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Abstract

Orbita l resonan ces are widespread throughout the solar system. They

II appear mainly between the satellites of the Jovian planets, but also

are found among the planets themse lves as in the case of the 3/2 res—

IF onance between Pluto and Neptun e. This project undertook to examine

- U 
the conditions out of which a resonance could be established.

Of particular interest was the 3/2 resonance of Pluto and Neptune.

[} This resonance has been firmly establish ed by a number of researchers .

This project also relates to the hypothesis that Pluto might ha ve origin—

[] ated as a moon of Neptu ne thit escaped and entered an orbit independent

of Neptu ne. The last manor objection to this is that Neptune and Pluto

L never ~~me close to one another since they are in resonance. The lack

of a aloes encounter b.tiv•en Pluto and ?~eptune is due to the resonanc e

and not a consequence of it, Through the use of numerical integra tion

El this paper establishes that it is Dossible that if - Pluto escaped from

Neptune then it could go into an orbit and a resonance very similar

Ii to that which exists today . Once that resonance is establi shed it 1.

[ imposeibi. to regain the initial conditions due to the fact that a

resonance is self—perpetuating . The integrations were carried out for

a time equal to over one million years in a model solar system containing

all the planets from Ju piter outwa rds . This paper renoves that last

[I major objection to the hypothesis that Pluto may have originated as a

moon of Neptune.

An additional result was the development of a eystem for Ident ifying

resonances through the us. of a rotating coord inate system.
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Introduction end Proposal

Throughout the solar system there are many examples of orbital

An orbital resonance is defined as any system in which two

or more satellites are orbiting a primary such that the ratio of th$ir

periods is a ratio of small whole numbers, Periods of this type

[ said to be commensurat. and the resonance is referred to as a oomasi~isux - —

ability . When discussing satellites and pri maries included also are the

motions of the planets around the Sun.

One of the best examples of a simple two satellite resonance exists

between two moons of Saturn , Titan and Hyp.rion . Here a large massive

moon, Titan, moves In a near ly circular orbit. Ryperi on, however, is

smaller ~nd moves in an orbit of large eoo.ntrlcity . This system has

been studied extensively and it has been found that the ratio of the

El periods is eqmal to ‘4/3, That is, if n~ and n.2 are the periods of Titan

and Ryp.rion , respectively, then the relation 4n~ — 3n2 — 0 is satisfied

to a very high degree, It has also been determined that the point of

r conjunction or the point of closest approach between the moons oscillates

1! abo ut the apo center of the orbit of Ryp.rton with a maximum amplitude of

U 
36° and a period of appr oziasate ly 2 years .1 In ad~1it io n to the se

oscillations the line of apsides abo ut which the oscillations occur

precesses in a retrogra d. sense , opoosite to th. motion of the bodibs,

at a rats of about 190 p.r year . This is also a result of the resonance

of the orbits .

I
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.1 -The 1’itam-R3pperio~t resonance is a classic example of a large category

of orbital resonances termed large eCcentricity resonances, The mechanism

for thid resonance is relatively simple. Suppose that a prima ry has two

satellites in orb it around it. If the moons, 
~i 

and 
~2’ are such that

5 )  
*2 

and they are in coplanar’ orbits such that m~ is In an inner 1circular orbit and is in an outer ec6entr jc orbit then the situation

shown In P’igure I exists, If initimlly conjunction occurs at point A

then shortl y before conjunction the two moons are in positions labeled

$1 • The gravitational force between them can be resolved into two corn—

ponCnts, one normal inwaz~s towards the primary and one tangential ,

opposite to the motion of “2. SimIlar forces act on a1 but are negligible 
- 

-

due to the large mass of “1 in comparison with “2’ The net effect of

theeS forces is to remo ve angular momentum from the small moon, Once

p.~t conjunction there exists a time when the satellites are In position

42 such that 81 — 821 Here also the force has a normal and a tangential

compbnent . Afte r conjunc t ion, however , the tange ntial component adds

angular momentum to the smaller satellIte , Since , at point A the orbits

are divergi ng, the distance between and “2 is greate r at point #2
- - than It was at point 41. Therefore the force is less and the tangential

- - . component does not add back as much angular momentum as was lost before - 
-

conjunction. The net overall effect after one cycle is tha t a2 loses

angular momentum. 1~ stay in orbit it must speed up. If the orbits

aXe commensurate then the next time Conjunction occurs it will be at

soeS point slightly advanced along the orbit,

The situation is reversed if the conjunction occurs at B. Now the

additive tangential component dominates and the smaller moon gains

_ _ _ _  -
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angular momentum therefore slowing down. The successive conjunctions

will be displaced back towards the li ne of apeides. If conjunction 1 ~
occurs on th. line of apstd .s then the net effect of the components can-

oel and th. conjunction point is sta ble. We therefore see that the

resonance k.epe th. orbits stable and that the point of conjunction tends

to oscillate abo ut the apocenter . Th. other end of the lIne of apsides,

the psrioent.r, is also an equilibrium point but It is an unstable

equilibrium. Any deviation awa y fro s this point causes the system to *

begIn to oscillate about the apo o.nter . The oscillations help preserve

the commensurability of the system.

This Is exactly the situation of Titan and Rypsrton. They are in

commensurate orbits and show an oscillatio n of the conjunction about the

apoosater of 360 over a 2 year peri od . Also present in the Titan-Hyperion

9 system is the retrograde motion of the line of aps ides. This can be -: - ,

expla ined with lar ge eccentricity reeonences also.

In a system in which the point of conjunction is oscIllating it

wi ll at some time fall on the apoo.nter. The foros is now directed

inward s the prima ry exol~~ieS~~. This fore. tends to pull the outer

moon in ~~~~1’~~ the primary and it can be thought of as having traveled j
on an orbit slightly inside the unp.rturb.d orbit. extending this orbit

around we find that “2 will reach its closest point of approach slightly

sooner than it would have otherwIse . It app~are then that the line of

apsides has rotated in a direction opposi t. to that of the satellite -

motion or thus in a retro gra de manner. This is exactly the case in the

Titan-Ryperion reeomance • The retrograde motion completely dominates

any othe r pro-rnde motions and the line of apsldes rotates app roxiama tely 
-

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ;
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19° per year,
L

The Titan—Hyparion case Is only one example of many systems that

exhibit these resonance phenomenon. Resonances have been detected between

r 
most of the moons of the outer plane t , in the rin gs of Saturn, wi thin

L. the asteroid belt , and even among the pla nets themselve s,

[ Of primary interest to this report are the orbits of the planets

Pluto and Neptune, There are a grea t many facets about the orbits

[ which point out that some kind of resonance exists between the two ,

- The first facto r is that the orbital periods are app roxiamats ]y commen-

t .  sur ate in a ratio of 3 to 2. This leads us to suspect a 3/2 resonance .

