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Two problems in array design are: (1) increasing array gain and,
(2) optimizing the intensity pattern of an array. It is the purpose
of this memorandum to review the Faran-Hills method of optimizing array
gain, to describe the Dolph-Tchebyscheff procedure and Riblet's exten-
sion of the method for optimizing the field pattern of a broadside
looking array, and ¥h¥rddy to compare the resulting patterns and array
gains of the two methods.. -
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DOLPH~TCHEBYSCHEFF RE FOR OPTIMIZING FIELD PATTERNS

To compute the field patterns
phase equally spaced omnidirectional regeivers
the array be the reference point and let

broadside 1 linear arrays with in
’ 2, let the center of

22))-92-4J

T \,
3 8 d = the distance between elements,
X = the wave length,
¥ L
E Ax = the amplitude shading factor in the k“ element,
and @ = the angle from the normal of the array to the direction
| . | from which a plane wave arrives.
= The shading factors of the array are arranged for N elements,

g [EVEL/;

i Ty Ty T | Tis dn ~nt has been approved
Enc 1/]) to USN/USL l4r sar ol /11-5 l for pubu?m?me and sok: its

\/') diatribution is unlimited. ’ /

' B PO M AR e

%1735
-\

£
\

b

=




£

USL Tech Memo
No. 2211-47<66

The f1ield patterns sre then given
Enevozn * Epe =
and
21T, S 9? 2
Enodd Eno = 2§A"COS£K< %) in ()
let lr/: 1”% In6  ; so that
-| e
2 ¥ A cosfanni¥ § 3)
K=o
and Ens

-2 3 Acos fax¥ ) @

C. L. Dolph3, by making the
field pattern equations as

proper substitutions, rewrites the
up of the amp

polynomials in X with the coefficients made
litude shading factors.

By de Moivre's theorem,

. m
Cosm{.’-p ,’Sin% = (cos.¥+ },s‘m.‘zl), so that

cos m% = Re (cos%-i-jSlh-g )m "

or

’ -t
e L = ost)” mp(conf 5 o Mlnlorler Icosgt g .. (5)

Changing the sines to cosines,

(5) becomes for particular values of m

-(or mzo)
cos¥ for m=1,
cosmf — z.cosi—c for ma2, ()
4 Hcos y-—-;COSI $or m:})
3cosﬂ—3co 1’.“ for m=4,
2
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Substituting for Cogmz.’ into (1) and (2) and then letting

X = cos—} ; (7)
= = 24 2 L 2000 45K) 4o § ()
Ene (X) = 2] AoX+A (4x=3x)+ Az (Jox™— 20 X g

b
Ero®)=2 iAo'i'A; (1 )+ As (85 8+ 1)+Az (32— 8xhig = ,)f,,, 2 Q)
Collecting terms,

Epe= 2 g X (Ac3AF5A k) + x3(44.-)oAa.+m)+ s (16Axteos ﬁooféf’)
0 Ee=2 f(k—A.-»A;—A-,-h..)-a-x‘(zA.-SA;+ls.Agf-v)"'x"(Mf”ﬁJ"‘“ tuuef (1

For vn elements, the degree of the resulting equation will be mn-1.
Dolph chose to equate the field pattern equations to the Tchebyscheff
polynomials because this results in an optimum pattern in the sense
that for a given beam width the minor lobe level is minimum and vice
versa.

The Tchebyscheff polynomials are defined as T;,(x) = oS m %,
For particular values of wp ,

I for m:=o
X for m=i
ax%t for m=2
Hﬂxi— 3 x -por =3
Sxt— 92 +1 for m=# (ll-)
T (7‘) = - 3
Jox —20x% 4 5 ¥ for m=%
32 X485 )9~ | for m=6
Ly =i 35t -7 X for m=7

All Tchebyscheff polynomials have the fcllowing properties, among others.

1. All pass thru the point (1,1).
2. For | S x g, | Tom(¥)] £1 for all m ,
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3+« All rcots are in the interval (-1, 1), and
4. All maxima and winima occur in the interval (-1, 1) and alter-
nate¢ between -1 and 1.

The pecint ()(0, R) in Figure 1 will be made to correspond to the main lobe
maximum while the maxima, minima and zeros will correspond to the minor
lobes and mulls of the field pattern.

