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Abstract
—

~~In a decision problem , a Bayesian has a loss function)_-I.~(e~D-~
a likelihood function

1 
fr(-x-~-~~ and a prior opinion s 

~~~~~~
(

~~~~

-

~

-

~> 
A

Bayesian makes a decision by minimizing expected loss. Assuming

the likelihood function is fixed and agreed upon, this thesis

examines the influence of small variations in loss function and

prior opinion. There are a lot of ways to define small variations

in loss function and prior distribution. Essentially 4*e—ha-v-e to

define distance between two distributions and distance between

two loss functions. In this thesis we consider the distance

d(F~,F~) between t4~\distributions, F~ and defined in such

a way that d(F~,F~) converges to zero iff F~ converges in dis-

tributiori to F
~
. The distance m (L~,L~) between two loss functions,

L~ and L~, is defined so that m~L~,L~) goes to zero 1ff

converges uniformly in e and D to L~. Let D~ (c) be an

€-optimal decision for the triple (L
~~L(Xl 9)jF,c,)• Considering

every possible sequence F~(e) that converges in distribution to

F~(9) and every possible sequence L~(e~D) that converges uniformly

in both e and D to L~(G,D), this thesis examines whether

is still a ‘1good” decision for the triple (Ln,L(x!8),Fn).

If every D~ (€) is also a “good” decision for (L~,L (xje),F~) in

some limiting sense, then the triple is called strongly stable.

If only some specific D~ (€) are “good ” decisions for (L~,.~(x~e),F~)
then the triple is called weakly stable, and these decisions

are called stabilizing decisions. If a triple is neither

strongly stable nor weakly stable, it Is called unstable.
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Our purpose is to examine every possible triple (L~,L(x~e),F~)

and see whether it is strongly stable, weakly stable or unstable.

This thesis studies the one dimensional estimation problem ,

I.e., L~(8,D) = h(~-D), where h is continuous, non-increasing in

(-a~,O) and non-decreasing in (O,oo). We assume the likelihood

function L (x~8) as a function of 8 is continuous and uniformly

bounded. Under these conditions, necessary and sufficient conditions

for a triple to be strongly stable, weakly stable or unstable are

available.

Later it Is assumed L( x Ie ) 1, i.e. the problem studied in

Kadane and Chuarig [19781. Then, in the estimation

problem , whether a triple is stable or not depends on the loss

function only, and a triple can only be strongly stable or unstable.

Necessary and sufficient conditions for a triple to be stable are

much simpler than the conditions for the general likelihood function.

Squared error loss is unstable with any opinion if the parameter

space is the real line, however, absolute error loss is stable.

Several other examples are also given to show how to apply these

necessary and sufficient conditions.

b
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1

Further Theory of Stable Decisions

Chapter 1. Introduction

1.1 Formulation of the Problem

The original resuJ.ts about stable decision problems were

introduced in Kadane and Chuang [19781. As stated in that paper ,

“Generally when a personalistic B~.yesian tells you. his loss

function and opinion, he means them only approximately. He hopes

that his approximation is good, and that whatever errors he may

have made will not lead to decisions with loss substantially- greater

than he would have obtained had he been able to write down his true

loss function and opinion.” What kinds of loss functions and

opinions satisfy these conditions are the objects of our study.

As in that paper, “there are two special cases that have been

considered . In the first, we cannot (or need not) obtain one ’s

exact prior probability. Stone [1963 ] studied decision procedures

with respect to the use of wrong prior distributions. He emphasized

the possible usefulness of non-ideal procedures that do not require

full specification of the prior probability- distribution.

Fishburn, Murphy and Isaacs [1967] and Pierce and Folks [1969]

also discussed decision making under uncertainty when the decision

maker has difficulty in assigning prior probabilities. They out-

lined six approaches that may be used to assign probabilities.

In the second case, one cannot obtain one ’s exact utility- function.

Britney and Wirikler [1974] have investigated the properties of

Bayesian point estimates under loss functions other than the simple

linear and quadratic loss functions. They also discussed the

sensitivity of Bayesian point estimates to miaspecification in the

— - -.---- — 

- 

— — - 
- ~~~~~1



2

loss function. Sch].aiffer [1959] and Antelman [1965 ] discuss

relating the utility of the optimal decision to the utility of

suboptixnal decisions in certain contexts.

The closest related work, however, is the material on stable

estimation in Edwards , Lindrnan and Savage [19631. They propose

that there is data such that the likelihood function will be

sufficiently peaked as to dominate the prior distribution. The

criterion for robustness is that the densities of various possible

posterior distributions are close.

Another important line of comparison is the work on robustness

in the classical context as exemplified for Instance, in Andrews

et al. [1972], Bickel and Lehxnan n [1975 a ,b ]  and Huber [1972 ,1973].

While they study how estimates change as a consequence of outliers,

we study here how the worth of the estimates change. ”

In the same paper, we have the following forinalizations and

definitions. Suppose that the parameter space is ® for

some k , and the decision space is .fr for some £. If

F ( e )  is my ( approximate ) opinion over B € ®, and L ( 9 , D ) my

(approximate) loss function, the (approximate) loss of the decision

problem to me is

(1.1) W,,~ = m t  5L~(9,D)dF~(e)De.~
which is here assumed to be finite. Then for every € > 0 , there

is a decis ion D~ (e) which is c-optimal , that is

(1.2) rL~~(9, D~~( € ) ) d F ~~( B )  < w + € .

- - - -- -~~~- --.- -- --------.- - - -- ---- - --
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Suppose, however, that my “true” opinion over ~ is close

to F ( 9 )  and my “true ” loss function over E x .~~ is close to

L~(e,D). Now we have to define the term “close. ” In order to

do this we need distance function between two functions. There

are many ways to define distance between two distribution functions

and between two loss functions. In our problem we define the

distance d(F~,F~) between F~~( 9 )  and F,~ (~~) in such a. way that

d(F~ ,F )  converges to zero 1ff F~ converges weakly to F01,, and

we define the distance m (L0,L~) between L~(e,D) and L~(~ ,D)

in such a way that m (L n ,L~ ) converges to zero 1ff L~ converges

uniformly in B and D to L~. These distance functions are not

uniquely defined , but all the results in this thesis will huld for

any functions satisfying the above conditions.

For any- fixed D~ (c ) , let B~(e) be defined by

(1.3) ~~(€) = SL~
( e , D

~
( € ) ) d F n ( e )  - inf

We are interested in finding the limit , lim lirn sup B~(€).
fl~~O3

In this thesis, Ti~~~ Is represented as u r n  sup.
n-~+oo

Definition 1: A pair (L~ (9 , D ) , F~ ( 9 ) )  is called strongly stable ,

if for every
W

F~ -
~~ F~ , L~ -

~~ L~ uniformly in 8, D , and

for every choice of D~(e) satisfying (1.2),

(1.4) lim lim sup Bn(€) = 0.
n-~

In this case, the pair (L~,F~) is called strongly- stable.

There are situations in which (1.4) holds for every choice of

L~ -
~~ L~ and F~ 

-
~~ F~ , hut only for some particular choice D~ (c ).

—
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In this case, n~ (€) is called the stabilizi,ng decision, and the

pair (L ,F )  is called weakly stable. If (L ,F~) is neither

strongly nor weakly stable, it is called unstable.

The motivation for these definitions is that if a pair

(L,~,F~) is strongly stable, then small errors in L~(9,D) or

F~ (e) will not result in substantially worse decisions. If on

the other hand, a Bayesian finds that the loss function and opinion

he has written down are unstable, then he may wish to reassess his

loss function and opinion to be certain that no errors have been

made. When he finds he has written down a loss function and

opinion which is weakly but not strongly stable, a Bayesian may

choose to make the stabilizing decision to have protection against

errors in either the loss function or opinion.

From a more general point of view we can form ulate our problem

as follows:

Definition 2: Let L~ 
-

~~ L,~ and W~ 
-

~~ L01, uniformly in 8, D, and
W W

F~ 
-

~~ F~, G~ 
-

~~ F.

Let D~ (c) satisfy

(1.5) Sw~
(e,D

~
(€))dG

~
(e) < inf J~

Wn(8i D)dGn(8) + c.

If for every such choice of

(1.6) u r n  u r n  $UP[JLn(8,Dn(€))dFn(8) - inf 1L~ (~~,D) dF ( e ) ]  = 0 ,
€4,0 n -~co D v fl

then (L,,0,F~) is strongly stable. If there is some choice of Dn(c)

which makes (1.6) hold, then (L~,F~) is weakly stable and

is the stabilizing decision. If a pair (L~,F~) is neither strongly

nor weakly stable, it is called unstable.

_ _ _ ____ 
- - ------ ----- ----

- - . - . - - - - _ _ _ _ _ _
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The following two defi~~tions, definitions 3 and 4, can be

shown equivalent to definitions 1 and 2, respectively. They are

easier to handle and simplify our problem.

Definition 3: For any € > 0, defin e D~ ( c )  as in (1.2). Then
W

(L~,F~) is strongly (weakly) stable iff for every sequence F~ -
~~ F~

and for every (for some) such

(1.7) u r n  u r n  sup [~L~(e,D~ (€))dF~(8) - inf J’L~~( 8 , D ) d F~~( 9 ) ]  = 0.
D

Definition 4: For any c > 0, define the decision D~ (c) as in

(1.5) but with W~ taken to be L~~. Then (L~~,F,,,, ) is strongly
W w(weakly) stable iff for every sequence Fn -* F~ and G~ 

-
~~ F~~, and

for every (for some) such D~ (€), (1.6) holds with substituted

for L~.

Thus definitions 3 and 4 differ from definitions 1 and 2 in

that, for the latter, only the opinions move, while the loss

functions stay constant.

Under the above definitions, the following results are also

available in Kadane and Chuang [1978].

Theorem 1.1: (a) ~~~~~~~~ is strongly (weakly) stable by definition 1

iff ~~~~~~ is strongly (weakly) stable by definition 3.

(b) (L~,F~) is strongly (weakly) stable by definition 2 1ff

(L ,~,F~) is strongly (weakly) stable by definition 4.

A function L(e,D) is called continuous in 8 uniformly in D

iff for all € > 0 and 8, there exists ô > 0 such that for all

D , 9 - 9~~ < 6 implies IL (9,D)-L(801D)I < c.

4

I,

_______ - -.—----- -- -- —
wr - -,
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Under this definition, we have:

Theorem 1.2: Suppose ( i)  I L ~~( 8 , D ) l  < B for all B and D

(ii) L~(e,D) is continuous in 9 uniformly in ]J. Then (L~,F(,,)

is strongly stable by definitions 1,2,3 and 4.

We also know that squared error loss is unstable with any

opinioT. if the parameter space is the real line. Under the same

conditions, it can be shown that absolute loss is strongly stable

with any opinion. Later in that paper, we examine the estimation

case , i.e. L~ (9,D) = h ( 8 - D ) ,  where h(x) is continuous ,

non-increasing in (_oo,O) and non-decreasing in (O ,oo) .

While these conditions are not enough to assure stability, several

conditions are given that are sufficient.

There are, as stated in Kadane and Chuang [1978], a number of

interesting and potentially enlightening choices that might be made

for the sense of convergence of F~ to F~ and L~ to L~.

We start with weak convergence in the distribution and uniform

convergence in both arguments in the losses . Whether our results

still hold under different senses of convergence of F~ to

and Ln to L~, is an interesting problem for further research.

In this thesis, we restrict ourselves to one-dimensional

problems. Thus we assume the parameter space is ~ and the

decision space is .8c~~
1. Suppose Xl~

X2~•~ •s Xm are random

variables whose joint distribution depends on the value of 8.

For the given value X1~~• • • ~~Xm ) of the distributions, let

x = (Xl~~
X2~~• • • ~~Xm )• Then we have likelihood function £(x e),

— —-------- --—--- --- -- - -- - - - -__
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which is assumed to be a continuous and uniformly bounded function

of 9. Let
8f £(xIt)dF(t)

P(e) = , so that P(e) is the posterior distribution

of 9 corresponding to the prior distribution F(9) and the like-

lihood function L(xIe). After x has been observed , the decision

problem is basically the same as before observing x, except the

distribution of 9 has changed from the prior to the posterior

dis tribut ion.

Let P~(~ ) denote the posterior distribution of 9 corresponding

to the prior distribution F~ (9) and likelihood function L (x~e).

Also let be the posterior distribution of B corresponding

to the prior distribution F~(9) and the likelihood function

We then have the following definitions.

W
Definition I: Let F~ 

-
~~ F~ , L~ (9,D) ~ L~~(9,D) uniformly- in 8

and D, and let D~ (c) be a decision satisfying

(1.8) 1L~(e,D~ (€))dP~(8) < i~f $L~(e,~ )dP~(9) + € .

Now let B~~(c )  be defined by

(1.9) B~ (€) = $L~~(e,D~~(€))dP~~(e) - irif j’L~(e,D)dP~(e).

If

(1.10) u r n  u r n  sup B~(e) = 0€Jjo n - ~.oo

W
for every choice of L~ 

-
~~ L~ uniformly in 8 and D , and F~ -

~~

and every choice of D~ ( € )  satisfying (1.8), then the triple

(L~,L (xf g),F )  is called strongly stable. There are cases in which

..
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(1.10) holds for every choice of L~ 
-

~~ and F~ 
-, F~ , but only

for some particular choice of D~jc). In this case, D~ (c1 is

called a stabilizing decision and the triple (L~,L(xJ9),F~) Is

called weakly stable. If the triple is not stable (either strongly

or weakly), it is called unstable. 
&

W W
Definition II: Let Fn 

-, F~ and Gn 
-

~~ F~ ; W~ 
-

~~ L~, and L~ -‘

uniformly in 9 and D, and let D~(c) be a decision satisfying

(1.11) fw~ (e,D~ (c))d%(8) < inf j’W~ (9,D)dQ~ (e) + c

where %(8) is the posterior distribution of B corresponding to

the prior distribution G~(8) and the likelihood function L(xIB ).

Also define C~~( c )  as follows:

(1.12) C~ (e) = SL~
(e,Dn(c))dP~

(e) - inf JLn(8~
D)dPn(9)•

If for every choice of ~~ ~~ ~~ Wn and D~ (c)

(1.13 ) lim lixir sup C~(c) = 0€ j 4 0 n-~~

then the triple (L~,L (xI8),F~) is called strongly stable. If there

is some choice of D~ (c) which makes (1.13 ) hold, then (L~,L (xI9),F )

is called weakly stable and D~ (€) is called the stabilizing

decision. If a triple is neither strongly stable nor weakly

stable, it is called unstable.

Definition III is similar to definition I, except we let

= L for all n. Also definition IV is similar to definition II,

except, for all n, we let W~ = L~ = L .

4 

— — — — — — .-. -— ~~~~~ -~~~- - - -— -- — 
~~~~

- .
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One related work is Shapiro [1975]. She considers the case

that the prior distribution is known exactly and likelihood

function may have small variation from t1~ “correct ” one. She

found sufficient conditions that the posterior distributions

will converge in distribution to the “correct” posterior distri-

bution.

Bubin [1977] studies robust Bayesian estimation by assuming

that the observation X is normal with mean 8 and variance 1,

and that 8 has a prior distribution, which is chosen to be

normal, double-exponential , logistic , or Cauchy with mean 0. He

then investigates the behavior of Bayes estimates when the true

prior distribution and assumed prior distribution are different

members of this set of distributions.

DeRobertis [1978] studies and develops betting sets such

that prior beliefs are quantified by the acceptance of a sub-family

of the available bets. From the bets accepted by- a decision maker

we generate a class of prior distributions. We then can do

posterior inferences and study convergence of opinion as evidence

accumulates. 

---— - - ----- - --. .* - - - - — -----. -—------ — 
— - - -- — -  -
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1.2 Explanation of Definitions

In this thesis we introduce twelve definitions. They can be

divided into three groups : Definitions I , II , III and IV are in

the f i rs t  group, definitions I’ , II ’ , III ’ and IV’ are in the

second group and definitions 1, 2 , 3 and 4 are in the third group.

Definitions I , II , III arid IV are the primary interest of the

thesis. When the likelihood function satisfies L(XI9) ~ 1 then

definitions I, II, III and IV reduce to definitions 1, 2, 3 and 4

respectively. Thus definitions in the third group are just special

cases of definitions in the first group. In Chapter 5 we discuss

special properties of definitions and triples in the third group.

The reason we introduce definitions I’, II’, III’ and IV’ is that

they are easier to handle mathematically. Theorem 2.1 shows

definition I’, II’, III’ and IV’ are equivalent to definitions

I, II , III arid IV respectively.

We can see definitions I, II, III and IV from a more general

point of view. Suppose d1 and d2 are arbitrary metrics on

measures, and m1 and m2 are arbitrary metrics on loss functions.

Let d1(F~~F~) + d2(G~,F,~) +r?(L~~L )  +m
2(W~,L ) -‘ 0. Consider

the following special metrics: let d1(F,G) be the Levy- Distance

between two~ distributions F and G. Let d2(F,G) = 0 if F • G

and 1 otherwise. Also let rn1(L1,L2) = supIL1(9,D) -L2(9,D)l
and let m2(L1,L2) = 0 if L1 • L2 and 1 otherwise. Then

we have the following relations among the definitions.

— - --— --- -~~~~~~ ~~~~~~~~-- - -~~~--  -~~~- - -- ------ -—-- --- - -
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Definition d’ d2 m1 m2

I d
1 d

2 m1 m2
II d

1 d1 m1 m1
III d

1 
d
2 m2 rn2

IV d
1 d1 m2 m2 .

In each group of definitions, it can be shown that the first

one is equivalent to the third one and the second one is equivalent

to the fourth one. However, the first and the second definitions

in the same group are not necessarily equivalent for all triples.

In this thesis we are particularly interested in the estimation

problem , i.e. L~(8,D) = h (9-D), where h is continuous,

non-increasing in (_co,O) and non-decreasing in (O,oo). Under these

conditions all definitions in the same group are equivalent to each

other (as shown in Chapter 3). Thus for the estimation

problem , definitions I, II, III, IV, I’, II’, III’ and IV’

are all equivalent to each other. Also definitions 1,2,3 and 4

are equivalent to each other.

,i__________________ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

__________________________ .-.-----— —— - - - - — ——- — —-.- —-- —
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1. Outline of Thes is

In Chapter 2, we study the general structure of definitions

I, II , III and IV. We introduce definitions I’ , II’, III’ and IV’

that are equivalent to def initions I, II , III and IV respectively.

