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Abstract

A new concept for a retrodirective target-
seeking sonar system is described. The system is

based on time reversal. This is achieved by

storing the target return in a serial access
memory and reading out the stored information
in reverse order for retransmission.

. The theory of the device is given for noise-
free operations and stationary array and targets.
The motion sensitivity of the system is discussed
and the effect of white noise and reverberation
noise on the system considered. A computer
simulation of the system in a reverberation
environment is described and some results of

the simulation given.
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I. Introduc;ion

The concept of retrodirective and target seeking
radar or sonar systems is not new. In 1940 L. C.

Van Atta received.a patentl for a retrodirective
phased array. It functions like a corner reflector
sending impinging plane waves back into themselves.
This retrodirectivity is achieved in both the corner
reflector and the Van Atta array by inverting the
space coordinates of the wave. In the Van Atta array
the space inversion is done by connecting the receive
array elements located at (xn, yn) to the corre-
sponding space inverted elements (—xn, —yn) of a
transmit array.

If one puts amplifiers between the receive and
transmit arrays the Van Atta array can be made target
seeking. A self-seeking communication system based
on this concept has been described in the 1iterature.2

We shall in the following describe a system which
is based on time inversion instead of space inversion.
The time inversion system has a number of desirable
characteristics which cannot be achieved with a Van
Atta array. These characteristics include: self-
focusing, partial motion compensation, target
position independent echo return time and a tendency
to prevent echoes from spreading out in time.

We shall discuss in this report possible

implementations of such a system, its beamforming

characteristics in a noise-free environment including
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motion sensitivity and configuration stability, the
effect of signal independent white noise and the
system performance in a reverberation environment.

II. The System

The concept of a time inversion retrodirective
sonar (or radar) is straightforward; it is based on
the fact that an outgoing spherical wave changes
under time inversion into an incoming spherical wave
converging toward its center. Therefore, if an
array of transducers receives and stores over a
period of time a signal or echo from a point source
and retransmits the stored signal in reverse order,
that is, inverted in time, a beam results which is
focussed on the original source position. If more
than one source is present in the field, retro-
directive beams focussed on each one of the sources
are generated. This characteristic makes the time
inversion system potentially useful as a target
seeking and tracking device. We describe in this
section the basic components of such a system and
give a brief summary of its operatiomnal character-
istics.

Figure 1 shows a schematic of the system. It
consists of an array of N transducers, each connected
to its own channel processor. The processor-trans-
ducer combination is self-contained and the N units
can be distributed arbitrarily in space, connected

only by wire or radio link to a common clock and

O PR
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display. In one possible implementation the central
element of the array is connected to a search pulse
generator. The target seeking process in this case
is initiated by the emission of a search pulse by

this central element. We shall use this model for

~our discussion of the system characteristics.

Figure 2 shows one transducer with its channel
processor. A clock operates the transmit-receive
gate, samples the data and controls their transport
in and out of a serial access memory. In the receive
mode the signal is amplified, sampled and clocked
into a serial access memory. The "store-read gate"
routes the data samples in and out of the memory and
supplies appropriately coded information to a display
unit which displays the content of the entire memory
bank.

The system performance depends critically on the
characteristics of the memory devices. The number N
of stored samples which afe necessary to adequately
describe a signal of duration T and bandwidth B is
according to the Nyquist sampling theorem:

N = 2BT (1)
The signal duration T is directly related to the
range R over which targets are being acquired by the
system:

T = 2R/c (2)
where c¢ is the signal propagation velocity. The
bandwidth B is similarly related to the range

resolution AR:
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B = c/2AR 4 (3)
The maximum range R and the resolution AR of a time
inversion system are limited by the retention time
AT of the memory and the maximum clock rate p at
which data samples can be moved.

