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Abstract

In a decision problem, a Bayesian has a loss function,—L;%GTD{)
a likelihood function/ t%3#§3>and a prior opinion, F-{8)}> A
Bayesian makes a decision by minimizing expected loss. Assuming
the likelihood function is fixed and agreed upon, this thesis
examines the influence of small variations in loss function and
prior opinion. There are a lot of ways to define small vgriations
in loss function and prior distribution. Essentially‘;é;géiz-to
define distance between two distributions and distance between

two loss functions.u’In this thesis we consider the distance
d(Fn,FQ) between tJé\distributions, Fn and Fd’ defined in such

a way that d(Fn,Fm) converges to zero iff Fn converges in dis-
tribution to F. The distance m(Ln,Lm) between two loss functions,
Ln, and L_, 1s defined so that m(Ln,Lw) goes to zero iff Ln
converges uniformly in @ and D to Lg,. Let Dg(¢) be an
c-optimal decision for the triple (Lm,z(gle),Fw). Considering
every possible sequence Fn(e) that converges in distribution to
Fm(e) and every possible sequénce Ln(e,D) that converges uniformly
in both 8 and D to L_(8,D), this thesis examines whether

Do(€) 1s still a "good" decision for the triple (Lp,s(x[8),F,).

If every D (¢) is also a "good" decision for (Ln,2(x|e),Fp) in
some limiting sense, then the triple is called strongly stable.

If only some specific D_(¢) are "good" decisions for (Lp,£(x!e),Fn)
then the triple 1s called weakly stable, and these decisions

D,(e) are called stabilizing decisions. If a triple is neither

strongly stable nor weakly stable, it is called unstable.

fege =B




Our purpose is to examine every possible triple (Lm,z(zle),Fm)
and see whether it is strongly stable, weakly stable or unstable.
This thesis studies the one dimensional estimation problem,

i.e., L_(8,D) = h(9-D), where h 1s continuous, non-increasing in
(=0,0) and non-decreasing in (0O,»). We assume the likelihood
function z(gle) as a function of @8 1is continuous and uniformly
bounded. Under these conditions, necessary and sufficient conditions
for a triple to be strongly stable, weakly stable or unstable are
available.

l, i.e. the problem studied in

Later it 1s assumed z(ile)
Kadane and Chuang [1978]. Then, in the estimation
problem, whether a triple is stable or not depends on the loss
function only, and a triple can only be strongly stable or unstable.
Necessary and sufficient conditions for a triple to be stable are
much simpler than the conditions for the general likelihood function.
Squared error loss is unstable with any opinion if the parameter
space is the real line, however, absolute error loss is stable.
Several other examples are also given to show how to apply these

necessary and sufficient conditilons.
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Further Theory of Stable Decisions
Chapter 1. Introduction
1.1 Formulation of the Problem

The original results about stable decision problems were
introduced in Kadane and Chuang [1978]. As stated in that paper,
"Generally when a personalistic Bayesian tells you his loss
function and opinion, he means them only approximately. He hopes
that hils approximation 1s good, and that whatever errors he may
have made will not lead to decisions with loss substantially greater
than he would have obtained had he been able to write down his true
loss function and opinion." What kinds of loss functions and
opinions satisfy these conditions are the objects of our study.

As in that paper, "there are two special cases that have been
considered. In the first, we cannot (or need not) obtain one's
exact prior probability. Stone [1963] studied decision procedures
with respect to the‘use of wrong prior distributions. He emphasized
the possible usefulness of non-ideal procedures that do not require
full specification of the prior probability distribution.

Fishburn, Murphy and Isaacs [1967] and Pierce and Folks [1969]

also discussed declsion making under uncertainty when the decision
maker has difficulty in assigning prior probabilities. They out-
lined six approaches that may be used to assign probabilities.

In the second case, one cannot obtain one's exact utility function.
Britney and Winkler [1974] have investigated the properties of
Bayesian point estimates under loss functions other than the simple
linear and quadratic loss functions. They also discussed the

sensitivity of Bayeslan point estimates to misspecification in the




loss function. Schlaiffer [1959] and Antelman [1965] discuss
relating the utility of the optimal decision to the utility of
suboptimal decisions in certain contexts.

The closest related work, however, is the material on stable
estimation in Edwards, Lindman and Savage [1963]. They propose
that there is data such that the likelihood function will be
sufficiently peaked as to dominate the prior distribution. The
criterion for robustness is that the densities of various possible
posterior distributions are close.

Another important line of comparison is the work on robustness
in the classical context as exemplified for instance, in Andrews
et al. [1972], Bickel and Lehmann [1975 a,b] and Huber [1972,1973].
While they study how estimates change as a consequence of outliers,
we study here how the worth of the estimateschange.”

In the same paper, we have the following formalizations and
definitions. Suppose that the parameter space is @ cimk for
some k, and the decision space is & CSR‘ for some ¢. If
F_(8) is my (approximate) opinion over @€ @, and L (e,D) my
(approximate) loss function, the (approximate) loss of the decision

problem to me is

(341) W, = inf Lm(e,D)dFm(e)
Des

which 1s here assumed to be finite. Then for every e >0, there

1s a decision D_(€) which is e-optimal, that is

(1.2) 18,0 ())aF (8) < W, + €.




.
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Suppose, however, that my "true" opinion over @ 1is close
to F_(8) and my "true" loss function over 8 x & 1is close to
L,(8,D). DNow we have to define the term "elose." 1In order to
do this we need distance function between two functions. There
are many ways to define distance between two distribution functions
and between two loss functions. In our problem we define the
distance d(Fn,Fm) between Fn(e) and F_(8) in such 2 way that

d(Fn,Fm) converges to zero iff F converges weakly to F,» and

n
we define the distance m(Ln,Lm) between Ln(e,D) and L_(8,D)

in such a way that m(L,,L ) converges to zero iff L, converges
uniformly in 8 and D to L, These distance functions are not
uniquely defined, but all the results in this thesis will hold for

any functions satisfying the above conditions.

For any fixed D_(¢), let Bn(e) be defined by

(1.3) By(e) = [L,(8,D,(c))aF

a(8) - in€ [L,(8,0)aF (8).

We are interested in finding the limit, lim lim sup Bn(e).
€l0 nre
In this thesls, lim 1s represented as 1lim sup.
n—>e n—=>+o

Definition 1: A pair (L_(9,D),F_(9)) is called strongly stable,

if for every

Fn S Fm, Ln > L°° uniformly in 4§, D, and
for every choice of D_(¢) satisfying (1.2),

(1.4) 1im lim sup B (e) = O.
€l0 n3w

In this case, the pair (LQ,FQ) is called strongly stable.
There are situations in which (1.4) holds for every choice of

Ln > L, and Fn > F_, but only for some particular choice Dw(e).

) — a_a




In this case, Dm(e) is called the stabilizing decision, and the
pair (Lm,Fw) is called weakly stable. If (L ,F ) is neither
strongly nor weakly stable, it is called unstable.

The motivation for these definitions is that if a pair
(L,,F,) 1s strongly stable, then small errors in L (8,D) or
Fm(e) will not result in substantially worse decisions. If on
the other hand, a Bayesian finds that the loss function and opinion
he has written down are unstable, then he may wish to reassess his
loss function and opinion to be certain that no errors have been
made. When he finds he has written down a loss function and
opinion which is weakly but not strongly stable, a Bayesian may
choose to make the stabilizing decision to have protection against
errors in either the loss function or opinion.

From a more general point of view we can formulate our problem

as follows:

Definition 2: Let Ln > L, and Wn * Ly uniformly in 8, D, and

W W
P >, G 20

Let Dn(e) satisfy

(1.5)  [W,(0,D,(e))ag,(8) < tnr [W,(0,D)dG, () + e

If for every such choice of Dn(e),

(1.6) Lin 1in sup( [L_(8,D(¢))dF, (8) - inf [L,(8,D)aF (8)] =0,

then (L_,F,) is strongly stable. If there is some choice of Dn(e)
which mekes (1.6) hold, then (L_,F ) is weakly stable and Dn(e)

is the stabilizing decision. If a pair (LQ,F“) is neither strongly
nor weakly stable, it 1s called unstable.




The following two defi.itions, definitions 3 and 4, can be
shown equivalent to definitions 1 and 2, respectively. They are

easier to handle and simplify our problem.

Definition 3: For any e > O, define D_(¢) as in (1.2). Then
W
(LysF,) 1s strongly (weakly) stable iff for every sequence -l

and for every (for some) such D (¢),

70 . T o e L (Bl ) - e [La(a.D)aF (a)] = o

Definition 4: For any € > 0, define the decision Dn(e) as in

(1.5) but with W, taken to be L_. Then (LgsF,) is strongly
T

(weakly) stable iff for every sequence 1 ¥ F, and G, 1 F_, and
for every (for some) such Dn(e), (1.6) holds with L_ substituted
for Ln'

Thus definitions 3 and 4 differ from definitions 1 and 2 in
that, for the latter, only the opinions move, while the loss
functions stay constant.

Under the above definitlons, the following results are also
available in Kadane and Chuang [1978].

Theorem 1.1: (a) (L,,F,) is strongly (weakly) stable by definition 1

iff (L,,F,) is strongly (weakly) stable by definition 3.
(b) (L,,F,) is strongly (weakly) stable by definition 2 iff
(L,sF,) 1s strongly (weakly) stable by definition 4.

A function L(@,D) 1s called continuous in § uniformly in D
iff for all € > O and 9, there exlists & > O such that for all
D, |8-98, <6 1implies |L(e,D)-L(8q,D)| < €.

— ———— searsmtnst i S
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Under this definition, we have:

Theorem 1.2: Suppose (i) |L_(8,D)| < B for all § and D

(11) L_(e8,D) is continuous in @& wuniformly in D. Then (L ,F,)

is strongly stable by definitions 1,2,3 and 4.

We also know that squared error loss is unstable with any
opinior. if the parameter space is the real line. Under the same
conditions, it can be shown that absolute loss is strongly stable
with any opinion. Later in that paper, we examine the estimation
case, i.e. L_(98,D) = h(e-D), where h(x) is continuous,
non-increasing in (-«,0) and non-decreasing in (0,=).

While these conditions are not enough to assure stability, several
conditions are given that are sufficient.

There are, as stated in Kadane and Chuang [1978], a number of
interesting and potentially enlightening choices that might be made
for the sense of convergence of Fn to F_, and Ln to Lw.

We start with weak convergence in the distribution and uniform
convergence in both arguments in the losses. Whether our results
still hold under different senses of convergence of Fn to F,
and L, to L, is an interesting problem for further research.

In th}s theslis, we restrict ourselves to one-dimensional
problems. Thus we assume the parameter space is @ cR' and the
decision space 1is .BglRl. Suppose )(]_,Xz,...,xm are random
variables whose joint distribution depends on the value of g.

For the given value X1se+e,X,, Of the distributions, let

m

X = (xl,xz,...,x Then we have likelihood function 4(x[8),

m)'
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which is assumed to be a continuous and uniformly bounded function

of 4. Let

8
[ 2(x|t)aF(t)

P(g) = ;m , 80 that P(g) is the posterior distribution
[ a(x|t)ar(t)

)

- 00

of 8 corresponding to the prior distribution F(8) and the like-
lihood function z(ile). After x has been observed, the decision
problem is baslcally the same as before observing x, except the
distribution of 8 has changed from the prior to the posterior
distribution.

Let Pw(e) denote the posterior distribution of 8 corresponding
to the prior distribution Fw(e) and likelihood function z(zle).
Also let Pn(e) be the posterior distribution of @ corresponding
to the prior distributiorn F (8) and the likelihood function 2(xle).

We then have the following definitions.

W
Definition I: Let F > F_, Ln(e,D) > L,(8,D) uniformly in 9

and D, and let D_(e) be a decision satlsfying

(1.8) [ (e,D,())ap,(8) < tnf [L.(8,0)dp (8) + e.
Now let Bn(e) be defined by

(1.9)  Bp(e) = [Ly(8,0,(e))dPy(0) - ing [Ln(s,D)dP,(a).
If

(1.10) 1im 1im sup B (e) =0

€)0 now

W
for every choice of Ln > L, uniformly in 8 and D, and Fn o

and every choice of D_(e) satisfying (1.8), then the triple

(Lm,z(xle),FG) is called strongly stable. There are cases in which




(1.10) holds for every choice of L,~> L, and F, > F_, but only
for some particular choice of D (e). In this case, D_(e) is
called a stabllizing decision and the triple (L_,z(x|8),F ) 1is
called weakly stable. If the triple is not stable (either strongly

or weakly), 1t is called unstable.

W W

Definition II: Let F, ~F, and G > F_; W >L_  and L >L,

uniformly in ® and D, and let Dn(e) be a decision satisfying

(1.11) [w (8,0 (e))aa,(8) int [w,(8,D)dq, (8) + «
where Qn(e) is the posterior distribution of 8 corresponding to
the prior distribution Gn(e) and the likelihood function L(E!S).

Also define Cn(e) ags follows:

r
(1.12)  cp(e) = [Ln(8,Dy(e))dPy(8) - tnf [Ly(s,D)dPy(a).
If for every cholce of F, Gp» L, W, and Dn(e)
(1.13) 1lim 1lim sup Cn(e) =0
€l0 mw

then the triple (L,:l(ﬁle):Fm) is called strongly stable. If there
is some choice of Dn(e) which mekes (1.13) hold, then (L_,£(x|8),F_)
is called weakly stable and Dn(e) is called the stabilizing
decision. 1If a triple 1s nelther strongly stable nor weakly
stable, it is called unstable.

Definition III 1s similar to definition I, except we let
L, =L, for all n. Also definition IV 1s similar to definition II,

n
except, for all n, we let wn = Ln = Lw.

o — ——— — —
Jro— - e —




One related work is Shapiro [1975]. She considers the case
that the prior distribution is known exactly and likelihood
function may have small variation from the "correct" one. She
found sufficient conditions that the posterior distributions
will converge in distribution to the "correct" posterior distri-

bution.
Rubin [1977] studles robust Bayesian estimation by assuming

that the observation X 1s normal with mean 6 and variance 1,
and that @ has a prior distribution, which is chosen to be
normal, double-exponential, logistic, or Cauchy with mean 0. He
then investigates the behavior of Bayes estimates when the true
prior distribution and assumed prior distribution are different
members of this set of distributions.

DeRobertis [1978] studies and develops betting sets such
that prior beliefs are quantified by the acceptance of a sub-family
of the available bets. From the bets accepted by a decision maker
we generate a class of prior distributions. We then can do

posterlior inferences and study convergence of opinion as evidence

accumulates.
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1.2 Explanation of Definitions

In this thesis we introduce twelve definitions. They can be
divided into three groups: Definitions I, II, III and IV are in
the first group, definitions I', II', III' and IV' are in the
second group and definitions 1, 2, 3 and 4 are in the third group.
Definitions I, II, III and IV are the primary interest of the
thesis. When the likelihood function satisfies £(x|e) = 1 then
definitions I, II, III and IV reduce to definitions 1, 2, 3 and &4
respectively. Thus definitions in the third group are just special
cases of definitions in the first group. In Chapter 5 we discuss
special properties of definitions and triples iﬂ'the third group.
The reason we introduce definitions I', II', III' and IV' is that
they are easier to handle mathematically. Theorem 2.1 shows
definition I', II', III' and IV' are equivalent to definitions
I, IT, III and IV respectively.

We can see definitions I, II, III and IV from a more general

3

point of view. Suppose d~ and d2 are arbitrary metrics on

L 2

measures, and m and m are arbitrary metrics on loss functions.

et al(F,,F.) + a®(c,,F.) +mt (L ,L ) +n?(W_,L_) > O. Consider

the following special metrics: 1let dl(F,G) be the Levy Distance

between two distributions F and G. Let d2(F,G) =0 if FsgG

and 1 otherwise. Also let ml(Ll’Lz) = suplLl(e,D)-Lz(e,D)l
8,D

and let me(Ll,Lz) =0 1f L, =L, and 1 otherwise. Then

we have the following relations among the definitions.
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Definition d d m m
i3 d1 d2 m1 m2
£l dl d1 ml ml
T E dl d2 mo m2
IV dl d1 my m2 -

In each group of definitions, it can be shown that the first
one 1is equivalent to the third one and the second one is equivalent
to the fourth one. However, the first and the second definitions
in the same group are not necessarily equivalent for all triples.
In this thesis we are particularly interested in the estimation
problem, i.e. L_(8,D) = h(8-D), where h 1is continuous,
non-increasing in (-«,0) and non-decreasing in (0,). Under these
conditions all definitions in the same group are equivalent to each
other (as shown in Chapter 3). Thus for the estimation
problem, definitions I, II, III, IV, I', II', III' and IV!
are all equivalent to each other. Also definitions 1,2,3 and 4

are equivalent to each other.

