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INTRODUCTION ~~ ~~~~~

S ~‘he tests, described herein , are part of a preliminary material

~~~~~~~~~~~~~~~~ 

‘ investigation program, the object of which is the improve ment of materials
selected for sonar d ome constructio n. The particular phase of the

— program covered in this re por t is the dete rmination of the acoustic pro—
LL pertie s of a promising dome materi al , a three-l ayer laminated rubber

product of B. F. Goodrich Company. General back ground information re—
(1P4~ lating to this dome material may be found in rererences (a) through (t) ._ -

BACKGROUND /

During the period 20 March 1965 through 2 April 1965, acoustica l \
measurements were performed at Dodge Pond on a stainless steel dome
section and on a rubber dome section of equal overal l dimen sions. The
basic objectives of the test s were the determination of the tran smission

~~~~~ loss and reflection coefficient of the rubber dome and their comparison
wi th the same properties of the stainless steel dome , which was used as

~~~~~~~ a reference.

The sample domes were contoured to the shape of the forward part of
a CW—553/SQS—4 100” sonar ~1ome~ with the fol lowing dimens ions :

Length — 40 inch~h~l I 2) / / v  
- /

Width - 36 inches ~~~~~~~~~~~~~~~~~~~~~~ --

~~ pub~~ relc~~~Height — 40 inches
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~~~~, ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ 
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The stainless steel dome was of identical materiel properti.e as Standard
Navy sonar domes, but was only 1/16” thick and lacked the usual inside
bracing. The rubber dome supplied by B. P. Goodrich Company was 1” thick
and was a lamination of three distinct layers: the first layer was
composed of .29 inch neoprene rubber; the second a series of closely—spaced ,
thin (.12 inch diameter) ateel cables sandwiched throughout a .56 inch
thick layer (8 ply) of neoprene rubber; the third of .15 inch neoprene
rubber.

The d omes were mounted with the transmitting (or receiving, as the
case may be) projector located within the dome area ( see Pigs. 1 and 2) .
Three basic measurements were performed in these tests :

(1) Transmitting beam patterns were plotted for sach dome , for
purposes of comparison of transmitti ng loss.

(2) Receiving bean patterns were plotted , primarily to check reci-
procity and to note any changes in the formed beans .

(3) Pulsed reflection measurements were made in order to measure
the energy reflected from the dome surfaces and to determine the reflection
coefficients of the materials.

Tcet A~~aratus

As shown in Figs . 1 and 2, a conically—baffled XU—1347 transducer
was used as the acoustic transmitting and receiving device within the
done. The conical unit was mounted at the rear of the dome ; the aperture
of the projector was on the axis of rotati on of the dome fixture . Remote
control of the XU—1 31,7 tr~insducer position in the conical baffle was
accomplished by means of ~ flexible cable containing a calibrated rod .
This allowed positioning of the XU—1347 Transducer within the dome to
obtain peak rcaponse (see Fig. 3, below). The position of the transducer
for peak response was first determined for each of the test frequencies;
these positions , once determined , were held constant during tests.

CONE
HOSE CLAM PS

XU-1347 CABLE

t 
~~~~~~ d J d~ THE POSITIO N OF TRANSDUC ER

Fig. 3 2
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A t1asaa 420 Receiving Hydrophone was placed in the far field to
receive the transmit ted signals from the transducer mounted in the d o .
A J—9 transducer was also placed in the far field ror transmitting toward
the dome in making receiving patterns. Patterns were made by rotating
the dome and the conical uni t together as an integral package .

Transmitting Beam Patterns

Transmitting beam patterns were made at fre~uenciea of 3.5, 5, 8, 10, 12and 14 K(, for the stainless steel and the rubber domes. Figs. 4 through 9
show the horizontal beam patterns for the stainless steel doi~ at relative
bearings of 000°, 090°, and l80~, and at frequencies of 3.5 and 14 ~C.

Figures 10 through 15 show the beam patterns for the rubber d~~
for the same bearings and frequencies. Table I gives a comparison of the
relative transmission losses, beam widths, and side lobe levels for
3.5, 5, 8, 10, 12, and 14 KC.

By “relative transmission lose”, ref erence is made to the difference
in the peak amplitudes of the 000° and 090° patterns oo pared to the
1800 bean pattern, where at 0000 and 090° bean patterns were made “look-
ing” through the dome, and at 180° the bean pattern was made “looking”
out the open rear (essentially, the same as with no done present). The
major difference between the 0000 and the 0900 beam patterns arises from
the fact that the 000° pattern is obtained “looking” through the front
section of the dome (where the curvature is greatest), while the 0900
is obtained “looking” through the relatively flat side of the dome.

