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hml INTRODUCTION g MoST

‘The correlation function of two signals can rapidly be obtained by
taking the inverse discrete fast Fourier transform (IDFFT) of the product
of the discrete fast Fourier transform (DFFT) of the first signal times
the complex conjugate of the IFFT of the second signal. The subroutine
RAPIDC accomplishes this operation. <

In a preliminary report to the NUSL » the Sperry Rand Corporation
reports (reference (a)) success in performing correlation by FFT as
follows:

The discrete fast Fourier transform (DFFT) of signal 1 and the DFFT
of signal 2 are taken. The camplex conjugate of the latter is then
multiplied term by term, with the former transform. The inverse discrete
fast Fourier transform (IDFFT) when properly scaled yields the correlo-
gram of signal 1 cross (or replica) correlated with signal 2.

Continued developments in the field of the discrete fast Fourier
transform (reference (b)) make implementation of this concept easier
and more frequent (reference (e)). The primary advantage of correlations
with FFT is the high rapidity with which the computations can be per-
formed. So staggering is the time element that it is conceivable to
disallow time domain replica and cross correlations by the classical
method for high order cases.

Appendix A is a program listing with one applicable subroutine,
COLJAD, given in Appendix B. The subrouting for FFT can be found in
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reference (b) or the user may prefer to use another transformation sub-
routine of his own choosing. Appendix C gives a sample case of cyclic
and acyclic correlation of two pulses.

THEORY

The time domain definition of the correlation function is well
known for real causal functions, x(t) and y(t +T') to be:

T

¢xy('7")=l"" "-lvF K(t)%(tﬂ’)dt (1)

Too0
0

' |
B (W) = Jw g KOS

Equation (1A) from Bendat and Piersol (reference (c)) (digitally
expressed as Eq. (1B) in reference (i)) is a classical definition re-
quiring large and often excessive amounts of computation time for large
arrays X(N) end Y(N) . The FORTRAN implementation of this definition
for the discrete case is straight forward and its use throughout govern-
ment and industry is quite common. The basic definition is sometimes
modified and a normalized version forces wﬁY to fall between +1 and
-1.

It has long been known that the inverse transform of the cross

spectral density function is the correlation function. Davenport and
Root (reference (d)) state that:

0 3\»1,
By M= Sutre s »
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where ¢xy is the correlation function and Sxy 1is the cross spectral
density function.

The cross spectral density function is, in general, complex con-
sisting of a real part, the co (coincidental) spectral density function,
and a? §?aginary part, the quadrature spectral density function (refer-
ence (c)).

The cross spectral density function Sy, (W) of x(t) and y(t)
referred to by Papoulis (reference (f)) as tge cross spectrum is given

by:
Sey(W) = X(W) + v*(w) (3)
where '*' indicates conjugation
x(t) 4P x(w)
y(t) ¢=—p (W)
and €—P indicates transform pair.

Recently, Singleton (reference (b)) has presented an FFT subroutine
coded in FORTRAN which can be called as follows:

CALL FFT(XX,YY,NNN,NNN,NNN,ISN)

where (XX + jYY) is a complex input and NNN is the Number of Values to
be transformed (NNN must contain no prime factor greater than 23) and
where for ISN = -1 the forward discrete fast Fourier transform is com-
puted and returned as the complex output (XX + jYY). Similarly for

ISN = 1 the inverse discrete fast Fourier transform is computed and
returned as the complex output (NNN times (XX + jYY)).

Given the two real signals x(t) and y(t) they can be transformed
as the complex signal (x(t) + jy(t)) yielding the complex transform,
Z(w) , of the complex input signal. The transform of x(t) and y(t)
can be recovered as shown by Cooley (reference (h)) as follows:

n

X(w)
Y(W)

(Z(W) + 2x(-w))/2 (&)
(Z2(W) - zx(-w))/2] (5)

1 A brief and complete derivation of Eq. (4) and (5) is shown by
Eby in reference (g).
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Multiplication term by term of X*(W) with Y(W) can be shown

from Egs. (4) and (5) to yield the real (CO) and imaginary (QUAD) parts
of the cross spectral density function, sxy(w) , a8 follows:

CO(W) = 0.50 (XX(W)YY(-W) + XX(-W)YY(W)) (6)
JQUAD(W) = 0.25 (X(W)? + YY(W)? -xx(-w)2 -Y¥(-wW)2) (1)
where XX(W) + jYY(w) 1is the complex transform output (Z(W)) of
Singleton's FFT subroutine.

Implementation of these two equations in FORTRAN with positive in-
dexing and taking advantage of symmetries present is done by the Sub-
routine COQUAD. A listing of COQUAD is enclosed.

