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Abstract

Ordbital resonances are widespread throughout the solar system, They

appear mainly between the satellites of the Jovian planets, but aleo
are found among the planets themselves as in the case of the 3/2 res-
onance between Pluto and Neptune, This project undertook to examine
the conditions out of which a resonance could be established.

Of particular interest was the 3/2 resonance of Pluto and Neptune,

This resonance has been firmly established by a number of researchers,

This project also relates to the hypothesis that Pluto might have origin-

ated as a moon of Neptune that escaped and entered an orbit independent
of Neptune, The last major objection to this is that Neptune and Pluto
never Gome close to one another since they are in resonance, The lack
of a close encounter between Pluto and Neptune is due to the resonance
and not a consequence of it, Through the use of numerical integration
this paper establishes that it is possible that 1f Pluto escaped from
Neptune then it could go into an orbit and a resonance very similar

to that which exists today, Once that resonance is established it is
impossible to regain the initial conditions due to the fact that a

resonance is self-perpetuating, The integrations were carried out for

a time equal to over one million years in a model solar system containing

all the planets from Jupiter outwards, This paper removes that last
major objection to the hypothesis that Pluto may have originated as a

moon of Neptune,

An additional result was the development of a system for identifying

resonances through the use of a rotating coordinate system,
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introduction and Proposal

Throughout the solar syatem there are many examples of orbital
resonance, An orbital resonance is defined as any system in which two
or more satellites are orbiting a primary such that the ratio of thgir
periods is a ratio of smali whole numbers, Periods of this type ar,
said to be commensurate and the resonance is referred to as a oom‘-ur-
ability. When discussing satellites and primaries included also are the
motions of the planets around the Sun,

One of the best examples of a simple two satellite resonance exists
between two moons of Saturn, Titan and Hyperion., Here a large massive
moon, Titan, moves in a nearly circular orbit, Hyperion, however, is
smaller and moves in an orbit of large eccentricity, This system has
been studied extensively and it has been found that the ratio of the
periods is equal to 4/3, That is, if ny and n, are the periods of Titan
and Hyperion, respectively, then the relation lmt - 3n2 = 0 is satisfied
to a very high degree, It has also been determined that the point of
conjunction or the point of closest approach between the moons oscillates
about the apocenter of the orbit of Hyperion with a maximum amplitude of
36° and a period of approxiamately 2 yu.z-s.1 In adiition to these
oacillations the line of apsides ahout which the oscillations occur
precesses in a retrograde sense, opnosite to the motion of the bodies,
at a rate of adout 19° per year, This is also a result of the resonance
of the orbits,

P o




The Titan-Hyperion resonance is a classic example of a large category
of orbital resonances termed large eccentricity resonances, The mechanism

for thie resonance is relatively simple, Suppose that a primary has two

satellites in ordbit around it, If theé moons, m and m,, are such that

11»' , and they are in coplanar orbits such that m is in an inner

eircular orbit and m, is in an outer eccentric orbit then the situation
shown in Figure 1 exists, If initially conjunction occurs at point A
then shortly before conjunction the two moons are in positions labeled
#1, The gravitational force between them can be rosdlvod into two com-
ponents, one normal inwards towards the primary and one tangential,
opposite to the motion of mye Similar forces act on my but are negligible
due to the large mass of m, in comparison with L The net effect of
these forces is to remove angsular momentum from the small moon., Once

past conjunction there exists a time when the satellites are in position

#2 such that 91 = 62. Here alsc the force has a normal and a tangential
component, After conjunction, however, the tangential component adds
angular momentum to the smaller satellite, Since, at point A the orbits
are diverging, the distance between my and m, is greater at point #2
than it was at point #1, Therefore the force is less and the tangential

component does not add back as much angular momentum as was lost before

conjunction, The net overall effect after one cycle is that m, loses
angular momentum, To stay in orbit it must speed up., If the orbits
aré commensurate then the next time conjunction occurs it will be at
som¥ point slightly advanced along the orbit,

The situation is reversed if the conjunction occurs at B, Now the

additive tangential component dominates and the smaller moon gains
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angular momentum therefore slowing down, The successive conjunctions
will be displaced back towards the line of apsides, If conjunction
occurs on the line of apsides then the net effect of the components can-
cel and the conjunction point is stable, We therefore see that the
resonance keeps the orbits stable and that the point of conjunction tends
to oscillate about the apocenter, The other end of the line of apsides,
the pericenter, is also an equilibrium point but it is an unstable
equilibrium, Any deviation away from this point causes the system to
begin to oscillate about the apocenter, The oscillations help preserve
the commensurability of the system,

This is exactly the situation of Titan and Hyperion., They are in
commensurate orbits and show an oscillation of the conjunction about the
apocenter of 36° over a 2 year period. Also present in the Titan-Hyperion
system is the retrocrade motion of the line of apsides, This can be
explained with large eccentricity resonances also.

In a system in which the point of conjunction is oscillating it
will at some time fall on the apocenter. The force is now directed
invards the primary exclusiwély. This force tends to pull the outer
moon in tewaxds the primary and it can be thought of as having traveled
on an orbit slightly inside the unperturbed orbit, Extending this orbdbit
around we find that m, will reach its closest point of approach slightly
sooner than it would have otherwise, It appears then that the line of
apsides has rotated in a direction opposite to that of the satellite
motion or thus in a retrograde manner, This is exactly the case in the
Titan-Hyperion resomance, The retrograde motion completely dominates

any other pro~rnde motions and the line of apsides rotates approxiamately
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19° per year,

The Titan-Hyperion case is only one example of many systems that
exhibit these resonance phenomenon, Resonances have been detected between
most of the moons of the outer planet, in the rings of Saturn, within
the asteroid belt, and even among the planets themselves,

Of primary interest to this report are the orbits of the planets
Pluto and Neptune, There are a great many facets about the orbits
which point out that some kind of resonance exists between the two.

The first factor is that the orbital periods are approxiamately commen-
surate in a ratio of 3 to 2, This leads us to suspect a 3/2 resonance,

In addition, this resonance is of the large eccentricity type. The

system has all the correct initial conditions; the mass of Neptune is

on the order of 100 times greater than that of Pluto, satisfying the
.1x>.b condition, Pluto's orbital eccentricity is the largest of the
planets; so large that Pluto®s orbit crosses inside of Neptune's orbit,
Neptune, on the other hand, has one of the smallest eccentricities putting
it in essentially a circular orbit, The system has all the necessary
conditions for a large eccentricity resonance,

If we look at the Pluto-Neptune system today we see the same effects
that are present in the Titan-Hyperion system that characterize an orbital
resonance, Conjunctions between the two planets oscillate about the
apocenter with the apocenter as the stable equilibrium point. Also the
line of apsides of Pluto precesses in a retrograde motion, All of these
similarities vith the TitanaHyperion system have led us to believe that
today Pluto and Neptune exist in a 3/2 large eccentricity resonance,

In addition to the features mentioned above, Pluto exhibits a thind
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phenomenon possibly caused by the commensurability, This is that the
resonance appears to keep the conjunctions near 90° from the mutual
orbital nodes, This eliminates the possibllity of a close encounter
or collision between Neptune and Pluto,

The major question that arises is: how did this resonance get started?
One theory is that Pluto is an escaped moon of Neptune, There are many
factors that seem to make this at least possible, The first is that
the orbit of Pluto comes close to and actually inside that of Neptune,

A second fact is that the mass of Pluto is low enough for it to be a
moon of Neptune, In fact, the mass of Pluto is of the same order of
magnitude as one of Neptune's current moons, Triton.