[ In addition, this resonance is of the large eccentricity ty pe . The

system has all the correct initial conditions; the mass of Neptune is

on the order of 100 times greater than that of Pluto , satisfying the - 
-

oondition, Pluto’s orbital .ocentricIty is the largest of the

I. planets; so large tha t Pluto’s orbit crosses inside of Neptune’s orbit .

I 
- Neptune , on the other hand, has one of the smallest eccentricities putting

It In essentially a circ ular orbit , The system has all the necessary

L conditions for a lar ge eccentricity resonance ,

If we look at the Pluto—Neptune system today we ~ee the sa me effects

- that are present In the Tt tan—Hyperion system that characterize an orbita l

resonance . Conjunctions between the two planets oscillate about the

apocent er with the apocenter as the stable equilibr i um po int . Also the

I line of apsides of Pluto precessss in a retrograde motion. All of these

similarities ~ith the TitaniHyperion system have led us to believe tha t

I. today Pluto and Neptune exist In a 3/2 lar ge eccentr icity re sonance .

• In addition to the featur es mentioned abo ve, Pluto exhibits a thu d

,

~~~~~~~~ 
t~V 04-IL

- - -



phenomenon possibly oaussd by the commensurability . This is that the

resonance appears to keep th. conjunctions nea r ,00 from the mutual

orbital nodes. This •liminates the possibility of a ab s. encounter 
- - 

-

or collision between Neptune and Pluto,

The major question that arises Is , how did this resonance get started?

One theory Is that Pluto is an escaped moon of Neptune . There ar. many

factors that seem to mak. this at least possible, The fir st Is that

the orbi t of Pluto comes close to and actually inside that of Neptune.

A second fact is that the mass of Pluto is low enough for it to be a

moon of Neptune. In f&ot, the mass of Pluto is of the same order of

msgn1t~4. as one of Neptune’s current moons , Triton,

If w thsori se that Pluto was at one time in orbit around Neptune

then, due to the tidal effects between the two, we expect Pluto ’s rot- - -

at ion to have slowed to the point where it would have a period of

rot’ition equal to its period of r.volution abo ut Neptune. In other

words, Pluto would always keep~the same side towards Neptune much as

our ewn Moon does with reeDect to the ñ~ rth . After ejection from orbit

Pluto might keep the same Deriod of rotation , Indeed measured values

for the peri od are very close to wha t we would expect for a lar ge satellite

of Neptune, app roxiamatel y 5,5 x j o5 seconds. If we use Kepler ’s Third

Law which relates the period to the distance from the primary to compute

a value for an orbital radius around Neptune we obtain 3.8 x io8 meters,

This is very close to the orbital radius of Neptune ’s moon, ~~ttS~5.

A third piece of evidence that Pluto might ha ve evolved out of the

Neptune system of moons is that it appears that the inclination of Pluto ’s

orbit to the Salipti. (app roxiamately 17°) is about the same inclination 
~1

1 -
- -



as the orbits of Neptune’s moo ns Pluto ’s ~ar , ’~ 1nc1~~ at ~ on , ~~ con-

trasted with that of the other planets whi .h r.j tve in -  t n i t ~o n -  of ~t

most 3.5~ (Venus — 3390) makes this seem more tr ~ -~~ ~ 
;:~-inciu ~nce .

[ The last and possibly most conclusi ve piece of evidence in fa vor

of Pluto being an escaped moon of Ne ptune is tr.~ i — ’ L e~’u lar structure of

the orbits of Neptune ’s present moons . Ne pt une ha~ t~~ - tn oon sa Triton ,

which is slIght ly smaller than Pluto , and Nereid , which resembles a

stray asteroid , The irregul ari ty is that Triton , altho ugh in a nearly

ci rcular orbit , revolves In a ret rograde manner . This i n Itse lf Is not

too unusual but then we notice that Trito n Is the only massIve ~:~ -~~lite

in the solar system to exhibit thi s retrograde motIon s all the - ther

satellites with-retrograde motion are small enough to be captured asteroids.

t • If we assume that Triton and Neptune were created ~t the sa-~e time ,

which Is not unreasonable , then soniethin~ must ha ve happe ned to cause

Triton to turn aro und in its orbit. That something Is thought to be

a close or near collision with Pluto .2 If at one time Pluto and Triton

were both in orbit around Neptune then the s i t - .~~tion t~xj s t~.. whereby the

two could have an interaction which boosted Pluto ’~ spe -1 so it could

escape from Neptune and go Into orbi t aro und the Sun n i~ s -~wr . A

corollary to this is the fact that Pluto resemblEs a r~~ - :~, sir&1 ir .d

Icy, more than it resembles the gas giants of Jupiter , S~t urn , U :auus ,

and Neptune which populate the outer solar system.

However, one difficulty results in this theory . If Pluto did

originate as a moon of Neptune we would expect tha t Pluto and Neptune

would oaasièmaUy come close to each other due to the cyclical nature

of the orbits, They do nott In fact the orbits of Pluto and Neptune

I— - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — 
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never do actually Intersect and the planets never get close to one

another, an observation which has been used against the Neptune-moon I
hypothesis for the origin of Pluto . The reason behind this may be due

- - to the establishment of a resonance. j
The resonance bet~,een Neptune and Pluto has been established

through numerical integrations and orbital observations to be stable -

in a 3/2 commensurability,3 Therefore , if the present situation is

taken and integrated both backward and fo rward in time the orbits will

not change significantly because the system is locked into the resonance. I
The problem is that , under resonant conditions, integrating backwards

will never bring us to the initial conditions of the escape that set

up the resonance, The analogy may be made to the case of an object I
- - 

falling through the atmosphere with terminal velocity s observation of’

the final state provides no information about the intial conditions.

~~ws~sr if we start with the moment of escape and integrate forward in 
-

time, then it might be determined what conditions are necessary for the

establishment of the present 3/2 resonance. Such is the intent of this •1
paper,

.1
I

-

~
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1. ~~thsmatt~oal Conversion to a Rotat ina eop rd inate ~y~tee

In order to ints~rate, over ties, the position and velocit y of

I spatial bodies, we must first hay, a 000 rdinate system for a reference.

Ths simplest and sasiest to work with Is a Cartesian reference tra~se

L o.ntsred on the Sun. This is illustrated in rigurs 2, The point (x,y,s)

represents ths position of Pluto at mom. time t. The coosler atton due

L to the Sun Ii written ass

~~~~~~~~ x~~~~~s& )3/2
C - U n i versal

2 
Grisvttattonm l

(I.~ 
constant

M — t 4 a s s of Suit

L ~~ 

- 
-

I In this form the equations are relatively eamy to work wi th ,  ~~r —

turbations due to Neptune and th. other planets are ad-io~i w ith  the add-

itto n of similar terms of the same fore except tha t the distances ~ ft
the p.rturbtng plane t relative to Pluto are substituted for x , y, and 

~ I
I s aM the perturbing planets mass I. substituted for the Suit’s mass.

[ )bwevsr, the interp reta tion of the results Is diff icult  if’ we are looking

for changes in one orbit relative to another, It would be beneficial

I if we oould fix on. r!sn.t and observ, only Pluto’s motion relative to

it,

I This can be done using a rotating ooordtnat. frem. fi xed with

I
I 

~~~~~~~~~- - 

1’
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respect to Neptune as shown in P’igure 3. A second act of axes (A,B)

rotates with the anEular speed equal to Neptune’ai thus Neptune always I
stays fixed on the x-a,~ie~ It Is now possible to observe only the motion 

-

of Pluto relative to Neptune. I ~ 
-

The transformation from the fixed coord inates is accomplished as -

~~

followas 
.1 II

- 
- 

We want to ttansform Eqs.(t ) from the fixed (x,Y ,z) coordlaate axis 
I

to the rotating (A ,B,Z) frame, After a time t the axes will have rotated

through an angle wt) where w is the angula r velocity , The coordinates -

(a,b) in frame (A~ B) can be reduced to (x ,y) in (x ,Y) by, from ~‘ig. 3. 1
x ft coB(wt) b silt(wt)

y • a siti(wt) + b oo~(wt ) (2) 1 
-

1b transform Z~. (1) we also need 3s~ and 3’, Differentiating Eq. (2)

we Eet J - I
- ~~ cos(wt) - wa ain(wt ) - ~~ sifl(wt ) - wb oos(vt ) (3.)

oos(wt ) - w~ sin(wt ) — w~ sin (wt) - w2a oos(wt) (14t) 
-

—~,‘sIn(wt) - w~ cos(wt) - w~ oos(wt ) + w2b sin(wt), I
Similarly -

— i ~in(wt) + wa cos(wt ) + ~~ oos(wt) — wb sin(’~t) (3b) .1 - 

-

— ‘a~ sin(wt ) + ws cos(wt ) + w~ cos(wt) - w2a sin(wt ) (tib) 
- 

- 
-

+ ,‘cos(wt ) - w~ ein(wt ) - w~ sin(wt) - w2b cos(wt),

Combining terms in Eqs. (ha) and (4b) we obtsin’Equations (3m ) and (3b)

— ~~ cos(wt ) — ~~~ sin(wt) — 2w(~. st n(wt) + ~oos(wt)) — w2(aoos(wt) —bsin (wt)) .~~ Ii-

— ~~,
‘ ein(’wt) + ~ cos(wt) +2w(~cos(wt ) — ~sin(wt)) - w2(asin (wt) + boos (wt))

Substituting Eqs. (3m ) and (5b) with (2) into (I)  and noticing that

z — z , a • a, and x2 + y2 + — a2 + b2 + a2

11
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I, 
~cos(wt) —

‘i~sin(wt) _2w(~sin(wt)+~oos(wt))_w2 (aooa (wt)_bsIn (wt))

— — GM ~ (acos(wt) — bsin(wt))

I (a2+b +z’~~~
2

~sin(wt ) + ~~oe (wt)  +~~ (~ ooa(wt)-~ain(wt))  -w2 (aain(wt)#b coe(wt))

F (a~+b2+a~~~/2 (astn(wt ) + bsin(wt)) .

These are Eqs. (6a) and (6b) .

To simplify these we will leave out the z term as the a coordinate trans-

forms unohanged. We now use a mathematical trick of multiplying the first

by oos(wt) and the second by sin(wt) and then adding the two. Letting

1. s — sin(wt ) and c — ooa(wt)s

‘
~c
2 —s o —2w(~Ic + ~~2) — w2(ac2 - bsc ) - (a’ + b ~J3/2 (ac 2 - bsc)

+bso +2w(~sc - ~~2) - w2(as2 + bsc) - - 
(a’~ + b

2)3/2 (as2 + bec)

Adding and using ~2 + ~2 — sin2(wt ) + cos2 (w t) — I

I. ‘a~ - 2wi~ - w2a — ‘(aZ + b ~)3/2 (a) (7.)

Performing a similar ope ration again~ only multiply ing the first by I -
sin(wt) and the second by cos(wt) and then subtr qctin ’r the two , After

ex~anding and collecting all terms we are left with s

b + 2wa - w2b “(~~~~ Z)J/2 (b). Cm )

Equations (7* ) and (7b) can be written to p~tve the accelerations

in the rotati ng (A , R) coordinate fram s

- - (.LZp/2 (a) + Ia + 2w~ (8.)

[ b — ~(a~+bZ )~ /2 (b) + w2b - 2w~ • (8b)

F.

_ _ _ _ _ _ _   -- - - -- - - --
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The equations are what is expected in a rotating fram e with the -

first term the gravitational force , the second, the centri f~~al force ,

and the third, the coriolis term, * -

Now thRt the accelerations in (A, B) have been determined the position

and the velocity transformations must be wo rked out . The position 
-

transformations have already been given In Eq. (2) s

x — acos(wt) - bsin (wt)

y — asin(wt ) + bcos(wt) (2)

Writing this as a matri x equation we haves

Ici. f~oa(wt) _sin(wt) 1 
lal  -~~

[~ J Lsin(wt) coa(wt)J LbJ - . 

-

Defining ~ as th~ transformation matrix such that .1

rcos(wt) _sl n(wt )1
i — L~

fl(”
~
) cos(wt)J

Then to go from the non-rotating (x ,Y) to the rotating (A , B), we need

only to invert the matrix and ap~ly it to (a ,b)

_i 
~~~~ 

sin(wt) 1 -

I — L_81
~
(wt) cos(wt)J

Thus,

ral — ~ r~i 
rcos(wt) sin(wt ) 

~ 
x

Lbi [yj — [—sin(wt) cos(wt) J [ y

or
a — xcoa(wt) + ysln(wt) j  

-

b — -xsin(wt) + ycos(wt ) , (9)