Taking the inverse discrete Fourier transform of the CO and Quad-
rature spectral density functions, properly scaling the output gives
the correlation function equivalent to Eq. (1).

Removal of the mean and division by the standard deviation of the
data prior to the described procedure for RAPID Correlation yields a
normalized correlation coefficient between plus and minus one.

SUBROUTINE RAPIDC
Subroutine RAPIDC is called fram the main program as follows:
CALL RAPIDC()D{,YY,NUW(,NUMY,NEPLOT,NOWRAP)

where XX is an array (dimensioned at least NUMY for NOWRAP = 1 and
dimensioned at least NUMX plus NUMY for NOWRAP = 0)

YY is an array larger than or equal to XX (dimensioned in
the main program with the rules above for the XX array)

NUMX is the number of values in XX
NUMY is the number of values in YY

N2PLOT 1is the number to plot and is supplied by the subroutine

NOWRAP is the flag parameter for cyclic and acyclic correlation;
NOWRAP = O gives acyclic correlation (i.e., zero wrap
around) but requires more array storage. See discussion
which follows.

T ———————
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CYCLIC AND ACYCLIC OPTION

In the call to RAPIDC, if NOWRAP = O then acyclic correlation is
g performed. However, in the main program both of the arrays must be
dimension to at least NUMX +NUMY. For crosscorrelation of arrays with
8000 values both arrays would be dimensioned to 16000.

If NOWRAP = 1 then cyclic correlation is performed and a wrap
around effect takes place. If a replica correlation is taking place
the user should note that no wrap around will occur until NUMY -NUMX
correlations t-ke place. The value of NUMY -NUMX will be returned as
the number to plot in cases where NOWRAP = 1. An example would be of
the replica correlation of 1000 values with 16000. No wrap around
would take place until 15000 correlations for NOWRAP equal to 1l and
the N2PLOT would equal 15000.

The authors suggest as a rule of thumb that NOWRAP be set equal to
0 for cross correlation with both data arrays 'over' or 'double'
dimensioned and that NOWRAP be set equal to 1 replica correlations with
the user only plotting N2PLOT number of values supplied by the sub-
routine.

LIMITATIONS OF THE FFT

Limitations of Singleton's FFT are that it must be called with a
highly composite number (that is one with no prime factor greater than
23). The subroutine RAPIDC calls FFT with NUMY for NOWRAP=1 and calls
FFT with NUMX + NUMY for NOWRAP = O. A table of highly composite
numbers is available in reference (b).

TIMING CONSIDERATIONS

Run and timed on the UNIVAC 1108 under EXEC I1 level 22 compiler
Replica Correlation of 1000 values with 15000 values tock 13 seconds
with RAPIDC. The exact same case processed by the discrete version of
‘ the classical Eq. (1) required 182 seconds. Timing included no input-
output manipulations. This increase in speed in the ratio of 1k:1 is
significant and should not be overlooked when considering correlation
computations.

LOCATION OF RAPIDC

RAPIDC, FFT and COQUAD are located on File one of CUR Tape vakl.
Both the symbolic and relocatable versiones are stored on U2kl, so these
three subroutines may be used, compiled, listed or punched from tape.
The authors request that the tape be brought into the PCF as follows:

wn
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YR ASG A = U2kl

v XQT CUR
IN A
TRI A

The tape U241 should be listed on a yellow run request card as an input
tape (left column) and circled. ‘

AN I/0 PACKAGE FOR RAPIDC

An input-output package, computer program S1612, has been written
and is stored on File 1 of CUR Tape U24l. 51612 is a general-purpose
FFT replica correlation program with basically the same input and out-
put as S1530 (reference (i)). The primary difference between S1530 and
51612 is the subroutine which performs the correlation. S1612 uses
RAPIDC while S1530 used a classical time domain approach. Other coding
differences are required because RAPIDC uses an 'in place' algorithm.

Still, run time has been reduced tenfold with S1612 over the previous
time domain method.
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APPENDIX A
SUBROUTINE HAPIUC as CoR(AKNOLD AND G.C.CAKTER #* 11/03/c9

SUBROUTINE RAPLUC (AX 2 YY o HUMX s NUMY p NEPLOT y NCWRAP)

COMMENT = APIDC I5> A RAPIU CORRELATION SULROUTINE BY FF1

COMMENT = RAPIUC CruSS CORRELATES XA WIIH YY

COMMENT = UMY IS THE iNUMBER OF VALUES 1N THE YY ARRAY
COMMENT = wbmX 1S (it HUMBER OF VALUES It THE XX ARRAY
COMMENT = |he XA AKKAY 1S SHORTER Or EQUAL TO THE YY ARKAY
COMMENT = WUMX AND NUMA+NUMY MUST Bt HIGHLY COMPOSITE