Table I shows that at the lower frequencies, of 3.5, 5, and 8 KC,
there was a negative traru~mission loss (actually a gain) through the
dome for the 000° bearing. One reason for this gain is that in making
the beam patterns, the input power to the transducer was not monitored ,
and was assumed to be constant as long as the input voltage was held
constant. This assumption may have been false, as shown below. Another
reason may have involved wavefront distortion and focusing by the curved
surface of the dome.

In order to achieve the peak response at the receiving hydrophone
when making the beam patterns, the X!J—l347 transducer was moved along
the axis of the conical reflector until a peak amplitude was achieved.
The position where this oeak occurred was the position of maximum focusing
of reflections from the interior walls of the dome. Although the input
voltage was held constant in this operation, the acoustic impedance load—

3

~~~~ ~: 

~~~~~~~~~~~~
. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



IJSL Tech Memo
No. 932—622—66

Ing the z~i-134? changed. This, in turn, gave rise to a change in the input

power P ( total) . A protion of this loading impedance, Zt, is

dependent on the medium in which the transducer is located. The re-
mainder of the loading impedance is dependent on the reflection from
the Interior walls of the dome. The portion of the loading inpedanc.
which is dependent upon reflections is out of phase with the impedance
of the medium, which gives rise to a reduction in the total vector im-
pedance (?~~ ~~~~~

).
The acoustic impedance at a point in a medium is defined as the

complex ratio of,the sound pressure to the particle velocity. For
example, in e plane wave propagating in the I direction in a homogene-
ous medium (the water at Dodge Pond at a particular depth and time can
be taken to be a homogeneous body), the variation of pressure with time
and distance is: (1)

where..~ is the instantaneous excess pressureX is the distance traveled by the wave
P is the initial pressure amplitude
t is time
oUs the attenuation constant of the medium

is the phase constant

Similarly the particle velocity is

~~~~~ 

~~~~~~~~~~~~~~~ (i 4 _ _ _  

r x (2)

whereP o(Ii~ is the propagation constant
= density of the medium

z ~~~~~~~— ___

dXI ,2’-~x) / A ~~~w
where Zo is the characteristic impedance of the medium.(Freefield)
(see reference (a))

Fig. 16 demonstrates how reflections may change the loading impedance
on the transmitting bydrophone.

- -~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~-~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ .,--—— -~~~~~~~~~~~~~~~~~~~~~
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Fig. 16

The acoustic pressure seen by th. transmitti ng transducer , neglecting
secbndary reflections (or assumi ng the dome has zero thick ness) , is:

~
(
~) =L~ ~~~~~~~~~~~ ~~~~ (4)

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ( )

(6)