To obtain the velocity transformations we go back to Eqs. (3m ) and

(3l~) which result in, after rearrangein~ s

- ---
~~~~~~~

.
--

11 _ _ _ _ _ _ _ _ _  -
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I — ~coa(wt ) — ~sIn(wt) - wy

— sin(wt) + ~cos(wt) + wx , (io)

I Eqs. (3) can also be written asi

I — (~ — wb)cos(wt) - (i~ +
y — (a — wb)sin(wt ) + ( b - +  wa)cos(wt) , (ii)

I These two sets of equations give us the transformation matrix between

velocities in the two coordinate systees s

1~ — 1~~
(w
~
) _sin(wt)1 f~

_wb]

L L5~
(
~
t) cos(wt)j [~m.waJ

I. and thus,

r • I-.
I x a-wb
• I — 

~~
‘ •y —

[ Rewritting Eq. (10), we obtain

-

~ 

+ w~] — 
[eoe(wt) _sln(wt) } ~~

L~ 
— Ls~

(wt) cos(wt)J Lb
Inverting this gives s

- 1~i l~
O8(w

~
) eIn(wt)1 rx + wy~

L L~J 
- 

j
.sin(wt ) cos(wt) j ~ - wxj

or
—I t a t  j x + w y

‘i. r.1’Lb J L y _ ”~
[ Now we have a complete set of equations and coordinate transformations

between fixed (x, Y) coordinate frame and rotating (A , 3) frame,

J
Non-rotating Rotating

I X “(x~+y~~B~ )~ /2 ft — (~~ +bZ+z~ ) 3/2 +w2a •2w~

1 ~
‘ — - (x’~~~+i’)J/~ 

b _(a~#bL.I~ )3/2 +w2a —2wJ1

I
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No~-rot~ttng Rotating 1
B “(/~~!+~~J3/2 — ~~~~~~~~~~~ I

4 -

To transfort from non-rotating to rotaing coordinates knowi ng
.1

a — xcos(wt ) + yein(wt) J— b - -xsin(wt ) +ycos(wt)

I I
a — (x + wy)cos(wt) + (y — wx)sin(wt)

~~ : 
— (c + wy)sin(wt) + ( ‘  - wx)cos(wt )

Similarly to go from rotati ng to non-rotating reference frames knowing

* — acos(wt ) - bsin(wt)

y — asin (wt) + bcos(wt)

a — a

— (
~ - wb)coe (wt) - 

(~ + wa)sin(wt) *

— (
~ - wb)sin(wt) 

+ (~ + wa)cos(wt) 
-

• .
a — a

In the extreme case where wt—O, which will appear later when we

wish to start on the x-axis, the transformations from the fixed to - .

rotating reduce toe

. ~ 

-

a — x  a — x # w y
b — y
a — a a — a

-

~~~~~~~ ~~~--- -~~~~~---~~~~- - - -~~- -~~~~~~ -_ _ _ _ _ _ _ _ _ _ _
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L Recognition of Resonances

J ~ transforming to the rotating coordinate system three advantages 
-~ - 

-

are gained. Pirstly , the motion of one of the planets is eliminated

from the picture so that now only the motion of the perturbed planet

relative to the perturbing planet is observed . This is exactly what is

I needed for a study of resonant motion. Secondly, by fixing one planet ‘ 1 -

[ the calcula tions become ncre accurate over long time periods because any

numerical integration of perturbations is now referenced to a fixed
$

I non—calculated point rather than to a moving calculated point, And

thirdly, by going to a rotaing coordinate system the graphica l display of

-
~ 

- 
- the perturbed planet ’s motion provides an easy method for determining

the exact resonance or commensura bilIty that the planets are in. Thus,

one of the first results obtained was the development of this technique

for identying resonant orbits.

- 

In order to identify a resonant orbit it is necessary merely to

plot the motion of one planet relative to another in a rotating coordinate

1~ 
frame. Such a plot is shown in ~.gure 4, Remembering that the Interior

-
- 

- 1. planet is always ~ixed on the positive x-axis it can be shown that the

t loops are the i,erihelion passage of the outer planet. The number of

loops is characteristic of the particular orbital resonance , If the

I resonance type (i.e. the ratio of the periods) is expressed as a fraction,

for example 3/2 or 4/3, the number of loops per complete pattern is the

I denomina tor of the fraction or ratio. The relative orbital period the

I perturbing plane t , indicated by the numerator of the fraction can be

I _ I
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I determined by observi ng how many orbits it takes for the pattern to

complete itself, Thus, if it takes 3 orbits to complete a two loop

I pattern, a 3/2 resonance is present . This is the case in FIgure 4.

I 
An .asi.r , although more time oon.uming method of determining a pattern 

—

is to plot the x coordinat, of the motion versus t ime. The time 
-

I necessary to complete one cycle is th . same as the time needed to com-

p1st. pa ttern .
- I ~~‘ way of illustr ation the following are a number of different

resonant patte rn s with their x vs. t plot. .
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All the patterns shown are in their stable non-oscillating oonfig- I
ur ation s. In an actual oscillating resonant display the only difference

is that the looped pattern itself oscillates a~iout a point . The ampli— Ii

tude of these oscillat ions is directly related to the s.inpliti.sie of the 3
act~*]. conjunction oscillations. Figure 10 shows this for an oscillating

3/2 resonance. Note that th. point of stable equilibrium lies on the 
- 

- -

positive y-axis. This corresponds to the aphe l ion of the outer eccentric 
-

orbit. 1
A third feature of a stable resonant pattern is seen when a three -

dimensional picture of the resonance pattern between inclined orbits

such as those that exist between Pluto and Neptune is produced , Since

the perihelion lies in the positive z region of space the loops also 
-

will be in the positive s region of space . This is app arent in Figure 11. .1
Conversely when the perihelion lies at the node the loops degenerate i -

into curves that only appear as loops In the x-y projection. Th. three - I

dimensional pictures shown here were generated using the Evans—Sutherland J
Picture System in conjunction with the PDP—11 computer and plotted on 

- 
-

a XYnetics flatbed plotter. The two dimensional plots were obtai ned

using the T8ktroni* £e051 “smart” graphics terminals.

1 -

~ 
_I

; 



- 4
~~

t____ t _
~~~-4- _~~~~~ 4r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Ft . —-___-- -~-~ — - _t.____ __ -__._~~~~~
t - -’~

, 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~~~~~~~

__ ___ .-
~~ 

__~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~

[1 
-

-

-

- 

- 33 -

_ H

_ 
_  _  _  _  _  _  

L

__  ____

_  

_  

e
xt 

I



_ _  -— - 
4
~

-4—
~~~~

—
~~-- -  - -

- - _ - _ - -

,
,
/

/~~
%/ 

~~~~: Ii
\ 

a J ~~~~~~~~ 
-

/ c,_
~ I ,•c

- 

~~~~~~~~~~~~~~~~~~~ iii ii. - I
/ - -

~~~ I _ _
I

- - 

I 
/ - ~~ .4 

I ~~~ 
-

I ~~~ 
- :

1 I i i,L I

- 
, _

- -  - - - ~~~~-~ - i

I ~ 
I

I 
I
’- I • I

I I I . 1

I O~
- -

- I I

— /
I $ I —

-4

- 
,1

4- 

C,

~1
-

~ 

s.- .- — — — 
_ _

_~ 

•_I
1 .1

.1

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

1~4



- ~‘~‘~8— 
- —  

~~~~~~~~~~~~~~~~~~~~~~~ ~~‘ ~~~~~~~~~~~~~~~~~~~

~~~~
__ __ 

___-  --— - -- - - - - -

[
35[

A4

Conditions for Initial Formation of a 3/2 Resonance

- 

The present configuration of the Pluto—Neptune resonance is a 3/2

L commensurability oscillating about a stable equilibrium point with a

r 

period of 20,000 years or about 115 orbits of Neptune, In addition,

L there are a number of slower oscillations, the most noteworthy of which
- C

- 

Is a 4 million year or 24,000 orbit oscillation of the argument of the

perihelion. The goal then is a formation process starting with Pluto

escaping from Neptune and eventually reaching something close to the

present configuration cited above, This is done through the use of

- several computer programs to numerically integrate the positions of

1 the planets of long time periods.

The computer programs used to perform the integrations were all

written in BASIC and performed on the U.S. Naval Academy’s Ikrtsouth

- - Time-Sharing System (DTSs). Listings of all programs used are given

- in Appendices Il— IT. The programs were designed for versatility and
- ease of adaption to new factors. The programs consist of four main

parts. P’irst, an input section where variables initialised. Second,

the gravitational force of the Sun and any perturbing planets are laid

- 
out in the x, y, and z directions, The third and main body - of the prow

grams consists of a fourth order Ri~~e-Kutta numerical integration scheme

- where the forces derived in the second section are evaluated at each

of the four steps and from this new positions and velocities of Pluto

L are computed. The fourth and last section is made up of various output
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I
statements for the tabulation of the results, I

Using this type of program it became extremely easy to add or subtract

additional plan.t. fro. the general model. Each planet appears as as

add!tional perturbation to the planet’s action. Proce.ding in this I j
manner th. planets could be added one ~~ one and the influenc, each had

on the developing resonance could be studied, In the end the entire

outer j~~r system was sodel.d,

I

Tb overcome an~ oroblea in dealing with the l’~rge distances con— -

cern.d the entire solar system was scaled so that one unit of distance - 
-

became the S~at—N.ptune distance; one unit of mass is .qual to a solar

mass; and one unit of time was taken as Neptune’s period of revolution

about the Sun. In this scalsd version of th. solar system, Newton’s 
- I -

gravitational constant, G, is equal to ~~~ the orbital speed o4 Neptune 
-

is 2~; and thus the positions and velocities of the other planets must ~1
be scaled accordingly.

The one problem that develops- when we scale th . solar system to

Neptune’s level is that the period of the revolutio~~~ Jupiter and Saturn I
are so much shorter than Neptune’s th&t during one integration step

Jupiter and Saturn move a fair distance along their orbits, On the I ~
- 

-

other hand if we made the step size smaller to limit the distance Jupiter

moves then the run times for the program exceeds practical limits. A *

trade-o ff must be made. It seems that a step sine of 0.01. orbits of J
Neptune is the best . At this rate it take s 12.8 seconds of CPU (central 

-

processor time) to complete one orbit of neptune, 168 years4 in the - 
-

• model solar system with all the planets past Mars present .
.1

.1
4 1
~~~~~~~~~ _ _ _ _ _ _ __ _ _ _ _ _ _ _
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L
[ Assuming Pluto was once in orbit around Neptune , it is advantageous

to know some of the particulars of that orbit. Through photometric

t. stud ies it is possible to determine the rotational period of pluto with

• - great accuracy, 5 If we assume that none of Pluto’s rotational energy

was lost tn any escape then this period should give an approxiamate

value for Pluto’s period of revolution. Because the mass differential

between Neptune and Pluto is so great it is reasonable to assume that

- it rotated once in every revolution about Neptune much the smae as our

- - Moon does around Earth , always keeping the same side towards the Earth .

