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SUMMARY

OBJECTIVE

To i l lus t ra te  t he  effect  ot update  ran d~~~ iz at i on on the  envelope stat is t ics  ot RI \
,
-

GE N  reverh erat  ion r e tu rns  and to examine  t u e  corresponding probabi l i t ies  of false alar m and
• de te c t ion  (or the response of a broadband energy detector .

RESULTS

When u pdates are l imi t ed  and assigned constan t  magni tudes , the  form of the  rever-
be ra t ion  envelope is altered b y a reduct ion  in the  pro b ab i l i ty  of ’ obta in ing high in t ens i t y
re turns .  ‘l ’liis af fects  the de te c t ion  stat is t ics  for  a broadb and energy detector  in two W ay s

For a given stgn a l—to—noi s e rat io , a signal produced wi th  up d at e s  of constant mag-
n i t r i de  will  r esult in erroneously low probab il i ty of false a larm.

2. These lowered PFA rates cause incorrect p lacement of detect ion thre sholds
which , in tu rn , yie ld erroneously h igh probabi l i ty  of detect ion.

RECOMMENDAT IONS

Both theoretical  ca lcu la t ions  and compute r  s imu la t ion  show t h a t  increa s ing t h e  num-
ber of updates resolves the statistical disparity.  Uowevet-, whe *~ the up date  ampl i t ude s  are
randomized according to a Rayleigh d i s t r ibu t ion , the  proper s ta t i s t ics  are ob ta ined  in d e p e n d e n t
1) 1 the numb er  of ’ updates used in the  S i m u l a t i o n .
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INTRODUCTI ON

The rapid devel opment of nu croelectroruc technology has greatl y enhanced the signal
processi ng and self—guidance capabilities of l ightweight torpedoes. To accura te l y  e va lua t e  the
per formance of new torpedo designs , i nc luding such I’ea t t t res  as matched f i l t e r  pro cessing and
coherent signal processing ,  requi res a corresponding increase in soph i stication of t h e  N( )~ -~(

weapons sii mt lation f ’a c i h i ty .  A major  e lement  of t h a t  improvement t s the real t ime m i  pk ’m en —
tatio n of REVG EN (Reverberation Generator ) .  I a digi t a l  simula t ion of ocean reverberation.

The requ irement that  R E V G EN  run in realt ime on the present NOS(’. UNJVA ( ’ I l l  C)
based hy brid si mulator  has ne c ess i tated several s imp l i f y ing  a l tera t ions  to t h e  origina l R E V—
G EN concept. This note examines the effects  of these simp l ifications on the stat is t ics  of the
REVGEN output.

‘rite physical  der iva t ions  of the  or iginal  R F V G E N  process and of the version current l y
oper at ive on the  NOS(’ h ybr id  S imu la to r  have already received ample documenta t ion .  I .2 .3

Ilowever,  for the purposes of a l) rief review and to establ ish no ta t ion , the  basics of t h i s  process
are here outl ined ,

The ou tpu t  of RFVG } N can be wr i t t en  in terms of the fol lowing m a t r i x  eq u a t i on .
i.e..

