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TIME-SERIES MODELING OF CLIMATOLOGICAL INFORMATION

1. INTRODUCTION
It is known that communications systems operating in the millimeter -wave

range may be critically dependent on meteorological factors. Specifically,
atmospheric phenomena such as hard , steady rainfall , and thunderstorms may
cause serious outages. In this chapter, the phenomenon of rainfall will be
addressed, where the accuracy of weather forecasts w il l not be cons idered .
Simply, the interest here is not whether or not there will be precipitation ,
but rather, from the communicators ’ point of view , what density of precipita-
tion can be expected if it does rain. Such information becomes an important
tool in determining the need for back-up modes of communications.

Work done by Lin , [1]~ and Chen , [2], indicate techniques that allow

J the basis of long-term information for empirical conversion of rainfall rate
x(t) for a given integration time T on the basis of 60-m.inute rainfall data.

• Their technique provides a procedure of obtaining a fairly small (5-minute )
rain-rate distribution from NOAA climatological data on short-time rates of
rainfall (i.e., thunderstorm activity). Obviously, there is a great stress
on the “short—interval” point-rainfall distribution. Rice and Holmberg ,
[ 3], have provided a widely accepted model utilizing the point-rainfall
distri bution in obtaining the “fraction of time during which t minute average
rainfall rates exceed any given va l ue.” This , in turn , is used to project
adverse effects of rain on microwave radio links . Stated simply, they
postulate :

rainfall = mode 1 rain + mode 2 rain

That is, rainfall density is composed of mode 1 , an Individual exponential
mode which corresponds to a physical analysis of thunderstorms, and that of
mode 2, corresponding to all other rain. The number of hours of rainy “t
minute periods” for which an average surface-point (station) rainfall rate

• Is exceeded Is:

• 
• 

Tt(R) T1~q1~ (R) + T2~q2~(R) hours , (1.1)

1
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where Tit and T2t are the average annual~ ra infall totals for modes 1 and 2,
respectively, and

~1~ (R) = exp (-RI ),
it

the time that a rate R is exceeded by mode 1 rain ,

• q2~(R) 0.35 exp(— .453074 R/ ) ~ 0.65 exp(-2.857143 R/ )

~2t

the time that a rate R is exceeded by mode 2 rain ,

= M1/T1~ mm/hr

the average annual mode 1 rainfall rate,

= M~/T1.~ mm/hr

the average annual mode 2 rainfal l rate; M1 and M2 are mode 1 and•2 annual

rainfall totals, respectively.
Dutton et al , [4], used this methodology with modifications to predict

communications link performance in the European environment. Among their
modifications , a more sophisticated approach in estimating the parameters,
Tlt , 12t’ Rit, and R2ti using mul tiple linear regression was proposed. In
both of these aforementioned works, extensive use is made of contour maps
of annual precipitation with appropriate interpolation to estimate parameters.
Temporal (year to year) and seasonal variations were assessed from monthly
precipitation data. Similar work by Bartow, [5], is also based on long-term
statistics and the assumption of a constant rain rate. These aforementioned

works are widely used to predict the effects of weather on comunications
links operating in the 8-30 MHz band and basically yield approximations of
sizabl e outage times (i.e., hours/year) due to rain. Sufficient data is not
yet available to validate the prediction error [4 ] for specified confidence
intervals.

Since the available data is random and time dependent, Jones , [6 ],
[7], suggests the fitting of autoregressive (AR) models to the given time
series. The critical question , of course , Is identification of the order of

• the autoregressive process. In addition , one Is always concerned about the
choice of the autoregressive model over the other two commonly used models,

2

L 

~ __________________________________ _ _ .~~~~
..___ •~~ ~~~~ • • 0 ~~~~ •

_______________________________ ~~ ~~~~~~~ 
—



—
——‘II”

namely, the mov ing averages , and mixture of autofegressive and moving
averages models. Jones seems to ignore these models in his research of the

• subject area. He implies in a later paper , [8], that the modified Akalke’s
FPE criteria is useful for this purpose. However, one cannot be certa i n as
to which of the three difference equations will best characterize the given
rainfall information. Using the asymptotically unbiased estimate of mean-
square error:

__________ (1.2)
p n - p - i

where S = E e~, n is the number of observations, and p is the number ofp

autoregressive parameters, he obtains:

FPE~ = Ci + (1 + p/n)) ~ ~ 
. (1.3)

This criterion is computed for each order, p. The order that corresponds to
min(FPE~) Is equivalent to the minimum variance and autocorrelation cri teria

• commonly used. Again , no mention is made of the utility of the integrated
moving averages (IMA), and mixed models in modeling this type of clirnatolog-
ical information.

In view of these shortcomings, it should also be noted that the time—
• series approach is considered here, not only because the data is time

dependent, but because weather observations are usually made some distance
away from the area of use and may not be fully representative of conditions
at the point of use, and there is usually a time lag between observations and
use. These factors, along wi th random occurrence , contribute to the
non—etationar ity of the underlyin~ process in that the values of the climato—
logical data may change during the time lag. If.the non-stationarities are
not properly approached , then meaningfu l results of analysis would be impos-
sible to obtain. In this chapter, the time-series methodology will be shown
for daily rainfall information for Greenwood Lakes, New Jersey, and
Long Branch , New Jersey, taken from the 1974 New Jersey Climatological Data ,

• 
• National Oceanic and Atmospheric Administration , U. S. Department of

Commerce, [9 3. These data are the station accumulations taken from
recording rain gauges. Inference will be made as to the applicability of

• 
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I shorter—term data , i.e., hourly, and fractions thereof, should such data

become available in the future.