Knowing this period , P, Kepler’s Third Law can be used to compute an

orbital radius from Neptune, a,

3 _ 
G L M + m ) ~~ 2a

This value is a — 3.8 x io8 
m, The present a for Neptune ’s other massive

moon , Triton, is 3.5 x io8 a. It is then conceivable that a near collision

between the two resulted in reversing Triton’s motion and ejecting Pluto

• from orbit. See Figure 12. The research carried out here does not

[ concern itself with the actual collision that produced the escape but

only the result of such an escape and whether it was possible for such an

escape to evolve into a 3/2 resonance with Neptune .

A wide range of initial escapes were tried. The results were obtained

first from a Neptune centered system in which rotation around the Sun

[ was added, (See program NEPTUNE in Appendix II) This introduces a

small coriolis term in additon to the Sun’s ~ravity into the force

{ equations, At some point far enough away to avoid scaling problems the

coordinates and velocities of Pluto were transformed to the Sun centered

- reference frame and allowed to continue iR its orbit around the Sun,

i i 
- -~ -—-- - - -~~~ ~~~~~~~~~~ - ~~~
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I (See program CONV2 in Appendix IV for conversion factors). By scaling

I problems we mean tha t if Pluto’s position is transformed into the Sun

system too soon its position will be lost in the significant figures that

I the computer can handle. Therefore, care must be taken to allow Pluto

to travel far enough away from Neptune so that there is a significant

I separation between the two in our scaled solar system.

I The results indi cat, that Pluto will indeed escape if given even a

sI seable fraction of the necessary escape speed , A resonance between

I Pluto and Neptune will be fo rmed in a majority of the cases, These range

from an unstable 8/7 to a very stable 4/3- resonance , See Appendix I for

II a discussion of relative orbital stability.

The 3/2 resonance will be establiahed it a close interaction between

I Pluto and Triton leaves Pluto with near escape speed heading in a direction

I that is 1.3° to 190 inwards towards Neptune as measured from the tangent

to the oriwina l circular orbit. Pluto , given these conditions immediately

I starte to exhibit the characteristics of resonant oscillation and stability 
I 

-

mentioned before.

I First , since the escape must take place in Neptune ’s orbit the escape

I point is both the node, the point of oonjunction)and near the perihelion

of Pluto’s new orbit. It was shown that if the conjunction occurs any —

I where other than the the aphelion the resonance will begin to oscillate

about the aphelion. Fbr the case shown in Figure 13 it can be seen that

I the resonance is ini tially a 3/2 resonance. The oscilla tions are very

I apparent . Because they start near the perihelion the amplitude is large.

Figures 13, 14. and 15 show the period from esca pe at t 0 out tO 135

I orbits of Neptune . It can been seen that the oscillations are slightly

I
• 1

—4 A_4
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I damped and pluto at perihelion does not quite returr . to the node , Thus,

it least for a short period the resonance is stable.

One of the primary characteristics of an orbital resonance discussed

I is the fact that once a resonance is established all traces of any initial J
I 

conditionS are lost . Integrating a resonance backwards and fo rwards in

time will not produce any change In the overall orbital oonfiguration.

1 A test of the .scape formed Neptune—Pluto 3/2 resonance would be to inte-

grit, from a point back towards the moment of escape . If the two planets

continue to orbit the Sun in resonance past the time of escape then it

vii]. strongly suggest that a resonance has successfully been formed and

I will show that no information as to a resonances initial conditions can

be derived from that resonance. This process is shown in Figures 16,

17, t ’~, and 19 which show integrations from a point 1.20 orbits after

the escape back to a point -60 orbits before the esca pe, Oomparing

these with Figures 13 through 1.5 we see that the resonance pattern evolves

when integrating fo rward in time and then when we reverse the process

we can never return to the escape. This strongly suggests that at least

tn itia ’ly Pluto can escape from Neptune , enter a 3/2 resonance which

I oscillates about the aphelion and contains no information concerning

its initial conditions.

:1 - - The orbital chars eterl sties of Pluto after escape are interesting

-I also. The orbital inclination was taken to be defined as 17° . The

eccentricity varies slig)*1~ wi th each orbit under the perturbations

I but just from the escape conditions necessary to produce the resonance

the orbi t has an eccentrici ty of e - 0.?4. The compares with the measured

I value of e — 0,249. The period and the semi-major axis are governed by

I
1 

_
- -  
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48 1 ,

Kepler ’s Third Law and wit h the conditions necessa ry for resonance we I
arriv, at values for period and semi-major axis tha t are close to the

pre.rn~t measured values, Sec Figure 20.

Thus it is possible for Pluto to escape from Neptune and go into I
a rseomaa-~ osbtt with Neptune considering only the Sun, Neptune and 

-

Pluto. Ci- -’en the proper initial conditions that resonance will be a. 1
3/2 typ. and will have most of the characteristics that are measured

today.

The next step is to add in the other planets in the outer solar

Systea in order to determine what effect they have on the stability of

the resonance and its evolution into its modern configuration. j )
-j
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Effects pf Uranus on the 3/2 Resonance I
By integrating the motion of Pluto under the influence of the Sun, 1

with Neptune as the only perturbing fbrce, we have seen that a 3/2 res-

onence is at least possible. Due, however, to the large amplitud e of j
the oscillations end the proximity of the perihelion and the point of

conjunction to the orbita l node the resonance lasts only a few complete

oscillations before it is perturbed into a slightly different non-res-

onant orbit. Figure 21 shows this sort of perturbation. Something 
- -

is needed to stablize the resonant oscillations,

The Sun, Neptune and Pluto are a rather crude approxiamation of 
- 

-

the outer solar system . Upon cloe~ examination Uranus, the next planet

inward from Neptune, is very close to being in a 2/1 resonance with -

Neptune and consequently would be in a 3/1 resonance with Pluto, Adding —

Uranus to the model solar system has an immediate ly visible effect on j -

the evolution of the resonance. Whereas before, Pluto’s conjunction

with Neptune oscillated nearly 1.800 with very little damping , now with

Uranus present the amplitude of the oscillations slowly decreases, This

Oat’~ be seen by comparing Figure 22 with Figure 15. The “turr -around”

point of the oscillations is clearly displaced away from the node on

the x—axis. The stable point is on the y-axis representing the aphelion

conjunction. Thus the 3/1 resonance between Pluto and Uranus has the -

coibined effect of damping the oscillations so that the resonance begins

to take on some of its present day characteristics and in doing so Uranus

prevents Pluto from ever coming close enough to Neptune to be perturbed

-~
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out of the orbital resonance, This is the situation today when Pluto

never comes closer than i6 A. U, to Neptune .6 We now have an escape

I formed 3/2 resonance which is independent of the initial start that is

sta ble with Uranus and Neptune for approxiamately 1340 orbits of Neptune

or the equivalent of 225,000 years. After that the resonance begins

J to show signs of decay and the amplitude of the oscillations increases

until Pluto is perturbed out of the resonance, I.ong term perturbations

II appear to be needed to give the orbit additional stability.

- I

L

5-

F

L

1 1
11 _____________________ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _- I



r 
r ~~—-,.-- ~~ ~~~~~ 

— — - 
-

5’

-I
v i
t

Lona Term ~ff•ots of Saturr and J u~tter

I~ven a very simple look at the solar system suffi ces to reveal that -

the major Sanstituents axe the Sun and Jupiter . Thus, in any study in-

volving perturbet~ons among the planets we must includ e the influence

of Jup iter and Satarn, Altho ugh J upiter and Saturn are a muoh greater 
-

dist ance from the Pluto—Ne ptune system they mor e than make up for this -

with their large masses, Because of the ir shorter periods of revolution

their infl uence is mainly over a longer period , This I s  exactly what
- - is needed to add to the stability of the resonance . 

-

The fi rst noticeable effect of the presence of Jupiter and Saturn 
-~

is that Jup iter with it. .xtres.l.y larg. mass can, if positioned correctly, - -
perturb Pluto out of the reso nance . This occurs only during the ini tial

stages of the reso nanse formation. If Neptune end Ju piter ar e in conjunc-

tion at a time when Pluto is also near conjunction and periheli on passage -

the combined perturbing forces are enough to perturb Pluto out of the

resonance . Jupiter must be positioned so that it will not be in such

a position until th. resonance has had a chance to shift enough to

prevent Pluto from appro aching closely to Neptune. If Jupiter is placed

so that after Pluto’s escape from the influence of Neptune, Jupiter and - 
-

Pluto are in conjunction when Pluto is at or reasonably near its greatest

distance relative to Neptune, then Jupiter will not perturb the resonance

and the long term perturbations due to Saturn and Jupiter can be fully .

evaluated, 
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I J 1 ~With the addition of Jupiter and Saturn we now have a complete

computer model of the outer moI~.r system and a very good approxiamation

of the entire solar system due to the small relative masses of the inner

1 terrestrial planets. We can now study the evolution of the Pluto -

Neptune resonance in detail.