Y= B ~

‘V-f

YJ =
~~~~~

BJj . % ’ L 
( 1 )

where .V represents a sampled vector of the t ransmit  pulse and ~ correspondingly represents
the return echo. If X and I samp le the t ime series at rates equal to the  inverse of ’ twice the
respect ive band widths (~ ‘ y. ;t’~~’ ) of the t r ansmi t  pulse and re turn  echo, it ca n be shown t h a t
the B—matr ix  contains all the informat ion  concerning the  ocean med i t tn i  that is a~ai1able to
t h a t  specific ping-echo process.

The B—mat r ix  is calculated from the  doppler—densi ty  matr ix  I)  in the following way I

‘V—I
BJ L  = ~~~ D ,_1 11 e~ ’~~

111’ .\ ( 2 )

M =O

whe re N is the number  of t r a n smi t  pulse samples in X , ~~~~ .\ — I .  and .1 indexes the  t ime
of the  echo re turn ,  The doppl er-density ma t r ix  hit s elements t h a t  correspond to differe n t
range and doppler  re tu rn s  in the  echo. The rows of ’!),, represent the  spectra l d i s t r ibu t ion
of the scat tere rs at a pa r t i cu l ar  range slice .1.

‘l’o conform to (l ie necessary sample rates out l ined above . the  adj a cen t  e l emen t s  of
dopple r—dens i ty  n i a t r i  x mus t  be separated by / ;  2n, in range and 1 !2rp ( rp = ping length ( i n
f req t m e n c y .

3 
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l’he present simulation generates reverberation in a three-step process. First the
doppler-density matrix is calculated from data defining the ocean environment and the tor-
pedo state (i.e., velocity,  beam patterns , etc. ) .  Second , the B-matrix is t’orined as outl ined in
Equation (2 ) . Third , the echo is gene rated f ro m the B-matrix and the t ransmit  pulse as given
in Equation ( 1) .

To use this optimally accurate REVGEN calculation in the weapon simulator , the
rows of the DJL must be computed* in realtime. For typical conditions this would require •1
256 rows to 256 doppler -density values to be calculated each pulse length Tj) . The current
capability of the simulator is to calculate I row of 256 values per time rp.

The disparity between the opt imum number range slices of ’ DJL per pulse kngth and
the fact that  only one can be calculated has led to certa in “u pdate ” algo rith ms which serve
to fill in parts of the doppler -density matrix without resorting to the lengthy direct calcula -
tion of the ocean algorithm.

Figure 1 illustrates how this update procedure is accomplished. Figure 1( a )  shows a
dopple r-density matrix which has been completely filled in by perf ’orming the ocean algo-
ri thm calculation for each range slice (separated in time by I / 2 w . By comparison . Figure I b )
shows a similar matr ix  for which the ocean algorithm has been called only once per pulse
length.

From experience it is known that  the average magnitudes of each element  in the rows
of DJ J ~ do not change much during one pulse length (i.e., i~j7i I D J+ \’j I where .\‘ is the
number of range slices per pulse length) .

Since the average mag nitu de does not cha nge rapidly w ith  ra nge , the only di f f erence
in a particular column from one row to the next will he a randomizat ion in phase of ’ the form
e0  where 0 is uniformly distributed between zero and 27r . Figutre 1( c )  shows a m a t r i x  t h a t
has been filled in using this approximation. The first row in each pulse length has been calcu-
lated using the ocean algorithm. The rows marked with a “u ” have been formed u sing the
magnitudes from the first row and a random phase for each update bin ,  The tota l  n u m b e r  ot
rows per pulse length is referred to as the number of updates per pulse l e n g t h ,  l’he cur ren t
NOSC realtime simulator is capable of processing 8 utpdates per pulse length Since a ~ iI~C

may typically have 256 range slices , this is still far from the theoretical op t i m r t m .

*The ocean al gorithm which is used to construct the NOSC-REVG EN doppler-den si i~ f l i a t i  i x pai t l t  h Il ls u p

the ocean into cells corresponding in range and dopp ler and then calculates  the magni tude  ot t i l e  ret Ill TI

from each cell according to the standard sonar equations , 3 These values are then each gi~eii comp lex rail -
dom phase and loaded into the appropriate elemen t of the m a t r i x .

This procedure departs from the true form of the dopp ler density in tha t  it assigns a deter m InIs t I c
magnitude (calculated from the sonar equations )  to the elements of Djj, whi le in rea l i ty those values are
stochastic in na ture .  In the case where many scatters arc partici pa t ing  i n an i i i s ta i i t a ne ou s  echo re turn  it
has been shown (in Scfi war ti 4 t’or example)  tha t  the magnitude of the r e t u r n  has a Ray leigh d i s t r ibu t ion .

The above process would he more realist ic if , a f ter  the mean intensi ty  ij ,, from an ocean cell was
det ermined f rom the sonar equations . t h e  magn it ude of Djj , he randoml y chosen front a population of
Rayleigh random numbers having ti le  mean power !JL.

4 
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At this point several impor tant  quest iot i s arise , First , how will  this u nder sampling
of DJL at ’t’ect the results of ’ a torpedo simulat ion run ’? Second , for  cases where the cha nge in
p ertortu ance is significant , is there a dif ’ferent update algori thm, compatible wi th  real t i me
operat ion on the hybr id  s imu t la tor . tha t  co u ld  be used to improve performance ’?

The answers to these questions are qui te  dependent  upon the type of signal processing
used to analyze the reverberation return.  As noted by Pr inceh ouse the specifications for th e
bin dimension in DJ L are based on a matched fi l ter  processor whose t ransmi t  pulse s imu l t ane -
ou sly con tains opt imum resol ution in both range and dopp ler.  l i t  s i tua t ions  using o ther
processo rs, a red uction in the update number m a y  be possible wi thout  affecting the ou tpu t
of the simulation run ,

The remainder of this note will demonstrate how the above two questions can be
answered by studying the response of a simple broadband energy detector to REVGEN out-
put ge nerated using several different update algorithms. It will first he showti that  the statis-
tics of the REV GEN signal-detector process can be represented in analyt ical  form . The
statistics for the t’u lly updated , proper ly randomized process (i. e., real world ) are also pre-
sented in closed form. From these expressions , probability of f’a lse a l arm statist ics , receiver
operating characteristic curves . and power curves will he generated to demonstrate the effect
of t he u pdate algo ri th ms on syste m per for man ce .

These results will also be demonstrated using actual  R E V GEN data.

(‘I 
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THEORY

[his section develops techniques to s ta t i s t ica l ly  characterize I )  the reverber a t ion
re turn  from point sca t t e r er s  in an ideal oceat~ 2 )  the  corresponding R I - V (  ; I - N  o u t p u t  3 the
mood ified REV GI  N o u t p u t  J I R  I t s  app l i ca t i on  to the theory f ’or two din iension al  random

~ a l ks :  and 4 the response of a broadband energy detector  to real and simulated rever b er a—
tioi i  da ta .

ENVELOPE STATISTICS FOR A PO iNT SCATTERING MODEL
The physical model upon which R EV GEN is based assumes that  the reverberat ion is

the sum of individual  echoes f rom point scatte rers in the  ocean medium.  I The expressions
describing the  re flected re tu rn  i’rom such a random med ium of point  scatterers are well
k n o w n  and adequate ly  reviewed in OI ’shevsk ii 4 as well  as s t andard  tex ts  on comn iunica t io t i s
theory ,~ .~~

The I resent note fo l lows  chap te r  5 of Sch twa r t , h to in t roduce  the s t a t i s t i c s  of signal
pro pagation t hro ugh so—called r an d om ti  or fading media ,

For a medium composed n t  r andoml y  placed , s ta t ionary point scatterers of ampl i tude
the envelope of the  reverberation signal has the form

r ~~ a L e 10L ( 3 (

where 
~L is de te rmined  by the  location of the  L i” scat terer  in the m edium. h)ue to the ran-

dom placement of the scat tere rs, is a random m i u m b e r  wi th  un i f o rm d i s t r i bu t ion .  \~h ie n no
one scattere r dominates  the  re turn t i e . .  a l l  t he  aj  ‘s are of comparable s t r eng th ) .  the  d i s t r i h u —
tion of the  magni tude  of r can be shown to have the fol lowing form ,

= L ~~~? / _

where

202 =
~~~

°
~L 

-

This d i s t r ibu t ion , named a f t e r  Lord Rayleigh who originally solved the prob lem in
I ~~ ft ’

~ has the  followit ig prop erties

I - The most probable va lu te of r o ( S

2. L’(~-) = (~~2) ’~ o

3. Mediat i  value of r I .  1 s’5 ~ (

4 / • (
~~

-)  /) oI t ’(7 2a 2 (~~)

7
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5. The varianc e L’UE(r) — r ) )  = (2 — ir 2) ’- (9

6. Probabilit y of r exceeding a threshold r~~= e~~~ ’~~ ( 10)

The derivation ot’ this distribution was based in part on the central limit theorem and

therefore is not valid for cases where the number of scatterers is small. As noted by

Princehouse ,8 a typ i cal* sonar ni ight ensonify approximately 4 X scatterers. For most

pulse lengths this would insure a larg e number of scatterers in any instantaneous scattering
volume.

The previous paragraphs describe the statistical character of the echo return from
randomly placed scatterers of approximately equal amplitude. Of importance to detection
theory is the form of the return when there is one particular dominant component in the
scattering field (e.g., a target ) .

When a component of amplitude .1 is added to the previously defined group of scat-
terers the envelope of the return signal has the following distribution.9

ffr + ,,12 ) / 202 
(rA/ o 2 ) ( I I )

where 
~~ 

is the modified Bessel function of the first kind and zero order. This is known as a
Rician distribution and can be seen to be identical to the Rayleigh distribution (Equation ( 4 ) )
when A = 0.

In the limit that rA ~ o” it can be shown that

f i r)  1 
~
-(r - A) 2/ 2 o2 ( 1 2 )

which has the form of a Gaussian distribution centered at the magnitude of the specular
component A.

Figure 2 shows this transition from Rayleigh to offset Gaussian distribution by plot-
ting Rician distributions for signal-to-noise ratios of ’ — dB (Rayleigh), I dB (intermediate ),
and 10 dB (off-centered Gaussian) . The signal-to-noise ratio (power) has the form

Power target 
= 13)

Power Reverberati on 202

The foregoing has reviewed the statistical nature of signals that would be received
from an idealized but real ocean environment. Next , statistics of the REVGEN reverberatio n
signal will be determined.

*ls.degree beam width and 4000.meter range .

8 

-~~~~“ -~~~~~~~~~“..-- . -.. --- ..~~~~— —--..- -



-

0.375

I
0.250 ’ /

>‘
I-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 9
1~

R~S I G M A

F igure 2. Ra y leigh and R I C I a I I  ( o i l — s e t  ( ; a u s s i a n u )  d i s t r i b u t i o n s  I~~~ i S\R of I and t O d R.

