence functions. Therefore, to make the gradient technique

more applicable, the problem was reformulated slightly .

The majoc change is to project the cost at the end of Phase II based

on the system state at the end of Phase I. This can be accomplished since

the P equation is linear during Phase II. Thus,

ft ~( P(tf) ~~4~(t~tg ) P~~ (t~ tg) +j ~~(s)Q~~ (s)ds (88)
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where
4-

t = time at end of Phase Ir

t = t  — tg f r

If the final turn to the target has been accomplished during Phase I,

then there will be zero nominal lift during Phase II and the system

equations may be expressed as:

0 0 1 0 0

x2 O~~~O l O  X2

V
1 0 0 C  0 V1 (89)

0 0 0 0 0  V
2

ii 0 0 0 0 0  1-1

Thus, during Phase II:

l O t O O  
-

O l O t O

t1~(t~tg
) = eAt = 0 0 1 0 0 (90)

0 0 0 1 0

0 0 0 0 1

Substituting Equation 90 into Equation 88 yields:

P11 + 2tg + t P33 P 12 + t~ P 25 + + t g P 34
P(tf)~~ 2 2P12 + tgP1t~ + tgP23 + tg P34 P22 + 2tgP2i~ + tg P44

( (91)
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(
tf 1t2.1~

4 o 1
+ J [ o  t 2 16 4j dt

tr

The cost at the terminal time may now be written as a function of the

state at the end of Phase I. This becomes

J(tf) 
= 0.588 + 2tgP13 

+ P33 ÷ tg ~ l~~

+
~~
P22 + 2t~P24 + 2t P44 + —f ld~ (92)

ptr

W U ~dt
0

By choosing 
~
p[x(tr)] to satisfy the constraint of the terminal guidance

used in Chapter III, all maneuvering will be accomplished during Phase I.

Thus,

IP [x(t r ) ]  = [ ereq 
— x3] (93)

To make the problem more realistic for an air—to—ground scenario, the

final target position was increased from 101,000. m., as used in Chap—

ter III to 601,000. in. The maneuvering time for this method was chosen

at a constant 60.0 seconds. Thus, Phase I flight will continue for 60.

seconds then the projected cost will be evaluated.

Bryson and Ho (1:222) outlirea method for a first—order gradient

technique for problems with some state variables specified at a fixed

terminal time. By specifying the terminal constraint as a function of

the 0 or X3 state this method is applicable to the problem. The general

( me thod is as f ollows:
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I
1. Estimate a set of control histories, u(t).

2. Integrate the system equations forward with the specified initial
conditions x(t0) and estimate from Step 1. Record x(t), u(t),
IP[x(tf)], .r~

3. Determine the n—vector of influence functions , c(t), and the
nxq matrix of influence functions, R(t), by backward integration
of the influence functions.

Df t DL tc = — (  c — (

c(tf) 
= 

x~~tf

( l i = j
R = — (%)R R(tf) = 4~~~~~ 

i

4. Compute the following integrals.

= Rt(~~~~)~~ (
D
~~~)

tR dt

= f  ~[ct(~5~’)+ 
D~
/]

~~l 
~u)

tR dt

= 

/

tf

[c
t D 5~

u + 
D~
/] 

w
_l 

[(.
~~

)

t 
+ 
(

~~~
)t] dt

5. Choose values of ö~~ to cause the next nominal solution to be
closer to the specified ij [x(tf)].

61, = — E~1,[x(tf)]

V — [I]
~~ 

(~p + t~~)

6. Repeat Steps 1 through 5 using an improved estimate of u(t)

where

(5
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I

5u(t) = [w(t)]~~ + (p(t) + r(t)V)t 3f]

stop when

= 0 and I,~~ — i~~i
’li~~ = 0

This algorithm was applied to the thesis problem. Appendix A con-

tains the details of the influence functions, Step 3, and the 18 x 18

matrix, Df,a~ Figure 20 presents a flow chart of the first—order gra-

dient method. The actual computer listing is contained in Appendix B.

Three cases were evaluated using this method. The cases differ

in the initial guess of the control history for u(t). The three cases

evaluated were:

Case 1

+1 ________________
u _l I I

This case was chosen because of its simplicity and minimum trajectory

to initialize the gradient algorithm.

Case 2
+100

U — _ _ _ _ _ _ _ _ _ _ _ _ _ _

t

(
—100 —
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*

I STOF~X = X

SI 

TP -1-fT1L
2dt

Integrate Dack’~ards
fr om t to tf 0

• •
— —

_ _ _ _ _ _ _
..1._ _ _ _ _ _

I~~ ~~~ 
,

_ _ _ _ _ _‘[F_ _ _ _ _

o~1’ , i-’

_ _ _ _ _ _

~

1

~

_ _ _ _ _ _

du(t)

- - ~~~~
. -I~~ I ~~ I~~. ~ 0 —4 ~TrP

Figure 20. Flow Chart for Fi rst Order Gradient Technique -
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This case represents the minimum from Chapter III. Perhaps this

trajectory can be improved by the gradient algorithm .