If we theorize that Pluto was at one time in orbit around Neptune
then, due to the tidal effects between the two, we expect Pluto's rot-
ation to have slowed to the point where it would have a period of
rotation equal to its period of rewolution about Neptune. In other
words, Pluto would always keep:the same side towards Neptune much as
our ewn Moon does with respect to the RKarth, After ejection from orbit
Pluto might keep the same veriod of rotation., Indeed measured values
for the period are very close to what we would expect for a large satellite
of Noptqno. approxiamately 5.5 x 105 seconds, If we use Kepler's Third
Law which relates the period to the distance from the primary to compute
a value for an orbital radius around Neptune we obtain 3.8 x 108 meters,
Thie is very close to the orbital radius of Neptune's moon, T¥itemw,

A third plece of evidence that Pluto might have ewolved out of the
Neptune system of moons is that 1t appears that the inclination of Pluto's

orbit to the -goliptie (approxiamately 17°) is about the same inclination
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as the orbits of Neptune's moons, Pluto's larye inclination, as con- .‘
trasted with that of the other planets which have inclinations of at |
most 3.5° (Venus - 3.390). makes this seem more tnan a coincidence,
The last and possibly most conclusive piece of evidence in favor
of Pluto being an escaped moon of Neptune is the irregular structure of
the orbits of Neptune's present moons, Neptune has two moons: Triton,
which is slightly smaller than Pluto, and Nereid, which resembles a
stray asteroid, The irregularity is that Triton, althouxh in a nearly
circular orbit, rewolves in a retrograde manner, This in itself is not

tco unusual but then we notice that Triton is the only massive satellite

in the solar system to exhibit this retrograde motions all the sther
satellites with retrograde motion are small enoush to be captured asteroids,
If we assume that Triton and Neptune were created a2t the same time.(

which is not unreasonable, then something must have happened to cause
Tritéen to turn around in its orbit, That something is thought to be

£ If at one time Pluto and Triton

a close or near collision with Pluto,
were both in orbit around Neptune then the situation exists whereby the
two could have an interaction which boosted Pluto's speed so it could
escape from Neptune and go into orbit around the sSun on its own, A
corollary to this is the fact that Pluto resembles a noon, small and
icy, more than it resembles the gas giants of Jupiter, Saturn, Uranus,
and Neptune which populate the outer solar system,

However, one difficulty results in this theory. If Pluto did
originate as a moon of Neptune we would expect that Pluto and Neptune

would ocasidmally come close to each other due to the cyclical nature

of the orbits, They do not! In fact the orbits of Pluto and Neptune
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never do actually intersect and the planets never get close to one -
another, an observation which has been used against the Neptune-moon
hypothesis for the origin of Pluto. The reason behind this may be due
to the establishment of a resonance.

The resonance between Neptune and Pluto has been established
through numerical integrations and orbital observations to be stable
in a 3/2 ccmmensurability.3 Therefore, if the present situation is
taken and integrated both backward énd forward in time the orbits will
not change significantly because the system is locked into the resonance,
The problem is that, under resonant conditions, integrating backwards
will never bring us to the initial conditions of the escape that set
up the resonance., The analogy may be made to the case of an object
falling through the atmosphere with terminal velocitys observation of
the final state provides no information about the intial conditionms.
Bbweverif we start with the moment of 2scape and integrate forward in
time, then it might be determined what conditions are necessary for the

establishment of the present 3/2 resonance, Such is the intent of this

paper,
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In order to integrate, over time, the position and velocity of
spatial bodies, we must first have a coordinate system for a reference,
The simplest and easiest to work with is a Cartesian reference frane
centered on the Sun, This is illustrated in Figure 2, The point (x,y,s)
represents the position of Pluto at some time t, The acceleration due

to the Sun is written as:

2
& - - 2
G = Universal
> Gravitational
H e (1) constant
t XCHye+g '

M = Naas of Sun

In this form the equations are relatively easy to work with, Per-
turbations due to Neptune and the other planeta are added with the add-
ition of aimilar terms of the same form except that the distancea of
the perturbing planet relative to Pluto are substituted for x, y, and
s and the perturbing planets mass is substituted for the Sun's mass,
However, the interpretation of the results is difficult if we are looking
for changes in one orbit relative to another, It would bde bdeneficial
Af we could fix one rlanet and obhserve only Pluto's motion relative to
it,

This can be done using a rotating coordinate frame fixed with
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respect to Neptune as shown in Figure 3, A second set of axes (A,B)

rotates with the ancular speed equal to Neptune's; thus Neptune always

stays fixed on the x-axisy It is now possible to observe only the motion

b |
!
3 3

el e N

of Pluto relative to Neptune,

The transformation from the fixed coordinates is accomplished as -

k2
[ St ]

follows:

I
We want to transform Hqs.(1) from the fixed (X,Y,2Z) coordiaate axis A

i S PRI SO R 05,43

to the rotating (A,B,2) frame, After a time t the axee will have rotated : 1

[Er—

through an angle wt where w 1s the angular velocity, The coordinates .

e it

(ayb) in frame (A,3) can be reduced to (x,y) in (X,Y) by, from Fig, 3. ']

x = a cos(wt) - b sin(wt)

A U s 45

2 y = a sin(wt) + b cos(wt) (2) ‘ é
} To transform Bq. (1) we also need X and ¥, Differentiating Eq. (2) :
i we get ) i1
x = a cos(wt) - wa sin(wt) = 3 sin(wt) = wb cos(wt) (3a) {
X ='a cos(wt) - wa sin(wt) - wa sin(wt) - w?a cos(wt) (ke)
-b sin(wt) - wb cos(wt) - wb cos(wt) + w2b sin(wt), ;
Similarly

—

y = a sin(wt) + wa cos(wt) + b cos(wt) = wb sin(wt) (3v) 4
y =32 sin(wt) + wa cos(wt) + wa cos(wt) - vl sin(wt) (4v) ;
+b cos(wt) = wb sin(wt) - wb sin(wt) - w2b cos(wt), U i

Combining terms in Eqs, (4a) and (4b) we obtain:Equations (5a) and (5b)

L

X = a cos(wt) - b sin(wt) - 2w(a sin(wt) + beos(wt)) - w2(acos(wt) -bsin(wt)) .
¥ = 2 sin(wt) + b cos(wt) +2w(acos(wt) - bsin(wt)) - w2(asin(wt) + boos(wt))

Substituting Eqs, (5a) and (5b) with (2) into (1) and noticing that

1 5'202=2,andx2+y2+zz-a2+b2+22 | 19
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acos(wt) = bsin(wt) -2w(asin(wt)+beos(wt))-wl(acos(wt)=-bsin(wt))

- -(954. )3/2 (acos(wt) - bsin(wt))
a Z
and

asin(wt) + l.;eos(wt) +2w(acos(wt)-bsin(wt)) -wz(asin(wt)+bcoa(wt))

- -(EM-o-b —; )3/2 (asin(wt) + bsin(wt)).

These are Eqs, (6a) and (6b),

To =2implify these we will leave out the z term as the z coordinate trans-
forms unéhu'cod. We now use a mathematical trick of multiplying the first
by cos(wt) and the second by sin(wt) and then adding the two, Letting

s = sin(wt) and ¢ = cos(wt)s

ac? -bec -2w(asc + Be?) - wl(ac® - bsc) = - -(;7-2"‘773/2 (ac® - bse)

as? +bsc +2w(asc - bs?) - wo(as? + bsc) = - z;z—f_igzp/z (as® + bsc)

2

Adding and using s2 + ¢ = sin?(wt) + cos?(wt) = 1

2 - 2ub - wla = -(;2'%)'3/2 (a) « (7a)
Performing a similar operation again; only multiplying the first by
sin(wt) and the second by cos(wt) and then subtractins the two, After

expvanding and collecting all terms we are left with:

D+ 2va = wlb = o i (b) (7b)
(az +?$3/2 b
Equations (7a) and (7b) can be written to give the accelerations

in the rotating (A,B) coordinate frame:

a-- z;%gpn/z (a) + Wa + 2wb (8a)

b -(‘%-Em/z (b) + wlb - 2wa (8b)
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The equations are what is expected in a rotating frame with the

first term the gravitational force, the second, the centrifugal force,
and the third, the coriolis term,

Now that the accelerations in (A,B) have been determined the position
and the velocity transformations must be worked out. The position
transformations have already been given in Eq, (2)

x = acos(wt) - bsin(wt)
y = asin(wt) + beos(wt) (2)