E NVELOPE STATISTICS FOR R EVGEN
;i~’emi the  dopp le r—dens i t y  m a t r i x . R1. VG F N prod t tces a con iple  x t ime  series t demod-

ulated ) correspond ini g to the ru ’verb erat ion echo . From l:q n a t i ons  I I I and I 2 )  am expres s i on )
l’or the o u t p u t  t ime  f un c t i on  can be wr i t t en  which e x p l i c i t l y  shows the  doppler—densi ty
matr i x.

.\‘—I .V—I
1,1 Vt I / t i  ~ . Llr 1IL V I 14,

/ r ()  11=1)

A f e w  obser v a t ion s  regarding the doppler— d ens i ty  ma t r ix  wil l  serve to s imp lil ’v the
f ort h of Eq u a t io mi  ( I  2 )  As the number  of ocean scatterers fa l l ing w i t h i n  each range and dop-
pler interval  becomes larg e , the  e l em en)  s D , ,r beco me random vari ables  of the  form

RI .L = 
~~~~~~~~ 

~!0J . L t l  ~~1

where 
~i. L Is d i s t r i b u t e d  according to a R ay  leigh d i s t r i b u t i o n  and ç5 j / s a t i n i l o r mi i  d i s t r i b u n —

1 ion over the l i m i t i t s  / 0. 2 ir) .  l i i  is i’o l low s fro m t lie d isc u mssi on of Rayle igh  s t a t i s t i c s  presented
previously.  For the  case of a un i fo rm spatial  d i s t r i bu t i on  of scat terer s . the  s ahi e s  Of I) j  / are
st i l t  st ic1I l ly  in i . l e p en de mi t .

I)



\Vith this notat ion . Eq u atio mi ( 14 )  can he wri t ten

F , - 
‘V~ V - 

-J ( 2ir itiL/, \ ’ -
- L L ‘L if _ L I !  ( 1 6 )

L= 0 .11=0

For the purpose of statistical analysis it is noted that the exponent i a l  factor in Equa-

tion ( 1 6 )  is equivalent to ~‘0L .~t1 whe re O j  31 is distr ibuted in the same manner  as

Making the definit ion

aJ L 3! = .VL CI J_ L .,I! . ( 1 7 )

the  f’ollowing expressioti may be writ ten t’or }~~:

11} J aJ L t! e “ . ) 1 8 )

L ,31

This has been made to have the same structure as Equation ( 3) .

There is a fundamental  d ift ’ere n ce , however , bet ween the values di L l! of Equa t iom i
( 18)  and the aL ’S of Eq uation (3 ) .  The subscript L in Equat ion (3 )  labels each scat ter in g
cem ite r in the section of ’ the oceami be ing investigated (as noted before . this is a very large num-
her for most sonar applications), while d i Ll !  labels elen ’tent s in a computer s imulat ion.  Due
to practical considerations such as the time and cost of ’ co m pu tat io n . the number  of element s
su mmed in Equation ( 18) must be kept to a minimum. This requires that one aJ ~~ ~~~~ 

repre-
sent s the scattering from m any of the aL S.

If when computing the a J L , t1 s of Equat ion 17 1.  the values ~‘J ,M are chosen accord-
imi g to a Rayleigh distr ibution ,  then Y 1 wi ll have the proper statistical dis t r ibut ion indepen-
dent of the number of ’ elements used in the computat ion.  In this case . Eq uation ( 1 8 )  is the
sum of complex normal random variables and is th eret ’ore i tself ’ a complex random ~ari ahle
having magnitudes distr ibuted accordin g to a Rayleigh distri hutiom i .

Howeve r , th is is not always the case. When the elements aj ~~ j ij  are not random vari-
ables but are fixed accordin g to a deterministic calculation ( f ’or example based ott the mean
intensity of scatterers from with in  a certain volume ),  then the only randomness in if occurs
in ~~~~~~ 

This in turn alters the statistical dis tr ibution of YJ I .  As the number of significant
components in Equation ( 1 8 )  becomes large , I) ij I will approach a Rayleigh dis t r ibut ion.
However , when the number of ’ components is small . signif ’icant differences can he noted .
From Equation ( 1 8 )  it can be seen that  the number of components is equal to the product
of the number of up dates per pulse length and the number of non-zero frequency bins.

U nder some conditi ons there is only one filled f’requency h im i in a reverberation simu-
lation. When REV GEN is operatin g in its up date m ode wi t h 8 u pdates per pu lse length . If
would he t’ormed front  the sum of ’ 8 complex phasors of equal magnitude : i.e. .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~‘hcre ~ j is u n i f o r m l y  d ist m’ i b u teLl  on ~0, 21r1 , In  t h i s  s i t ua t ion  tI m e n m~t ximnt i m i i  i t t s t a m l ) a n e o i i s
power ot Yj  (~ 4~,2 ) would be only  t ) d l~ above i t s  average power

When the a m n p l i t  tides ~~~~~~~~~ are f i x e d  - the d i s t r ibu t ion  of ’ I 1’~ is eq uiv a l en t  to t I me
d i s t r i bu t i om i  of resu l tan t  vector l em i gth  iii a two—d imet i s iona l  ram i do mn walk problem where a
set m i u tnb e r  of stop s are t aken , each ot a prescribed length aj j  I! am id each in a un i l ’orn il
random direct ion Q j j

It ’ tuamly steps ut const ant length are t aken  in the randot ti  wa lk ,  or equ iva l e t i t l y .  if
t i i a i i v update s  of com i s t a n t  amn p l t t ud e  are summed , then  the  d i s t r ibu t io n  of the resu l t an t  ma g—
m ii t  uiles approaches a Rayleigh il i st r ib ut  ion.

Therefore a Rayleigh d i s t r i b u t i o n  of I 1,/ I can he achieved in e i ther  of two v~ a s :
I ) by using many updates  or 2 ) by ram i do m i z im i g the mag i t i tudes  of the  d o p p l e r — d e n s i t y
m at r ix  elements ac cording to a Rayle ig h d i s t r i b u t i o m i  - I This will be demons t ra t e d  in the
res ul t s  section. )

In  the f ’o llow im ig parag rap hs the t heor y of the two—dimensional  ran dom walk wil l  be
res ieweil to provide a basis f’or calc u l a t i m i g the exact stat is t ical  nature  of the  RI \(  l N out  P ut