(THAT IS == U PRIME FACTOR GREATLK THAN 23)
COMMENT = nePLOT Is THE NUMpER OF VALUES TO BE PLOTTED BY THE USER
COMMENT = nePLVl IS SUPPLIELD TO THE USEiX BY THE SUBROUTLLE
COMMENT = WUWRAP I5 A FLAG PARAMETER FOK CYCLIC ANL ACYCLIC COURRELATION
(THAT IS == THERE IS HO WRAP AROUND IF NOWRAP=( ==HOWEVER
MURE STURAGE IS REQUIRED TO SUPPRESS wWRAP AROUNUV)
COMMEINT = AFTER PRUCESSING AX(I) HOLDS THE CORRELOGRAM
COMMENT = rOR NUWRAP=1r BOTH XX ANU YY ~MUST BE DIMENSIONED Tu
wWUMY 1IN THE MAIN PROGRAM
COMMENT = FUR NUWRAP=0r BOIH XX ANU YY MUST BE DIMENSIONLU TO
wUMX + NUMY LN Trne MAIN PROGRAM

OOCOCCCONOCCCODCOOOCOOOOOODO OOCOO
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THIS PA LuHED TODDC e

FROM cOrY & URINLOF

SPECLFICATION ANU TYPe STATEMENTS
VIMENSION AX(1)YY (1)

TEST TO INSUKE NumY IS GREATER THAN OR EQUAL TO NUMX

OO0O0 o000

LF (NUMY ,GE sNUMX) Gu TO 200
PRINT 150

190 FORMAT(AR1s//1U0A'INCORKECT ARGUMENTS THREE AND FOUR IN RAPIDC'»/7)
STUP RArLULC

c
c
Cc CALCULATE CONSTANTS
c
200 NUMXPL=NUMA+1
NUMYPLSNUMT+)
NUMXP YSNUMA+NUMY

TEST HOW TO rILL ARRAYS WITH ZEROS

LF (WUWRAP) QU0 » 4509 300

IF NuwrAP=1 CALCULATE WITH WRAP ARQUNU

a0 oo

300 N2PLOT=IUMI =INUMA
w0 400 I=NUMXP1¢NUY
AX(L)=0,40

QU0 CONTINVE

NEWNNNSNUMT
60 TO 600

IF NUwrRAP=0 CALCULATe wITH ZERO WKAP AROUND

co000

COMMENT = AA Al YY ARRAYS MUST BE LIMENSIONED NUMAPY = WOTE =
490 1erPLOT=INUMY

WV 20U 1=SNuUmMAPL» NUNXPY

AK(L)=U,.V
500 Ol sivle

VO 9550 L1SNUMYPLriNUMXPY
YY(1)=0,v
550 CONTInvE

NE WiNININSINUMAP ¥

U. S. Navy Underwater Sound Laboratory Official Photograph
NP24 - 37551 - 11 - 69
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FROM COPY FURS

CONTawE

6UU CONTLINUE |

COMPUTE FroT FOURLER JRANSFORM BY SINGLETON®S METHLO

cOoOOCO OO0

ASN==]1
CALL EFTOXAR 1Y o EW it e NEWNEE o NEWRNNN Y ISN)

COMPUTE CUINCIDENTAL AND QUADRATURE SPECTRA

CALL COQUAU(XXr YY ¢ NEANVIT)

COMPUTE INVERSE FAST FOUKIER TRANSFORM BY SINGLETUN'S METHhOU

oncoo cocoe

1Sw=1
CALL FFT(XA?YY o NCWrivN o NEWNNN e NEWNNN o ISN)

SCALc IiNVerSe FFT QUTPUT

coco

FLNUMASFLOAT (NU®MA)
FLNEWNSFLOA T (NEWNNIN)
FSCALE=FLNUMX&FLNEWN
IF (NOWRAP) /1us 7300710
700 WO 720 1=1eNUMY
AX(1)=XA(1)/FSCALE
720 CONTINVE
G0 TY 759
730 WU 740 1=1rvuMXPY
AA(1)=XX(1)/FSCALE
740 CONTINUE
790 LONTINVE

KE TUKN TO MALN PROGRAM WITH CORRELOGKRAM IN XX

o000

wb TURN
() 1V]

10

U. S. Navy Underwater Sound Laboratory Official Photograph
NP24 - 37552 - 11 - 69
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APPENDIX B