A T —— —— e
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1.3 Outline of Thesis

In Chapter 2, we study the general structure of definitions
I, IT, III and IV. We introduce definltions I', II', III' and IV
that are equivalent to definitions I, II, III and IV respectively.
However, they are‘easier to handle mathematically. Later we show
P (8) : P,(8), 1f F_(e) TﬂFm(e), where P _(8)(P,(8)) is the
posterior distribution corresponding to prior distribution Fn(e)
(F,(8)) and the likelihood function £(x[8)-

In Chapter 3, we study relationships among definitions I, II, IIT
and IV. Definitions I and II are equivalent to definitions III and
IV respectively. However, by an example, we show that definitions
I and II are not equivalent for every friple. Then we study the
estimation problem, i.e. Lm(e,D) = h(8-D), where h
is continuous, non-increasing in (-«,0) and non-decreasing in (0,=).
Under these conditions, definitions I, II, III and IV are equivalent.
Thus definitions I, II, III, IV, I', II', III' and IV' are equi-
valent to each other in this case, and it follows directly that
definitions 1, 2, 3 and 4 are equivalent to each other.

In Chapter 4, we study the prediction problem in
detail. Our object 1s to determine whether a triple is strongly
stable, weakly stable or unstable. Necessary and sufficient
conditions for a triple to be strongly stable, weakly stable or
unstable are proved.

In Chapter 5, we reexamine the case £(x[/@) = 1, considered
in Kadane and Chuang [1978]. Again we study the estimation

problem. We have some new results. It is impossible




for a triple to be weakly stable. For any two distributions r
and G_ and any loss function h(e-D), (h,F_) is strongly stable
iff (h,G_) is strongly stable. Thus, whether (h,F_) is stable or
not depends on h only. Necessary and sufficient conditions for
loss function to be stable are given. They are much simpler and

easier to check than the conditious in Chapter 4. By using these

conditions, we reexamine the examples in Kadane and Chuang [1978].

13
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Chapter 2 A General Structure and Convergence of Pn(e)

2.1 A General Structure and New Definitions

The object of this section is to simplify our mathematical
formulation. We show that we can let the denominator of the
posterior distribution equal 1 without loss of generality. Then
we introduce definitions I', II', III' and IV' that are equivalent
to definitions I, II, III and IV respectively. The advantage of
these new definitions is that they are easier to handle mathe-
matically. Finally we show Pn(e) z P (o), it Fn(e) z F_(8),
where Pn(e) (P_(8)) is the posterior distribution corresponding
to prior distribution Fn(e) (F(8)) and the likelihood function
z(ﬁfe). This result connects definitions I, II, III and IV to
definitions 1, 2, 3 and 4. We discuss its importance in Chapter 5

In the following we show, by using definition II, the de-
nominator of the posterior distribution will not affect the
stability of a triple. By letting Gn =F, or G, =F, and

n

W, = Ln =L, or wn = Ln = L,, we can see the same result holds

for definitions I, IIT and IV respectively.

o

We assume f l(§|9)dFm(6) =C> 0. If C =0, then we put

-Q0

all of our prior probability on the set of @ that has ¢(x/8) =

14

o.

This is not the case we are interested in. We keep this assumption

throughout the thesis.

Lemma 2.1. Consider the triple (L_,4(x|/e),F_), and suppose

W w
in ¢,D; also suppose Fn +> F, eand Gn ST

f °°L(ye)de(e) = C > 0. Suppose L,* L, and W, =+ L uniformly
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Let D;(e') be any decision satisfying

(2.1) an(e,Dr’l(e’))z(ye)d%(e)gigf JW,(8,D)2(xl0)dc, (8) + ¢’

and let Dn(e) be any decision satisfying

MW, (8,D,(¢))a(xl8)dc, (o) s Ju,(8,0)e(xl0)ac_(e)

n
fl(z!e)dcn(e) sy j; x|8) dGn(e)
And let {D_(€)]} be the set of all decisions satisfying (2.2).

(2.2)

+ €.

Let Cé(e') and Cn(e) be defined by
(2.3) cple’) = [L(0,D4(e’))a(xl0)aF (o) - inf [L.(s,D)s (x| 8)ar, (o)

and
S s fL (8,05 (€))4 (x0)aF, (o) e JEn(8.D)2(x0)aF_ (o)
J4(xle)ar, (a) D Ji(xle)ar,(a)

Then (a) for all D (e), we have 1im lim sup C (e) =0 1ff

; efO n>o
for all D (e Llim lim sup[C (e’)] =03
e’ 0 now

(b) there exists D (e), such that 1im 1lim sup C (e) =0 iff
eJ,O n>c
there exists D/ (¢') satisfying 1im lim sup [C’(e’)] = O.
n ’ n
e’l0 mw

Proof: (a) Since z(ile) 1s continuous and uniformly bounded, by

the Helly-Bray Theorem (Loeve [1963] page 181), we have

1in j: t(xle)ar,(0) = [ 4(xle)ar,(a) = C

-00

and

Ln j_w t(xl0)dc,(8) = [ 2(x|e)dF (s) = C.

- 00

o
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Then there exists an N, such that for all n>N

(2.5) g < j (x|9)dF (e) % c
and
(2.6) %<IMLQMM%H)<%Q

By assumption, for all Dn(e), we have 1im lim sup [C, (e)] =0
€l0 now

The strategy is to find a proportional constant a, such that
when €’ = ae, then every D'(e’) satisfies (2.2). Then, by

assumption, it 1s straightforward to show 1lim lim sup [C (e’)] = 0.
€’l0 n4oo

We know Dé(e’) satisfies (2.1). Let

(2.7) e’ =-% 05

Then for all n>N and all Dé(e’) we have
[w, (8,Df (")) a(x]0)dc, (o)
Je(x]8)dc, ()

[W,(8,0)2(xl8)ac, (o) + ¢’

< inf (by (2.1))
il fz (8)dG, (o)
W (g,D 4G
< inf J n(e 2 (xle) n(e) + €. (by (2.6) and (2.7))

D |4 (xl8)dc, ()

Thus all Dé(e') satisfy (2.2) and it follows that
Dé(e') € {Dn(e)]. And by construction €’ | 0 1ff e | O.
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L (e,D! (x| 9)dF
1im 1w (C'(e’)) < (zc) * lim 1lim sup [I n(en n(e ))a(zle) D -
€'y0 now N €’'}0 nw Jz(gle)d (8)
L_(g,D dF
inf I - ? pizie) 3] (by (2.5))
D J4(xle)dF, (a)
LAl T sup[an(e,Dn(e))z(ﬁle) fL (8,D)e(xl8)aF n
2 €0 mw fz(x!e)an(e) 3 Je(x| 8)dF, (e)

=0 (because lim lim C, (¢) =0 and Dé(e') € {Dn(e)}.
evO n>w

Similarly, we can prove the "only if" part.

(b) If there exists D_(e€), satisfying 1im lim sup [C, (e)] =0,
n
€J0 mw

we have to find Dé(e’) satisfying 1im lim sup [Cé(e')] = 0.
€’[0 nw

The strategy here is quite similar to part (a). Let

(2.8) e’ =%Ce

and suppose that Dn(e) is the stabilizing decision. Then

Jw.(8,0,(¢))a(xl8)dc (o) 5 e Jw.(e,D)2(xl8)ac, (o) et
Ja(xzle)ac, (s) = D [a(xle)dc,(e)

Then when n> 1N,

[w, (8,0 (e))e(x]0) )dc, () <1nfj'w (8,D)4(x[9)dc, (8) +¢ [4(x|0)ac

< tnf [, (0,D)4 (x| 8)aG, (a) + ¢’

Thus Dn(e) satisfies (2.1).
' ']
Let D/(e’) = Dn(e), then

i}lfo ;12 sup [J‘.‘Wn(e,Dﬁ(e'))J(J_gle)dGn(e) -iIrle Iwn(e,D);(ile)dGn(e)]

f r
< & & « Yk 3 S [JWn(e,an(e))t(ile)dGn(e) R an(e,D)f(ile)dGn(e)
: €40 s J4(x/8)dcy, (o) D ft(g'e)dGn(e)
= 0.
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Similarly, we can prove that the "only if" part is also true. u

From the above lemma, we can easily show the following
definitions I', II', III' and IV' are equivalent to definitions
I, II, III and IV respectively. Definitions I', II', III' and IV'

are mathematically easier to handle.

W

Definition I': Let Fn * B s Ln -> L°° uniformly in @ and D,

and let D _(e) be a decision satisfying

I r
(2.9) [Lg(8,D,(€))s(xl0)aF (8) < e d JLe(8:D)2(x[8)dF () + €.
ikt

(2.10) e L sup[ [L, (8,0, (<)) (x| 0)dF, (s) e B JL,(8,D)2 (x| 8)aF, (8)]=0
€ n>wo

for every choice of Ln > L, uniformly in 6 and D, and every

Py E F, and every choice of D (e) satisfying (2.9), the triple
<Lw:z(£|9)’Fm) is called strongly stable. There are cases in which
(2.10) holds for every choice of L,>L, and F > F_, but only
for some particular choice of Dm(e). In this case, the triple
(L,,£(xl8),F) 1s called weakly stable and D_(e) is called a
stabilizing decision. If the triple 1s neither strongly nor weakly

stable, it is called unstable.

W w
Definition II': Let Fn = Fw and Gn it F“; Wn > L°° and Ln =» L°°

uniformly in @ and D, and let Dn(e be a decision satisfying

r
|

(2.11) Uy (8,0, (<)) 4 (xl0)dG, (0) L 1nf [ (8,D)2(x(8)dGy(8) +e.
1%
(2.12) 218 e [[Ln(8,Dpy(€) )2 (x] 8)dF, () ot JL,(8,D)a(xl0)dF, (8)]

=0




for every choice of Ln > L wn > L, uniformly in 6 and D,
and every F_ .. PG, ¥ F, and every choice of Dn(e) satis-
fying (2.11), then the triple (L_,4(x/8),F ) is called strongly
stable. If there is only some choice of Dn(e) which makes (2.12)
hold, then (L_,2(x!8),F_ ) i1s called weakly stable and D_(¢) is
called the stabilizing decision. If a triple is neither strongly
nor weakly stable, it 1s called unstable.

The following two definitions, definitions III' and IV', are
gsimpler than definitions I' and II'. We show in Chapter 3 that
definitions I' and II' are equivalent to definitions III' and IV

respectively.

W
Definition ITE': Let Fn -> Fm, and Dm(e) be a decision satisfying

(2.13) ELw(e,Dm(e))z(zﬁe)de(e) < igf ij(e,D)z(ﬁ?e)dFm(e)+‘a

llow let E (¢) be defined by

i

(2.14) B (e) = fLm(e,Dm<e))z<§!e)an<e)-1nf [1,(8,D)a(x|8)dF (s).
. i r

If

(2.15) 1im 1im sup [Bn(e)] =0
€y0 noe

W
for every choice of Fn aall and every choice of Dw(e) satisfying
(2.13), the triple (L_,4(x|8),F, ) 1s called strongly stable. There

are cases in which (2.15) holds for every choice of F, > F,, but

ml
only for some particular choice of D_(€). Then we call the
triple weakly stable, and Dm(e) is called a stabilizing decision.
If a triple 1s neither strongly stable nor weakly stable, it 1is

called unstable.

19
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W W
Definition IV': TLet F_~F_ and G_ > F_, and Dn(e; be 2

n

declsion satisfying

2.16) Jer(a,Dn(e))l,(Esa)dGn(e)iinf fLm(e,D)u_{'e)dang) + €.

D

-

Let Cn(e) be defined by

(2.17) c,(e) =[L_(8,D, (¢))e(x/0)aF, - inf [L_(8,D)s(x|0)aF (8).

D
EF
(2.18) 1im 1lim sup [Cn(e)] =0
€¢0 N>+
W W
for every choice of =B and Gn > F_, and every choice of

n “ oo
\
)

F
En(e) satisfying (2.16), then the triple (Los2(xi8),F ) 1s called

strongly stable. There are cases in which (2.18) holds for every

W W

choice of Fn Bl and Gn » F_, but only for some particular

choice of Dn(e). Then we call the triple weakly stable, and
an(e) is called a stabilizing decision. If a triple is neither
strongly nor weakly stable, it is called unstable.

The following theorem is a direct result of Lemma 2.1.

Theorem 2.1 Definitions I', II', TIII' and IV' are equivalent to

definitions I, II, III and IV, respectively.
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2.2 Convergence of P (6)

In this section, we study convergence of Pn(e), where Pn(e)
is the posterior distribution of § corresponding to the prior
distribution Fn(e) and the likelihood function g(x|g). As
defined in Chapter 1, z(x|8) is a continuous and uniformly bounded
function of 9. We also know Pw(e) is the posterior distribution
of § corresponding to the prior distribution F_(8) and the
likelihood function £(x|8).

W
Theorem 2.2: Under the above conditions, 1if Fn > F°° then

W
P_(8) = P_(8).

ik
Proof: We have to show that for every continuity point 8 of P
P.(8) > P_(9).

(1) If ¢ 1is a continuity point of F_, then by the Helly-Bray

0’

Theorem
(2.19) 1im [ 4(x|8)aF, (8) = I a(xle)ar_(s), and
n—>o -00 -00
: 0
(2.20) lm [ g(xlt)daF,(t) = [ #(x|t)dF_(t).
n>o Y-cn Va0

Thus we have

5 g
[ exlt)ar (t) [ s(xlt)ar (t)

1in =2 - =

"= [ a(xle)aF (e) [ e(x|e)dF,(s)
and 1im Pn(e) = P_(0).

n>ow
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(11) If 4(x[le) =0 and @ 1is not a continuous point of
F_(8) then, given ¢ > 0, we can find a, which is a continuous
point of F_, such that for all be [a,8], £(x[b) < e.

C

a ~
[P stxle)ary(s) = [ axle)ary(e) + [ a(xlt)ar, (¢)
-0 -0 Ya

8 a 8
[ axltyar (6) = [T a(xlt)ar (8) + [ a(x|t)aF,(¢).
-00 Va0 a

The second terms in the right hand side are less than «:

8 5
Ogjal(ilt)an(t) <€ Iaan(t) <e

8 ,
0 < [a(xlt)aF (t) < €] aF_(t) < e.
—Ja -~ o0 —_— a 0

However, by the Helly-Bray Theorem, we have

a a
1m [ g(xt)dF (¢) = [ s(x|t)dF(t).
n—>oo -0 o)

Thus (2.19) and (2.20) hold in this case as well and we have

s Pp(e) = P,(8)-

(111) If #(x/e) #0 and 8 4is not a continuous point of F (8)s

1(x|8)(F (9) -F_(8-))
then P_(8) - P (8-) = — « Thus 9 18 not a

| e(xle)ar(e)

continuous point of P_(9).
w
By (1), (11i) and (1ii), we conclude Pn(e) + P (8). ®

This theorem connects the results in Kadane and Chuang [1978]
to the results derived from definitions I, II, III and IV. We

discuss the importance of this result in Chapter 5.
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Chapter 3 Relationships Among Definitions I, II, III and IV

3.1 Relationships for General Loss Function
In Section 2.1, it was shown that definitions I, II, III and

IV are equivalent to definitions I', II', III' and IV' respectively.
In this section, we study relationships among definitions I, II, III
and IV. By using definitions I', II', III' and IV', we can see
definitions I and II are equivalent to definitions III and IV
regpectively. Later we study the relationship between definitions
IITI and IV.

Theorem 3.1: (a) (wal(ﬁle),Fm) i1s strongly (weakly) stable by
definition I iff (L _,2(x|e),F_) is strongly (weakly) stable by
definition IIT.

(v) (L,,£(x|8),F,) is strongly (weakly) stable by definition II
1£e (Lm,t(gle),Fm) is strongly (weakly) stable by definition IV.

Proof: By definition Ln(e,D) - Lm(e,D) uniformly in ¢ and D
means given ¢ > O, there exists N1 such that for all n > Nl
IL,(8,D) - L(8,D)] < e.

By assumption about z(ile) we can find a constant B such
that |4(x/e)| < B.

i Then, for all n > N1

|L,(8,D)2e(xl8) - L(8,D)e(xle)l
S |Ln(99D) =~ L“(GJD)' + B

< BE,
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So L, 8,D)2(x|8) » L _(e,D)e(x/8) uniformly in @ and D. By

Theorem (1.1), (a) follows immediately. (b) can be proved in

the same manner as (a). =

From this theorem and Theorem 2.1, we have the following

diagram. Where the notation " «» " represents "is equivalent

0
(Thm. 2.1) (Thm 2.1)
T ey T TT @eed TII1
(thm 3.1)  § (qyma 1) (Thm 3.1) 1(Thm2.1)
IT] «—— III' IV e—— IV!

