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EVALUATION

The work completed under Contract F30602—76—C—0349 is significant

because it has established the potential of correctly classifying military

equi pment in performing real—time radar change detection exploitation .

With large area reconnaissance radar surveillance systems, methods for

automatically classifying or cueing interpreters to targets is necessary

if intelligence data is to be extracted from these systems in a timely

manner. The Air Force has developed the Modular Change Detector (MCD) for

performing real—time change detection. This contract established a means

of automatical]y classifying targets which are displayed on the output of

the MCD to cue interpreters to areas of interest. The work accomplished

under this effort falls directly under TPO—R2C , Ground Target Detection

and Identification whose objective is to improve the Air Force ’s real—time

exploitation capabilities.

The technique developed In this effort is currently being applied

to the advanced real—time UPD—4 Side Looking Radar exploitation system .

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~

RONALD B. HAYNES
Project Engineer
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1.0 OBJ ECTIVE

M i l i t a r y  t a c t i c a l  t a rge ts  a re of ten  composed of a number of individua l
ob jec t s .  For example , a mobile  mi ssi le  si te contains  radar un i ts , support
equipment and launchers .  These objects a re  c lus te red  w i t h  some genera l
characterization such as the spacing between objects , the number of objects

and , possibl y, the pattern of dep loyment. Simi larly, gun emplacement s,

a rmo r , e tc .  are composed of c lus t e r s .

Th e objectives of this study were to 1) develop a c lus ter  detect ion
procedure , 2) evaluate the procedure with typica l outputs from radar

change de tec t ion , and 3) evaluate  the potent ia l  for improvements in system
effectiveness; either more area processed per unit time or better target

d is ’rimination .

1.1 SYSTEM CONFIGURATION

The relationshi p of the c lu s t e r  detector to the radar explo i ta t ion
system is shown in Figure 1— 1 . Changes detected by a radar change detection *

system are the inputs. The cluster detector determines which changes are

associated wi th  c lus te rs . The output  forma t is under operator con t ro l .  It
cou ld  be a l l  the changes wi th  the c luste rs indicated by graphics , onl y the
c lus t e rs or onl y c luster s in designated target classes of interest.

The subsequent processing is the norma l exploitation management

and target reporting .

I f  the  change de tec t ion is considered as a target  screener , then the

c l u s t e r  detector  adds another  stage of f i l te r i n g  or d i sc r imina t ion .  Rather
than sh ow a l l  changes to the ana lyst , it either “flags” or passes only those
with higher probability of being targets.

* Radar change detection is a procedure for detecting objects in radar
imagery which have moved between two coverages of an area . The radar
return from the object remains in the difference image.
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Figure 1-1 Relation of Cluster Detector to Radar Exploitation
System.
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1.2 PROCEDURE DESCRIPTION

There are two primary stepa in the procedure ; clustering and ej a s s if i -
cation . These ar - - i [lustratcd in Figure 1—2. The clusterer searches [or

all c lusters which satisfy some general parameters. Typica l parameters

are spacings between objects , size of cluster and number of objects. These

parameters should include all targets of interest. Since the target cate-

gories are time and situation—dependent , the parameter values are under

manua l control.

The cluster classifier discriminates specific target classes of inter-

est. This feature is usefu l in searching for specific targets of interest.

Two further benefits of the classifier are I) assignment of a confidence

measure on the probability the cluster belongs to a target class and 2)

computation of target features. These features could be used by the analyst

in target identification or might be useful in cataloging the targets for

subsequent review or selection from a data base. These benefits were not

eva luated since they were beyond the scope of the effort.

1.3 RESULTS

Three experiments were performed to evaluate the procedure. The input

data were imagery samples of known targets provided by RADC. Each sample

was an image pair from two successive coverages of the same area . Only

those cases where the targets moved between coverages were used . This

ensured that the change detection procedures would give realistic outputs.

That is, the change detection parameters were set to detect all the changes

due to targets. The false alarms which occurred correspond to these same

parameters . Thus the falee alarm distribution is consistent with the target

changes .

The imagery data were processed through a software change detection

system . This software u tisu lates the Modula r Change Detector , MCD, developed

4 
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Figure [.2 Basic Elements of Cluster Detector.
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sentative of current change detection technology .

A series of three experiments was performed , each representing a further

stage of development of the procedure . The first was for only one target

class , gun emplacement arrays . The initial clusterer correctly grouped all

eight of the gun arrays into separate clusters. The background or, false

alarm , changes were grouped into 52 clusters. The classifier then correctly

discriminated the eight gun arrays as target while calling one of the back-

ground clusters a target. These results are listed in Table 1-1.

1.4 CONCLUSIONS AND RECOMMENDATIONS

The principa l result is that an effective procedure was developed to

detect clusters of radar changes corresponding to military targets. It

appears that this procedure would be a useful addition to radar change

detection . Potentia l advantages are:

1. A reduction in the number of changes that have to be analyzed

in subsequent processing. This can increase the search area

and target completeness of an analyst.

2. Automatic computation of cluster features and probabilities of

being a target. These could aid the ana lyst in target discrimin-

ation. Another use would be to use these features to prioritize

or select the target candidates for subsequent analysis.

It is recommended that the following steps be ta ken .

1 . The clustering procedure would be implemented in an interactive

laboratory simulation. Then the procedurr~ for manual selection

of cluster and target parameters could be defined and evaluated.

* Air Force Contract F30603-73-C-0141

1-5
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2. The clustering procedure (with manua l parameter selection) would

be conf igu red and evaluated on an on— line  implementation. Outputs

from the MCD (or alternate) change detection would be used to

provide a more extensive data set . These data would be further

extended with synthetically generated cluster distributions.

3. An operationa l imp lementation would be defined , based on the above

two steps .

The first two steps could be conducted on CDC ’s Cyber— Ikon facility.

The third step would be based on the hardware configurations ava ilable.

The Cyber—Ikon uses the same hardware (Flexible Processors) as the MCD.

Thus it would be relatively easy to trans fer the procedure from the

laboratory to the MCD.

TABLE 1-1. AUT OMATIC CLASSIFICATION OF GUN EMP LACEMENT ARRAY S

~~~~~~~~~~~~~~~~~~~~~~~~ TARGET BACKGROUND

TARGET 8 0

BACK GROUND 1 51

In the second and third experiments , the targets were grouped into one

class and backgrounds into the other class. No further class distinction

was made since there were not enough examp les to be statistically significant.

Use of the initia l clustering technique produced the reai Its shown in Table

1-2. Subsequently a more powerful technique was developed resulting in the

performance shown in Table 1-3. This more powerful technique shoved excel-

lent  d i sc r imina t ion .

1-6



TABLE 1-2. AUTOMATIC CLASSIFICATION OF GUN EMPLACEMENT,
HELICOPTER , AND BEACON ARRAYS.

TARG ET BACKGROUND

TARGET 17 0

BACKGROUND 5 93

TABLE 1-3. AUTOMATIC CLASSIFICATION OF HELICOPTER ,
HAW K, ARMOR, AND TANK ARRAYS

TARGET BACKGROUN D

TARGET 15 0

BACKGROUND 2 102

1—7



2.0 r~LEORETICAL DESCRIPT ION OF TECHNI QUES

This section describes the automatic target pattern detec tion process.

It involves four steps. First, a difference image is created using MCD change

detection software. Second, change events are extracted from the difference

image and clustered into arrays. Third, event ground truth and characteristic

properties of the arrays are used to train the automatic classifier. Finally,

the arrays are automatically classified and compared with ground truth to

establish the probability of detection and the probability of false alarms.

These procedures are described in the following paragraphs.

2.1 STEP 1: CONSTRUCTING THE DIFFERENCE IMAGE

The first step of the automatic classification process is the construc-

tion of a difference image. This is obtained from the SAR data base as shown

in Figure 2-1. A dual coverage region is selected from the SAR data base,

yielding a mission image and a reference image pair. The mission image is

then registered and photonormalized to the reference image. Finally, the

two images are subtracted to obtain the difference image.

SAR Data Base

The SAR data base for this study consists of imagery from Gallant Hand

and Reforger ‘76. Regions of dual coverage (reference and mission) for change

detection analysis containing gun emplacements (Gallant Hand) and a variety of

groups of military vehicles (Reforger ‘76) are selected for processing.

i~ gj.stration and Photpnormaljzption

The mission and reference images are registerd, photonormalized, and

subtracted to produce a difference image. The first step in this procedure

is the manual selection of corresponding control points in the two images.
These control points are used to evaluate the parameters in the warp equatio n,

which mathematically relates the coordinates of an event in the two images.

2-1
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IDENTIFY DUAL COVERAGE REG ION S