However, they are easier to handle mathematically. Later we show
W - W
-* p (s), if F~ (e) 

-
~~ F~~(e), where P

~
(e)(P

~
(e)) is the

posterior distribution corresponding to prior distribution F~(8)

(F~~(e)) and the likelihood function L (x Ie ) .
In Chapter 3, we study relationships among definitions I, II, III

and IV. Definitions I and II are equivalent to definitions III and

IV respectively. However, by an example, we show that definitions

I and II are not equivalent for every triple. Then we study the

estimation problem, i.e. L~ (e,D) = h(e-D), where h

is continuous, non-increasing in (_oo ,O) and non-decreasing in (O,oo).

Under these conditions, definitions I, II, III and IV are equivalent.

Thus definitions I, II, III, IV, I ’ , II ’ , III ’ and IV’ are equi-
valent to each other in this case, and it follows directly that

definitions 1, 2, 3 and 4 are equivalent to each other.

In Chapter 4, we study the prediction problem in

detail. Our object is to determine whether a triple is strongly-

stable, weakly stable or unstable. Necessary and sufficient

conditions for a triple to be strongly stable, weakly stable or

unstable are proved.

In Chapter 5, we reexamine the case L(x I $ ) • 1, considered

In Kadarie and Chuang [1978]. Again we study the estimation

problem. We have some new results. It is impossible

I,
- - —.- —. — — __— — —— — ——  — — _ _ __ •__ _ _ _ __—__..__ t-——-— -. — — — .
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for a triple to be weakly stable. For any two distributions

and G and any loss function h(9-D), (h ,F )  is strongly stable

iff (h ,G~ ) is strongly stable. Thus , whether (h ,F~~) is stable or

not depends on h only. Necessary and sufficient conditiQls for

loss funct ion to be stable are given. The y are much simpler and

easier to check than the conditioiis in Chapter 4. By using these

conditions, we reexamine the examples in Kadane and Chuang [1978].
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Chapter 2 A General Structure and Convergence of Pn (9)

2.1 A General Structure and Mew Definitions

The object of this section is to simplify our mathematical

formulation. We show that we can let the denominator of the

posterior distribution equal 1 wIthout loss of generality. Then

we int roduce definitions I ’ , II ’ , III ’ and IV’ that are equivalent

to definitions I , II , III and IV respectively. The advantage of

these new definitions is that they are easier to handle mathe-
W W

matically-. Finally we show P~(e) 
-

~~ P~(e), if F~ (e) +

where P~(e) (P (9)) is the posterior distribution corresponding

to prior distribution F~ (e) (F~(e)) and the likelihood function

£(x~8). This result ca~nects definitions I, II, III and IV to

definitIons 1, 2, 3 and 4. We discuss its importance in Chapter 5.

In the following we show, by using definition II, the de-

nominator of the posterior distribution will not affect the

stability of a triple. By letting G~ = F~ , or G~ = F~ and

W = L = L , or W = L = L , we can see the same result holdsn n n n
for definitions I, III and fT respectively.

We assume j ’ L (xIB )dF (9) = C > 0. If C = 0, then we put

all of our prior ;robability on the set of 8 that has t(x~8) = 0.

This is not the case we are interested in. We keep this assumption

throughout the thesis.

Lemma 2.1. Consider the triple (L~,,,L (xie),F,,,), and suppose

S L (x~e)dF~(8) = 
C > 0. Suppose L~ 

-
~~ L~ and W~ 

-
~~ L~ uniformly

-
~~ W W

in e,D; also suppose F~ -
~~ F~ and G~ 

-
~~ F~ .

— .~~~~~~ —--- - - -------- -- — — — - - ---
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Let D~ (€ ’) be any- decision satisfying

(2.1) J’w~(8,D~ (€ ’))L (xle )dG~(e)<in f J~
Wn(8~

D)2(X
~
B)dGn(8) +€

,

and let D~ (c) be any decision satisfying

rw (8, D (c))L (xIØ)dG ( 9 )  5W~~~, i ( e)dG (9)(2.2) n — n 
K inf — 

— 
+ € .

$L(x~e)dG~(e) D J.e(xIe)dG (e)

And let CD~~(€)) be the set of~ all decisions satisfying (2.2).

Let C~ (€ ’) and C~ (€) be defined by

(2.3) C1 (€ ’) = j’Ln (8, D ’(€ l f l L ( x 18 ) d F  ( a)  — irif

and
J’L (9,D (€ ))L (xle )dF (e) JL ( B , D ) L ( x ~ 9)dF ( e )(2.4) C (€) = - inf ~

J L (XI8)dFn (8) D J’~~~j e )dF~ ( e )

Then (a) for all D (€), we have u r n  u r n  sup C~(c) = 0 1ff€~,O n -~cofor all D1~(€ ’),lim lim sup [C ’(€ ’)] =0;

(b) there exists D~ (€), such that u r n  u r n  sup C~ (c) = 0 1fffl-*oo
there exists D’(€’) satisfying lim u r n  sup [C~ (€ ’) ]  = 0.n € ‘,,L,.o n-’~

Proof: (a) Since .t(xje) is continuous and uniformly- bounded, by
the Helly--Bray- Theorem (Loeve [1963] page 181), we have

~~~~~~~~ 
1 £(~~!9)dF~ (8) = ~~~~~~~ = C

and

~ ‘: 
£ 18 d 0n 9 = S_~

z(
~~e)~~~~e
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Then there exists an N, such that for all n >N

(2. 5) < ~~~ e)dF~ (e) K .
~~
. C

(2.~~) K 5 L(xIe)dGn(e) <~~ C.

By ass~miption, for all D~(€) , we have llrn lim sup [C~ (€)] = 040 n-~~
The strategy is to find a proportional constant a, such that

when € ‘ a€ , then every D~ (c ’) satisfies ( 2 . 2 ) .  Then , by

assumption , it is straightforward to show ur n u r n  sup [C~ (€ ’)] = 0.
€ ~0 n-~

.-~
We know D1~

(c ’) satisfies (2.1). Let

(2 .7 )  € ‘ = .~~
. Cc.

Then for all n >N and all D1 (€ ’) we have

fw~ (e,D~ (€ ’) )L( e)dG~ (e)

J~z(xI e)dG~(e)

5w (8,D )L (xIB )dG ()~~ + € ,

< inf (by (2.1))
— D f~(x(e)dG~(e)

r
j W ( e , D ) z ( x l B ) d G  ( a )

< j~~f ~ Ti 
+ ~ (by (2 .6 )  and ( 2 . 7 ) )

— D 5 L(x Ie )dG~(e

Thus all D~ (€ ’) satisfy (2.2) and it follows that

c (D~(c)). And by construction € ‘ 4, 0 1ff E 0.

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 
. - 

- -~~~~-~~~~- -~~~~~~~~~~~~~ 

—
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lirn lim (C ’ (c ’ ) )  
~~~ 
(ic) . him 1 

SLn(B,D~
(€ ’))t(x

~8)dFim sup [
2 c ’4,o n-~~ jh(xI9)dF~ (9)

j~~f 
S n — ~~~~ nj (by (2.5))

D

SLn(e,Dn(E))L(xI8)dF $L~(e,D)L(x~9)aF
— ~~- inf= .

~~
. C u r n  Urn sup[2 40 n-~oo $z(xIe)ciF~ (e) D jz(x~9)dF~(e)

= o (because Urn u r n  C~(c) = 0 and D~ (€ ’) c
40 n-~

Similarly, we can prove the “only if ” part .

(b) If there exists D~(c), satisfying lim lim sup [C~ (€)] = 0,
fl -~oo

we have to find D1~(c ’) satisfying u r n  Urn sup [C
~
(€ ’)J = 0.

c’4,o n-~
The strategy here is quite similar to part (a). Let

(2.8) c’ =~~~C€

and suppose that D~(€) is the stabilizing decision. Then

< inf + €- .
fL~~ Ie dG~(e) 

— D

Then when n>~1,

$W (e)D (€))L(xI9)dG (e)<iflfJ~W( 9 D)L(xI9)dG (e)+€ fL (xIe)dG~

� inf fw~(e , D).t(x~e)dG ( e ) ÷ € ’.
D

Thus n~(c )  satisfies (2.1).

Let D~ (€ ’) = D~(c), then

lirn lim sup [jW~(9,D~ (c ’))z(xle)dG (e) — inf 5w (e,D)1i(x (e)ciG (e)Jc’4,On-~oo D

C . u r n  u r n  sup ~SWn~ s Dn (~~) t (~J e ) dG n ( 9 ) 
- inf 

SWn(BI D)L (&9)dGn(8)

j .L (~ Ie )d G~(e) D $L (x~e)dG~(e)

=0.

_________ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

t 
—-- -  -
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Similarly, we can prove that the “only if” part is also true. •

From the above lemma, we can easily show the following

defInitions I’ , II’, III’ and IV’ are equivalent to definitions

I, II, III and IV respectively. Definitions I’, II’, III’ and IV’

are mathematically easier to handle.
W

Definition I’: Let F~ 
-

~~ ~~~ Ln 
-
~~ L~ uniformly in 9 and D,

and let D~(c) be a decision satisfying

(2.9) $L~(9,D~(e))L(xIB)dF ~ (8) < inf $L,~(9,D)L (xIe)d~ç(e) + € .

If

(2.10) u r n  lirn sup [$Ln(e,D~
( c ) ) L (x

~
B)dFn(e)_inf $L~(e,D)L(xIe)dF~ (e)J=o

c4,o n-~co D —

for every choice of L~ 
-

~~ L~ uniformly- in B and 1), and every
w
-

~~ 
F and every choice of D~(c) satIsfying (2.9), the triple

(L ,2 (xlB),F~ ) is called strongly stable. There are cases in which

(2.10) holds for every choice of Ln 
-

~~ L~ and F~ F~, but only

for some particular choice of 
~~~~~~ 

In this case, the triple

(L~,~t (xj~~),F~) is called weakly stable and D~(c) is called a

stabilizing decision. If the triple is neither strongly nor weakly

stable, it is called unstable.

W W
Definition II’: Let F -

~~ F and G -
~~ F ; W -

~~ L and L -
~~ Ln co n fl fl

uniformly in 9 and D, and let D~ (c) be a decision satisfying

(2.11) Sw (~ ,D (€ ))L (xIB)dG (e) < inf rw (8,D)L(x(9)dG (~~) ÷~fl Ti D —

If

(2.12) lim ur n sup [5L~(9,D~(c))L (xIe)dF~ (e) - inf SLn(9~
D)A

~
(xI 9)dF (8)]

c4,o n-*~ D Ti

= 0
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for every choice of L~ 
-

~~ L~
, W~ 

-
~~ L~ uniformly in 9 and E- ,

W W 4

and every F~ 
-

~~ F~ , Gn 
-

~~ F~ and every choice of n~(€) satis-

fyirig (2.11), then the triple (L~,h (x~~ ),F~ ) is called strongly

stable. If there is only some choice of Dn(€) which makes (2.12)

hold , then (L ,’(x~9),F~ ) is called weakly stable and D~ (€) is

called the stabilizing decision. If a triple is neither strongly

nor weakly stable, it is called unstable.

The following two definitions, definitions III’ and IV’, are

simpler than definitions I’ and II’. We show in Chapter 3 that

definitions I’ and II’ are equivalent to definitions III’ and IV’

respectively.

W
Definition III’: Let F~ 

-
~~ F , and D~ (c) be a decision satisfying

(2.13 ) ~L~ (9,~~~(c))2 (xS9)dF~ (9) < Inf $L~ (9,D)L(x~9)dF~ (e) + € .

~ow let ~,.Jc) 
be defined by

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S L 9 ~~~~~~9~~’n (9~

(2.15) u r n  lim sup = 0
40 n-~oo

w
for every choice of F~ 

-
~~ F~ and every choice of D~ (c) satisfying

(2.13), the triple (L
~,.t (xJ9),

F,~
) is called strongly stable. There

are cases in which (2.15 ) holds for every choice of Fn 
-, F~ , but

only for some particular choice of D00(c). Then we call the

triple weakly stable, arid L
~ (c) is called a stabilizing decision .

If a triple is neither strongly stable nor weakly stable, it is

called unstable.

I - :

‘1

- -  ------ ~~~~~
- - - - -
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W W
efinition If ’ : Let F -

~ F and G -
~~ F , -and L (€) be an n n

decision satisfying

(2.1~~) 
j’L
~
(8,Dn (c))L (x 9)dGn(e)/ inf

~~
L (9,D)L (x 9)dGn

(9) + € .

Let C~
(e) be defined by

(2.17) Cn(€)=r L
~
(B,Dn(€))z(x~

9)dFn
_ iflf rL (B, L)L (X e)dFr(e).

~2.1~ ) him lirn sup [C~~(€)~ = 0
n-~+~

W In
for every choice of F F and G F and every choice ofn n

n~~~ 
satisfying ~~~~~~ then the triple (L ,L (x~ 9),F )  is called

strongly stable. There are cases in which (2.18) holds for every
W W

choice of F~ F~ and G~ ~ F~ , but only for some particular

choice of D~ (€). Then we call the triple weakly stable, and

(€ ) is called a stabilizing decision. If a triple is neither

strongly nor weakly stable, it is called unstable.

The following theorem is a direct result of Lemma 2.1.

Theorem 2.1 ef inlt ions I ’ , I I ’ , III’ and IV’ are equivalent to

definitions I, II, :11 and IV, respectively.

.— - ----—~~~~~~~~~ - ~~~~~~~ - - — -- -- -- - - - ----------- --—------ - -
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2.2 Convergence of

In this section, we study convergence of P~ (e)~ where Pn(B)

is the posterior distribution of 9 corresponding to the prior

distribution Fn(ê) and the likelihood function L( x I9 ) .  As

defined in Chapter 1, L (x (9) is a continuous and uniformly bounded

function of 9. We also know P~( e )  is the posterior distrIbution

of 9 corresponding to the prior distribution F~ (~~) and the

likelihood function z (xIB).

w
Theorem 2.2: Under the above conuitions, if F~ -* then

~~

Proof: We have to show that for every continuity point ~ of P~,

Pn (B) -
~~ P~ (g).

(I) If ~ is a cont inui ty  point of F~ , then by the Helly-Bray

Theorem

(2.19) Urn $ L (xIe)dF~ (e) 5 2 (~~ e)dF~ (e), and

9 9
(2.20) Urn 5 L(x~t)dF~ (t) = 5 2 (xft)dF (t).

Thus we have
8 9

5 z(x It) dP ’~(t) 5 z(xlt)dF (t)

lirn =

~~~~°° 
5~~~~~~~~~ (~~~~~I 

e) dF ~ ( e )  5 i ~~

and Urn P~(e) =
n-~co

~

- -
~~~-~~ 

*.--- ‘-~~ 
-_ -
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(ii) If L (x19) = 0 and B is not a continuous point of

F( 9) then, given c > 0, we can find a, which Is a cont inuous

point of F , such that for all b c [a ,e], L ( X I b )  < € .

S
L (X

~
t)dF n(t) = $ L  t)dF~~(t) + Sa

L t)dF~~(t)

9 a 85 L (xIt)dF~ (t) = 5 ~(x~t)dF (t) 
~~~

The second terms in the right hand side are less than ~:

< c

8 P
O 
~ .fa 

tdF~ (t) < €J
a
dFoo(t) <

However, by the Helly-Bray Theorem, we have

~ S L (xIt)dF~ (t) S It )~~ oo(t)~

Thus (2.19) and (2.20) hold in this case as well and we have

liiii P~~(e) =n-~~
(iii) If L ( e)  ~ 0 and e is not a continuous point of F~ (9),

L (XI8 )(F ~(9) — F  (e—))
then P (s) - 

~~~~~~~~~~~~ 

— 
. Thus 9 is not a

$ 
-

~~

continuous point of

By (I), (Ii) and (iii), we conclude P~(e) ~ p (s). •

This theorem connects the results in Kadane and Chuang [1978)

to the results derived from definitions I, II , III and IV. We

discuss the importance of this result in Chapter 5.

_____ 

_____________________________ 1’
-- - .-- -- --- -- - ,—.~~~~~~~~~ -- - - - - - - - ---- - -- - - - - ---

~~~~~— -
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Chapter 3 Relationships Among Definitions I, II , III and IV

~.1 Relationships for General Loss Function

In Section 2.1, it was shown that definitions I, II, III and

IV are equivalent to definitions I’ , II’, III’ and IV’ respectively.

In this section, we study relationships among definitions I, II, III

arid IV. By using definitions I’ , II’, III and IV’, we can see

definitions I and II are equivalent to definitions III and IV

respectively. Later we study the relationship between definit ions

III and IV.

Theorem 13.1: (a) (L~,L (xI9),F,~1,) is strongly (weakly) stable by

definition I 1ff (L~ ,L (xI9),F~,) is strongly (weakly) stable by

definition III.

(b ) (L~,2(x~ 9),F~) is strongly (weakly) stable by definition II
1ff (L ,L (x~9),F~) is strongly (weakly) stable by definition IV.

Proof: By definition L~ (e,D) ÷ L~~(9,D) uniformly in ~ and D

means given c > 0, there exists N1 such that for all n > N1
Ln(8~

D) — L~ (9,D)~ K

By assumption about L(xJ8) we can find a constant B such

that Iz (~ Je H K B.

Then, for all n > N1

11’~ (9~D).t (X~9) —

< L~ (9,D) - L~ (8,D)F 
. B

< B e .