There exists widely acceptable models , t31~ 
which utilize the point-

rainfall distribution in obtaining the “fraction” of time during which the

“t” minute average rainfall rates exceed a given value . This in turn is used

to project the adverse effects of rain on microwave radio links . These

models utilize long-term data including average annua l rai nfall totals.

Thus , another advantage of the time-series methodology now becomes evident

• as the model s so obtained rely on a much shorter history of observations.

Section 2 of this report briefly covers some basic concepts in time-

series analysis. In section 3 the identification of the appropriate time—

series model will be presented including the necessary filteri ng. The

fitting and one-step—ahead forecasts will be presented in section 3.1. The

J “fit” obtained in section 3.1 will be checked in section 3.2. A comparison

of the model order and classification obtained using the method proposed in

section 2 and that obtained using Akaike ’s FPE criterion is presented in

section 3.3. A summary and conclusions are presented in section 3.4.

2. CONCEPTS IN TIME-SERIES
• Any phenomenon which changes with time, and any collection of data

measuring some aspect of such a phenomenon , can be considered as a time—

series. Time—series can be either deterministic or non—deterministic func-

tions of an independent variabl e, usually time. In most instances, however,

they will be non—deterministic functions. A non-deterministic function

• exhibits random or fluctuating properties and , hence, it is not possible to ‘

exactly forecast its future val ues; or in other words, such time-series can

• be described only by statistical l aws or models. We assume that we may

describe a time—series at a given time t by a random variable and its

• 4
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associated probability distribution. Thus we may describe the behavior of a

time-series at all instances by an ordered set of random variables and the

associated probability distributions , denoted by CXt) and ~~ 
, t = 0, ÷1,

+2, “~~~~. Such an ordered set of random variables is called a stochastic

process. Thus, an observed time—series xt can be considered as one realiza-

tion of an infinite ensemble of functions which may have been generated by a

stochastic process. A stochastic process is said to be strictly stationary

if the joint distribution of any set of observations is unaffected by shift—

ing all times of observations ahead or backward by any integer amount k. A

stationary stochastic process may be described in terms of its mean ~i which

is estimated by:

x = ~~~~1
xt , 

• 
(2.1)

its variance a2 whi ch is estimated by:

s~ = (Xt — 
~~~ (2.2)

n t=1

its sample autocovariance function, which measures the extent to which two

random variables are linearly independent:

cxx ( k) = 
~ ~~~~ — ~ ) (X j .a~ — 

~~
) k = 0, 1, ~~~~~~, fl — 1, (2.3)

and the sample autocorrelation function , which acts like a correlation co-

• efficient:

r~~
(k) = c

~~(k)/c~~(0) k = 0, 1, ••. , n — 1. (2.4)

• 

. 
2.1. Stationary and Non—Stationary Time Series

A stationary time—series is one which is in statistical equilibri um in

the sense that its properties do not •change wi th respect to time, whereas a

non-stationary time-series is such that its properties change with time.

Time—series occurring in practice are usually non—stationary in nature and

5
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• can be divided into three classes:

(i) Those which exhibit stationary properties over a l ong period of

time.

(ii) Those which are approximately stationary over very short periods

of time.

(iii) Those which exhibit non-stationary properties , that is , their

visual properties change continuously with time.

At present there exist techniques to analyze stationary time—series ,

but the techniques available for the analysis of non—stationary time—series

are inadequate and do not lend themselves to meaningful interpretations of

physical problems. However, one can adjust non-stationary time-series so

that the existing techniques of stationary time—series analysis can be

) appl ied. The adjustment is accomplished by applying a proper fi l ter to the

• observed non—stationary time—series to remove the non—stationary components.

The selection of a proper fi l ter is accomplished through a search for a

mathematical function which will transform a non-stationary series into a

stationary ser ies . One of the most used and most efficient methods of

filtering is through the application of a difference equation , £133, £14).

A fi rst-order difference equation is defined by:

= xt — xt_l, (2.5)

where xt is the observed non-stationary series and ~t is the first-difference

series. Similarly, a second—order difference equation is defined by:

Wt 
= X t 

— 2xt_i + Xt_2, (2.6)

and so on. A first or second—order difference equation will usually be

sufficient to transform most practically occurring non—stationary time—series,

C13].

• I
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To identify whether the observed series exhibits stationary or non—

stationary properties one can use certain data-analysis tools. In addition

to graphical representation of the observed series the sample autocorrelation

function of the observed series and a trend test applied to the observed
• 

• 
series are important. For the observed series and its first and second

difference’s, the sample autocorrelation functions (2.4) are computed and a

trend test, Kendall’s tau, [113, is performed. (The sample autocorrelation

function of a stationary series has the property that is dampens out fairly

• rapidly, that is , it approaches zero; also, a stationary series will be such

that it contains no trend). Following this procedure one obtains sufficient

information to determine if the observed series exhibits stationary or non—

stationary properties; and if it exhibits non-stationary properties whether

a first or second—order difference equation will remove the nofl—stationarit—

ies.

• Once we have obtained a model for the stationary series, a “backward

filter” is applied to the fitted model so that future values of the observed

series can be forecasted.

2.2 Parametric Time-Series Model s

To be able to forecast values for an observed series we fit parametric

time—series models, either an autoregressive, a moving average, or a combina—

tion of the two. These stationary stochastic models assume the process

(series) remains in equilibri um about a constant mean level. The general

autoregressive process Is given by~
• 

• 

• 

X~~ 
— = cti(X t_ i - ~~ ) + •