whe n the a m p lit udes of the doppler—de nsi ty mat r ix  are not randomized ,

STATISTICS OF MODIFIED RE V GEN (Two-Dimen sional Random Walk
In com i sidering the RE VG E N  sta t is t ics  of the previous section , it was shown t h at niod —

ificat ion of the original REV ( ;E N concept also al t ers  the stat i st ical  n a ture  of ’ t h e  r~sull in g
RI’V ( i EN o u t p u t ,  Itt effect , the  ii i s t r i b u t i o n  of ’ the m a g n i t t i d e  of t he output t ime  l u m n c t i o n
I I / I .  as prod need by the  m o d  i f ’ied R l VG F N described above . Is eq u iv a l e n t  to the  ii i s t r ib t i t  l ou
of ’ the resultant  vector lem igth in a two—dimensional randomii walk . Thus the  theor y to be pre-
semi ted in this  section is directly applic able to R E V ( ;I N o t m t p u t  w hem i  the  ampl i tudes  of the
dopp ler—densit y mat r ix  are fixed and the only ran domness in I, occurs iii the  r~tm i do ni  phase
angles  0 L , .t !

l ’ol l owm ng the t h eory pre sented in R ayleigh ’s “Scient i f ic  Papers . ’’ co nsider the  proba—
h i l i t  v t hat  a traveler , af ter  tak im i g 0 steps of ind iv idua l  leng ths a / , a ’  a 0, it t  directi on s he
cll ( lse at r andom ,  wi l l  conseq t ient  lv arrive w i th in  a prescribed r! i s f a t i ce  ~‘ f ro m h i s  s t a r t im i g
pt~m ttf  ( i . e ., I ’,~(i ’. a j ,  a ’ a0 )) . ‘[lie dire ct ion of h i s  f irst st -~u is plainly a t ’natte r of imi d i l ’—
te rence . Ott the  o ther  h~i mt d . at his next  a — / turns , (lie pr oba b i l i t  t ha t  t he  ~itt g Ies (1 lie
u i t l t m n  the  hi m u i t s  (J j  and O j + u/0 ~~. 0 ’  amid 0 2  + dO, , . . . 0 ,~~~j  amid O , ,j  + 1ti , , j  is

/ 
(/1) / dO . , ~/0~ -L ( I  ~( 2ir )~”’ —



The probabi l i ty that the r esultant vector is less than r is th en obtained by integrat in g

the above probabi l ity de nsity ove r on ly thos e regio n s of 0 space (an n~ 1 dimensi onal iti amhi -

f’old) for which

~~ 

a1~ ’ ’ ’  <r.

The evaluation of ’ the multk l imensional probabi li ty inte gral

~i.e.. ~~1 r .’ a 1,  a,, . . - a~ ) = ~~~ J i~ i (‘e n_ i) 
(20 )

— ,nag<r

was shown by Kluyv er 7 to be equivalent to the following definite integral in one variable ,

Kluyver ’s result is

P0(r : aj .  a~ . .  . . a 0) = r , J (/ a ,1.v)  d,v

r f J j r, \ ’) a.vFj a ,n.v) ( 2 1 )

0 ?f l=i

where i0 and f 1 are respectively the zero and f’irst order Bessel functions.

Thus the problem of obtainin g numerical value s for the probability. P0. lies in obtain-

ing a method for accurate numerical evaluat ion of Kluyver ’s integral (Equation (21 ) ) .  The

solution of this problem was formulated by Bennett 11 who noted that for the special case of

n = 1 , the problem is trivial : for the case of ii = 2 it is resolvable in terms of elementary func-

tions; and for the case of n = 3 the problem can be evaluated by elliptical imitegral s) ° hut for

cases of n > 3, an alternat e method of evaluation is needed , Bennett ’s results , summarized

here , conclude that the probabilit y (P 0) that  the magtii tude of the resultant vector is less than

r , can be calculated using the following convergent Fourier-Bessel series representation :

2 ‘~~~~‘ 
h ,0 c,11 J ff ”/ ,n/ ’4 ’~

P~(r ; a j . a~ . .  . . a ,1) 1  -
~~L ~2 .  

22

,,~=J 1~n F 1m’

where /rn is the mth root , in ascending order of magnitude , of the equation i0(x)  = 0* and

where

a m 
(2 3 )

?f l 1

*~~ e Appendi x A for table.

12



b,,, , l )  ( 2 4 )

a~ f j (a ~ I ,,, l i  
—
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~~ f Q (~1~ i
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-.

Or conversely ,  the probabi l i ty  t h a t  the magn i tude  of the  r e su l t an t  ector wi l l  ‘‘e x ceed

r , Is I miu im tu s  the p robab i l i t y  gis c i t  i t t  Eq u at ion ( 2 2 ) ,  or si mply :

- 
2 \“ “m ’ m~~O~”w :1)

— ‘j L ~~ 
I _ b )

,/ ,=/  ‘fl! ‘ ,! “//!

Ret u r n i mt g  to t h e  case ot t h e  t r a~ eh i i i g  pedestrian , it is k n o w n  tha t  there  ex i s t s  an
absolute h i mi t i t  on the  d i s t ance  he can walk in ii s teps  sim ice each h a s  a I) res cr ibe Cl length a 10

the  himi t i t  being th e st int  of t h e  leng i his  of all a steps . occurring when t he t raveler  chooses to

w a lk a straight pa th  I [h it s  it Is imu possible  f o r  the t r aveler  to reach a dis tance  greater t h a n
the  stint

:1 =
/0= !

Likewise , in Eq n at  ion ( 26 ),  for t h e  case where r = I - we see t h a t  t h e  n u m e r a t o r  of
he summim i g  term ’n includes  the  tero order I3essel f u n c t i o t i  evaluated at J,~ . which  by del ’i n i t  ton

is any  value fo r  which I (/ J ~~) 0 , Thus when r is eq u al  to the l i m i t i n g  value .1 f r o m  Eq na-
t i on I 23 1, the p robab i l i ty  t h a t  the r e su l t a n t  vector  length wil l  be greater  t h a n  r is zero , yield-
ing precisely the result expected f ron t  (lie precedin g paragraph.

Front these results , the derived proba bi l i ty  d istr ib ut iom i fo r  a l’in i t e  number  of step s
ca mi now be compared to the  Rayleigh d i s t r i bu t i on  w i t h  these observ at t ons:

I ,  ~~~~~~~~~~~~

2. E (r 2 ) = = 2u2 = ~~~~~ I

3, With  target cot t i poi teni  of ~ut i p l i tude  I . t he stgm ial -to-no i se ra t io  (p o w e r )

/ ~‘‘u ’er ia, ’g~’t 
= 

~2 
= _,,iiEi, 1~~)

Pott er /‘~~‘ u ’erbe, ’atioii ~~ 
‘ 

I

0/!!