~k~): 
t -i~~~)  1~

, 
/ T (7)

~~~ 
I r~~~ ’~~ ~~~~~~~~ i~ -r~~ ~~~~2 (c) L. .- ~~ i~ i~d) i~. ,‘, ~ ~ -r~ 

(8)

Therefore, as can be observed from the above expressions, the Ini tial
pressure and the reflected pressure add vectorily, the reflected pres-
sure being out of phase ~1th the initial pressure. Thus, the loading
impedance is less than the characteristic impedance of the medium. As
a result, the power input will increase (voltage held constant) when
transmitting through the dome, comiared to the case when the done is
not present. Also, the pressure level at the receiving bydrophone is
greater when the dome is present. (For this to be true, the trans-
mission loss through the dome must be small In order not to counteract
the effect of the reflections.) The increased pressure level at the
receiving hydrophon. give3 rise to the pseudo transmission gain observed
from the beam patterns. At the higher frequencies of 10, 12 and 14 KC,
reference to Table I shows that the pseudo gain disappears due to an
increase in the transmission loss, esoecially in the case of the rubber
dome because of its thickness. The effect of the change in input power
was thus masked by this increase in transmission loss.
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As a resul t of the previously mentioned change in input power, the
apparent transmission loss at the 0000 bearing was quite erratic. Now,
referring to the transmission loss at the 090° bearing, where the focus-
ing effect of the reflections was not as great, it can be seen that at
the lower frequencies the loss in the rubber dome was comparable to
that In the reference stainless stee!. dome. As the frequency was in-
creased, the transmission lose in the rubber dome increased much faster
than that in the stainless steel dome.

Table I shows that as far as beam width and side lobe level are
concerned, the patterns as8ociated with the stainless steel and rubber
domes are in rood agreement. It will be noticed that at 3.5 KC and
5 KC there was a considerable Increase In beam width compared to the
higher frequencies. This Is primar!ly due to the constant size of the
projector. The projector used was designed for smaller wave lengths
than those encountered at 3.5 and 5 !~C. For example, at 5 KC the wave
length Is approximately one foot, while the ma~jor dimension of the pro-jector is 2.5 feet (see diagram of test set—up). From antenna theory,
a comeon rule—of—thumb is that the major dimension of the projector
should be at least five wave lengths in order to achieve a narrow beam
pattern (15° or less). This rule Is not met by the projector used in
the test at the previously—mentioned lower frequencies.

Recejyin~ Be~am Patterns

Receiving beam patterns were made for bearings of 0000, 0900, end
1800 relative to the center of the dome. These test. were performed
in a similar manner to those for the transmitting response except that
the XU—1347 hydrophone wta used for the receiving hydrophone and a J—9
transducer placed in the far field was used for transmItting. The
position of the X J—l347 hyJropbone within the cone was kept the same
as in making the corresponding transmitting patterns. Figures 17
through 22 illustrate the receiving beam patterns for 3.5 and 14 KC
for the stainle8s steel dome . Figures 23 through 28 illustrate the
receiving beam patterns for the rubber dome for the above bearings and
frequencies.

Comparing the 000° patterns of the stainless steel dome with those
of the rubbe r dome, It Is observed that, as with the transmitting
patterns, the difference in transmission loss Is small at the lower
frequencies; but, as the frequency is Increased , the transmIssion loss
in the rubber dome Increased much faster than in the stainless steel
dome. Again, as with the tranami ‘ing patterns, there was a pseudo
gain through the dome at the lowei frequencies.

6 
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In making the receiving patterns, the transmitting transducer was
maintained at a relatively large distance (18’) from the dame surface.
Thus, the reflections of the dome cannot be considered as changing the
loading impedance on the transmitting projector, as wee the case with
the transmitting patterns. There’ore, although input power was not
monitored, we can postulate that the input power remained considerably
more constant than in the case of the tran8mitting pattern.. The
principle reason for this is that, in making the traxi~~itting patterns,the distance between the reflecting surface and transmitting transducer
was comparatively small (2’). This small distance resulted in very
little spreading loss in the reflected energy, whereas in the case of
the receiving patterns, the spreading loss is much treater, causina th~
effect of the reflected wave on the loading impedance to be negligible.

But , due to the curvature of the dome, we can again postulate that
at the lower frequencies , where the transmission lose is small, moat
of the Impinging energy is transmitted through the dome. The energy,
in passing through the curved section of the dome, is refracted inward
toward the projector, causing a focusing effect to occur. This focusing
effect then causes the pressure level seen by the receiving hydrophone
to be hig her than it would be normally without focusing. This, in turn,
gives rise to the pseud o gain .

Reference to Table II shows that there was no appreciable difference
between the two domes as far as side lobe levels and beam widths are
concerned. Comparing the receiving and transmitting beam patterns of
both domes , it can be observed that the basic structures of the patterns
are the same .

Reflection Measurements

Reflection measurements were made for both the stainless steel and
the rubber dome at a bearing of 0900. A J—9 transducer was used as the
transmitting source and a Mes~a 420 hydrophone was used as the receiver.
The signal input to the J—9 was taken from a variable digital pulser,
the out put of which was a pulsed sine wave at the desired frequency.
In performing the reflection measurements , the pulser was programmed to
give a pulse of 1/2 millisecond duration, at an interval of 1 second.
This enabled the Massa by-drophone, which was suspended six feet from
the dome’s surface, to detect the transmitted pulse and the reflected
pulse before a second pulse was transmitted and Interferred with the
returning reflected pulse ( see Fig. 29, below).

7 
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IDIGI TAL l
PULSER [~~o~ J

• 10’

_  

~~~24_

____ I

J~9 TRAN$DuCER 
m...:~~~~~i ,
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Fig. 29

As can be seen in the sketch , the actual measurements were read from
an oscilloscope which was set up to disp lay one complete interval
(Figure 30 shows the transmitted and reflected pulses). The amplitudes
of the transmitted and reflected pulses , as read from the oscilloscope,were corrected for spreading lose in order to obtain a true measure of
the reflection coefficient and make possible a comparison between
measured and calculated values of the reflecti on coefficient (sea
Fig. 31, below) .