SUBKOUTINE LUQUAD #C.R.ARNOLD *#% UPDATED 11/03/69
SUBROUTANE CUQUAD (xX» Y Y NEWNNN)
UIMENSIUN AX(1)sYY (1)

WNPZ=NEwNNivte
LHWP L= (NEWninn/2) +1

AX(1)=Xx(1)=vY(1)
YY(1)=0,v

w0 675 K=2¢1HNPL

JENNP2=K

AXXZ0,D0% (AX(K) ®YY () +XA(J) #YY(K))
YY(K)Z0,25%(AX(J) #224YY (J) *x2=XX(K) *%2=YY (K)*%2)
YY(J)==YY(n)

XX (K)=XXX

AX(J)=XX(K)

LONTINVE

RETURN
eNu

U. S. Navy Underwater Sound Laboratory Official Photograph
NP24 - 37554 - 11 - 69
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INPUT DATA

(T Y(T1)
«LUUOUU Y]
«000000 «N0000V
«0LLO0V YY)
«000000 «UuLoyY
«00UO0UO «0u0000
«00u00U +00000V
«0Vu00L 2000000
2 QOL0QY 20youou
«0LOVOL «0uoLoY
«00000U «Uu000u
«000V0U +UQUUUL
«LUuU0uu +UuvQuu
+00U000 «Uyuluu
«L0ulUU = «Uyuouu
«00ul0uU +00000Y
sulooou «UyLouv
«0LUOLUY «Vylouuy
«ubuoul +UuQuuY
«00u0Uu «Vu000V
_ _eQuuOUu o Lup0oou
4eL0U00V l.0y000Y
le00u00U l.uyubov
1000000 1,UQ0000
l.0ULLOOO 1.000000
1.000000 1,0900uy
~de0QCuOUO _1.0uu0uu
1.00U0L00U 1,040000
leUUUOUU 1,0u4u00V
100000V l.Uy0000
l.0UUOUO 1.0p0000
«U0VOUU «Up000uU
sULU0QU Y |« {3 {1 {11V I
«00U0UU UQUOUY
«OUUUUU +up0luY
«0QUUOUO «0yvoouy
«00UOUL +0uo0ov
«0LUO00U +000000
- L0080000 .~ o — «Quuliu
«0000V0 0000V
«U0LOUU +Uu000u
«0UQUUY «UQUO0V
sUUOUUUU +0QOO0OV
«0000V0 «Uyoouu
P (VYT 11 1V —— 1 1 1[0 1]
«0000UV «0y0000
«ULULUL +uyoouu
«0ULOVO 00000V
«00UOUU +uguouy
+0UU00V +0uyo0uo
— «0000QM L 0p0ulu

APPENDIX C

CORRELATUR QUIPUT
FUK NOWRAP = o
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CURKLLA [UR VuTPUT
Furt NuwkaP = &

2UUlUU AP VIVIVIVIT)
«18u0uU «louluu
«louvlOuu «loUUUU
«l4ulUU e14UVUV
«lculuu s leuuul
«1UULU0U «lUUlLUU
«LBUOUY «OBUU0U
«Uouluu «ULLOUY
«U4UVLY sU4UUUU
sUeuluu T4 1'1'1Y
«ULUOUO +UUULOLU
=sUUUOUY «UUUUOUY
=-sUUUUUU PRIV AVIVIVAY)
=sQuulOU «UUUULY
-su00U00QU «UULOUL
- UULOUY uluouv
=e0UU0OULY «OLUUOU
=sQUUUUY «ululuv
=sUUUOUUY -sUUU0UU
-+ 0UU0UY -sUUUUUU
«ULUOUD VIV Y]
«UUUlOU «uluuud
«UUUOLU «LLUORY
LV «UluUUY
«0UU0UY +ULUOUU
«QUUUVUY VIV
eUUUOUU «UUuluL
eUbuluy AV LVIVICNOLS)
-sULUOOU «UUUUUO
~osUUU0UU «UUuluu
«0LUbOU sUUUUUY
sLOUO0U «uuluv
=2 ULLUUY «ULULUUU
=+00U0QU TV
= VOULLY s ULUUUU
=oUOUOUY sULUOLY
=eUUUCOUU «ULUOUUY
= UUUULU VLIV VY]
-esUbUOOU NIVIVIVICLY)
=eUUUOOU UuJuouy
«00U00U VIVVIVIVIY)
«OUUOLU eUculuuv
»0UUOUU NVCAVIVIVEY
«00uUUOU «UbuUUUY
«UUUOLY «Ubuluv
«Uuuluu «lUUUUU
«00VUU0 «leuluv
«0U0uU0OU e l4uuuu
«0UUUOU e luulluy
esQUUOOU «lbulUV
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