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~‘The correlation function of two signals can rapidly be obtained bytaking the inverse discrete fast Fourier transform (IUFFT) of the productof the discrete fast Fourier transform (1PFT) of the first signal timesthe complex con.jugate of the DFTT of the second signal. The subroutine
~APIDC accomplishes this operation.

In a preliminary report to the NUSL, the Sperry Rand. Corporationo. reports (reference (a)) success in performing correlation by ~TT as
C’ follows:

The discrete fa at Fourier transform (DFFT) of signal 1 and the DFFTLu of signal 2 are taken. The complex conj ugate of the latter is thenmultiplied term by term, with the former transform. The inverse discretefast Fourier transform (IDFFT) when properly scaled yields the correlo-gram of signal 1 cross (or replica ) correlated with signal 2.

Continued developments in the field of the discrete fast Fouriertransform (reference (b)) make implementation of this concept easierand more frequent (reference (e) ) .  The primary advantage of correlationswith FFT is the high rapidity with which the computations can be per-formed. So staggering is the time element that it is conceivable todisallow time domain replica and cross correlations by the classical /~‘nethod for high order cauea. /& /
Appendix A is a program listing with one applicable subroutine , / ~ ~ ICC&~iP~D, given in Appendix B. The subroutine for F’FT can be found in ~
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reference (b) or the user m a y  prefer to use another transformation øub-
routine of his own choosing. Appendix C gives a sample case of cyclic
and acyclic correlation of two pulses.

THEORY

The time domain definition ol’ the correlation function is veil
known for real causal functions, x(t) and y(t +‘

~~
) to be:

~~~ 
u rn 

4 ~~~~~~(t~~~(t ~~~~~~~ 
(1A)

~ ~~~~~~~— 

~~~~~~~~ (1B)

Equation (].A ) from Bendat and Piersol (reference (c)) (dlgi*ally
expressed as Eq. (1B) in reference (i)) is a classical definition re-
quiring large and often excessive amounts of computation time for large
arrays x (N ) end Y (N) . The F0R~~AN implementation of this defini.tion
for the discrete case is straight forward and its use throughout govern-
ment and industry is quite common . The basic definition is sometimes
modified and a normalized version forces 

~ 
to fall between +1 and

It has long been known that the inverse transform of the cross
spectral density function is the correlation function. Davenport and
Root (reference (d)) state that:

(2)

~~~ :~T~ 1 i~~2iif
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where Øxy is the correlation function and ~~~ is the cross spectral
density function .

The cross spectral density function is, In general, complex con-
sisting of a real part, the co (coincidental) spectral density function,and an imaginary part, the quadrature spectral density function (refer-
ence (c)).

The cross spectral density function S,~,(t~J) of x(t) and y(t)
referred to by Papoulis (reference (f)) as the cross spectrum is givenby:

= x(~~) . y*(~~ ) (3)

where ‘*‘ Indicates conjugation

x(t)4-4x(w)

y(t)~~
._
~ Y(~~)

and 4—.. indicates tram sform pair.

Recently, Singleton (reference (b)) has presented an FFT subroutine
coded in FORThAI~ which can be called as follows:

CALL FFT(XX,YY,NNI~,NNN,NT~lN,ISN)

where (xx + j YY ) is a complex input and NNN is the Number of Values to
be transformed ( NNN must contain no prime factor greater than 23) and
where for ISN = -l the forward discrete fast Fourier transform is com-
puted and returned as the complex output (xx + j YY).  Similarly for
ISN = 1 the inverse di screte fast Fourier transform is computed and
returned as the complex output ( NNN time s (xx + jYY )) .

Given the two real signals x(t) and y(t) they can be transformed
as the complex signal (x(t) + jy(t)) yielding the complex transform,z(u3 ) , of the complex input signal. The transform of x(t) and y(t)
can be recovered as shown by Cooley (reference (h)) as follows:1

x(w) = :z(~~) + z*(_~j))/2 (
~+)

y ( W )  = (z(w) - Z*( .~W) )/2j ( 5)

A brief and. complete derivation of Eq. (1~) and ( 5 )  is shown by
Eby in reference (g).
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Multiplication term by term of X*(W ) with Y (L& ) can be shown
from Eqs. (Zi~) and (5) to yield the real (co) and imaginary (QUAD) part s
of the cross spectral density function, s.4~ ( 

t~3) , as follows:

co(w) = 0.50 (xx(t~)rf(_ ~~) + xx(-~~~)r~( w ) )  (6)

jQUAD( ’J3 ) = 0.25 (xx (w )2 
+ yy(~~ )2 -xx(~~~~)

2 -yy (-~j )2) ( i)

where xx (w)  + j yy(i~~) is the complex transform output (z (b3 )) of
Singleton ’s FFT subroutine.

Implementation of these two equations in F0WflW~1 with positive in-dexing and taking advantage of symmetries pre sent is done by the Sub-
routine COQUAD. A listing of COQUAD is enclosed.

1~king the Inver se discrete Fourier transform of the CO and Quad-
rature spectral density functions , properly scaling the output gives
the correlation function equivalent to Eq. (1).

Removal of the mean and divi sion by the standard deviation of the
data prior to the described procedure for RAPID Correlation yields a
normalized correlation coefficient between plus and minus one.

~ JBROUTINE RAPIDC

Subroutine RAPIDC is called from the main program as follows:

CALL RAPIDC (xx , YY, NU~ C , NUMY, N2PLOT, NOWRAP)

where xx is an array ( dimensioned at least NUMY for NOWRAP = 1. and
dimensioned at least NUNX plus NUMY for NOWRAP = o)

YY is an array larger than or equal to xx (dimensioned In
the main program with the rules above for the xx array)

NW’DC is the number of values in xx

NUMY is the number of values in YY

N2PLOT is the number to plot and is supplied by the subroutine

NOWRAP is the flag parameter for cyclic and acyclic correlation;
NOWRAP = 0 gives acyclic correlation (i.e., zero wrap
around) but requires more array ztorage. See discussion
which follows.
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CYCLIC AND ACYCLIC OPrION

In the call to RAPIDC, if’ NOWRAP = 0 then acyclic correlation is
performed. However , in the main program both of the arrays must be
dimension to at least NUMX +NUMY . For cross correlation of’ arrays with
8000 values both arrays would be dimensioned to 16000 .

If NOWRAP = 1 then cyclic correlation lB performed and a wrap
around effect takes place. If a replica correlation is taking place
the user should note that no wrap around will occur until NUMY -NU~VC