- ~~~~~~~ 
- -- -- -

~--~~~~~~:‘~~~~~~~~~ , ~~
--

~
-- -- ---— - “ — — —  ‘ - - -

~~~~~~~~~~
‘ 

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~

In general , this derived prob ability distr ibution for the amplitudes of the simulated
reverberation return , ge nerated by modif ’ied RE V GI N , appro ximates the true Rayleigh dis-
tr ibution wi th  the m i ota b le exceptiomi that  the simulated d i s t r ibu t ion  drops to zero at the
poi nt which represents (lie sum of the compon ent n iagm ’i itudes. ‘l’he error introduced b y this
“drop-o ft” ’ effect is essential ly negligible for large numbers of components , b utt as the number
of ’ significant components (i.e. , upd ates )  is reduced , t his ‘‘drop-o f f” error becomes increas-
ingly significant , It  is this discrepam icy , the ref ’ore . amid its resulting e ffect on the response of
a broadband energ y detector , t h at becomes the subject of discussion in the t’ol lowi ng section .

RESPONSE OF A BROADBAND ENERGY DETECTOR
The broadba n d en ergy detecto r is on e ot’ many types ot’ signal processors available to

current sonar systems f’or analyzing reverberation return.  This simple processor examines t h e
envelope of the reverberation time sequence , testim ig for amplitudes which exceed a predeter-
mined “detection ” threshold. Amplitudes which thus  exceed the set threshold are sensed and
accordingly recorded as target detections. The following section , therefore , ex a mines t h e
statistics of this “detect ion ” respo nse as they app ly to the probability t heory already
pre sen ted.

Front the first part ot’ the theo ry section it was showmi that  f ’or a n ocea n m edi u m
where many scatterers are participatim ’mg in an instantaneous echo return . the magnitude oi ’ the
return t’ollows a Rayleigh distri bution 4 and w hen an additional dominant  compom ient (e.g.,
a target ) is present in the scattering f’ield , (lie enve lope of the return themi follows a Ricia n
distribution , 1 I Appl y i ng t hese resul ts to the broadba n d energy d etect or , we see that the
probability of exceeding a threshold , T , when Ito targe t is present (thus recording a f ’a l se
alar m) can be expressed by integrating the eq~’at ion derived by Rayleigh t’rom 1’ to in f in i t y ,
Thus the probability of false alarm . PFA . f’or a give n th resh old T is

p 1: ’l = f ~~~~~ ~,-r / 2o 2 
dr

T o

~~~
2/202 

30

Likewise , for the case w hen the re is a ta rget prese n t in the scatte rin g l’ield . the p roba-
bil i ty that  the magni tude  of the return will be greater than the thr eshold , T , l i e ,. t h e  proba-
bility of detection , PD) is expressed by integrating the Rician funct ion:

PD = f ~ ~~ r2 ,f 2) / 2~2 
I ü~~~~)~1r. ( 3 1 1

In general , the above integral , also known as Marcum ’s Q t ’un c t io m i . has prese n ted
some diff icul ty  in accurate numerical  evaluation for non-tero values of .1. I b i s  prob leni and
met hods for its sol ution h ave co nseq uen tly been ad dressed in a variet y of publ ica t ions .  as
summarized in Appendix  B.
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At th i s  p oi m i t , I qua t i t ) i l s  ( 3 ( 1 )  amid ( 3 1 )  provt de a t i a l y  h eal express ions to r  t he  r e spo i l se

st , i t  ist  ics of the  broad b~t mid em iem g \  d e t ec to r  when i t  is operat im i g i t t  a f u l l y  u p d a t e d , p roper ly
r and omui , ed  system ( i . e. . t he  real world I . l ik ewis e . the th i rd  theomy section has s imi l a r ly
pre semite d a w eI l— d c t ’imie d closed f o r m  exp r L ’ ssuo ul t ’or the  pr o l”~i b i h i t y  ut exceed m u g a thre shold

t h a t  applies d i rec t l y  to the  s i m u u l ~t te d  R l’ \ ’ ( d N m’ e t u r i i  when It is opera t ing  in i ts  ‘‘upda te ”

mm iode , h lu a t i o t t  I 2~~ def ines  the pm ’oba b ihi ty of ’ excess appl icable  to both  the  c ond i t ion  t h a t
no tat -get is present ( P E A  and to the  cond i t io mi  t ha t  there is a do n t in am t t  ‘‘target ’’ con ip om ient
p r es em it  in t h e  scattering field (P1 )) . Whet i calc ula t ing PEA , the sum from ’n E quat io m i  ( 2 3 )
includes only the  appropriat e  t i u mnbe r  of app rox it i t a te ly  eq ual scat terer  ~tn i p l i t  udes , bu t  when
using Equat iomi  ( 26 I t o  calc u late P 1) , an add i t iona l  u .h ot t i in a nt  amp l i t  tide co mt iponet t t  is added
to the Equat ion ( 2 3 )  stun.

A l th ou t gh  Equ a t ion  2 6) provides a welk lef ’ined representa t iom i  of (lie p robab i l i ty
s t a t i s t I c s  fo r  ‘‘update  modif ied Rh \ ‘ ( ; I~~~, w hen com pared to the  p r o b a b i l i t y  theory of
E quat i ons  (30 ) and i 3 I I  for a f u l l ~ up d a t e d , pr operly randoni ized sy st em . apparent  d i f f e r -
ences warrami t  considerat ion ut  the  probabi l i ty  ‘‘drop—u f ’f ”’ mioted earlie r. Sonic quest iot i s
remaim i , such as: What  e f f e c t  do the  l imi ted  u p date a lgor i thms used to genera te  (lie s imula ted
R I \‘( I’. N out  p it t  have ott the  curr espund tng response of ’ the  simple broad band euue r g ~ detec -
tor ? and I low si gt t i f ’ica mi t  is t h i s  e f f e c t  on the  resu l t ing  pr ob abi l i t i es  of fa l se  a larm and
de tec t ion ?

Fig u res 3 amid 4 repre sent ~r ap h i c  coi i i pa ris omt s of ’ t he  ‘‘ t r i te ’’ R.i~ leigh d i s t r i b u t i o n
and the  simulated d i s t r i b u t t i o m i  of R I -  V( I N out  putt  ge iterated w i t h  4 upda tes  per pulse l e t i g th’ i
Both the linear ( Figure 3 I and the logar ithm ic  4 ~~~~~~ 4~ i.~r :/h ) bus show evidence of f l i t ’ proba-
bi l i ty  “d rop—off’’ p re v iou sly thi eor i , .ed , \V li em i concerned w i t h  o b t a i n i n g  ,i l ues fo r  probabi l —
ities of false alart i ’t. we are sp ecif i ca l l y  con ce rmied w i t h  the  area in the  t a i l  of the  d i s t r i b u t i o n
beyond the value of ’ th e de t ec t t o i t  t h i r es f iok l  I I b i t t s  i t  is clear t h a t  f o r  the  4—upda t e  simu-
lated R E V G F N , as T appro aL ’hies the  d r o p — o f t  po in t , t he  va lues  for P1 -\ drop d t , t s t  u c a l l y  to
zero.