~~~~~~~~~~ IMAGE E~~~~GE

REGISTER , PHOTONORMALIZE, AND SUBTRACT IMM ES 1
~~~~~~~~~~~~~~~~~

Figure 2-1. Step 1: Constructing the Difference Image
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The output is a warped mission image which achieves point—by—point registra-

tion with the reference image.

Af te r r egist r ation , the gray levels ( intensity) of the warped missio n

image ar e photonormalized so that corresponding points on each image have

approximate ly equal in tens i ty .  Then each pixel of the warped mission image

is subtracted from the corresponding pixel in the reference image to produce

a di f ference  image. The difference image suppresses the background and
provides change events.

2.2 STEP 2: CLUSTERING THE EVENTS INTO ARRAYS

The second stage of the automatic classification process is the cluster-

ing of change events into arrays, as illustrated in Figure 2-2. The change

image pixels are thresholded in intensity so that only the strong return

pixels which are in the mission image but not in the reference image remain.

Next , contiguous strong return pixels in the thresholded image are connected

together to form events. These events are thresholded according to size so

that only the large events remain . These large events , representing Large
strong returns which are in the mission image but not in the reference image,

are automatically clustered into arrays. Clustering is further described

later in this section.

Adaptive Intensity and Size Threshold Selection

An intensity histogram of the change image is computed as illustrated in

Figure 2-3. This histogram shows the number of pixels which have a particu-

lar intensity (gray scale). It has been found that the histogram is quali-

tatively Gaussian in shape except for low intensities. At these low

intensities , a departure from a Gaussian shape occurs. The intensity at the

point of depatture from Gaussian shape was chosen as the intensity threshold.

It was found that this selection procedure using the intensity threshold for

extracting mission strong return change events, together with an event size

threshold for two pixels , successfully extracted target events and suppressed

noise events for the series of SM regions processed.

2-3



THRESHOLD P IXELS IN INTENSITY

LINK CONT IGUOUS STRONG RETURN PIXELS INTO EVENT S

THRESHOLD EVENT S IN SIZE

(~~~~~~~TABLE OF LARGE, STRONG RETURN MISSION CHANGE EVENTS~~~~~~~)

( CLUSTER EVENT S 1
ARRAY S

Figure 2-2. Step 2: Clustering the Events into Arrays
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Figure 2-3. Mission Strong Return Event Intensity
Threshold Selection on Change Image
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The intensity histograms, and therefore the intensity thresholds,

differed from one image to another image. Thus, the threshold selection can

be considered to be adaptive. This method was successfully used in the SM

images processed during the later period of the contract.

The intensity at departure from Gaussian shape was a subjective judge-

meal. However, this departure intensity could be automatically determined

by a computer analysis of the histogram.

CLusterjn2 Methods

At this point in the clustering step, those events which represented

large strong returns on the mission image only (not on the reference image)

have been filed by centroid location and size. Next, these events were

clustered into arrays.

The purpose of grouping events into an array is that a group of events,

located close together, of ten has military significance that can not be deter-
mined from the individual events. For example, a target could be composed
of evants forming a distinctive pattern. It is desirable that the clustering

algorithm cluster target events without also introducing into the array a

large number of background events.

Two different clustering programs (Iterative Clustering and Minimal

Spanning Tree Clustering) were investigated and are described below.

Iterative Clustering Method

This special-purpose two-dimensional clustering procedure was developed

for this contract. It is diacuased here in two parts: the analytically
well-defined portion, which makes the assignment of events to clusters; and

the portion which reviews the resuLt , applies subjective comp let ion cri teria,
and nx,difies the input parameters to drive the process towards a completion
state. Quantitative details are suamarised in Appendix A.
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C Luster Assignment

Th~ t~irst part of the Iterative Clustering Method concerns cluster

assignment. A linked list is provided to keep track of the cluster to

which each event is assigned and to locate all events in a given cluster.

The assignment process begins by assigning event number one to cluster

nur~ber one. The next event is tested to determine whether it should be

assigned to the same cluster or begin a new one. In every case the cluster

assi gnment is determined by evaluating the conditiona l probability density
function , (i.e. the likelihoods of each existing cluster at the location of

the event to be assigned). The event is assigned to the maximum likelihood

cluster unless it is determined that it lies out on the tail of that

cluster ’s distribution. In these cases a new cluster is created.

Events on the tail of a cluster ’s distribution are identified by integrating

the distribution from its mean value out to the event location. Since the

ii s t r ibut io ns are normalized , the closer the result of the integration

approaches one, the further out on the tail the event lies. The decision

to begin a new cluster is made whenever the integral exceeds a threshold

value. The threshold value is adjusted as required after each assignment,
i t e r a t i o n  (assignment of each event to some c luster)  is completed.

This threshold value is one of two input parameters which controls the

st at e  of the clusters. The other is the size of the par&neter which deter-
mines the initial clustering assignment and limits the maxin~im cluster
s i ze .

A probability density function is associated with each cluster. When

~ cluster is created i t  contains one event, Until two u~ re events are added,

the probability density function is assumed to be a circularly syninetric

exponential, The initial rate of exponential decay with distance from the

cluster center for clusters with less than three events is the second input

parameter. With every addition of an event to a cluster, the exponential

becomes broader because the kurtosis of the distribution function selected

increases with the number of events assigned to the cluster.

2—7



A departure from c i rcu la r  symmetry is introduced by computing the

t wo-dime n siona l covariance of the cluster  when three or more events are

assigned to the same cluster. The inverse of the covariance is used in

place of the input parameter causing circu lar symmetry. It creates a pre-

[erred direc tion, permitting events lying in that direction to be more easily

drawn into the cluster than equally distant events which are in a perpendicu-

lar to the preferred direction.

At the transition from use of the input parameter to use of the covar-

Lance, the breadth of the function is prevented from changing rapid ly by

requiring an equality in the value of comparable probabilities for the 2

and 3 event cluster distributions.

Cluster Assessment

The second part of the iterative clustering method concerns cluster

assessment. The clustering process begins by creating a few very large

clusters. The final solution obtained by any clustering process cannot be

unique unless external requirements are imposed on the process. The process

described here gives results which, if not unique, are consistently

reasonable and which are judged, subject to experimental confirmation, to

be nearly independent of event order.

The external requirement imposed to drive the cluster assignment

process through another i terat ion is maximum permissible cluster size. A
judgement is required about the scale size of a cluster that would be caused

b y the largest significant military activit) of interest.

The clusters obtained after every pass are examined to identify a

permissible solution. If the solution is favorably evaluated , the number of

clusters obtained is fixed and the solution is submitted to a stability

tes t .  This is conducted by allowing events to move to d i f ferent  clusters
but not allowing the number of clusters to change. The intent is to find

a s ta te  of the solution which is relaxed ; that is , each event lies in its
maxinum likelihood cluster. If the solution is ‘iot satisfactory, process

2—8
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parameters are adjusted to encourage the creation of new clusters until the

larges t cluster satisfies the size criterion imposed.

Minima l Spanning Tree (MST) Clustering Method

This method for automaticall y clustering events was written as a

computer program by R. L. Page* and is based on an algorithm by C. T.

Zahn*~. The method involves the construction of the minima l spanning tree

graph of the set of events.

Advantages of the method are tha t i t  requires little input other than

the event locations , i t  is relativel y insensitive to permutations in the

order tha t event locations are inputted , and the clusters (arrays of events)

i t  produces are similar to clusters detected visuall y by humans when the

events are disp layed as an image. The following discussion will define ,

exemp lif y, and characterize the minima l spanning tree clustering method.

An edge-weighted linear graph is composed of a set of points called

nodes (or events) and a set of node pairs called edges with a weight (the

distance between the pair of events) assigned to each edge. Figure 2—4 a

depicts a weighted graph with six nodes and nine edges, each of which has

a weig ht equa l to its length. A in a graph is a sequence of edges

joining two nodes , as (ABCFE ) or (BADF). A circuit is a closed path as

(ABCA ) or (ACFEDA). A connected graph has paths between any pair of nodes.

A tree is a connected graph with no circuits , and a spannin& tree of

connected graph C is a tree in 1; which contains all nodes of C. Figures 2—4 b

* R. L. Page, ‘~A ~•1inlm a l Spanning Tree Clustering Method”, Comm. ACM, 17
(1974), 321—323.

**C, T. Zahn , “Graph-Theoretical Me t hods for Detect ing and Describing
Ges ta l t  C lusters ,” IEEE Trans . on Computers , c—2 0 (1971), 68-86 .
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a nd c represent spanning trees of the graph in Figure 2-4 a. If the wei ght

of a tree is def ined  to be the sum of the weights of i ts  cons t i tuen t  edges ,
then a minima l spanning tree (MST) of graph G is a spanning tree whose

weight is minimum among all spanning trees of G . Figure 2— 4 c is the MST

for Figure 2—4 a.

The basic idea of the MST clustering method is to detect inherent

separations in the event locations by deleting edges from the minimal

spanning tree which are significantly longer than nearby edges. Such an

edge is called “inconsistent.” Zahn suggests the following criterion:

an edge is inconsistent if (1) its length is more than £ times the average

of the length of nearby edges, and (2) its length is more than s standard

deviations larger than the a.verage of the lengths of nearby edges (the
numbers f and s may be adjusted by the user) . The question of determining
which edges are “nearby” is also answered by the user. The event P is

said to be nearby event Q if event P is connected to event Q by a path in
the minimal spanning tree containing d or fewer edges (d is an integer

specified by the user) .  Deleting the inconsistent edges breaks up the tree

into severa l connected subtrees. The events in each connected subtree are

the members of an array. Figure 2—4 d shows the two subtrees (clusters
or arrays) formed a f t e r  the s igni f icant ly  longer edge AD was deleted
from the minimal spanning tree shown in Figure 2—4 c

Thus the minimal spanning tree clustering program inputs the large,
strong return change event centroid locations as nodes, forms the minimal

spanning tree of the nodes, and deletes the significantly longer edges

of the minimal spanning tree, thus forming groups of subtrees of nodes.

The change events from either the reference or mission image are grouped

Into clusters in the same way. In general, any one cluster would be formed

of changes detected on one of the images only.

These subtrees are the event arrays; all events in the same subtree

are assigned to the same array.

All clustering done with the minima l spanning tree method used the

following values of the parameters : d 2 , f— I 3 , and s 0 .
2— Il



2.3 STEP 3: TRAINI$C THE AUTOMATIC CLASSIFIER

The third stage of the automatic classification process deals with the

training of the automatic classifier ; as illustrated in Figure 2—5. At

this point in the process, the events have been clustered into arrays. Each

array is now labeled as a target or background on the basis of event ground

truth information. Nex t, twenty features are evaluated for each of the