correlations t-ke place. The value of NUMY -NUMX will be returned as
the number to plot in cases where NOWRAP = 1. An example would be of
the replica correlation of 1000 value s with 16000 . No wrap around
would take place until 15000 correlations for NOWRAP equal to 1 and
the N2PLOT would equal 15000 .

The author s suggest as a rule of thumb that NOWRAP be set equal to
0 for cross correlation with both data arrays ‘over ’ or ‘double ’
dimensioned and that NOWRAP be set equal to 1 replica correlations with
the user only plotting N2PLOT number of values supplied by the sub-
routine.

LIMITP~TI0NS OF TIlE FFT

Limitations of Singleton ’s FFT are that it must be called with a
highly composite number ( that is one with no prime factor greater than
23). The subroutine RAPIDC calls FFT with NUMY for NOWRAP = 1 and calls
FFT with NIJMX + NTJNY for NOWEAP = 0. A table of highly composite
numbers is available In reference (b) .

TThi1’IG CONSIDERATIONS

Run and timed on the UN IVAC 11.08 under F~ EC II level 22 compiler
Replica Correlation of 1000 values with 15000 values took 13 seconds
with RAPIDC. The exact same case processed by the discrete version of
the classical Eq. (1) required 182 seconds. Timing Included no input-
output manipulations. This increase in speed in the ratio of 114:1 is
significant and should not be overlooked when con sidering correlation
computations.

LOCATION OF RAPIDC

RAPIDC, FFT and CC~ TJAD are located on File one of CUR Tape U2 14l.
Both the symbolic and relocatable verm~ions are stored on U2141, ~o the se
three subroutines may be used, compiled, listed or punched from tape.
The authors request that the tape be brought into the PCF as follows:

-~~~ -.
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A~~~A = U 214l

V XQT CUR

IN A

TRI A

The tape U214]. should be listed on a yellow run request card as an Input
tape (left column) and circled.

~ I/o PACKAGE FOR RAPIDC

An input-output package, computer program 51612, has been written
and is stored on File 1 of CUR Thpe U2141. 51612 is a general-purpose
FFT replica correlation program with basically the same input and out-
put as 51530 (reference (i)). The primary difference between 51530 and
51612 is the subroutine which performs the correlation. S1612 uses
RAPIDC while 51530 used a classical time domain approach. Other coding
differences are required because RAPIDC uses an ‘in place ’ algorithm.
Still, run time has been reduced tenfold with S1612 over the previous
time domain method.
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C SUuKUuTIr ~E KAPI~,C C.t~.Ahi~QLU A~1O ~ .C.CA l~1E1~ ** i1/U3/t~9
C
C
C
C

SUWWUTII~IE NA PI L ,C (Ax,YT.rJU~,A ,NUMy,N ~ pLO 1 ,NC~ RAP )
C
C
C
C
C CO’IMLNT — i~M PI UC I~ A NAP LU CO’~RELATION SUU i~0UTINE bY F 11
C
C
C
C
C LUMi4~.NT — u~APIu~. C,~JSS cUi~~~.LATES XA W I s H  V T
C ~.OMMLNT — ~(.n4Y IS THE ‘~UM~~.l~ OF VA LUt. S £ .~ T~ E TV A HNAY
C ~Oi1i’iLNT — ~~~~ IS p,~ . ~~~~~~~ OF VALu ES I~4 T~ E XX ANHAY
C ,.Oir’ it.~4 T — s ht. AA A l~NAY 15 S~s ORtLR OH EQUAL ro pi~ Y y  ARs ~AY
C LOMMENT — ~UMX A i~D • ,~UMAfNUMY MUST ~~. Hj~~~Ly COMPOSITE
C (THAI IS —— ~ U PRiM~. FA CTON GRLATL.R IHA N ~~ )
C LOI4M~.NT — ~~PLOi I~ flit UUI s~ER OF VALUE S TO BE PLOTTLI) tiY TIlt USER
C ,.0Me’IEl~T — ~~Pt.Oi IS SUPPLIED 10 THE USEN bY THE SUDkOUT II.E
C ~.0Mi’iLNT — ~0~ RAP I~ A FLAG PARAMET ER FO R C Y C L i C  ANL) A CYC L I C  CUKHELATIth~C ( li -sA l IS —— Th ER E IS 110 ~KAP AROUND IF N DWR AP ~ C —— HOWEVER
C MORE ~T~ RAGE IS ~EQU1RED TO SuPPi~~Ss W RA P AR OUND )
C LOPhI4Ll ~T — sF TE.R PR~ CtSSI NG X X I I )  HOLDS IslE CO HALL OORA M
C cOI .shiEN T — rOs ( l1U ,sHMP~ 1, bOlii XX A~1() TY MU ST SE MENsIDISED To
C ~~~~ 1i ’I IHE ‘iMIM PROGRAM
C LQMME ,’~T — P~~JN NU~H,~p~ O. LsOIri XX ANo TV ~uST SE D I M L N S I O N L U  TO
C ~ILJMX + NUMY IN flit MAIN Pi~0SRAM

U. S. Navy Underwate r Sound Laboratory Officia l Photograph
NP24 - 37553 - 11 - 69



USL Thch Memo
~~~~ No. 2070-6-70