L
r

L
R
Z L

T
2O LOG 2D’—R —. ....

Pig . 31

L~~~ L~~_ 2O log2D ’_R (9)
R L~~— 2O 1og2D’ 

(10)
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where — is the Input source level

— is the relative source level of the impinging pulse
measured at the Massa hydrophone.

— is the relative source level of the reflected pulse
measured at the Meaa a hydrophone

K — i~ the reflection coefficient

Table III gives a comparison of the corrected measured values at
a bearing of 0900, and the related calculated values ( see Appe ndices A
and B) for both the stainless steel and rubber domes. (In App endix A,
the expression for the reflection coefficient is derived for a three—
layer problem which is an analogy to the stainless steel dome ; In
Appendix B , the expression for the reflection coefficimnt is derived
for a five—layer problem which is an analogy to the rubber dome.) In
FIgure 32, their value s are plotted . The grap h show s that the measured
values of the reflection coefficient are lower than the calculated
values , 2 db for the stainless steel dome and 1. 5 db for the rubber
dome . There are basically two reasons for this:

(1) In compari ng the measured and calculated reflection coeffi-
cients , it was assumed that the measurements were made at normal in-
cidence where maximum reflection occurs. In reality, the impinging
energy may have been incident at some smell angl e (

~
) other than 0°,

whi ch would have caused the measured value of the reflection coeff icient
to be lees than the calcula ted value .

(2) The calculation did not take into consideration the curvature
of the dome ( see Appendices A and B) .

Comparing the reflect ion coefficient s of the s~.ainleaa steel and
rubber domes from Table III , it I. observed that the reflection co-
efficient, of the stainless steel dome is appr oximately R db lower than
those of the rubbe r dome , at all frequencies concerned . Thi. app arent
superiorit y of the stainless steel dome as far as reflectivity is
concerned Is due to two factors :

(1) the difference in the thickness of the domes, and

(2) the particular stainless steel dome did not have bracing to
give the skin added strength. The addition of the bracing would have

9
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caused the reflection coefficient to rise substantially. The rubber
dome, on the other hand, had structural strength bu.ilt in by means of
the embedded steel wires in the center layer. These imbedded wires
were probably the main contributor to the reflection in the rubber
dome. This can be illustrated by caleulating the reflection coeffi-
cient for a i~ythical pure neoprene rubber dome, of the same thickness
as the actual rubber dome, and comparing the reflection coefficients
with those of the actual rubber dome used in the test. The results of
these calculations are listed below ( normal incidence assumed) :

Frequency K actual K mythical

315 XC —11.5 db —50 db
5 XC —8.8 db —47 db
BKC —6 db —43 db
10 XC —4.8 db —4]. db
12 XC —4.2 db —37 db
14 XC —3.7 db -.35 db

It can be seen from the above table that, if a dome could be made of
pure neoprene rubber, the reflection from thi s dome would be negligible
since the acoustic inpedence of the pure rubber (2: ~~

) is closely
matched to that of water.

Z (Water) = 1.51 g/~~ 2 sec Z (r.eoprene rubber) = 2.1 ~/c~ 2 sec

From an exami nation of the calculations in Appendices A and B, a
number of interesting facts are apparent . For example, refer to the
expression for the stainless steel dome reflection coefficient at
normal incidence:

I (
~~ - ~LSL • A 17 ~_ J _ ~e~~ ~~~~~ ~~~ ‘~~~

-
~

- -—j 
_________  

(11)

1 ~~ )~~~~~t~~~

The amplitude of the above expression depends not only on the acoustic
resistance, but on the thickness of the dome and the frequency of the
incident wave~, The frequenc,y and thickness dependence are represented
in the cos~~~~ and 8in4~i~ terms. If the thickness (h) is held
constant, the amplitude of the reflection coefficient will go through