arrays . Then , from the target arrays , twenty target feature means and the

twenty-by-twenty target feature covariance matrix are calculated. Also,

from the background arrays, the twenty background feature means and the

twenty-by—twenty background feature covariance matrix are calculated . Then

a cannonical transformation in the twenty-feature space is performed which

determines the three best generalized features (linear combinations of the

original twenty features) for distinguishing target arrays from background

arrays. Finally, class-conditiona l probability density functions for target

arrays and for background arrays are parameterized in this three-dimensional

generalized feature space.

A more detailed description of the automatic classifier training process

follows.

Application of Event Ground Truth

At this point in the processing the events have been clustered into

arrays. Next, each array is labeled as a target array or a background array,

using the ground truth information for each event. A particular array is

labeled (a) a “target array” if the percentage of target events in the array
is greater than a specified threshold ; (b) a “background array” if the per-
centage of background events is greater than another threshold ; and (c)
“neither”, if neither of the above condition. are met. In all of the process—

ing, the thresholds in (a) and (b) were both set at 527.. Thus, if an array

was composed of more than 527. target events, the array was labeled a target
array. if an array was composed of more than 527. background events, the

array was labeled a background array. However, if the array was composed of ,

2— 12



APPLY EVENT GROU ND TRUTH

TABLE OF TARGET ARRAYS
TABLE OF BACKG ROUN D ARRAYS

EVA LUATE 2 0 FEATUR ES

TABLE OF TARGET A RRA Y FEATURES

TABLE OF BACKGROUND ARRAY FEATURES

[ EVA LUA TE 2 0 FEA TURE MEANS AND COVARIANCE MATRIXJ

TABLE OF TARG ET MEANS AND COVAR lANC E MATRIX

TABLE OF BACKGROUND MEANS AND COVARIANCE MATRIX

[ CLASS-SEPARATING TRANSFORMATION I

ZI~~RAMETERIZATION OF PROBABILITIES AFTER TRANSFORMA~i~~~~~~

Figure 2— 5 . Training the Auto matic Classifier
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for example, 507. target events and 507. background events, the array was a

“neither” array and was eliminated from further processing. The threshold of

50—50 is probably optimum unless a priori information is available as to

the probability of a change event being a target.

The fact that a target array is not totally composed of target events

is to be expected. First, noise (background) does occur among the target

events. Second, noise events located outside of a group of target events

might be included in tt~ array by the clustering routine, which uses inter—

event spacings for cluster assignments.

Evaluation of Twenty Features

In order to automatically classify each array as a target array or a

background array, a group of features must be selected which differentiate

between the two types. Features of individual objects are the size and

intensity of the events in the array. Other features describe the geometric

properties of the events as a group within the array. The twenty array

features are presented in Table 2—1. A more detailed discussion of the

twenty features appears in Appendix B.

Evaluation of Twenty—Feature Means and Covariance Matrices

The twenty features evaluated for a target array locate a vec tor X in
the twenty—dimensional feature space. The collection of vectors obtained
from the target arrays are used to evaluate the twenty—feature means and

covariance matrix. These quantities are the parameters in the Gaussian—

modeled target class—conditional probability density function f(X I T),  the
probability density that a target array has features X. The parameters

of the background class-conditional probability density function f(XIB)

are similarly determined from the features evaluated from the background
arrays.
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TABLE 2-1. FEATURE I)EFINITION

FEATURE DESCRIPTION

I Number of events in the array.

2 Spacing of events.

3 Regularity of spacing.

4 Event size.

5 Uniformity of event size.

6 Event shape.

7 Uniformity of event shape.

8 Uniformity of event orientation.

9 Array size.

10 Array shape.

11. Orientation of events to the array.

12 Event area.

13 Array mass size.

15 Array mass shape.

16 Orientation of array mass to array.

17 Distance from mass to geometric centroids.

18 Array pixel density.

19 Event pixel density.

20 Uniformity of event pixel density.

The means and covariance matrices of the targets and background are

used to determine the best class—separating transformation and to model
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the probability dens ity functions after the transformation to generalized

features.

Class -Separating Transformation

The number of feature variables is reduced from twenty (
~ to three

(i”) by determining the three independent linear combinations of the original
twenty -feature variables which are best at separating (in the feature vector

space) the target points from the background points. The three new variables

are called “generalized features.”

The linear transformation W relating the twenty features to the three

generalized features can be written

it’ = (2.1)

where it’ is (3xl), W is (3x2O), and is (20x1).

Equation 2.1 is used to evaluate the target-generalized feature means

X in terms of the twenty—feature means X • The target twenty-feature

covariance matrix C is related to the three generalized feature covariance

matrix C t by

C’ = WCW
T 

(2.2)

where the T superscript denotes “transpose”, C’ is (3x3), w is (3x 20), C is
(2Ox2O), and wT 

is (2Ox3).

With the same W , Eauations 2.1 and 2.2 are used to relate the background

twenty-feature means to the background thr.e—generalized—feature ans, and
the background twenty—feature covariance matrix to the three—generalized—

feature covariance matrix , respectively.

A more detailed discussion of the class-separating transformation is

given in Appendix C.
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Parameterization of Probabilities After Transformation

The class-conditional probability density functions for both target

arrays and background arrays are parameterized in the three best class-

separating generalized feature space. The parameters for targets are the

three—component generalized feature vector means X ’ and the three-by- three

generalized feature covariance matrix C ’ for target arrays. The same is

true for background arrays. Thus, the probability densities for target

arrays , f~
(X ’l T), and for background arrays, ~(X’~ B), for an array with

generalized feature vector X’ can be evaluated . These densities , together

with a prior i information about the relative abundance of target and back-

ground arrays , can be used to compute the probability that an array of unknown
-4

classification with generalized features X ’ is a target array, P(TIX ’) ,  or
a background array , P(BI X ’).

A more detailed discussion of the parameterization of the probability

dens ity functions in the generalized feature space is given in Appendix D.

This comp letes the discussion of the training of the automatic classi-

fier illustrated in Figure 2—5 .

2.4 STEP 4: AUTOMATIC CLASSIFICATION

The fourth and fina l stage of the automatic classification process

deals with the actua l automatic classification of arrays, as illus trated

ii Figure 2—6 . At this point in the process , the automatic classifier has

been trained. For each array , the probabilities of its being a target

array and a background array are evaluated as a func tion of the array ’s

gt~nera1ized feature vector X’. The array is automatically classified as

that ci.~s.s which has the greater probability. This automatic classification

of the array is then compared with the previously determined classification

based on event ground truth. From the collection of arrays, the percentages

of correct and incorrect classifications are presented as a confusion matrix.
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FOR EACH ARRAY EVAUJATE 3 BEST GENERALIZED FEATURES
FOR EACH A RRA Y EVA LUATE TARGET AND BACKGROUND PROBABILITIES.

(T~BLE OF CLAS SIFICATION PROBAB ILITIE S THAT A RRA Y IS TARGET OR BACKGROU~~~~~)

COMPARE AUTOMATIC CLASSIFICATION WITH GROUND TRUTH

—
.-.-

CONFUSION MATRIX:

PROBABILITY OF TARG ET DETECTION
PROBABILITY OF FALSE ALA RM

Figure 2—6. Step 4: Automatic Classification
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This yields the probability of detection and the probability of false alarm .

The following discussion describes the automatic classification in greater

detail.

Evaluate Array Target and Background Probabilities

The arrays to be automatically classified are inpu t one-at-a-time to

the  tra i ned classifier. For each array , the twenty features are evaluated ,

yielding a twenty -vector x f or tha t array. Using Equation 2.1 , a generalized

feature three-component vector X ’ is calculated. Finally ,  the class-

conditional probability densities for targets , ~(X’jT), and for background ,

B) are evaluated for the array.

These densities are used to calculate the Bayes a posterior i (i.e.,

after the measurement of X ’) probabilities P(T ’), the probability that an

array with generalized feature vector X ’ is a target array, and P(BI~~
’) , the

probability that the array is a background array. Specifically,

q(T)
P(T~X

’) = (2.3)
q(T) ~(~~T) + q(B) ~(~ ‘I B)

A - .
(j (B )  f ( X ’I B)

P(BI X ’) A— .  A 
(2 .4)

q(T) f(X ’I T) + q(B) f(X’I B)

where q(T) and q(B) are the a prior i (i.e., before the measurement )
probabil ities that the array is a target array and a backgroui-td , respectively.

If P(T$X ’ )>  .50, the array is automatically classified as a target array.
I f  P(i~lX ’ )~ .50 , it is automatically classified as a background array.

Equations (2.3) and (2.4) have the property that

P(TIX ’) + P ( B I ~~’ ) = 1 (2.5)

2 - 19
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Automatic Classification vs Ground Truth

A comparison is made for each array between its classification from

ground truth and its classification from the automatic classifier . A confusion

matrix is constructed which lists the number of ground truth target arrays

which are automatically classified as target arrays and background arrays.

This is also done for the ground truth background arrays. From this matrix

the probability of target detection and the probability of a false alarm can

be calculated .

2-20
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3.0 RESULTS OF AUTOMATIC CLASSIFICATION

SA~ imagery taken from Gallant Hand and Reforger data was first processed

to obtain a set of change images, each containing military targets. The pro-

cessing was done with CUC comp’iter programs which sinxilate the ~~dular Change

Detecto r (MCD) processing required to create a difference image. Figures 3-1

through 3-9 show the results of this processing. In each case, except Figure

3-1 , the reference , mission, warped mission, and difference images are pre-

sented . The target changes are shown as white in Figure 3-1 and black on the

othe r images.

The next stage of the processing is performed on each difference image

separately. First , a pixel intensity threshold is imposed on the difference

image to create mission change events. Then an event size threshold is imposed

so that only “large” events remain. The intensity and size thresholds are

determined either by the user (supervised thresholding) or automatically

(adaptive thresho lding). At this point the change data :orrespond to the MCI)

output.

The resulting change event images are presented in Figures 3-9 throigh

3-17 (events are white). The caption of each image includes the thresholding

procedure and values used. The target clusters are indicated by white hand-

drawn boundaries. The other events a-re those changes which have passed the

change criteria at this point in the processing. These can be either valid

but non-interesting changes, or false changes induced by signal noise, scintil—

fatio.n, etc. The ground truth [s not adequate to discriminate these background
categories.

Next, the events in each image are clustered into arrays using either

Iterative Clustering or Minimal Spanning Tree Clustering, which are described
in Section 2.0. The captions of Figures 3-9 through 3-17 indicate the

clustering method used.

The next stage of the processing (Figure 2-5) involves the use of event

ground truth to establish array ground truth. Those arrays composed of nr re

than 527. target events (labeled tro~o ground truth) are labeled target arrays

3-1 
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Figure 3-1. Gal lant Hand (Gun Emplacements) Difference Image.
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Figure 3-3. Reforger Region B (Hawk Site). L
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Figure 1-5 . Re forger Region D (Hawk Site).
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Fi gure 1-1. Reforger Reg ion C (Armor ) .
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Fi gu re 3-8. Reforger Region N (Tanks).