I It was found that if the esca pe of Pluto occurs in such a manner

L 
that when Pluto is initially at its farthest relative distance from

Neptune it is near conjunction with Jupiter then a stable 3/2 resonance

I can develop . Pluto’s new orbit has an eccentricity roughly equal to

- 0.2k. The resonance oscillates with a very large amplitude about the

aphelion conjunction point . This pattern was found to be constant for

nea rly 7000 orbits of Neptune which is the equivalent of 1,176,000 years.

I There are no signs that the resonance can be perturbed out of this con-

figuration. l’he oscillations have been damped enough so that they no 
- -

longer come near Neptune. In addition, as was mentioned before, reversing

the integration produces no changes in the resonance . Thus, with all

the planets present we are able to fo rm a true resonance betWeen Pluto

ii and Neptune .

[ One addltj one-l f eature of the resonance was identtfted as a result

of long term integrations. ~xamin ing the velocity in the z-dtrection

at the moment of perihelion passage enables us to locate the perihelion.

At escape the perihelion s-velocity was near its maximum value indicating

that the perihelion lay near the node between Pluto’s and Neptune’s

orbits. As the integrations progressed the s-velocity at periheli on

decreased to zero and then began to increase in the negative direction .

[1 This indicated tha t the perihelion was pr ecessing away from the node

0
U
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I
and up away f~om -the plane of the .cliptic. Current studies ham. shown I
that the perihelion oscillates with a period of four million -years about

a ~~~~ 9~O ai~y fro. the o~b1tal im~e. Upon marrying -o~1t ~the integration I
to slightly -ooer ese million years me found -that the perihelion was

circulating i,net..d of oscillating. Thee. hem. been -studio. that ehow

an circulating perihelion -but they do not Include Jupi ter and Saturn

In thou analysis of the Pluto.4ptwie system. ~he fact that the peri-

helion circulates rather than oscillates does ~not invalidate the other [1
results. It is certainly possible that continued integrations or more

refined calculations of the perturbations due to Jupiter and Saturn might 
-

chang. the circulating perihelion to its present -oscillating form. Bon. million years is a long time on man’s Oc]ae but a mere flicker - -

astronomically. I
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I
~~nolusions

~t has been shown that it is possible that if Pluto -and Triton had

a aloe. -encount er ;rssulting in Pluto -!atta.tning escape velocity -directed

approxlamately 17° i-award -iron its previous orbit then a stable 3/2
- 

- 
oscUlating rea~~nse ~wtll esolva. -Pluto - will orbit the Sun in an orbit

that ha-s all the characteristics of its present day orbit. The resonance

has been found to be stable for over one miflior years with no evidence
~to suggest that it will not continue to remain stable . Pluto ’s perihelio n

was foi~~ to circu late rather than oscillate but this is explai*le as - 

~

-a ~~~ult -of the perturbations from Jupiter and Saturn.

The -objection may ari se that we have placed too many restrictions 1
on ihe solution and that the solution may have been forced . This ignore s

the fact that any resonance in Itself is a special case and a 3/2 resonance

is -a special case of that. Many Initial conditions were found that allowed

Pluto to escape and orbit the Sun -without enteri ng a 3/2 resonance . But

Pluto is in a 3/2 resonance today so we had to look for the particular

oondit ions that gave us a 3/2 resonance .

This -project was carried out for the purpose of deter mining whether

It was ~ossible for Pluto to have escaped from Neptune and evolve into

3/2 resonance , Such a poaslblity was found and in doing so we have

eliminated the majo r objection to the moon hypothe *s as to Pluto ’s origin . - j
That objection was that since Neptu n. and Pluto are in resonance they

would never come close enough to one another for Pluto to have been a

moon, We have shown that an escape will produce a resonance and once the

~1

1
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resonance Is established all the information regarding the initial start

I Is lost . The evolution of the resonance keeps Pluto and Neptune separated

I and has all the modern characteristics that have been observed in the

system.

L
-

I

~~~~~1..

: 1-

_ _ _ _ _ _ _ _ _ _ _ _ _ _



~ _ _ _
~~ -.•~

,--,--!- • .  — ---- 
~~~

- .—  -

~~~~~~~~~~~~~~~~ A~~I~~ - ~ - 
-

62 1

1. S. 7. Peale, “Orbital Resonances in the Solar System”, ~Iwm& I ~ -RSvffi of AstrOmome and Aitr onhysias, Vol. 14, 1976, Annual Reviews, Inc.. -

p. 215.

2. liske v.P. Smith and E.z~~ th C. Jacobs , Int~oduotorv A4tronoa y - -

sM~Astro~hvsio*. W. B. Saunders G~mpany, Philadelphia, PA., 19~~, p. I i i .  -

3. J. C. Williams and C. S. Benson, “Resonances in the Neptune- I
Pluto System”, The Astronomical Journal. Volume 76, No. 2, March, 1971,
p. 167. 1

4. Williams, p. 171. ‘~~ 

- 
—

5. Smith, p. 183. 3
6. Williams, p. 172. H

7. Williams, p. 171. 1 —

8. Williams, p. 175. -• -

- I -

I

ii ~ 

-

~

I

i i :

_ _ _ _ _ _  - - ~~



— ___________ - - - — 
~~~~~~~~~~~~~~~~~~~~~ - —

• - I ’t ’v!efl * S~~~~,~~&e,-- - ~~~~~~~~~~~~~~~~~~~~~~ ‘SIfl_ __~~_. ._ -

1.
63

~ibliograph1

Peale, S. J. “Orbital Resonances in the Solar System”, Annual Review of
Antronosy and Astrophysics. Y~l. 14, 1976. Annual Reviewe, Inc .

Smith , Elske v.P. and Jacobs , Kenneth C. Int roductory Astronomy and
Astrophysics. WB , Saunders (~oapany, Philadelphia, PA. 1973,

Williams, J. G. and Benson, C. S. “Resonances in the Neptune—Pluto

I System”, The Astrono mical Journal, Volume 76, No. 2. March, 1971,

C

H

I

I

F
- -II •



‘ - ‘‘~~‘~~r 
~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 

— - 
~~~~~~~~~~ ~~~~~~~~~~~~~~ •~~ -—

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ —— ~~~~~~~~~~~ ~~
- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

64

Appendix l I
~~~e~tJ~ç4 fpr ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~

On. of the Interestin g side results of this investigation has been

the discovery that certain resonances are more stable against perturbations

in the oscillati ons than others, This also has a definite bearing on the

total number of resonant combinations that can exist. We defined a j
resonance as any system where the periods of the bodies were the ratio

of two small whole num bers. Taking this to be any number less than ten .~1
and eliminating multiples and so—called mirror resonanoes~ that is, a 1
3/1 resonance is the same as a 1/3 resonance except viewed from the per—

turbing planet Instead of from the perturbed planet as usual, we are

still left with 27 different combi nations .

While each resonance is stable in its non—oscillating form i if it

is perturbed or is oscillating a majo rity of these patterns get perturbed - ;

into another orbit, A possible explanation for this can be found by

going back to the basic mechanism that maintains a resonance, the oscill—

atlons of the conjunction point. These oscillations show up as small

variations in the relative period of the outer planet relative to the

Inner. !br a 3/2 resonance the period between perihelion passages is

1.50 orbits. Similarly, for a 4/3 the period Is 1.33 and for an 8/7

the pe~’Iod is 1.14, or in general the period Is just the numertoal value

~ I of the resonance ratio , The oscillations slow or speed up these periods~

typical ly for a 3/2 resonance the values raiwe from 1.47 to 1.53. Right

away we see that a resonance must have a certain amount of “ room” to

oscillate in for It to be distInguishable as an oscillating resonance.

If there was another resonance within the range of the c sctllations there

1.1
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would be some sort of interference between the two .

I This is the situation for an 8/7 resonance, It Is stable in the

I non-oscillating case but it it oscillates It interference with the 9/8

at 1.13 on the low side and the 7/6 at 1.17 on the high side. In addition,

I the 8/7 resonance has a loop that falls near the perturbing planet so

that any movement brIngs this loop and thus the planet closer to the

I ~~rturb.r and consequently increases the disruptive force of the planet .

i The amount of relative “ room” between resonances can be seen if we plot

the relative periods on a number line and then look for gaps in which

I a resonance could oscillate, As it turns out the gaps occur around the

resonances 3/2, 5/3, 4/3, 2/1, 3/1, 5/2, and slightly less stable ones

I around 5/4, 7/3, and 8/3 reso nances. These are the same resonances that

we see throughout the solar system. Virtually none of the other re sonances

are found.