Hence there are only two essentially different definitions to
consider, which we take here to be III' and IV'. We now turn to
the relationship between these two. If a triple (Lm,z(gle),Fm)
is strongly stable by definition IV', then by letting Gn o
(for all n), we can see the triple is also strongly stable by
definition III'. If a triple 1s unstable by definition III',
then by the same assignment UﬁjsFm), we can also see the triple
is unstable by definition IV'. In Lemma 3.1 we show if a triple
is weakly stable by definition III', then the triple is weakly
stable by definition IV'. Here we should emphasize, as stated
in our definitions, if a triple is strongly stable by a specific
definition then the triple 1s not weakly stable by that definition.
If we could show that if a triple 1s strongly stable by definition III'
then the triple i1s strongly stable by definition IV', then
definitions III' and IV' would be equivalent. This follows because
any triple 1s strongly stable, weakly stable or unstable by
definition IV'., If the triple 1is, say, strongly stable by
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definition IV' then it must also be strongly stable by defini-
tion III' (for if on the contrary the triple is weakly stable
(unstable) by definition III', then the triple is weakly stable
(unstable) by definition IV'). Unfortunately this is not true
as Example 3.1 (to come) shows.

Tre following lemma shows a relationship between definitions III!
and IV'. Example 3.1 shows that the converse is not necessarily

true.

Lemma 3.1. If a triple 1is weakly (not strongly) stable by
definition ITII' then the triple is weakly (not strongly) stable by
definition IV'.

Proof: The triple can not be strongly stable by definition IV'.
If it is strongly stable by definition IV' then it is also strongly
stable by definition III'. This is a contradictilon.

Let Dm(e) be the stabilizing decision for definition III'.
OQur goal 1s to prove Dm(e) is also a stabilizing decision for
definition IV'. By definition of stabilizing decision,

lim 1lim sup [ILQ(G,Dm(e))I,(EIe)dGn(e) - inf JPLw(e,D)z(lc_le)dGn(e)] =0.
€10 n>w D

One thing we have to notice here is that if {D_(€)} is the
set of D_(¢) satisfying (2.1), then for any € < €,
(Do(eg)} € (D (e) )

Thus given any € > O, there exists D_(¢) (which is a
stabilizing decision satisfying)

L35 v [[L(8,D(€))4(x]8)dC,(8) - ARE [La(8,D)a(x]0)dc, (8)] < g
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From this, we can find an N, such that for all n > N,

(5-1) [T (0,0,(e))e(xl0)ac, (8) - ine [L,(8,D)a(xl8)dcy(s) < e.

Comparing (3.1) with (2.16), we see Dm(e) satisfies (2.16).
In order to prove weak stability by definition IV', we have

W
>

to find D _(e) such that for all F F
n n )

1im 1im sup [ILw(e,Dn(e))z(ye)an(e) tnt J'L 8,D)4(x|8)dF (8)] = O.
€l0 now

For n > N, we take Dn(e) = D_(€) which satisfies (2.16) and
by the definition of the stabilizing decision for definition III?,

we have:

lim lim sup [[L, (8,0 (¢))¢(xle)dF () - inf [L (8,D)s(x|8)dF, (o)]
€,0 nw D

ii-r(r)l }1_’;2 sup [uL (8,Dg(€))2(x|0)dF (o) - igf j‘Lm(e,D)z(ye)an(e)]

= Q. ]

From now on, when we want to prove definition III' and IV' are
equivalent, we only have to prove strong stability by definition III'
implies strong stability by definition IV'.

The followlng example shows definitions III' and IV' are not
equivalent for all triples, by showing a triple which is strongly
stable by definition III' but only weakly stable by definition IV'.
The triple works in the following way: It can be shown that the
set of D_(e) for the triple is (0,3%¢), and the expected loss,
a8 a function of decision D, 1s discontinuous at D =0. Thus
zero 1s not in the set of Dm(e). However, we can find Gn E F°°

and zero is an e-optimal decision for (L_,4(x|8),G.). If we

»
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let F aF, and Dn(e) = 0 we can see immediately (2.18) does

not hold. So the triple cannot be strongly stable by definition IV'.
Example 3.1. Suppose L_(4,D) = h(9-D) and
(
2 x> 1
0 1>x>0
h(x) =
-X 0>x> -2
2 -2 > X
\
Let #(x[8) =1 and F_,(8) be the cumulative distribution

1

function of a r.v. X satisfying P(X=-1) = 3

and P(X=1) =

i o

Then the triple (Lw,z(gle),Fw) is strongly stable by definition III'
and only weakly stable by definition IV'.

Proof: First we show the triple is strongly stable by definition III'.
an D> 3
£p 3>D>1
3
- L(1+D) 1>D>0
[ ne-pyar (o) = { 3
-00 5 l
= + =D 0 D -1
She ki
4
ot - D -
3 1>D> -2
k 2 'QZD .

Since our concern is with the limiting case as ¢ $ 0, without

loss of generality we agsume So D (e) e (0,3¢).

€ < é. Note that

zero 1s excluded from the interval.

Let Fn(e) be any sequence of opinions converging weakly to

F (8) and let a = D, (€)/2.

ot

‘ ‘;,}450\..:&“ L e PR

B




By assumptions, we know -l1-a, -1+a, 1-a and l1l+a are

continuous points of F_(8) and F _(-1-a) =0, F_(~1+a) = % A

3
Fm(l-a) = % and Fw(1+a) = 1l. By definition of weak convergence

we can find an N such that for all n > N, Fn(-l-a) el

&)

Fn(-1+a) > % - €, Fn(l-a) < % + € and F_(l1+a) > 1 - €. Thus

when n > N, we know P(-l-a<g<-1+a) > =-2¢ and

Wl

P(l-a<9<1+a) > %-2:-:.

Our next goal is to show that there exists B(e€) such that

for all D_(¢)

lim sup [Jrh(e-Dm(e))an(e) - igf Jrh(e-D)an(e)] < B(e)
n>+oo

and 1lim B(e) = O.
€0

[n(e-D,())daF, (8) < 2 (ke) + 2 (1+a+D,(e))

€ £ + 1l0e.

\o] ACVRRERGT I

&
8Be+ = +
- 3

Ll

The reason we have first inequality is that when n > N, we
have l4e total probability about whose location we have no informa-
tion. We thus use maximum loss for this set of 9. When 4§ 1is
between -1 -2 and -1+2, the maximum loss is | ~1-a-D_(¢)|;
and when 9 1is between 1-a and l1l+a the loss is zero.

However, for any D we can see

fh(e-D)an(e) > (%- 2a)(l-2a)_>_%‘-- 2¢ --§- a >

- Je.

Wi

Thus 1im sup([h(e-D,(e))dF, () - inf [n(e-p)ar,(e)]
N>+ D

_<_l+lOe-%+3€=13€.

3
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And 1lim (136) = e
€0
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Thus the triple (h,2(x|8),F,) 1is strongly stable by definition III'.

Next we show thig triple is not strongly stable by defini-

tion IV'. Let /

0 R
: 3 1
= -— -, l‘_
Gp(8) <3 158< 2
1 1 w=<B .
\ :
W
Then we can see easily Gn(e)* Fm(e), and
1
z D>3-'5
2 i EE ; 3
- 23 - w2P>1-3
| h(e-D)dG (8) = <
iy 8 1-2305-2
3 n-. n
pd ol
Ny

Then for all n > é%g from the above calculation we have

® rm 1 l1-= 1
J’ h(9-0)dG () - inf | h(s-D)dG (§) = = - —=2 = 3= < .
D 2 >

-0 -0 e £

Thus O 1is an e-optimal decision for (Lw,z(zle),Gn).

Now let Fn(e) = Fw(e) for all n, and let Dn(e) in (2.16)

equal zero. Then

c (e) = ILw(e.Dn(e))z(nge)an(e))-iBf [L(8,D)a(x/0)dF, (8)

- R
15

» Ih(e)de(e) . igf j'h(e-D)de(e) =

Ui\
il
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Thus 1lim 1lim Cn(e) # 0.
€0 nrw

And this triple is not strongly stable by definition IV'.
However, by exactly the same method as in Lemma 3.1, it can
be shown that this tiriple is weakly stable by definition IV' and

any D_(e) is the stabilizing decision. o

Since in this example z(§le) = 1, this example also shows
that definition 1 (and 3) are not the same as definition 2 (and 4),

contrary to the conjecture in Kadane and Chuang [1978].

A e Y i A e ————— G e
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3.2 Relationships of Definitions in Estimation or Prediction

Problem

From the previous sections, we know definitions I, III, I'
and III' are equivalent to each other. We also know definitions
IT, IV, ITI' and IV' are equivalent to each other. Thus, it is
sufficient to study relationships between definitions III' and IV'. 1
As we mentioned before, we choose them because they are easier
to handle mathematically.

In this section, our obJject is to show definitions III' and 1
IV' are equivalent for the estimation problem. By
the estimation problem, we mean Lw(e,D) = h(g-D),
where h(x) 1is continuous, non-increasing in (-«,0) and non-
decreasing in (0,»). Throughout this section we assume Lm(e,D)
satisfies these conditions. (Note that without the condition of

continuity, Example 3.1 applies and shows that III' and IV' are

not equivalent.)

We showed in Section 3.1 that in order to prove definitions
IIT' and IV' are equivalent, it 1s sufficient to prove that if a
triple is strongly stable by definition III' then the triple is
strongly stable by definition IV'. Thus our object is to show
that if a triple (h,s(x/9),F,) is strongly stable by definition III'
then the triple is strongly stable by definition IV'. We first
conslder those triples whose logs functions are uniformly bounded,
then we consider those whose loss functions are uniformly bounded
on one side and unbounded on the other sgide, i.e.

1lim h(x) = A < », 1im h(x) = +o» or vice versa. Finally we consider
X>-o X>40 :

—— e . S— e . e Y. M A -  —




those whose loss functions are unbounded as X > +o and Xx = -o.
We remind the reader of the following definition, previously

given in Section 1.1: h(g-D) is continuous in ¢ uniformly in

D iff for all €>0 and @, there exists 6 >0 such that for

all D, ﬁe-eO! < & implies

lh(e-D)-h(eo—D)|< €

Lemma 3.2. If h(x) is uniformly bounded, then h(g-D) is con-

tinuous in 9 wuniformly in D.

Proof: Since h(x) is uniformly bounded, continuous, non-increasing

in (-»,0) and non-decreasing in (0,»), we can let

1lim h(x) = a and 1lim h(x)
X7+ X>=0

]

8.

Glven € > O, we can find a > 0 and b < O such that

h(a) >a - < and h(b) > 8 &
2 2
Now we have to find 5.
Since h(x) is uniformly continuous in [b,a], there exists

§1 > O such that for all x,ye€ {b,a], i |x=y] < & then

1’
|lh(x) - h(y)| < e/2.
Let § = min(&l,b-a). r
Then for any u, veR, without loss of generality we assume
u>v. If |u-v| < & we have to consider five cases:

(1) u

e

v

a, va (2)upa,azv3d (3)ajuzdv,a3v>Dh

=

a>u3b, bp3>v (531, bV,
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For (1) |h(u) -h(v)| < (g~ (p-e/2)] < e ‘
(2) lh(u) =n(v)| < h(u) -h(a)+ |h(a) -h(v)| <

(\)lm

+E'=€-
2
The same inequality holds for (3), (%) and (5) also. Thus we
have for any u, veR, |u-v| < § implies
lh(u) -h(v)!| < e.
Applying this result to our definition of continuous in §
uniformly in D, if 19-902 < &§ then |[(g-D) - (eo-D)3 = Ie-—ecj £ B
Thus |h(8-D) ~ h(8y-D)| < e.

So h(8-D) is continuous in @ uniformly in D. a

Theorem 2.2. If h(x) is uniformly bounded, then the triple

(h,Z(EIB),Fw) is strongly stable by definitions III' and IV'.

Proof: We show the triple is strongly stable by definition IV'.
That the triple is strongly stable by definition III' follows
immediately.
Let Pm(e), Pn(g) and Qn(e) be the posterior distrikutions

of 4 corresponding to the likelihood function 1(559) and the
prior distributions F_(4), Fn(e) and Gn(e) regpectively. Then
by Theorem 2.2 we know Pn(e) ¥ P_(g) and Qn(e) E P (8).

The loss function h(g-D) 1is uniformly bounded and continuous
in 9 wuniformly in D, thus by Theorem e (h,Pm) is strongly
stable by definition 2. This implies for any Dn(e) gatisfying

[w. (8,0 (e))aq_(8) < tng [w.(a,D)aq () + ¢
we have

e e
2ig i (jL,(8,D,(€))dP (o) - = JIn(8,D)dPy(0)] = O

A e CRAPC AN

e ———————— ISR
o —
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And this is the condition for strongly stable by definition
IV'. Thus the triple (h,4(x|/9),F ) 1s strongly stable by

4 definitions III' and IV'. .

From Theorem 7.2 we know when h 1s uniformly bounded then
the triple (h,t(x/9),F ) is strongly stable by definitions III'
and IV', and this means when the loss function is uniformly bounded,
definitions III' and IV' are equivalent.

Now we consider the case that h(x) is uniformly bounded on
one side and unbounded on the other side. Without loss of

generality we assume 1im h(x) = 4o, h(0) = 0 and 1lim h(x) = A& < =,
X>+ X> =00

Our object is to show that a triple is strongly stable by defini-
tion ITII' implies the triple 1is strongly stable by definition IV'.
The following lemma eliminates some triples from consideration.

The proof in the following lemma is important in the sense
we use the same procedure to prove a triple is unstable or weakly
stable in this and the following chapters.

Lemma 3.3. If 1im h(x) = 4o, h(0) = 0, 1im h(x) = A < «, and if
s ey X400 X>=co0

for any e > O, there exists D_(e) such that h(e-D_(e))s(x!0)
as a function of @ 1s not bounded abcove, then the triple is not

p strongly stable by Definition III'.

Proof: We prove the lemma by finding Dw(e) and Fn such that
(2.15) does not hold. Since 1im fh(e-D)z(E\e)dFm(e) - 4, We

D>-w
know D_(e) is uniformly bounded below.




One important fact about our loss function and likelihood
function 1s that when h(e-D)z(x[8) 1s not bounded above then
for all d < D, h(e-d)z(ile) is also not bounded above. This
is true because h(e-D)z(ﬁle) goes to infinity only when 9
goes to +w. However, when 8§ > D we know h(g-D) < h(g-d),

and thus h(8-D)4(x|e) < h(e-d)z(x/e8). So when h(g-D)e(x|8)

X
1s unbounded implies h(e-d)£(x|8) 1s also unbounded.
Let €y,€,,... be a sequence such that €, >0 and ¢; | O.
Our object is to show there exists Fn(e) such that for
any € > 0 there exists Dw(e) such that (2.15) does not hold.
By our assumptions, for any €4, We can find Dm(ei) such
that h(e-Dw(ei))z(zle) is not uniformly bounded.
Let Di = max{Dm(sl),Dm(ee),...,Dm(ei)}.
Thus h(8-Dy)s(x|8) 1s not uniformly bounded above. And by

the discussion at the beglnning of the proof, Y k<1 and e>Di
h(e-Dy)4(xl8) < h(8-D (e ))s(xl0).

Next we construct Fn(e) such that Fn(e) and Dm(ei) makes
(2015 £all,
We can find 9, such that @, > D, and h(ei'Di)‘(ﬁ'ai) >

because h(e-Di)z(gle) is not uniformly bounded above.

I Al
Now let Fn(e) = (ll-ﬁdFm(e) + & Jn(e) where Jn(e) is
deflned as
0 8< 8,
J,(0) = .
1 ex8,

i

&
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Then for any 1, consider n > 1
[a(s-p,(e;))s(xl0)dr, (o) - inf jh(e-D)s(x|e)aF,(s)

2 (1"EQ(EH(Q'Dm(Gi))‘(£|B)dFm(e)- (n(e-8,)s(xl8)ar,)

o] Il

+ h(en-Dw(ei))z(glen)

P

:sh—'

Ih(e 8,)¢(x/8)dF (8).

However, the last term
jn(e-8,)e(xle)dF (a)
e o0

-] “[n(e- 8, )t(xl8) + | n(e-a,)e(x|0)dF, (o)
- 00 en

fn -
<[ A s(xle)ar (8) + | h(e-D,(ey))e(xl0)dF,(e)

-00 en

LA B jm h(e-D (1))t (xl0)aF (8).

where ‘(fle) < B. Thus this term is bounded by a value which 1s
independent of n.