Sim ilarly. Figures ~ and o i l l u s t r a t e  the  s , i t u le  c o t l l p . i r l s o n s  itiade i i i  F igures  3 and 4,
e \ cep t  tha t  the s imulated R I VG I - N  r e t u r n  s~ ,is . iii  t h i s  case , generated uis i i i g  ~ upda tes  per
pulse length .  Lit ’tearly ( Figure ~ i . t h i s  s im i tu l a ted  d i s t r i b u i t  ion appears to be ~t iii uchi inure
accurate  approximat ion  to the  Ray le ig h  d u s t  r i b u t  ion ,  bu t  ( l ie l o g a r i t h m i c  scale of F igure  6
sh ows tha t  a l though  the drop ol ’f may not be as readi ly  a p p a r e n t ,  it is s t i l l  pre sent am id for
higher  threshold values , it w i l l  s t i l l  ~t f ’f ’ect t lie accuracy ( i t  p robabi l i t y  va lues  t bus obta ined .

In gener al ,  (lie s ta t is t ica l  a c c u u r i c ~ of s imu la t ed  probabi l i t i es  appears to be grea t l y
influe t iced by the relat ive p r o x i m i t y  of t lie de tec t  ion threshold  to t he d r o p — o f f  poit i  t f o r
t h a t  par t icular  sim itu i la t  ion ,  .\s the nu i n ib e r  of um i xl ~ites utsed to g e mie ra te  the  s imu t l a ted  ret urn
increases . t h e  val t ie of I he drop— o f ’) poi mit l i k e w i s e  imi cr ~’~ises and t lie error ( i . e..  t l ie area in the
ta i l  of the “ true ’’ Ray leig h d i s t r ib u t iomi  hey omtd t l i  is poimit  ( s ig mt i f i c a n t lv  decreases .

Th e f ’ol lowing sect iomt - t h e r e f o r e , wi l l  grap h ica l l y  d e m n o m i s t r a t e  t lie e f f e c t  of ’ var ious
u pda te  a lgor i th m s on p robab ili ty  of ’ false ~i larmii  st , i t  is)  tc s , s i g m i a l — t o — u t o t s e  r a t io  power c u r v e s
and receiver operatin g charac te r i st i c  cu i r ~ ’s .

~~~~~~~~~~~~ 
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RESU LTS

This section presents graphic i l lus t ra t ions  ot the effect of various upda te  a lg or i thm ii s
omi the probabil i ty s tat is t ics  f ’or simuilated R EV GI ’N reverberat ion re turn  and the correspond-
ing detection statist ics as they  apply to t h e  various o u t p u t s .

PROBABILITY OF FALSE ALARM
The probability that (lie broadband energy detector will  sense a “target ” Is determined

by t he probability that the amplitud e of ’ t he reverberation envelope exceeds a sei detect iou
threshold. For REVG EN reverberation returns , the  up date  a lgor i thm incorporated in the
simulation p lace s a maxit i ium omi t h e  possible anip l i tude of ’ t h e  ret urn envelope and becautse
t h e re is no possibi lity of generating amplitudes greater than  t h is l imi t , correspomidi u ighy lowe rs
the probability of false alar m statistics , Figure 7 sh ows the eff ’ect varioums update algor i th m s
have on their respective PFA cuu rves. For example , at the PEA level of ’ ~~~~ an 8-update
REVGEN places the detection threshold at approximately 5.8 signal-to-noise power (equiva-
lent to approximately 7 .6 dB) w hile actual Rayleigh statistics indicate t h e  thres h old positioti
of ’ 7 .0 signal-to-noise power t 8.5 dB ),  Considering this misplaced threshold . t he Ray l eig h sta-

I st ics show that  this 7 , 6 d B threshold should yield an act utah PEA closer to 10—2 rather than
the or igin al , erroneously low value of ’ I 0~~ ,

100

to _ i

1o~~ 
‘ 

~~~~R A Y L E t GH

- 6 .10

10 _ i -  32

io
_ 8 

‘ 48

to-s . 
tO 16 tOO

4 8
to - _____

0.0 4.0 8.0 i2 , 0 16,0 20.0 24.0
(R.. 2) /2tS )GMA ” 2)

_oo 6.02 9.03 10.8 12 ,0  13 .0  t 3 . 8

SNR (dB )

Fi gure 7. PEA versus threshold t’or various updates per
pulse len g t h :  also PFA f ’or Rayleig h d is t r ibut ion ,
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in add it iom i t o the theore t ica l  curves  1) 1 Fig u re 7 . corre sponding e x p e m ’ i i u t c t i t a l  da ta
I ~~‘,000 sam ples ) were used to generate  Figures ~~

— I 5. Ap p l~’ ii ig a l g u r i t h i t t i s  f~ur 2 . 4 . am i d ~
up d a t e s  per pu lse lei i gt hi  w i t h  f i x e d  a n i p h i t u d e s  and random phase , a c t u a l  R I  \ ‘( N o u t p u t

~ ielded the  complex t ime  series of ’ t h e  reverbera t ion  ret u rns  s l t owi i  i i i  F igures  8— 1 ft Fum
cotnpa rms on . Figure I I pm’e s emu ts  a r everbera t ion  et iv e lop e genem’at ed v~ i t l u  bo th  ra n d o t t i  p h ase
and Ray leig h —dis t r ibu ted  amn p l i t  tides . Figures 1 2 — I  S t l ien use t h is  gett er~ite d i fa ta  to lend
exper ime n ta l  support  to t h e  theore t ic  p robab i l i ty  of f a l se  a larm curves f r o n t  h i gu ir e  7 .

W i t h  a detect ion threshold set at 3.~ dB . Figuires 8 — I t )  i l l u s t r a t e  the  eff ’ect s ’ari otis
update  a l gor i t h i m i t s  ( 2 . 4 . and 8 respect ively )  have omi correspom idin g fa lse  a larm s t , i t  I s t ics . I l ie
apparent  a mplitude ceiling showmi in the returm i envelopes  of ’ Fig u res 8 ari d () results in unreal-
i s t i c a l l y  low PFA rates in bo th  cases, The 8—update  a lgor i thm of Figure I D  sli o~s s art imicrease
in t h e  “detect ion ” peaks , bu t  in comparison to Figure I 2 whe re  2 upda te s  per pulse l eng th
were generated wi th  amplitudes r and ot ii i ied according to a Rayleigh d i s t r ibu t ion , the  number
of fa l se  a l ar u t is  f ’or 8 umpdate s  of ’ cons tant  a n i p h i t  tide is s t i l l  errot t eoi i sly how ,  The i t t acc tm rac ie s

~ PF ,.\ s ta t is t ics  are rei terated in Figures 12—1 4 , wh ere expe r imen ta l  resul ts  are seen to agree
w i t h  t he  previously predicted theore t ica l  PFA ~‘aIt t e s . Of pa r t i cu l a r  in teres t  are t he  experi-
u n e t i t a l  results sumitmari t ed in Figure I S ,  .-\ si m ulated reverberat ion ret ur n  w i t h  update  a m i t p l i —

um des randomized according to a Ray Leigh d i s t r ibu t ion  is shown to produce t h e  proper PF.-\
s ta t i s t i c s  in depeutdem i t  of update  u tum b er .  I F igure 15 used oi t ly 2 R~t~’lei g hi ra m td om ’ni zed
updates. )
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Fi gure 8. Experimental  representation of REVG EN re tu rm i  envelope wi th  2 up dates
per pulse length , c omista r u t amp li tudes . at u d uui i form phase. Det e c t iom u threshold  set
at  3.5 dB,
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Fi gure 9 , Same as F i gure  8 wi th  4 updates per pulse lem igt h .
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I’ igur e  tO.  Same as ( ‘ugu re ~ w i t h  8 up da tes  PCI pu l se le i i g thu .
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SAMPLE NUMBER to5