Writing this as a matrix equation we have:
x| cos(wt) -sin(wt) a
y sin(wt) coa(wt) b
Defining T as the transformation matrix such that
cos(wt) -sin(wt)
" T sin(wt) cos(wt)
Then to go from the non-rotating (X,Y) to the rotating (A,3), we need

only to invert the matrix and apoly it to (a,b)

i [cos(wt) sin(wt) J
T =

-sin(wt) cos(wt)

al gt [X cos(wt) sin(wt) x
[;] [;J " |-sin(wt) cos(wt) y

a = xcos(wt) + ysin(wt)
b = -xsin(wt) + ycos(wt) (9)

Thus,

or

To obtain the velocity transformations we go back to Eqs, (3a) and

(3b) which result in, after rearrangeine

e ——
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= acos(wt) - l.)sin(ut) - Wy
= asin(wt) + beos(wt) + wx (10)

e Xe

Eqs, (3) can also be written as:

X = (a - wb)eos(wt) - (b + wa)sin(wt) | 4
y = (a - wb)sin(wt) + (b-+ wa)cos(wt) . (11)

These two sets of equations give us the transformation matrix between

velocities in the two coordinate systems:

x - |cos(wt)  -sin(wt) a-wb
y sin(wt) cos(wt) bHwa

- 2 ]

Rewritting £q, (10), we obtain

X + Wy cos(wt)  -sin(wt)| |a
y - wx| ~ [sin(wt) cos(wt) 8

Inverting this gives: | 4

[ 3 fos(wt) sin(wt)] li(+ wy |
-l

and thus,

o-me

-sin(wt) cos(wt) .‘ -wa

[a] 1)‘t+wy l?
Tlgeos

Now we have a complete set of equations and coordinate transformations

or

between fixed (X,Y) coordinate frame and rotating (A,3) frame,

Summarizings
Non-rotating Rotating
. b G . 5 Ma b ] ° 1
X ( - a -(ﬁmz)j/z +WTa «2wb

¥ - - T B e -2 e 2
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Botating
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To transform from non-rotating to rotaing coordinates knowing

4
e

*oYoﬁtﬁo&oil -

a = xcos(wt) + ysin(wt) ]
b = -xsin(wt) +ycos(wt) "
-z 4
(x + wy)cos(wt) + (y = wx)sin(wt) {
~(x + wy)sin(wt) + (y - wx)cos(wt)
-g 4

Ne Te e 8

Similarly to go from rotating to non-rotating reference frames knowing f

a,b,2,3,b,21

x = acos(wt) - bsin(wt)
y = asin(wt) + bcos(wt)

z =3z i

x = (a - wb)cos(wt) - (b + wa)sin(wt) & ;
= (a - wb)sin(wt) + (b + wa)cos(wt)
- é P |

N <.

In the extreme case where wt=0, which will appear later when we _{
ﬁith to start on the x-axis, the transformations from the fixed to

rotating reduce tos i 3

( ] [ 3
a=x a=x+wy
b=y b= § - WX ;
z =2z z =z .
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Recognition of Resonances

By transforming to the rotating coordinate system three advantages
are gained, Firstly, the motion of one of the planets is eliminated
from the picture so that now only the motion of the perturbed planet
relative to the perturbing planet is observed, This is exactly what is
needed for a study of resonant motion. Secondly, by fixing one planet
the calculations become more accurate over long time periods because any
numerical integration of perturbations is now referenced to a fixedi

non=calculated point rather than to a moving calculated point, And

thirdly, by going to a rotaing coordinate system the graphical display of
the perturbed planet'’s motion provides an easy method for determining

the exact resonance or commensurability that the planets are in, Thus,
one of the first results obtained was the development of this technique

for identying resonant orbits,

In order to identify a resonant orbit it is necessary merely to
plot the motion of one planet relative to another in a rotating coordinate
frame, Such a plot is shown in Figure 4, Remembering that the interior
planet is always fixed 6n the positive x-axis it can be shown that the : #

loops are the verihelion passage of the outer planet, The number of

loops is characteristic of the particular orbital resonance, If the

resonance type (i.e, the ratio of the periods) is expressed as a fraction,

for example 3/2 or 4/3, the number of loops per complete pattern is the
denominator of the fraction or ratio. The relative orbital period Jk the

perturbing planet, indicated by the numerator of the fraction can be
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determined by observing how many orbits it takes for the pattern to
complete itself, Thus, if it takes 3 orbits to complete a two loop
pattern, a 3/2 resonance is present, This is the case in Figure 4,
An easier, although more time consuming method of' determining a pattern
is to plot the x coordinate of the motion versus time, The time
necessary to complete one cycle is the same as the time needed to com-
plete pattern,

By way of 1llustration the following are a number of different

resonant patterns with their x vs, t plots,

:

T S AR AU A AR i g P e



22

)

*u-

D

ot te-

ewely 83BUTPIOOC) BuT}eION UT SOUBUOSAY €/

“

bF1-

*VS @NOId

L3 B |

(XV}

fFu 30 ujed eaty

(29




4 = ] 3% 9397dwod ayofo 930N

23
u?

.oo:.w:owa.u €/t 203 301d I sA X °gS FUNOIJ

—

-

i Sh X

.........
b —— . P ] [

u?

8 ¥ £ L




p— - e o o) wow
we3shs 93BUTPIOO) BUTEI0Y UT sduURUOSeY (/S *V9 MNOIJ i
b
3 bl 2t @ L PEI- Ve
4 =~

\ /

oL A

\
e Ty
b

re

";-

~N \ i
umg

M % 30l y3ed oA aaﬁon_/IV// \ .y
5
P

(A |




T T T

25

'LI

°C = ] 3® 9397du0o0 uIralled

teouruOsay n\n % 103 j01d I sA X €9 FWNOI4

8" 2°C

nla

Y]

i

o

/,,/'1

W

DA

T T R RN SR S N R T e e




euely 93IBUTPIOO) BUTILION UT S0UBUOSSY /€ ‘W 2unoLd

r 3¢ 222 3674 96 "B~ 28 g~ e
Lo
»’

26

Y -

e

ST TSN

e

% Jo yyed fﬁﬂom,ll. - l\\ !

?—”\




)
b
£
&
£
&
e
g ~N
§
F
i
i
{

nJ

®oUBUOSaI [/ ® I0F I ‘=A ¥

1

\\-

"h-‘%"‘“‘ A IR .ﬁ TS,

e ———

e t

- . 2
el
e TR 2 AT A e

e AT O ST R TN e e Y

=1

*g/ FUNOLd -
it
I[‘.\‘..l\ln ‘Jj ﬂl'
Y, T I
5 o




|
ou
14 9jwuipIoo) !..«.au&oz Uy @ouwuOsSey 1/2  °vg TdNILd

28




£ »°2 2°1

29

_\\

-

I e I I R T S R S —




il ; o . - — " G i - " -

[E—— P ) [I—— ——— L —, ——

T gy e

: swely 93BUTPIOO) Bujjejoy U] PouUwuOsel /g V6 TNOLd <
P

T £t 1 2¢+°0 S T0- e - w..n....:
- -3
,ﬂ " “a 3o yjed aAj aﬂonl,]\
4

~p

-

"
|

s g
1
2

")
-
.-y

A e

o
b o e

PN TR I 1
"

Ty R TR sy T
PO R




T

31

T

(AY]

|

wn

°r
-

2oueuUOSaYy x&n ue 303 307d I °SA X

(Al
-

ol |
DAl

i -

w

nn

o

m_ K-
{
f\ s /
|
1SAX =

vd

)

DA




L. RO e S -
R TR T 0 Wt BT CAT 10 208 S48, 2 W ey s o

32

All the patterns shown are in their stable non-oscillating config-
urations, In an actual oscillating resonant display the only difference
is that the looped pattern itself oscillates anout a point, The ampli-
tude of these oscillations is directly related to the amplitude of the
actual conjunction oscillations, Figure 10 shows this for an oscillating
3/2 resonance, Note that the point of stable equilibrium lies on the
positive y-axis, This corresponds to the aphelion of the outer eccentric
orbit,