And for all D (ei)

1in sup([h(6-D,,(¢;) )4 (x8)aF, (8) - 1nf [n(8-D)2(x]8)aF, ()]
n>+o

> 1im sup( [h(8-D,(ep)e (x| 0)dF (o) - [n(8-8,)4(x]0)dF (8)]

n>o

> 4o,

Thus the triple (h"(EIG)’Fm) is not strongly stable by
definition III'. =
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The following lemma, an application of the Helly-Bray Theorem

(Loeve 1963, page 181), 1s very useful throughout the whole thesis.

Lemma 3.4: Suppose h(x) is continuous, non-increasing in (-«,0)
and non-decreasing in (0,»), and let a,b,c,d be any numbers

W
satisfying c<a<b<d. Then for any Fn =B and €>0 we

can find an N such that Y n>N, and VY dl,d € [a,b].

2

d
(3.2)... ... ] (n(s-d))-h(0,5))2(xl8)aF, (0)

d
< fc(h(e-dl)-h(e-de))z(zfe)dFm(e)4—e

Proof. Let z(xl8) < B.
We know for any two specific D1 and D2 in [a,b], there
exists N, which is a function of Dl and D2, such that for all

n>N,

.d 2
J (n(e-Dy) - h(s-D,))e(x/e)dF (8) < | (h(e-Dy)-h(s-D,))e(xl8)dF (8) +e.
c

b

How to make the N 1in the above independent of D1 and D2

is our goal.
We know h(x) is uniformly continuous in [c-b,d-a], so we

can find 8> 0 such that if |x-y| <4, Xx,ye [c-b,d-a] then
|h(x) - h(y)| < e/8B.

And [a,b] 1s compact, so we can find a finite open covering of
(a,b], {(ei,fi), 1i=1,2,...k] such that for all 1, fy-e;<8.
Let ty e (ei,fi) and tie [a,b].
The following inequality shows that 1f two decisions are very
d
close, then for any distribution F, I (h(e-dl)-h(e-dg)) .
c

£(§1e)dF(e) is very small. Because of this inequality, we can
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reduce the total number of decisions we have to consider for (3.2).

Let ge (ei,fi) and for any F,
| (0-g) -(B-ti)l = ’G-tij < & and for all

8¢ [c,d], |h(e-g) -h(e-t,)| <e/BB.

~d d
so | |h(e-g) -n(e-t )Iz(zle)dF(e)<:f (e/8B) - 4(x|e)dF(e)
(o 1 (¢

d
(3.3) e .o /8 < | (h(8-g) - h(e-t,))e(x]8)dF(s) < /8
(!

Now by the Helly-Bray Theorem, we can find N such that for

i

all n > NiJ

d
5 8 N jc(h(e-ti)-h(e-tj))z(zle)an(e)

d
< Jc(h(e-ti)-h(e-tj))z(gle)dFm(e) +

n|m

Combining (3.3) and (3.4) together, for all n > max{Nij, i=1,2,

..k, J=1,2,...k}, and all d, and d,e¢ (a,b], we have the follow-

1
ing inequalities. Without loss of generallty, we assume dle (ei,fi)
and d,e (eJ,fJ).

d d
[ n(e-a,)s(xle)aF (o) - [ n(e-d,)e(xfe)aF (s)
> c
d g
< Jch(e-ti)l(£|6)an(e)-pg . I

d
Ic(h(e-ti)-h(e-tj))z(ile)dFie)+

h(e-t)4(xle)dr (e) +¢/8 - (by (3.3))
c

e (by (3.4))

74N
=

< [%(n(e-4) -n(0-a,))a(xl0)dF (8) + ¢ (by 3.3)).
(o4

After Lemma 3.3, for those triples whose loss function is

uniformly bounded on one side and unbounded on the other side, we
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have to conslder only the case glven in the following lemma.

Zz

Lemma 3.5. Suppose there exists eo>>O such that for any

D,(€g)s h(e-Dm(eo)z(gig) as a function of 9 1is uniformly bounded.

If the triple (h,4(x|8),F_ ) is strongly stable by definition III'

then i1t is strongly stable by definition IV'.
Proof: There are two mutually exclusive cases which we would like
to consider separately:

(a) there exists €>0 such that D_(e) is uniformly

bounded

(b) for all €>0 and c¢>O0, there exists D_(¢)>C.

Before we start to prove these two cases, we need some pre-
liminary results.

By 1lim h(x) = +w, we know 1lim |h(8-D)4(x[8)dF_(8) = +=,
X+ D%=w P

thus D_(€) 1s uniformly bounded below.

~n

Let H be any distribution function and g(D) =Jh(e-D)dH(e).
We next show 1im g(D) = A and 1lim g(D) = +o. These can be seen
D D>=x

easily, since for any 6, lim h(8-D)=A and 1im h(8=D) =+ow.
D> D>=

However, the following is the rigorous proof.
g(0) = J’h(e)dH(e), and given €>0, we can find d>0 such

o=d r®
that J-q,+ th(e)dH(8)<e.

Let H(b)>l-¢ and D, be so large that Dp>d and

h(b-D > A-g.

o)
Then when D> DO’

jh(e-D)dMe) = ID h(g-D)dH(e) +J’:h(e-D)dH(e)_<_A+e

-0
o

|
|
.

-00

n(s-D)aH(8) > [ h(e-D)dH(s) > (A=e)(1l-e) > A~ (1+A)e.

39
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Thus 1lim g(D) =A.

D>+
It is trivial to show 1lim g(D) = +w.
D2>-x
(a) for this part, we first show that when n is large Dn(e)

is uniformly bounded.
W
Suppose on the contrary, we can find a Gn(e) =» Fm(e) such

that Dn(e) + 4o, Then
[n(e-Dp(e))2(xl 8)ac,(0) - 1ne [n(e-D)s(x] 6)aGy (o)

> [n(e-D(e))e(xl0)dG, (o) - [n(8-D (e))a(nl0)dc (o)

= ([e(xle)ac,(8)) ([n(e-D,(c))aq, (8) - [n(8-D,(e))da_(8)),

where Qn(e) is defined in definition II.

We know Dn(e) +> 4+ (a8 we assumed) and Qn(e) L P_(8), thus
we can find an N, such that for all n>N,, J"h(e-Dn(e))dQn(a) Sl =4,
this follows directly from the preliminary results at the beginning
of this lemma.

We also know h(e-D_(€))4(x[8) is uniformly bounded, thus by

the Helly-Bray Theorem, we can find N1 such that for all n>»Nl,

n

Jh(e-D_())a(xl0)da (s) . {B(8-Do(e) )2 (x] 0)dF (o)
ls(xl9)ac, (s) Ja(xle)aF, (o)

+ e.

Thus
[[h(s-D(e))a(x|6)da, (8) - inf [n(e-D)s(x|8)ac,(8)]

> ([e(xle)ac,(8))(A-e-c- [n(e-D (e))ap_(5))-
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However, lim(A -¢ -e-jh(e-Dw(e))de(e))l>O since
€,0

A =1im [h(g-D)dP,, and D_(e) is uniformly bounded.
Dortoo

This contradicts our definition of Dn(e).
Now we can assure there exists [a,b] and N such that for
all n>N, Dn(e)e (a,b].
Let ¢ and d be continuous points of F_(8) and satisfying
c<a, d>b and the following inequalities.
i P SEEHERP TR fc (h(8-b) - h(g-a))e(x[8)dF_(e) < /2
-

(o]

(3:6) - ... | (n(6-a) - n(8-b))a(x] )aF,(8) < e/2

and F_(c) < /2, F (d) > 1-¢/2.

Our strategy in this is to show that we can find a constant r
such that for all Dn(e),

jue,nn(enuye)dFm<e>gigf L (8,D)e(xie)dF (8) + re.

We first consider 6 ¢ [c,d], later we take care of 8¢ (-o,c) U
(d,).

We can find N, such that n> Ny, Gn(c)<e and Gn(d)>l—e.

And h(8-D,(€))4(x|9) is uniformly bounded implies there exists
such that |h(e-D (¢))s(xl0)] < By

By

Now by Lemmsa 3.4, there exists N3 such that for all n>N3

and for all dy,dy € [a,b],

d «d
Jc(h(e-dl) - h(8-d,))s(x]6)da, (e) ch(h(e-dl)-h(e-de))t(zgie)dFm<e)+e
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In particular, let d, = Dm(e), we have

d

(3.7) [ (n(s-a;) - n(e-D_(€)))e (x| 8)aG (8) >
&

»

] (h(e-d;) -h(e-D,(€)))s(x|0)dF (8) - €.

o -~ o0
Combining (2.7) and -h(8-D_(€))e(x|8) > -B, we have,

(3.8) J(n(e=a;) -n(e-D (€)))e(x8)dG, (8) >

d
f (h(g-d;) - h(8-D_(¢)))e(x[8)dF (@) - (2By+1) ¢
(o
c

By (2.5) we know J - h(e-D_(€)))e(xl8)dF_(8) <e/2, and
™
J

by (3.6) we have - -Dm(e)))z(zle)dFm(e)<:e/2.

d

Combine (3.8) and the above two inequalities,

[7 (n(e-a,) - n(8-D ()} )a(xl8)dc_(8) +& >

er (h(e-dq) - h(8-D(e)))2(x|0)dF_(8) - (2By+1) €

- 00

Now let d, = Dn(e) and by definition of Dn(e),

e+e>j' (8-Dy,(€)) - h(8-D(€)))e(x[8)dF_(8) - (2By+l) €
So (2Byth) > fm h(8-D,(¢))4(x[8)dF (8) - i j'h(e-D)z(zc_Ie)dFm(e)-

This shows all Dn(e) are (2Bo+h)e -optimal decision for the
triple (h,4(x|e),F).
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By assumption, the triple is strongly stable by definition IIT',
and let €' =(2Bo+u)e, then for every Dn(e) we have

1im 11 'h(g-D |8)dF_(8) - inf (h(e-D)s(x|e)dF. (8)]
o Lin sup( [h(e-D (<)) 4 (x|8)aF (8) ne | (xie)dF ()

= 11m im([h(s-D,(e’))2(x|0)dF (0) - inf [n(e-D)4(xl0)dF (s)]
€ ¢O o D
= 0.

Thus the triple is strongly stable by definition IV'.

(b) We showed at the beginning of the proof that 1lim g(D) = A,
so under the assumptions of (b) we know for all >0 Ezgie exists
c(e) such that for all D> c(e) implies D satisfies (2.9). We
also showed D_(e) is uniformly bounded below.

By 1lim g(D) = 4+, we can see that Dn(e) is uniformly bounded

D=

below. Let this lower bound be a and also let b = c(¢).
Now D, (e) may be in [a,b] or [b,=). We discussed the first case

in (a). When Dn(e) € [b,»), by definition it satisfies (2.9).

Thus for every Dn(e),

iixg 3.1_)12 Jrh(e-Dn(e))z(ﬁle)an(e) o jh(e-D)z(ye)an(e)) = 0.

And the triple 1s strongly stable by definition IV'. B

We thus have shown that if 1im h(x) =4« and 1lim h(x) =A<
X400 X>=00

then definitionsIII' and IV' are equivalent. Similarly it can be

shown that 1if 1lim h(x) =B<ew and 1lim h(x) =« then definitions III'
X>+ X> =0

and IV' are equivalent. This concludes our study of relationships

of definitlions III' and IV' for those triples whose loss functions
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are uniformly bounded on one side and unbounded on the other side.
Now the only case that we have not discussed 1s the triple

(h,s(x|8),F, ) such that 1im h(x) = +w. We divide them into two
X700

groups. In the first group, the triples satisfy the condition
that for any € >0 there exists Dm(e) and Do such that

(h(e-Dm(e))-h(e-DO))z(zle) as a function of o 1is not uniformly }
bounded above. In the second group, the triples satisfy the

condition that there exists €, >0 such that for all Dw(eo) and

0
D, (h(g-Dm(eO)) -h(e-D))z(ile) is uniformly bounded above. We i
first show those triples in the first group are not strongly stable
by definition III'. The procedure in the following lemma is quite 1

similar to Lemma 3.3.

Lemma 3.6: If for any €>0, there exists D_(¢) and Dy such
that (h(e-D_(€))- h(e-DO))z(ile), as a function of 9, is not
uniformly bounded above, then (h,z(ﬁle)Fm) is not strongly stable
by definition III'. d

Proof: Let ei,eé,... be a sequence of positive numbers such ‘
that ej y O. f
) and D

We can find D_(e such that !

/

1 o1
(h(e-Dm(ei))- h(e'D01))‘(£|9) as a function of € 1is not uniformly
bounded above. We can see that Dm(ei) # Dpq-

Let A = (ile(ei)<<DOi}, B ={1lDw(ei):>DOi}. Then for any
ieI, where I 1s the set of all positive integers, we have 1¢A
or 1eB. Thus the total number of elements in A plus the total
number of elements iIn B 1is infinity. Without loss of generality

we may assume the total number of elements in A 18 infinity.
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Then we have a subsequence of ei,eé,..., we call it €1s€550 s
such that ei:>O and ei¢(3 and we can find Dw(ei) and Dli
such that Dw(ei)<Dli and (h(e-Dm(ei))-h(e-Dli))z(i!e) is
not uniformly bounded above.
Our object 1s to find Fn(e) H Fm(e) such that when n is
large, Dm(ei) has very high loss compared with minimum loss for L
(h,e(x/8),F_).

When (h(e-Dm(ei))-h(e-Dli))z(Ele) is not uniformly bounded

n

above and Dm(ei) <Dqy4, then for all DgDm(ei) and d>Dyy, *
(n(8-D) -h(e-d))e(x/8), as a function of § 1s also not uniformly 1
bounded above. From this we have the following definitions and *
results. 4
Let Dy = max{Dw(el),Dw(ee),---.Dw(ei)}
d; = max[Dll,Dlz,... ...,Dli}.

Then (h(e-Di)-h(e-di))z(Q!e) is not uniformly bounded above.
And we can find 31>d12D1 such that

(3-9) LD (h(ei'Di)‘h(ei'di))l(il 61)>12+1j(h(6-d1)-h(S-Dm(Gl)))'

t(x/g)dF_(a).

Then when n>1

(3.10) «.. ... (n(9,-Dy(ey)) - hl8y-dy))a(xl8y) 2

(n(8,-D,) - h(a,-d_))a(xle,) > |

n°+n J(n(8-a,)-h(8-D_(e;)))e(x|8)aF (o).
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llow, we construct Fn(e) by Fn(e) =(l-%JFm(e)-+% Jn(e),
where Jn(e) is defined as
0 8<9
n
J,(8) =
1 828, -

We next show Fn(e) satisfies our goal.

For any €, let eii<e, then

1im sup[fh(e-Dm(ei))z(z\e)an(e) =ue jh(e-D)z(zle)an(e)]

n>wo

> 1im sup[([n(e-D_(e;))a(x|0)dF, (0) -drh(e-dn)z(ye)an(e)]

T e
- lin supl (1- ) ([n(e-D(e;))a(xl0)dF, - [n(ed,)s(xl6)aF (o)]
+ L(n(e,-D,(ey))2(xl0,) - h(a-d ) e(xle,)]
> lim sup((l--— Ih 8-Do(€4) )2 (x| 8)dF (6)-Ih(e-dn)t(XIe)dFm(e))+
n—>o
n+ [(n(e-d,) - n(8-D_(e1)))2(x[0)dF,(0)] (by (3.10
> Un sup(n+q [n(s-a,)2(xl9)aF, - ) - % [n(e-p(e))2(xl0)dF (a))
= 40,

Thus the triple is not strongly stable by definition III'. L

As stated at the beginning of thils section, our object in this
gsection 1s to show if a triple 1s strongly stable by definition III
then the triple 1s strongly stable by definition IV', because 1if

this 1s true then definitions III' and IV' are equivalent. The
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above and the following lemmas give us information about what kinds
of triples we do not have to consider. 1In the following we assume
Dn(e) satisfies (2.16).
W
Lemma 3.7: If 1im h(x) = +o and there exists F_ - F and D_(¢)
Shedad e ls n LS n
X "‘>~+_co
such that Dn(e) + +o Oor -», then (h:l(§|9):Fm) is unstable by

definition TLI".

Proof: Let Dm(e) = inf{Dm(e)], where {D_(€¢)} 1s the set of all
decisions satisfying (2.9). We can see Dm(e) is uniformly bounded
and when €; < €, then Dm(el) b Dm(ez).

Without loss of generality, we assume Dn(e) + +0 as n > +o.

Since 1lim h(x) = 4w, we can find E_ satisfying D (e¢)<E_<D (¢)
pryeck n m n>Tn

and
(3.11) h(E,-D,(€)) = h(E,-D,(€)),

using the continuity of h.
By assumption, we know Dn(e) »> 40 as n > o, thus we can

see 1lim En = +o,
n—=>o

In order to prove a triple (h,4(x|s),F_ ) 1s unstable by
W
definition III', we have to find a sequence Hn ' W such that for
all D_(e), (2.15) does not hold. Let
{

2F, (E,)-1
n'n
H,(0) = ﬁ
i 2F,(8) -1 8> Ep
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~

V=

Then we can see that Hn(a) F (8).