~~~
• + ~~~~~ - ii) + Z~, (2.7)

• where p is the mean of X~, Z~ is a purely random process, [14], and m is the

order of the process. The general moving average process is given by:

7
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- P = Zt - Bizt i  - - Bqztq ; (2.8)

p and Z~ are as defined above, and q is the order of the process. The

• 

• 

general mi xed autoregressive—moving average process is given by:

— = ct~(X~~1 - ~
) + 

~~~~ 
+ ~~~~~ - p) +

- 8lZt_l - •.. - BqZ~..q (2.9)

where q is independent of m .

We shall now consider the criterion for selecting the process, its order

(which gives the best fit to an observed series), the procedure to estimate

its parameters, diagnostic check of goodness-of—fi t, ~nd how the model can be

employed in forecasting.

2.2.1 Selecting the Best Model

The criterion used for selecting the order of the process (that which

will give the best fit) is the residual variance for different orders of the

parametric models fitted to the data. The residual variances are computed

• and are plotted against the order; the minimum residual variance will corres-

pond to the correct order for the process. After this h~’s been done for the

autoregressive, the moving average, and the mixed autoregressive—moving

average processes we compare the minimum residual variances. The minimal one

will correspond to the process (and its order) which will give the best fit

to the data. When fitting a model to a given set of observations one should

always consider the principle of parsimony, that is, the smallest number of

parameters should be employed to obtain adequate representation, [13~.

2.2.2 Estimation of Parameters

To obtain the residual variances above, one first estimates the para—

meters for the different orders of each individu al process.

8
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To estimate the parameters for the autoregress ive process , [14), we

I first assume that the Zt process is normal with zero mean and variance a~.

Then the log—likelihood function for fixed m, conditional on the va lues x1,

X2,  , ~~ can be expressed as

a1, , ~~ x1, ... , x~) — (n — m) (in ,‘(2n) + in a~)

— 

~~~ 2 ~=L1 { (Xt 
— 

~
) — ctl (x t_l - 

~~) 
- - am  (x t_m - II)J

2 (2.10)

For estimating the parameters p, , .
~~~
. , ct~~, we need only consider the sum

of squares function

a1 ‘ ‘ am I x1, , x,~)

J 
= 

~-L~ 
{(xt - ~

) - al (x t l  - 

~
) - ... am(x~_~ 

- p)]2 (2.11)

Now assumi ng that ~ may be approximated by ~ and that the sample autocovari-

ance function (2.3)

cxx(j) 
~~~~ 

(X~ — 
~
)(Xt_j — 

~
) j 1, , m, (2.12)

then the maximum likelihood equations may be expressed as

c
~~(j) = &ic~~

(j — 1) + 2c~~(j — 2) + ... + ~~c~~ (j  — m), (2.13)
p 1

where j  = 1, 2, •• •  , m. Solving the m simu l taneous equations one obtains

J the estimates &~ , •••  , ~~~~. The residual sum of squares may be expressed as

s(i~, &
~
, •.. , ~~~~~ (n — m)[cxx (O) — 

~i
cxx (1) — •.. — ~ c~~(m)I

, (2.14)

and the residual variance by

• 2 1 A

S~~ 
= 

— 2m — 1 
S(p, a1 , ... , ct~). (2.15)

To estimate the parameters for the moving average process and the mixed

autoregressive—moving average process, we use a numerical technique to build

9
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• • up the log-likel ihood function recursively, [143. By varying the values of

the parameters (usually between -1 and +1), we can search for the parameter
estima tes which minimi ze the sum of squares function for each process. For

example, for the general moving average process the sum of squares function

is given by:
A 2• S(p, 
~
3 j  Be,) = Z Z

t 
(2.16)

t=q

where

• zt = X
t 

~~ + 8iZt_j + “ + 
~q
Zt..q

and z~ = 0 for t < q. The residual sum of squares is given by

S~(q ) S(~, ~~~~
, ~q)/(fl — q — 1). (2.17)

Similarly, the residual sum of squares for the mixed autoregressive—moving

average process can be expressed as

s~(m, q) = 

— 2m — q — 1 ~~~ ~~~ ‘ ‘ ~m’ ~~i ~q). (2.18)

2.2.3 Checking the Fit

Once we have fitted a model to the stationary series, we must determine

the adequacy of the model. If it was found necessary to filter the observed

series, the first step is to apply a “backward filter” of the same form so

• that the fitted model represents the observed series. Thus, with the “back—

ward filter” inserted, the fitted model will simulate the behavior of the

observed series. Then the residuals—the observed series minus the modeled

series—shoul d behave approximately like a purely random process (white

noise), that is , the sample autocorrelation function (2.3) should be effec—

tively zero for all lags except the zeroth. To determine the fit, a test

for white noise is applied , [143.

• 
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2.2.4 Forecasting

After checking the fit, we can use the resulting equation to forecast

a val ue xt+9. , ~ > 1, when we are currently at time t. This forecast is said

to be made at origin t for a lead time 9.. The minimum mean square error

forecast, [13], for any lead time ~. is given by the conditional expectation

Et xt+9. of xt4& at origin t, given knowledge of all the x’s up to time t;

that is:

= Et~~t+i~
. (2.19)

The required conditional expectation occurring in the forecasting models can

be found using Box and Jenkins [13):

EtIxt+~3 
= 