- - -- -  - —. . -
— ~- -~—--— —.., .——.-- -. -—--



2L4

So L~ e,D)L (x~9) -‘ L~~( 9 , D ) L ( x j 8 )  uniformly in 8 and D. By

Theorem (1.1), (a) follows Lrmnedlately. (b) can be proved in

the same manner as (a). u

From this theorem and Theorem 2.1, we have the following

diagram. Where the notation “ 
~~~~~~~ 

“ represents “is equivalent

to. ”

(Thin. 2.1) (Thin 2.1)

I ~~
. I’ II < ~~~ II’

(:~~ ~
.i) I (Thin 2.1) (Thin 3.1) t(Thrn 2.l)

T :~~~~~ III’ IV ~ ~ IV’

Hence there are only two essentially- different definitions to

consider , which we take here to be III’ and IV’. We now turn to

the re ationship between these two. If a triple (L~,L (xI8),F~)

is strongly stable by definition IV’, then by letting G~ ~ F~
(for all n), we can see the triple is also strongly stable by

definition III’. If a triple is unstable by definition III’,

then by the same assignment (G~~~F~ ), we can also see the triple

is unstable by definition IV’. In Lemma 3.1 we show if a triple

is weakly stable by definition III’ , then the triple is weakly

stable by definition IV’. Here we should emphasize, as stated

in our definitions, if a triple is strongly stable by a specific

definition then the triple Is not weakly stable by that definition.

If we could show that if a triple is strongly stable by definition III’

then the triple is strongly stable by definition IV’, then

definitions III’ and IV’ would be equivalent. This follows because

any triple is strongly stable, weakly stable or unstable by

definition IV’. If the triple is, say, strongly stable by

_ _  - — -—----
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definition IV’ then it mus t also be strongly stable by defini-

tion III’ (for if on the contrary the triple is weakly stable

(unstable) by definition III’, then the triple is weakly stable

(unstable) by definition IV’). Unfortunately this is not true

as Example 3.1 (to come) shows .

T~~ following lemma shows a relationship between definitions III’

and IV’. Example 3.1 shows that the converse is riot necessarily

true.

Lemma 3.1. If a triple is weakly (not strongly) stable by

definition III’ then the triple is weakly (not strongly) stable by

definition IV’.

Proof: The triple can not be strongly- stable by definition IV’.

If it is strongly stable by definition IV’ then it is also strongly

stable by definition III’. This is a contradiction.

Let D
~
(c) be the stabilizing decision for definition III’.

Our goal is to prove D~ (e) is also a stabilizing decision for

definition IV’-. By definition of stabilizing decision,

lirn him sup [5L~~( 8 , D~~( e ) ) L ( x I 9 ) d G ~~( 9 ) _ i n f  5L~~(e , D ) z ( x ~ e) d G~ ( 9 ) ] = O .
e ,~0n-~co — 

D

One thing we have to notice here is that if (D~ ( e ) )  is the

set of D~(e) satisfying (2.1), then for any ~l 
K e,

C (D~ (e)).

Thus given any c > 0 , there exists D~~( c )  (which is a

stabilizing decision satisfying)

Urn sup [$L~ (e,D~ (e))!(xIe)dG~(e) -Inf 5L~(e,D)L(xJe)dG~ ( 9) ]  <~~~~.

-— ——--- ~—-  — - - -- -
~~ 

- - -  -—
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From this, we can find an N, such that for all n > N,

(3.1) j’L
~
(9, D

~
(c)) L(x I 8) dGn(8) - inf SL~ (9,D)L(xI9)dGn (B) < € .

Comparing (3.1) with (2.16), we see D (€) satisfies (2.16).

In order to prove weak stability by definition IV’, we have

to find D~ (e) such that for all F~ F

u r n  SUP [JL~(9,D~ (€))L(~J9)dF~(8) - inf $L~ (e,D)z (xIe)dF~ (e)J = 0.

For ri > N, we take D~ (e) = D (c) which satisfies (2.16) and

by the definition of the stabilizing decision for definition III’,

we have:

Urn u r n  sup [SL ,~
(8, Dn(€ )) L (x I8 ) dFn(9) _ inf 5L (9,D)L (xIe)dF (e)]

40 n-~oo D

= lini Urn 5U~ [~~L (~~,D (c))L (x!9)dF (8) - inf ~fL~(e,D)z(x[e)dF~ (e)]n-’~ D

=0. ~

From now on, when we want to prove definition lilt and IV’ are

equivalent, we only have to prove strong stability by definition III’

implies strong stability by definition IV’.

The following example shows definitions III’ and IV’ are not

• equivalent for all triples, by showing a triple which is strongly-

stable by definition III’ but only- weakly stable by definition IV’.

The triple works in the following way: It can be shown that the

set of D~(e) for the triple is (0,3e), and the expected loss,

as a function of decision D, is discontinuous at D=O. Thus
w -

~~~~~~~zero is not In the set of D~ (€). However, we can find G~ 
-

~~ F~
and zero is an c-optimal decision for (L~,z(x~e),G~). If we 

~~~~-— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~ _ _
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let F
~ ~ 

F~ and Dn(€) = 0 we can see immediately (2.18) does

not hold. So the triple cannot be strongly stable by definition IV’.

Example 113.1. Suppose L~ (-~,D) = h (e-D) and

2 x > l

0 1 > x > 0
h(x) = —

-x 0 > x > - 2

2 - 2 > x

Let L (xI8) ~ 1 and 
~~~~~ 

be the cumulative distribution

function of a r.v. X satisfying P(X= -i) = 1  and P (X=l) =~~~.3 2

Then the triple (L~ ,t (x(9),F,0) is strongly stable by definition III’

and only weakly stable by definition IV’.

Proof: First we show the triple is strongly øtable by definition III’.

1.\ •.~ -z
C JJ~~~~~~ ~1

3 > D > l
3 —

l > D > O$ h(~ -D)dF~(~ ) = 3 —

-

~~ ~~ +~~~D 0 > D > - 1

- 1 > D > - 2

2 -2~~~D

Since our concern is with the limiting case as e ~ , 0, without

loss of generality we assume € < ~~~~. So D~ (€) € (0,3€). Note that

zero is excluded from the Interval.

Let Fn(8) be any sequence of opinions converging weakly to

F~ (9) and let a = D~ (c)/2.

~1.4
I 

-.—- —- —- - - - — —,— - 

- . - . -- .-
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By assumptions, we know -1-a , -l+a , 1-a and l+a are

continuous points of F~ (~~) arid F~ (-l-a) = 0, F~ (-l+a) =

F (l-a) 2. and F (l-f a) = 1. By definition of weak convergence

we can find an N such that for all n > N, Fn
(_l_a) < ~~~ ,

F~ (-1+a) > ~~ . - e, F~(l-a) K + € and F~ (l+a ) > 1 - ~~~. Thus

when n > N, we know P(-l-a<9<-l+a ) > !_2€ and

P(l-a<9<l+a ) >~~~- 2€.

Our next goal is to show that there exists B (e) such that

for all D (€)

u r n  sup [5h(e_D~ (€))dF~ (e) - m t  $h (e_D)dF~ (e)] < B(€)
n~ +c~ D

and lim B(€) = 0.

Sh(9_ (€))dF n(9) <2( 4€ ) + 1 (l+a+D~ (c ))

< 8c+ !+~~€ <~~ +1o € .

The reason we have first inequality is that when n ) N, we

have 4€ total probability about whose location we have no informa-

tion. We thus use maximum loss for this set of 
~~
. When 9 is

between -1-a and -l+a , the maximum loss is I
arid when 8 is between 1-a and l+a the loss is zero.

However, for any D we can see

$h(e_D)dF~ (e) > ( 2.~ 2a) (l-2a)>.~.- 2€ -~~~ a > - 3€.

Thus lirn sup [$h(e_D~ (e) )dF~ (e) - inf
n-~+oo D

+ 10€ - + 3€ = 13€.

-— - —- --——-—..---—
—.——--- —-—-- — —
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And him (ii~€) = 0.

Thus the triple (h ,L (xje),F~ ) is strongly stable by definition III’.

next we show this triple is not strongly stable by defini-

tion IV’. Let

0 8 <- i

I

1
n

W
Then we can see easily G~ (9)-~ F (e), and

2

>~~~

j ti (e—D)dG~ (e) =
-

~~~ !

~~ -~~~> D

Then for all n > 4, from the above calculation we have

f~~
h(e_o )dG e) - m t  5 h ~~-D dG (e) = I - ____  =

Thus 0 is an c-optimal decision for (L~ ,L(x~9)~~G~ ).
Now let F~ (e) . F (s) for all n, and let D~ (€ ) in (2.16)

equal zero. Then

C~ ( c )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ j’L~ (9,D)L (xI9)dF~ (9)

= 5h(8)dF~ (e) - irif $h(e-D)dF~ ( e )  = - 

4 = . 
*

______________ 

4
-_ - -- --  - - -  -

-4
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Thus Urn him C~~(€) ,~~ 0.

40 n-~

And this triple is not strongly stable by definition IV’.

However, by exactly the same method as in Lemma 3.1, it can

be shown that this ti~iple is weakly stable by definition IV’ and

any n~( € )  is the stabilizing decision. ~

Since in this example L(x18) 1, this example also shows

that definition 1 (and 3) are not the same as definition 2 (and 4),

contrary to the conjecture in Kadane and Chuang [1978].

1-
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3.2 Relationships of Definitions in Estimation or Prediction

Problem

From the previous sections , we know definitions I, III, I’

and III’ are equivalent to each other. We also know definitions

II, IV, II’ and IV’ are equivalent to each other. Thus, it is

sufficient to study relationships between definitions III’ and IV’.

As we mentioned before, we choose them because they are easier

to handle mathematically.

In this section, our object is to show definitions III’ and

IV’ are equivalent for the estimation problem . By

the estimation problem , we mean L (8,D) =

where h(x) is continuous , non-increasing in (_oo ,O) and non-

decreasing in (O,oo). Throughout this section we assume L~ (8,D)

satisfies these conditions. (Note that without the condition of

continuity, Example 3.1 applies and shows that III’ and IV’ are

not equivalent.)

We showed in Section 3.1 that in order to prove definitions

III’ and IV’ are equivalent, it is sufficient to prove that if a

triple is strongly stable by definition III’ then the triple is

strongly stable by definition IV’. Thus our object is to show

that if a triple (h,L (xI9),F~ ) is strongly- stable by definition III’

then the triple is strongly stable by definition IV’. We first

consider those triples whose loss functions are uniformly bounded ,

then we consider those whose loss functions are uniformly bounded

on one side and unbounded on the other side, i.e.

him h (x) = A < ~~~~, him h (x) = +~ or vice versa. Finally we consider
X-~-co x-*+cD -

- - - - - -.. - - - -~~~-- -- ---- -- - - - ---- -~~~~~---- — —-
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those whose loss functions are unbounded as x -
~~ +~‘ and x ~ -°~~~

We remind the reader of the following ‘iefinition , previously

given in Section 1.1: h (9-D) is continuous in e uniformly in

D iff for all € > O  and 9, there exists ô> 0 such that for

all I), 8_9
~ 

< 5 implies

Ih(e-D) -h(80--D)I < € .

Lemma 3.2. If h(x) is uniformly bounded , then h(9-D) is con-

tinuous in 8 uniformly- in I).

Proof: Since h(x) is uniformly bounded, continuous, non-increasing

in (-~ ,o) and non-decreasing in (o ,~ ), we can let

him h(x) = a and him h (x) = ~~ .

X-~+oo

Given e > 0, we can find a > 0 and b < 0 such that

h(a) > a - .
~~
. and h(b) > -

Now we have to find 5.

Since h(x) is uniformly- continuous in [b,a], there exists

> 0 such that for au x,yc [b,a], if x-yI < a~ , then

h(x) -h(y)j < e/2.

Let a = min(o1,b-a).

Then for any u, v € R, without loss of generality we assume

u > v. If l u-vi < ô we have to consider five cases:

(1) u > a , v > a  (2) u > a , a > v > b  (3) a > u > b , a > v > b

(4 ) a > u > b, b > v  (5) b > u , b > v .

w___ - 
~~~~~-~-— - - -.--- ---- ~~~~~~~ - ---- ---~~~~~- - - .

- - - --- —~~- -  ~~ - -~~~~~ -- ~~~~~~~~ -
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For (1) h (u) - h (v) - (~~ - €/2) <

(2) h (u) -h(v)I <~ h(u) - h (a)+ h(a) -h (vfl < + £

The same inequality holds for (3) , (Li ) an d (
~ ) also. Thus we

have for any u , v e B, u-vt < a implies

h(u)-h(v)~ < € .

Applying this result to our definition of continuous in 9

uniformly in D, if 
~~~ 

< S then ç(e— D ) - (~~0-D)~ = e -  e~ < 5.

Thus jh(9-D ) - h(e 0-D)~ < ~~~
.

So h(9-D) is continuous in 8 uniformly in L. a

Theorem ~.2. If h(x) is uniformly bounded , then the triple

(h,L (xIe),F )  Is strongly stable by definitions III’ and IV’ .

Proof: We show the triple is strongly stable by definition IV’.
That the triple is stronghy stable by definition III’ follows

immediately.

Let 
~~~~~~ 

P~(e) and Q~ (9) be the posterior distrib itions

of ~ corresponding to the likelihood function L (x~ 8) and the

prior distributions F~ (~~), F~ (e) and G~ (e) respectivelj. Then
W W

by Theorem 2.2 we know P~(e) 
-

~~ P~ (e) and Q~ (e) 
-,

The loss function h (9-D) is uniformly bounded and continuous

in 8 uniformly in D , thus by Theorem 1.2, (h,~~~) is strongly
stable by definition 2. This implies for any- D~ (€) satisfying

rWn(e,Dn(€))dQ (e) 
.~~. ~~~~~~~~ SWn ( 8 , d% ( 9 )  + c

we have

u r n  Urn sup {jL~ (e~D~ (c))dP~(e) -in f SLn~9, = 0
4C ri-~~ D

1
4

- ---—~~~— -, - — —
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And this is the condition for strongly stable by de±~init ion

Fl’ . Thus the triple (h ,~~(x~9),F )  is strongly stable by

definitions I I I ’  and IV’. a

From Theorem 113 .2 we know when h is uniformly bounded then

the triple (h,L(x 9),F~ ) is strongly stable by definitions III ’

and 17’, and this means when the loss function is uniformly bounded,

definitions III’ and IV’ are equivalent.

Now we consider the case that h(x) is uniformly bounded on

one side and unbounded on the other side. Without loss of

generality we assume u r n  h ( x )  = +~o, h(O) = 0 and him h (x) = A

Cur object is to show that a triple is strongly stable by defini-

tion III ’ implies the triple is strongly stable by definition IV’.

The following lemma eliminates some triples from consideration.

The proof in the Thllowing lemma is important in the sense

we use the same procedure to prove a triple is unstable or weakly

stable in this and the following chapters.

Lemma 3.3. If Urn h (x) = +~~, h(0) = 0, Urn h (x ) = A < ~~, and ifx-.+~
for any c > 0, there exists D~ (€) such that h (8-D~ (€))z(x

1 e)

as a function of 9 is not bounded above, then the triple is not

strongly stable by Definition III’ .

Proof: We prove the lemma by finding D~ (c) and F~ such that

(2.15 ) does not hold. Since lirn $h (9-D)L (x~9)dF (8) = +~~, we
D- -oo

know D~ (€) is uniformly boiiided below.
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One important fact about our loss function and likelihood

function is that when h (9-D)L(x19) is not bounded above then

for all d / D, h(8—d)L(x~9) is also not bounded above. This

is true becaus e h (e-D)L(xf 9) goes to infinity only when 9

goes to +~~~. However , when 9 > D we know h(9-D) < h(9-d),

and thus h(9-D)L (xle) h(9.-d)2 (xJ9). So when h (9-D)L(xj9)

is unbounded implies h(e—d)L.(x~9) is also unbounded.

Let 
~1’~ 2’” 

be a sequence such that €~~>O and ~ 0.

Our object is to show there exists F~ (9) such that for

any € > 0 there exists D~ (€) such that (2.15) does not hold.

By our assumptions , for any €~~, we can find D
~
(c i) such

that h (8_D
~,
(€ i))L(xl8) is not uniformly bounded .

Let D~ =

Thus h(8-D~ )t (xI8) is not uniformly bounded above. And by

the discussion at the beginning of the proof, V k’i and 9>D 1

h(9—01)L(x18) < h(9_D (E k))L (X19).

Next we construct F~(9) such that F
~
(8) and D(€ ~ ) makes

(2.15) fail.

We can find such that > D~ and h(e~—D1)t(x Ie 1) 
j2

because h ( 9 - D 1) L ( x ~~9)  is not uniformly bounded above .

Now let F~ (9) = ( l - ~~.)F~~(9) + ~ J~( e )  where J~(e) is

defined as
N 9

ri

J~(e ) =
1 e

~~~
e
~

-
~~— - a_ - — — — - - - — -
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Then for any i, consider n > i

$h e_ t~~~j z~~I e d F ~(e ) — m t  J h(e—D)L (~~I 8)dF~ (e)

>

+ .
~~~ 
h(8n

_D
~
(€ i))h (XI8n)

- $h(e_ e~ ) L(~ I e)d F~ (e~.

However , the last term

~
h(9_8n)L (X1 8)t5~~ (8)

e.
8fl

=[J [h(e—9~ )L (xIe) + $ h(e—e~ )L(xIe)JdF~ (e)

< $ A . L (xI8)dF~ (e) +

< A . B + $ h(9-D (c1))L (xIe)dF~(9).

where £(x19) < B. Thus this term is bounded by a value which is

independent of ri.

And for all D (e
c o j

n~~~ 

sup[j’h(9_D
~
(€ i))L (xI9)dF~

(9)_inf jh(e-D)L (xIe)dF~ (e)]

> lim sup [$h(9_D
~
(cj))L (xI9)dFn(9)_$h(9_ 8 n)~~

(xI8)dFn(9)J

-
~~ +~~~.

Thus the triple (h,L (xfe),F~) is not strongly stable by

definition III’. .

—
~~-- 

—-- —-



37
The following lemma, an application of the Helly-Bray Theorem

(Loeve l9b3, page 181), is very- useful throughout the whole thesis.

Lemma 3.4: Suppose h (x) is continuous , non-increasing in (_oo,0)

and non-decreasing in (O,oo), and let a,b,c,d be any numbers
W

satisfying c< a< b < d .  Then for any F~ 
-

~~ F~ and € > 0  we

can find an N such that V n>- N, and V d1, d2 € [a,b].