Case 3
+10

:10

It was felt that perhaps a series of maneuvers would be the ideal

trajectory for a global minimum. This initial guess should be able to

demonstrate the effects of a constant turning trajectory.

The following values were computed and reported for results:

TOF = Tl.ne of flight, this includes the predicted time of flight
durlug Phase II.

a = Covariance of x—estimate. For this method , it is recorded
X 

as the value at the end of Phase I.

a = Covariance of y—estimate. For this method , it is recorded
as the value at the end of Phase I.

CEP = Circular Error Probable. The area where 50% of the trajec—
tories should terminate. As explained earlier, this is the
projected value at the end of Phase II.

Cost = Total performance function. This is also the projected cost
at the end of Phase It.

= Covariance of misalignment angle. For this method , it is
recorded as the value at the end of Phase I.

PSI = The terminal constraint at the end of Phase I. 
~
p (0 —req

x3).

Case 1

The major results of Case 1 are summarized in Table 5. The results

are interesting in that the initial reduction of CE? by almost 100 in. 
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is achieved by turning the missile at a negative 2g turn at about 10

seconds into Phase I. Only slight changes are made in this flight path

after the initial gradient search. After ten cycles, the CEP is reduced

to 121.65 in. This is a substantial reduction from the initial CEP of

227.23 in. The method diverges quickly for the ~[x(tg)] but slowly is

trying to bring the i1, value to a minimum. In cycle 10, the ~ value is

— .1323 rad. or about 7° off a straight—in shot to the final target.

Case 2

The major results of Case 2 are summarized in Table 6. The results

do not show such a significant change in control history as in Case 1

but there is still a substantial amount of maneuvering at approximately

t = 10. seconds. The algorithm produces almost no changes after t =

25 seconds.

Af ter eight cycles, the CE? has been reduced to approximately 130

in. The major changes are to reduce j~. This verifies the results of

Chapter III in that a small initial maneuver substantially reduces the

CEP. As seen f rom Table 6, the CEP has only been reduced by ~ in. while

in Case 1 the CEP was reduced by 100 m.

Case 3

The major results of Case 3 are summarized in Table 7. The results

show a substantial decrease in CEP from an initial 308.44 to 123.77 in

Cycle 7. This is mostly from a modification of the input value.

An interesting result of this case is the large jump seen in Cycle

8. The algorithm seems to be searching f or a -oethod to reduce a~ . The

algorithm finally commands an opposite lift vector at t 10. seconds.

This increases the CEP slightly. The method the- ’ ran into numerical
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V. Conclusions and Recommendations

The theory of dual control has been applied to an air—to—ground

missile with a constant misalignment angle. The analysis, although

modeled simply , has shown significant results. The data from Chapter

til and Chapter IV show the inherent correlation between the knowledge

of the error parameter and the terminal CEP of the missile.

There are two major conclusions that can be drawn.

1. Maneuvering during a radar environment decreases the covariance
of the unknown misalignment parameter .

2. Because of this learning about the error parameter , the CEP of
the missile can be substantially reduced .

From Chapter III, it was also learned that high—g maneuvers outside

the radar environment can amplify the navigation errors greatly. It is

therefore recommended that any air launched ballistic missile perform

its required maneuvering, especially high—g turns, while it is still in

the radar environment of the carrier aircraft. The tracking information

from the radar system will aid greatly in reducing the terminal state of

INS systems.

From Chapter IV, it is evident that there may be many local minimums .

Hence , it may not be concluded that this research has discovered an abso-

lute best trajectory for a minimum CEP. Many more cases of input control

guesses can be made which may further reduce the CEP. However, the basic

concept of dual control has been successfully applied.

Further research in this area is needed for a more comprehensive and

complete understanding of this theory. The following recommendations are

made for future study:

1. Radar measuiements should be modeled as discrete measurements.
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2. Three dimensional analysis would allow greater maneuverability
and more error parameters to be identified .

3. Initial boost phase could be modeled . This is an area of
increased observability.

The theory of dual control may be able to make significant contri-

butions to inertial navigation systems. It will certainly aid in getting

the best performance that each system is capable of producing .
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Appendix A

This appendix presents the 18 x 18 matrix , This is shown on

pages 81 through 89. Also influence function equations are presented .

These are described in Chapter IV as:

. ( a ~~~)t c 
(

~~~i)t

c(tf) =(a%~~) 
tf

and = - 

(
~2~X)tR

R(tf)=~~~ ~~~~

where

c is a n—vector

R is a nxq matrix
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.V.Cos (X3)

C
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= C4 
(2Ax

4 
+ 2BX5) + C

5
(AX

5 
+ BX9) + C6(AX

6 
+ BX10) ÷ C7

(Ax
7 + BX11) + C8(Ax 8 + BX12)

C5 
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(2BX
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9

) + C
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(BX
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7
(AX
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6 + BX10)
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R

= 0

= 0

R
3 

= — V Sin(X
3
)

all remaining R’s will equal zero because of initial conditions.
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