~~~~ 
Et[Z~+.1 = 0 j = 1, 2, ~~~~

• (2.20)

and
Et[xt~~J 

= ~~~ Et~
zt_~1 

= z
~_3 

j = 0, 1, 2, ~~~~~ (2.21)

• 
• 

3. IDENTIFICATION OF CLIMATOLOGICAL DATA

The initial step in the analyses of the two observed time series (daily
rainfall for Greenwood Lakes, N. J., and Long Branch, N. J.) is to determine
if they are either stationary or non-stationary. Both series were plotted
in an attempt to graphically detect any non—randomness or trend. Figures 3.1
and 3.2 display the 365—day rainfall totals for both stations, and certainly
appear to exhibit non—stationarities. The inference of the graphic displays
were statisticafly tested for trend using Kendall’ s Tau test as detailed in
section 2. For further evidence, the sample autocorrelation functions were
also calculated for first, second, and third order difference filtered data.

The critical value for Kendall’s Tau test, (1O)t at the a = .05 level

of signifi cance is + 1.645. The results of the tests are given in table 3.1
showing a higher order filter requirement for the series for the lesser

rainfall density (Long Branch, N. J.).

* Chapter 5

• 11

- —- •-~~•——--•-•• •-- -

•

-

~~
---:

_ _  _ _ _ _  _ _ _ _  ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~



—~~

-~~:~
_ _ _ _  -

_ _ _ _ _ _ _  •
_ _ _ _  ‘/,

• I 
- -

~-

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -
-

— .~~ IJJ
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  CM

— -~~ H

C

CM ‘- _

Lte~.UI.~ I ~~.O SaI4~~~Uj ;UCLPALnb3

12

4

4

~~~~~~~~
. 

~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

• -
_ •

~~~ ~
. • ••. • a .-- T~ ~~

I — 
—

~~ 
_ A L ~~~~.._ — -— —- — — ---~~~ — ~~~~



~~~~~~~~~

-

~~~~~~~~~~~~~~~~~

••

~~~~~

—- • ••--••-•• - •—•-—--,• •

~~~~~~

-• 

~~~

-•-•
•,- • -

~~~~~~
- --•

~~
---- • •.-

~~ 

-

~~

.-• • - •-

~~~~~~

P 
- • • • • -•_

• I

-.0
• - C,,

H
CM

- U’ I—
>, —~~~

• • 0
-Ic~‘—

• I —

• • .~~~~~~- 0

• 

• _
[ 1 1 1 1 1  [ 1 1 1 1 1  t r ~~~0
0 0 0 0 0 0 0 0

S S S S S S• CM

• L L2iUI~~ :l~ SC43Uj 1~UaLVA~flb3

I 

13

- -:~ ~~~~~~~~



-
~~~~~~~~

Table 3.1 Kendall’ s Tau Statistics for Trend, Z0 = +1.645

CALCULATED STATISTICS H0: NO TREND

FILTER GREENWOOD LONG BRANCH GREENWOOD LONG
ORDER LAKES DATA DATA LAKES BRANCH

0 9.158 11.316 Reject Reject
1 5.221 7.321 Reject Reject
2 1.532 4.124 Accept Reject
3 1.636 Accept

This evidence clearly indicates that both of the observed series exhibit
non-stationary properties and that the second difference data for

• 
• 

Greenwood Lakes showed no trend at the a = .05 level . Significiantly,
however, the data for Long Branch , N. J., required a third difference filter
to remove the non-stationary components.