10
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a series of alternate maximum and minimum values as a functi on of
frequency . Now , if the frequency Is held constant and the thickness
is increased, the reflection coefficient will Increase. This is
demonstrated in Table IV, where the reflection coefficients for stain-
less steel domes of various thicknesses are listed. For example, the
difference between the reflection coefficient of a dome 1/16 inch thick
and that of one 1/4 Inch thick, at a frequency of 3.5 XC, Is 10 db.
This is also shown in Figure 32, which is a plot of the reflection
coefficient (normal Incidence) vs. frequency. The six curves on this
plot represent the calculated values of the reflection coefficient
for the one—inch rubber dome, and for three different thicknesses
(1/16” , 1/4” and 3/8”) for the stainless steel dome. Also given for
comparison are the measured values of the reflection coefficient for
the reference stainless steel dome and the one-inch rubber dome. From
this figure, it can also be seen that the reflection coefficient of
the rubber dome is 2 db better th’in tha t of the 1/4” thick stainless
steel dome, and 4 db better than a 3/8” thick stainless steel dome,
where the 1/4” stainless steel Is the type skin which I. used for the
construction of present sonar domes.

In retrospect, it should be remembered that, when making compari-
sons between the rubber and stainless steel domes, the stainles s steel
dome akin tested did not have the internal lattice bracing which is an
integral part of an operational stainless steel dome. In turm, the
rubber dome tested did have structural strength built in by means of
the embedded steel wires. When a prototype of the tested rubber dome
is installed on a naval vessel, it will not have internal lattice
bracIng, which would Increase the reflection coefficient, but ubstead
will be pressurized to add strength.

CONCLUSIONS

Due to the oversight of not monitoring and keeping constant the
input power, no concrete conclusion can be drawn in regard to the
transmission loss of either of the domes tested. However, there remain
certain general conclusi~n2 Lhat may be drawn concerning the trend of
transmission loss wi th increases in frequency. At 3.5 XC and 5 XC,
the transmission loss of both domes was relatively low, but as the
frequency was increased, the transmission loss In the rubber dome
increased faster tha n that in the stainless steel dome.

A comparison of the transmit and receive beam patterns shows that
there was no appreciable deformation in the beam patterns of either

11
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dome , which indicates th~it the domes are equally good two—way channels.

Reflection measurements show that the reflection coefficient of
the rubber dome tested was 10 db higher than that of the reference
stainless steel dome skin , and 2 db lower than that calculated for a
1/4” stainless steel dome skin. Taking Into account that the atainl.ss
steel dome skins in actual use need extensive internal lattice bracing
f or structual support, which Increases the reflection coeffIcient, and
that the rubber dome tested had its strucural strength built in by
means of the embedded steel wires, it can be concluded that the rubber
dome tested Is superior to the 1/4” stainless steel dome skin, and
Inferior to the 1/16” reference stainless steel dome akin in regard
to reflectivity.

B. DONALD
Electronic Engineer
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VARIATI ON ~~ REFl ECTION C~~fl1CI!87 W ITh AJIOL! ~~ I~~ IIZNCE £80 INICE N!SS

S~~Y!LE5E 51~m DO~~ M~~~~ 0dm
?r.quene~ tn~1. of h(1~icksiss.1.1116 h°1” ~~~~3/~~

U

~R”~ IncIden.~e ~_f db) £b i  g Lab) P11~a. R (ab) P~a.. ~ lab) Pbii.
4 , (~O —2 1 — 115° —9.3 —70° -6.5 —62° —1 1.5 —62°