For all Dm(e), the following inequalities are straightforward.

J’h(a-Dm(e))z(ggi 8)dH (8) - igf fh(e-D)z(ggl 8)dH_(8)

o

v

[nte-n_(e))a(xl6)an, (8) - [n(8-D (e))4(x]8)aH (9)

=1

n 2F (E_)-1
[ (n(8-p () -n(8-Dye)))e(xl8) Rrgiy— aF,(8) +

=00 n* n

[ (n(e-D_(e)) -n(a-D(¢)))s(x]8) + 2dF,(8)

E
n
; Jr_w(hM-Dn(e))-h(e-Dw’e)))z(gc_Ee)an(e)-

v
\
n
m
+
3
8

Now looking at the last term, we know Fn(E ) > 1 as n->+4w.

n
And for all @gc¢ (-m,En), h(e-Dn(e))-h(e-Dm(e)) > 0. This is true,

since when @<D_(¢), 8-D,(e)<98-D,(c)<0 thus
h(e-D, (e)) > h(8-D_(€)); and when D_(e) < 8 < E,, h(8-D_(¢)) <h(e-Dy(<))
< h(En-Dn(e)) = h(En-Dn(e)) « h(e'Dn(e)). Let a,b be continuous

points of P_(8) satisfying Pm(a)<’% and P_(b) >

i e

Tbus &

1 H :
1im(-2¢ + (h(e-D_(e)) -h(8-D_(e)))e(x|g)dF_(8)
n EniEnj j_w n ] ~ n

b
> lim(~2e + ([ (h(8-D_(€) - h(e-D,(€)))aP, )" (fz(:_c,l 8)dF,)]
n>w a

This is true because when n goes to =, all the terms are
b
finite except the term I h(e-Dn(e))dPn(e), which goes to infinity.
a
Thus the triple (h,4(x|e),F ) is unstable by definition III'. =

B —— B e

e ————— - ———
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Now we are ready to see the final lemma in this section.

Lemma 3.8. If 1im h(x) = 4w, and the triple (h,z(x|8),F
X>oo i

strongly stable by definition TII' then the triple is also strongly

il

o]

stable by definition IV'.

Proof: By Lemma 3.6, we can find eo:>O such that VDm(e and D

o)
(h(e—Dm(eo))-h(e-D))1(£|e) is uniformly bounded above.

To free us from considering end points, let €1 =€y/2 and let
Dy = 1nf{Dw(el)}, Dy = sup{Dw(el)} where [Dw(el)} is the set of all
decisions satisfying (2.9) except € 1s changed into €1° By
1lim h(x) = +o, we know both D, and D, are finite and D.<D

0 il 0

X400
Furthermore, we have the following results:

1

for any D<5[DO,D1] and any d

(h(8-D) - h(p-d))e(x|8) 1s uniformly bounded above, and
for any D2,D3€ LDO’DI]’

(h(8-Dy) -h(e-DB))z(Ele) is uniformly bounded (both

above and below).

By Lemma 3.7 we know there exists [a,b],N, such that n> N,
Dn(e)e [a,b]. Without 1«3 of generality assume a<Dy and b>D.
Our ot ject now 1s to show when € 1is small enough, we can

find N; ‘such that for all n>Ny, Dn(e) e[DO,Dl].

We can find c¢,d such that ¢<a<b<d and, c,d continuous

J

J: h(e-a) - h(e-b)s(x|e)dF (8) <§ and

points of Fw, %

(h(g-b) - h(g-a))e(x|e)dF_(8) <52-

Fo(c)<e, Fo(d)>1 - e.
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By Lemma 3.4 we have:

there exists N2’ guch that for all n> N and for all wu,ve[a,b],

2

d
[ (n(s-u) - h(a-v))e(xle) )dG >_f (8-v))e(xle)aF_(8) - e.
Fe

Let v =D (e), then we can find B such that

(h(e-u) -h(e-D_(e)))z(xl8) >-B

Now for any ue [a,b],

(o]

[ (nte-w) -n(e-p_(e)))2(x|8)ac, (a)

-00

e o d
= [7 +[ +] (n(e-u) - n(e-D(e)))e(x|8)dG, (8)
“d c

-0

d
(-B) ¢ +j (h(g-u) - h(e8-D()))a(xl8)dF (8) - ¢

v

> (-B-1) e+j (8-u) - h(8-D,(€)))a (x| 8)dF, (8) - <.
In particular, let u = Dn(e), we have

(B+3) e >j h(e-D(e)) - h(8-D,(e)))4(x8)dF_(8). Thus
(B+4) € > j (8-Dp(€))2(x/ 8)aF, () - 1nf [h(8-D)4(x|8)dF, (o).

Thus when n 1is large, all Dn(e) are in [Do,Dl] and Dn(e) is a
(44+B) € -optimal decision of (h,4(x(8),F).

Let €’ = (44B)e

tn 11n([n(e-Dy(¢)) e (x/8)aF,(6) - inf [n(s-D)1 (x/0)aF, (5)]

h !
e¢o n—>w

3y, dam [h(8-D(e))a (x| 0)dF, (o) - in¢ [n(e-D)a(xl8)ar (8)]

0. (by strongly stable of definition III').

o ———————————- —————

Somp—




T

<

We thus show the triple is also strongly stable by defi-

nition IV'. s

We have gone through all possible cases about the triple
(h,2(x/8),F,), where h 1is continuous, non-increasing in (-=,0)
and non-decreasing in (0,=). We show if a triple (h,z(ﬁle),Fm)
is unstable by definition III' then the triple is also unstable
by definition IV', and if a triple 1s weakly stable by definition III!
then the triple is weakly stable by definition IV'. Finally, we
g0 through every case to show if a triple 1s strongly stable by
definition III' then the triple is strongly stable by definition IV'.

Thus we have the following theorems.

Theorem 3.3: For the estimation or prediction problem, a triple

(h"(fle)’Fm) is strongly (weakly) stable by definition III' iff
it is strongly (weakly) stable by definition IV'.

And by the discussion at the beginning of this chapter we have:

Theorem 3.4: For the estimation or prediction problem, definitions

i, 11, IILE, IV, I', IX', III' apnd IV' are all equivalent to each

other.
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Chapter 4. Necessary ana Surricient Conditions
for Stabillity in the Estimation Case

4.1 When Loss Function is Unirormly Bounded or Unirormly Bo:naed

on One Side and Unbounded on the Other Side.

In this chapter, we study conditions for a triple to be stable.
We assume L (9,D) = h(9-D), where h(x) 1is continuous, non-
increasing in (-»,0) and non-decreasing in (0,x). Under these
conditions, we showed in Chapter 3 that derinitions I, II, III,

Iv, I', II*, III', and IV' are all equivalent; i.e., & triple is
strongly (weakly) stable by derinition I irr the triple is strongly
(weakly) stable by any other definitions. Among these derinitions,
detinition III' 1s the easiest, so in this chapter we thus use
derfinition III' as our criterion for stability. As in Chapter 3,
in this chapter we consider t'irst the case that h(x) is uniformly
bounded, then consider h(x) uniformly bounded on one side

and unbounded on the other side, and tinally we discuss those h(x)
that are unbounded on both sides.

By Theorem 3.2, we see that if h(x) 1s uniformly bounded,
then ror any l(f|9) and F_, the triple (h"(flq)’Fm) is
strongly stable by any definition.

Next, we consider those h(x) uniformly bounded on one side
and unbounded on the other side. Without loss of generality, we

assume 1lim h(x) = +» and 1lim h(x) = A < + ». The rollowing
X>+40 X =00

lemma glves a sutticient condition for a triple to be stable.

Lemma 4.1. Suppose 1lim h(x) = +o and 1lim h(x) = A < + o .

X> =00 X> =
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Also suppose that for all e >0 there exists Dw(e) such that

n(g-D_(€))e(«l9) 1is unirormly bounded. Then ror these D_(e)

there exists C, such that for all F_ L4 F_

(4.1) 1lim sup{fn(e-nm(e))z(5\9)an(e) -[n(e-D_(€))e (x] 9)aF, (9)] < C_e,

N> "

Where Dn(e) is an e-optimal decision ror the triple (h,z(ilq),Fn).

Proof: Let R = A(J°° L({Je)dFm(a)), Cy =f” 4(§Jg)dFm(g).

By the assumption 1im h(x) = +», wWe can see that Dn(e) is
X>+00

uniformly bounded below. And we can find a and N, such that n>N,Dn(eX>a.

Thus we assume that when n 1is large, Dn(e) ela,»). Without
loss or generality we assume Dm(e) €la,m). V

We can r'ind e<0, such that h(e)>A-€¢ and we can find b

e ]

such that 1) [ h(e-a)z(xle)dFm(e) < €; 2) b is a continuous point
Y b a5
ot Pm(a) and Pm(b-ke) >l =% 3} b3 Dm(e).
And let ¢ < a, c 1s a continuous point or F (g) and
c

(4.2) Y h(g-b)e (x| 9)dF (8) < € .

Now we will prove (4.1) is true when Dn(e)e[a,b] and later
prove (4.1) is true for Dn(e)e(b,m).

By 1) and (4.2) we know ir D (e)e(a,b],
(4.3) [: + I: h(g-D, (€))L (x| 9)dF (8) < .‘!'C h(g-b)e(x|e)aF (o) +

o]

j'b h(p-a)e (x| 9)dF_(5) < 2e.

By Lemma 3.3, we can find No such that for ell n > NO and

Saad N s A,
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for all u, ve[a,b], we have
r® e 0
(b.4) [ n(a-a)e(xl 9aF,(3) = | n(3-v)e(x|9)ar, (o)
dc - -,C

b . D
< [ n@-ue(zla)ar (8) - [ n(a-v)a(xla)dF (a) + ¢ .
c “ e =

Because n(8-D _(€))&(x[9) 1s unirormly bounded, there exists

Nl such that tor all n > Nl’

(4.5) j h(9-D (e))e(x|9)dF_(9) + [ n(e-D (e))e(x|a)dF (1)
- © ~ n “ b oo ~ n
(3

J
-0

(o]

Now we are ready to prove (4.1) is true tor all De[a,b]. When
s max(No,Nl),
00
[ (n(3-D(€)) - n(a-Dy(e))) o(x] 8)dF,(9)
-0

20

b
< j‘_m n(g-D_(€)) 4(x| g)aF (8) - _[.ch(e-Dn(e))z(ggle)an(e)
: r (€)) & F i (
&= - - A\
< I_m i h(9-D_(€)) 4(x| 9)dF, (g) + IC (h('e-D_(€))
- h(9-D (€))) e(x| g)dF_(q) + €
(by (4.4))
i b
< J' n(9-D_(€)) 4(x| 9)dF_(9) - _[ h( e-D,(€)) &(x| 9)dF_( ) + 2¢.
-0 c

(by (4.5))

< ) h(e-Dm(e))z(ﬁje)dEw(e) +.f: h(g =D (e))z(fje)dFm(e) =gl
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< [Z.n(e-D_(€))e(x|e)dF_(8) - [~ h(e-D_(e))2(x|s)dF_(8) + L e,

(by (4.3))
< ¢t Legw S g, (by definition of D_(¢))

Now we have to consider Dn(‘) €(b,=).

By uniform boundedness of h(e-D_(€))2(x|8) there exists Ny,

such that for all n > N2,

(4.6) fn(s-D (e))e(x|e)aF (o) < [ n(e-D_(=))e(x|e)aF (o) + €

1im fh(e-D)e(x|e)aF_(e) = (fa(x|e)dF_(8))(lim [ h(e-D)dP_(8)) = R.

Do z +to

By definition of D_(€) and the above equality, we know the
right hand side of (4.6) is less than R +*2e. Since Pn(e) 4 P_(e),
we can find N3 such that for all n > N3, Pn(b‘*e) >1-2¢€, And

we can find N, such that for all n > Ny, [ (x[e)dF (8) > C,; -€.

Then for all n > max(N2,N3,N ) and Dn(e) (by=),

[_. n(e-D (e))e(x[6)dF (o)

(Ju(xje)aF (o)) ( f_, n(e-D (e))aP (e))

bte
wl-e)f"lﬂmﬁnu)Mﬂgﬂ

|v

bte
(Cl -€) h(bte=b): j'_ﬂ dPn(e)

|v

> (C =) (A= €)(1=2 ¢€)

|v

. - = - + + )
A Cl (A+C1+2AC1) € R (A Cl 2AC1 € . Then
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/ h(e-Dm(e))z(fle)an(e) - h(e-D (e))e(x[8)dF (8) <
R+2e-R+ (A+C, +2AC, ) €= (2+A+C, +24AC,) ¢

Let Co=max(5,A"‘C +2AC. +2). Then

1 1

ﬁff LIh(e-DQ(e))z(fle)an(e) - fh(e-Dn(e))z(§|e)an(e)) <C e ®

The following theorem summarizes all results related to loss
functions that are uniformly bounded on one side and unbounded on the
other side.

Theorem 4.1: Suppose 1lim h(x) = + =, 1im h(x) = A < + », then

> xp Xx+to X+=co

(a) 1if there exists €, > 0, such that for all D_( €J),
h(e—Dw(eo))l(xle) as a function of 6, 1s uniformly bounded, then

(h,2(x|68),F_) 1s strongly stable.

(b) 1if there exists €, > 0 such that for all D (eb),

h(e-D¢(€o))2(X|9) is unbounded, then (h,2(x|e), F_) 4is unstable.

(¢) for all € > 0, there exists Di(e) and Di(e) satisfying
(2.9), such that h(a-Di(€))£(x|e) is uniformly bounded and
h(e-Di(e))l(xle) 1s unbounded, then (h,¢(x|8),F_) 1s weakly stable

and Di(e) is the stabilizing decision.

Proof: (a), (¢) follow directly from Lemmas 4.1 and 3.3. For (b),
let Dg = sup{D_(eo)}, where {Dn(eo)} is the set of decisions
satisfying (2.9). Then either (1) Dg 1s a finite number or (i1)
DS = +o, In the following we find o, for each case.

(1) We know h(e-Ds)z(fle) is unbounded, thus we can find

8 > Dg such that h(en-DS)z(flen) > n°. Then for all Dw(eo)’

n
h(e -D_(e ))2(x[e ) > n°.




ST
(11) In this case, for any D we have h(e-D)z(x|e) 1is

unbounded. Thus let 6, satisfy h(en-n)l(xlen) > n2. Then for

all

as

D.(¢5), as n >D_(e), h(s,-D_(ex))elx|e ) > n.

= _.!‘- +L
Now let Fn(e) (1 n)Fw(e) & Jn(e), where Jn(e) is defined

0 8 < en
J (9) =
1 ‘@

|v
(<)

Then for all D (eo),

/ h(e-D@(eo))z(fle)an(e) - 18f.[h(e—D)z(§|e)an(e)

> (1-2)([n(8-D_(€ )2 (x|8)dF_(8) - [n(e=8_)e(x|6)dF_(s))

+%h(°n'D~(€o))"(’.‘l°n)

2

o N [

- n® = fn(e-s_)e(x|8)dF_(o).

In the proof of Lemma 3.3, we know jh(e-en)z(x|e)an(e) is

bounded by a constant which is independent of n. Thus for all
Dw(eo),

1im [[n(e-D_(e ))2(x|8)dF_(8) - inf [ h(8=-D)e(x|8)aF (8)] = + .
L B - ~ n D - n

n+e

And for all e< ¢ , we know D_(& € +{D_(e )}. So

1im 1im (fh(e-D_(e)e(x|e)dF (o) - 13f,[b(e-D)n(x|e)an(e)) =,
elo N+ : 4

And the triple 1is unstable by definition III , =

daduntion
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4.2 The Case 1lim h(x) = + =,
x-bico
In this section, we study those triples (h,2(x[6),F_) whose

loss functions satisfy 1im h(x) = + », Under this assumption, D_(€)
X+t

must be uniformly bounded. Define {Dm(E)} to be the set of all
decisions satisfying (2.9). Let Dm(e) = inf{D_(e)} and

Ds(e) = sup{D_(e€)}. These definitions are used throughout this
section. The following lemma gives sufficient condition for a triple

to be unstable.

Lemma 4.2. If there exists € > 0 such that ¥D_(¢€), we can find
a D (DO depends on D_(¢)) such that (h(8-D_(¢€)) - h(e-Do)), as a
function of 6, 1s not uniformly bounded above (u.b.a.), then

(n,2(x[8),F_) 1is unstable.

