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where ~ and d(t) are a s su r i e d  t o  b e  u n c o r re l a t ed . T h e  m e a n
square~ error (10), is now r n i n i n i z c d  b y tal; ing the gradient
of ( 1 0 )  w i t h  respect to W , equating to zero a n d  solvin g
fo r  

~~~~~~~ 
A c c o r d i n g l y ,

= 2 [ R ~~~ 
+ B B T i~~ - 2 P

= 2.. (11)

S o l v i n g  f o r  
~

‘ B ’  t h e  b i a s e d  op t i n u r l  w e i g h t  v e c t o r , g i v e s

= [R ,~~ + B B T ]~~~P ( 1 2 )

N o t i c e , t h a t  f o r  B = 0, i.e . zero input bias 
~~ 

hec on es

—l
.~-L~1S 

= 1
~xx ~ (l.)

the desired L~~S wei ght vector . Thus  the bias vector can
be visualized as a d d i n g  a constant bias pot~cr tern to
each elerient of t h e  a c t u a l  c o r r e l a t i o n  n a t r i x

Woodb ury ’s identit y can he appl ied to Equa ti on (12 )
to  g ive

!(1B i~~
’ n~~— 1  XX — —- X X  pW R - _______ 

— ( 14— B .  xx
l + B R ~~~~B

- l  T

= 
I - 

T 1 
R 1P . ( 1 5 )
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If the s ame b ias co mponen t , h , is  p r esen t in a l l  t e r m s  of
X 1~ t h e n  B can  h e  w r i t t e n  as

B = h ( 1~~)

where 1 is a v e c t o r  of ones  w i t h  t h e  same d i m e n s i o n  as X .
Now , Equa tion (15) reduc es to

1 1T

W I _ _ _ _ _ _ _ _ _  
R 1 P—B • xx — ( 17 )

+ 1TR
_ i 

1
b 2 — X X  —

In addi t ion , if iS til e c o r r e l a t i o n  m a t r i x  f o r  u n c o r re l a t -
e d noise of power ?~c1, and Pi is til e ~~~~~~~~ e lemen t of P , then
Eq u a t ion ( 17 )  b e c o m e s

i
= 

I - 

~~~~~~ KL 
(18)

b 2

= 
N 0 

- 
N 0 ~~~~~:K L  

(19)

w h e r e  K is t h e  n u m b e r  of channels in the sys t em and L is
the number of time delays p er channel. Thus , only if
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N0 (
~

. + KL) > > ( 2 0)

the optimum weig ht vector for this case , na me ly

I,, =
—L ?IS ‘ ( 21)

wo uld not be corrupted significantly.

Convergence of the Riased
LM S A lgor it hm

The instantaneous gradient of c 2 w i t h  r e s p e ct  to  W
is ob tained from (10) as

C 2(i) = wT(j)x(j)x
T(i)i~(i) + w

T
r)l3 i~

Tw~~~ — 2 ~‘(i)P+d~~t1)

(22)

where tile i— ~. s a r c i p l i n g  in s t a n t  is c o n si d e r e d .  The g r a d i e n t
of C 2 (i) w i t h  r e s p e c t  to  W ( i )  is

V c 2 (i) = J (W ( i ) )  ( 23 )

= 2[X(i)X(i) + 13 8T]~~(1) — 2 P ( 2 4 )
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giving the gradient s e arch a l g o r i t h m

W(itl ) = 3~(i) + p J ( V ( i ) )  ( 7 ~~)

or 
W(i+l) = [I + 211 (X(i)X(i) + 13 B~~)]11(i) - 2pP . (26)

The m ean value of (26) for uncorrelated X (i) and i~(i) is

‘!(i+1) = B {W (i+1)} (27)

= [I +231 (R + B l3T ) ]~ l ( i )  - 2 P~ (28)

A standard convergence proof would allow convergence
of (28) as follows

— i
u r n  9(n) = [R

~~ 
+ B 13T1 ~ (2 9)

only if

1
- 

2X max < 11 < o (30)

w here A max is the maxim um cigenvalu e of (flu + B BT).
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Bias Removal

The sy stem of Figure 1 is su~ gested for the rem ov~i ]
o f b ias fro m t h t  i~~p U t  s : t :p le  vccto . The vector B (i) is

U) 
_ _ _  

r 
_ _ _ _ _ _ _ _

B(i) ~~~~~~~~~~~~ ~~54E11~

i)

Fi g u r e  1. Bias R emoval L’~S Sys tem
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an estimate of t h e  actual B and could perhaps be obtained
by measuring, over an in terval , the m ean of the b iased
input samp l e Vector X.~~.

(‘onc lus ions

Bias errors due to sy stem electronics for the implemen-
tation of the LMS adaptive beamformer have been considered.
Bas ica l l y ,  the b ias con t r ibutes to sys t em error by adding
a constant term , or bias power , to each term in the actual
sys tem input correlation matrix. The result is a b iased LMS
filter weigh t vec tor (se e Equation (15)).

To ob tain some insight , the simple case of an uncorrelat-
ed nois e input was consid ered . It was seen that the optimum
w e i ghts were all biased by the constant factor. The amount
of the bias is proportional to both the system bias power
and the sum of the elements in the steering vector , P .

Also , an LMS system modification is suggested which
conceivably could eli minate the bias at the input by
sub tracting an estimate of the mean input sample vector.

Norman L. Ow s le y
Research Elec tronic Engineer
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