~ 50 -21.3 —85 ° —9.6 —71 ° —6.11 —63° —11 .9 -630

300 —22 .2 —116 — 11.4 —73° —7.5 —65° —12 .11 —65°

45~ —23. 11 -117° -12 —76° —11 .11 —69° — 14.3 _7Q0

~()0 -26. ’ ~~~~ 149  _g~ 0 -11.4 —76° -17 ~77°

750 —3 1 _590 —19 —86° ~5 4  ~84° -21.7 .44°

90° 0 ~5)° 0 11100 0 1110° 0 1*0°

5 0° -17.6 —112° —6. 11 ...430 _ 4 3  ...5~~Ci 
~~~~ -51°

15° —1 11.4 .43° —7 .2 ~640 —4.5 —53° —9.2 —52°

30° ~~9 .440 —7 .7 —66° — 5 — 56° — 9.8 —56°

45° —20.3 —115° -9 -70° -6.4 -62° -11.5 _620

(~()° -23.5 -116° -IL? -76° -11.6 _700 — 12 _710

750 —2 11 —811° — 1 5 .11  —84° -12.5 —111° —1 11.5 —112°

8 0° — 14 ~780 
~i. -51° -2.2 -39° -6 —30°

15° — 14.5 .790 -4. 2 — 52° -2 3 —40° —6.2 -32°

30° —14 .9 —110° -L.7 _ 5 5 0 —2.7 —4 3° —6 .7 .37°

45° — 16.5 .1120 -5 .8 -61° -3.6 -50° —11 _
~ 7°

60° -20 -114° -11 -69° -5 4 -60° -10.2 .600

75° —23 .8 _1170 -12 .4~~ -8.11 —76° —14.6 _77°

10 0° —12 -76° —3 —45 ° -1.5 —33° —4.11 —1.8°

15° —12.4 —76° -3.1 —46° -1.6 -34° —5 -.20°

30° —13. 11 —71° — 3 .5  —49° —1.8 —37° —5 . 5  —26°

45~ -14.9 .40° .4.5 .~5° —2.5 -44° -6.6 -36°

60° — 19.6 
•
~~~~~~° -6.5 440 4 550 -11.6 —53°

750 —21. 11 —81° —10.2 —711° —7.2 —73° —12.7 —74°

12 00 107 —73° — 2 .3 —39° — 1 . 2  —211° —4. � —t~

15° — 11.1 —7 3 ° — 2 .4 —40° —1.2 —29° —4.3 —9°

30° -.ll.7 t .75° -2. 7 -43° — 1.3 —32 ° —4. 6 -16°

45° —13. 11 ..7p0 .3.6 —so° —1.11 —311° —5 . 5 -211°

60° —15.11 -112° -5.4 —60° — 3 _ 500 
77

75° —20 .4 -86~ -9.11 —76° —5.9 —70° —1L3 —71 °

14 0° - 9~.3 —70° -1.6 — 3 5° — .9 —25 ° — 3.? •5°

15° — 9.3 —71 ° —1 .7 —36° -j —26° -3. 8 43~
30° —11. 4 —73° —2 1 -39° —1. 2 —29° —4 . 2 —6°

— 
45~ —12 —76° —2 .11 —46° — 1.3 —3 5° —4. 11 —20°

60° —14. 9 —110° -4.3 —56 ° —2 .4 —46° — 6.5 —44)~
75° — 19 —116~ .7.~ -74° —4.7 —611° -10.2 ~~~~~~

TABLE IV 
16
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Appendix A

The behavior of a sound wave in a homogeneous aediu* can be des-
cribed by a partial differential equation ,

A /
(1A)

co only called the wave equation. A few of the genera l properties
of this equation are: (1) It is a linear equation, thus it obeys
the principle of superposition and, (2) The general solution of this
type equation Involves arbitrary functions (A1, A2 ... etc.). Thia
corresponds physically to the fact that there are an infinite variety
of waves. Therefore, to get a aolution for a specific type of wave
necessitates the introduction of boundary conditions on the wave—
bearing medium, The nature of ~i , the acoustic potential, also calls
for some comeent. It is essentially a mathematical tool by which
the combined effects of acoustic pressure and particle velocity, the
two main parameters effecting wave motion, can be expressed in a
single quantity 

~
-, where (see reference a) 

-

~~~S ( /~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

) v~’ ( 2A)

(3A)
To obtain a general solution to the wave equation, employ the S

method of separation of variables. In employing this method ofsolution, assume a solution for ~ In the form of a product of ar-
bitrary functions,

~‘-=- X(x)~~~~) ~‘~)7’(t) (/A )
Now, to find the conditions they must satisfy in order to satisfythe wave equation, substitute the above expression into the waveequation,

+ -

~~ 
-4
~t~ 

-
~
-
~ 4~ (5A)

YzT zr~~.t X Y T  ~~~ ~~~~~~~~~~~~~ 
(6A )

Dividing both sides of the above equation by XYZT ,

(7A)

~g. 1 ol’ 1~~ .~ Ifl 1 A

--- --------- - - - - _
~~~~~~~~~~~~~~~

5 - -  _ I
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Now, the expression on the right side of the above equation is
a function o f ? , exclusively. The only way it can be identically
equal to the left hand side , which is a function of X, Y, and Z ,
exclusively , Is for both sides to b~ equal to the same constant. For
convenience, let this constant be—K ( the propogation constant or
wave number). Thus, the equation for T becomes the second order
differential equation ,

(8A)

which has a solution of the form ,

T~A~~~~~~80~ ”1’
~~ (9A)