I Looking for the relative amount of “room” around a reso nance is

only a convenient way of finding resonances . There is more likely 
I 

-

I a basic explanation of the re sonances but is interestin g that this

method works at a]l,

I
I
I
I

I
_________
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Appendix II I

Computer Program - NEPTUNE

I
The following computer program is a mode]. of the Neptune satellite

system while it ie orbiting the Sun. It was used to study the initial I
escape of Pluto from orbit around Neptune. The program is made up of - -

four partst a force function definitio n section , an initiali zation of -

variables section, an integration section usIng a Runge—Icutta numerical -t -
Integration scheme , and fl naily, an output section, - -

~~1 

- , -
.1 -

~~

.1 
-

-- I
4 1 H

ii 
-

• 1
I 

-

i__i

ii ~- 
—

4.;

J I
-i
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~~~~~~~~~~~~
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~~~

--
~~~~~~

-

6?

— 
~l E P T U ~1E

2~-~~E~! T I E  FOL LO ~ I 1(  S TA T EME F ’I TS SET UP OUTPUT FIL ES -;
2 1 F 1 L E  f l: ” Y V X ”  ‘Y  ~~ X
~-2~’I L F .  ~f r 2:  ‘X V T ”  ‘X VS I
23 F I L E - ’~3: ”3 !) ”
2 5 S C R A T C I ‘11
2 6 S C H A T C ! I  ~2
~7 SCRA T C ;U .’3

:‘~ 
— I L L R E  -1 T HE FOLLO41U~ STATEME’~TS !\Rc . A C C E L E R A T I O N S

-
~~~ 

1U 5 L E T  P1~~12.56~~37t~~ 11+ Le
I lL L E T  P2 ~~3 9 . i4 7 7 ~SL L~ 4
12~~[)~ E F t 4 A ( A , fl , C ,~) , E )

~ :1 
I I2 1LET I ’~ A~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

122 L E T  F!JA r A _ P ? * A * ( A * A + ~~* 3 ) ~~(_ 1 . 5) + t . . L 5 7 7 3 E_ 7 * (A + l l 9 S 3 . 7 5 5 )
123 L E T  A~~F~1A+.~~~133t.~~735 C
12 Z 4 _
1 - 9 F : I F . N i
13~ D EE F:~B ( A , R , C , D , E )
13 1  L~~T } J _ ’ 7 ) ~~(~• 1~~ * f l * (  ( A + 1  1 .75c )~’?+9 !~)~~( — 1  . 5 )_ P 2 * n * (A * A + ;~*~~) ’ ( .  -

1 ~2 L E r  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 39F’ ! E~~i) 

-

1t.L~ .)EE t IC( .A ,~3 ,C ,I),E )
l t .1 L~.T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1L.~ L r -i~~ T H E ~ 114 (1
1L4 3 L h~F Q 1~~A — i — (  l_ ~) ) * ( C O S ( 5 . 2 ~~3 1S5 ’~O7*T~~) _ l  )
1 1414 L1. T - ) - _ ‘3— ( 1_ i ) ) * S I~i (6 . 2 B3 1~~53t 7*T .~)

H 1 146 L~~I ~C~~EUC_ P2 * 1* E* ( Q 1 ”2+O2~ 2+E~’2Y ’ (_ 1 .5 )
i t.- ) ~ JF1 1)

- - — 199 ’
~~~~~ -1 l I E  FO LLO 4l~iG AR E. 1NI r IAL iz i:-i c STEPS
2 L 1 P ~~U~F ” I i P U T  R A T I O  OF P E RTL .J R B I W G  TO PRIMARY M A S S .  IF THE RE IS MO”

— 2t ’ 2 P R I - J T ” P~~RTURfl ING MASS , FJPIJT ~~~
“

~ i ~-i P Ui Ii
U ~~~~~~~~~~~~~~~~ ~~, 1 EO~ iO~ — RO T ’~TI~J~ OR ROTAT I NG C OD c D INAT ES ”

2t ’1I~~PUT i)

�t~9Pi~ I ~iT ”  I U P U T  U h I r I A L  X , V X ”
~ iL1~JPUT X ,U
~‘15P~~I T f ’ t M P u - r  I N I T I A L  Y , VY ” —

~2L ’ 1’JP ur Y ,v
22 ’  Pifl ~iT “lt;P:ir I N I T I  A L Z , V Z”

- 
I~ — 

~~3 i :i~ u’r z ,w
t P I~ 1 ‘- i f ”  1 N P I J I  STAR T I r4 ~ TIME , I ’N D r I M ~ , 1, ST EP’S ,O!JTPUTSTEP I !~IT Es~VA ~ “23L-l~- JP ) f TL’ ,T 1 ,14 ,I-J 1

~~) L  ~r (‘ri- -r~~/~2 14 ’) LI - ST I~~~~~~(X +Y~~7+Z ’ 2)
2Y L E I  f 2 _ ( 1 ’ k * A T t I ( Y / X ) ) / 3 . 1 1~159
‘t s ’( 11 X > L  l ’I E t -J 25~2~e d L E T  T2~ T2+ 18~2 ’.~ P U 1 I J T  $ 3: X , “

~~~
“

~~ 
Y , “ , “ , Z j

25
~~

P R l N T  1 P 2 :  T~’,X

1’~ 
:.~j~y 7~ O 2 5 :3~~~~~~~~~~~~~
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~11~0M 00?! ttt~asi~~ 10 DD.U .~~~~~--- JEP - ru ME (c o~iti~iu- -’ j ’ 4

L.L~~ ’ H F — 1  ~U E  E o L L ’ 4~~~’- J ;  -
~T~~-’’~ 

r-)~~RFO~ M T !F :  1 l H ; ~~14T T ~
)
~14t 1 F~~R I _ 1 i L )

t 4 t . ’~ ) H~~~ 1 < i ~‘)E S .~1 F~ 
‘~~~, K2 ~Iii V , K 3 ~ 1’! V , ‘‘14 4 1 r l  ~~~~~ ‘ I IT I  -‘ , <~~~1Tr 7

L, i ~. E T  K1~~’I* F ~~A ( X , Y , V ,~~, Z )
14 151ET ~~~~~~~~~~~~~~~~~~~
14 1 ( L~ ~~

[‘ ‘r~ ~i * ~T ( ‘~ , 
V - fl ‘4 —

1 4 ’~ L El K
F <~t~~H - ‘

L t ~.L ‘~~~ ~~~~~ 
—

14 ~C L i ~T ~J 1~~H+ K 1/ . )
!4 ‘ ) L  -.1 \ J 1 _ V ÷ -~~/ ,
‘4 ~ ( L ~-~T ~-4 1 + K ’ ~/ ’ ’ —
:~:,~-j ~. F  X l~~\ -s- ~~~~~

~4~4 ) L L . T  Y~~: Y ÷  !i/ ( t

5 4 7  L ~
‘- I- — ~+ ‘.L) /~ 

—
+ ‘~~~~; ~ r ~~. ‘

~~~~‘ + ‘< I 1::
14 5L. E F V2~~V + ( ~~/ ,~
LI~ ) 7  i - I  ~~~~+ Y) / 8  —

4 ’
~) L L  El X2 ~~X +~< ~~/ . ‘

- : 14~~) ) L  ~T Y2~~y +~~4/ :  - —

( LET Z:~~Z+K~~/J147~~L E T  K 1 4 E — \ ( X ~~, Y~~, V~~, D ,~~~’4 ~
- -

~4 / ~~L E ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~
1477 L E t  K~~~ I * V  ~C ( ” ~. - ~ , Y? , 1~’ , fl , -Y’)
‘-+~~c L . E T  ~~~~~~~~
~~~~ ET :K14~~l * v2  - - -