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Figure 3-10. Region A (Helicopters) Event Image (Enlarged) with
Target Arrays Circled.
Thresholds : Supervised Size (13) and Intensity (24)
Clustering : Minimal Spanning Tree
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Figure 3— 12.  Region A (He licopter .) Event Image (Enlarged) with
Targe t Arrays Circled.
Thresholds: Adaptive Size (2) and Intensity (17)
Clustering: Minimal Spanning Tree
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~‘i gure 3-13 . Reg ion B (Hawk Site) Event Image (Enlarged ) with Target
Arrays Ctrcled .

Thresholds: Maptlv e Size (2) and Intensity (19).
Clustering: Minimal Spanning Tree.
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Fi gure 3-17. Region N (Tanks) Event Image (Enlarged) with
Target Arrays Circled .

T h r e s h ol d s :  Adap t  i~’e Size (2) and I n t e n s i t y  ( 1 7 ) .
(:Iustering : Min imal Spanning Tree.
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and are circled in Figures 3-9 through 3-17.

Comparison of Figures 3-10 and 3-1.2 shows the differences which result

when different thresho lds are used on the same difference image. A sing le

large target array in Figure 3-10 is rep laced by three target array s in Figure

3-12. The target array shown by arrows in Figure 3-10 , is absent from Figure
3- 12 because in the latter the array consisted of only 507. target events.

(An array twi st consist of at least 527. target events to be labeled a target

array and at least 527. background events to be labeled a background array.)

Therefor e, this array is not labeled and is rencved from further consideration
in classifier training and in automatic classification.

The target array shown by arrows in Figure 3—12 Ia missing in Figure

3-10 because of a n~ dification in the event ground truth. Ground truth for

Reforger Region A indicates the presence of helicopters, although which par-

ticular events are the helicopters is not specified. Therefore, all events

which, on the basis of size and spacing from other events, could reasonably be
designated helicopters were “identified” as such. The result of this event

labeling (after clustering) is shown in Figure 3-10 where the target arrays

are circled . At a later date, the decision was made to consider only the two

classes, “military equipment” arrays and “background” arrays, because the small

number of tank arrays, helicopter arrays, etc. precluded their being used as
separate classes in the training of the classifier. The events comprising

the array circled in Figure 3-12 but not in Figure 3-10 were believed to be

of a military nature, even though the events did not appear to be helicopters.
Thus, these events were labeled as target events so that the array in Figure

3-12 is labeled a target array.

The following material describes the three different classifier training

and automatic classification experiments which were performed under this con-

tract. Each experiment consists of a selec t ion of images from auong those o f
Figures 3—9 through 3-17. As illustrated in Figure 2-5, each array in a

selected imag e is labeled as a target array or a backg ro u nd array on the basis
of event ground truth. All of the target arrays in the selected images are

3—19 1-
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used to evaluate the parameters in the target class-conditional probability

density function, i.e., to train the classifier. The background arrays are

used similarly. The trained classifier is then used to automatically classify

each array as a target array or a backgrou nd array . Comparison is then made

between the classifications as given by the automatic classifier and by the

ground t r u th  assignment. These comparisons are eunuarized for the experiment

as a confusion matrix which presents the number of target arrays classified

as target arrays (a quantity related to the probability of detection), the

F 
number of target arrays classified as background arrays (a quantity related

to the false alarm rate), and the corresponding quantities calculated for the
background arrays.

3.1 FIRST EXPERIMENT

In this experiment, only the gun emplacement data from Gallant Hand,

shown in Figure 3-9, was used. Of the 61 arrays obtained by clustering the

events, eight were labeled as target arrays, 52 as background arrays, and one
as neither (since it was composed of 507~ target events and SOZ background

events). The eight target arrays are circled in Figure 3-9.

To train the classifier as indicated in Figure 2-5, 20 features were

evaluated for each of the target arrays (or gun emplacement clusters). These

eight pointB in the 20-dimensional feature space were used to evaluate the

parameters (the 20-feature means and covariance matrix for the target arrays)

in the Gaussian-axudeled gun emplacement class-conditional probability density

f(X/T). Next, the seme 20 features were evaluated for each of the 52 back-

ground (on the basis of event ground truth) arrays. These 52 points in the

20-dimensional feature space were used to evaluate the parameters (the 20

feature means and covariance matrix for th. background arrays) in the

Gaussian-modeled background class-conditional probability d ensity f(X/B).

Next , as shown in Figure 2—6 , the number of feature variab les was reduced

from 20 (X) to three (X’) by determining the three independent linear combina-

tions of th . original 20 feature variables which are best at separatin g in
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feature space the target points from the background points. The three new

var iables  are called “generalized features”.

The l inear transformat ion W relating the 20 features to the three

generalized features can be written as in Equation 2.1. The 20 feature target

and background means and covariance matrices are related to the three general-

ized feature target and background means and covariance matrices by Equations

2.1 and 2.2. Thus, the probability density functions for target array s,

and background arrays, ~(x’/B) , for this experiment were evaluated .

‘I’Iie final step in the experiment was the inputting of each of the 60

arrays  to the t ra ined c l a s s i f i e r  for automatic classif icat ion as shown in
Figure 2-4. For each array, the 20 features were evaluated , yielding a 20-

vector X for that array. Using Equation 2.1, a generalized feature three-

vector X ’ was calculated. Finally, the class-conditional probability densi-

ties for target, ~(X’/T), and for background , f(X ’/ B), were evaluated for the
array . These densities were used to calculate the Bayes a posteriori (i.e.,

alter the measurement of X’) probabilities P(T/X’), which is the probability

that the array with generalized features evaluated at X ’ is a target array ,

and P(B/X ’) which is the probability that the array is a background array.

P( ’r/x ’ ) and P(B/x ’) are given by Equation 2.3 and 2.4, where the a priori

probabilities q(T) and q(B) are given by

q(T) (3.1)

q(B) — (3.2)

If P ( T / X ’)  >.50, the array is automatically classified as a target array;
otherwise , it is automatically classified as a background array. Compar ison
is then made with the classification of the array based on event ground truth.

The resulting confusion matrix is shown in Table 3-I.

Since all target arrays were correctly identified , the probability of

detection is l00~,. Since one background array was incorrectly identified , the

probability of a false alarm was 1/52, which is approximately 27.~.
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TABLE 3-1. RESULTS OF AUTOMATIC CLASSIFICATION FOR FIGURE 3-9

CLASSIFICATION
GROUND RESULTS TARGET BACKGROUND

TARGET 8 0

BACKGROUND 1 51

3.2 SECOND EXPERIMENT

In this experiment , the Gallant Hand Gun Emplacement image (Figure 3-9),

the Reforger Region A helicopter image (Figure 3-10), and the Reforger Region
C beacon imag e (Figure 3-11) were used . The 115 array s were obtained by

clustering each of the three images separately. Seventeen arrays were labeled

target arrays and 98 were labeled background arrays on the basis of the event

ground truth. The 17 target arrays are circled in Figures 3-9, 3—10, and 3-11.

The procedures used in this experiment are the same as those described in

the first experiment. To train the classifier as indicated in Figure 2-5,

20 features were evaluated for each of the 17 target arrays. The resulting

12 points in the 20-feature space were used to evaluate the parameters (the

20-feature means and coveriance matrix for the target arrays) in the Gaussian-

modeled target array class-conditional probability density f(~ /T). The same

20 features were evaluated for each of the 98 background arrays. The result-

ing 98 points in the 20—feature space were used to evaluate the parameters

(the 20-feature means and covarianc e mat rix for the background ar rays) in the
Gaussian-modeled background class-conditional probability density f(X/B).

Next, as shown in Figure 2-6, the three generalized feature variables

which are linear combinations of the original 20 feature variables and which

are best at separating in feature space the target points from the background

points were determined by the class-separating transformation W determined
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in ~~~~ experiment. The 20-feature target and background means and covariance

matrices are related to the three generalized feature target and background

means and covariance matrices by Equations 2.1 and 2.2. Thus, the probability
A — .  A~~.density functions for targets, f(X ’/T), and background, f(X ’/B), for th is

experiment were evaluated, so the classifier was trained .

Finally ,  each of the 115 arrays was inputted to the trained classifier

for automatic classification , as shown in Figure 2-4. For each array , the 20

featu res were evaluated , yielding a 20-vector X ’ for that array. Using

Equation 2.1, a generalized feature vector X ’ was determined for the array.

Th en , the class-conditional probability densities for target arrays,
and for background arrays, f (X ’/B), were evaluated for the array. These

densities were used to calculate the Bayes a posteriori probabilities P(T/X’)

and P(B/X’) that the array with generalized feature X’ is a target array and a

background array, respectively . P(T/~ ’) and P(B/~ ’) are given by Equations

2.3 and 2.4, where the a priori probabilities q(T) and q(B) are given by

q(T) = (3.3)

q(B) (3.4)

The confusion matrix shown in Table 3-2 is the result of the comparison

of classificatio n of the arrays based on automatic classification and event

ground truth. Since all target arrays were correctly identified , the proba-

bility of detection was 1007.. Since five out of 98 background arrays were

automatically classified incorrectly as targets, the probability of false

alarm was 5/98, which is approximately 5~. Thus, the addition of Region A

w i t h  helicopter arrays (Figure 3— 10) and Region C with beacon arrays (Figure
3— 1 1)  to the gun emp lacement image (Figure 3— 9) resulted in an increa8e in the
probabilJ ty of false alarm from 27. to 5~. However, the probability of target

array detection remained iDOL.
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TABLE 3-2. RESULTS OF AUTOMATIC CLASSIFICATION FOR FIGURES 3-9, 3-10, AND 3-Il

CLASSIFICATION
GROUND RESU LTS TARGET BACKGROUND

TARGET 17 0

BACKGROUND 5 93

3.3 THIRD EXPERIMENT

In th is  experiment , Reforger Regions A , B , D , F , G , and N , shown in

Figures 3-12 through 3—17 , respectively, were used. Region C was not used
bec ause the beacons had patterns quali tat ively different from those of the

other regions. The 119 array s were obtained by clustering each of these

images separately. Fifteen arrays were labeled target arrays (Region A has

helicopter arrays; Region B, a hawk site; Region D, a hawk site; Region F,

helicopters; Region C, an armor array ; and Region N, a tank array). Thus, the

target arrays were arrays of different types of military equipment. In addi-

tion, there were 104 background arrays. The arrays were labeled as target or

background on the basis of the event ground truth. The 15 target arrays are

circled in Figures 3-12 through 3-17.

The procedure8 used in this experiment were the same as those described

in the first and second experiments. To train the classifier as indicated in

Figure 2-5 , 20 features were evaluated for each of the 15 target arrays. These

points were used to evaluate the 20-feature means and the covariance matrix

for the target arrays so that the Gaussian—modeled target array class-

conditional probability density f(X/T) was parameterized. The 20 features

evaluated for the 104 background arrays were used to evaluate the correspond-

ing parameters for the background array probability density f(X/B).

Ne xt , as shown in Figure 2—6 , the three generalized feature variables ,
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which arc linear combinations of the original 20 feature variables and which

arc hesi .~i separat ing in f ea tu re  space the target  points from the background
point s were determined by the c lass-separat ing t ransformation W determined in