A third feature of a stable resonant pattern is seen when a three
dimensional picture of the resonance pattern between inclined orbits
such as those that exist between Pluto and Neptune is produced. Since
the perihelion lies in the positive z region of space the loops also
will be in the positive z region of space, This is apparent in Figure 11,
Conversely when the perihelion lies at the node the loops degenerate
into curves that only appear as loops in the x-y projection, The three
dimensional pictures shown here were generated using the Evans-Sutherland
Picture System in conjunction with the PDP-11 computer and plotted on
a XYnetics flatbed plotter, The two dimensional plots were obtaimed

using the Tektronix 4051 “smart" graphics terminals,
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Conditions for Initial Formation of a 3/2 Resonance

The present configuration of the Pluto-Neptune resonance is a 3/2

T P e ey

commensurability oscillating about a stable equilibrium point with a

period of 20,000 years or about 115 orbits of Neptune, In addition,

e
. ]

there are a number of slower oscillations, the most noteworthy of which

L

is a 4 million year or 24,000 orbit oscillation of the argument of the
perihelion.a The goal then is a formation process starting with Pluto
escaping from Neptune and eventually reaching something close to the
present configuration cited above, This is done through the use of

several computer programs to numerically integrate the positions of

the planets of long time periods.

The computer programs used to perform the integrations were all
written in BASIC and performed on the U.S. Naval Academy's Dartmouth
Time-Sharing System (DTSS), Listings of all programs used are given

in Appendices II-'I¥., The programs were designed for versatility and

———— p— ——— e P ] - ey
3 ] ' i , i ' i . i . '

ease of adaption to new factors. The programs consist of four main

Sty
v
’ '

parts, First, an input section where variables initialized. Second,
the gravitational force of the Sun and any perturbing planets are laid
out in the x, y, and z directions, The third and main body of the pro=~
grams consists of a fourth order Rd&e-xutta numerical integration scheme
where the forces derived in the second section are evaluated at each

of the four steps and from this new positions and velocities of Pluto

are computed, The fourth and last section is made up of various output




E@ .

statements for the tabulation of the results,

Using this type of program it became extremely easy to add or subtract

additional planets from the general model. Each planet appears as an

additional perturbation to the planet's motion, Proceeding in this

g e e

manner the planets could be added one by one and the influence each had

on the developing resonance could be studied, In the end the entire

[ T ]

outer gplay system was modeled,

e e

e v
™

To overcome any oroblem in dealing with the large distances con-

POS——

cerned the entire solar system was scaled so that one unit of distance

became the Sun-Neptune distance; one unit of mass is equal to a solar

[a——

massy and one unit of time was taken as Neptune®s period of rewolution

about the Sun, In this scaled version of the solar system, Newton's

gravitational constant, G, is equal to 4p2; the orbital speed of Neptune

is 2n; and thus the positions and velocities of the other planets must |

be scaled accordingly. i
The one problem that develops:when we scale the solar system to

Neptune®’s level is that the period of the revolutionmf Jupiter and Saturn i

are so much shorter than Neptune's that during one integration step

Jupiter and Saturn move a falr distance along their orbits, On the

other hand if we made the step size smaller to 1limit the distance Jupiter

moves then the run times for the program exceeds practical limits, A
trade-off must be made, It seems that a step sigze of 0.01 orbits of
Neptune is the best, At this rate it takes 12,8 seconds of CPU (central
processor time) to complete one orbit of neptune, 168 years, in the

model solar system with all the planets past Mars present,
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Assuming Pluto was once in orbit around Neptune, it is advantageous
to know some of the particulars of that orbit. Through photometric
studies it is possible to determine the rotational period of pluto with
great accuracy.5 If we assume that none of Pluto's rotational energy
was lost in any escape then this period should give an approxiamate
value for Pluto's period of rewvolution, Because the mass differential
between Neptune and Pluto is so great it is reasonable to assume that
it rotated once in every revolution about Neptune much the smae as our
Moon does around Earth, always keeping the same side towards the Earth,
Knowing this period, P, Kepler®'s Third Law can be used to compute an

orbital radius from Neptune, a,

R

This value is a = 3,8 x 108 m, The present a for Neptune's other massive
moon, Triton, is 3.5 x 108 m, It is then conceivable that a near collision
between the two resulted in reversing Triton's motion and ejecting Pluto
from orbit, See Figure 12, The research carried out here does not
concern itself with the actual collision that produced the escape but
only the result of such an escape and whether it was possible for such an
escape to evolve into a 3/2 resonance with Neptune,

A wide range of initial escapes were tried., The results were obtained
first from a Neptune centered system in which rotation around the Sun
was added, (See program NEPTUNE in Appendix II) This introduces a
small coriolis term in additon to the Sun's eravity into the force
equations, At some point far enough away to aveid scaling problems the

coordinates and velocities of Pluto were transformed to the Sun centered

reference frame and allowed to continue im its orbit around the Sunm.




el Lt it o E
i
o

AT U TS PR A TS 71 A /1 Mg 1L ey e R A B R AR AR T T

A A R 4 w5

] ‘UOITAL Y3} TM uOjjORISIUT U®
ySnoxyz sunjdsN punoxe 37qI0 WOIF
adeose 8,03nTd JO yjzed Jupmoys wexderq °27 MNOIJ
prenut popesy poeds adeose y3fa 37 JujAwe]
UO3TLL Y3 UOTIOBISIUT 9SOTO S¥Y OINTd
eunydey aunjdey
0} aAjjeTax adeoss
Jo yyed s,oanyy
. LA
/. wns
| odwose
axojeq 37qI0
8,0nTd




- v —— - . i A S N S AR S Tt S T SN < T e

39
(See program CONV2 in Appendix IV for conversion factors), By scaling
problems we mean that if Pluto's position is transformed into the Sun

system too soon its position will be lost in the significant figures that

the computer can handle, Therefore, care must be taken to allow Pluto
to travel far enough away from Neptune so that there is a significant

separation between the two in our scaled solar systenm,

The results indicate that Pluto will indeed escape if given even a
sigzeable fraction of the necessary escape speed, A resonance between
Pluto and Neptune will be formed in a majority of the cases, These range
from an unstable 8/7 to a very stable4/3 resonance, See Appendix I for
a discussion of relative orbital stability.

The 3/2 resonance will be established if a close interaction between \
Pluto and Triton leaves Pluto with near escape speed heading in a direction
that is 139 to 199 inwards towards Neptune as measured from the tangent
to the orisinal circular orbit., Pluto, given these conditions immediately

starts to exhibit the characteristics of resonant oscillation and stability

mentioned before,

First, since the escape must take place in Neptune's orbit the escape
point is both the node, the point of conjunction and near the perihelion 1
of Pluto's new orbit, It was shown that if the conjunction occurs any- I
where other than the the aphelion the resonance will begin to oscillate
about the aphelion, For the case shown in Figure 13 it can be seen that “
the resonance is initially a 3/2 resonance, The oscillations are very ﬂ
apparent, Because they start near the perihelion the amplitude is large,
Mgures 13, 14, and 15 show the period from escape at t = 0 out to 135

orbits of Neptune, It can been seen that the oscillations are slightly
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damped and pluto at perihelion does not quite returr to the node, Thus,
at least for a short period the resonance is stable.

One of the primary characteristics of an orbital resonance discussed
is the fact that once a resonance is established all traces of any initial
conditions are lost, Integrating a resonance backwards and forwards in
time will not produce any change in the overall orbital configuration,

A test of the escape formed Neptune-Pluto 3/2 resonance would be to inte-
grate from a point back towards the moment of escape, If the two planets
continue to orbit the Sun in resonance past the time of escape then it
will strongly suggest that a resonance has successfully been formed and
will show that no information as to a resonances initial conditlions can
be derived from that resonance, This process is shown in Figures 16,

17, 18, and 19 which show integrations from a point 120 orbits after

the escape back to a point -60 orbits before the escape, Comparing
these with Migures 13 through 15 we see that the resonance pattern evolves
when integrating forward in time and then when we reverse the process

we can never return to the escape, This strongly suggests that at least
initia'ly Pluto can escape from Neptune, enter a 3/2 resonance which
oscillates about the aphelion and contalns no information concerning

its initial conditlons.