Proof: We discuss the problem in three parts. In the first part we

can find some fixed decision Df (independent of Dm(e)) such that

for all D_(e), (h(e-Du(e))-h(e-Df))z(fle) is not uniformly bounded
above (u.b.a.). In the second part, we can find two fixed decisions

D, and Dg such that for all D_(e¢) either (h(e-Dm(e))-h(e-Df))l(fle)
or (h(e-D_(¢€)) - h(e-Dg))z(gIe) is not u.b.a. In the third part

we discuss the reamining cases.

(a) If there exists D  such that (1) D, > D (e) and

(h(e-D (€)) - h(e-D ))e(x|e) 4s not u.b.a. or (i1) D, < D (e) and

(h(e-D_(¢€)) - h(e-Do))z(xle) is not u.b.a., then the triple is
unstable.

For (1) 1let 6, satisfy e, >D_  and (h(ei-Ds(e))-h(ei-Do))-
t(x|o,) > 1°, and for (11) let o

satisfy 9, € Do and

L i

(h(e,-D_(€))=n(e,-D ))e(x|ay) > 1°.
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Then for both (1) and (i11) we have:

(n(8,-D_(&)) = h(e,-D ))e(x|ey) > 1.

- (i + L J
Let Fn(e) (1 n)F‘o(e) s Jn(e), where n(e) is defined as
g @ < en
J (8) =
. 1 & >0

n*

Now for any Dw=(e¢),

[n(e-D_(e))a(x|e)dF (o) - inf [n(e-D)2(x|e)dF (e)
‘ D .

> fh(e-Dw(e))z(fle)an(e) - [h(e-Do)z(fle)an(e)

n-1
n

> B=L(f(n(e-D_(2)) - h(e=D_))e(x|e)dF_(0))+ 5

S

v R

When n + =, the right hand side goes to infinity. Thus

1im 1im suplfh(e-D_(e))a(x|e)aF (o) - inf [h(e-D)e(x|e)dF (8)] = + = ,
eio n-+wo & # D - 2

and the triple is unstable.

(b) If we can find d, D,, and D, such that D, > 4,

D, <d and both (h(e-d)-h(e-Do))n(fle) and (h(e-d) - h(e—Dl))z(xle)

are not u.b.a., then the triple is unstable. We consider this in

two cases.

(1) 1f d >D_(e) or d <D (e), then by (a) the
triple 1s unstable.

46 1 B I Dm(e) < d < Ds(e).

Because Do > d, 80 we can find e Do such that

2
(h(eoi-d) - h(eoi'Do))£(¥|°oi) » &y
Similarly, we can also find 8,4 < D1 such that

2
(h(eli-d) - h(eli-Dl))l(fleli) " g
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1 1
Let Gn(e) = (1-;) F_(8) + - Jn(e)

0 8 < eon
where Jn(e) =

1 & 20

= -L +£
And let hn(e) (Gl n) Fw(e) - Kn(e)
0 6 < 0

where Kn(e) = In
1 8 > eln

Now for all D € [d,Ds(e)] we have

2
(h(eli-D)-h(eli—Dl))1(§|eli) > 1

And all D € [Dm(e),d) we have

(h(eoi-D) - h(eoi'Do))l(fleoi) 5 0

The sequence Gl’Hl’G2’H2’G3’H3’ ------ converges in distribution

to F_(8). And by the same arguments as in (1)
3.1-1;11 sup[ [h(e-Dm(e))z(:fle)an(e) - 18ffh(e-D)z(>§|e)an(e)] =t »,
Here we should mention, that when n 1s odd let D = D0 and
when n 1s even let D = D1 to achieve the result.
Thus the triple 1s unstable.
(¢) From (a) and (b) we can see the case that is left 1is that
for all D (e) <D_(€) <D (e), we can find D, < D_(e) or
D, > D_(e) (but not both), where D, and D, depends on D_(e),
such that (h(e-D_(€)) - h(e~D ))e(x|e) or (h(e-D_(€)) = h(e-Dl))z(fle)
1s unbounded. Also for all D > D_(e), (h(e-D (€)) - h(e-D))2(§|e)
is u.b.a. and there exists D_ «< Ds(e) such that (h(e-Ds(e)) -
h(e-g))l(fle) is not u.b.a. Also for all D < Dm(e),

(h(e-Dg(€)) - h(e-D))e(x[e) 1s u.b.a. and there exists D > D, (€)
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such that (n(8 -D (e)) - n( 8-D_)) £(x%l9) 1s not :.b.a..

Without loss of generality, we assume for all De [Dm(e) ’

D.(e)], then D e {D (e€)}.

Now we are going to argue there exists a uniqus decision

D, [D,(€), D (e)Isuch that (1) for all De (D, Dg(e)]

we can rind dj < D (do depends on D) , such that (h(e-D)°h(G-do»l(5le)

is not u.b.a., but ror all d > D (h(8-D)-h(8-d))£(x|9) 1is =.b.a

'y

and (2) ror all D e (D (€), Dy) we can rind 1, > D (d4; depends

on D) such that (n(8-D)-h(8-d;)) t(x|g) 1is not u.b.a., cut ror

all d < D (h(g-D)-h(9-4))&(x|8) 1is u.b.a.
It there are more than one point satist’y the above conditions,
say Dt and dt and let Dt > dt . Then any point D, Dt > D > dt "

we can rind d; and 4, such that (n(g-D)-n(9-a,))2(x[8) and

(h(Q—D)-h(e-do))t(gle) are not u.b.a.. This contradicts our

assumption.

Now we discuss thls unique point D, . D « (Dm(e)} , then we
can rind D; such that (h(e-Dt)-h(e-Dl))tlx(e) is not u.b.a. And

without loss or generallty we assume Dl > Dt .

Let 951 satisry eoi > Dl and (h(eoi-Dt)-h(aoi-Dl))l(ileoi)

> 12 . Then ror all D e (D (e), D.], (n(8_,-D)-n(9_,-Dy))e(x[8_.) > e .
m t ol Ok W ~'7oi

And let G,(8) = (1 - ) F

(8) + % Ji(e) , Where _Ji(e) is det'ined

as

et L8
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Ji(e) =
1 i 3
And let Dk = Dt + T » we can tind glk and dk such that
2 .
8y < 4 <D and (h(8y,-D,) - h(8,-d.))e(x]e,, )>k And for
2
y (8. ~D)- £
all D > D (n(8;,-D)-h(8, dk))z<5|elk) > K
i 1 X e
Let Ho(8) = (1~ )8 +¢ Kk(e) , Where K (9) 1is derined as
0 8 < 8
1k
K .(8) =
il g > 9lk
Then G,, H,, G,, H % F and
- l} l! 2’ 2, m’
1im [fn(a-D (€))4(x|8) dF (8) - inf [n(8-D)4(x|8)dF (8)] = + w ,
J 00 -~ n J -~ n
n>+ow b

where F2n—l = Gn and an = Hn .

There in all of these cases, (h, £(x|8), F_) 1is unstable. .

[ee]
The following lemma studies a sutf'tficlent condition for a triple
to be strongly stable. We should mention here that Lemma 3.7 gives
us a sufricient conditlon for a triple to be unstable.

Suppose there exists €0 such that for all Dw(€o)

and D , (h(e'Dw<eo)) - h(e-D))e(x]|9) 1is unirormly bounded above,
and suppose there exists two constants a and b, and N such that
tor a11 n> N , Dn(e) ¢ [a,b]. Then the triple (h, 4(x[e), F )

is strongly stable.
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Proof': Our object is to show it ftor all Fn(e) g F (9) , we can

rina N such that ror all n > N and D _(e)e[a,b] we have:

(4.7) T n(e-p_(e)a(xl0)aF (8) - igr { n(e-D)s(xle)dF () < B(e),

and lim B(e) = O
evO
In order to free us trom comsidering abo.it end points, let
2 (
€, = eo/2 s then Dm\e

< By (e} <€ Dley) <D, (¢

O) O)

Let ¢ and d be continuous points of F_ ,such that

e ad b d

(4.8) * n(e-a)s(xle) dF_ < ¢ ana

(4.9) f h(e-b)s4(x[8) dF _(8) < ¢

Our object is to show (4.7). We first consider 8 € (-», c)u(d,w).

By (4.8) and (4.9), we know V¥ D ¢ [a,b]

0
) n(8-D)4(x|8) dF_(8) < ¢ and
d
rC
. n(e-D) £(x[6) dF _(8) < e

Since (h(e-qn(el)) - h(e-b)e(x|e) is uniformly bounded above

then by the Convergence Theorem (Loeve, 1963), there exists V

that for all n > N,
j: (h(8-D,(e;)) - n(e-b))e(x[8)dF, < j: (n(9-r

and

oot s o

A
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(2 c

j (n(8-D_(e;))-n(8-a))8(x(8)dF < j (n(8-D_(e;))-n(8-a)e(x|8)dF +e.

-00 -00
By these two inequalities, we can see that ¥ n > NO y and for

all ¢ e [Di(€l)’ D (el)], and tor all D ¢ [a,b],

3

r+°° +00

(4.10) i ((h(e-t) - h(9-D))s(x[8)dF < fd (h(8-D (e;))-h(8-b))
w t(x|8)dF
< fd (n(8-Dy(e;))-n(e-D)AF_+ € < 2 ¢ ,
and

c C
(4.11) f_w (n(g-t)-nh(9-D))(x[8)dF < f_w (h(8-D (e;))-n(9-a))s(x[9)dF +e

< 2¢€ .

Now we consider 9 € [c,d].

By Lemma 3.3 we can t'ind N1 such that n > Nl and tor all

d and ¢ (a,b],

1 da
od d
(4.12) ) (n(8-d;)-n(8-d;))a(x|9)dF (9) < j (h(8(-dy)-h(9-d,))s(x]8)dF (9
¢ ¢
+e€

Let N = max [No, Nl}, then tor all n > N and tor all D (e¢),

Defa,b]
fn(a-p_(e))a(xl0)aF, (8) - [ n(9-D)s(xl0)dF, (o)
d d
< [ n(a-p_(e))s(xle)ar (o) - { n(e-D)a(x[e)dF, + ¢
Cc c

S
+ ) n(8-D(e;))e(x|8)dF (8) - jc h(9-a)s(x|8)d Fu(9)

- -0
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00 C
+ “J n(3-D,(¢;))2(x]0)dF (8) - [ n(8-0)e(x|8)dF (3) (by (4.12))

-0

d d

< " n(a-p_(e))a(x|0)dF (8) - " h(e-D)z(x|a)dF_(8) + 5e (by (%.10)
e ‘c ana (4.11))

< 7 n(e-p (e))e(xle)ar, (8) - [ n(s-D)s(xla)ar (a) + b

i

Thus we have shown

1im sup [ n(e-D_(e))e(x|0)dF (a)- igf f n(e-D)e(x|8)dF (8)] < Te

Nn—»>o0
And this implies that the triple (h, £(x|9), F_ ) 1s strongly

stable. [ ]

From Lemmas 4.2 and 4.3 we can easily see the following theorem.

Theorem 4.2 Suppose there exists [a,b] and N such that ror all

B>N, Dn(e) e¢(a,b], then

(a) 1ir there exists €, > 0 such that for all Dm(eo) and D,
(h(e—Dm(e))-h(e-D))t(5|9) is unifrormly bounded above, then the triple
(h #(x|8), F_ ) 1s strongly stable.

(o) If there exists € > @  sueh that Tor all Dm(e ), we can

Q

rind D (depends on D_(e)) such that (h(8-D_(€)) - n(g-D))e(x|g)

1s not bounded above, then the triple is unstable.
(¢) For all € > O, there exists Di(e) and Dz (e)e{Dw(e)}

such that ¥ D , (h(e-Di(e))- h(e-D)) 2(x|8) 1is uniformly bounded

above and there exists D, (depends on Di (€)) such that

b



— A

66

(h(e-Di(e))-h(e—DO))L(ile) is not uniformly bounded above, then
the triple is weakly stable and Di(e) is the stabilizing decision.

Proot; Direct use of Lemmas 4.2 and 4.3. e

The importance of this theorem is that this theorem makes
Theorem 4.3 easier to understand and formulate.

From the above lemmas and theorem, it seems that whether the
triple (h,z(gle),Fx) is strongly stable or not depends on h and
z(iie) only. This 1s not true because D_(c) depends on F (8).
The following example shows this explicitly. The following
example is interesting and important. In Chapter 5, we study
the estimation problems under the additional assumption
z(gle) = 1. Under these conditions, we can prove (i) a pair (h,F_)
cannot be weakly stable; (ii) For any F_(8) and G (e), (h,F_)
is strongly stable iff (h,G_ ) 1s strongly stable. However, the
following example shows these two results are not necessarily true

when £(x|8) # 1.

Example 4.1. Suppose 4(5[9) and h(t) are defined by:

JEl - Bed
h(t) =

t* £33

(

N R
z(x!e)=§1 -1<8g1

3

RleT g>1 .
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(a) If there exists €y >0 such that all Dm(eo)Z.O’ then
the triple (h,z(fle),Fm) is strongly stable. (One example is
F_(8) is uniformly distributed in (0,1).)

(b) If there exists €y> 0 such that all Dm(eo)<<o, then
the triple (h,z(§|e),Fm) is unstable. (One example is F_(8) is
uniformly distributed in (-1,0).)

(¢) If for all e>O0, there exists D.(e)>0 and D2(e)<O0,
then the triple (h,z(zle),Fm) is weakly stable and Di(e) is the
stabllizing decision. (One example is Fw(e) is uniformly distri-

5
buted in (- =,=).
ute 2,2))

Proof: First we show that for all D> 0, h(e-D)4(x|8) is uniformly
bounded. When 8>D, h(e-D)s(x/8)<h(e)e(x/8)<1

g+1

8<-1 h(e-D)e(x|8)=|-8+D[e’" ", this is
also uniformly bounded.
For D<O, we show h(g-D)4(x|e) is unbounded. Let =|D|,

6+c/ee > (e+c)c + .

8>0, h(s-D)4(x|6) =h(e+c)s(xl8) = (e+c)
8§ > +o.
And since h(9-0)z(x[8) is uniformly bounded,

1im [h(8)4(x|a)dF (8) = jn(8)s(x|s)dF (). Thus D (e) is uniformly
>

bounded.
So this example satisfies the conditions in Theorem 4.2 and

the results follow directly from Theorem 4.2. (]

In Lemma 3.7, we show if one can find Dn(e) + «, then the
triple (h,4(x|e),F_) is unstable. In Theorem 4.2, we discussed

all cases under the assumption that Dn(e) cannot go to infinity.
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The next theorem shows necessary and sufficlent conditions that

Dn(e) cannot go to infinity.

Theorem 4.3. (a) Suppose there exists r, d, t and DO’ such

0

that t, 1s a continuous point of P_(8) and Pm(to) > 0 and

for all D)>DO

h(tO-D)

sup (A(6-dJ-h(5-D))2(x[87 ~ ©
8>E

(4.13)

where E satisfies d<E<KD and h(E-d) = h(E-D). Then D_(¢)
cannot go to +o«.

(b) Suppose for all r,d,t,DO, where t 1s a continuous point
of P_(8), P _(t)>0, there exists D>D, such that

h(t-D)
(4.14) Z5p (R(6-0)-R(8-DIJ4(X10) for¥
8

where E 1s defined in (a).
Then the triple is unstable.

Proof: (a) Let t; be a continuous point of P_(s) and
Pw(tl)fiPw(to). In this part, we show d 1s the decision that
prevents Dn(e) from going to infinity. Our object is to show
there exists b>0, cO>O and N such that for all n>N, D>b

we have
Jne-a)a(x|0)ar, (8) - [n(9-D)s (x| 8)dF, (0) < -cq.

Then when e<<co and n>N we see Dn(e) cannot be greater

than b. We need some definitions before we start.
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o]

Let ¢ = r t({le)de(e); b is so large that b>d,

U-m

h(to-b) >2(h(tl-d) +h(t.-d) +4) and the E,, which satisfies

(0]

d<E1<b and h(El-d) = h(El-b), also satisfies El> ty and
P, (tg)-F, ()

Foo(El) >1 - z « r-c. Without loss of generality, we

can assume E; 1s a continuous point of F_(9).

In our problem, we can see DO> to (or we can find D =toZDo
such that the inequality (4.13) is not satisfied). And b is
independent of Fn(e).

We can find NO’ such that for all n> NO’(

l_Pm(tO)'Pm(tl) -

Pm(to) . Poo(tl)
n(Ey) > z

to) n( 1) > - and

bl
I c
J&(zl8)aF,(8) > =
Now for all D>b and let h(E-d) = h(E-D). Then E>Ey > t,.