—

figure |

For another polynomial of like degree to have the same beam width i.e. s
pass thru (Xo, R) and the largest zero and also have a smaller minor
lobe level over the range (—t) l), it would have to intersect the Tche-
byscheff polynomial in n4| places. The fact that any two nth degree
polynomials which interesect in at least n+ | places must coincide,
proves that the Tchebyscheff polynomials are indeed optimum.

Define R = W . Note that for the Tchebyscheff

polynomials the dengmigator is always equal to one so that R = main lobe
maximum. X e will usually be equal to or greater than one (and can

be found by solvingT, (A)=R) but equation (7) restricts X to the range

-} S%x4 | s so Dolph S\;gjects the abscissa to the linear transformation

w= ¥/4o (see Figure 1) and then equates f ) as given by equation (10)
or (11) to Ta(X) - Solving for the coefficients of X gives the amplitude
shading factors. An example is given in the appendix. Riblet" shows

that this method is restricted to spacings where 2 '7‘.'_ . From (7)

%= (5§ 5in€) , and 6 ranges from=I $od* the observeble

pattern varies from = cas*'f)to one and back tora again., As I
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becomes less than 1/2, @ becomes greater than zero. There are now
nolynomials of like degree which give lower side lobe levels for the
same beam width in the range from d to one and Dolph's procedure no
longer produces an optimum pattern. Fipure 2 shows a polynomial with
better side lobe and beamwidth characteristics than is obtainable by
Nolph's method.

<
-(»ngu re L

Riblet shows that when thfre are an odd number of elements he can
make the substitution x=(s *"X $6ko that ¢£,(x) is given by a poly~-
nomial of degree 'I-EL instead of n-; as would be the case in Dolph's
method. Now, by the more general transformation bx+< performed on
7azt (#) 5 he finds Ypnd € so that the abscissa from x:-| to x: Xo
of Jaz.(x) is squeezed between & and one in 77.'_-.' (bA+c). This procedure
resuTts in the optimum pattern. An example of this procedure is a.]zso
given in the appendix. When nn is even, the substitution ;\:(cos""'; ""9)

cannot be made so there is no equivalent procedure to optimize the
pattern in this case.

FARAN-HILLS PROCEDURE FOR OPTIMIZING ARRAY GAIN

Define array gain as

/\‘qﬁ /\45’

Ga B8

where s?is the mean square output of the signal alone in one element.
~ne 18 the mean square output of the noise alone in one element «
6ris the mean square output of the signal alone from the array.
,',,:!is the mean square output of the noise alone from the array.
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let 4,‘ be the amplitude shading factor of the ‘n'-ﬁ element in an
additive array. Then

3 % —
G = ("AAK Sk) SQL

(5A )

Ne™

where Sy is the signal input at the k™ element and
Ng i5 the noise input at the Kd‘ element.

Assume that the signal is perfectly coherent, that the noise is homo-
geneous and stationary in the wide sense, that ns N.=N& /. , where
/%L is the spatial correlationbetween the kt® end L® elements and
let ﬁ A, =] ° Then

K

Ky

| .
S: fAKAL/KoL
Kok

N
I

Faran and Hil7s” maximize & by themethod of Lagrange's undetermined
multipliers yiving the following set of k4| equations.

R‘-‘ ZAK_, =0

o¢ OR
A 7

— =0, K:’./‘Z/”'/ n
A

Solving the equations gives the optimum A, for the maximum array gain.
For more details of this procedure see reference (6).
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PROCEDURE AND RESULTS

A five element array was used to compare the Tchebyscheff and,
Faran-Hills methods since an odd number of elements are regquired for
the cases where L < % , and because the Faran-Hills array gain, ampli=-
tude shading coefficients and corresponding patterns for the five ele-
ment array already were available for spacings of 5& ,..-,l.
These included both assumptions of an isotropic noise fiefa and a direc~
tional noise field, where directional means there are independent noise
sources, equally distributed on a large circular ares on the surface of
the ocean, radiating with an intensity proportional to thecos .( sy o
being the angle between the direction of radiation and the perpendicular
to the surtace of the ocean.

A computer program was written to take the ratios of the main
lobe maximum to the largest side lobe maximum from the Faran-Hills
resulte for a single frequency and compute the corresponding Tc‘jbyscheff
shading factors and 1nt5ns1ty patterns. (Dolph's procedure for$ >4 and
Riblet's procedure for % T < % ). These Tchebyscheff shading factors were
then used to compute the array gain in the same noise field as the correse
ponding Faran-Hills results. Figure 4 is a table comparing the amplitude
shading coefficients, array gains and beam width at the 3 db down points
for the same noise fields, spacings and side lobe levels. Figure 5 - 8
are the intensity patterns as obtained from the Farsn-Hills and Tchebyscheff
procedures.