(3.2) 5 h d 1 h (e-d2flz(x! 9)dF~ (8)

~~~

Proof. Let L ( x e)  < B.

We know for any two specific D1 and D2 in [a,b], there

exists N, which is a function of D1 and ID2, such that for all

n> N,

$ (h(e~D1) -h(9-D2))L(xI9)dF~ (e )- - (h(9-D1)-h(~ -D2))L (xl9)dF~ (9)+€ .

How to make the N in the above independent of ID1 and ID2
is our goal.

We know h(x) is uniformly continuous in [c-b ,d-aJ, so we

can find 5> 0 such that if I x-yl K S , x,y€ [c-b ,d-a ] then

Ih(x) - h(y-fl K €/8B.

And [a,b] is compact , so we can find a finite open covering of

[a,b], ((e~,f1), i=l ,2,...kJ such that for all I, f1 -e~ K5 .

Let t1 € (ei,fj) and t1 € [a,b].

The following inequality shows that if two decisions are very

close, then for any distribution F, S:
h
~~

_d
l -h(9-d2) )  .

£ (xle)dF(e) is very small. Because of this inequality, we can

-- ~~ — —~~— -~~~ — - -- --- - - ~~~~
. - - —---

~~-~~ — — — - -
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reduce the total number of decisions we have to consider for (3.2).

Let g€ (ej,f~) and for any F,

(e- g) - (e-t~) i = Jg-t 1j < S and for all

8 €  [c ,d ] ,  l h ( 9 - g )  - h (8- t 1) I  < €/8B.
d

So j I h ( 8 _ g ) _ h ( e _ t j ) i L ( ~ j 8 ) d F ( 8 ) K j ’ (E/ 8B) . L(~.I8)dF(e)

(3.3) €/8 K $ (h (~~~g) 
~
h (9

~
ti))L (xI9 ) dF(9) < €/8

Now by the Helly-Bray Theorem, we can find N1~ such that for

all n > N 1~
d

(3.4) S~~~~ 8~ti (8~tj 8)d (8)

K $ (h(e-t 1)-h (e-t~~ L I e )dF~(e) +

Combining (3.3) and (3.4) together, for all n > max(N~~ 1=1,2,

...k, j=l,2,...k), and all d1 and d2 € [a,b], we have the follow-

ing inequalities. Without loss of generality, we assume d1 € (ej,fi)

and d2 c (e~~ f~ ) .

S:
h s

~
dl L

~~ 
9) dF~~( B )  - 

~c 
8-d2)t(xi e)dF~ (e)

� i c 
9— t t ( x e~~~~~

( 9 ) + ~~ - $ h(e—tj)L(~ Ie )d F~(e) + e/8 
• (by (3.3))

~ s:~ -~ ~~~~~~~~~~~~~~~ +~~ € (by (3.4))

I $: -dl) -h (8-d2))L(xI 9)dF (9) + € (by 3.3)). •

After Lemma 3.3, for those triples whose loss function is

uniformly bounded on one side and unbounded on the other side, we

I
- —-- .-.--“-.-— — —-- -~~~~ - ——.-~ 

—
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have to consider only the case given in the following lemma.

Lemma 3.5. Suppose there exists €~~> 0 such that for any

t~~(€ 0), h(9-D~ (€ 0)L(xj9) as a function of 9 is uniformly bounded.

If the triple (h ,L (x~8),F~) is strongly stable by definition 
III’

then it is strongly stable by definition IV’.

Proof: There are two mutually exclusive cases which we would like

to consider separately:

(a) there exists € > 0  such that D~ (€) is uniformly

bounded

(b )  for  all € > 0  and c - > O , there exists D~ (€ )>C.

Before we start to prove these two cases, we need some pre-

liminary results.

By him h (x) = +co, we know him J’h(9-D)z(xi8)dF~ (e) =
x-’+co D~~-co

thus D~~( € )  is uniformly bounded below.

Let H be any- distribution function and g(D) =j’h(e_D)dH (e).

We next show lirn g(D) = A and him g(D) = +ca. These can be seen
D~~-oo

easily, since for any 9, him h(8-D) =A and lim h(9-D) =+~~.
D-~~ D-~-oo

However, the following is the rigorous proof.

g(0) = jh(9)dH (9), and given €)0, we can find d> 0 such

that + j ’ h(9)dH(9)K€ .
-co d

Let H(b)>l-e and D0 be so large that D0>d and

h(b-D0) > A — e .

Then when D>D Q,

$h 9_ D ) d H ( 8 )  = f h(9_D)dH(e)÷$h(9_D )dH(9)~~A + e
-co

h(~ —C)dM (e )>: h(~ —D)dH(~ ) > (A—€ )(1—€ ) > A —  (1+A)€ .

3 

— —— - — — -

~~

- -— — — - - — - - — - - - ___________________
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Thus u r n  g(D) =A .
D-~+~

It is trivial to show lim g(D) = -i-co.
D-~-co

( a )  for  this part , we f i rs t  show that when n is large D~~(€)

is uniformly bounded.

Suppose on the contrary, we can find a G~~(8) F~~( 9 )  suc h

that D (e) -
~~ +co . Then

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

> Sh (8~
Dn(€ ))L (XlB) dG (9)

~~~ h(8~
D (€ ))L (XI9) dG (8)

= ( j (
~~

I 8 ) n( 9 ) ) ( S 1( 9 n( E)) d Q n(9 ) Sh1(9~~~
(€ ) ) d Q n( 9 ) ) ,

where %(9) is defined in definition II.
WWe know Dn(€) 

-
~~ -i-co (as we assumed) and 

~~~~ 
-

~~ ~~co~~~~) ’  thus

we can find an N0 such that for all n >N0, jh(e—D~(€))d%(9 )>A - e ,

this follows directly from the preliminary results at the beginning

of this lemma.

We also know h(8_Dco(€)) 4~(Xf 8) is uniformly bounded , thus by

the Helly-Bray Theorem , we can find N
1 

such that for all n > N 1,

j ’h( e— D (€ ) ) L ( x f e ) d G ~ ( e )  $h 9_ D €~~ L~~~t 8 d F co 9 
+ € .

J~z(~ Ie )do~(e)

Thus

[Sh (8_D n(€))L(X18)dG n(B)_iflf Sh(8_D)~
t(XI9)dGn(8)]

> ($L (xJe)dG ~(9))(A _ € _ € _ f h (9_ D (€))dP (e)). 

,. - - - - -------- --
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However, him (A - e - € - $h(~_D
co(€))dPco(9)) >0 since

~~ 0

A = him jh (e_D)dPco, and Dco(E) is uniformly bounded .

This contradicts our definition of

Now we can ass-un-e there exists [a ,b J  and N such that for

all n ) N , D~~(€) € [a b J .

Let c and d be continuous points of Fco(8) and satisfying

c< a , d)b and the following inequalities.

( 3.5 )  $
C
(h (e-b ) -h(9-a))L (x! e)dF (A) < €/2

(3.6) $ (h($~a) -h(9-b))L(xj 9)dF (9) < €/2

and F ( c )  K c/2 , Fco (d )  > l -c/ 2 .

Our strategy- in this is to show that we can find a constant r

such that for all

rL (9,D (€))L(X~8)dF (8)<~~flf J
’Lco(8~D)L(X~8)dF (9) +

We first consider 9 € [c ,d], hater we take care of 9€ (—co,c) L~

(d,co).

We can find N2 such that n> N~, G~(c) K € and G~(d) >1 -

And h (9_Dco(€))L (Xj9) is uniformly bo~xided implies there exists B0
such that Ih(9_D co ( € ) ) L ( ~~~I 8 ) J  < B0.

Now by Lemma 3.4, there exists N3 such that for all n >M 3
and for all d1,d2 c [a,b J ,

-— ~~r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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In particular , let d2 = D (€), we have

(7 .7)  

~~~~~~~~~~ 
_h( 8_ D (€)))~~(xI 9)dG (8) ~

Combining (3.7) and -h(9-D (c))L(x~9) > -~0 
we have,

( 13 .8 )  5(h(B~d1) -h(9-D k)))L(~~e)dG~(9) >

J~
( h ( e

~
dl ) -h ( 8 -D  ( € ) ) ) L ( x 1 8 ) d F ( 8 )  - (2B0÷i) € .

By (13.5) we know $
C
(h(e_dl)_ h( e_ n co(€)))t( xIe)dF co(e)<€/2 , and

by (3.~~) we have $ (h(9_d 1) ~
h(9_Dco(€)))L (XI9)dF co (9) < €/2.

Combine ( 3 . 8 )  and the above two inequalities,

oo
8 d l) 8 ( 8)d

~~~~
9)
~~~~ 

>

-h(9-D (c)))L (xIe )dF ( e )  - (2E
0
+1) € .

Now let d1 = D~ (€) arid by definition of

- h(9-D (E)))L (xIB)dF (9) - (2B0+l) € .

So (2B +4) € > 
~f 

h(~-D (€))~ (xIe)dF (9) - inf 1h(9-D)~~(xI~~)dF ( s ) .
— 

—co D ~

This shows all D~ (c) are (2B0+4) € -optimal decision for the

triple (h ,.L(x!8),F).

_ 
_  __ _ _ _ _  ___ - —,-— -- - — * —--—-. --—- - - --—
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By assumption, the triple is strongly stable by definition III’,

and let € ‘ = (2B0+4) € , then for every D~ (€) we have

u r n  him sup [j h ( 9 -D~~( E ) ) L ( x t 9 ) d F ~~( 9 ) - in f  ~h(e-D)L (id9)dF~~(B)]

40n-*co ID

= him lirn(j’h (e-D (€ ‘))L(x~9)dF (~~) - m t  $ h ( 9 _ D ) L ( x {9 ) d F  ( e ) J
— n ID — n

= 0.

Thus the triple is strongly stable by definition IV’ .

(b)  We showed at the beginning of the proof tha t u r n  g ( D )  = A ,

so under the assumptions of (b) we know for all € > O  there exists

c ( € )  such that for  all D > c ( € )  implies D satisfies (2.9). We

also showed is uniformly bounded below.

By him g(D) = +co , we can see that IDn(€) is uniformly boundedD-~-cobelow. Let this lowe r bound be a and also let b = c ( € ) .

Now D~ (c) may be in [a ,b J  or [b ,oo ).  We discussed the f i r s t  case

in ( a ) .  When D~(€) € [b ,oo), by definition it satisfies (2.9).

Thus for every D~ (€),

lim u r n  Sh( 9_ D ~~( E ) ) L ( x I e ) d F  (~~) - inf S h ( 8_ D ) t ( X ~ 8)dF n ( 9 ) )  = 0.
D

And the triple is strongly stable by definition IV’.

We thus have shown that if u r n  h (x) = -j-co and him h(x) =A< °o
X~~-oo

then definitionalli ’ and IV’ are equivalent. Similarly it can be

shown that if him h(x) = B < co and lim h (x) =co then definitions III’
X-~

.4-oo X-~-co

and IV’ are equivalent. This concludes our study of relationships

of definitions III’ and IV’ for those triples whose loss functions 

--~~ — -  — ~~~~~~~~~~~~~~~ 
- - —- - —

~~~~~~~~~~~~~~~~~
—— 

~~~~~~~~~~~~
-—

~~ 
-— —

~~~ ~~~~~-
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are uniformly bounded on one side and unbounded on the other side.

::ow the only case that  we have not discussed is the t r iple

(h ,L ( X - 8 ) , F )  such that u r n  h ( x )  = -f-co. We divide them into two

groups . In the f i r s t  group,  the triples sa t i s fy  the condition

that for any € > 0  there exists Dco(€ ) and such that

(h(e-D co(€)) -h(e-D0))2 (xle) as a function of ~ is not uniformly

bounded above. In the second group , the triples satisfy the

condItion that there exists €~~>0 such that for all and

ID , (h(~~ Dco (€0)) - h (9-D))L (x18) is uniformly bounded above. We

first show those triples in the first group are not strongly stable

by definition III’. The procedure in the following lemma is quite

similar to Lemma 3.3.

Lemma 3.6: If for any € > O , there exists 
~~co (

~~~
) and ID0 such

that (h(9_D co
(€ ))_ h(8-D0))L (x19), as a function of 9, is not

uniformly bounded above, then (hsL (X1 9)Fco) is not strongly stable

by definition III’.

Proo f: Let ~~~~~~~~~~~~~~~~~~~ be a sequence of positive numbers such

that

We can find D (€ ~ ) and D0~ such that

(h(8_Dcok~)) -h
(e-D 0~ ))L (xIe) as a function of 8 is not uniformly

bounded above. We can see that D (€ ~~) ~ ID~~ .

Let A = (i
~
Dco(E~~

) K D 0i 3~ 
B = C i~

Dco(€~ )>D 0i1• Then for any

I € I, where I is the set of all positive integers , we have 1€ A

or I € B. Thua the total number of elements in A plus the total

number of elements in B is infinity. Without loss of generality

we may assume the total number of elements in A is inf in i ty .

- - ~~~~~~~~ -- -~~~~~~~~~~~~~ --- ~~~ - - -~~-“ - - -  --- -- --- ~~~~~~~ ------ ------- - ---_____
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Then we have a subsequence of ~~~~~~~~~~~~~~~~~~~~~ we call it

such that €~~> 0  and €~~ , O and we can find Dco(E i) and

such that Dco (€
j ) < D 1i and ( h ( 9 _ I D

co (€ j ) )  — h ( e - D 11) ) L ( x ~ 9 )  is

not uniformly bounded above.

Our object is to find F~~( 8 )  ~ F ( e )  such that when n is

large, Dco(€ j) has very high loss compared with minimum loss for

(h,~~(x~ e),F~).
When ( h ( 9 _ I D

co
(€ i ) )  -h ( 9 -D 11) ) z (x~ 9) is not uniformly bounded

above and Dco (€ i ) < I D 11, then for all D~~ I D ( € i ) and d > I D 1~~
( h ( e -D ) - h ( 9 - d ) ) 2 ( x 1 9 ) ,  as a function of 9 is also not uniformly

bounded above . From this we have the following definitions and

results.

Let ID1 = maxtD co (€ i) , D co (€ 2 ) , . . . , I D ( c i)~

d1 = max (D11,D12 

Then ( h ( e _ D i ) - h( 8 -d 1) ) !( , d e )  is not uniformly bounded above.

And we can find 9~~> d 1> I D1 such that

(3.9) (h ( e i_D
i ) - h ( 8 1-d1) ) L ( x 1 9 1) > i 2 ÷ i $ ( h ( e_ d j ) ~~h( 8-D co (€ 1) ) ) •

L(x l  9)dF ( e ) .

Then when n)i

(3.10) ( h ( 9 ri
_D

co (€ i ) )  — 11 (e~—d~))z(x Ie~) �~

(h(e~~D~ ) _ h (8n
_ d

n ))L (x18 n)

n2÷n . j’(h(9_dri)_h( 8_Dcokl)))L(X~8)dF (8)~

______ - 
— _

~~~~~~~~~~~~ 
—-



46

i~Iow, we construct F~(e) by Fn(8) = (1 - ~)Fco(9) 
+! 

~~~~~
where J

~
(e) is defined as

10 8 < 8J~( e )  = 
n

I~.
~Je next show Fn ( 9 )  satisfies our goal.

For any € , let €~~K € , then

him sup [Jh(9_Dco(€ j))L (x18)dFn(9)
_ inf J~

h(8_D)L (XI9)dFn ( 8) ]
n-~~ ID

> u r n

= u r n  sup [( l4)  ( Sh( 8_ ID co
(€ i ) ) L ( X 1 8 ) d F co

_ Sh( 8d n ) L ( X f 9 ) d F co ( 8 ) J

+ !(h(en~
ID (E 1) ) 2 ( x I e ~~) 4 h(9n~dn)L (X I 9 n

) ]

> u r n

n + S ( h ( 8~dn ) 
~h(8~

IDco(€ l))) L (X
~
B)d Fco (8) J (by (3 . 1 0 ) )

> u r n  sup(n+
~~~

$h ($_ dn)t (Zt9)dFco
_ E

i
_
~~ 

$h(8_Dco(€ j))L(X18)dFco
( 8) )

=

Thus the triple is not strongly stable by definition III’ . .

As stated at the beginning of this section , our object in this

section is to show if a triple is strongly stable by definition III ’

then the tr iple is strongly stable by definition IV’ , because if

this is true then definitions III ’ and IV’ are equivalent. The

-- ---—----- --—-- -~~~-~~~ --- —----
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above and the following hemmas give us information about what kinds

of triples we do not have to consider. In the following we assume

Dn(E) satisfies (2.16).

W
Lemma 3.7: If u r n  h (x) = -i-co and there exists F~ 

-
~ F and Dn(€)

such that ID~ (€ ) -* +oo or -co t then (h~L(Xj8)~
Fco) is unstable by

definition III’.

Proof: Let Dm (€) = inf(Dco(€)1, where (Dco(€)) is the set of all

decisions satisfying (2.9). We can see Dm (€) is uniformly bounded

and when €1 ~ ~2 
then I D ( €1) ~

Without loss of generality, we assume Dn(€) 
-* -i-co as n -

~ -f-co .

Since him h ( x )  = ~~co, we can find E satisfying ID ( C )  < E  < I D  ( € )n m n ri

and

(3.11) h(En
_D

m (€)) = h(En
_D

n (€))~

us ing the continuity of h.

By assumption , we know IDn ( E )  -
~ -i-co as n -

~~ co , thus we can

see him = -f-co.
n-~co

In order to prove a triple (h ~ L ( X I 9 ) ~~Fco ) is unstable by
W

definition III’, we have to find a sequence H~ 
-

~~ 
Fco such that for

all Dco(€)~ (2.15) does not ciold. Let

2F (E )—lTi Ti 
. F (e)

= 
F~ (E~ ) —

2F~~( e ) _ 1  9 > E ~

¼ — -—- - - - -.- - - — - --- - - — --—---_-- --—---



48

Then we can see that H~ ( 9 )  -
~

For all 
~~co (

~~~) ’  the following inequalities are straightforward .

$h - L €))z(x~ 8)dH (8)-inf $h e-D)L (x~e)aH~~~)

>

2F (E )-l
= 

~~~~~~~~~~~~~~~~~~~~~~~~~ 

- h (e-D~€))) z(xI9) F~ (E)~~ 
dF~~(9) +

2dF~ (e)

> - 2€ +~~~~E )  S ( h (9_ ID
~

(€ ) ) _ h (8_ D
co
(E)) ) 2(

~~
9) dF

~
(8).

:ro~i look ing at the last term , we know F~ (E~ ) -‘ 1 as n -~ -f-co.

And f or all 8 €  (-co,E~ ) ,  h ( e - D~~( e ) )  _ h (
~~

_L
co ( € ) )  > 0. This is true,

since when ~ ‘L (c), 9 - D~~( € )  < - ID ( € )  < 0  thus

h ( 9 _ D
~~

( € ) )  > h ( 9 _ D
co ( € ) ) ;  and when ID ( € )  < 9 ‘ E~~~, h(~~~-I~~~~( € ) )  < h ( e-ID~~( € ) )

< h ( E~ -D~~( € ) )  = h (E~ -D~~( € ) )  / h ( 9 _ I D~~( C ) ) .  Let a ,b be continuous

points of 
~~~~~~~~ 

satisfying Pco(a) ~- 1  and Pco ( b )  >

Thus E

i
~~
(
~
2€+ FtE ) 

~~~~~~~~~~~~~ 
~ h(9~

Dco(€)))2(Xl9)dF~
(9)

b
� 1i1fl[_2€ + (S (h(9_IDn(€ )_h (9_ D

co(€)))dPn)•(jt(~. 8)dFn ) ]

—,

This is true because when n goes to co, all the terms are
b

f ini te  except the term Sa 
9~~D~ ) ) dP~ (9), which goes to infinity.

Thus the triple (h
~L (X !9)~

Fco) is unstable by definition III ’ . .
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~ow we are ready to see the final lemma in this section.

Lemma 3.8. If lixn h(x) ~~~~~ and the triple (h ,L (x ~ e ) , F )  is
X-*+co

strongly stable by def ini t ion III ’ then the triple is also strongly

stable by definition IV’.

Proo f: By Lemma 3.6 , we can find €~~> O such that YDco(€0) and ID

(h(g-D (€0)) -h(9-D))L (xI9) is uniformly bounded above.

To free us from considering end points, let C1 =€ Q/2 and let

iflf(ID (€ 1~~J , D1 = sup[D (€ l) 1 where (IDco(€ 1)) is the set of all

decisions satisfying (2.9) except € is changed into €
~~~

. By

u r n  h ( x )  = -f-co, we know both ID0 and ID1 are finite and D0<D1.