I i~ u i i ~’ I I .  S in iumla ted  r e ) u m n  envelope with 2 uip d aue ~ per pu Is~ k n g D u .
u i u i i f o r n i  p h ua s e , bu w i t h  Ra~ lei g h d u s i r i l i u i t e d  amn ~’ t m ndes.
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Figure 12 . Experimental PFA results (87 ,000 points in samp le) for REVGEN signal
with 2 u~tl ates per pulse length , constant amplitudes , and uniform p h ase. Solid lines
represen T theoretical curves for 2 updates aiid for Rayleigh.
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F igure 13. Same as Figure 12 but wi th  4 updates per pulse lengt h .
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RECEIVER OPERATING CHARAC TERIST I C CURVES
Receiver operating characteristic curves graph the probabili ty of false alarm versus

the probabil i ty of ’ detect ion f ’or va rious detection th resho lds. As the detect ion t h resh old is
i n creased , PFA decreases , h ut in turn PD also decreases, ROC curves , therefore,  are of inter-
est in locating that  detection level which provides a mnaxin i u m PE) f ’or a n i inimu t t i  PEA. Fig-
utre 16 shows (lie Rayleigh distribu i tion (‘or noise alone . t h e  Rician d i s t r i bu t i on  w i t h  a 10 dB
ta rget sig nal added , and the areas of ’ i nterest iii determining RO(’ curves ( i .e . ,  shaded PE A
and st riped PD) .

F Given the altered PFA stati stics illustrated in the  previous sect iomi . it is clear t h at
REVGEN update algorithms will likewise alter the ROC results since the lowered PFA value s
are used in the ROC comparison of’ PFA and PD. Figu re I 7 presents three sets of ’ RO(’ curves
(co rresponding to signal-to-noi,, e ratios of ’ 8, 10 , and 1 2 d B) and compares those values
obtai ned by 8 upd ates per pulse length simulated REVGEN to the act u tal  ROC values f ’rom
true Rayleigh and Rician distribuitions. Because the REVGEN PFA drops drast ical ly,  Fig-
ure 17 shows that for small increments in threshold values near the simul at ion s implied
maximum , PFA dec reases rap id ly wh i le PD changes on ly sl ig h t ly .

For comparison , Figure 18 presents ROC curves similar to Figure 17 bu t  uses a
32-updates-per-pul se-Length algorithm , In all three cases , the i ncreased number  oh ’ ui pdates
i ndicates a closer approximation to (lie actumal  Ray le igh/ Rician values.

SIGNAL-TO-NOISE RATIO
This third type of graph is similar to the ROC curve in t h at its main interest  lies in the

relative accuracy of values obtained for the probability of detectiomi.  They dif t ’er in t h at
although the previous ROC curves had a fixed signal-to-noise ratio (SNR) ami d a ch anging
threshold , the follow in g plo t s set the detec t io n t hr esh old at a predeter m i n ed leve l and vary
the signal-to-noise rat io , The focus of Figures 1 9—2 1 is to indicate that  at various SN R levels ,
t h e  PD obtained with various versions of REV GEN simuhations are erroneou sly high ( t h e
error again due to the stochastic nature of ’ t he update algorithm s and consequently , to the
unreliable values for PFA which cause incorrect placement of the detection thres h old) .

24



r L, 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~ 
;- -

~~~~~~~~~~~~ ~~~~~~ 

-

~~~~~~~~~~~~~8 8
0 0 o ~ 0

Gd

0
a)

• 0

<N

~~~~~~~~~~~~~~~~~~~~~~~~~~~~

o
— ‘a

_ _ _ _  

IL
— ~~~~~ 

11- —~-— — — ,.“~~ 
‘ — I-.

, 0

0
—

It) 0 0
N IL)

°A.LI1I8VBOHd ° d

‘S

_ _ _ _ _ _ _ _ _  _ _ _ _  ------ - --- ‘. _“
~~~~~ 

-4



0

I 
-

~~~

~ ~~ 

O
~~~~

’,,’s

i, 
I

i 

- ,

~~ 

- 

26

_ _ _ _ _ _ _ _ _ _ _ _ _ _  - ---



r 

-~~~~~~~~~~~~~~~~~~ ‘ ~~~~~~‘
_ _-- ‘

~~~~~~~~ 
‘-

~~~~~
-- - - - --__

I



DISCUSSION

Front the preceding section it is seen that both t h e  f’orm of the reverberation signal
arid the related t’afse alarm amid detection statistics can be signul ’ica nt ly  affected b y changes
iii t he u pd a te algor i th iii .

‘rhi e major ef ’I’ect is (lie red uction in the probability of high intens ity ret utrns in the
reve rberation signal which occurs when the update magnitu ides are h eld cons tant .  This affects
the detection statistics in two ways. First , f’or a given SNR threshold (lie probabi l i ty of f ’a l se
alar m will lie less f’or a signal produced with uup dates of ’ constant magn it u de than I’or the cor-
respomiding sig nal with updates randomized according to a Rayleigh di st r i l )u t ion ,

Wh ile bot h theoretical and exper itn et ita l evidence indicate that  increasing the num ’nb er
of u p d a t e s  resolves this disparity,  the f’act re m ’nains tha t  t h e  Rayleigh randomized updates
produce the proper statistics (i.e., t’a lse alarm amid detectioii statistics for a thresho ld type
energy detector ) independent of the uip d ate nu imber. This decoupling of’ the de tectio m’t statis-
tics from the update algorithm may, in some instances , permit the reduct ion in REVGEN
compu tational req u ire men ts by obviating the need to process a larg e number of updates per
pu lse le n gth.

While it has been shown t h at r amidotnizing (lie up date m a g ni tudes decouples the
response of an en ergy detector t’rom the nuimbet’ of updates utsed to form the REVGEN signal .
it shout ld be concluded thaf in fact all aspects of the REV GEN tit iie-wavef ’orms become inde-
pendent of uipdate number when (lie proper randomization is appli ed ,

Examples of this occur in Figure s 22 — 25 which show (lie magni tude of the base hand
reverberation (i. e.. envelope of the actumal signa l) f ’or two puilse sh apes amid for two dif ’t’erent
update rates , (In each figure . 5r of data is plotted. ) Figu re 22 is cal cut lated for 2 updates per
pulse length of Rayleigh dis t r ibut ion ,  Figure 23 represem its a signal for 8 updates per pulse
length of utniform phase. Both f’igures represent the returmi fro m a square transmit  pulse , For
processors which classif y det ect ions based on a rapid ri se in sign al envelope wh ich is fol lowed
by a sustained high value for sonic per iod of time (e.g.. r / 2) .  a decrease in (lie number of
updates might trigger more false alarms.