It can be seen from the exponent of the exponential, which must have
the dimensions of radians, that the product CK must have the dimen—
sion~ of radians per unit time, which is angular velocity U , therefore
K =

Now substituting 42 into equation (7A), we have ,

+ Z - K ~~~~ _ _ _

,)‘ ~~~ Z — x ,,~~ (b A)

Using the same technique as previously, it is seen that both sides
of the above equation must be equal to the same constant which we
will call .4(2 + k12 (where k1 Is the component of the wave number in
the I direction). This gi res us,

(IIA)

Similarly, we introduce two other constants and which give,2 (l2A)
~~~~~~~~~~~ 

1-I
~~ y o (l2A) ~~~~~~~ 

—p ... ~ (13A) ( l3A)
where, (141k)
The eolutions of the second order linear equations for I, 7, and Z
are, -

~~~~4 X 1, ~~~~~ 
~~ (l5A)

T
~€ :. ‘ f App. 
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( 16A)

Z =A 4
~~~~~ ~~~~~~~~~~ (17A)

where the A ;s and B ’ s are arbitrary constants. The complete solution
to the wave equation is ,

ç~i (~ 

j~444X ~ 44~ 
~~ 

/3~ 
~~~~~~ 

i.~. ~ ~ 45.4
, /‘~T4A *~)  ( 18A)

As can be observed from the above expression, the possible number of
solutions to the wave equation is very large (reme~~ering super-
position) . But in our case , we are interested in a plane harmonic
progressive wave which is one of the above cases. Therefore, arbi-
trarily set BO, 61, B2 and B3 equal to zero, and assume that

4:~4o~) .
~~~~~ K~ 3) ~~~~~ ~~~ ~kr

where cs~,~,B, and r are directi on cosine s and f3~-t- r ’~ IThus our solution takes the desired form,

A A/ ~~’ k ( ~ -~ -t v3-~ fr-~) J (19A)

From the solution of the wave equation, we know the general form
of the expressions for the incident and transmitted waves on a flat
surface. Let us now take the case of the stainless steel dose skin
which is essentially a three—layer problem (see Figure A below).

Y 0  p c2

s (wt-a,x +b1y) 
*Z A  p

i(wt .a 3 x—b 31)s , P 

~~~~~~~~~~92 

I

A,~~i(w t— a 1x -b1Y)

FIG. A

Pg . 3 of :tL~~i .
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The soluti ons to the wave equation for the general case of oblique
incidence are ,

~~~~~~~~ ~~~~~~~~~ ~,~~I(’ _a~~.t.4 y) (2oA )
(2].A)

~~~~~ 
(22A)

from the above figure, the quantities b1, b2, b3, and a are define d as ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
t
~~C~ i& 

_ _ _

a 4~4~v\ ~~ ~~
- 

~~~~~~~ 
~~~~ 6~

LE T ~~~ SL ~~~~~~~~ 
cA , ‘~,1

= 4c, -

Now, applying the boundary condItions (See reference (1)):
1. the pressure must be continuous across the boundary.
2. the vertical component of velocity must be continuous across

the boundary.

( 23A) ~~, ~~~ ~°2~i (24.A) 
(23A)

- (24~t)

Substitut ing the expre ssions for 
~~~ ~2’ and 4~3 into the boundarycondIti ons, we have ,

~~ A, — , = Ss A ) , -- c, 1~A
~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~c~~~r~= s~~’~-~~ ,~~~~

Pg. 4 of !~pp . A 

~~~~~~~~~~~~~~~- - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Rearanging the above equations in determinant form,

~~~~~~~~~~~~~~~~~~~~~~ (25A )

~~~~~~~~~~~ S,1~ *C/ ~~k (26A)
o + ~~~~~ Ajf ~~ M (/3 - e3 C (2?A)
o # 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
U (25A)

Now, solving for the reflection coefficient .

0
o ~~~~~~~ ~~~ 4A~h pjA44

C) ~~~~~~ — — Si (29A)
0

-
~, o

~ ~~~~~~~~ f~~~4 4 AI~4~

o ~~~~~~~~~~~~~ ~. 4 3 I..

Where the solution to the above determinant is:

~~
‘
= .~~ i. . (

~ c,- ~ c~ ~
))
~~~( c A ~~cL ~~~~~ (3o~‘4, (

~ - ~~~ 
~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 

cA* ~~53)~ 
~~~

The above expression is general for any three- ayer proble~. If the
velocity (c), the density (e), the thickness of the center layer (h) ,
and the angle of initial Incidence are known , the reflectIon coeffi-
cient can be calculated for any freque ncy .