~~~~ exper iment .  The 20- feature target and background means and covariance

m a t r i x are related to the three generalized feature  t arget and background

means and covaria nce ma t r ix  by Equat ions 2.1 and 2.2 Thu s , the p robab i l i ty
dens i ty  f u n c t i o n s  for  t a rge ts , f ( X ’/T ) ,  and backg round , f ( X ’/B) ,  fo r th is

experiment were evaluated so that  th e c lass i f ier  was trained .

F ina l l y ,  each of the 119 arr ays was input ted  to t he t rai ned c l a s si f i er
for automat ic  c la s s i f i c a t ion , as shown in Figure 2-6. For each array , the 20
f e a t u re s  were eva luated , yie lding a 20-vector X for that  array . Using E qua—
tio n 2.1, a generalized leature vector X ’ is determined for the array . Then ,

the  c l a s s -cond i t iona l  probabi l i ty  densi t ies  fo r target array s , f ( X ’/ T ) ,  and

for background ar r ays , f ( X ’/B) , were evaluated for the array.  These dens i t ies
were used to calculate the Bayes a posteriori probabilities P(T/X’) and

p (B/;\ t that the array with generalized feature X’ is a target array and a

background array , respective ly. P(T/X’) and P(B/X’) are given by Equation

2.3 and 2.4, where the a priori probabilities q(T) and q(B) are given by

q(T) •j .f
~ 

(3.5)

q(B) = 
119 

( 3.6)

‘th e confus ion  matrix shown in Table 3-3 is the result of the comparison
of classification of the array s based on automatic classification and event

a rou nd t r u t h .  Since all ta rget  a r rays  were correct ly iden t i f i ed , the p roba-
b i l i t y  of detect io n was L0O7~. Si nce two out of 104 background arrays were
au t o l n d t l c a l ly c lass i f ied  inco rrec t ly  as targets , t he probabi l i ty  of fa l se
a lar iii was 2/104 , which is approximately 27..
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TABLE 3-3. RESULTS OF AUTOMATIC CLASSIFICATION FOR FIGURES 3-12 THROUGH 3-17

CLASSIFICATION
GROUND RESULTS TARGET BACKGROUND

TARGET 15 0

BACKGROUND 2 102
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4. 0 CONCLIJSIONS AND RECOMMENDATIONS

A l l  of the three automatic classification experiments had l007~ correc t

classi fication of the mil i t a ry  equipment in operationa l dep loyment. ‘ t h eV 
percentage of correct classif icat ion of background arrays ranged from 95/. to

98 • In the first classif icat ion experiment , the only military equipment
in the imagery consisted of gun emplacements . In the second c lass i f ica t ion
exper iment , the military equipment consisted of gun emp lacements , helicopters
and beacons. In the th i rd  experiment , the mi litary equipment consisted of
helicopters , hawk s i tes , armor and tanks.

‘l’he use of “mi l i tary equipment ” as a class was necessary because of the

l i m i t e d  number of arrays of any part icular  type available for training the
classifier. When more t raining data becomes available, helicopter arrays ,
etc., can be considered as separate target classes. Then the clasifier can

be extended from the two—class system (background and target) to a multi-

class system (background , helicopter arrays, tank arrays, etc.). The

classifier output would then specify military equipment as to target type ,

i.e., helicopter arrays would be identified as helicopters and tank arrays

would be identified as tanks.

The Air Force has developed the Modular Change Detector (MCD) for per-

forming real—time change detection using a reference and mission pair of radar

n.Iages. The MCD increases operator effectiveness by cueing him to changes.
t:oing further, the three automatic classification experiments performed under

this contract establIsh the feasibility of automatically screening for certain

classes of targets consisting of groups of changes, e.g., missile sites and

clu~ ters of tanks or helicopters. Incorporating this screening on the o u tp u t

of the MCI) could cue a user to particular targets of interest.  Such cueing
discriminate s against both false alarm changes and legitimate changes which

are not of interest. Previous studies have shown this could increase the

operalor ’s coverage rate and his probability of detection.
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A P P E N D I X  A

I T E R A T I V E  C L U S T E R I N G  M E T H O D

Problem

Assign 
~e 

events to n clusters in such a way that 
~~ ~ ~e 

and all

events assigned to the same cluster appear to the eye to be associated , and

that  a l l  eve nts  that appear to the eye to be associated by proximity are

assigned to the same cluster .

Approach

The f i r s t  s tep is to define a probability density for each cluster.
This is a function of the distance from the cluster center and the number
and covariance of events assigned to the cluster . The next step is to

iterativel y pass through the list of events assigning each event to the

maxLmum likelihood cluster , determined by evaluating the conditional proba-

bil ity density for each existing cluster at the location of the event being

examined , or creating a new cluster of one event .

Upon comp let ion of each iteration , the result is examined to decide

whether t o  accept the solution or modify the parameters and perform another

iteration .

Process DetaiLs

The 
~e 

events to be clustered are each described by a set of six numbers:

~~~~ 
~~

p 

~~
p 1= 1

A -I

*

- ~ —- — --- ----V-—~ - — -- -
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np

v = .~~ > Yip i= l

n = number of pixels in the eventp
n

I 
p 2

C11 = (x. - x)
1=1

n
1 p — —

C12 = 
n - i  ~~‘ (x~~~

_ X ) ( Y . _ Y )
p

n
1 p — 2C22 = 1 ~ii: (Y 1 - Y )

p

where X~~, Y~ are the image coordinates of pixel i in the event.

thit will be convenient to refer to the properties of the j— event

in the following way:

R~ = (X, ~)T• Event centroid

~~~ii ~~~~~
C . = I Event covariance

-~ ‘ C C /
12 22,/ 

~

The probability density function which describes the distribution

of events in a c luster  depend s on the distance and direction from the cluster

center and the number of events, n
~
, in the cluster. The following notation

is used .

n

Cluster Centroid
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[1 /c / u — II I I) VS . I C . — (,lust ~~r ( . o v , I I J , -wce
I Il — i  - - I) JL \ p j

N

whO rl t I~~- index  runs over ,~I 1 IV L I I I  included in ci o ;t  or i

S . i ‘; d. I I I i l ~~~ . i ’ I  w r i t  u o n l y h e r  
~~ 
> ~ • iii til l current i;nplementat ion ,

t h~ pr - :  - d i  n~ . d l  in/i iou i ‘; used for n > 3 • For n K 2,C —

/
= 

~~ ~) I)~~)

I r - l y t ; ~~wi -d 1 ‘ t i  ~t c l u s t e r  w i t h  I I e  or two events  is c i r c u l a rly

, ‘,‘ : n  ‘ t  r 1110111 with ~t characteristic dimension of V.

I i l~~~
!) 151 h i  u ; i  ty is written as

I (r ,n )  ~~~~~~~~~~~~ 
( 1 + ~2 d 2 )e ~~d

2

( , f f~
’

win r-
1 ii (n , s) (r-R) ~ (r—R)

I_ I — I
‘1 n

1
2
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!Ii~ function h(n,s) is a smoother to prevent the size of the function

f ( r ,n) from changing rapidly from a circularly syurnetric function of dimension
D to an elliptically syimnetric function with dimensions defined by the

covariance matrix S. The transformation which diagonalizes S leads to

ci genvalues corresponding to the major and minor axes of an ellipse as follows :

T 7
’D~ 0

L

‘\\ O D~

h(n,s) is defined by requiring that , for n 3 , the area of an ellipse with

axes D 1 an d 02 equals the area of the c irc le  w i t h  d iameter  D. For larger

values  of n, the distribution is allowed to gradually assume a size dep endi ng
onl y on the  covariance of events in the c luster.  Thus

h ( n , s) = ( 1 .0 - ~~l.o - e -(n-3)

D 1 * D
2)

Assignment of an event located at R~
’ 