And when n >N, the following inequalities follow immediately.
[n(e-a)e(xl0)ar () - [n(e-D)a(xla)aF, (8)

(h(8-d) - h(8-D))4(x|e)dF (o) +f:(h(e-d) -h(e-D))e(x[e)dF_(8)

tO o h{t.-D
< (jz(§!e>an(e))jt (h(e-d)-h(e-D))dPn(e>+-jE _f_g__l arF, (9)
p

t h(t
< $(h(tg=a) +h(t -d) -h(tO-D))ft: ap (9) +

n

-00

-D)
2 (1-F,(E))
(n(ty=d) +h(ty=d) - h(ty=D)) * % . Pm(to);Pm(tl) ;

I

h(ty-D) B (ty)-P,(t;)
T ' 6

% P

c(h(to'd) + h(tl"d) ) (Pm(to)-Pw(tl)) C(Pw(to) = Poo(tl))
4 . 12

I

(B(h(tl‘d) * h(to'd) * }4))

< =e(By(ty) = By(tq)) -

- - - — — ——— S
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Thus cy=c - (P (to)"Pm(tl)) is what we wanted. And (a)

follows directly.

W
(b) In this part, we have to construct F > F_  such that

for all D_(e), (2.14) does not hold.
Let t,_ be a continuous point of P_(8) satisfying
(1f there exists T such that P_(T)>0 and P_(T") =0,

o] [onlfe]

O< Pt <
] n

then let TUitn<:T-+% and t, 1s a continuous point of P (8)).
Let r, = Eﬁg and d:=Ds(€), we can find D > Ds(e) and 8,
A(ty0p) ;
such that TR(§ D, (€])-R(8,-D,1z(xl6,) < ;2 » “here

h(En-Ds(e)) =h(En-Dn) and o,>E/.

We know tn’ as a sequence, 1ls monotonic decreasing, so

1lim tn exists. Let T = lim tn’ then T = -0 or T 1is finite.
n—>oo n>w
We have to construct Fn(e) under these two situations.

(1) if T = -o, then let

1

Fo(a) = (L-2)F,(8) « T(a2t,) + 5

Y Jn(e)

where I 1is the usual indicator function, and
3,(8) =

(11) if T # -», the above Fn(e) does not necessarily converge
in distribution to Fm(e). This will occur, for example, if Fm(e)
puts some probability on @ which has likelihood value that equals

zero.) So in this case we define Fn(e) as follows:

e . . - g s e . e e

e e e s e et — —
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(1-5)F, (e) a<T |
F(8) = ﬁ (1-%)1?00(9) - I(ext,) L J,(8) +
| (1-FIF(0)T(8<T) .

Then

Jn(e-p (e))s(xl0)aF, (o) - [n(e-D )t (x]8)dF, (o)

> (1-3) (n(t =D (€)) - n(t,-D)) -+ £(xlty)F(t,) + i

(1-%)@: h(e-D(<))s(xl8)dF_(8) - j: h(e-D,)e(x/8)dF (8)) + :
n n

n®n(t -D ) * I

D
> ~(1-L) Rt D) - B+ (1-1) | "(h(e-D(¢)) = n(s-D,))
— n n n n -’t @ n
n

4(x|0)dF (8) +n- h(t, -D )
(Since £(x|8)<B and when @ge¢ (Dn,co) we know ‘.
(h(9-D,(€)) - h(8=-D,)) >0.)
2 =Bh(t,-D,) - Bh(t,-D ) +nh(t,-D )
e +®o
Thus the triple is unstable. Q. E.D.
The following theorem discusses the conditions that Dn(e)

wlll not go to -®o. We state it without giving any proof. The
proof should be symmetrically related to the proof of the last

theorem.
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Theorem 4.4 (a) Suppose there exist r>0, d, t; and Dy, where

ty 1is a continuous point of P_(8) such that P (t,)<1l, and

o)
for all D<<DO,

h(tO-D)

sup(h(e-d)-h(8-D))¢(xI8) ~ *
g<E

where D<E<d and h(E-d) =h(E-D). Then Dn(e) cannot go to -,

(b) Suppose for all r>0, d, t and Dy, where t 1s a con-

tinuous point of P (§) and P_(t)<1, and there exists D< D,

such that
h(t-D)

sup(8-d)-hR(e-D)Jz(x/e) < T
8>E

where D<E<d and h(E-d) = h(E-D).
Then the triple (h,£(x|8),F_ ) is unstable.

Proof: Similar to Theorem 4.3. Q.E.D.
In the following, we show an example that applies the above
theorems.

I p-1

Example 4.2 (a) Suppose |8 z(ile) is uniformly bounded and

p>1, then (le-DIp,z(Ele),Fm) is strongly stable.

(b) Suppose lelp'lz(ile)iﬁ unbounded and p>1, then:
(16-D|®,4(x/0),F_) 1s unstable.

Proof: (a) By Theorems 4.2, 4.3 and 4.4, in order to show strongly
stable we have to show (1) For any D_(e) and D, (h(e-D_(€¢))-h(e=D))"
l(§|e) as a function of 9§, is uniformly bounded above, and (ii)

there exists r, d, to, Dy and Pw(to):>0 such that for all D>Dg,,
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h(t,-D)

Sup(h(6-d)-R(6-D)J4(xT87 ~ ©
8> E

(1) By assumption, let leip’lz(gle)gao.

First, we show for any D, !e-D!p'lz(ﬁle) is uniformly bounded.
When @ 1s small, the function is uniformly bounded, so we have to

consider only when @9 1s large

1im |9-DiPta(xle) = 11m (|&2|" )P le(xle) = 11m e®Ls(xl0).

,p'l
8>+ g+ 8 | §>40
Thus the above formula is uniformly bounded. Then the same result
holds when 8§~ -x.
Next we show for any two decisions D1 and D2,
(\e-Dlip- |e-D2|p)z(5Ie) is uniformly bounded. We use the following
inequality (Hardy, Littlewood and Polya, 1934).

If x and y are positive and unequal, then
r-1 r r r-1
FE (Z=y) >X =y ory (7] [(251)s

So we have:

p(18-D1) %) (18-D;) - [9-Dyl) > |8-D;) P - |-, | P> Pl 0-D P21 (| 9-D, | -]a-D,|)

Since both |6-D1)p-ll(§le) and |6-D2|p-lz(§’e) are uniformly
bounded, we can see that (Ia-Dllp- IB-DQIPTL(EIO) is uniformly
bounded. And for any D_(e) and D, (le-Dw(e)lp- |e-D|p)£(5|e)
is uniformly bounded above.

(11) We have to show that there exists o 9 to, r, DO where
ty 1s a continuous point of P_(@) and Pw(to):>0, such that for

all D > DO’




h(to-D)

sup(h(e-d)-h(8-DJJe(x(8) ~
8>E

Let t, be any point that is a continuous point of p_(8)

0
and Pm(to)>0. And let d=t,, Dy>d and satisfying

D 4a P2
O+d -py~-1 .
( ) (1-27%)7" > By. We will specify r later.
2
If h(e-D) =h(8-D), then § = ggg , thus E = 22
Let A = e > [-a| P
sup(h(g-d)-h(e-D)s(xl8) = | g-d|P-|g-D|P
8>E sup 5 BO- p=T
e)g."'_ 0
2
d+D
We consider first ge¢ @7;-,D), and then ¢ >D.
(1)' pye>HL
_q|P_q &tD _ P
AT VL TR S L i i
sup By 5=T LBy p-1
Dy o> ¢ |2§21

_g . (1-27P)(p-q)P

84D P
2
D ’d+D]p-l
So A > (D:d) - ol > 1
B+ (1-2"P)(p-4)P B(1-2"P)
d+D)p:1
2
(11)' 8>D

e —— v = e s g g ——»
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-q)P-1
However sup iﬂ.ﬂlr__ is uniformly bounded, say by By,
o>D  gF”

-4)P B _q\p-1
then (D g)l % %ﬁ%ﬁQ%T - LR%%L———, thus also bounded
e 2 B, (0-4)

sup((8=4)" " (p_q) =
e>D 6p-l

away from zero.
‘ Thus Dn(e) cannot go to 4.
Similarly, Dn(e) cannot go to -«=. And the triple (h,z(x|8),F_)

is strongly stable.

(b) Let t be any point satisfying pm(to)>»0 and for all
d, >0,
B(t=D) z (D-t)P
sup(h{9-d)-n(8=D))2{xI8)  gup(|g-a|P-|8-D)P)s(x/e)
e 8>E -
However, 1im||8-d|P - |8-D|P)s(x|8) > 1im p(D-d)eP™T 4(x[8) = +w
g0 g0
(D-t)P .
® Suplh(e-d)Re-D1axl ) " ° -
o>

And the triple (Ie-DIP,‘(ile),Fm) is unstable. =

The above example shows explicitly that if we know likelihood
function exactly then the data give us a lot of information. For
any fixed x, many likelihood functions satisfy the condition
that |8/4(x|8) is uniformly bounded. Thus (|8-D|%,z(x/e),F ) is
strongly stable for these triples. However (Ie-Dle,l,Fw), where
L(x/9) = 1, 1s unstable. Another point is that if our data is from a
normal distributlion with mean § and variance 1, then for any p,

(le-D(P,4(x|8),E) is strongly mtable.

¢ g

- A e g
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Chapter 5 Stable Decision Problems Related to z(ile) =1

5.1 Review

In this chapter we return to the problems discussed in Kadane
and Chuang [1978]. When £(x|e) = 1, then definitions I, II, IIT and
IV are exactly the same as definitions 1, 2, 3 and 4 respectively.
In order to be consistent with the notation of Kadane and Chuang
[1978], in this chapter we study stability of a pair (h,F_) under
definitions 1, 2, 3 and 4. We study the estimation
problem, i.e. h(x) is continuous, non-increasing in (-«,0) and
non-decreasing in (0O,»). In Chapter 3, we proved definitions I,
II, IIT and IV are equivalent for estimation problems.
Hence, this is also true for definitions 1, 2, 3 and 4. Without
loss of generality, we use definition 3 and assume h(0) =0
throughout this chapter.

As in Chapters 2 and 4, we first study h(x) uniformly bounded,
then h(x) uniformly bounded on one side and unbounded on the other

side. Finally, we study h(x) unbounded on both sides.

Lemma 5.1 If h(x) is uniformly bounded, then for any F _(§),

o]

(h,Fm(e)) is strongly stable.

Proof: This is just a special case of Theorem 3.2. =

Lemma 5.2 If h(x) is uniformly bounded on one side and unbounded

on the other side, then for any F_(8), (h,F_(9)) is unstable.
Proof: This 1is a special case of Theorem 4.1(b).

Now, we consider the case 1lim h(x) = +o. Let g(t) =h(t+l)-h(t). =
X400

Lemma 5.3 If 1lim h(x) = 4o and g(t) is not uniformly bounded,
X>400

then for any F,(8), (h,F_(8)) 1is unstable.




T
Proof: Suppose g(t) is not uniformly bounded. For any F_(8)

let {D_(e)} be the set of all decisions satisfying (1.2). Also )

(¢]
Then (h(e-Ds(e))-h(e-Do)) = h(g’+1l) -h(8’), which is not

L L i ple SA0 0
let Dg(e) = sup{D_(e€)}, and Dy = Ds(e) +1 and @' =g-D,.

uniformly bounded above. Thus by Lemma 4.2 (a), the pair (h,F_(8))

is unstable.

Similarly, if g(t) is not uniformly bounded below, by
Lemma 4.2 (b), the pair is unstable. =

One example for the above lemma is gquare error loss function i
with any opinion that has finite variance. Since (x+l)2-x2==2x4-l,

which is not uniformly bounded, (|g-D|%,F_(g)) is unstable. ‘

The case that is left is 1lim h(x) = 4+ and g(t) = h(t+l) - h(t) J
X>4x

is uniformly bounded. Let [g(t)| B.

Lemma 5.4 If g(t) is uniformly bounded by a constant B, then
for any x and ¥, |h(x)-h(y)| <B(|x-y|+1).

Proof: Because the formula we want to show is symmetric with respect

to x and y, i.e. exchange x and y will not change the formula,

we can assume X > Y.

Let [x] denote the maximum integer which is smaller than or

equal- to Xx.

Suppose n 1s a positive integer. Then

a(n) =h(n) - h(n-1) + h(n-1) - h(n=2) + ... + h(2) = h(1) + h(1) - h(0)

e n*n,

»

and t 18 not an integer, then t< [t] + 1 and
+1) < B([t]+l) < B(t+l).

rall u>0, h(u) < B(u+l).

e
—
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Similarly, for all v<O0, h(v)<B(|v|+1).
Now if x>y>0, let 2z = [x-y]+y+1 then z>x and
Ih(x)-h(y) | < [n(z)-h(y)] <B([x-y]+1) < B(|x-y[+1).

If x>02>vy, then
'h(x) - h(y)| <max(h(x),h(y)) < max B- (x+1,|y| +1) <B(lx-y| +1)

If 0>x>y, the proof is the same as x>y>0. Q. E.D.

Lemma 5.5  Suppose lim h(x) =+« and |g(t)| {B. If there exist
X400

a, b and N such that for all n > N, D, € [a,b], then (h,F ) is

strongly stable; otherwise, the pair is unstable and there exists

Fn-*F°° such that

lin(fh(e-D,(e))dF,(a) - int [n(e-D)ar_(8)] = +a.

n=>co

Proof: The first part is a direct result of Lemmas 5.4 and 4.3.

W
For the second part, by assumption, there exists Hn gl
and a sequence of e-optimal decisions of (h,Hn), Dé(e) which

goes to infinity. Without loss of generality we assume D;(e)->+m.
Let Ds(e) = sup{D_(€)}, where ({D_(€)} is the set of all D_(¢).
Then h(Dn(e)-Ds(e))->+m. Thus we can find a subsequence of Hp,

, we call it G, such that G, > F_ and h(D_(e) -D (e)) >n?,
where Dn(e) is an e-optimal decision of (h,Gn).

Let Fn(e) =-% Jn(e)+-(L-%)Gh(e), where Jn(e) is defined as

: 0 8 <D (¢)
‘ J,(8)= =
1 8>D,(e) .




Then,

n->ow

Lin([n(8-D, (€))dF(8) - 1nf [n(e-D)aF,(8))

5 14m( (2 - 1) ([n(8-Dy(€) )ac, (8 - [n(8-D,(e))dG,(8) -

= n

n>o
[n(e-p(e))aay(0)) +

> lim ((1-%)-(-6) +n)

n—>w

5 1im(n-€)
n—>o

= +oo. =

e [

g O T —

» n(D_(e) - D,())

n
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5.2 Stability, Independent of Opinion

The object of this section is to show that ror any two opinions

(8 / / s A
i ) and Gm(e) o SRy Fm\e)) is strongly stable iff [(h, Gm(e) is

strongly statle. From Lemmas 5.1, 5.2 and 5.3, we see this is true
ror the rollowing cases: (a) h(x) 1is uniformly counded (b) h(x)
is unitformly tounded on one side and unbounded on the other side.

c) 1lim n(x) = 4o and g(t) = h(t+l) - h(t) 1is not sniformly
X>Too

bounded. The loss functions we have not yet considered are those

for which 1lim h(x) = +o and g(t) 1is uniformly bounded. For this
X>400

kind of loss trunctions we prove our object by three lemmas. They are
straightforward.

Lemma 5.5 Suppose 1im h(x) = +o and |g(t)| 1is uniformly counaed
X>+o0

by B . Also if we can find a > -o and b < +o such that
F_(a) = G (a) = 0 and Fm(b) = G_(b) =1, then (h,F_(8)) is strongly

stable irr (h, G _(9)) 1is strongly stable.

Prootf: If (h, F_(8)) is unstable, we should show 'h, wae) is
also unstable.

W /
By Lemma 3.5, there exists F _(8)> F_(8) such that D (e) > +w

or == . Withovt loss of generality, we assume Dn(e) > 4+ o .

And we can assume h(D _(e) - b) > n2 . (We always can achieve this

n

bty taking a subsequence of Fn(e) . )
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And let H '9) = (1 -Z) F(8) + zJ (8) , where J (8) , is

defined as
0 8« Dn(c)

(
1 & Dn\e)

Then for any D € [a,b} ,

Ih(S-D)dHn(e) - Ih(e-nn(e))dﬂn(e)

L

" (’l-%)(j(h(e—D)an(e) - h(a-D (€))dF,(8)) + = + h(D_(€)-D)

n

Ze+n.

Now we are ready to construct a sequence of distributions that
converges in distributions to Gw(e) and satisfies our object.