Furthermore , we have the following results:

for any I D €  [D0,D1J and any d

(h(e-D) - h ( A - d ) ) L ( x j 8 )  is uniformly bounded above , and

for any D2, D3 € [D Q, ID1J ,

( h ( 9 — I D 2 ) -h (e-D 3) ) g ( x I 9 )  is uni formly  bounded (both

above and below).

By Lemma 3.7 we know there exists {a ,b J , N , such tha t n > N ,

C [a ,b J . Without ~~~~~~~~ of generality assume a < D 0 and b > D 1.

Our o t j ec t  now is to sho~ when € Is small enough , we can

f ind N1 ~such that for  all n ) - N1, D~~( € )  € []J0, D
1

J .
We can find c ,d such that c < a K b K d  and , c ,d continuous

points of F ,

J h ( 9 -a)  - h(~ -b) t (xJ 9)dF (9) <~~ and
d 2

— Fco (C)<E, Fco(d)>1 -

-

. 

T.  -



50

By Lemma 3. 2i we have:

there exists N2, such that for all n > N 2 and for all u ,v€ [ a ,b },
d d

Let v = D ( € ) ,  then we can find B such that

( h ( B - u )  _ h ( 9 _ D
co ( E ) ) ) 2 ( X I 8 ) > _ B ~

Now for any u €  [a ,b J ,

S co
( h 8

~
u 

~
h (9

~
D (€)) )L(X I9 ) dGn (9)

c d
= $ + I + $  ( h ( 8 -u )  

~ h (9~
Dco(€))) L (X I8)dG ri (8)-co ~d c —

> (-B) € ÷ 5~~~~~
8 u )  ~~h ( 8~ Dco ( C ) ) ) L ( X I 8 ) d F co ( 9 )  - €

> (-s-i) € + ~~h ( 8~ Dco ( C ) ) ) 1 ( X ~ 8)dF ( 9 )  - C .

In particular , let u = D~~(€), we have

(B+3)€ >$ (h(e-D
~
(C))-h(8-D (E)))L(xI9)dF (9). Thus

(B÷4) € > S h(8-D~ (c ) )~~(xI9)dF (9) - inf $h(e4~)L (xle)dF (e).

Thus when n is large , all ID~~( € )  are in [D Q, D1J and D~~( € )  is a

(4-i-B) € -optimal decision of (h s L ( ~ J 9 ) s P co ) •

Let € ‘ = ( 14-i-B)c

him lim (fh(9-D~(€))t (x(~~)dF (~~) - inf $h (9_D),(x19)dF (~ ) J
4On~co D — TI

= uim lirn j’h(8_ D co (€ ’))L(X 18)dF n (9) - mnf J’h ( e — D ) L ( x f e ) d F  ( e ) J
E ’J~O r1-s~co D — Ti

= 0. (by strongly stable of definition III’).

-- - — ~~a- ._ - --- -- -- - ___________________
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We thus show the triple is also strongly stable by defi-

nition PT’ . •

We have gone through all possible cases about the triple

(h,L (X18),Fco), where h is continuous, non-increasing in (_oo,O)

and non-decreasing in (O , ao). We show if a triple (h
~
L(X

~8)~
Fco)

is unstable by definition III’ then the triple is also unstable

by definit ion LV ’ , and if a triple is weakly stable by definition III’

then the triple is weakly stable by definition IV’. Finally, we

go through every case to show If a triple is strongly stable by

definition III ’ then the triple is strongly stable by definition IV’.

Thus we have the following theorems. -

Theorem 3.3: For the estimation or prediction problem , a triple

(h~ L ( X i 8 ) ~~Fco ) Is strongly- (weakly) stable by definition III’ iff

it is strongly- (weakly) stable by- definition IV’.

And by the discussion at the beginning of this chapter we have:

Theorem 3.4: For the estimation or prediction problem , definitions

I, II , III , IV , I’, II’, III ’ and IV’ are all equivalent to each

other.

_ _  _ _ _ _  -~~~~~~~~~ -- -—--- -
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Chapter ~~~. N;cessary anl 3ufrtci~~it Con~ ttton~

for Stability In the Estimat ion Ca se

~•j When Losi Fun~ ticn i;: Uniformly Bo -n-i~-d cr Uniformly Bo -n~ ei

on One Side and Unbounded on the Othe r Side.

In this chapter , we st-~dy conditions for a triple to be stable .

We assume Lco (9, D) = h(~~-D), where h (x) is continuous , non-

increasing in (_co ,0) and non-de’~reasing in (0,co). Un-icr these

conditions , we showed in Chapter 3 that definitions I, II , III ,

IV , I’, II’ , III’, and IV’ are all equivalent; t.~~., a triple is

strongly (weakly) stabl- by definition I 1ff the triple is strongly

(weakly) stable by any othe r definitions. Among these definitions ,

def in i t i on  11’ is the easiest , so in this  chapter  we thus  use

definition III’ as our cr i t e r ion  for  s t ab i l i t y .  As in Chapter  3,

in this chapter we conside r f i r s t  the case that h ( x )  is uniformly

bounded , then consider  h( x) uniformly bounded on one side

and unbounded on the other side , and final ly we discuss  those h~ x)

that are unbounded on both sides.

By Theorem 3 .2 , we see that if h ( x )  is uniformly bounded ,

then for  any i (x l~ ) and F , the t r iple (h , L ( x 1 4 ) , F )  is

strongly s table  by any def in i t ion .

Next, we consider those h(x) uniformly bounded on one side

and unbounded on the othe r side. Without loss of geneiahity, we

assume u r n  h( x) = + c o  and u r n  h ( x )  = A < ÷ co. The following

lemma gives a sufficient condition for a triple to be stable.

Lemma 4.1. Suppose lizn h (x) = -i- co and u r n  h ( x )  = A K + co
X~~-co

- —- — ---- -- ~~~~~~——--—--- ,.-—-—-- --- --—-~~~-~ -- —
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Also suppose that for all € > 0  there exists ID (€) such that

is uniformly bounded. Then for these D (€ )

the re ex ists C suc h that for all F Fa n

(4 . 1) lt: SUP~~ h( 9-D ( E ) ) L (x ~ 9 ) d F ( 9 )  -~ h(e -D ( € ) ) z ( x 1  e) dF~ ( 9 ) ]  <

where D~(€) is an €-optimal decision for the triple (h, £(xI ~~~~~~~

Proof: Let R = A( z( 
~
j 9) dF( s ) ) ,  ~1 = £(x~9 ) dF

co
( ~~

By the assumption u r n  h(x) = -3- co , we can see that D~ (e) is

uniformly bounded below. And we can find a and N, such that n>N, ID~ (€)>a.

Thus we assume that when n is large , D~(€) E [a,00). Withuut

loss of gene rality we assume D (C) € [a,co).

We can find e K O , such that h (e) > A - €  and we can find b

such that 1) r h (e-a)e (xIe)dF ( e )  K € ; 2) b is a continuous point

of P( 
~) and b + e) > 1 - € ; 3) b > D( € ) .

And let c < a, c is a continuous point of F (e) and

(4 . 2) ~ h (9-b )L (xI 9)dFco
(8) K €

Now we will prove (4.1) is true when D~(€)€ [a~b] and later

prove (4.1) is true for

By 1) and (4.2) we know if

(4 .3 )  + 5 h(e-D~ (€ ))L (xf 9)dFco(8) K 1
~ co 

h(g-b )L(xIe)dF (e) +

5 h (9-a)L (xJ ~)dF (8) K 2€.
b —

By Lemma 3.3, we can find N0 such that for all n > N0 and 

~~~~------
- --- - - -- - --

~~
--

~~~~~~~~~~~
----- --
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for all u , vE [a,b], we have

b
(4 .4) 1 h (

~~-~~~ (xI 9)~
Fn(9) 

- h(9-v )L(xt ~)dF~ (9)C

c 
h(~ —~ )t (~~I 9) d F (~ — 

c 
h(e—v ) L(~~I8 )iFco

( e  ) + e -

Because h(9_D
co (€))L (Xt ~~) 

is ~niI’orrnly bounded , there exists

such that for all n > N1,

~4.5) 5 h(9-D (€))~~(xI 9)dF~
(
~~) + 

~~~ 
h(8

~
D

co(E)) t~~
)dFn(~~)

K 5 h(9-D (e))L(xI 9)dF ( 
~ + h(8-D (E))4 (xIe)dF (9) + e

Now we are ready to prove (4.1) is true for all D€ [a,b]. When

ri > max(N 0,N1),

(h( ~-D (€)) - h(e-D~(E))) ~(xI B)dF~( 9)

~ Lco 
~~~~~~~ ~~~ ~~~~~~~ 

- 
s:h e

~
IDn € )L

~~~
e dF n e

~ 
~c 

+ h( 9~
D

co
(€)) L (xI 9)dFn( ~ 

+ (h( 9-D (€))

— h( ~~1)~(€))) t(xI ~) dF (  
~) + €

(by (4. 14))

~ 8~~~(~~~ ~~~ 9)d~~( ~) - I: 
h( e-D~ (€)) t (xI 9)dF ( 9) + 2€.

(by (14.5))

- - - - —-- - - -  - -  --~~~~~~--—- ---~~~~~~-- - -  -
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~ f:~h e — D
~~

€ £(~ 1e )dF~ (8) — i~~ h(e—D~ (€ ))L(xIe)dF (e) + 14 €

(by (14.3))

~ + 14 €~~ 5 € . (by definition of D (€))

Now we have to consider D~~(c) € (b,o~) .

By un Iform bouridedness of h (8—D (€))~.(xje ) there exists N2,

such that for all ri > N2,

(14.6) fh(a_ D~ (€))t(x~e)d~~(e) < 5 h (9_D (e))L(xIO)dF ~ (9) +

hirn fh(G—D )~~(xIe)dF (8)~~ (f~ (x~e)dF (e))(1Imjh (e—D)dP (e))=R .
-

By definition of D (€) and the above equality , we know the

right hand side of (14.6) Is less than R + 2 -€ . Since P (s) ~
we can find such that for all n > N3, P~~(b+ e) > 1— 2  € . And

we can find N14 such that for all ri > N 14, ft (xIe)dF~
(e) > C~ — €

Then for all n > max(N2,N3,N14) and D~ (€) (b,~ ),

~: h e D ~~ € x I e dF~~e

- (JL (x1e)dF ~
(e)) ~ ~: h ( e_ D~~( € ) )a P~~( e ) )

b ~e
> (C 1 — € ) f  h (5_D

n
(€))dP

n
(O)

b +e
> (C

1 — € )  h (b~~e— b )~ f ~~~ 
dP~~( e )

> (C 1— € ) )  ( A —  c ) ( 1 — 2  € )

C 1 — (A + C 1 
+ 2 A C 1) € — R — (A + C 1 + 2 A C 1) E . Then

...- --—- _ w- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— - - 

~~~

__

~~~~~~~~~~~~ -

--- — 

- -
~
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f  h (6_Da (€))Z (xI@)dF n (8) — f  h(e—D~~(E))L(xIe)dF ~~(e) <

R + 2 € —  R + ( A + C
1

+ 2 A C 1) € =  ( 2 + A + C 1+ 2 A C 1
) €

Let C amax(5,A + C
1
+ 2 A C

1
+2). Then

lIm [ f h ( O _ D a ( € ) ) L ( x l O ) d F n ( e ) _ f h ( e _ D n ( € ) ) L ( x I O ) d F n ( e ) )  < C 0 € .  U

h -~~~~

The following theorem summarizes all results related to loss

functions that are uniformly bounded on one side and unbounded on the

other side .

Theorem 14.1: Suppose u r n  h(x) + ~~, u r n  h(x) — A < + ~~, then
x_._+~

(a) if there exists > 0, suc h that for all D~~( e ) ,

h (e—D (€ 0))L (xle ) as a function of 0, Is uniformly bounded , then

(h,t (x Ie) ,F )  is strongly stable.

(b) If there exists € > 0 such that for all D (€ ) ,

h(e—D (€ ))L(x~ 0) is unbounded , then (h.Q.(xle) , F ) is unstable.a -
(c )  for all € > 0 , there exists D1(€) and D2(€) satisfying

(2.9), such that h(9—D~~(€))L (x(e) Is uniformly bounded and

h(0—D~~(€ ))t(xI0) is unbounded , then (h,t (xIe ),F )  is weakly stable

and D~ (e) is the stabilizing decision .

Proof: (a), (c) follow directly from Lemmas 14.1 and 3.3. For (b),

let — sup{D~~(e0)}, where {D_ (€ 0)} is the set of decisions

sati5tying (2.9). Then eit her (I) D5 Is a finite number or (ii)

Ds + a In the following we find for each case .

(i) We know h (0—D8)L (xle ) is unbounded , thus we can find

o ‘ Ds such that h (8n
_D
5)t (XIO n) > n2. Then for all D ( €

0
),

h(e —D Cc ))t (x(o ) > n2.Ti a o fl

— - -- -~~~ - -—- --- - ~~-- - --- —~~
—-  - - -
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(Ii) In this case , for any D we have h(e—D).Z(xtO ) Is

unbounded . Thus let e~ satisfy h(O n
_n)L (xje n

) > Then for
all D (€ 0), as n > 0 ( c ) , h (en

_D
a(Eo))L (xlo n ) >

N ow let F~~(e) a (1— ~~)F (e ) + 
~
. J~~(e), where J (e) Is defined

as

10 0 < 8
J ( 9 ) —~ n
n 

~¼
1 e

~~
. en •

Then for all D ( € 0),

I h (8-D (€0))L(x~ 0)dF (e) - inffh (e-D)L (x!e)dF (e)

(1 -. ~
.) (fh(o—D (E  ))& (xle)dF (8) — Ih(8_8n )9~

(Xl0)dF (O))

+ 1 h (en
_D
a (€

o))L(xle n)

> ~2 — fht 0_ 8
~~

t i
~X I0)dFa(8)~

In the proof of Lemma 3.3, we know fh (8_O
~~
)L(Xl8)dFa(8) is

bounded by a constant which is independent of n. Thus for all
D

u rn  [fh (O~
Da(€ ))t (x(e)dF (e) — inffh (8—D)L(x~e)dF Ce)] — + a~o - n D -

And for all c < ~~~ we know D (  €) € -.{D (€ )}. So

u r n  urn (fh(s~D (€ )L(xIB)cjF (8) — inf fh (e— D) L( x Ie )dF (e)) —
- n -

fl -ø’a

Arid the trip le is unstable by definition III . • 

-~~~~~~ - - --



58

14.2 The Case u r n  h (x) + a~
X++a

In this section , we study those triples (h,L (xle) ,F )  whose

loss functions satisfy u r n  h(x) a + a~ Under this assumption , Da(€)

must be uniformly bounded. Define [D (€)) to be the set of all

decisions satisfying (2.9). Let Dm (€) 
a iflf’{Da(E)} and

D5(€) — SUP{D (€)). These definitions are used throughout this

sec tion. The following lemma gives sufficient condition for a triple

to be unstable .

Lemma 11.2. If there exists € > 0 such that ‘tD (e), we can find

a D0 (D0 depends on D (€)) such that (h(8_D a(E) ) — h(e—D0)), as a

function of e , is not uniformly bounded above (u.b.a.), then

(h ,~.(xIe) ,F )  is unstable.

Proof: We discuss the problem in three parts. In the first part we

can find some fixed decision D~ (independent of D (€)) such that

for all D(€ ), (h(e_D a(€))_h (e_D f))t (xle) is not uniformly bounded

above (u.b .a.) .  In the second part , we can find two fixed decisions

D and D such that for all D (€) either (h(e—D (€ ))—h(e—D ))t (xje)f g a a f

or (h(e—D _ (€)) — h(e—Dg))& (xle) is not u.b.a. In the thir d part

we di scuss th e reamining cases.

(a) If there exis t s D0 such that (I) D0 > D3 (€) and

(h(e—D 5(€)) — h(e—D 0))L (xje) is not u.b .a . or (ii) D0 < D m (€) and

(h(e_D
~~
(d) — h (e— D 0))L (x~ e) is not u.b.a., then the triple is

unstable .

For (I) let O~ satisfy e~ > D0 and (h(e 1—D (€))— h(e~ —D )).

t (x1 8 1) > i2, and for (ii) let satisfy e~ < D0 and

(h(0j_Dm (€)
)_h (B

i
_D
o))L(x191) > i

2.

— —--- -- - - ------ - . - - - -- - --—~~~--—------ -_______



59

Then for both (I) and (ii) we have :

(h(0 i
_D
a(E)) - h (01—D0))L (x101) 

>

Let F~ (o) — (1— ~ )F_ (e) ÷ ~ J~~(e), where J~~(e) is defined as

10 8 < 8
J (e) —

Ti e .Ie n .

Now for any Da (~~),

fh(8_D a(€))t(XI0)dF (e )—i n ffh (e— D)L (xle)dF (e)
- D - n

> fh (8_D a(€ ))L (XJ
~
0)dFri (8

) — fh (e— D 0
) L (x~e)dF~~(e)

> ~
. .]~.(f (h(e.-D (€)) — h (e—D0))&(xIe)dF 

(e))+ 2. .

When n -~~ a~ the right hand side goes to infinity. Thus

u r n  u r n  SUPC fh(8_Da(E))t(X ’l 0)dF~~
(B) — tnf5h(B—D)L(x19)dF~ (B)] = +

- D -

and the triple is unstable.

(b ) If we can find d , D0, and D
1 such that D~ > d ,

< d and both (h(e—d )—h (e—D0))t (xIe ) arid (h (e—d ) — h (e—D 1 ))L( x l e)

are not u.b.a., then the triple Is unstable . We consider this in

two cases.

Ci ) if d > D5(€) or d < Dm
(c ) i then by (a) the

triple is unstable .

(ii) if D (€) < d <

Because D0 > d, so we can find e01 
> D0 such that

(h(e 01—d ) — h(001—D0
))L (x1001) > ~2

Similarly , we can also find e~ 0
1 such that

(h(011—d) — h (eii
_D

i ))t (xtO ij) 
, 

------ .------- ---
‘-- 

--
~~~~

..1
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Let G (8) (l— ~~) F (e) + ~
. J~~(o)

í a  e < e
where J Ce ) = on

n 
~~l 8 > 9

— on

A~d let h Ce ) = (1_i) F Ce ) + ~
. K (e)

n fl a fl fl

10 0 < 0
where K (e) in

n 
~~ 6

~~- 0ln.