t ,~~.(  L E T  ~~~~~~i? —

14~~L’ L E f U1 J1 +~~1/~
~
4

~~j 5 L  Er V~ ~~~~~~~~1 4 ) /  L~-. t fl ~
‘ 1 + K ’ ~/~

-- ‘ t ~~~ ~T ~~~~~~~~~~-A ~L H L E T  Y 1~~Y 1 + ’ < 14/~5u (  L t ~T 7.1 -~1+ K r / ~ —

~~~~~~ UH~- I - s - ’ 1/ .
~,1~, L E T  v :~~v+~ ;~/:’L, 17  L Er  •- I . ~-..< /:: —

2L’ L~ .T \~~.\+<3/’~I)~ 5LJ~ Y2~~Y -.- ( ’~’:’
5~ 7 L f- .f ~~~~~~~

53~’L~~T ~ 1 I - ’~1k (~~:, Y:’ , v2 , r~, :’ 7’)

‘
~ ~7 L E r  ~~~~~~~~~~~~~~~~ -‘-

_
‘)

U ~ 14L ’ L~.f Kj ~~I *I J ~-
5 -’-,5L ~T ~k~~’I ’V .
5 1 4 (  L ~ f L ~~ ‘1 ~~~5 5 t ’ LEr  i~~U 1+ K 1/ ~
5Y ~~L E f  V1 I i+ - ”/~
~5! L E T  -~:~ — -n -~.~’,/ -~
5’t L’ L~~T X 1~~Y 1 + ’~~/~

1)

— 15 ‘~.4 Y 7~3
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L’ 

NEPTUIE. (corttinu.I~d )

5~5LE r Y 1_ Y 1 +K L s/3
557 LET Z 1~. Z 1+ K 6 / 3

IT’ 
1,7L ’LE T U2. U+K1
57 5LET V 2~ V+K2
~ (7 L E T  ~:~ w+K 5

[ 
5~ L’ LET X~~ X +~(3
5~ 5LET Y2~ Y+K14

— 5~~7 L E T  Z2~~2+! ’J~59L ’L E T  K 1 . t ’ E N A ( X 2 , Y2 , ’J? , D , 7 .2)I 5 9 5 L E T  K2~ ’I ’F ~f l 1 ( X 2 , Y2 , U2 , D , Z2 )
S 52 7 L E T  K5 I’F:-~C(X2 ,y2 ,’~2,’~,z2)5LL ’LE T !(3~ f I ~~J i 2 

—

r ‘L5 L ET t ’ Le . .~ j * V 2  
—I’-. S L (  LET K~~~I~~1~

“lL ’LET U .U1+~~1/5!~1 5LET V~.V 1+X2/S
317 L E t  d~~n + K ~ /6
~2~’LL T X~~(1+K3/~S2 SL Er  Y . Y 1 + K L ~/5

-Ih b2 7 L E T  Z . Z 1+ K 5 / ~— 

~ 3L ’ L E T  TL’~~Tt~’+I5351E I N T ( I / ~: 1 ) — ( I / M 1 ) < ~~ ’ THEM (65
~14t’ L E T  R~ S Q R (  2+Y 2+Z ~~2)

U ‘i141 LET T2~~( 1 ’~L’ ’ A T M ( Y / X ) ) / 3 . 1 t e 1 ’~g - -
-

ô142 1~’ X > t ~ Tt IEU 645

LI 
1 ) 14 3 L E T  T T - + 1~~ ’

- ( 5 ~~~I~~T ‘ i l : X , Y
6 5 L P~~I:J T -‘/2 :T L ’ ,X
~55 P~~I:I ‘ 3 : X ; ” ,” ; Y ; ” ,” ;7

- - II ) ‘7 L’ I E ‘(1 ~1 1 t4 t ’P~ 1 1  F ” F I ~I A L  TI l E ~ ; Ii’
1 1 ~+ 5 P U I  ‘~~ ‘F I IAL ‘ < -  “ ; X ; “ VX ~ “ ; U
11 14 7 PNI~hr ”~~1~I A L Y~.” ; Y ; ”VY~ ” ;V
115~. P~ I~Ir “FIIAL Z~ ” ;Z ; ” VZ~ ” ;’4 —
~~L’ L’ L X E S E t  ~ 1aL’1L~R~~ ET .‘~~~~

~~‘3t’ R E$ EF I ’ 3
9L~ - L- P R I U r

Li-

El-

11

15 lAY 1~ ~~ :2~~:~~6
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70 I
Appendix III I -

Computer Program - WNGZUSJ

1
The following program is the complete model of the oute r solar

syste m ebatalning all the plants from Jupiter outwards , The program 1
can be run in both a Cartesian fixed coord inate frame or in a rotating

relative coordinate fra me , The na me LONCZUSJ Is derived from the fact

that the program was designed to study the 3/2 Pluto - Neptune resonance I
over long time scales and while doing so would print out the L— posltlon

and i—velocIty of Pluto each time Pluto was at perihelIon so that we j
could study the precession of the perihelion, In addition , the program

contains the planets uranus , Saturn , and Jupiter , Each plane t is defined

by its position In s-pace in each of the three coordinates using only

three line s in the program. For ezample, Sat5rn ’s position is computed

by lines 293~204, ~QiI-394 , end 493-494, Saturn’s perturbatIon on Pluto 
-

Is then computed and processed at each step of the Runge—kutta Integration

sequence with Is almost Identical to that In the program NEPTUNE. j

~ J r

-

- 3
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1~
) ~~~~tI~~~I,1

Ww~ J
L 

— 1 D11 P( 1L ’L )
- 3  2 SETDI C, 1TS 7

2~ LET P7~ 35.1t.S57O’.7
1~~~’RE M T UE FOLLO~4INr, StA T EMENTS SET UP OUTPUT FILES
lh’ FILE ‘t l :”I’IITIAI 2”
1 2k’ F I L E  $2: ” D A T A 3 ”
13C ~‘ILE f13: ” X V X l ”
135F1LE44 i :”X yV ’
114 t’’

— 15~’HE 4 TUE FOLLO~ IMO STATEMENTS AR E. P~CCF.’L ER ttTIC)MS — -

16k’ LET P 3~~.6 37~ 6
I7L’ LET P 12.’~214~~1

4 l fk  LET P5~~s.36~~ E— -~
-: 185 LET P9~~.172923~19~’LET P1~~12.5 171~~1l~. 

-:

I ,~~~ 195 LET P .31 k~ 95~~ 7 _ I

- 
2~~’ L E r  P2~ 39.47~ 14176 ’Z~
2L2 LET P(1~~)~~~7.2?~)65

— 2~.) 5 LET PS~ 2.S5~ E—t.

I - 2~ 7 L E T  P ( 1 1 )~~’).5k7qE,~ E— t.
2 W D E F  FMA (A ,~1,C ,r),E) 

—

22L ’LE ’T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
23L ’ l~’ ’ -i~~.’ T HF. ’h 3L’L’

Ii 2 1 4 L ’L E T - )1~~A— 1— ( 1_r))*(cos(~~.2~ 3~ q5 ~Y7’Tc)—1 )2 ’5~’L E T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~L- L~ r ~~A_ f ’NA_ P2*Q1*M* (Q1~ 2+~)2~ 2+F. 2) (_1.5)

(1 2 1~) L~ T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~28.. i E f Q _p3.~ ju( (pi,_D*o •2~ 3iq53 (~7)*Tc)
2’).. L E T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~29 3 L~~T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~!9t .  L E T  ‘)F~~~_ p 6*5p~( C P 7 —D 6 .2 131°~~11’i) T~’)
L.~9’ LI•. F ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .5)

i i  296 L E T ~7~ A— P95 (COS ((P( ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~297 LET  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ 1? l .72~ 5) 
—

2’~-’~ L E T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

31~’r ) Et ~~t ( A ,I~,C ,U,F )  
—

3 L~~i.ET iI P25(T)~ (A 2+’~”2+F.~ 2)~~(— 1 .5))~~R— P15C0I)33~’iE -1~ L’ THEN 14~ C~
3k~’LET Q 1~~A — 1 — ( 1 — D ) ’ ( C O S ( 6 . 2 ~ 31B53C ’70T ~~) — 1)

- 35 1.)LEF Q2~ B_ (1_D)*SIN (f~.2R31~ S3O7*T(.~)36uL E.T FIt EU P2*Q2 4*( ,) 1*2.o)2*�+~~~2 ) A (_ 1  .5)
1’ . 37~~~ LET ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

3 -S t., L E l  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-

- I 39..’ L It F~I FcI FI_P2 *P5*(9 2,r)14~ 2+F*?)*(_1.5)
-~~ 3 i - - ... 393  L ET  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I 39’s L E T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- ‘- 39’~LET ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

396 L E t  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —

o v r l

— 1L’ :I ) q :2I .~
1 a as oaaan a — s ea s  a _ _ a _ s  — San a us — as — as
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~Is ?A~J~I~ DDQ .—.—
- - 

~~~~~~~~~ ~W! —

IOEZt~~!continuect )

398 LET F :F 3_P2*O8*P(11)*(O7~ 2+Q8 2+~~ 2)~~(_1.5)

141t’ DEE FNC(A ,!~,C ,I),E)
~.2L ’ LE t FNC~ — P 2 ’ E 4 ( A ~ 2+~~’2+E ’2Y ’ (— 1 . 5)
14 3(~’ IF :-i~ c T !IF.U 5~ C
414L’ L E T  Q 1~~A _ 1 _ ( 1 _ D ) * ( C O S Y .~~~~ 1 . R 5 1 O 7 *T C ) _ 1)

- 
- 45~ L E T 2~~~— (  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—

‘ +~~~..‘ LEl ’ FNC~ EN C_ t -*~~*E* (~)1 +‘) ?+I-.-~~r(~~1 ~)

~7t. L E T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~t.’~..’ L E T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

14h- L E T  C~~~~c_ P E* *( r ) 3 +~~t.~~~+E~~~r ( _ 1 .5) 1
~~~ L~~r ~ )~~A _ i ) * ( C ( ( P 7_ ~) * ( 4 .2 1R 5 ~~ 7) * r t . ) ) )  I
4 4 4 1~ L E T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~ 

) -~ L. :-.T E~ C~~E ’ I C — P ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 4 4  L. r,.T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~ 9 1  L E T  ~~ ~~~~~~~~~~~~~~~~~~~~ 1~~5~~ 7)*T~ -1~~~.?2~ c)14 9 8 LET E’IC r F C_ P E * p ( 1 1 ) * ( - ’ 1, 7+ r)9 ~~~? + F ”F ~~) ” ( _ 1 .~~~ )

5~~..’ E N E I I D
51~~’ —

52~’ RE M LIE FOLLO~’I’h; A R F INITIA L IZIN~ ST EPS
53~ PRINT ”INPUT RA T I~1 ~~ P Tt I~

t
~T ’ I~ TO ?RI’~A RY  MA ~ S. iF THER E IS “-~Y’

~~~ P11NT” PFRT ’ ’ R” 1  ‘II _ - lAS ~ , ~ ‘!P~IT C”
)5L’ lNPUT M
5~ LlPR I~!T ’t l~~PUT c , 1 4~’Q~? NON— R OTATT ’ I ’~ OR R O T 4 T T M~ COOPfl I~~AT ES”  —
5 7 L 1 ’ J P U T  D
5~ C P R l N t ”  PIPUT I’t l.T IA L X , V X ”

- 59~~iMPUT X , ’ —l
~....URI NT” I U P I T  1 h i T 1  A L Y , V Y ”
61L ’l~~P~ T Y ,V

: -
~~~‘ P Ri  U t  “ i ’I  P U t  I ‘I 1TI AL 7. , V7.” —

‘~~~ ..‘ 1MPIIT 7., -!
f~’t..’P~~I UT” 1UPUT ~T A R T I  ‘J 1 r i -IE , E~ D TIME , ~ STE PS ,O’JTP ’ IT ~ T EP T ‘ IT ER~

T -~L “
‘) ‘I~J P ~If  rC ,T1 ,I,- I1 

—

~~~~ FT ! ! . .  C r  1—Tt ’ ) I ’!
67i’ PRi~IT~4’