Let

(5.1) M = (Hn(b) - Hn(a)){Gw(g)) + I(8< a)H '9) + I(g>a) H, (a)

+ I(8) > v)(H (8) - H (b))

where I(9> a) =\"O if e S a

Ll & S

We can see Mn is a distribution function, such that for all

ge (-w, a)Ulb,w), M (3) = H (9), and has the same shape (up to a
n

n
linear transformation) as G _(9) for @e€(a,b]. Since B.(b) + 1

( w
and H (a)*»0 , we can see Mn(e)-> G (89)

However, for all D ¢ [a, b] ,
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[ n(s-p) am () - [n(e-D (¢))am (o)

Ab+ : a ]
= (¥ ~ e BlA= ( { ‘n’ Q- ~-h(Aa- (

Ja’ n(9-D) - n(e-D_(€)))dM_(8) + I + jb h(8-D)-h(8-D_(e)))dH

2(9)

-0

> [(max n(9-D)-Blb-a+l) - min h(e-Dn €))-B{b-a+l)]
3¢ (a,b] 8¢[a,c]

L(B)-H_(a)) + j + J: (h(8-D)-n(9-D_(e)))dH (8)

N/
C——y

haG-D)-hfe-Dn €)))dH_(8)-2B(b-a+l)

I\

n - € - 2B b-a+l) > +w

Thus 'h, G (8)) 1s also unstable.
©

In the next lemma, we extend the above lemma is such a way

that one of the distributions is not restricted to [a,t].

Lemma 5.7: Suppose 1lim h(x) = +o and g(t) is uniformly tounded,

K>+

let Fm g) be a distribution such that we can find a > -o and

©c < +» and F(a) =0, F(b) =1 . And let G (3) be any distribution,

then it (h, Fm'g)) is unstable implies (h, Gm’e)) is also unstable.

Proof: Let Gr(e) be defined as

0 < =-n
G,(g) ={G_(g) -n <9< n
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We can t'ind No such that —NO < &g < bl < NO , then tfor all

n>N_, Gn(-n—l) =P (=0 «1) =0, Gn(n+l) = F_(n+l)=1 . Thus

(h, Gn(e))is unstable.

By inspect Lemma 5.6 and the way we construct Mn(e) , We can

; i /
t'ind a distribution Gnn(e) such that G _(g) - = S Gnn(e) < G (8) +

Sl

for all -n + 1 <8< n-1 and an e-optimal decision for (h, Gnnfa)) is
W
greater than n . We can see G (9) ¥ G (8) and its e¢-optimal

decision goes to 4w .

Thus (h, G ) 1s unstable. Q.E.D.

Arter the above two lemmas, we still canno® conclude that for

any two distributions F_(g) and G_(9) , (h,wae)) is strongly
stable irtr (h. G_8)) 1is strongly stable. More specirically, when

F 8) 1is a distribution such that there exists a > =» and b < 4w

and F_fa) =0, Fm(b) =1 and (h, F (8)) 1s strongly stable,

under this condition we can not conclude for any G, 6), (h, G (9)) 1is

strongly stable. The following lemma t'ills this gap.

Lemma 5.8: Suppose 1lim hix) = + o, g(t) 1is uniformly bounded, and

X* 40

there is a diistribution H_(8) such that (h, H_'9)) is unstable. Then

there exists a distribution function F_(8), and numbers a and b

(=< a<b<w), such that F.(a) =0, F_(b) =1 and (h,F,) 1s unstable.

RIS P e e e g - -— —




Proof: Let an e-optimal decision for

(h
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, H (8)) be denoted by

D, €). Then we can find a, b such that all Dmfe) €{a,b], 2, b

are continious points of Hm(e) and B (&) < % and Hw(b) S T/8 -

o0

Since (h(8-D), H ) 1s unstable,

and a sequence of e-optimal decisions

such that 1lim Dn’e) = 40 , and lim

N—=>co

using Lemma 5.5.

Suppose E

N>+

we

D,

f

(e}, B

can f'ind Hl, o L

[ ( {
o 2):.. Lor h, Hn‘e))

L - ', o { o / ? { =
n(9-D_(e))-n(8-D (¢))dH (8)

) be any fixed e-optimal decision for (h, H_'9))

Then as D _(€) * +w ,

Now let

h(En-Dm(e)) = h(E -D (¢)) and D_ w) <E <D

we see En > 4o .

0 8 < a
1 (H(8)
H BS-H'aS
1

And def'ine Fn‘Q)

Then F_(9) L

( 6
Hn b) > J/;3 ’

F _(8) ,

Hn(a)

<

~

as tollows:

2H (E )-1
n %n) H(g) -H (a) a<@<b
H1b)-H (a) n -l =
n n
2H (E_)-1 <0 <E
2 H (9)-1 9 > E_

and there exists

N

such that for all n > N,

. |
2/8 and " (n(8-D_(e))-n(8-D (e)))dH (8) < O .

a

e .

+o0,
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Let D « [a,b] ;

[(h(e-D) - h(8-D (e)))dF (1)

5 | (h a-Dw(e))-hfe-Dn(e)))an(e) - B(IDm(e) - D|+1) (by Lemma 5.4)

2Hn(En)-l rb
Z H (b)-H (a) (h(e‘Dw<€))‘ h(G-Dn(G))dHn(e) -+
n n a
2 I (n(8-D_(¢)) - n(s - D,(€))) dH_(8) - B(b-a+l)
‘E
n
1 ; :
> =2 [ (nla-p_(¢))-n'g Dyle)) dH_(8) +
)
’\m !
ZJC h(e-Dm'e))-h'e-Dn €)))dH_(8) - B(b-a+l)
n
lrb o
=2( J, +[ 'nle-D_(e))-n(8-D (€)))dH_(9))-B b-a+1)
JE 0 n n
n
>2 { (n(8-D_(€)) - nig-D_l¢))) dH_(8) - Blb-a+l)
< $4wm
So h,Fm) is unstable. m

Combining Lemmas 5.5, 5.7 and 5.3, we have the following theorem.

Theorem 5.1 Suppose 1lim h(x) = + o , g(t) 1s uniformly bounded

x>+
and F_(9) and Gm(e) are any two distributions. Then (h, F (8)) 1s

strongly stable iff (h, G (8 is strongly stable.
oo
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Theorem 5.2 For any estimation or prediction loss function h , and

any opinions Fm(e) and Hw(e) L st Fm(e)) is strongly stable

iff (n, H_(8)) 1is strongly stable.

Proof: Combines Theorem 5.1 and Lemmas 5.1, 5.2 and 5.3. =

e g ey A— e ———.




87
5.5 Necessary and Sufficient Conditions for Stability
In this section we prove necessary and sufficient conditions
for a pair (h, F_(8)) to be stable, where 1im h(x) = +w and
& X>+oo
g x) 1is unirormly bounded.
Theorem 5.3 (a) Suppose there exists r and Do > C 5  such that
for atl Pt Do s
h(-D)

sup' n'a+D)-nla)) 5 ¥ v

a>0
and for all D < - DO

h(D)

sup(n’a+D)-hla) At

a<o0
then (h, F_9)) 1s strongly stable.

‘b) If for all r and D, >0, there exists D > DC , such that
n -D)
sup h a+D)-n’2) e
a>0

or there exist D <K -« D

T SR e ra—— |

ol L



(D)
sup'h{a+D)-nh(a))
a<0

<r,

then (h, F (8)) 1is unstable.
oo}

Proot /a) We are going to use Theorem 4.3 to prove this theorem.
By theorem 5.1, it is sufficient to show ’'h, F_8)) 1is

o0

strongly stable for a specitic distribution. Let

1
Flo) =4 2 “H5B<L
o

otherwise

And let d = 0 , we see (h, Fm'e)) satisfies the conditions

in Theorem 4.3 (a) . Thus D (e) can not go to +w .

Similary, Dp €) cannot go to - .
By Lemma 5.5, we conclude (h, Faﬁe)) is strongly stable.
c) for this part, we should show for all r, d, ¢, DO > 8 5

there exist D > DO such that

n(t-D)
- — K r .
sup (h(8-d) - n(8-D))e(x(9)
8>D
Let r and D satisty Hrl <r, ry < i, and Dl - 02 I
n(-Dy) > 2B/ |d|+/t|+2) and h(Dl) > 2B(|d|+[tl+2) .

By our assumption, we can find D > Dl such that

h{ -D)

sup(h’a+D) - hla))
a>0

< rl 3
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h(t-D) h(t-D)

sup (n(9-d)-n(8-D) ~ Sup n(a+D-d)-Bla)
8>0 a>0

Th

[0
o

(let a = 8 - D)

Let A = sup (hla+D)-h(a)), then h(-D) < r, A and
2>0 A

B(|t]+l) < h(-D) < r, A . Thus

h(t-D) n(-D) + B(|t|+1)

sup(h(a+D-d)-n(a)) sup(h(a+D)-h(a))-B(|d|+1)
a>0 a>0

by Lemma 5.4)

rlA + rlA

N\

Thus (h, F_) when h satisfying the first part of (b)

o0

Similarly, for the second part (h, F ) 1is also unstable.
. [oo]

§

Although in this theorem, we assume 1lim h(x)
X>Ioo

and g(t) 1is uniformly bounded. However, this is not necessary.
In the estimation or prediction problem, the atove necessary and
surticient conditions are true for every pair, except those that
equal zero on one side and are uniformly bounded on the other side.

However, the conditions in Section 5.1 are much easier to check.




5.4 Examples

From Theorem 5.2, we know in the estimation or prediction
problem, whether a pair (h,F_(8)) 1s stable or 1ot depends on h
only. In this section we show some important examples. Many of

these examples were discussed in Kadane and Chuang [1978].

x| 1if -1<x
Example 5.1: Let h(x) = .

1 if x¢-
This loss function is bounded on one side and unbounded on the
other side, by Lemma 5.2, so (h,Fw(e)) is unstable for any F_(9)
which has finite mean. a

Example 5.2: If h(x) = xe, i.e. the usual square loss. Then

(h,F_(8)) 1s unstable for all Fm(e) that has a finite variance.

Proof: 1lim h(x) = +w. (t) = h(t+l) = h(t) =2t+1.

X4

(\8]

So g(t) is not uniformly bounded, thus by Lemma 5.3 (h,F_(8))

is unstable. a

Example 5.3 If |g(t)| <B and there exist r>0 and x>0

v/

such that for all @xi:>xo we have h(x)>r|x|, then (h,F_(8))

is strongly stable.

Proof: Let D, = max(xo,l), then for all D>D,,

h(-D) o anElBl. % Lo
sup(h(a+D) ~h(a)) < B(|D|+L) = 2B '
a>0

\

Thus (h,F_,(a)) satisfies the first part of Theorem 5.2 (a).

Similarly it satisfies the second part of Theorem .2 (a). Thus

(h,F (9 is strongly stable. L]
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One special case of this example is h(6,D) = a(9-D)I(e>D)
+ b(D-8)I(8<D), a>0, b>0, where I 1is the usual indicator
function. Then (h,F_(8)) is strongly stable. When a=b, this
specializes to absolute error.

From the above two examples, we know squared error loss is
unstable with any opinion that has finite mean and variance.
iowever, absolute error loss with any opinion that has finite
mean is strongly stable.

The next example shows that even if |g(t)| < B, h(x) is

symmetric, and g(t) goes to zero as t goes to infinity, the
palr may not be stable.

Example 5.4 Let h(x) be symmetric with respect to O and

(x 0<{x<1
| iieis <1 1<xg2- 2
| (x-233%1) - 24 (3e1)3 1 oIt cx3pIt g5yl
[ \ & 339 - g(3-1) 3 cxga(ge) IR
} -4
\ Then (h,F_(8)) is unstable.
L Proof: Let d = 3L | n(n-l)n'l - onftl oyl | n(n--l)n"l
‘ 8, = 2°nn+1.

Then h(-d;) = (n-1)""%, h(a#d,) =n” and h(a ) = (n-1)""1,

h(-dn) h(-dn)

ESDIRRr, JSHTSI T S Rla+d_J-R(a,] =
a

_Ln_l)n-l 5o
nn_ (n-l ) n-1

So (h,F (8)) 1s unstable. .




The next two examples discuss loss functions that are concave

or conveX.

Example 5.5 If h(x) is symmetric and concave, then (h,Fm(e))

is strongly stable.
Proof: We first show for any x>0, y>O0, h(x+y) < h(x) + h(y).
By concavity, we have
h(au+ (1-a)v) > ah(u) + (1-a)h(v), O < a < 1.

Let u = x+y, r=0 and a=x/(x+y) then

h(x) zx—fy- h(x+y)

(x+y)h(x) > xh(x+y).

Similarly (x+y)h(y) > yh(x+y).

Summing the above inequalities, we have

(x+y) (h(x) +ha(y)) > (x+y)h(x+y), so

h(x) +h(y) > h(x+y).

Let D>0. Then

RGATRTT = o - 3
su a+b)=-n(a
250 h(D)

Similarly for D< O, we have the same result.

Thus by Theorem 5.2, (h,F_(8)) is strongly stable. o

From the above example, we know (Ie-Dlp,Fw(e)), where

0<p<1l, is strongly stable.
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Example 5.6: Suppose h(x) is convex and there exists %y >0
such that h(xo)>O and h(-xo) >0, then

(a) If |g(t)! <B, then (h,F_(8)) is strongly stable.
(o) If g(t) is unbounded, then (h,F_(8)) is unstable.

Proof: (b) follows directly from Lemma 5.3.
(a) We first show that there exist rO>O such that
h(x) >rx for all X>X>X,.

For any x>xo, let x=axo, g>1 and Xq =%x.
By convexity h((1 -!B'-)O + %x)g (1-%)1-1(0) + %h (x), so
h(xo)
we have h(x)zah(xo) =— £,
0
héxo)
Similarly x<-x4, h(x)> | x| .

L
h(xo) h(-xo)
Sy

Let r = min( = ), then by Example 3, (h,F _(8)) 1is
0
strongly stable. ]

0]

e
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5.5 Some Relations Between the Set of Definitions I, II, III and
IV and the Set of Definitions 1, 2, 3 and 4.

In this chapter, we assume £(x|g) = 1 and study the
estimation problem. The necessary and sufficient con-
ditions for apair (as shown in this chapter) are much easier to
check than the necessary and sufficient conditions for a general
triple (as shown in Chapter 4). The following theorem shows in
some cases we don't have to use the necessary and sufficient
conditions in Chapter 4. Definitions 1, 2, 3 and 4 are equivalent;
the same 1s also true for definitions I, II, III and IV. Without
loss of generality, we use definitions 3 and III in the following

theorem.

Theorem 5.4 If (h,F_) 1s strongly stable by definition 3 then
for any likelihood function 4(x[e), the triple (h,z(x[e),F ) 1is
strongly stable by definition III.

Proof: For any FnEFW, let Pn(e)(Pm(e)) denote the posterior
distribution of @ corresponding to the prior distribution
Fn(e)(Fm(e)) and the likelihood function z(ile).

Because (h,F_) 1s strongly stable by definition 3 then, by
Theorem 5.2E!(h’P“) is also strongly stable by definition 3. Thus

for any Hn-*PQ,

G Lin([n(9-D, (¢))dH, (8) - 1nf [n(8-D)a,(6)) =O.

W
By Theorem 2.2, we know P,*P,. Thus (5.2) is true for
Pn(e), and the triple (h,j(ile),FQ) is strongly stable by defini-
tion III. [ ]

- ——— .o - A B 4y et .

- i A o
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Thus for the estimation or prediction problem, if we know a
pair (h,Fm) i1s strongly stable by definitions 1, 2, 3 or 4 then
for any likelihood function £(x|8), the triple (h,2(x|e),F,)
is also strongly stable by definitions I, II, III or IV. How-

ever, the converse is not necessarily true.
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Chapter 6 Conclusions and Topics tor
Further Research

This thesis studies the inrlience or small variations in
both loss function and prior opinion on the one dimensional esti-
mation or prediction protlem. There are many ways to define small
variations in loss tunction and prior opinion. In Kadane and
Chuang [1978], we started with weak convergence in distribution
and unirormly convergence in both arguments in the loss function.
This thesis 1s a continuation ot that paper. 1In Chapter 2 to
Chapter 4, we assume likelihood function is rixed anda and agreed
upon and study stability problems. Necessary and sutricient con-
ditions ror a triple to be stable are available. In Chapter 5, we
study the case J(xje) sl , 1.e., the problem studied in Kadane
and Chuang [1978]. Then whether a pair is stable or not depends on
loss tunction only.

Some problems are interesting and need further research. The
Introduction ot each ditfrerent likelihood tfunction is the same as
introducing a ditterent metric on opinions. In Chapter 2 to Chapter 4
we study the properties ot these new metrics. We can also introduce
new metrics on loss functions. Whether our results in Kadane and
Chuang [1978] or in this thesis will still hold is an interesting
question and needs further research.

In our problem, we only characterize a triple by strongly
stable, weakly stable anmd unstable. When a triple 1s strongly stable,
we 8till cannot tell quantitatively how good a decision is. More
specifically, we do not know how large the Bn(e) in {1.10) 1s.
Further work is needed to develop an appropriate methodology for

this problem.

TR LA
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