Now for all D € [d ,D3(~~)] we have

(h(e11-D)— h (e11-D1) )z 
( 

~~~
And all D c [D (€),d) we have

(h(e01—D) - h(e01-D0))t (x1e 01
)

The sequence G13 H1,G2,H2,G3,H3, converges In distribution

to F (e). And by the same arguments as in (i)

lim sup[ f  h (0_Da(€))t(X ~ 8
)dF (e) — inf f h (e—D)t (xIe)dF Ce)] + a~

fl+a D -

Here we should ment ion, that when n is odd let D = D,~ and

when n is even let D a D1 to achieve the result.

Thus the triple is unstable.

Cc) From (a) arid (b) we can see the case that is left is that

for all D (€) < D CE ) < 0 (€), we can find D < 0 (c) orm — — 5  0 a

O > 0 C€ ) (but~ not both), where 0 and D depends on D (€) ,a 0 1 a
such that (h (e—D (€)) — h (e—D ) ) L ( x l e )  or ( h ( e — D C c ) )  — h (e—D ))t (xle)a 0 - a 1 -

is unbounded . Also for all 0 > D5
(c ) , (h (e—D5 (€)) — h(e—D))t (xje)

is u.b.a. and there exists D0 < D~ (€) such that (h (e—D 5CE)) —

h (e—g))t (xlo) is not u.b.a. Also for all 0 < Dm (E) i

(h(e—D 5(E)) — h Ce — D))L(x 1 8 ) is u.b.a. and there exists D0 > D
m
(E)

_______ 
__________________ 

F
— -. - -- - - —-— —~~~~~~~—- -- —---- ----- - —
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such that (h(9 -D~(c)) — n( 8-D0)) £ 9 )  is not .b.a . .

Witho~ t loss of generality , we assume for all Dc [Dm
(E)

Dj€ ) 1, then D E CD co(E)1~

Now we are going to argue there exists a uniqu~ dec ision

Dt [Dm(E)~ 
D3(€)] such that (1.) for all DC (Dt ,  D5 (€ )J

we can find K D (i0 depends on D) , such that (h(9-D)-h(9-d 0
))~ (x)~~)

is not .b.a. , b - t  for all -d > D (h (8—D )— h( 9— d ) )L (x f 9) is ‘:.b.a.,

and (2) for all D c (Dm(E)~ 
Dt) we can find > 0 (d 1 dep-~nds

on D) such that (h(e—D)—h (e-d 1)) L (XJ 9) is not u.b .a., cut for

all d < D (h (9—D)-h(9-d))2 (x(9) is u.b.a.

If there are more than one poin t satisfy the above condi t ions ,

say Dt and and let > d
~ 

- Then any point D, Dt > D > d~ ~

we can find and such that (h (9-D)-h (9-d 1))L (x~e) and

are not u-b.a . . This contradicts our

assumption.

Now we discuss this unique point Dt . Dt € CD (€)~ , then we

can find D1 such that (h (e_D
t
)_ h (9_D

i))LJx(8) 
is not u.b.a. And

without loss of generality we assume Di > Dt

Let 
~~~ 

satisfy 9~~ > D~ and (h(80j
_D

t)_h (9 0i
_D
i))L(~ j ~ OI~

> i
2 

. Then for all D € [Dm(€)~ 
Dt], (801 h 01-D1 )i(&901) > i2

And let G1(9) = (1 - 4) F (9) + 4 J~(e) , where J 1(9) is ~ef ined

as

f
I

r
____________ — -— — — - . ---— —.----- ---------—-- - - --- — - - - ---- - -- -— --—--—

——----—-——-—-————---—-- -- — — - - 
—
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10 9 < 9 .
= 1 01

~~d let = + , we can find and d, such that

K < Dk and (h(elk
_D
k) 

- h(91k
_d
k))z(x I e lk )>k

2 
. An~ for

all D 2 Dk (h (9lk
_D)_ h (9lk

_d
k))L (xI 8l~ ) >

Let Hk(9) = (1 - ~ )F + 
~ 

K~~( e )  , where K~,(9) is defined as

(0 e < e
Kk(9) ~ 1k

9
~~~

9lk

Then G1, H., G2, H2 , ... F , and

lixn [ch (9—D (e))L(x 1 9) dF~~~( 9 )  — inf ~
‘h (9—D)L (XI~~)dF (9)] +

b

where F~ = G and F = H
~n-1 n 2n n

There in all of these cases, (h , £ (x18), F )  is ~nstable. u

The following lemma studies a s~~’fictent condition for a trtpl~

to be strongly stable. We should mention here that Lemma 3.7 gives

us a sufficient condition for a triple to be unstable.

Lemma 14.3 Suppose there exists c~ >0 such that for all D~ (C 0)

and D , (h (e-D (€ 0)) 
- h(9-D))L(xj9) is uniformly bounded above,

and suppose there exists two constants a and b , and N such that

for all n > N , D~ (e) € [a,b]. Then the triple (h , £ (x~e), F )

is strongly stable.

- -,-—- -——-.. - - . - - - - . - - - - - - -- - - - - . -~~~- - - -
. 

-.
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proof: Our object is to show it’ for all F~(9) ~ F (9) , we can

fir’.u N such that for all n > N and D (c)c{a ,b } we have :

(4 .7) r h(9—D (c)L (x ~9)dF ( e )  — int’ 5 h (9—D).L(xIe)dF (e) < B (€),n D n

and u r n  B (€ ) = 0
€4.0

In order to free us from comsidering abc t end points , let

= 
~o/2 ~ 

then Dm (E) K Dm ~~~~ 
< D3(c1) < D5 

~~~~

Let c and d be continuous points or’ F ,such that

c K  a <  b K d

(L +.8) ~ h (9-a)L (x19) dF K € and

(4.9) h ( 9 - b ) Z ( x 19 )  dF (9 )  < €

Our object is to show (4.7). We first consider 8 € ( -cc, c)U(d,co).

By (4.8) and (L~.9), we know V D € [a,b]

~ h(9-D)L (x19) dF (9) K € and

h (9-D) 2 (xt8) dF (9) K €

Since (h(8_Dm (€ i)) - h (9-b))L(xIe) is uniformly boundea above

then by the Convergence Theorem (Loeve , 1963), there exists ~T

that for all ri > N ,

$ (h (e-~~(e 1)) - h (9-b))L (xI8)dF~ K r (h(9~ r

and

-
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5 ( h ( 9
~ D u ( E i ) ) _ h ( 8

~~a ) ) L ( ~~( 8 ) d F n K 5 (h(9-D 5(~~1))-h (9-a)L (~~J e ) JF~~~ .

By the:;’~ two Inequalities , we can see that V n i , arid. t’or

all t € {D 1( € 1) ,  D ( € 1) J ,  and for  all D € [a ,b],

( 4 . 1 0 )  ~~~~~~~ ( ( h ( e - t )  - h ( 9 - D ) ) L ( x 1 9 ) d F  < ~ 
(h (e-D (E1))-h 9-b ))

cc L(x 1 9)dF~

~ 
~d 

(h(9_Drn(€ i))_ h($_b))dF + € K 2 €

and

(4 11) 5 ( h ( 9 - t ) - h ( 9 - D ) ) L ( x I 9 ) d F  < 5
K 2€

Now we consider  9 € [c ,d].

By Lemma 3.3 we can find N1 ;uch that n > N1 and for all

and 
~
12 € [a,b},

d d
(4 .12 ) 

~ 
( h (9-c11) - h ( 8 - d 2 ) ) L ( x l  9 ) d F ~ ( 9 )  $ (h(9(- -i1)-h(9-d2) )L (xI e)d:

(
~

Let N = max ~N0, N1 1 , then for all n > N and for all D (€ ),

D€[a,b]

$h(9-D (€))L (xI8)dF~(e) - j’ h(9-D)L (~~I9) dF ~(G)

d

~ ~c 
h ( 9 _ D

cc
( € ) ) L ( X I $ ) dF ( 9 )  — 

Sc 
h (9—D)L (xfe)dF -4- E

+ j _co 
h ( 9 - D 3 ( E 1) ) z ( x I e ) dF~~( 9 )  - f h(9-a)2 (x19)d F~(8)

I

_ 
-# ~~~ --—-~~~~~~ - -- - - - -- -— - -_ _ _ _ _ _ _ _ _
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+ h ( 9 - D (~~1) ) L ( x I 8 ) d F ( 8 )  
~~~~-cc 

h (8-b)L (x~9)dF (9) (by (4.12))

— h ( 9 - D ( € f l L ( x I e ) d F ( 8 )  — 

- 

h ( 8 _ D ) t ( X ~ 9 ) d F
cc

( 8 )  ÷ 5€ ( b y  (4 .10)
C an~ (4 .11))

7 ;  

- h ( 9 - D ) L ( x 1 9 ) d F ( 9 )  + 6€

Thus we have shown

u r n  ~~ [r h (9—D (EflL (xI9)dF~(8)— tht’ ~ h( 8—D )L(x !e)dF ~ ( 8 ) ]  •
~~ 7€

fl~~cc D

And this implies that the triple (ii, L(x 1 9), F )  is strongly

stable .  U

From Lemmas 24.2 and 11-.~ we can easily see the follow ing theorem.

Theorem ~4.2 Suppose there exists [a,b] and N such that for all

n > N , D~ (€) € [a,b], then

(a) it. there exists € > 0 such that for  all D CE ) and D
0 cc 0

(h(9_D
cc
(E))_h (8_D))L (

~~
j9) is uniformly bounded above , then the t r ip le

(h  L (xj9 ) , F )  is strongly stable.

(
~

) If there exists > 0 such that for all O k 0 ), we can

find D (depends on D (€)) such that (h(8_D
cc(€)) - h(9-D))L (x(e)

is not bounded above , then the triple is unstable.

(c) For all € > 0, the re exists D1(e) and D2 (c)€(D (€fl

such that V 0 , (h (9-D 1(e))- h(8—D)) z (xle ) Is unifo rmly bounded

above and the re exists D0 (depends on ~
2 (e)) such that

4

z
-- —- - —- - - - --
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(I-.(e-D2(€)) -h(9-D0))L(xIe) is not uniformly bounded above, then

the triple is weakly stable and D~ (€) is the stabilizing decision.

Proof. Direct use of Lemmas ~4 . 2  and 4.3. •

The importance of this theorem is that this theorem makes

Theorem 4.3 easier to understand and formulate.
From the above lemmas and theorem , it seems that whether the

triple (h
~
L (X I8 )

~
Fcc ) is strongly stable or not depends on h and

ijx~e) only. This is not true because 
~~cc (

~~~
) depends on Fcc(9)•

The following example shows this explicitly. The following

example is interesting and important. In Chapter 5, we study

the estimation problems under the additional assumption

£ (xI e) 1. Under these conditions , we can prove (i) a pair (h
~
Fcc)

cannot be weakly stable; (ii) For any Fcc(9) and Gcc(9)s (h
~
Fcc)

is strongly stable iff (h~
Gcc) is strongly stable. However, the

following example shows these two results are not necessarily true

when z (xje) $~ 1.

Example 4.1. Suppose £ ( x I B )  and h ( t )  are defined by:

lit i t K l
h ( t )  =

1.. 
t~ t~~i

e 8
~

1 
9K- l

£ ( x e) = 1 - l < e < i

h($J e> 1

7 

--~~~~- - - - - - - ---- -- - - - -- — - - -  -
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(a) If there exists €~~> O such that all Dcc(€ 0)>O ~ 
then

the triple (h,L (xie),F~,,) is strongly stable. (One example is

Fcc(8) is uniformly distributed in (0,1).)

(b) If there exists €~~>O such that all Dcc(E 0) <0, then

the triple (h~ L ( X i 9 ) ~ Fcc ) is unstable. ( One example is Fcc ( 9 )  is

uniformly distributed in (-1,0).)

(c) If for all € > O , there exists D~ (€ )>O and D~ (e)K 0,

then the triple (h ,.~(xje),F )  is weakly stable and D~ (c) is the

stabilizing decision. (One example is Fcc(8) is uniformly distri-

buted in (-
2 2

Proof: First we show that for all D>O , h(9-D)L(xIg) is uniformly

bounded. When 8 > D , h( 9—D )L (x 18 )< h( 9 )L (x 19 )< 1

9<- l h (e-D )t (xi e ) = I - 8 ÷ D I e ~~ ’, this is

also uniformly bounded.

For D<O , we show h (9-D)L (x19 ) is unbounded. Let c = j D I ,

9> 0 , h(e—D)z(xi 8) =h( 9+c)L (xf 8) = (~+~ )8+~/~9 > (9+c)C -
~~ +co as

8 -~~

And since h (e-0)2 (xIe) is uniformly bounded ,

llm $h(e)L(xk)dF~ (e) = j’h(B)z(x19)dF (e). Thus D~ (e) is uniformly

bounded.

So this example satisfies the conditions in Theorem 4.2 and

the results follow directly from Theorem 4.2. •

In Lemma 3.7, we show if one can find D~ (€) -
~~ 

cc , then the

triple (hs L (XI9)~
Fcc) is unstable. In Theorem 4.2, we discussed

all cases under the assumption that D~ (€) cannot go to infinity.

— — ___________________



The next theorem shows necessary and sufficient conditions that

cannot go to infinity.

Theorem 14.3. (a) Suppose there exists r, d , t0 and D0, such

that t0 is a continuous point of and Pcc (t0) > 0 and

for all D>D Q

h ( t 0 - D)(4.13) sup (h(~~-d)-h(9-D))L(x~ 8) > r

9>E

where E satisfies d < E < D  and h(E-d) = h(E-D). Then D~(c)

cannot go to +cc.

(b) Suppos e for all r,d ,t,D0, where t is a continuous point

of 
~~~~~~~~~~~~~~ 

P (t) > 0, there exists D>D Q such that

‘ 24 14’• / sup (h(e—d )—h(e— D))z(xje) <
9>E

where E is defined in (a).

Then the triple is unstable.

Proof: (a) Let t1 be a continuous point of and

Pcc(ti) <Pcc(t0)• In this part, we show d is the decision that

prevents D~ (c) from going to infinity. Our object is to show

there exists b > 0 , c0>O and N such that for all n >N , D>b

we have

$h(~~- d ) L ( x I  e)dF ~ ( e )  - $ h ( 9 - D ) L ( x I  e)dF~(e) K ~~~~~

Then when e< c 0 and n)N we see D~ (c) cannot be greater

than b. We need some definitions before we start.

I 
8 ~~~~~~~~ - - - — - - - - ‘  — -‘- — — ~~~~~ — - — -———- —-- - —— — —‘ —-—- — - -
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Let c 
~ S £(xIe)dFcc(8); b is so large that b >d ,

h(t0-b) >2(h(t1-d) +h(t0-d) +4) and the E1, which satisfies

d K E 1<b and h (E1-d) = h(E1-b), also satisfies E1>t 0 and

P (t ~~) -P  (t 1)Fcc (E i ) > 1 - 
cc 

8 
cc 

• r • c. Without loss of generality, we

can assume E1 is a continuous point of

In our problem, we can see D0>t0 (or we can find D = t 0 > D 0
such that the inequality (4. 13 ) is not sa t i s f ied) .  And b is

independent of Fn(9)~
We can find N0, such that for all n >N 0,

P ( t 0 ) — P (t ) P ( t ) - P ( t )
F~~(E1) > 1 - cc 

6 
r • c, P~(t0) - P~ (t1) > cc 

2 
°° ~ and

IL x e d F  (e)>~~.‘I 2
Now for all D>b and let h (E-d) = h(E-D). Then E>E1>t 0.

And when n >N , the following inequalities follow immediately.

fh(e— d)L (xfe)dF~ (e) —j1h(e_D)z (xie)dF~ (e)

E cc
= J’ ( h ( e— d )  —h (e—D))L (xie)dF (e) +J’ ( h ( e — d )  — h ( e — D ) ) z ( x i e ) d F  ( 8 )

-cc n E n
tQ h (t 0-D)

< ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ r 
dF~(e)

t h ( t  — D)
<~~~( h ( t 0- d ) + h (t 1-d) _ h ( t 0

_ D ) ) f ° dP~ ( e ) - f .  ~ 
( 1_F n (E ) )

P (t 0 )- p (t 1)
< ( h (t 0-d) + h(t1-d) - h (t 0-D ) )  • 

2 
• 

2 
+

h(t0-D) Pcc (t0)_Pcc(ti) r •cr 6

c(h (t0-d) +h(t1-d))(P (t0)-P (t1)) c (P (t0) - P ( t 1))
— 4 

- 

12

(3(h(t 1-d)+h (t0-a)+4))

_ _  

J.
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Thus c0 = c  . (P ( t 0 ) _ P
cc

( t i ) )  is what we wanted. And (a )

follows directly.

W
(b )  In this part , we have to construct F~ -

~~ 
Fcc such that

t’or all 
~~~cc (

~~~~)’  (2.14) does not hold.

Let tn be a continuous point of 
~~~~~~~~~~~ 

satisfying

O < P(t~ ) <~ . (if there exists T such that Pcc(T)>O and Pcc(T) =O~

then let T<t~~<T+~
. and tn is a continuous point of

Let rn =_ !~ . and d = D 8 ( € ) ,  we can find D~~ > D 5 ( € )  and

h ( t n _D
n ) 1such that 

T~i8n
_D

s 
_ 8

n~
DnflL (xI8n7 

< —p. where

h ( E n
_D

s ( € ) )  = h ( E n
_D

n ) and B n > E n

We know t~~, as a sequence , is monotonic decreasing, so

u r n  t~ exists. Let T = lim t n ) then T = -cc or T is f ini te .

