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A Counter-example and Correction to a Theorem of Venter

Let H be a set and (Ta, n = 1,2,...) a sequence of transfor-

mations of H into itself. Let X1 and (U) be random elements

in H and generate the sequence (xc) by

X ÷1 = T(X ) + u~

Theorems giving conditions under which (X~) is “stochasticafly

attracted” towards a given subset of H and will eventually be with-

in or arbitrarily close to this set (in some sense) are called

Dvoretzky stochastic approximation theorems.

In this note we point out that one such theorem due to Venter

(1966) is erroneous by giving a counter-example. We also rectify

this by strengthening one of the conditions required by Venter. For

the sake of easy reference we quote the theorem under discussion

(Theorem 3 in Venter (1966)).

Theorem:

Let H be a real separable Hu bert space with inner product

(.,.) and norm ~~~~~~ Let ~( be the <i-field of subsets of H gen-

erated by the open sets. Let (n,i2,p) be a probability measure

space; the elements of ~l are generically denoted by w .  Let ___________

be a transformation of Hxcz into H. Let T~ be specified by a
a

= x~ - s~(x~,w)
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and suppose that S~ satisfies the following conditions. For each

x E H and w E E a where P(%) = 1,

lISn(x,w) 112 � ~nhIx — 611
2 

+

for all n, where 5 are non-negative real sequences such that

z~ <~~~ , zo <~~~.n n

Also for each € > o, define

c (€ ,w) = lirn 2(x- 6,S (x,w))
€�IIx- e~j�€-

and

(A) suppose that there is a finite integer valued random variable

such that for all n > N ( w )  and for all w E

(i) c ( € ,w) 
~

while also

(2) zc~ (e,w) =

(th e italics are ours).

Define ( X )  ~~~

is arbitrary with E4 < ~,

X~~1 = T (X1(w),...,X (w), w) + u~(w)

where (us) is a sequence of random elements satisfying the condi-

tions
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(3) Z EIIU~lI2 <

and

(11.) zIIE[U I~~] t1 < a.s.

where (
~~

) is an increasing sequence of sube-fields of a having the

properties that the random elements (X.~,. ..,X~,T(X1),...,T (X1,.. .,x~)3
are measurable with respect to B for n = 2,3... and that

[w E~ .:n >N~(w)) EB

then x~ -4 0 a. s. as n -4 ~~~~ . In addition if N€ is degenerate and

(un) satisfies (3) and instead of (lii)

z(EIIE[U IB )11
2)u/2 <

Then EIIX _&11
2 
~. o as n .‘ ~~~.

The theorem as stated is false as can be seen from the following

example.

Example:

Let M be a mapping from R to R such that

(x for lx i ~~l
M(x) =

¼.0 for lxi > 1 .

Then x M(x) > 0 for 0 ~ lxi � 1

and IM(x) f ~ Clx i for lx i � 1 with 0 < C ~ 1

_ _  
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X be a fixed real number and define X for n � 2 recur-1 n

sively by

X ~ x - n ~ M(X ).n+1 n n

Clearly if IX.JJ > 1 then X~ = X1 for all n. Thus for every

O < a < C~ n~X -. and n2mEX = E(flaX )2~ ~~~
.

On the other hand as we shall see the process Y = naX withn n

a = inin(1/2,C)

satisfies all the conditions of Venter’s theorem.

Let

n n

Then

= (n+i)~X - ( ÷1)a n~~ M(X )

= (l+n~~)
a 

~ - (~~ 1)a ~~l M(n 5T )

Thus using the notation of the theorem,

Sn(x,w) = S (x) = (~~1)
a n~~ M(fl

aX) - [(1+n
_ l
)a _ l]x

= (~~ 1)a ~
_l 

M(n~~x) - [an~~ + 0(n 2)]x

Hence

IS~(x)l 
~ (÷1)a ~~~~ lxi + [an~ + 0(n 2

))IxI

‘ lxi [(1+a)n~~ + 0(n
2)]

so

= 2(1+a) 2 ~~2 
+ 0(n 3) and

.

— ~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Clearly 
~~ 

<~~ and 15n <~~~~• Further

2x Sn(x) = 2(n÷l)a n~~ lxi IM(n
_a

x)l - 2[an~~ + O(n 2)]x2

Let n be so large that €~~~ n~~ <1. Then for € 
~ lxi � ~~~~ ,

1M(n
_a
x)l ~

and therefore

2x S (x) = 2(l+n~~) a
Cn~~ 1x1

2 
- 2[an~~ + O(n 2))x2

= 21x 1
2 n [(l+fl~~)aC - a + O(n~

2)]

,2 —l —2
= 21x1 n [C - a + O(n )]

Thus c~(€ ,w) = C~ (€ )  = 2€ 2 n~~[C - a + O(n 2)] and so

E Cn(€) =

and

C~(e) � 5 if n > N where N~ is given by

a~-1(EN
€

) < 1.

Thus all the conditions are satisfied but the conclusion is obviously

wrong.

The error in Venter’s proof is as follows: Venter uses a

theorem, Theorem 1 in the same paper to prove Theorem 3 in his paper.

Theorem 1 assumes (among other things) that

llT~(x,~. . .,x~,w) _ 611
2 � max[a,(l+ t3~ )11x~ - e11

2_ y~ ] where

(~) ~~~~~~~~~~~ � 0 if n > N(w).
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But in the proof of Theorem 3, Venter shows that for any € > 0 and

all (x1) such that 
~~~~~~ < e

l
, (ti) holds. But then N(w) de-

pends on € and Theorem 1 is not applicable.

The theorem can be corrected if Condition A is changed to read:

“there exists a finite integer valued random variable N (instead

of N )  such that (1) and (2) hold”.

Acknowledgements: I would like to express my thanks to Professor S.

Zacks whose problem led to this discussion and. Professor D. Anbar

for his extraordinary help in writing this note.
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