(X, to the ~aximuuL likelihood

cluster is accomplished by evaluating f~ (R.~n )  for each cluster i, and

assigning event j to cluster i if

~~~~~~~~~~~~ 
f k (R

~~
nC ) icr any va lue of k.

~V~ flt j  is assigned to the maximu m likel ihood c l u s t e r  or begins a new

ciu stor as the probabitity volume from the c lus ter  centroid to the contour

of equal likelihood pass ing through R . is less than or greater than a

threshold  value P. For tunate ly there is an analy t ica l  form for  th is  i n teg raL
Li can be shown that

x

21T ~

‘ 

I (r,n) rdr =
0
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U

where

P(r,n) = 1 
(1 

+ 
:+~ 

r~~~ e
_
~~

r

The values of P(r,n) at r = 0 , and r = ~ show that f(r,n) is in fact
a probability density: P(o,n) = 0 ; P(~ ,n) = 1.

Upon completion of one iteration , every event has been assigned to

some cluster. Subsequent interations are conducted , for each event , by

removing the even t from the cluster to which it is assigned (in order that

the cluster statistics used to make the maximum likelihood cluster selection

w i l l  r iot be b iased in favor of the previou s dec ision),  and making a new

decision

If the parame ters D and P are not changed , two results may be found .

Either the iteration cycles are terminated by detec ting that no further

changes a re in tr oduced by iterat ing, or changes always occur. In the

last case , it has been found that this usually means that two or more events

are transferred back and forth between the same pair of clusters. Situations

of this type are detected and treated as appropriate to prevent the process

from continuing indefin itely.

In the first case, when an iteration produces no changes in cluster

assignments , a dec ision is required . Either the solution i~ accepted , or
th 50111 ion is disturbed to produce changes. The disturbance may be intend-

ed either t o  produce more c 1ust~.rs or fewer clusters.

A— 5
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Alternatives available for disturbing the solution include:

1. Adjustment of the parameter values D and P.

2 . selecting and removing f rom its cluster  an event to create a new

cluster.

3. Restarting the process and preventing actions which lead to an unsat-

isfactory solution .

Se lection of an appropriate a l ternat ive  requires an evaluation of the

current solution . Each solution (the state of the system after completion

of an iteration) is characterized by three numbers. These are, the number

of c lus ters , N , the number of events moved from one cluster to a new

cluster , N , and the number of clusters with a characteristic d imension

exceeding a threshold value , N 1
.

Before discussing the role of these numbers in selecting an alterna-

t ive , it is appropriate to discuss some additional parameters used to start

the clustering process.

There are two spec ial values of D, the size of the circularly syninetric

dis tribution used to start clusters; its initial value , and its maximum

value. Both of these are input parameters . Whenever D is set to a value

larger than the maximum value, the symmetric form of the probability density

f u n c t ion  is used for a l l  computations withou t regard to the number of events

in a c lus te r .

The initial value of D may be set to a value larger than the maximum

value to accomp lish a swift gross clustering by distance only. A clustering

solution is never accepted as final when D exceeds the maximum permit ted

value. When the clustering is performed , the first iteration typ ically has

a l arge value of D and produces a small number of very large clusters.
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The second iterat ion is performed with D set down to the maximum per-

mitted value , and probability density functions are computed as already des-

cribed . By this operation the few large clusters formed initia lly fall

apart into several smaller ones. Subsequent iterations are performed to re-

move residual order dependence and to find a stable solution that satisfies

other imposed requirements.

Other parameters used to begin the clustering process include an

in i t i a l  estimate of the  number of c lusters in the solution. (If this esti-

mate Is omitted , a one will be used . If provided , the number of iterat ions

needed to reach a sa t is f actory solution may be reduced .) Also included are

P, the  p robab i l i t y  threshold for beginning a new c lus ter ;  L, a characteristic

d imension assoc iated with the largest significant activity of interest; NL.

th~ smallest number of events associated with the largest activity .

At the end of each iteration , the three numbers which describe the

state of the solution are examined. Iterations continue until the largest

c luster in the solution with more than N
L 

events , has a characteristic d imen-

sion smaller than L. The parameters D and P are adjusted at each iterat ion

to encourage an increase or a decrease in the number of clusters obtained .

Decreasing P encourages new clusters ; increasing P discourages new clusters ;

similarly for D. D is never raised above the maximum value except when re-

start ing is necessary. P is adjusted between the limits of 0.5 and 1.0.

When several iterations with readjusted parameters fail to change the

number of clusters , direc t action is taken. If more clusters are needed , a

permanent new c luster is formed by removing from the largest cluster , the

event which has the largest Mahalanobis distance from the cluster center.

A large increase in the number of clusters which results from this action is

not permitted . If parameter adjustment fails to recombine some of them,

the offending action is recorded and the clustering process is rethitiated

with a very large value of D. When the process returns to the offending

action , it is prevented and another alternat ive is forced.
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Whe n a solu t ion is reached in which all clusters are of satisfac tory

size , and the number of clusters in the solution is reached through an

orderly process, a stability test is performed . In this situation iterat ions

are performed wh ich permit events to move freely from one c luster to another;

no new c lus te r s  are created and no old ones are destroyed. This is accom-

plished by assigning each event to the max imum likelihood cluster and by

refusing to destroy a cluster by reassigning the cluster nucleus (The event

nearest the cluster centroid ; these are determined for each cluster before

the stability test begins). Iterations continue until no reassignments are

needed or until it is apparent that the reassignments are due to oscillation

of two or more events between two or more clusters. In either event the

sys t em is t hen jud ged to be in a relaxed state.
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A P P E N D I X  B

F E A T U R E S  F O R  D E S C R I B I N G  A R R A Y S

After the clusters have been isolated , that is, individual events have

been grouped in an array, characteristics about these arrays can be used to

identify targets. The most obvious characteristics or features are size

and intens i ty of individua l events and combinations of size and intensity

• f events  in an array . A proposed set of features is described which will

be used in the multi—variate group—separating procedures. The features

describe the geometric properties of a group of change events in an array.

Subroutines to perform the computations necessary to transform binary

data describing an array of change events into the set of twenty features are

on hand. The following measurements are accumulated for each array.

= Number of pixels in event j

r . = Centroid of event j
.1

C~ Covariance of event j about the event cantroid

N = Number of events in the array

R Geometri c centroid of the arr ay
C = Geometric covariance of the array

R — Mass centroid of the array

C Mass covariance of the array

The quantitative definitions of these measurements are given below.

= image coordinate vector to pixel i of event j

(x~

b~ — set of all  pixels In event j

B— i
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(x~
j N~ b~

R~ matrix of pixel vectors in event j

= (;
jj 

-
~~~~~~~

‘ ~2j~~~’j’ 
•• •‘  rN j

.r
j
)

C. = .L. T
j  N~ R~R~

~~~~~ ~~~~~~

R = matrix of event centroids about the array centroid

= 
~
“I - R, r2 

— R, ... , rN —

_ l RTC~~~~ R

N 
~ N 

r)

~~ 
N~

j I

RH 
= matrix of event centroids about the mass centroid

(t

~
1 

— RM, r2 — 

~1, •••
~~ 

—

CM~~~~ RH ’~M
T

Define three diagonalizing transformations as follows:
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(x 1~ o 
1’I I = ii Cii .

— (H1~~H2~)

~~~

(A 
o~~ 

U C U T

A~J
U = (tJ~~, U2

)

U i ( u~1
Ut2

(r~ ) M C ~~M~

M = (M 1, H2)

(M~ 1
Mi 

= 

~~~i2

• The eigenva lues of the three covariance matrices are found on the diagonals

of the l e ft hind side and the elgen vectors which define the three principa l

• d i rect ions are:
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(h11 ~~ (U11

\~~h12 ~J

(M11
and H

1 
=

Def ine  the distance from event i to i ts nearest neighbor as

d .  = MinI(rj -

A set of twenty features which characterize the array is computed from

these measurements. The description is based on the size, shape, arrangement,
orientation and uniformity of events in the array. It Is also based on the

array size and shape and on the mass size, shape and displacement. The

following features are used.

1. Array Size

Feature 1 = tog~0 N

2. Spacing of Events

This is the only feature which requires a search of the data.

N

— lv ’ -4
Define d m L~ 1d 11

i l

Feature 2 log10 (~
)

3. Regularity of Spacing

Feature 3 E (d1 
-

V - -- —~~~~~~~~ - - — -~ - —-- - 
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4. Event  size

N

I ) e f ine  N A 1.

Feature 4 = log 10 
( J~

)

5. U n i f o r m i ty of Event Size
1/4

Feature 5 = (A 1. - XI))

6. Event Shape

Feature  6 = where 
~

7. Uniformity of Event Shape

Feature 7 = J~ ~~ 
r) 2

8. Uniformity of Event Orientation

V 

Feature 8 = - 
~~lj

where (h11, h12)~
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~ 
(h2

11 + h212)~

L_ 
_ _V

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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and

= (h11, 
~
‘I2~j

is a unit vector in the principal direction of event j.

9. Array Size

Feature 9 = log10~~~~
_! 

)
where A 1 is the f i r s t  eigenvalue of the array us ing the array centroid.

10. Array Shape

Featu re 10 = jA2/A
1~

1].. Orientation of Events to Array

Feature 11 = ~~ ~~~~~ [1 — (U 1.}I1~~)
2 )

12. Event Area

Define~~~~ ~

Feature 12 — log10 
(N)

13. Uniformity of Event Area

Feature 13 
/~~ 

~~~~~ [1og 10(N~) - 1og10(W) 
~2
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14. Array Mass Size

Feature 14 = log 1~~~~~~Iog10 

~~~~
where is the f i rs t  eigenvalue.

15. Array Mass Shape

Featu re 15

16. Orienta t ion  of Array Mass to Array

I~eatu re 16 = 
Ji 

-

17. Distance from Mass to Geometric Centroids

Feature 17 = 1og 10(j R — RHI

18. Array Pixel Density

Feature 18 = - log 10 —

(1 ÷J~~)(l +

19. Event Pixel Density

N .
Def ine  P = _________________________

• (1 + ~/A 1~
)(1 ÷ ./X2~)

Feature 19 = — P~
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20. Uniformity of Event Pixel Density

Feature 20 = (P~ -
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A P P E N D i X  C
V 

C L A S S -  S E  P A R A T  I N C  T R A N S F O R M A T I O N

The f o l l o wing discussion develops the “optimum” linear transformation W

of the array vectors in feature space which both clusters arrays of the same

cla ss and separates arrays that belong to different classes. The measure of

clu stering or separation between two arrays is the Euclidean distance between

th e arrays after their linear transformation to the new feature space.

The effect of such a transformation is illustrated in Figure C-l , where

l ike arrays of each class have been clustered and the two clusters have been

separated from each other .

w

Figure C-I. Separation of Classes after the Linear
Transformation W to New Feature Space.

One transformation that accomplishes the stated objective can be spec i-

fied as follows: Find the linear transformation W that maximizes , af ter
t ransformation , the mean-square distance between points that belong to differ-

ent classes (the mean-square interset distance) subject to the constraint that

th e mean-square distance between the points of one class (the mean-square

intrasct distance of the class) is held constant after transformation .

The particular linear transformation W that maximizes atter trans-

formation the mean-square interact distance while holding the mean-square

intrasel distance of one class constant after transformation is developed

below . The purpose of the transformation is to separate arrays of different

classes while clustering those that belong to the same class.
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The l inear transformation W maps the N-dimensional feature vector f into

-~~ -~~= W f (C.l)

p ~ 
w
11 w

12 ...

V21 w~2 ... V21~

= . . . . .  • : (C .2 )

N 
WNI WN2 ::: W

NN

so that  f . ’ = w .. f
1 

(C. 3)

The mean-square dist ance between the H members of the set [1 J and

Lh e H2 members of the set (
~ }, a f te r  the l inear transformation , i8 given by

Equa t ion  C . 4 , whe r e f and g are , respectively, the s components of the
th th me ps _i

m and p arrays of the sets [ f )  and {g ). For notational simp l i c i ty ,
this mean-square interset distance is denoted by S([t ), [~~)) and is the
quantity to be maximized by a suitable choice of the linear transformation

W. The choice of the notation above is intended to signify that the trans-

formation to be found is a function of the two sets.

M
1 

H
2

S ( 1 f j ,  
~g }) 

= jj-~
-- ~‘ ~~~~~~ (tm ’-

~~p
’)  • (