We have to construct F~(e) undez these two situations.

( i )  if T = -cc, then let

F~~( e )  = (1 !)F~~( 9 )  • I(~>t~ ) + ! J~(e)

where I is the usual indicator function, and

10 eK e
J~ (e )  =

11 e�.en

(ii) if T~~-cc, the above does not necessarily converge

in distribution to Fcc(9)• This will occur, for example, if Fcc ( B)

puts some probability on ~ which has likelihood value that equals

zero.) So in this case we define F~ (e) as follows:

---- -- -

~

--- --- ~~~~~ - - ,- --- --— —---____________ - - - _ _
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(l— ~~)F (e)

(1 -~~)F(~~) - I(e>t~) 4 J~(e) +

(l-.~.)F (8)I(eKT) e >

Then

Sh(e_ D cc (E))z (xie) dFn(e)_ $ h(e_ D n)L(x Ie)dF n(e)

~ (14) ( h ( t ~ -D ( € ) ) - h ( t ~ -D ) )  . L (Xit~
)Fcc(t~ ) +

(14)(f h(e-D (€))L( x I 9)dF (e)- $ h (e-Dn)L (x e)dF (e)) +

n2h ( t~ -D~~) 
D

> -(14) h( t n~D n ) . B + (14) j
~~~~~~

8 o
~~~~~ 

-h ( 9 -D ~~) )

£(xIe)dF (e)+n. h(t~-D~ )

(Since £(x lO )<B and when e€ (D~ ,cc) we know

- h (e_D~ )) >0.)

> -Bh(t1.~
_D
~.~) -

Bh(t~-D~ ) + rth(tn
_D
n)

-~

Thus the triple is unstable. Q.E.D.

The following theorem discusses the conditions that

wil]. not go to -cc’ We state it without giving any proof. The

proof’ should be symmetrically related to the proof of the last

theorem.

—.—— —,~~-
-‘ - ~~~~~~~~~ ~‘—

-.- -
~~

-— - --— - 
- ________________________ - - 

- —
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Theorem 4.14 (a) Suppose there exist r)0, d, t0 and D0, where

is a continuous point of Pcc(9) such that Pcc(t0) <1 , and

for all D< D Q,

h(t0—D)

sup(h(e-d)-h(8-D))2 (xle) > r

9<E

where D K E K d  and h(E-d) =h(E-D). Then Dn(€) cannot go to -cc•

(b) Suppose for all r>O , d, t and D0, where t is a con-

tinuous point of 
~~cc (

~~~
) and Pcc(t)<1~ 

and there exists D<D Q

such that
h(t-D)

sup (e—d )—h(e—Dflz(x~e) 
K r

8> E

where D< E - ( d and h(E-d) = h(E-D).

Then the triple (h,,.,(xle),F01,) is -unstable.

Proof: Similar to Theorem 4.3. Q.E.D.

In the following, we show an example that applies the above

theorems.

Example 24.2 (a) Suppose I e i P_iL (xl e) is uniformly bounded and
p > l , then (I9_ D I~~~L(X I8 )~

Fcc) is strongly stable.

(b) Suppose I9I
P 1 L (xie ) is unbounded and p > 1 , then

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
is unstable.

Proof: (a) By Theorems 4.2, 4.3 and )4•4, in order to show strongly

stable we have to show (i) For any 
~~cc (

~~~
) and D, (h(B_D cc

(€))_ h(9_D))•

z ( x l e )  as a function of a, is uniformly bounded above, and (ii)
there exists r, d, t0, D0 and Pcc(t0)>0 such that for all D>D0,

— ——--—.-—-— ——— -—————-—--—— —— —4—— .-————— - -- - —-4——— —-—— --..—-— —.—————— - ——— — — — — —_ —- ——- — — — —
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h(t0-D)

sup(h(9—d)—h(8—D))j (x~9) 
> r

(1) By assumption, let

First, we show for any D, ~-D~~~
1L (x’ 8) is uniformly bounded.

When e is small, the function is ni~-~rmly bounded, so we have to

consider only when 8 is large

lim 1 e-D i~~~~ (x!e) = him (~~~~ )e~~~z(xIe) = him

Thus the above formula is uniformly bounded. Then the same result

holds when 9 -~-cc.

Next we show for any two decisions D1 and D2,

( I e-D11 ~~ I 8-D 2 1 ~5L (xI 8) is uniformly bounded. We use the following

inequality (Hardy, Littlewood and Polya, 1934).
If x and y are positive and unequal, then

r x~
’
~~(x-y) > x

r _ y r >ry
r_l(x_ y) (r>1).

So we have:

~~C !  e-D 1)~~~) ( I  9-D1) - I e-D21 )> I e-D~)~~- I e-D 2 1 ~> P~ e-Df ~~( I  8~Dh I~~I 8_D 2 i

Since both I e—D1)~~~z(xIe) and 9—D 2 I~~~~L ( x l e )  are uniformly

bounded , we can see that ( I9 - D1I~~- I e-D 2 I~~ L (~ Ie ) is uniformly

bounded. And for any Dcc( € ) and D, ( I  9_t )
cc ( E )  I - I 9-D I P ) L (~i e)

is uniformly bounded above.

(ii) We have to show that there exists d, t0, r, D0 where

t0 is a continuous point of Pcc(8) and Pcc(t0)>O~ such that for

all D ). D0,

- ~~~~~~~ -- --- — ‘ P r   - - - - - - -.———~~~~~ —----——.—————--——---—-———---.- —- ~~~
—-
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h(t
0
-D)

> r.sup(h (8—d)—h(9—D ) )L(x(9)
8> E

Let t0 be any point tha t is a continuous point of

and P (t
0)>O. 

And let d = t 0, D0> d and satisfying

E +d0 
~ (l-2~~)~~ > B~. We will specify r later.

2

If h(9-D) =h(e-D), then 8 = ~ thus E — 
d÷D

- -

~~

- .

h(t
0
-D) 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _Let A = sup (h (8-d)-h(8-D)L(x]8) 
~ .Ie- d1~~-Je- D~~8>E sup B0 9p-l

2

We consider first 8 e ~~~~~~ D), and then 9 > D.

( i ) ’

p a+D
sup B 9-d I~~-~~9-D [~~ < B

0 

ID d I -1
Q 

8p-

2 2

= B . ( l —2 ~~~) ( n — d ) ~

I~~~I2

d+D p-l

So A > 
(D-d )~ = > i

— B~ (i_2
P) (D-d)~ B(1-2~~)

(ii)’ 8>D

<
8>0 9>D

.4 

-- -~~ - - --- ---- ---- --— —---
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1
However sup ~~ L~. 

is uniformly bounded, say by B1,
8>D e~

0 d)~ 8(0 d ~ (D-d)~~~then ( 
~p-1 

= 
B
1 

~ thus also bounded
sUp((

’9_d .~ (n— d)
8>D 8p-i

away from zero.

Thus n~~~~~) cannot go to +co•
Similarly, D~ (e) cannot go to -cc • And the triple (h ~~L ( X j 9 ) ~~Fcc )

is strongly stable.

(b) Let t0 be any point satisfying Pcc(t0) > 0 and for all

d , r ) O ,

h (t—D) (D-t)~~
sup (h(9-d)-h(8-D))L (xFiJ = 

sup (le-d I~ -Ie -D)~ ) g (x~e)9> 8>E

However, lirn l I G-dl~~- e-D j~~)L(xf e) > him p(D-d)e~~~ 2 (xIe) = -4-cc
9-*oo

Thus sup h~~~~~~h (9-D)L(x18) 
= 0 ~~~~~.

8>E

And the triple ( I 8 _ D I P ~ t ( X I 8 ) i Fcc
) is unstable. U

The above example shows explicitly that if we know likelihood

function exactly then the data give us a lot of information. For

any fixed x, many likelihood functions satisfy the condition

that I8I2 (~ I 8 )  is uniformly bounded. Thus ( I 8 ~ DI
2
i2 (Xl8)~~

Fcc) is

strongly stable for these triples. However (I8_D l
2
~l~Fcc

)~ where
z (x~ e) ~ 1, is unstable. Another point is that if our data is from a

normal distribution with mean 9 and variance 1, then for any p,

(I8_D I~~~~
L(X

~~8)~~
Fcc) is strongly stable.

- ~~~~~~~~-—-  - --.--- -- - --..- - - - 
— — - - - - -  - ---

~~~~~~~~
--— 

~~~~~~~~~

-—---- —--—— —
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Chapter 5 Stable Decision Problems Related to z(xle) ~ 1

5.1 Review

In this chapter we return to the problems discussed in Kadan e

and Chuang [1978]. When L ( x ( 9 )  1, then definitions I , II , III and

IV are exactly the same as definitions 1, 2, 3 and 4 respect ively.

In order to be consistent with the notation of Kadane and Chuang

[1978 ] , in this chapter we study stability of a pair (h~Fcc) under

definitions 1, 2 , 3 and 4. We study the estimation

problem, i.e. h(x) is continuous, non-increasing in ( -oo , O) and

non-decreasing in (O ,co ).  In Chapter 3, we proved definitions I ,

II , III and IV are equivalent for estimation problems .

Hence , this is also true for definitions 1, 2, 3 and 4. Without

loss of generality, we use definition 3 and assum e h ( 0 ) 0

throughout this chapter.

As in Chapters 3 and A , we f i r s t  study h ( x )  uniformly bounded ,

then h(x) uniformly bounded on one side and unbounded on the other

side. Finally, we study h (x )  unbounded on both sides.

Lemma 5.1 If h (x )  is uniformly bounded , then for  any Fcc ( 8 )
~~

(h
~
Fcc ( 8 ) )  is strongly stable.

Proof: This is just a special case of Theorem 3.2. •

Lemma 5.2 If h(x) is uniformly bounded on one side and unbounded

on the other side, then for any Fcc(9)~ (h~
Fcc(8)) is unstable.

Proof: This is a special case of Theorem 14 . l(b ) .

Now , we consider the case u r n  h (x) = ~~cc • Let g ( t )  =h ( t + l ) -h ( t ) .  U
X-+-I-oo

Lemma 5.3 If u r n  h ( x )  = +a and g ( t )  is not unifo rmly bounded ,

then for any Fcc(9)i (h ,F
~ (e)) 

is unstable.

I 
-  -‘a -~~--  —-—-- —-— - —--- — — --—--—-- -- - -
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Proof: Suppose g(t) is not uniformly bounded. For any Fcc(9)

let [Dcc(E)1 be the set of all decisions satisfying (1.2). Also

let D 5 ( € )  = SUP(D (€)), and D0 = D5(€) + 1 and 9 ’ = 8-D 0.

Then ( h ( e_ D
~~( E ) )  -h ( 9-D 0 ) )  = h ( e ’+l) -h ( e ’) ,  which is not

uniformly bounded above. Thus by Lemma 24.2 (a), the pair (h
~
Fcc ( 9) )

is unstable.

Similarly, if g(t) is not uniformly bounded below, by

Lemma 24.2 (b), the pair is unstable. .

One example for the above lemma is square error loss function

with any opinion that has finite variance. Since (x+l )2-x2 =2x+l,

which is nat ~ihiformly bounded,~~( I e-D I 2,F~
(e)) is unstable.

The case that is left is him h(x) = +cc and g(t) = h(t+l) - h( t )

is uniformly bounded . Let g ( t ) J < B .

Lemma 5.4 If g(t) is uniformly bounded by a constant B, then

for any x and y, lh(x) -h(y)I <B (Ix-y I +1).

Proof: Because the formula we want to show is symmetric with respect

to x and y, i.e. exchange x and y will not change the formula,

we can assume x > y.

Let [x] denote the maximum integer which is smaller than or

equal- to x.

Suppose n is a positive integer. Then

~ (r ~” = h ( n ) - h ( n — l ) + h ( n — l ) - h ( n — 2 ) + . . . + h ( 2 ) - h ( l ) + h ( l ) - h ( O )

— n •

:r t~~~~ arid t is not an integer , then t <  [tJ + 1 and

-- ‘-: 
— ~(ft~-i-l) 

~ 
B(t+1).

•. fr r t~~~ u~~ O , h ( u)  < B ( u + l ) .

- _ ----- —
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Similarly, for all v-< O, h(v )<B (!vI +1).

Now if x>y>0 , let z = [x-y]+y+l then z>x and

h(x)_h(y)I~~~Ih(Z)_ h(y)I~~~B( [X_YJ+1)~~ B (IX_YI+1).

If x>0>y, then

I h (x) - h ( y ) I < m a x ( h ( x ) , h ( y ) ) < m a x  B ( x+l , I y I  + 1 ) < B ( I x - y l  + 1)

If O>x>y, the proof is the same as x )y>O. ~.E.D.

Lemma 5.5 Suppose u r n  h (x) = 4cc and I g ( t ) I  < B .  If there exist

a, b and N such that for all n > N, D~~c [a,b], then (h,F )  is

strongly stable; otherwise, the pair is unstable and there exists

F - *F such that

- 

lim (j’h(8_D (e))dFn (8 )  - inf .fh ( 8_D ) dFn ( 9 ) ]  = -f-co.

Proof: The first part is a direct result of Lemmas 5.4 and 4.3.

W
For the second part, by assumption, there exists H~ 

-

~~ 
Fcc

and a sequence of c-optimal decisions of (h ,H~ ) ,  n~(€) which

goes to infinity. Without loss of generality we assume 01 (c) 
-~~ +co .

Let D
~

( € )  = sup(D cc ( c ) ) ,  where [D (€)) is the set of all

Then h(Dn(c)_D s(E))~~
+cc. Thus we can find a subsequence of

we call it G1,~, such that 
-

~~ 
Fcc and h(D~(€) - D5(c)) >n

2,

where D~ (c) is an c-optimal decision of (h,G~ ).
Let F~(8) = ~ J~(e) + (l-

.
~) G~(e), where ~~~~ 

is defined as

0 8 < D  ( c )
J ( 8 ) = ~~ 1 8 > D ~~( e)  . 

~~—-  - -- -  - -~~~~---~~-—--- -------- -- -- - ---- -—--- - - -__
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Then,

iim($h(e_Dco(c))dF n(e) 
- i~ f 

j h ( 9_ ] J )dF n ( e ) )

-

+ ~~~~~
. h(D~~(€) -n ( € ) )

> him ((i-~~)~~(-€ )+fl)_
n-*~ n

~ 
lim(n -E)
fl -)’co

+GO . I

-~ 
- -- T 11 ... .I.T~~ ~~~~~ ~~~~~~~~~~~~~~~~ 

.

~~

-
. . . i - . -.
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5.2 Stability, Independent of Opinion

The object or’ this section is to show that for any two opinions

and G (9) , (h , F ( s ) )  is strongly stable it’f ft . G ( e )  is

strongly stable. From Lemmas 5.1, 5.2 and 5.3, we see this is true

for the following cases: (a) h(x) is uniformly coun ded ( b )  h ( x )

is uniformly hounded on one side and unbounded on the othe r side .

c) u r n  n ( x )  = 4cc and g ( t )  = h(t÷l)  - h (t) is not . n ir o rmly
x~ Tco

bounded. The loss functions we have not yet considered are those

for which u r n  h( x) = -i-cc and g(t) is uniformly bounded. For this
X ’+cc

kind of loss funct ions  we prove our  object  by thre e lemmas. They are

straightforward.

Lemma ~. -5 Suppose him h( x) = -I-cc and g ( t ) I  is uniformly coanied
X~~+cc

by B . Also if we can f ind a > -cc and b K +cc such that

F (a) = G (a )  = 0 and F
cc(b) = Gcc(b) = 1, then (h~Fcc ( 9 ) )  is strongly

stable iff  ~h , G ( 8 ) )  is strongly stable.

Proof:  If ( h , F ( 9 ) )  is unstable , we should show ‘h , G ( 9 )  is

also unstable.

By Lemma 5.5 , there exists F~ (e)~ F (s) such that D~(c) ~ -i-co

or -cc • Witho .’t loss of general ity , we assume D~(e) -+ + ~

And we can assume h(D~(€) - b) > n
2 

. (We alway s can achieve this

by taking a subsequence of F~ (9) •)

- - - - ~- -- —~ -~~~~~-- - -~~ --- - —~~~~~~~~- -~~~ — - - - -
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And let Fi~ 9 )  = — .
~) 

F(e) + ~ J~ :e) , whe re J ( 9 )  , is

def ined  as
j ( e ) = f

0 9K Dn
(
~~)

~~~ 
9 >D ~~(c)

Then for  any D c [a , bj  ,

—

= (1-~~~ S(h ( e -D) dF ~ ( e )  - h ( 9 -D ( € ) ) d F (
~~) )  + . h ’ D~~~€ ) - D )

> c + n .

Now we are ready to construct a sequence of d i s t r i bu t ions  that

converge s in dis t r ib  ~tions to G ( ~~) and sa t i s f ies  our ob jec t .

Let

(~3.l) M~ = (H~ (b) - Hn ( a ) ) ( G (~~) )  + I(e < a ) H n ’ 8)  + I(e >a ) H I a )

+ 1(e )  > b)(H (9) — H~ ( b ) )

where 1(9> a) if 8 < a

Li it’ 9 > a

We can see is a distc’lbution function , sich that for all

9€ ( — c c , a)U (b ,co),  Mn (
~~) = H~ ( e ) ~ and has the same shape (up to a

linear transformation) as G (9) for 8c [a,b }. Since H
~.~
(b) -

~~ 1

and H~ ( a ) -~O , we can see M~( e ) ~~ G ( e )

Howeve r , for  all 0 c f a , b)

4
-

~

-. - - ---- ~~~
-- --- - .—-- - -. - . ---- ---
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- J h ( 9 - D ( € ) ) d M ( 9 )  

cc

= 

~a 
~—D) - h(8_D

n(€)))dMn
” 8) + i— cc + 

‘b 
(h (e—D)—h(8—D (~~)))dH :e)

> [(max r1I~~_D)_B(b_a+l ) - mm h~ 8~~D~ c ) ) - B ( b - a ÷ l ) ]
~€ [a ,b~ 9 € [ a , cJ

Hr~~~)~~
H ( a ) ) + 

~_cc
+

~~~~~~~
( 8_ _ 9_ D

~~~~~~~~~~~
8)

~ 
D ) - h -  9_ D n~ € ) ) ) d H n

( 8 ) _ 2 B ( b _ a + l )

- € - 2B- b-a-i-i) -, +cc

Thus ~~~~~ , G (8)) is also unstable.