The sample autocorrelation functions of both the observed series (seeJ figui’es 3.3 and 3.4) failed to dampen out rapidly. This indicator further
• confirms the fact that the data is non-stationary. Figures 3.5 and 3.6 show

the sample autocorrelation of the first difference information for both
series. Here again , there appears to be no rapid dampening to indicate

• stationarity. Graphic displ ays of the second difference data for both
stations are shown in figures 37 and 38. Here, the Greenwood Lakes rain-
fall data seems to exhibit dampening, but admi ttedly, only slightly more than
the first difference data of figure 3.5. The Long Branch data, on the other
hand , shows little tendency toward dampening. Figure 3.9 shows the autocor-
relation function of the• third difference information for Long Branch , N. J.
In thi s case, dampening becomes strongly evident by the larger peaks In the
0—50 lag range and smaller peaks In the 270-365 lag range. These particular
characteristics indicate that the second difference series for
Greenwood Lakes, N. J., and the third difference series for Long Branch ,
N. J., have reached statistical equilibri um. The closeness of the disp lays
of figures 3.5 and 3.7 for Greenwood Lakes should serve as an indicator that

• there is a strong need for statistical testing (see table 3.1) along with
graphic displays 0f the data. Wi th these fil tered series, one can now
proceed to fit forecasting models to the cl imatological information.
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3 ,1 Fitting the Models

To fit stationary stochastic models , either AR , MA , or ARMA , to the
fil tered information as outlined in section 2, It is necessary to estimate
the parameters , a1, a2, .. ~~ Bi~ ~~ 

•~~ for each process and for
each order of the process considered. Following the proposed procedure, the
parameters were estimated with the restriction that they lie between -l and
+1 to insure the stationarity and/or invertibi lity of the fil tered stochastic
processes. Simultaneously, the residual sums of squares were computed and

• divided by the appropriate degrees of freedom to obtain the residual van -
ances. Figures 3.10 and 3.11 display the residual variance as a function of
model order (m,q) for the Greenwood Lakes data and the Long Branch data,
respectively. The interpretation of the order (rn ,q), with respect to the
AR , MA , and ARMA processes , is discussed in section 2.2. Clearly,
in both cases the minimum residua l variance criterion corresponds to mi xed

-mo del consisting of second order autoregressive and of second order moving
averages components. Thus, the order (m,q) for both the Greenwood Lakes and
the Long Branch information Is (2,2). Using the corresponding parameters,
the following difference equations were obtained for the filtered series:

a. for the Greenwood Lakes rainfall data:

~~~~ .:9~~~
8L ~O.582 (wt 1  - .0008) - 0.227 (w

~~2 
- .0008) +

+ O.762Zt_l + O.l72Zt...25 and , (3.1)

• b. for the Long Branch rainfall data:
(U

t 
+ .0022) = -0.609 (Ut + .0022) — 0.172 (Ut + .0022) + 

~t
+ 0.769Zt...1 + 0.O82Zt2 (3.2)

Since a second order difference equation was used to filter the
Greenwood Lakes data, and a third order difference equation was used to
fil~er the Long Branch data, It is now necessary to make use of the
backwards fi lters, as outlined in section 2.
The filters , respectively, are : -

wt xt - Zxt_ l + xt_2
• and

U
t 

= X
t 

- 3x~~1 + 3x,~2 -

• 
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We insert the fil ters into equation (3.1) and (3.2) to obtain the
appropriate forecasting models that will be used to characterize the
climatological information. Thus, equations (3.1) and (3.2) become,
respectively:

x~ l.4l8x
~~1 

- O.063x
~~2 

- 0.l2Bx
~~3 

- O.22lx
~~4 + .0015 +

+ 0.762Zt_1 + 0.l72Zt_2 for Greenwood Lakes, (3.3)
and

• 2.39lX~_~ - l.345xt 2 - O.3l lx t_3 + O.O93x t_4 + O.l72x~_ 5
— .0039 + + 0.769Z~~1 + 0.082Zt2 for Long Branch. (3.4)

Setting the unknown Z~’s equal to their conditional expectations of zero and
assuming the values x~~1, x~~2, X t m+d~ 

have been realized , one can use
equations (3.3) and (3.4) to simulate the observed climatological series.
In addition , if t is replaced by t + 9. in the above equations , one can fore-

J 
cast 9. steps ahead, 9. = 1 , 2 , ..., L, for both series. Figures ~.12 and 3.13
show the simulated information for both stations which clearly fits the
observed series very well.

Tables 3.2 and 3.3, p. 28 •show the 9. step ahead forecasts (up to 9. = 11
lead times in advance) at origin t = 142 and ~ = 144, respectively, with the
associated confidence intervals, and updating of the forecasted values.
Ordinarily, as 9. increases, the forecasts become less accurate. The short-
term accuracy, however, can be maintained by updating the forecasted values
of the series as additional information becomes available. For example , the
t = 142 origin forecast of x144 may be updated to become the t = 143 origin
forecast of x144 by adding a constant multiple of the one-step ahead forecast
error, ~~~~ ~1 to the t = 142 origin forecast of x144. The fore-
cast error for thi s case is ,

= -

.and 89. = is given by 81 = — 8
~
. This is done when xt+l = x143 becomes

- • available. The basis for updating the original forecasted values for 9. steps
ahead as additional observations become availabl e is:

= 
~t

(t + 1)+Og z~+~ . (3.5)
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Table 3.2 Forecasted Values of Rainfall Density for
• Greenwood Lakes, NJ (1974) at Origin t=l42 and Updati ng

Under the Assumption That x143 Becomes Ava il abl e
DATE ACTUAL VALUE LEAD FORECAST 95% PROBABILITY UPDATED FORE-

(Inches) TIME (Inches) LIMITS CAST (Inches)
5/22/74 0.02 --
5/23/74 0.15 1 0.148 ± .327
5/24/74 0.35 2 0.344 ± .569 .347
5/25/74 0.00 3 0.000 ± .832 .005
5/26/74 0.00 4 0.007 ± 1.128 .001

5/27/74 0.05 5 0.063 ± 1.451 .055

5/28/74 0.06 6 0.050 ± 1.800 .060
5/29/74 0.13 7 0.127 ± 2.172 .138
5/30/74 0.00 8 0.000 ± 2.566 .013
5/31/74 1.10 9 1.101 ±2.566 1.115
6/01/74 0.05 10 0.020 ± 2.566 .036
6/02/74 0.00 11 0.000 ± 2.566 .018

Table 3.3 Forecasted Values of Rainfall Density for
Long Branch , NJ (1974) at Origin t=144 and Updating

Under the- Assumption That x145 Becomes Ava i lable

DATE ACTUAL VALUE LEAD FORECAST 95% PROBABILITY UPDATED FORE-
( Inches ) TIME (Inches) LIMITS CAST (Inc hes)

5/24/74 0.02 --
5/25/74 0.00 1 0.007 ± .920
5/26/74 0.02 2 0.018 ± 1.974 .030
5/27/74 0.11 3 0.112 ~ 3.516 .156

• 5/28/74 0.01 4 0.011 ± 5.602 .009
• 

- 

- 
5/29/74 0.00 5 0.010 ± 5.602 .000
5/30/74 0.00 6 0.002 ± 5.602 .001
5/31/74 0.25 7 0.251 ± 5.602 .253
6/01/74 0.58 8 0.575 ± 5.602 .595

• • 6/02/74 0.00 9 0.000 ± 5.602 .000
6/03/74 0.00 10 0.037 ± 5.602 .012
6/04/74 0.00 11 0.000 ~ 5.602 .000
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3.2 Checking the Fit

To check how well the models fit the observed series for both stations,
the residuals were calculated using zt = xt.- 