Figumres 24 and 25 (8 and 2 updates respectively) repr esent the reverberation return
when a Chebyshev window has been applied to (lie transmit pulse . Under these conditiom i s
the envelopes appear more realisti c than for the square pulse,

The conclusion to he drawn I’rom these remarks is t h at wh en simplif ’ications are niade
to the opt imum Rayleigh simulation (as defined by the pulse length and band widt h ) then a
validation is necessary to determ ine (lie response of t h e  specific detection logic to (lie altered
signal. In many cases the val idat ion process will result in more ef ’ficient algorit h ms for gemier-
ating the signal while at (lie same time insure th at the simplification will not alter system
performance.
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Fi gure 22. Simulated return envelop e wit h 2 updates per pulse
lengt h , unifon it phase . Rayleig h distributed amti ph itudes . and a
rectangular transmit pulse . (Sam ii p les taken over 5 pulse lengths.)
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Figure 23. Sante as Figure 22 with 8 updates per pulse length and
constant amplitudes.
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Figure 24 . Sant e as Figure 22 (2 updates , uniform phase , Rayleigh
amplitudes) except with a Chebyshev window app lied to the
transmit pulse .
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Figure 25. Same as Figu re 23 (8 updates , uniform phase , constant
amplitudes) except with a Chebyshev window applied to the
transmit pulse.
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\1.iuu ~ cur ren t  acoust mc detectors  are based on a matc h ed f i l ter  processor. The opera—
t i t ) u i  of such a f i l ter  is very d i f fe ren t  from that  of a sit iipl e energy detector, However , it ca n
be sh io wui t ha t  t l i t ’ stat:. st i ( -al /) roI) 1( ’?,I ut ’ / ij i ’Ii inucf be SO/l ed III order to (~t a/i tate (1w e f f c ’ -f o~’
(l ie ii/ ’rl ait ’ d/~’urIf/l,,, is i~/ c ’itflt ’c$/ to that  /)rC ’SCII!C(/ tii th( ~ t/ !t ’Or t ’ S( ’( t!O?i O t  (h’~~ 

,~‘P o1t ,

l’he deta i l s  oh ’ the . ipp lmcat  ion of ’ t h i s  t h e o r y  to t lie proble m oh a matched f i l ter  proc-
essor amid t lie ci feet  oh var ious  update ahg orit hi i i t s  is th e  topic of a h u t  lire report.
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I S S  4 8i ,l6 17202585426480732 8480 10 156 489.3033l126 13l940409774578 l3
I 5 ’  492,444902285 158996016686009 6 158 495.5864933296608670207868442
159 498, 7280843944345529380228240 160 50 1.869675479099366350107 8187
161 505,0 112665832840924990 94 1 259 162 508.1528577066266964738964728
163 5I l .29444884877404 Il 9l 5926959 164 5l4 .4360400 0938 16l57l2054 1695
165 5 17 .57763 11881132734468 657438 166 520.719222384640979844 6849400
167 523,8608135986445691552365 105 168 527.00240482981 1509893 1093407
169 530.14399607783667864048 17757 170 533.2855873424221418449084152
171 536.427 1786232769452844 119830 172 539.568769920 1169108873902364
173 542,7l036l2326644406093l89159 174 545.8519525606483270819531724
175 548.9935439038035707637447593 176 552.l35l3526I8712033325405405
177 555.2767266345981 17073347500 1 178 558.4l83l802l7369000250756037
179 56 1.559909423045676660 7358788 180 564.70l5008382879538856080555
181 567 .843092267232472 1474293356 182 570.98468370965306 146 17208419
183 574. 126275 l 65328502I639868063 184 577 .2678666340423902087 180 16 1
185 580.409458 1155830068429281626 186 583.55 1049609743 19248937 11029
187 586.692641 11632022468 1 6488596 188 589.834232635 115699900 1434814
189 592.975824h 65935419164l086158 190 596.1174157085892772413556898
191 599.2590072628911553427808792 192 602.4005988286588171745175769
1 93 605,542l90405713$0S2257789970 194 608.6837819938813581754902234
1 95 61 l .8253735929<)028630561 10142 196 614.9669652028729098136319040
1 97 618,10855682336495492h0978l79 198 621.2501484543054706791861193
199 624 .391 7400955367 453763-~977 79
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APP E NDIX B

In radar—detect  iou theory and in ot l t er  proh lemn s im i volvim i g carrier signals , it is of te n
m m e L e s s a r \  to coi itp u ite Mar cut m ’s Q Fu mi ct i omi .  T h e  () func t ion  is defined as:

Q(1~ L)= J±~ <~~~ 
[

~(P 2 +r 2
) ] ( ~~r

) 
( B - I )

or inure si mt iplv

Q(a ,b) = f .~~ exp 

~ ~ / / a .v) dx (B-2)

whlere I~ = zero ordt~r Bessel fu m i ct iom ’u .

While there do exist other asymt iptot ic 1 and recutrsive formulas for solving the Q
t unc t ion . ti le recursive method derived by McGee 3 appe ars to lie more accurate and gemierally
the most stable,

This recursive method can be derived by replacing the zero-order Bessel func t ion  by
its  series expansion ,

00

~‘c I x)  >~
(‘.)

~

“ 
T 2 (B-3)

inverting the order of summation and integration , and then rearranging the Brennen amid
Reed summatio n to be a power series in h imistead of in a. Thus we obtain:

00 r .,
l — ( ~r + v - ) IQ(a .h)  = f .v exp L 2 

- J I~ (a ,v) dx
h

- / .v e.vp E_(a2 + 

~
2
~j 10(a.v)  dx

(B-4 )

w h ere
(h2\ I-h

2

— \“
~~ / 

C XI)

/i
~ 

= d
0 

= exp (
~~2 )

- ‘~~~~ -_-- .- _-
~~ -- .—~~~~—------— - - --‘ .- -



(4) 1k 1

Il k Il k J  +d k

(c’) d k J
dk k

After N iterations , the error in Q is given by the remainder term:

F E=
N=)

To determine a bound on E , we consider the iterative equations above, which when
algebraically substituted within one another, result in:

Jk~~ 
1’k+J ~ ~~~~~~~~~ 

(B-6)

t h us giving the ratio of succeeding terms as

~k+J 1
~k+i < {b

2(2 k + a 2
) ]  ( k~~~l)  (B-7)

Note that as k increases , this ratio decreases. Therefore recursive testing for the con-
dition that this ratio of successive terms

(fk+1 ~k#i~~~~J 
(B-8)\ f i ”i / -

will then imply that E ~~~~~~

Thus the summation can be terminated when two conditions are met:

I .  ~he ratio of succeeding terms ~ 1/ 2 ( implying E

2. ~~~ is determined to he an insignificant subtraction from the existing value for Q.
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