~• X U
‘~-~St. PR PJT$2:Y ,V *

f~~..- ~R l ’ -ir~’2 : Z , -~!
7~~..’’
7 1CRP’I r’~E F OL L O - ’~I ‘ !-

~ ST~’~~S P~~ EO’?M rUE INTE GRATI ON
72L’ FOR 1~~1 10 ‘I

(3..-R E ~i < 1 ~O ES - 1  F ’! U , ‘~‘2 JI T I  V , 1(3 ‘~ITH “ , 1(14 WIT H V , ‘<c ‘~‘1T’I -~ ,‘<c ~TT ’-~ T -

714L’LET K1~UI~ F’!A ( X , Y , ‘1 , ‘4 ,2) —
75..’L ET ~2~~1~ FUR (X ,Y ,U ,D,7.)
7~~~~~~

’ L E T  ~<5~~1*F ’C (X ,Y ,W ,n ,7)
7 TL’LET !(3~ ’I*U 

-~~

7- ~L - L E T  K 14~..!*V
7 - . .  L E T  ~~ . : I *  -:
8e~.’ L ’ -.T U1~~U+< 1/’  —

~1 t . L E T  V 1~~V +~~~/ ’~
~ LET ‘d I

‘-

15 IA ?  73 • 1 C: 1 2 :~~7 I
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W~~ZI$J ( c o n t i i u e t )

83 CLE T X 1~~X +1 ( 3/ 6
3 14C ’LE T YhY+Kl./6
85o LET Z1~~Z+K6/F~ - —

36L’LET U2 .IJ+1 (1/2
87o L -E T  V2~ V + K 2 /2  

—

3 8..’ LET U2 : d + ( 5/ 2
39eLET X2~.X+1(3/2

* ~C L LET Y 2. Y + K 1 4 / 2
91L LET Z2~ Z + K6/2
92OLE T 1 (1~ ’1’FI IA(X2 ,Y2 ,V 2 ,D ,Z2)
93OLET K2:!I5FU3 (X2,Y2 ,U2 , D ,Z 2)
914C LET ~(5~ U * F U C ( X 2 , Y2 ,~J2 , D , Z2 )

r 95t .~L~~T (3~.}1~ U2 ‘

95L ’LET Kk ~ U ’V2 - -
* 970 LET :(6~ II* d2

9 3..’LET U 1~~U1+K 1 /3
[ 99L’LET V1~~V 1+K2/3

1C L’0 LET W1:W1+K5/3
— 1 0 1 L L E T  X 1~.X 1+ K 3/ 3  -

~~~ 
-

r 1L -2CLET Y 1.Y1 + 1 (14 /3
1~~3o L E T  Z 1 - ~.Z 1+K 6/ 3
I C 1 4 L - L ET U 2 . U + 1( 1/ 2  -

~~~

r 1CSOLLT V2.V+K2/2
1L’6L’ LET 42~’g+1(5/2
1..7CLET X2~.X+K3/2 —

- 1LBL ’LET Y 2. Y + ( 1 4 / 2
J .  109e L E T Z 2 . Z + 1 ( 5/ 2

I1....~L E T  K 1~ H~ F NA (X2 ,Y2 ,V2 ,D,7.2) -
~~~

1 11L’L ETK2~ H~ F~\IB(X2 ,Y2 ,U2 ,D,Z2)
112C’ LET K5~UI”FNC(X2 ,Y2 ,W2 ,D,Z2)

1. -. 11 3OLET K3 d I ’t 1 2
11L eOLE T K 14~~H 5 V 2

r 1 15..’ LET L6~~t I* ,42

1— 1IGOL ET U 1.U 1+~(1/3 
—

117CLET V1~ V 1+K2/3
113..’ LET ~1~.W1+K5/3r-. 119 ..LET X 1~ X1+K3/3
12 L’O L E T Y 1~~Y 1 + K 1 4 / 3
121.. LET Z 1~~Z 1+~

(6/3

E~ 
12�..’LET IJ2~~J+K I
123..L ET V .V + K 2
1214C L ET  42~~i I+K5
I2 5~’LEr X2.X+K3

L 
126..’LET Y2 .Y + 1(~.12 7o LET Z2 .Z+ K6
I28CLET ( 1- I I 5 F N A (X 2 ,Y2 ,V2 ,D ,22)r 129~ LET K2~ ’I’FMfl (X2,Y2 ,U2 ,D,Z2)

I. 1 3L’L’ LET 1(5 I * F N C ( X 2 , Y2 , tJ2 , D , 7.~~)1 3 1C L E r  sC3~ II~ U2
1 32t.~LET K~~ U~ V2

15 M AY 18 
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QUImT! ?MCTI~~

LI I
,~I* ~~~ j~~~ s~~~ TO ~D~Q - 1

w~~z’~ J (c o n t i n u e d) I
-‘

H3..’ L E T  K6~.’I’~4�l j 1 4 C L t T  U~~U1+ 1( 1/
1 . .1 L T  V~ V 1+~< ?/’~1 Y,.. L-~.T 4~~~1+K5/ ’~137..’L.ET X.X1 +K 3/’~
13~ t.LET Y~.Y 1+1(14/6 —.

1390 LE r z~ zl+ :~~/~
1 14..’~..L ET TC~~T L+! !
1 141. .’ L E T  S (~~’2÷Y~’2+ Y’2)
i L ~U .~ L E T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~1142 9 IF I~~T ( 1/ ’~ 1 ) — ( L / ’ M  )~~0 T T I ~~ 11432
114~~.. ~;o TO 11414 0 —‘ —

1 - 4 3 1  L E T  T~~ TI’+14C
1 43 2 P R I : ~Ti ’ 14 : x ; ” , ” ;Y
1’~’~..- IF S~~i ( X * ’~+Y~~Y ) > 1  T ! ~~N 1?V ~i’ —

1 1414 1 L ’ .T T14~~T..1 1414~’ L E T  Z 14~~7
11414 3 L E T  114~~ —
11414 1+ L E T  K~SQR (X*X+Y*Y )
1 ? 4 145 IF’ T14>T5+.~’3 THEN 1145?
114146 IF K<L. T i E r 114tY~ 

- -

11414 7 L ET  O?~ D2+1 -

1 414~ iF 02>.- ? T UE’~ 114~ 0
1-144 9 P R i U r ’~~:T5 ; ” “ ; L ; ” “ ; Z 5 ; ” “ ; i ’ ~ —
1145L ’ L E T  T5~~T5 +1 . 14
i’~~i c o  -r~) 114(0
14~ ? L E T L~~111453 LET D2~ ..’
1 14514 LET  T5~~T4
1455  ~

() TO 14 (~0 —
1L e5~ L E T  L~~11457 LE ’r T5~~T’;
i45~3 LET 7.5~ 7’ + —
1145 1 LE.T ~~~~~1146c IEXT I
11470 P~~lt4T f l ? : ” Fi9AL TIM~ “ ;TO
14R..’ PRINT I’3 :To
114~~C PRI’ hT ~ , :X , I i
150C PR INT 41 2 : ”Fi~!P.L X~ “ ;~~;“V ’~~ “ ;U
1’ 1 0  PR1’ !t i?~~:Y ,V
1S2L -  PRI UT ~ 2: ”~’ lNA L V~ ” ;Y ; ” V V ~ ” ;V -~~~

153..’ P R I  ~IT !‘2 “ F T ’ - I A L  
~
‘ _ “ ; 7. ; ” ~~~~~ ; ‘4 _

~ J15L +~’ PR1 !- I T ?~3 : Z , -~’
1550~ RI Nr -

156~’EN !) 3

- 
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Ii Appendix IV

Coa~uter Pro&ram - CONV2

The pro gram CONV2 was used to convert the positions and velocities

- 

of Pluto in each of the three coordinates that were obtained in the

Neptune frame (See pragram I~ PTUNE in Appendix II) into positions and

velocities in the Sun center solar syste m, These initial conditio ns

• were given in both the rotating and non—rotating coordinate systems .

[
Ii

1~I
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1 
7 6 1

—

CO”JV2

5 A
~

t.’ 
— j

10 PRiNT “lMPU~ X , VX , Y , VY , T”
2e iNPUT X ,V 1 ,Y ,V2 ,T
30 L E T  O~ T * ( 6 . 6 7 3 3 6 2 9 E _ 1 4)
35 L E T ~~~~~~~~~~~~~~~~~~~~~
141’ LET X 1~~(X*3.755ER/14.14999E12+1)*COS (O)_Y*STrh (O) —
50 LET Y 1~~(X~ 3.755ER/14.4999E12+1)*SIU (O)+Y*COS (O)
60 LET V1~ V 1~~.78~ 1455782— 5 8 3 18530R*S1141 (O)
70 LET ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
7 1 LET V3~ V i*COS(O)_V2*STH (O)
72 L E T  V14:V1*SP4 (O)+V2*COS(O)
73 LET X~ X1 —

75 LET Y~ Y1
76 LET V 1~~V3

t 77 V2 = V L s
9o B~~.2995731’33
lOt) Y~ Y * C O S ( U )
111’ V2 .V2 1C C) S( 13 ) .. 

- 

-

121’ Z -~Y 5 S I N ( R )
13..’ V 3~ V 2 * S i i ( R )
191 P R i N T  “ N O N — R O T A T I N G ”
192 PR iNT “X ~~” ; X ; ”VX ~~” ;V 1
193 P R I N T  “Y ~~” ; Y ; ” V Y ~~” ;V2
19 14 P R I N T  “Z~~” ; Z ; ” VZ ~~” , V3
195 L E T  A :A+1
195 IF A~~2 T H E N  999
2~:~’ V 1:V1+6.28318530~ *Y
210 V 2 :V 2 _ 6 . 2 8 3 1 85 3 C 4 8 * X
2 15 P R I N t  “ R O T A T I N G ”
216 ~O TO 192 —

999 E Th D

— I
— I
—

—
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-
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$5 KEY WONOS (C.nlMu. on ,.v.,.. •id. 55 n.c..a 7 end Sd.nlSty by blocS ns .b.t)

L Pluto (Planet) 
~Neptune (Planet)

Orbital motion —.

r ~ Frequenc ies of oscillating system.
I. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ of the 3/2 resonanom.
r 

between the planets of Pluto and Neptune and try to determine whether &e Lt)
I. possible for Pluto to have escaped from Neptune and became his moon .

The writer uses numerical integration and computer programs to eetab-

I 
lish that the Neptune and Pluto are in resonance , consequently they would
never come close enough to one another for Pluto to ~~~~~~~~~ a moon .

In conclusion : the writer has ~l1minated the major objection to the
moon hypothesis as to Pluto’s origin.i1.J’
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