~~~,
. The simulated (one—step

ahead forecast) 
~t 

is subtracted from the original series, 
~
t. Next, the

sample autocorrelation function of the resiudals, for l ags of 0-364, was
computed according to equations (2.3) and (2.4) . For the models to fit
the observed information wel l , the sample autocorrelation function should be
effectively zero for all but the zeroth lag. When the observed series is
sufficiently large (n > 50), the sample autocorrelation of the residuals •

r
~2
(k) ~ N(O , ~/n), [11]. Thus, for both stations, the standard deviation

of the sample autocorrelation is:

• 
____ = 0.0523

and the 95% confidence limi ts are:

+1 .96 (0.0523) = +0.1025

One would expect that, at the 5% level of signifi cance , 365(.05) or 19 of the
sample autocorrelations will lie outside of the above l imi ts. Hence, from
the results of the sample autocorrelation of the residuals , one can conclude
that the models fitted to the Greenwood Lakes and Long Branch climatological
data , equations (3.3) and (3.4) , give a good representation of the va l ues
realized for 1974. Tables 3.4 and 3.5 verify these conclusions.

3.3 Proposed Approach vs. Akaike ’s Approach

Another approach to the classification of time—series models is intro-
• duced by Akaike, [12], which uses the criterion of final prediction error

(FPE). This method was used, [8], [6], in the determination of “best”
models for climatologi cal information. Akaike assumed that an AR model
(equation 2.7) has a zero mean and observations acquired from points

• equally spaced in time. Using the Yule-Walker equations wi th the estimate
of X

t_m
i t > m the mean square of res iduals ,

29 
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TABLE 3.4 Sample Autocorrelation of the Residuals , r~~
(k), for the

Simulated Precipitation Density , Greenwood Lakes , N. J. (1974)
Confidence Interval = +0.1025

Lag K Sampl e Autocorrela tion, r~2(k)

1-10 1.000 p149 p408 .016 ~OO2 .039 7064 .108 .037 ~O6l
11-20 ~009 .009 .052 7110 7048 .179 7054 7046 .009 .029
21-30 .063 7053 701 1 7026 7050 .056 .008 .076 ~OO3 ~10O
31-40 .073 7014 .003 7080 7030 .182 ~O36 7045 ~O32 .054
41-50 ~OO9 7131 .139 .039 7073 .008 ~O26 .081 ~013 7031
51-60 .045 7095 7061 .116 .095 ~O6l ~087 .043 .01 7 7031

• 61-70 .019 7025 .016 .026 .025 7004 7061 .075 p045 7124
71-80 .097 .086 .009 7106 .050 .070 7130 ~O55 .074 .127
81-90 7028 7102 .054 ~O01 7072 .031 .083 7029 7101 .056
91-100 .042 7027 .006 .032 7105 .076 .028 7039 .059 7066

101-110 ~O24 .057 .013 7048 7023 7036 .097 .039 ~O53 TOll
111-120 .011 7044 7018 .070 .002 7035 .019 .035 .047 7089

H 
• 121-130 .032 .147 .012 7092 ~O52 .020 .026 .009 .020 7039

131-140 .014 ~OO4 .006 .011 7033 7022 .004 .079 .009 .083
141-150 7005 .041 .007 7028 .002 .027 .008 7057 7024 .098
151-160 7011 ~O45 .013 7002 7024 ~O0l .057 .001 7028 7025