SUMMARY AND CONCLUSIONS

A linear, tive element, evenly spaced array has been used to compare,
on a computer, array pains, amplitude shading coefficients and intensity
patterns with identical side lobe levels as obtained from the Faran-Hills
orocedure which maximizes array pains using noise field characteristics
and the Tchebyscheff procedures which optimizes the intensity patterns
but considers no noise field. In order to compare the array gains pro-
perly the Tchebyscheff array pgains were computed by assuming the appro-
priate noise fields.

For the cases of f-é= é—: E,00 '=-, there are little differences in the
shading coefficients, consequently there are little differences in the
arrey gains and intensity patterns, The Faran-Hills procedure results
in somewhat grester pains but alsc somewhat wider beam widths. The
meximum difference in array gains is approximately 1/2 db and the maximum
difference in heam widths is about 1 degree at the 3 db downpoint. For

.z and 1, the differences are greater.
¥

E— = e —— | — — L e

4.44
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APPENDIX
1. An Example of the Dolph-Tchebyscheff Method1
lLet n= ¢ :)JT z 4
and &
R =z,

From equation (10) dropping the factor 2 (we're interested only in the
relative field pattern),

Ey= (Ay-3As+5A=TA) X + (4520t 55 )R HU6A12A)Cr 64 A X,

From T {X)=20y XoX/,~ Applying the linear transformation X er
5C(Jéqu-)l" set equal toT,'()() and is solved for theAt;f'—'dJ;{. E“,&):'E/,/;x) is
ecuivalent to E? ()5//./5-) = 7; ()()-

To (hi5X)= 64 (15 x) 2 (ot 55) 5+ 56 Qs x )~ 701 15%).
Equating coefficients,

by A= 64 U)X => A =266,

(eAr=1124) X5 = =ia (LE°X°  => Aa=458,

@Az —20A4:9564)X° = s8(L15)°C => A3=4.92,
(Ap =345 +5p—2t Jp ==7(L15) % => Av=8.25

Normalizing,

4*245——-‘- 34,)
As=Ae = 2.6,
/4;:,47 =747 and

To get the pattern, %(mg Slhe)and as @O pgoes from —% to O to ﬁ,
the square of the values o?‘ E,(ﬁ) is the intensity of the direction g
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2. An Example of Riblet's Method for

>
A
wi-

Ter = '_l_,_.‘—-
et Y‘.7 3 Ao37

,and 3 =9

The equation of the pattern is

. m «
By ™ As + A}(COS%ES;nG) +A;(COS %ISInG) +A,(CO$ 3 Smd -

Let x= cos(2Z sin®) ()
ax cos(-3)= ~4 : |

: = 2

and E,;= A.,-rAJX ,'_Az(u?'_')-f—A‘ (‘fx 3)‘> ( )

The corresvonding Tchebyscheff polynomial is [3 (X) = 4%"‘? X,
and TAR)=9=> xo=72
aé )
Bl#o,/

4 'Fo.qure 3
Applying for the transformat:(onbx+c so that all x values from =1 to
3/, will be squeezed between-)} and / , let

b(‘t)‘\"c ==-=) and

b(N+c = %
Therefore b=%% , and

C:—"/A

e —————
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3
E = At,"AJ.+(A3-3A4)X+lAJ./~L+ 4A X is set equal to
-rfié%‘_i' That is,

7 i '
Aot (A=38) x4 24225+ w X = 185 A— 5,55 X—945X +.48/.

Fgquating coefficiente and normalizing,
Ap= |
A3=A5=—1401
42=A‘.-: /o ’q
A Ay = ~2.00
To plot the pattern, substitute x:cos(l”'{'sma)in (2). The square of
the values of £, gives thc intensity in’the direction® . To return

to the original form, replace X with2x™—) . The resulting poly-
nomial is similar to the one shown in Figure 2.

g

CLAIR J. PECKER
Mathematician

Jple? Bann Ly 50
JOHN P. BEAM s
Physicist
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COMPARISON OF FARAN-HILLS SHADING VERSUS TCHEBYSCHEFF SHADING
Shading factors nre normalized so that /\1 + A:, + A3 + Ah + I\‘3 = 1.
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