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The bottom is considered to act as a linear filter. For specific

conditi ons, the literatur e showc that this filter has a phase shift
that is constant for all freq ueticies and an exponenti al attenuation

~~~ with frequency. A random function that has a flat finite bandwidth
is considered. The problem is to obtain the cross correlation for the
direct with the bottom reflected version of this random function. A
mathematical equation is derived. This equation is now being progranned~Curves are presented for the special case of phase shift only. Curves
for the more general case will be presented at a later date.

~ I ~- TNEORY ~~~%4 Consider a noise function x (t) whose power spectrum W (r) is flat
in the frequency region f1 to f2 . Let 1~f f2 -
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Let ~ (T) be the autocorrelation function of x(t). The autocorre].atjonfunct i on is the Fourier transform of the power spectrum.

Thus ~ (i’) fW ) e ((.~i.rrf ~~~Jf (1)

~ i?e( I ez~~~~~i~)~ J
since W

~
(_ f) w~

(f)

qStr~~ Re[ !~~~~~~~~~ 
- e)c.~ ~r~~~i~

34f  ~. 2JT 1’-

q) fr) = ~ ía 
- ~ TT F. ‘~~~~

27r~~~J -
~~~~~

C~~~ (.4). ?~‘ (z)
rr 4 ç  p7—

Let us now paas this noise through a linear filter of transferfunction H(f ) .  Let y( t )  be the output of the linear filter.
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Figure 2

Let W (r) be the cross spectral density between the output andxy
the input of the linear filter. It is well known that

w (r) = H(f) w~(f) (3)

Let us now find the cross correlation of the output with the input of
the filter. This cross correlation function is the Fourier transform
of the cross spectral density. Thus

~~ fr) ~~~~~~~~~~~~~~~~~~~~~~~~~
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*
since H( -f)  = H ( f )

w (- f )  = w (r)
x x

For our case

çb fr)= 1?eff ~ H 6 c) k c) e * zn f 1~’) c4J (7)

Let H( f) = Qcic4c)  _
~~n~~~~~) ~ ~
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This is the transfer function of a filter th at has a constant phase
shift for all frequen cies and an exponential attenuation with frequency.
For thi s cas e

~~1.
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Perfo rming the necessary algebr ai c manipulation , we obtai n

~~, fr ) :exp (-z ir i 
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For the special case of b ~ 0, we obtain
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This is the case of constant phase shift but no attenuation. Equation
(io) represents a result obtained by Wysor Marsh (reference (a)).
Carrying out the algebra for equation (9), we obtain
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We must now normalize this function. Let ~~~~ (T) represent the
normalized cross correlation function. By detinition

= (12 )

~~~~~o) ~~~(o)
In this equation it is assumed that the average values of the input
function and the output function are zero.
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Substituting equations (ii), (13) and (114) into equation (12), we obtain

r
~~fr) c.~ca.~yr.~..’X+€)..e ~~~~~~ ~~(i5)
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Equation (15) is the desired equation of the cross correlation of the
output with the input .

BOTTOM REFLECTION

Consider a transmitter and a receiver in the ocean medium. Let
there be two paths between the transmitter and receiver, namely the direct
path and the bottom-reflected path.

Transmitter

Receiver

Bott~ n Bottom
Figure 3
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As shown by Cole (reference (b)), the bottom under certain conditions
has a transfer function

€ . x p ( & E)  esr (_ITr&f) f > o

Let us consider a random function x(t) chosen from an ensemble of
functions. The average power spectrum of the ensemble is flat with
frequency in the range of f

1 
to f

2 
. The function x(t) is of duration

T such that the two paths can be resolved. Let y(t) be the reflected
pulse. The problem is to find the correlation of the ensemble of x(t)
with the corresponding y(t). The desired normalized cross correlation
is given by equation (15).

A computer program is now being written for the evaluation of
equation (15). Equation (15) will be evaluated for various parameters.
Equation (10) is a special case of equation (15). This is the case
of no attenuation and only a phase shift C. This case has been also
solved by Long (reference (c)). The cross correlation curves for

~~,= 1/2 and ~~~~~= 1 1/2, where 41.= f0/~f are given in Figures 14
and 5. For 41. = 1/2 t~r a phase shift € = ~/2, the maximum correlation
peak is 0.7 instead of 1.0 For A~= 1 1/2, the maximum peak is very
close to 1.0 so that the degradation due to phase shift is negligible
for this case.

CONC IIJS IONS

A mathematical equation for the cross correlation of a random
function of flat bandwidth in a finite bandwidth with a phse shifted
and exponentially attenuated function, has been derived. This cross
correlation equation is being computed for various parameters. The
case of no attenuation and only phase shift has been computed. It
has been shown that for this case there is a negligible loss in cross
correlati on gain , when 41h > 1.5
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