• 161-170 .007 .036 .026 .024 .028 .045 7063 p025 .066 .002
171 -180 7011 7015 7006 .024 .007 .068 .029 7041 .027 .009
181-190 7003 7014 7044 .017 .074 .013 7040 .011 .014 7058
191-200 7003 .096 ~O24 7035 .007 .004 .001 7032 .004 .046
201-210 ~OO4 7021 .001 .005 .007 .011 .009 .008 7002 ~O03
211 -220 7004 .004 .002 7003 7002 ~O0l .001 7001 .001 .001
221-230 7001 7001 .001 7001 .0003 .0004 .0004 .0003 .0003 .0002

• 231 -240 .0001 .0009 70003 70003 70003 ~O00l 70002 ~0O03 r0003 70003
241-250 .0002 70001 ~O0Ol ~0002 .0001 .0002 ~000l .0009 ~OO07 70009

• 251-260 .0001 70008 ~OOO4 70003 ~00O3 ~OOO4 .0002 i0002 ~OOO4 70003
261 -270 ~0002 ~00O3 70003 70002 70001 70002 70004 ~0OO3 70003 70003
271-280 70002 .0002 .0002-- 70005 70003 70002 ~00O3 70002 ~0O02 70002
281-290 70002 70002 70002 ~O0O2 70002 70002 ~O0O2 70002 .0001 .0003
291 -300 ~O0Ol ~O0O4 70002 70002 ~0O02 ~00O2 70002 70002 70001 70001
301 -310 70002 ~00Ol 70001 70001 70001 70002 ~0OO1 ~0O01 ~0OOl ~0O0l
311-320 .0001 .0002 .0001 .0001 .0001 .0001 .0002 .0001 .0004 .0001
321-330 70002 70001 .0001 .0001 .0000 .0000 ~0OOl 70001 ~OO01 70001

• 
- 

331-340 .0000 70001 70001 .0001 .0001 .0003 .0004 .0002 70002 ~O001
34 1-350 ~O00l .0000 .0005 .0002 70005 ~00O2 r000l .0001 .0001 ~)001

— 
—-
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TABLE 3.5 Sample Autocorrelation of the Residuals , r~~
( k) for the

Simulated Precipitation Density , Long Branch , N. J. (1974)• Confidence Interval = +0.1025

Lag K Sample Autocorrela tion, r
~~
(k)

1-10 1.000 7249 7246 .156 .036 .055 .115 7046 .090 .074
11-20 .034 .039 .086 7097 .125 .149 ~O28 .015 .039 .069

• 21-30 .061 ~~0Ol .077 .019 .049 .031 .061 .048 7007 .074
31-40 .029 .058 .037 7019 .087 .046 .015 .053 7002 .070
41-50 .039 .003 .054 .005 .099 .005 7019 .076 .050 .01 3
51-60 .027 .034 .011 .045 .058 ~Ol7 .068 .001 .040 .073
61-70 7145 .186 .049 7040 .034 .017 .021 .057 .014 7008
71-80 .039 .065 7044 .067 .019 .009 .030 7029 .067 .050
81-90 7016 .004 .039 .041 7063 .060 .086 7053 .015 .047
91-100 7032 .067 7011 .004 .027 .052 7064 .070 .038 7114

101-110 .088 .087 ~065 .027 7073 .108 .041 7029 7106 .126
111-120 .049 7071 .025 .031 7116 .142 7003 7001 7033 7024
121-130 .080 7023 7012 .024 7017 .0003 .034 7049 .041 .010
131-140 ~O76 .098 7020 7101 .090 .010 7027 7006 ~O13 .002

‘ 141-150 .002 7011 .015 7019 7039 .043 .004 7026 p015 .004
151-160 .005 7011 7008 7005 .003 7015 .0008 .007 ~O22 7005

-

• 161-170 .016 7029 .006 7012 .006 .001 ~008 7037 .037 7017
171-180 7032 .039 7016 7034 .031 7054 .043 ~O0O5 ~023 7008
181-190 .006 ~Ol7 7025 .036 7005 7023 7008 .002 ~O07 .001
191-200 7007 7010 ~002 7006 .004 ~0O2 p043 .016 .019 ~O13
201-210 7017 7011 .004 70005 ~OO3 7012 ~011 .006 7002 ~.Ol l
211-220 7009 ~006 7005 7005 ~0O7 7004 7005 7007 7004 7005

221 -230 7006 7005 7005 7006 p006 7006 7005 ~0O5 7006 ~OO5
• 231 -240 7005 7005 7005 ~0O7 ~0O3 7004 7005 7004 7005 ~O06

241 -250 ~0O4 7004 7005 7007 ~0O3 7005 7004 ~OO4 7006 7003
251 -260 7004 7005 7004 7005 ~0O4 7005 7004 7004 7004 ~0O4 I
261 -270 7004 ~0O4 7004 p005 7003 ~0O3 7004 7004 ~004 7004
271 -280 ~0O5 7003 7003 p004 7004 7004 ~OO4 7004 ~O04 7003
281 -290 7004 7003 7003 ~O03 ~0O4 ~O03 ~O03 7006 7001 7002