The orbital characteristics of Pluto after escape are interesting
also, The orbital inclination was taken to be defined as 17°, The
eccentricity varies sligfly with each orbit under the perturbations
but just from the escape conditions necessary to produce the resonance
the orbit has an eccentricity of e = 0,24, The compares with the measured

value of e = 0,249, The period and the semi-major axis are governed by
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Kepler's Third Law and with the conditions necessary for resonance we

arrive at values for period and semi-major axis that are close to the
present measured values, See Figure 20,

Thus it ic possible for Pluto to escape from Neptune and go into
a resoman' orbit with Neptune considering only the Sun, Neptune and
Pluto, Gi‘en the proper initial conditions that resonance will be a
3/2 type and will have most of the characteristics that are measured
today,

The next step is to add in the other planets in the outer solar
system in order to determine what effect they have on the stability of

the resonance and its evolution into its modern configuration.
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ects of us on the 3/2 Resonance

By integrating the motion of Pluto under the influence of the Sun,
with Neptune as the only perturbing force, we have seen that a 3/2 res-
onance is at least possible, Due, however, to the large amplitude of
the oscillations and the proximity of the perihelion and the point of
conjunction to the orbital node the resonance lasts only a few complete
oscillations before it is perturbed into a slightly different non-res-
onant orbit, Figure 21 shows this sort of perturbation., Something
is needed to stablize the resonant oscillations,

The Sun, Neptune and Pluto are a rather crude approxiamation of
the outer solar system, Upon close examination Uranus, the next planet
inward from Neptune, is very close to being in a 2/1 resonance with
Neptune and consequently would be in a 3/1 resonance with Pluto, Adding
Uranus to the model solar system has an immediately visible effect on
the evolution of the resonance., Whereas before, Pluto's conjunction
with Neptune oscillated nearly 180° with very little damping, now with
Uranus present the amplitude of the oscillations slowly decreases, This
cafl be seen by comparing Figure 22 with Figure 15. The "turn-around"
point of the oscillations is clearly displaced away from the node on
the x-axis, The stable point is on the y-axis representing the aphelion
conjunction., Thus the 3/1 resonance between Pluto and Uranus has the
combined effect of damping the oscillations so that the resonance begins
to take on some of its present day characteristics and in doing so Uranus

prevents Pluto from ever coming close enough to Neptune to be perturbed
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out of the orbital resonance, This is the situation today when Pluto

never comes closer than 16 A,U., to Neptune.6 We now have an escape

formed 3/2 resonance which is independent of the initial start that is

i 1ok

stable with Uranus and Neptune for approxiamately 1340 orbits of Neptune

e 3 RN s A

or the equivalent of 225,000 years, After that the resonance begins
to show signs of decay and the amplitude of the oscillations increases
until Pluto is perturbed out of the resonance, lLong term perturbations

appear to be needed to give the orbit additional stability. |
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Even a very simple look at the solar system suffices to reveal that
the major tenstituents are the Sun and Jupiter, Thus, in any study in-
volving perturbations among the planets we must include the influence
of Jupiter and Saturn, Although Jupiter and Saturn are a much greater
distance from the Pluto-Neptune system they more than make up for this
with their large masses, Because of their shorter periods of revolution
their influence is mainly over a longer period, This is exactly what
is needed to add to the stability of the resonance,

The first noticeadble effect of the presence of Jupiter and Saturn

is that Jupiter with its extremely large mass can, if positioned correctly,

perturb Pluto out of the resonance, This occurs only during the initial

stages of the resonance formation., If Neptune and Jupiter are in conjunc-

tion at a time when Pluto is also near conjunction and perihelion passage
the combined perturbing forces are enough to perturd Pluto out of the
resonance, Jupiter must be positioned so that it will not be in such

a position until the resonance has had a chance to shift enough to
prevent Pluto from approaching closely to Neptune, If Jupiter is placed
so that after Pluto's escape from the influence of Neptune, Jupiter and
Pluto are in conjunction when Pluto is at or reasonably near its greatest
distance relative to Neptune, then Jupiter will not perturd the resonance
and the long term perturbations due to Saturn and Jupiter can be fully

evaluated,
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With the addition of Jupiter and Saturn we now have a complete
computer model of the outer solhr system and a very good approxiamation
of the entire solar system due to the small relative masses of the inner
terrestrial planets, We can now study the evolution of the Pluto-
Neptune resonance in detail,

It was found that if the escape of Pluto occurs in such a manner
that when Pluto is initlally at its farthest relative distance from
Neptune it is near conjunction with Jupiter then a stable 3/2 resonance
can develop. Pluto's new orbit has an eccentricity roughly equal to
0.24, The resonance oscillates with a very large amplitude about the
aphelion conjunction point, This pattern was found to be constant for
nearly 7000 orbits of Neptune which is the equivalent of 1,176,000 years,
There are no signs that the resonance can be perturbed out of this con-
figuration, The oscillations have been damped enough so that they no
longer come near Neptune., In addition, as was mentioned before, reversing
the integration produces no changes in the resonance. Thus, with all
the planets present we are able to form a true resonance between Pluto
and Neptune.

One additional feature of the resonance was identified as a result
of long term integrations., Examining the velocity in the z-direction
at the moment of perihelion passage enables us to locate the perihelion.
At eseape the perihelion z-velocity was near its maximum value indicating
that the perihelion lay near the node between Pluto's and Neptune's
orbits, As the integrations progressed the z-velocity at perihelion
decreased to zero and then began to increase in the negative direction,

This indicated that the perihelion was precessing away from the node
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and up away from the plane of the ecliptic, Current studies hawve shown

that the perihelion oscillates with 2 period of four million years about
?

a point 90° amay from the orbital mode.’ Upon earrying out the integration

to slightly ower ome million years we found that the perihelion was
circulating instead of oscillating. ‘Theve hawe been stuiies that show
an circulating perihbelion but they do not include Jupiter and Saturn

in their analysis of the Pluto-Neptune syateu.e The fact that the peri-
helion circulates rather than oscillates does not invalidate the other
results, It is certéimly possible that continued integrations or more
refined calculations of the perturbations due to Jupiter and Saturn might
change the circulating perihelion to its present oscillating form,

One million years is a long time on man's sclae but a mere flicker
astronomically.
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Conclusions

Xt °has been shown that it is possible that if Pluto and Triton had
a close .encounter ;rasulting in Pluto attaining -escape wvelocity directed
approxiamately 17° inward from its previous orbit then a stable 3/2
oscillating m%ln il :avolve, Pluto will orbit the Sun in an orbit
that has all the characteristics of its present day orbit., The resonance
has been found to be stable for over one millior years with no evidence
to suggest that it will not continue to remain stable, Pluto's perihelion
was found to circulate rather than oscillate but this is explaineple as
a vasult of the perturbations from Jupiter and Saturn,

The objectiori may arise that we have placed too many restrictions
on the solution and that tho solution may have been forced, This ignores
the fact that any resonance in itself is a special case and a 3/2 resonance
is a special case of that, Many initial conditions were found that allowed
Pluto to escape and orbit the Sun without entering a 3/2 resonance, But
Pluto is in a 3/2 resonance today so we had to look for the particular
conditions that gave us a 3/2 resonance,

This project was carried out for the purpose of determining whether
it was possible for Pluto to have escaped from Neptune and evolve into
3/2 resonance, Such a possiblity was found and in doing so we have
eliminated the major objection to the moon hypothests as to Pluto's origin,

That objection was that since Neptume and Pluto are in resonance they

would never come close enough to one another for Pluto to have been a

moon, We have shown that an escape will produce a resonance and once the
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resonance is established all the information regarding the initial start
is lost, The evolution of the resonance keeps Pluto and Neptune separated
and has all the modern characteristics that have been observed in the

system,
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Appendix I

Stabilities

One of the interesting side results of this investigation has been
the discovery that certain resonances are more stable against perturbations
in the oscillations than others, This also has a definite bearing on the
total number of resonant combinations that can exist, We defined a
resonance as any system where the periods of the bodies were the ratio
of two small whole numbers. Taking this to be any number less than ten
and eliminating multiples and so-called mirror resonances; that is, a
3/1 resonance is the same as a 1/3 resonance except viewed from the per-
turbing planet instead of from the perturbed planet as usual, we are
still left with 27 different combinations.