~~~‘ -~~~‘)  (C.4a )
m=l p— I

= M 1M 2 
~~~ ( f I ~~~~~

_
~~~

I

p
~~~)

2 
(C.4b)

rn—i p—i n—i

H
1 

M
2 

N rN 12
= M 1M 2 ~~~ t~~~~

wns (f
ms

••gps)I (C.4c)

r n 1  p n—i s—l
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The constraint that the mean-square distance e between the points of one
set , say (f }, is a constant is expressed by Equation C.5.

M H
_& _& -~

B = (M I)M ‘-f ‘) (f I -f  ~) (C .5a)
m p in p

m 1  p l

M1 N1 
N

— 

l)M ~ ~~~ 
(f’ _ f I  )2 (C.5b)

1 uPi p l n l  ~~~~ ~~~

M1 
N
1 

N r N 2

— 

I )M E ~~ 
l ~~~ w (f f ) (C 5c)

I r n 1  p=i n 1  L8=1 ne ms

= K, a constant

Both equations C.5 and C.4 can be simplified by expanding the squares

as double sums and interchanging the order of summations. Thus

N N N

S([?~~, [ ) )  — 
~~~ 

w w x (C .6a)L.....4 ns nr ar
n=1 s—i r=l

where
M1 N2

Ix = x = — E (f -g )(f -g (C.6b)
sr rs M1N2 

ma pa mr pr)
m=l p l

and

N N N

- E ‘S w w t - K (C .7a )
ns nr ar

n 1  s—I r 1

C—3



where
N1 N1

tsr 
= t

rs 
= 
(M -1)M ~ ~~~~~~~~~~~~~~~~ 

(C .7b)

The coefficient x is the general element of the matrix X which is of
sr

the form of a moment matrix and arises from considerations of cross-set

distances. The matrix T with general coefficient t arises from consider-

ations involving distances between the points of only one set , the set [f~~.

Equation C.6 can be maximized , subject to the constraint of Equation C.7

by the method of Lagrange multipliers. Since dw 5 is arbitrary in Equation

C.8, Equation C.9 must be satisfied.

dS - Ade = dv 
~~~~~ 

W
nr
(Xsr - Atar) = 0 (C.8)

n—i s—i r—1

• E  W ( X  - A t )  — 0  n 1 , 2, ...,N; s—I , 2, ... , N (C.9)

r=1

Equation C.9 can be written in matrix notation to exhibit the solution

in an illuminating way. Let v be a row vector with N components (w
—~~ n n
w~~) ,  then Equation C.9 can be written as

~~ (X-XT) = 0

~
•
~~
“ (X-AT) = 0 (C.i0a)

~~~ (X-XT ) = 0

Multiplying both sides of the equation from the right by T ’, Equation

C.lob , which is of the form of an eigen value problem , is obtained.

C-4
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-~ -l
w1 (XT -XI) = 0

~~ 
(XT~~-~j) = 0 (C.lOb)

-~ -l
w
N

(XT -AI) O

• T
1 
exists since T is positive definite. Equations C.IOa and C.iob can be

satisfied in either of two ways. Either ~~
‘ (the row vector which is the

row of the linear transformation W given by Equation C.2) is identically

zero , or it is an eigenvector of the matrix XT. -l In order to find the

solution that maximizes S, a substitution in the mean-square interset distance

given by Equation C.6a must be made. Note first that through matrix notation ,

Equations C.6a and C.7a can be written as Equations C.ll and C.12.

N
—~S( [ f~~•}J~ p I) = V

n X w~ (C.11)

N
~~~~ ~~L~ 

w T W  = K  (C..l2)

n 1  -

But from Equation C.lOa , can always be replaced by X~~T . Thus

Equation C . l I  can be written as Equation C.13, where the constraint of
Equation C. 12 is used.

N
-~ -~~ T= A ~~ w~ T V

n 
— AK c.13

Thus the largest eigenvalue of (X-XT ) = 0 determines the transformation

that maximizes the mean-square interset distance , subject to the constraint

that  the mean-square intraset distance in the set is a constant. The

transformation is given by Equation C.14, where~~1 ~ (w 11, w12, ... , w~~)
is the eigenvector corresponding to the largest eigenvalue , X1, and the

other w~ of Equations C.1.Oa and C.lOb are identically zero.

- 

C-S ~~~~~~~~~~~~~~~~~~~~ 

V_ _ _ _



V
11 

W
12 . . . W

1N

O 0 . . . 0
w = (C.l4)

O 0 . . .  0

The transformation of this equation is singular , which expresses the

fact that the projection of a point in feature space onto the Line of

maximum mean-square interset distance and constant mean-square intraset

distance for set is the single most important feature determining class

membership. This is illustrated in Figure C-2 , where the line aa’ is in the

d irection of the eigenvector with the iargest elgenvalue of the matrix XT.
1

-I
The point p represents an array of unknown classification with known values

of Feature 1 and Feature 2. The point ’s projection onto l ine aa ’ is the
sing le best class-separating feature . The point u s  classified as class

[g} because the mean-square difference between its projection on line aa ’

and the projec tion of poin ts belonging to set [
~~

}, s(~ ,f ~~ }), is less than

S(~~,{? 1), the corresponding difference with members of set [? ) .

For the twenty feature problems considered in the contract , the three
best class-separating features (or projections) were used . This transfor-

mation is given by Equation C.15, vhere~~~ ~ (w 11, w12, . . . ,  wiN).

~ (wv, w22, . . . ,  w2N), and (w
3~~

, w32, . . .,  w3N) are the eigenvectors

corresponding to the three largest eigenvalues (X1, X2 , and A
3
), and where the

of Equations C.iOa and C.lOb are identically zero.

w12 . . • wlN\
1 w  w . . . w

w 2 1 22 2N I (c.l5)( V31 V32 • . • w3~

o o . . . o

O 0 . . . 0

Thus, for each array , the three beat generalized features ~~are calcu-

lated from the original twenty features i~using Equations C.i5 and C.l.

C-6
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_&
5(p,[f J )

Fea t L I r e  2 C l~1SS f m

/
S(p,[g J )

Cla ss g

Feature I

F igure C— 2 . Singular Class-Separating Transformation

Tn order to determine the transforu~~tion W in Equation C.15 , the eig~n-

vectors rand eigenvalues X of XT ’, as indicated in Equation C.lOb , must :

be o b t a i n e d . The e l emen t s  of the m a t r i c e s  X and T ~re given by Equations

C .ôb  and C.7b , respective ly. The following equations indicate how these

matrices can be expressed in terms of varteus moment matrices of the two

c las ses and ~~~

Froci Equation C.ob ,

H1 H
2

X sr = ‘1r s  = i~
j_

~~ ~~ ~~~~~~~ 

(f ,~ - g 5) ~~mr 
- 

~ p~ ) (C .l6 )

C-7
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Define

H
1 

H
2

= 
M~M~ ~~~ 

g~ ~ 
(C . 17)

H
2

~ =~~L~ V’ g (C.l8)
S M~ ~~~~~~~ 

PS
p=1

Rewrite the argument of Equation C.16 as

(f ~~5
_
~~p5 ) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (C.19)

Using Equations C.19 and C.l7, Equation C.l6 becomes

X = 
~ s~~s~~ ~~~r r ~~ ~~~~~~~ 

(C .20)

Xrs = ~~~~~~~~~~~~~~~~~~~~~~~~~~ (C.21)

-

The second term of Equation C.21 can be evaluated.

= 0 (C.22)

Since

E~~~~1= 
~~~~~ 

= 0 (C.23)

The same result is obtained for the third term of Equation C.21.
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Thus Equa t ion  C . 2l becomes

Xsr =

_____________ 

(C .24)
+

Equation C.24 indicates that X is the sum of the covariance of class fsr
about the mean of class g and the covariance of class g about the mean of

class g. Using matrix notation , Equation C.24 can be written .

X = F(~ ) + G(~) (C.25)

where F(~~ is the twenty-feature covariance matrix of class f about the

t w e n t y - f e a t u r e  mean , ~~~, of class g,  and G(~~) is the covariance of class g

about the mean of class g. If , instead of Equation C.19, the following

s u b s t i t u t i o n  is made

~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (C.26)

Then Equation C.25 becomes

X = F ( f )  + G(f) (c.27)

The matrix T can be evaluated from Equation C.7b.