In the next lemma, we extend the above lemma is sucr- a way

that one of the distrib~ tions ts not restricted to [a ,b J .

Lemma - E . 7 :  Suppo .3 e l~ m h~x) = -4-cc and g~ t )  ~s un ifo rml y ou n d e d ,
X>+oo

let  F ~ ) ce a distrtbution si~cr- that we can find 
-
~~ > —cc ar-i

C < -i-cc ar-i F(a) = 3 , F(s)  = 1 . And let ~~ (~~) ~e any ~t~ trib .tion ,

the n if ~h , F ( 9 ) )  i-~ ‘ .~nstable implies ( h , ~~~~~) )  t~ also ~r.st able .

Proof :  Let G ( ~~) be def ined  as

0 9K -n

Gn(8) = Gcc
(S) -n < 9 K n

1 f l < 9

..~~~—----. - - -- --.-..- -——---,--- — --- - - -- -----,——-  — —--—--------—--—- - - — .  — - —
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We can f ind N such that -N < a K b K N0 , then for  all

n > N0 , G~ (-n-i) = F
cc

(_ fl - 1) = 0 , Gn(n+l) = F (ri+1)=l . Thus

~h, G~(9)) is unstable.

By inspect Lemma 5.6 and the way we construct M~(e) , we can

find a distribution G ( ~~) such that G (9) - K K G (8) +

for all -n + 1 K 9< ri-i and an c-optimal decision for (h , Gnn (9)) is

greater than r- . We can see Q~~(9) -
~~ G (9) and its c-optimal

decision goes to +ao

Thus (h , G~~9) is unstable. Q.E.D.

After the above two lemmas, we still canno~; concl~ de that for

arly two distributions F~~8) arid G (e) , (h ,F (e)) is strongly

:.~ta~le it’f ( V i .  G~~ 9~~) ~s strongly stable. More specifically , whe’-

F 9) ~s a listributiori s:~ch that the re ex~ st~ a > —~~ an ’i < +cc

and F (a) 0 1 and ( h , F (9)) t~ strongly ;taLl~ ,

~ode r tht s ~oni~ tto - r. we can not ~oncl~ -ie for any -~~
‘9), ‘n, G ’

~~)) ts

-trorigly stacle . The following len~ a fills this gap .

p Lemma ~~~ Suppose lIm h x~ = + ~ , g t) is un±fo rmly bounded , and

there is a listribution H (s) such that (h, H ’8)~ is unstable. Then

there exists a distribution function F~ ($), and numbers a and b

(-coKaK b<oo ), such that F (a) 0, F ( b )  = 1 and (hi Fcc) is unstable.

- - - -—-.---.- - - - - - -— ------- - - -— - —



Proof:  Let an c-optimal decision fo r  ( h , H ( S ) )  be denoted by

D € ) .  Then we can fin s a, b ~~-~~~h that  all D ( € )  €~ a , b ] ,  a , b

are cont in- ous points  or’ H ( s )  and U ( a )  < and H
00

( b )  > 7/8

Since (h ( 8 -D ) ,  H )  is unstable , we can f i nd  H 1, H2 H

and a sequence of c—optimal -lec:isiori s D1
(€ ), D2(€ ). . . for (h, H

r-
’e))

s.th that u r n  D (€) = -i-cc , and u r n  $ h 9-D00
1 c))-h (9~ D~~ r))-iH~ 8)~

r -4 -cc ,

fl++cc

ioi~ Lemma

Let D ( € )  be any fixed c-opt imal  dec i sion  fo r  ( h , ~1 ’ e ) )

3~ pn ose  E sat~~3f~ es h ( E ~ _ D ( c ) )  = h ( E ~ -D~
( € ) )  and D ( c c )  E < D~ € ) .

Then as D r- ’ € )  ‘ -4-cc , we see E ‘ +cc

:;ow let F 9)= 0 9

i b ) - H~ a) 
( H ~~e )  - H(a)) a ~

1 9 , b .

And deftr-e F ’9) as follows:

2H~ (E  ) - l
H~~1b ) - H~ ( a )  ‘ K~ ( 9 )  - H~~( a )  a ~ < b

F 9 ) = 2H (E )-l ~ K 9 < E~

2 H~~( 8 ) _ 1  8 >

Then F~ ( 8 )  ~ F ( s )  , an d the re ex is ts  N such that for all ri ‘ N

H~~-
’b) > 6/8 , H~~(a) < 2/8 and r (h(8D (€)) h(e_D (E)))dH (e) < 0 . 

——— - —.- ‘___— —-— - - - -— — _‘~, ‘ — -
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Let D cc [a , b ]

1’ h(9 D) - h 9-D ( c ) ) ) d F ( 9 )

> ( h  9~
D ( E ) ) ~~

h ( 9 _ D n ( € ) ) ) d F ( 9 )  - B ( I D ( € )  - D~÷l) (by Lemma 5.4)

2H ( E  )-l  b
H ( b ) - H ( a )  r ( 9 o ~~~~~~~ h ( 9 -D~~(€) )dii  ( 9 )  +

2 

~ 

T h ( 9 - D ( c ) )  - h(9 - 0 ( c ) ) )  dH ( 9 )  - 3~b-a+l)

> 2 r (h (9-D ( c ) ) - h - e D ( € ) )  iH~~( 9 )  +

2

~:n

(h(8

:

Doo

~

E) )_ h(e_D
n

:

~

€)))iHn
~

e) - ~ - b - a+l)

= 2 (  
~a 

~~~~~~~~~~

> 2 ‘h(s- D ( € ) )  - n 9-D ’€))) dH (9) - 3 b-a+l)

.3o ‘ o , F )  i~ uns t ab l e .  u
crnc i n in~ Lemma s 5 .6 , 5.7 and 5. ~~~, we r-a’ie the fc l lowt r-g  theorem.

Theorem 5.1 Suppose him h (x) = + cc , g(t) is ~riifo rmly bounded

and ~~~~~~
I9 )  and G (e) are any two d i s t r ibu t ions .  Then (h , F (s)) is

strongly stable iff (h , G (9)) is strongly stable.

I 
-- — —‘- -----—— —-- —- - —- ‘-~~~~~--- --— --— —--—---- — -  - . -——  --
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Theorem 5.2 For any es t imat ion or predic t ion  loss func t ion  h , and

any opinions F (S) and H (8) , (h , F (s)) ~s strongly stable

iff (h , H ( s ) )  is strongly stable.

Proof:  Combine s Theorem 5.1 and Lemma s 5.1, 5.2  and 5.3. •

— -- - - - -. --- -- - -- ---- - —~~~~~~---- --- --——- - -



87

-~.3 Necessary and Suffici~nt Conditions for Stability

:r. tn is  sect ion we prove necessar ’j  and s u ff i c i e n t  conci t ions

for  a pair  (h , F ( s ) )  to be stable , where u r n  h ( x )  = +~ and
X’~’+cc

g( x) is uniformly bounded.

Theorem 5.3 (a) Suppose there exists r and > 0 , such that
for all C >

h( -o
5UD h’a+D -h a ) )  > r

a>O

and for all D < -

n~D)
s;p~ h a+D)_hr a) 

‘

a<O

tr-er . ~h , F ’ 9 ) )  is strongly stable.

‘ :) :d ’ for all r and , 0 , tr-e re exists C > C . suor~ toatC C

K rs~p ~~a+0)-h ,a~)

or to e re  exL’t D < -

I

4
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h ( f l )
sup h’a-i-D)-h(a))
a<O

then ~h, F~~ 9 ) )  is unstable.

Proor’ (a) We are going to ~se Theorem 
L~•3 to pro ’Je this theorem.

By theorem 5.1, it is suf f ic ien t  to show ‘ h , F 8 ) )  is

strongly stable for a speci f ic  d i s t r i but i on .  Let

F (S) = 
1 < 9 K 1

0 othe rwise

Ari d le t d = 0 , we see (h , F f 9 ) )  s a t isf t e s  the condi tions

in T’ri eo r ern 24. .3 ( a )  - Th ;s  Dn ( E )  can not go to -i- cc

Similary , D (€ ) cannot go to -~~~

2y Lemma 5.5, we conclude (h, F
00
(9)) is strongly stable.

( c ) r’or this part, we should show for all r, d, t, D
~~ > 0

there exist 0 > such that

t - D)

s .:p h 8-d)  - h~8-D))t(x~9) 
K r

9>0

Let r1 and D1 sa t i sfy  L~r1 K r , r1 K 1 , and. > 0

h~-D1) > 2B (Id~+l tI-f-2) arid h ( D 1) > 2B(Id~ -4 .Itl-i -2) -

By our assumption , we can f ind D > D1 such that

— 
h -D) K r .

sup (h~a+D) - h ’ a ) )  1
a>0

- 
- -  e
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h (t-D) h(t-D)

Then sup (h(9-d)-h (e-D) = sup h (a-i-D-d)-h(a) (let a = 9 - D)

8>0 a>O

Let A = sup ( h ( a + D ) - h ( a ) ) ,  then h ( - D )  < r1 A and
a> 0

B(I tI-4-l ) K h (-D) K r , A . Thus

h (t-D) h (-D) + B( t !+1 ) by Lemma 5.~~)
a>Q a>O

r A + r1A
K

A - 
r1 A

—
~~~

K 4r 1 K r .

Thus (h, F )  when h satisfy ing the first part cf (C)

Similarly, f o r  the second part  (h , F )  is also u n s t ab l e .

Although in this theorem, we assum e u r n  h ( x )  =
X’~ Icc

ar-i g ( t )  is sniro rmiy bounde d.. Howeve r , tn~ s is not necessary .

In the estimation or pre dict ion pr oblem, the above necessary an~
sufficient conditions are true for every pair, except those that

equal zero on one side and are unifo rmly bounded. on the othe r side.

However, the conditions in Section 5.1 are much easier to check.
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5 . 14 Examples

From Theorem 5.2, we know in the estimation or prediction

problem , whether a pair ( h , F ( e ) )  is stable or iot  depends on h

only. In this section we show some importan t examples. -!any of

these examples were d iscussed in Kadane -and Chuang [i57~~].

(~~x~ if - l< x
Example 5.1: Let- h ( x )  =~~

1 if x<-l

This loss function is bounded on one side and unbounded on the

other side , by Lemma 5.2, so (h,F
00
(s)) is unstable for any Fcc(S)

which has finite mean. U

Example — .2: If h ( x )  = x2 , i . e .  the usual square loss. Then
(h , F ( 9 ) )  is unstab le for all F

00
(e) that has a finite variance.

Proof :  u r n  h ( x )  = -4-cc, g (t) = h(t+l) - h ( t )  = 2t+l.
x-,.+cc

Co ~ ( t )  is not uniformly bounded , thus by Lemma 5.3 (h ,F
00
(e))

is unstable.  .

Example 5.3 If g(t)~ <3 and there exist r > 0  and x,- > - ~

such that for all x~ > x 0 we have h ( x ) > r f  x l ,  the n (h , F
00

( 9 ) )

is s trongly stable.

Proo f: Let D
0 

= max (x 0, 1),  then for  all D > D 0,

h(-D ’) rlD~ - - 

r0
sup (h(a+D) —h (a)) 2~ y3( :H +1) ~
a>0

Thus (h
~
Fcc~

(
~~)) 

satisfies the first part o:~ Theoreri ~.: ( a ) .

C imi lar l -j  ~t sat I s f i e s  the se:or . ç’~rt of Thecre”- - 
.2 (a). ThUC

t~~~ -‘ r~ r-~ 1~ ~~~~~~~~~~ U
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9].

One special case of this example is h(e,D) = a(g—D)I(8>D)

+ b(D-8)I(e<D), a>0 , b >O , where I is the usual indicator

function. Then (h ,F~(g)) is strongly stable. When a=b , this

specializes to absolute error.

From the above two examples, we know squared error loss is

unstable with any opinion that has finite mean and variance.

owever, absolute error loss with any opinion that has finite

mean is strongly stable.

The next example shows that even if g (t)j < B, h(x) is

symmetric, and g(t) goes to zero as t goes to infinity-, the

pair may not be stable.

Example 5.4 Let h(x) be symmetric with respect to 0 and

x OIx<l

h (x)  1 l< x < 2 •23

(x-2.j~~
1) .4÷ (j-i)~~~ 2J~~

1<x< 3j~~~ - j(j-i)~~~

J ~~~~~~~~~~~~~~~~~~~~~~~~~~~

Then (h,F~(B)) is unstable.

Proof: Let d~

n+la ~~2nn

Then h (_d~ ) a (~_1)fl_1, h(a~+d~) af l~ and h(a~)

h (_d~) h(-d~) 
__________  aeup(h(a+d~)-h(a)) ~~h(a~+d~J_h(a)~~ ~(n~i)

So (h,F~(g)) is unstable. S
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The next two examples discuss loss functions that are concave

or convex.

Example 5.5 If h(x) is symmetric and concave , then (h,F~(~ ) )

is strongly stable.

Proof: We first show for any x >O , y>0 , h(x+y) ~ h(x) + h(y).

~
y concavity, we have

h (au+(1-a)v)>ah(u)+ (l-a)h(v), 0<  ~ <1.

Let u = x+y, r= O and a=x/(x+y) then

h(x) >~~~ h(x+y)

(x+y)h(x) >xh (x+y).

Similarly ( x - s -y ) h ( y ) > y h ( x +y ) .

Summing the above inequalities, we have

(x+y)(h(x)+h(y)) > (x+y)h(x+y), so

h(x)+h(y)~~h(x+y).

Let D)0. Then

h ( -D ) h ( -D )
sup(h~a+b)- h ( a ) )  h ( D )  

1.
a>O

Similarly for D<O , we have the same result.

Thus by Theorem 5.2, (h,F~ (g)) is strongly stable. u

From the above example, we know (Ie-D I~ ,F~(9)), where

O < p < l , is strongly stable.

I
t_

- -  ~~~~~~~~~~~~~~~~~~~~~ -—- -~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~ --
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Example 5.6: Suppose h(x) is convex and there exists x0>0

such that h(x0)> 0 and h(-x0) >0, then

(a) If g(t)I <B , then (h,F~(g)) is strongly- stable.

(b) If g(t) is unbounded, then (h ,F~(e)) is unstable.

Proof: (b) follows directly- from Lemma 5.3.

(a) We first show that there exist r0>0 such that

h(x)> rx for all x>x )x 0.

For any x> x0, let x = ~x0, ~ >1 and = 
~~

. x.

By convexity h((1—~)O + j~x ) <  (l-.~.)h(O) + .jh(x), so

h (X
e )we have h(x)>~ h(x0)= ~ 

x.
0

h (-xe)Similarly x (-x0, h (x) > 
~ 

l x i .
~~~0

h(x ) h(-x
Let r = min( 

~ 
0 

‘ 
~ 
0 

~~, 
then by Example 3, (h ,F~(e)) is0 0

strongly stable. ‘

—
~~~~~~- — -~~

-----
~~-- —
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5.5 Some Relations Between the Set of Definitions I, II, III and

IV and the Set of Definitions 1, 2, 3 and 4.

In this chapter, we assume £(xje) ~ 1 and study the

estimation problem. The necessary and sufficient con-

ditions for apair (as shown in this chapter) are much easier to

check than the necessary and sufficient conditions for a general

triple (as shown in Chapter 4). The following theorem shows in

some cases we don ’t have to use the necessary and sufficient

conditions in Chapter 4. Definitions 1, 2, 3 and 4 are equivalent;

the same is also true for definitions I, II, III and IV. Without

loss of generality, we use definitions 3 and III in the following

theorem.

Theorem 5.11. If (h,F~) is strongly stable by definition 3 then

for any likelihood function i (xle), the triple (h,L(xI8),F~) is

strongly stable by definition III.

Proof: For any F~~~FQ0, let P~(e)(P~(e)) denote the posterior

distribution of e corresponding to the prior distribution

F~ (e)(F~(e)) and the likelihood function j(xj~~).

Because (h,F~) is strongly stable by definition 3 then, by

Theorem 5.2, (h,P~) is also strongly stable by definition 3. Thus
w

for any Hn~•*P )

(5.2) lim 1im($h(e-D~ (€))dH~(e) - inf Sh(9-D)dH (e)) =0.D
w

By Theorem 2.2, we know ~~~~~~ Thus (5.2) is t rue for

and the triple (h,.~(xIe) ,F~) is strongly- stable by defini-

tion III. U • 1
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Thus for the estimation or prediction problem, if we know a

pair (h,F )is strongly stable by definitions 1, 2, 3 or 4 then
for any likelihood function £ (xIg ) , the triple (h,L(xI$),F )

is also strongly stable by definitions I, II, III or IV. How-

ever, the converse is not necessarily true.

- ——----
~~-~~ 

— — -._____
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Chapter 6 Conclusion s and Topics for
Further Research

This thesis studies the infl ience or small variations in

both loss function and prior opinion on the one dimensional esti-

mation or prediction prodem. There are many ways to define small

variations in loss function and prior opinion. In Kadane and

Chuang [1978], we started with weak convergence in distribution

and uniformly convergence in both arguments in the loss function.

This thesis is a continuation of that paper. In Chapter 2 to

Chapt er 4, we assume likelihood function is fixed. an~ and. agreed

upon and. study stability problems. Necessary and sufficient con-

d.itions for a triple to be stable are available. tn Chapter 3, we

study the case .t(xJB ) ~l , i. e . ,  the problem studied in Kadane

and Chuang [1978]. Then whether a pair is stable or not depends on

loss fonotion only.

Some problems are interesting and need furthe r research. The

introduction or’ each different likelihood function is the same as

introd.ucing a different metric on opinions. In Chapte~ 2 to Chapter 4

we study the properties of these new metrics. We can also introduce

new metrics on loss functions. Whether our results in Kadane and

Chuang [1978] or in this thesis will still hold is an interesting

question and needs further research.

In our problem , we only characterize a triple by strongly

s table , weakly stable aril unstable. When a triple is strongly stable,

we still cannot tell quantitatively how good a decision is. More

specifically, we do not know how large the B~(€) in (1.10) is.

Further work is needed to develop an appropriate methodology for

this problem.

_ _ 
_ _ _ _ _  

I 

—.—. —.————~~ —.— —— —.——~~~~~-— — —  —.— — —
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