While each resonance is stable in its non-oscillating formg if it
is perturbed or is oscillating a majority of these patterns get perturbed
into another orbit., A possible explanation for this can be found by
going back to the basic mechanism that maintains a resonance, the oscill-
ations of the conjunction point. These oscillations show up as small
variations in the relative period of the outer planet relative to the
inner. For a 3/2 resonance the period between perihelion passages is
1.50 orbits, Similarly, for a 4/3 the period is 1.33 and for an 8/7
the period is 1.14, or in general the period is just the numerical value
“ of the resonance ratio, The oscillations slow or speed up these periodsg
typically for a 3/2 resonance the values range from 1.47 to 1,53, Right
away we see that a resonance must have a certain amount of "room" to
oscillate in for it to be distinguishable as an oscillating resonance.

If there was another resonance within the range of the oscillations there

e o
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would be some sort of interference between the two.

This is the situation for an 8/7 resonance, It is stable in the
non-oscillating case but if it oscillates it interference with the 9/8
at 1.13 on the low side and the 7/6 at 1,17 on the high side. In additior,
the 8/7 resonance has a loop that falls near the perturbing planet so
that any movement brings this loop and thus the planet closer to the
perturber and consequently increases the disruptive force of the planet,
The amount of relative "room" between resonances can be seen if we plot
the relative periods on a number line and then look for gaps in which
a resonance could oscillate, As it turns out the gaps occur around the
resonances 3/2, 5/3, 4/3, 2/1, 3/1, 5/2, and slightly less stable ones
around 5/4, ?7/3, and 8/3 resonances, These are the same resonances that
we see throughout the solar system, Virtually none of the other resonances
are found.

Looking for the relative amount of "room" around a resonance is
only a convenient way of finding resonances, There is more likely
a basic explanation of the resonances but is interesting that this

method works at all,
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Appendix II i

mputer m - NE

e s W -

j The following computer program is a model of the Neptune satellite :
§ system while it is orbiting the Sun, It was used to study the initial %
? escape of Pluto from orbit around Neptune, The program is made up of 3 é
% four partsy; a force function definition section, an initialization of A j
i variables section, an integration section using a Runge-Kutta numerical i ]

integration scheme, and finaily, an output section, : g
, 3
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i = b NEPTUIIE il

2UREM TE FOLLOWING STATEMENTS SET UP OQOUTPUT FILES 2
A 21FILE #1:nYVxX" 'y vs X
; 22FILE #2: "XVT" 'X VS T
‘e 23 FILE#3:"3D"
- 25SCRATC!I #1 o
| 26S5CRATCH #2
{ ! 27 SCRATCH#3 , B
3 i 39! ' i
S TCUREY THE FOLLOWING STATEMENTS ARE ACCELERATIONS
105LET P1=12.56A370h1hi
ok T1C LET P2=239.47R%41745044 b
120DEF FNACA,B,C,D,E)
| 121LET FMAz =~764056H 42%(A+119%3,.755)/(((A+11983.755)"2+8°2)"°(1.5))
L 122 LET FNA=FNA=-P2*A*(A*A+B*B) " (~1,5)+4.4533773FE=-T*(A+11983,755)
123 LET SMNAzFNA+.CO1334AT3%C 1
124 4
W s 129FIEND
. 13UDEF FIB(A,B,C,D,E)
3 131 LET FNB==764966 . 42¥B¥((A+11983,755) " 2+B%3) " (=1,5)=P2¥R¥(A¥A+R*) " (.
R |~ 132 LET FiB3=FNB+bU 4533773F=T*B=, 00 1334673%C
) 139FNEND
14 DEF FNC(A,B,C,D,F) | 4
- 141 LET FNCz=P2RE¥ (A" 24B " 24E"2)"(~1.5) 5
142 1F =0 THEH 149
143 LET Q1zA=1=(1=D)*(C03(5.283185307*T0)=-1) 2
. Tb LET 02xB=(1-D)*SIN(6.283185307*T()
146 LET FNCzFNC=P2*I%E#(N172402%2+E"2)"(=1.5)
‘ 149 FNEID
I ™ 199" o
200REM TUE FOLLOWING ARE INITIALIZING STEPS
2UTPRINT"INPUT RATIO OF PERTURRING TO PRIMARY MASS. TIF THERE IS NO"

T

Dl i s Vol

o 20ZPRINT"PERTURRING MASS, INPUT Q" ]
: 203IHPUT M
i | L 206PRINT"INPUT U, 1 FOR HON=ROTATING OR ROTATING COORDINATES®
- - 2CTINPUT D “

Z09PRINT"INPUT INITIAL X, VX"
b | | 2101MPUT X, U
b - Z15PRINT"INPUT INITIAL Y,VY" al
B 2201INPUT Y,V
222 PRINT YINPUT INITIAL 2,vZ"
i 223 1HPUT Z,W ¥
225PRINT"INPUT STARTING TIME, END TIME, # STEPS,OUTPUTSTEP TNTRRVAL®™
{ 23CINPUT TO,TT,N,N1 |
L 235LET H=(T1=TC)/N ~1
k| 2hY LET ReSOR(X“2+Y"2+2°2)
{ o 246 LEL T2=(18C*ATHCY/X))/3.14150
‘ - 2ul LF X>0 THEN 250 i
b | 248 LET T2=T2+180
1 250 PRINT #3:X,",n,y," " 2 |
i - 255PRINT #2: TO,X z
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THIS PAGE IS BEST QUALITY PRACTTICAMLE

- FROM COPY FURNISHED T0DDC ___.— g

NEPTUNE (continued) H

:

399
LOOREM THE FOLLONING STEPS PERFORM THE TNTEGRATION

401 FOR I:1 TO H
LOHBREM K1 GOES WITH U, K2 WITH Ve K3 WITH X "KisWITH Y, KSWITH W KAWITIZ
LIVLET Ki= H*FHA(K b D 7
| | H1SLET K2=H®*FNB(X,Y,U,D,Z)
| § iy e 0 ) S W*l”C(Y Y ” W )
L2CLET K324¥y
4L25LET KhsH¥y
! 427 LET K6zl*yW
i HIVLET Ul2U+K1/6
H35LET VixVaK2/6
437 LET Wil=W+K5/6
LELLET X1=X+i{3/5
i BYS5LET YlaY+KW/6
E | YT LET Z31:22+4646
? WS50LET U2=U+X1/2
3 4SE5LET V22VaK2/2
= W57 LET W2zd+(5/2
LOOLET X2=X+K3/2
| MOSLET Y2zY+K4/2
i | 57 LET 22=Z2%K6/
i h?ULET Ktz H*PUA(X?,Y“ V2, D.22)
STSEET K2 eRNB (X2 Y2 U, D7 2)
477 LET KS:W*FJL(Y" Y?,!, H 77)
f BYOLET K3=H*U2
| LIS5LET Khzif*yvp
| L]7 LET KH=H*W?
| HYOLET Ul=U1+K1/3
1 § LOSLET VizVi+X2/3
o 497 LET Wil=W1+K5/3
| S500LET X1aX1+K3/3
L | HSUHLET YlzY1+K4/3
E | SUT LET ZT1=21+K5/3
| SICLET UZ2=UsK1/2
I S515LET V2sVaK2/2
5Vt LET W2xW+K5/2
520LET X2uX4+K3/2
525LET YesY+Kh/2
§27 LET Z2=L+XG/2
530LET K1e H“WA(X“ Y2, vz, W, 2
| 535LETK2= W*PNW((L,Yy,U“ v L2 )
| 537 LET K5s®FNC(X2,Y2,u7 D2z
' SLOLET K3zil*ye
o S5L5LET Ku={i*y2
aqf 547 LET Lb6=Y#*W
i | S5SULET Ut=U1+X1/3
| S55LET V1is=vie /3
g ! 587 LET Wi=41+¥%65/3
S590LET XT=2X71«Y3/3