N 1 M 1
tsr = t rs = (M

1-i)M1 I~~~~~

’ 
ms ps~~~ mr~~ pr~ 

(C.28)

Rewrite the argument of Equation C.28 as

(i -f )(f -f ) = G f  -r ~-[f -F ~)([f -f ~-[f f]) (C.29)ms ps mr pr ms S a mr r pr r

4

t
I
.4

C— 9

4 .
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Using  E q u a t i o n s  C . 2 9  and C . 17 , Equat ion C .28  becomes

t = 

~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (C.30)

I 
s

_T
s j r

_T
r 1+ s s 1 r~~~r 1 

)

Using Equation C.23 , Equation C.30 becomes

tsr = (M
1
-l) 

2 
~~s~~~1tf r c 1  (C.3 1)

T = (M
1
-l) 

2 F (1) 
(C.32)

Thus , using Equations C.32 and C.27,

XT ’a [F(f) + G(f)) F
1( f)  (C.33)

= I + G(f) F ‘(1) (C.34)

Thus the eigenvectors rand eigenvaluesx of XT
1 can be obtained from

the eigenvectors and eigenvalues of G(f) F
1
(T5 . G(f) is the covariance

matrix in the twenty-feature space of the arrays of class g calculated

about the mean of the arrays of class 1. F ’( f )  is the inverse of the

covariance matrix of the arrays of class f calculated about the mean of

the arrays of class E.
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Throughout this section the class-separating transformations were developed

by reference to the existence of two sets, 
~~~ 

} and f~ 
} . The results

obtained by these methods are mure general, however, because they apply
directly to the separation of an arbitrary number of sets. For example, in

the maximization of the mean—square interset distance, there is no reason why

the matrix X should involve interset distances between only two sets. An

arb itrary number of sets may be involved, and the interset distances are

simply all those distances measured between two points not in the same set.

Similar arguments are valid for all the other matrices involved. The only

precaution that must be taken concerns the possible use of additional con-

straints specifying preferential or nonpreferential treatment of classes.

These additional constraints may require, for instance, that the mean square

intraset distance of all sets be equal or be related to each other by constants.

Aside from these minor considerations, the results apply to the separation of

any number of classes.

The eigenvectors of G(f) F~~(f) are needed to obtain the transformation

to the three best class-separating generalized features in the twenty—feature

space. The eigenvectors are obtained as follows.

Theorem: If G(f) and F(f) are symmetric, positive definite matrices,

then there exists a transformation W such that

(a) W I )  w
T 

= (C.35)

where I is the identity matrix;

(b) wc (1) wT = D (C.36)

where D is a diagonal matrix

V and

(c) W(C(1) F~~
( f ) ) W~~ D (C.37)
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Since Equation C.37 is a similarity transform of the matrix GF
1
, D (which

is the same diagonal matrix as in (b)) has diagonal elements which are the

cigenvalues of GF
1 and the rows of W are the eigenvectors of GF

1
. W is

constructed as follows : Let H be the similar i ty transform for F.

H F ( f )  H’1 = (C.38)

where D1 
is the diagonal matrix with diagonal elements equal to the eigenvalues

of F. Since F is symmetric

-1 — 
T

H — H (c.39)

Thus

HF(f) 1~T = D1 (c.40)

Since the cigenvalues of F are positive definite ,

H F(f )  HTD1
_
~ = i (c.41)

App ly this same operator to G to define G,

D1
2 HC ( f )  HT D1~~ ~a) (C.42)

Let M be the similarity transform for ~ . (C.43)

Since C is symmetric

= MT (c.44)

Thus

MG(f) M
T 

= D 

C-12 

(c.45)
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where the elements of the diagonal matrix D are the eigenvalues of C • The

matrix W which has the properties given in Equations C.35, C.36, and C.37

is constructed as

-I-W = MD~ 
2 H (C.46)

To show tha t Equation C.35 is true,

WF(f) wT = 
~~l 

HF(f) u
T 

D1
½ M

T 
(C.47)

Using Equations C.41 and C.44

W F )  wT = I (C.48)

Thus Equation C.35 is true when W is given by Equation C.46.

To show that Equation C.36 is true,

WG(f )  wT = MD1
2 H G ( f )  HT D1~~ M

T 
(C.49)

Using Equations C.42 and C.43

WG(f) wT = D (C.5O)

Thus Equation C.36 is true when W is given by Equation C.46.

To show that Equation C.37 is true, multiply Equation C.35 and C.36

together .

wc(1) w
T 
~~~~ w

T 
= D (C.51)

From Equation C.35

F(f) w
T 

= (C.52)

C-13 ~~.

V -~ -- - —- * - —- - - V V - - -- - ---- - -- - _ _ __ _V

~ 

— - - -_ _ _ _

— V~~~~~ — - -~



F ( f )  = W
_ l

(WT)~~ = (WTWY I (C.53)

F~~(f) = wTw (C.54)

Using Equation C.52 in Equation C.51,

w C ( f )  wT w = D (c.55)

Using Equation C.52 in Equation C.53,

W C ( f )  F 1 (T) w~~ = D (C.56)

Therefore Equation C.37 is true. Since Equation C.56 is a similarity

transform of the matrix GF
1
, the diagonal elements of D are the aigenvalues

of GF 1
, and the rows of W are the eigenvectors of GF

1. These eigenvectors

of are not orthonormal, since

wT ~ (C.57)

so that

~ i (C.58)

Equation C.57 is obtained from Equation C.46, C.44, and C.39, where

is the diagona l matrix with diagonal elements equal to the eigenvalues of F,

as given by Equation C.38.

in summary, W is the transformation matrix which maps a twenty-feature

vector of an array into the generalized feature space, the best three of which

will be used to classify the array. W , constructed as in Equation C.46, has

the properties given by Equations C.35, C.36, and C.37.
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A P P E N D I X  D

P A R A M E T E R I Z A T I O N  O F  P R O B A B I L I T Y  D E N S I T I E S

The class—conditional probability densities for the arrays in the two
classes f and g are modeled as multi-variate normal distributions in the n—
dimensional feature space, with n = 20. For the class f, the probability
dens i ty of obtaining the twenty-feature measurement X is

P(X If) 
1 
n/2 ~

_ 1(i)I ½ exp [_½ (X_i)T F~~(f)(X-i)) (D.l)
(2ii)

is the inverse of the twenty—feature covariance matrix of the class f
about the twenty—feature mean, f, of class f. F(f) I is the determinant
of F(f). (X-f) is the twenty-feature measurement relative to the mean of
class f.

For the class g, the probability density of obtaining the twenty-feature
measurement X is

P(X~ g) = G
~~(~ )l 

½ 
exp [ _½ (X_~)

T G~ (~) (X— ~)) (D.2)
(2 IT)

The class—conditional probability densities in the best generalized

feature space are found as follows. Equation D.2 involves the quadratic

from

(X_f)T F~~ ( f )  (X-f) = ~T F 1
(?)y (D.3)

where y a (X-1) by definition. From Equation C.l the transform W takes a

featurL vector from the twenty-feature space to the generalized feature space.

y’ = WY (D.4)

D-1
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Thus

y = W~~y’ (u .5)

T 
= (y I )

T (W_1.
)
T (D.6)

The right side of Equation D.3 becomes

Y
TF

_l (1) y = (y I)T
(w

_ l
)TF

1
(?)w1y 1

I (D.7)
= (y L )

f
(wF(?)w

T
Y y’

Thus in the generalized feature space

F ( f )  = (wF(f )  WT)
_l 

(D.8)

in order tha t the quadratic forms in the generalized and twenty-feature spaces

are equal. Using Equation C.35

- ~~
_l
(?) = I (D.9)

so that

= 1 (D.lO)

Using Equations D .9 and D.8 in Equation D.7

Y
TF

_l
(i) y (~ t )T Iy ’ (D.ll)

Subst i tut ing for y 
-

(X_f)T F~~ (f)(X-f) = (X 1 _P)T I(X ’I’)
(D. 12)

= (X ’—f ’) (X ’—I’ )

D-2
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Substituting Equation D.12 and D.lO into Equation D.1,

P(X ’~ f )  = exp [ _ ½(X I_il)
T (X ’—i’)) (D.13)

(2ir)

The determination of Equation D.2 in the generalized feature space

proceedc. simil arly. As in Equation D.8

(wG(~) w
T
)
_
~ (D.l4)

However. Equation D.14 involves G(~), rather than c(T), which is used in
Equation C.36. However

Gsr
(f)

= (Eg5—~51 - 
~ s=~s ~~~~~~~ ~~~~~~~

= Eg5-j~J ~~~~~ — tg
~-i~

] 
~~r~~r

l

~;~;] ~~~~ + 
~~~~~ ~~~~~~

Gs (f) = G5r (
~

) 
~~~~~~~~ 

(D.15 )

where Equation C.23 has been used, and G
sr
(f) is the covariance of the mean

of class g,g, about the mean of class f ,f. In matrix notation Equation D.15

becomes

G(?) = G(~ ) + ~(Y) (D. 16)

Thus

G(g) G (1) — G(f) (D.17)
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so that Equation D.l4 becomes

G’~~ (g) = (W[G(i) - ~(1)
] wT)

_l 
(D.18)

From Equation C.36

G’~~ (~) = (D—S)
4 

(D.19)

where S is defined to be

S w~(1) w
T 

(D.20)

and where, from Equation C.37, D is a diagonal matrix with diagonal elements

equal to the eigenvalues of G(1) F~~(f).

Thus using Equation D.19 in Equation D.2,

P(X ’~ g) 12 (D_S)di~ exp t_~ (X I_?)T(D_S)~~~(X t
~~~~)J . (D.21)

(2ir)’~

Thus Equations D.13 and D.2l are the class—conditional probability
density functions for classes f and d, respectively,

Equation Dl3 gives the probability density P(X9f) that the generalized

feature vector X ’ will be obtained for an array in class f. Equation D.21 gives

the probability density P(X’~g) that X ’ will be obtained for an array in

class g. However, the problem to be addressed in automatic classification is:

given that an array of unknown classification has features locating a vector

x ’ in generalized feature space, what is the probability P(ftX t) that the

array belongs to class f and the probability P(g~X ’) that it belongs to class

g? Bayes ’s Theorem states that

P(f!X ’) 
g(f) P(X ’I f )  

(D.22)
q (f) P(X ’~ f) + q(g) P(X’~ g)

D-4



P(g IX ’ ) = 
g(g) P(X ’j g) 

(D.23)
q (g) P(X ’l g) + q ( f )  P(X ’j f )

q(f) and q(g)  are the a priori probabilities that an array belongs to class f

and class g, respectively. Thu s , an array of unknown cla8sifiCation has

probability q(f) of being a class f array. However, when the twenty features

X are measured and (through the trans ~orma t ion W) the generalized feature x ’
determined for the array, this additional information about the array is used

to calculate the probability p ( f  Ix ’) that an array of unknown classification
with generalized features X ’ belongs to class f. The same is true for class g.

An array of unknown classification with generalized features X ’ is

classified as an f-class array if P(f ~X ’ ) > P ( g  I X ’). Otherwise, it is
classified as a g-class array.
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