291 -300 ~OO4 7003 7003 ~0O3 ~0O3 7003 p003 ~003 ~0O3 v003
301 -310 ~0O3 p003 7003 ~OO3 ~O03 r003 7002 p002 ~OO3 7002

• 

- ~11-32O i002 ~0O2 7002 7002 ~O03 ~O02 ~O02 7002 7002 7002
321 -330 7002 p002 7002 ~0O2 ~0O2 ~O02 ~O02 ~O02 ~O02 ~O02
331-340 ~O02 ~QO2 7002 T002 ~0O4 .0002 .0006 .002 .001 .002

• 
341-350 p002 ~0OO5 ~0O09 ~0O2 7001 ~OO1 7001 ~0O1 ~O09 70004

___________________ 
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(x~ - 

~ 
YJllxt m ) (3.6)p m 1

are to be minimi zed.

The FPE criterion depends upon the use of the mean square error:

S~ N-i-P R~ (3.7)

and (FPE)~ = 1 + .E~.1_, S~, “ x~ . The smallest FPE will give the best estima—

tion of the parameters. Table 3-. 6 below shows the best parameter order for
both app roaches .

Table 3.6 Best Parameter Order for the Minimum
Res idual Var iance and Aka i ke ’ s Criteria

MODEL ORDER (m ,q) RESIDUAL VARIANCE

J Greenwood Proposed (2,2) 0.163
Lakes , ~ Akaike ( FPE) (8,0) 0.158
Long Branch, Proposed (2 ,2) 0.717
NJ Akaike (FPE) (5,0) 0.679 - :

The difference between methods is obvious from the above table. Based on the
• principle of parsimony , [13], one should reject the Akaike classifications

as having a substantially larger number of parameters wi th which to reckon.
It is noteworthy to mention that in Aka ike ’ s method , the unbiased est imate
of the mean square error will usually produce good predictions , but the
variance will become quite large in the analysis of the spectrum. Further,
this same method is confined only to the autoregressive models and does not
address the utility of the moving averages and mi xed models in analyzing
cl imatological information . By virtue of the larger number of parameters of
the Akaike classification , the number of previous observations required to

• begin accurate forecasting is substantially less with the minimum residual
variance classification. For instance , in the case of the Greenwood Lakes
information, Aka i ke ’s method would require ten previous observations for
forecasting, while the minimum residua l variance classification would require
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only four previous values . The fact that fewer previous observations are
required , implies that a more practical near-real-time forecasting scheme is
possible from the computationa l point-of-view .

3.4 Summary and Concl us ions

In this section , the procedura l approac h develo ped in sec tion 2 and
exercised in section 3 was used to characterize 1974 climato logical informa-
tion for New Jersey. Specifically, time-dependent rainfall data for
Greenwood Lakes , N .J . , and Long Branch , N.J. , acquired from the NOAA was
modeled and analyzed. The information consisted of daily rainfall accumula-
tion for the two sites taken from recording rain gauges during the calendar

• year 1974. The two sites chosen were representative of northern and centra l
New Jersey climate . In general , the clima tological characteristics were
fairly uniform within a 15 Km radius of each station. Therefore , the proce-
dural approach in analyzing this type of data would be relevant for use by
the Army intelligence commun ity in a tactical situation.

The climatological data were shown to be non-stationary realizations ,
and following the procedural approach recommended in section 2, the following
stochastic processes were formulated as the most appropriate characteriza-
tions:

i. for Greenwood Lakes, N.J.:
x~ = l.4l8x~~1 - O.O63x

~_2 
- O. l28 x

~_3 
- O.227x

~_4 + 0.0015 + Z~
+ 0.762Zt 1  + O.l72Zt 2

and
ii . for Long Branch , N.J.:

x
~ 

= 2.39lx~~1 - l.345xt2 - O .3llx~~3 + O.O93x~~4 + O.l 72x~~5
- 0.0039 + + O.769Zt i  + 0.O82Zt_2

These models were selected on the basis of the critierion of minimum residual
variance. The results of the diagnostic check , through s imula ti ng the
observed series, show this to be appropriate with respect to identifying the
actual difference equations which characterize the climatological data . As

• expected, the analysis yielded similar difference equations for both sites
(see equations 3.1 and 3.2), Furthermore, we have structured tables that
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show short and l ong-term forecasts for both Greenwood Lakes and Long Branch ,
N.J. In these cases , ARMA (2 ,2) models adequately characterize the under-

I 
lying process as illustrated by figures 3.12 and 3.13 , and in tables 3.2 and

- 
3 . 3 .

The information gained from the modeling and analysis will provide
communicators and communications planners wi th a mechanism to determine
short-term future communications outages in the GHz range. This , in turn,

will enable planners to incorporate suitabl e alternatives in a tactical
situation. Systems designers , on the other hand, can use the proposed
model ing technique to simulate “worst case ” outages due to heavy precipita-
tion and thereby determine adequate equipment opera tional margins.

)

‘ H
~~~~~~

I i  
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