)
2
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NEPTUNE (continued)

SOSLET Y1aY1+X4/3

567 LET 21221+4K6/3

S5TULET U2=U+XK1

S5TS5LET V2a2Va+K?2

5T7 LET W2=W+K5

SIVLET X22X+K3

535LET Y2=Y+K4

587 LET 22:=2+¥%6

S9OLET Xix:®FNA(X2,Y2,V2,D,22)
595LET K2=H*FNB(X2,Y2,U2,D,22)
597 LET KS5=H¥FNC(X2,Y2,W2,D0,22)
SUULET K3=1*y2

SUSLET Kuzli*v2

ST LET Khz!l#W2

DICLET UsU1+¥X1/6

HI5LET VaVi14X2/%

517 LET W=W1+K5/6

O2VLLET X=X1+K3/6

525LET Y=Y1+K4/6

627 LET Z221+K6/5

S3VLET Tu=Tu+H

5351F INT(I/N1)=(I/N1)XO0 THEN 665
540 LET RaSQR(X"2+Y"2+427°2)

A1l LET T2=(180%ATN(Y/X))/3.14159
642 1F X>0 THEN 645

Hu3 LLET T2=T2+18¢

OGUS5PRINT #1:eX,Y

OSUPRINT #2:TC, X

B85 PRINT #3:X ", "3Y " ,"52

6T¢ MEXT I

TTHOPRINTFIHAL TIME = "3TQ
TEASERINTELNAL (X TeeX oW iXs Ml
1147 PRINT"EINAL Ya"3Y VY=,V
V150 PRINT “FINAL Za":;Z2:" VTN
BOVURESET #1

BOTORESET #2

3030 RESET #3

QUUUPRINT

Q993EMD
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Appendix III

Computer Program - LONGZUSJ

The following program is the complete model of the outer solar
system oontaining all the plants from Jupiter outwards, The program
can be run in both a Cartesian fixed coordinate frame or in a rotating
relative coordinate frame, The name LONGZUSJ is derived from the fact
that the program was designed to study the 3/2 Pluto - Neptune resonance
over long time scales and while doing so would print out the gz-position
and g-velocity of Pluto each time Pluto was at perihelion so that we
could study the precession of the perihelion, In addition, the program
contains the planets Uranus, Saturn, and Jupiter, Each planet is defined
by its position in space in each of the three coordinates using only
three lines in the program, For example, Saturn®'s position is computed
by lines 293-204, 303-394, and 493-4Q4, Saturn's perturbation on Pluto
is then computed and processed at each step of the Runge-Kutta integration

sequence with is almost identical to that in the program NEPTUNE,

R ey o ERENAS, NI M S N IR
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| LONGZUSJ _

k| . 1 DIM P(100) -l
2 SETDIGITS 7

20 LET PT7=35.14857947

10UREM THE FOLLOWING STATEMENTS SET UP OUTPUT FILES 5

il

110 FILE #1:"INITIAL2Y
120 FILE #2:"DATA3"
o = 130 FILE #3:m"Xvxav —
§ 135FILE#4 XY
, 140!
4 % 15URE4 THE FOLLOWING STATEMENTS ARE ACCELERATIONS -

160 LET P3=2.63786
170 LET Pu=z12.32461 _
g 180 LET PSzbh,360%E=5 -l
185 LET P9=.172923R%
190LET P1212.555370h 144 v
it 195 LET P6=.3148953%7 il
200 LET P2239.4T78417604k !
202 LET P(10)=R87.28965 ;
47 205 LET PSx2,85hEa4 -
207 LET P(11)=7.54796RE=N
210DEF FNA(A,B,C,D,E) -
e 220LET FNAzP2#(Da(A24R"24E"2)"(=1,5))*A4P1#C*D -l
2301F M=Q THEN 300 ‘
| CHOLET QlzA=1=(1=D)*(COS(H.283185307*T()=1) |
4 250LET N2=B=(1=D)*SIN(H. 2%3185307*T0) il
26VLET FNAzFNA=P2*Q1¥N¥(N172402724E2)"(=1.5)
270 LET 03=A=P3*(CO3((PU=D*5, eq31°sao7)'ro))
5 280 LET OWzB-P3#SIN((Pu=D%6H, 2%31Q'1v7)'70) =
: 290 LET FUA=FNA=P2RNINPGR(NI 2400 2+E"2)"(=1.5)
293 LET Q5=A=POR(COS((P7=D*5,2R3185307)%T()) ,
e 294 LET 06=R<PARSTN((PT7-D*6,233185307)*T0) -
295 LET FNA=FUA=P2RNG¥PR¥ (N5 240K 24E°2) " (=1,5) i
| 296 LET O7=A=POR(COS((P(10)=D"*A,783185307)*T(=123,2285))
o 297 LET QR=R=PORSTH((P(10)=D*6,.28318530T7)%#T0 -123,2285)
298 LET FHA=ENA=P2RNIRP(11)#(N7"24N3"24E"2)(=1.5)
JOUFNEND
| JTUDEF FNBCA,B,C,D,F)
JZCLET FND=P2#(Da(A 240" 24E°2)"(=1.5))"BaPI#CHD
: 330IF =0 THEN hQQ
F JHCLET Q1=A«1=(1=D)*(COS(6.283185307*T()=1) -
é - 350LET Q2=Ba(1-D)*SIN(A.283185307*TC)
3 36ULET FHRBzFIBP2RO2RUA(N1°24N2"24E"2)"(=1.5) :
‘ 5 370 LET 03=A~P3%(COS((PU=D*6,283185307)*T()) <l
] 380 LET NU=N<P3IRSIN((Ph-D*5,233185307)%T()
390 LET FNAzFUB=P2ROYRPGR(NI 2400 245%2)"(=1.5)

s A G b AL i 5 A1 A1 S TR 14

o

e

- 393 LET Q5=A=PAR(COS((P7=-D*A,2831R53(07)*T()) -
! 39% LET Q6=B-PS*SIN((P7-N*A,283135307)*TC)
: 395LET FNBsFNB«P2ZROARPAR(NG 24067 24F"2) (=1, 5)
Y 39?1LET Q7=A-P9'(COS((P(IU)-D'G.nﬂilQBROT)'TO 23.22858)) -
| ov

5
b
g i

L 1010020 -
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3 LOMGZUSX continued)

§, 398 LET FNB:F\JR—P2*')8*P(11)*((}7”2+Q8"2+:*?)6(-1.5)

. LOOFNEND

410 DEF FNC(A,B,C,D,E)

420 LET FNC==P2*E* (A 24R"24E"2)"(=1.5)

430 IF M=U THEN 500

L4 LET Q1z2A~1=(1=D)*(COS(H.”33185307*T0)=1)

B50 LET 02:B-(1=D)*31N(A.2331353074T0)

B0 LET FMCzFNC-P2¥MEER(01724N02%24F"2)"(=1.5)

4T LET Q3=A=P3¥(COS((Pu=D*H ,283185307)*T())

LRL LET QhabR=P3*SIN((PL4=N*S,283185307)*T()

490 LET FNCzFNC-P2*ERPER (NI 240U 24E"2)"(=1.5)

493 LET Q5zA=-PH*(COS((PT=N*6,2R318530T7)*T())

Wy LET QHzR-PHESIN((PT=-D*6,.233185307)*TC)

595 LET FMNC=FNC=P2REXPRR¥(N5°2406%24E"2)"(=~1.5)

495 LET OT=A=PI*(CO3((P(10)=-D*A,283185307)*T(=123.228%5))
b7 LET N8=B=PI*SIN((P(10)=D*6.2331]630T7T)*T0 =123,22835)

f 498 LET FHC=FNC-P2¥E*P(11)¥(N7°2408%24E72)"(=1.5)
g 500 FNEND
! 510!