P~ . 5 of App .

1
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Wow, expressing equation 30A in~~erR. of sines and cosines by
means of the following identities,.,~ ~ A— 4~2.. ~~ . and

~~~~ ~~~~~~~~ and simplifying, we have
&g, (-j . 4~i) ~~~,-~~) A~~~~4[ (3Lt )

where 
- 

(i ~~ ~~~
, 4 V t ,*44i~)44v~. ~~~4.)

~~~~~~~~ “~~~A~~~In our particulai~ c
1a~~, mediua 1 and me~ius 3 are identical ( water) ,

S therefore , (,‘~ C~ C, -
~~ - ç ‘ri,: ~~1A Under these conditions, the reflection

coefficient becomes,

— ~~ ~~~ 
— 

~~~ 
) ~~-~~‘ 

~~~~ (~2.&)

f es Pc ~~

- -

I 
k~~

= 

~~~~~~~~ 

- _4~~~~~~~~~

~ ~ -/ . _ _ _  _ _ _

0= ?C ’-  ~~~~~~~~~~~~~~~~~~~~~~~ (34k )

1~~. 
() ‘)f :J)~) 
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For the stainless steel dome (assuming normal incidence , which was the
condition in the actual tests) we have ,

_ _  ~~~~~~~~~~~~~~~~
/ ‘) 7’3 ~~~~~~~~~

~ L, ~ 
• o ~ = ,~~ 

‘/
= . Ic ~~~

~~~~~ / ~~)( ,;Sf

1~~ ~~~ ~~~(,~~11cf )~~~~ (35A)
I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

t)

~~~~~~~ ~~ ~~~~~~~~~~~~ (3k)

~~ 3.~~ KC ~~= ~~~~~ 

S

See Table IV for the results with other frequencies, angles of in-
cidence, and thicknesses.

t-g. 7 of App . A
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Appendix B

Now, we will consider the reflection coefficient from the rubber
dome . The material which makes up the dome has three distinct laysrs
(see Figure 8, below).

_WY

y o  y:h y:h+k y :h+k+I 
Pig. $

Characterize the sound field by the acoustic potential ~~~~ Th. particle
velocity and acoustic pressure in the sound wave will be expressed
through~~- by,

~~~~~~~~~~~~~~~~ 

~‘
-
~‘

-
~
1) — v ç~’ (1B)

(2B )
The acoustic potenti al , ~~‘ , is a derived term which is used as a mathe—
matica ]. tool. The assumed solutions to the wave equation in the dif—
erent layers are:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~4 (wr—a,-X .t...(~~)  (3B)

çi.~~= ~~~~~~~~~~~~~~~~~~~~~~~~ (~~
)

= A3~~ ~,-x -4j ~~ ~~~~~~~~~ ( 513 )

v~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ((~ )

Pg. 1 of App. B
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i~ Aç~~~~~~~~~~~~~~~~4~~)  
(~~~)

where

= = 4 __

= -= 
~~ 

4

a, -
~~~~~ ‘~~~~~

-
~~ ~, = -

~~~~~~~~~ = = a5 ~~ El L ~ I A w~

L E T

:. -
~~~

= ~~~~~ ~~= ¶
~ 

4=~~~ 4~~4i %~~~Rf

The boundary conditions which hold for this case are the continuity
of pressure and the vertical component of particle velocity across each
boundary,

~~

AT -
~ • (

~~~)

—7--—

zig. 2 01’ j~
_-p. :~

_ 
_ _ _ _ _ _  J
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a 
(9B

AT 2j ~~( -t- M =E  ~~~ (loB )

~?4~’L

iST ~~~fMtI P dZ
(UB)

Applying the boundary conditions, we have,

~ LA,~
-f 3

~]= 4.~+/S~] 
(1213)

AT~~~ = O
$~ )~ 

- - f~ 
/3~
] 

(13 B)

i-g .3 of Aji ~- . B
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Now, putting the above equation in determinant form, and solving for
the reflection coefficient ,
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The above matrix , which would be very tedious to solve longhand, was
progreemed on the computer. The parameters which are needed by the
computer for this computation are e , ~~~. 

and the thickness of each layer,
along with the initial angle of incidence. The results of this corn- 

S
putation for the desired frequencies are shown in Table IV.
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