~~15 ?AGE tS~~-~ ~~
~~~~~~~ 

Ci _~ i ~ —~~“-~‘ 
-

C
C
C
C SPEC~ EL CAT LO l~ AN U TYPt STATEMENTS
C
C

ULMENSIO S AX(1), YY (1)
C
C
C TEST To INSUNE NUMY IS GREATER THAN OR EQUAL TO I4UMX
C

£ F(~’hUMY. GE.NUMX) G~ TO 200
PRIRT 150

~bo p-u NMAT Uh1I,// 1UX’It ~CURkECT MRGUMENTS THREE AND FOUR IN RAPLDC ’ ,// )
SToP RA s~IDi..

C
C
C CALC JLATE C0.~STA ,~TS
C
200 iisUMXP~~ NUMA+1

NUMYP’I NUMI +~
NUMXP Y~ ss UMA+NUMT

C
6
C TEST SlOW TO ~LLL MRR I YS WITH ZEROS
C

IF ~,~u~RAP )~~U0 .450. .~u0
C
C
C IF N~ *RAI-’~ 1 CALCULATE WI TrI ~NAP AK QUN~
C

~0U ~s2PLQT siUM (—NUM A
j O 400 I N,jMXP1,NU .~y
AX 1 1 1 ~ U, U

~U0
C

~ O TO 600
C
C
C IF N~~ HAP~ u CALCOLA TE w IT rI  ZERO Ws ~AP AROUND
C
C .OMMENT — AA Al’.U Y~I ARRAYS MUSr 5L DIMENSIONED NUs~~PY — .OTE —
450 ,~~p LU T Is UMI

,u ~0u I:N ..AP1, IUI,XPY

~Uu LO,’,) LI.Ut.
C

~U ~SO £ NJPiTPI,I,SUI.1XPY

b~~U CON IINUC.
C

0
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C
C
C CONT~ u.ut .
C

000 CQi~lINUE
C
C
C CUt.lP~ Tt F.~~T rOOMIER )HM~4SFOH 4 bY SINiLETOr 4’S METHOD

C

~ *LL FF TI XA. ~ Y . .EW~ rsf 1, ,st WNt l~i, NE*t4NN, ISN)

C
C
C CU,4P~llc. COIN~~IUENTAL AND QUAONATUIIE SPECTRA

C
CALL CUQOA~~( X X s T Y , ~~Ea~~~’4)

C
C.
C CO AP.J lt. LHVEMSc. 5-AST FOURIER TRANSFOP( 4 BY SIMGLETUN’S METHOD

C

CACL FF1 (XA,YY ,REWsS ,~N ,Nc.M~ NN ,NEWNNNPISN)

C
1.
C SCAL’.. IRVi.KSt FF1 OUTpUT

C
FLNUMA FLOAI (NUAA)
FLI,k.u~N FLVA t (NEaNNN)
F SCALE :FLNU~ X*F LNE iN
IF IlSO,IRAP) l b .  1.30. ilO

110 .~U 120 &:1,NUMY
AX (I) XA 11)/FSCMLE

UU LOIS ID4Ut.
uO 1.) 750

h O  DO 740 l :1,NUMXPV
AAI1 ) AX(1) /FSCM(~E

740 CU~sfIN UE
750 tOi’illi.UL

C
C
C ,~t rURN TO MAIN PROuRAM W ITH CORRELOGRAM IN XX
C

U. S. Navy Underwater Sound Laboratory Official Photograph
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APPEr~DI: : B

C ~UbKOU TLNE LUQUAD s*C.R.ARUOLO .s UPOAT~.0 11/03/69
C
C

~UUP(UUlINL LOQIJAD (X X , f l , N E~ NNN)
C
C

1jIMENSI UN AA(11 ,VY(j
C
C

II1I’SP1~ 
IslE th~N i’i/Z 1+1

C
C TI

XX I.1) XXII)* (Y (1)

I
C

wO 075 ~~~~.ISl~4PA

AXX O.bO*IAXI K )*YY (.J)+XA (J)*YYIK))
yY (K):0.Z5*(AX (.J)*.2+YY (J)**2—XX(K)**2—~ YIK)**2)
yY(~J ):—YY I,)
XX (K ) :XXX
XX I .1 1 :XX (K I

675 COIITINUE
C
C
C

RETURN
tNU
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