S20REM TIE FOLLOWING ARE INITTALIZING STEPS
S53CPRINT"INPUT RATIO OF PERTURRING TO PRIMARY MASS., IF THERE IS NO"
SHLOPRINT"PERTURBING MASS, IMPUT ("
55VINPUT M
S560PRINT"INPUT 0,1 FOR NON-ROTATING OR ROTATING COORDINATES"
STOINPUT D
E | 58CPRINT"INPUT INITIAL X, VX"
E | 59CINPUT X,
i SOUPRINT"INPUT INITIAL Y,VYy"
61CINPUT Y,V
620 PRINT "INPUT TINITIAL Z,V2¢
630 INPUT Z,W
HGHOPRINTYINPUT STARTING TIME, END TIME, # STEPS,OQUTPUTSTEP TNTERVAL"
ASCINPUT TU,T1,M,'1
F| | 650LET H=(T1=TQ)/N
! 670 PRINT#2:X,U

§ 580 PRINT#2:Y,V
q 59 PRINT#2:Z,%
‘ Toe!

T10REM THE FOLLOWING STEPS PERFORM THE INTEGRATION
720 FOR I=1 TO ¥

T3OREM K1 GOES WITH U, X2 WITH Vv, K3 WITH X, X4 WITH ¥,KS WITH W ,X&§IITH 2

TUOLET K1=H¥FUMA(X,Y,V,D,2Z)
TSOLET K2=4*FuB(X,Y,U,D,2)
760 LET KSsHRFNC(X,Y,W,D,2)

g TTOLET K3='I*y

< TAOLET XuxH4*y

| 790 LET K6z!i*y

| SUOLET Ut=U+41/%

E | | 310LET VisVeK2/6
- 820 LET Wiz4aK56/6
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LONGZUBJ (continued)

S30LET X1=X+K3/6

SHOLET Y1=Y+Ku/6

850 LET 21=Z+K6/A

36VLET U2zU+¥X1/2

8TOLET Ve=VeK2/2

380 LET WesW+X5/2

3ICLET X2=X+X3/2

FOULET YZ2z=Y+K4/2

910 LET Z22=Z2+X5/2

920LET Xi=!{*FMA(X2,Y2,V2,D,22)
930LET K2=z!I*FN3(X2,Y2,02,D,22)
40 LET XS5=H*FNC(X2,Y2,W2,D,22)
9S0LET K3=H*y2

IOULET KuzH*y2

970 LET Kh=H*y2 s
930LET Utl=U1+K1/53

99QLET V1i=V1+K2/3

1000 LET Wis=W1+K5/3

TCTULET X1=X1+¥3/3

T02U0LET Y1=Y1+X4/3

1030 LET Z1=21+K6/3

TCLUOLET U2zU+X1/2

TUS0LET V2zV+K2/2

1060 LET W2=We+K5/2

TCTOLET X2:=X+K3/2

TC30LET Y2=2YaK4/2

1W9v LET Z2=Z+K6K/2

T1CCLET K1=H*FNA(X2,Y2,V2,D,72)
TTICLETK2=H*FNB(X2,Y2,U2,D,22)
1120 LET KSzU®*FNC(X2,Y2,W2,D,22)
T130LET X3=i1®y2

T140LET KuzH*V2

1150 LET L6=z=H*W2

T1160LET Ut=U1+%X1/3

T17CLET V1i=V1+K2/3

11830 LET Wi=W1+K5/3

T19CLET X1=X1+K3/3

T2C0LET Yiz=Y1+K4/3

121¢ LET Z1221+4%X6/3

1220LET U2z=D+K1

1230LET V2uVeK?

1240 LET AZ2=d+KS

1250LET X2z=X+XK3

1206ULET Y2=Y+%Mh

1270 LET Z2222+4K6

1280LET XK1sII*FNA(X2,Y2,V2,D,22)
1290LET K2=H®FNB(X2,Y2,U2,D,22)
1300 LET XS5=H*FNC(X2,Y2,W2,0,22)
131CLET K3=l*y2

1320LET KuzH¥*y2
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LoMcZYUsy (continued)

1330 LET K6zt#*we

T340LET UzU1+X1/6

1350LET VaV1+K2/6

1360 LET WaW1+K5/06

13TOLET X=X1+K3/hH

138CLET Yx=Y1+KA4/6

1390 LET Z=Z21+X6/6

THOOLET TO=TC+Y

1410 LET R=SAR(X"2+4Y"24272)

1420 LET T2=(180*ATN(Y/X))/3.14159
1429 IF INT(CI/ZN1)=(L/MN1)=0Q THEN 1432
1430 GO TO 144¢Q

1431 LET T2=T2+180

TH32 - PRENT#ES X s Moy

Ta40 IF SQREX*X+Y*Y)>1 THEN 1460
441 LET Ta=TO

1442 LET 2422

t443 LET Wh=zW

Tahy LET K=SQR(X*X+Y¥HY)

1445 IF T4>T5+.03 THEN 1452

tuy6 IF K<L THEN 145845

1447 LET D2=D2+1

1448 1F D2>=2 THEN 1460

1449 PRINT#2:TS;"  ";i;"  ";25;" "

1450 LET TH5=TS5+1.4

1451 GO TO 1460

1452 LET L=1

1453 LET D2=v

1454 LET TS5=T4

1455 G0 TO 1460

1455 LET L=K

1457 LET TS=Th

1458 LET Z5=74

1459 LET WH5=z=Wh

1460 NEXT 1

THTOPRINT#2:"FINAL TIME = "sTO
1480 PRINT#3:TQ

1490 PRINT #3:X,U
1S5CCPRINT#2:"FINAL Xz ":X:"VX= Wt
1510 PRINT#3:Y,V

1520 PRINT#2:"FINAL YsM;Yyshyvattsy
1530 PRINT F2¢"FINAL ZaM;Z W YZael
154C PRINT #3:2,W

1550PRINT

1560END
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l ) Appendix IV

1 er m - CO

The program CONV2 was used to convert the positions and velocities

of Pluto in each of the three coordinates that were obtained in the

‘ ’ Neptune frame (See pragram MEPTUNE in Appendix II) into positions and
o velocities in the Sun center solar system, These initial conditions
(]

were given in both the rotating and non-rotating coordinate systems,
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i e

wrirsme

CON

5 A
1"}
20
3¢
35
LQ
5Q
6
T
71
e
T3
75
76
i
9Qu
e
110
120
130
191
192
193
194
195
1956
200
210
215
216
999

15

ve

=L
PRINT "“INPUT X, VX, Y VY.T"
INPUT X, V1,Y,V2,T
LET O=T*(6.6733629E=4)
LET Y=Y¥3,755E8/4,4999E12
LET X1=(X*3.755E2/4 . 49000E12+1)*¥COS(0)=Y*STN(O)
LET Y1=(X*3,755E8/4.4999F12+1)*STN(0)+Y*CNS(0D)
LET V1=V1%¥,786455782~ 65,283185308*¥SIN(0)
LET V2=V2* 786455782+6.283185308*C0S(0)
LET V3=V1*¥COS(0)~V2*¥SIN(O)
LET V4=V1*SIN(O)+V2*C0OS(D)
LET Xx=X1
LET Y=Y
LET Vi1=V3
V2=Vh
B=,299673(33
Y=Y*COS(DB)
V2=V2*COS(B)
Z=Y*SIN(B)
V3=V2*SIN(R)
PRINT "NON=ROTATING"
BRI exateeanest eyl
PRINT Y=t ysttyyant Vo
PRENT WZalad N Tt Y s
LET AzA+1
IF A=2 THEYM QQ9
V1i=V1+6.2833185308*Y
V2=V2=5,.283185308%X
PRINT "ROTATINGY
GO TO 192
END
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