Because of the time inversion the first signal
sample clocked into the memory is the last one to be
clocked out and, therefore, stays in the memory for a
period of time equal to twice the signal return time
T. We have, therefore, a limiting condition for the
retention time AT:

AT > 2T (4)
and because of Equation (2) a limiting condition for
the range R:

R < cAT/4 (5)
The minimum clock rate necessary to store an incoming
signal of bandwidth B is:

Pmin =~ 2B (6)
which gives together with equation (3) the limiting
condition for the range resolution AR:

AR = c/p (7)

If we consider a typical high resolution sonar
with a search range R of 500 meters amd a range reso-
lution AR of .l meter, we find from the foregoing
considerations the following requirements: A storage
capacity of N = 104 bins, a minimum retention time of
T = 800 msec and a clockrate of p = 25 kHz., These

requirements have to be met together with a high dynamic




range and reversibility of the'@ataflow in a serial
access memory. Presently available commercial charge
coupled devices (CCD) or similar devices which satisfy
the reversibility requirement almost meet these

! : criteria. The most critical parameter is the reten-
tion time AT. Since the dynamic range of CCD's
deteriorates with retentibn time and ambient temper-
ature, th=s above time requirement can be met with
presently available CCD's only if they are cooled.

The ;équired number N of storage bins is high but

feésible, and the required clockrate orders of s

magnitude below device capability.

If we consider a search radar as a potential
application and assume a range of 50 km and a range
resolution of 10 meteré we find that the same memory
capacity of N = 104 storage bins is required, but a
much smaller retention time of T = .8 msec and a
minimum clockrate of p > 30 MHz. In this case the
clockrate is the critical parameter but still within
the capability of CCD's. The expected technical and
economic feasibility of an adequate memory bank for
a time inversion system in the near future makes it a
timely task to analyze its characteristics.

III., The Array Target Interaction

In this section we derive the algebra which
describes the interaction of the time inversion

system with a field of targets.
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We assume an array of K transducers and a field
of J targyets. The positions of the transducers and
targets are described by position vectors in a
cartesian coordinate system (x,y,z) which has its
origin in one of the array elements, called the

reference element. The reference element is the

element closest to the center of gravity of the array.

It is assumed that the radius Bin of the smallest
sphere which contains all array elementé is small
compared to the minimum distance Rmin from which
targets are acquired by the system. The maximum
distance from which targets are acquired is Rmax'
The range R of operation of the system is R=Rmax-Rmin‘
We limit the discussion in this section to a
linear system, that is, we assume that the n+lst
retransmitted signal is a linear function of the nth
target response which is in turn a linear function
of the nth retransmitted signal. It is the purpose
of this section to derive the linear operators which
relate array output and target response to each other.
In order to avoid unnecessary complication we
assume that the linear dimension 'a' of the individual
transducers are of the order of the mean wavelength

of the (bandlimited) search function. The farfield

pressure wave generated by the kth element during the

nth retransmission is, therefore, within a cone angle
- nck
of 0 = sin l(-:“—) a spherical wave _f it—r C) . The

characteristic function nfk(t) of this spherical wave
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has the dimension [Newton per meter] and is related

to the voltage nd across the kth transmitting trans-

ducer by

nfk e anvk ' (8)
with the coefficient a given by

a = {(4a%npe)/ (mi1) }1/2 (9)

where n is the efficiency of the electrical to
mechanicél éﬁergy conversion, p the density of the
transﬁitting medium, and I the electrical impedance
of the transducer.

We describe the total array output for the nth
retransmission as the oxdered set nF(t) of character-
istic functions nfk(t):

TP(t) = (M ()} k = 0,....K-1 (10)

We assume further that the targets are "point
scatterers" in the limited sense that they are small
compared to the lateral resolution of the array. This
implies that the backscattered wave is again adequately
described by a spherical wave nhj(t-r/c)/r within the
small cone which the array subtends at the target. The
target response function nH(t) is then again the
ordered set of the generating functions nhj(t) of these
spherical waves:

“mee) = (M)} =1 .. T (11)
The limitation of our consideration to point targets
does not limit the generality of our derivation since
one can build up arbitrarily complex targets by an
ensemble of suitably chosen point targets (Huyghens

Principle).
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It follows from the foregoing definitions that
the pressure npj(t) at the jth target location due

to the nth retransmission nF(t) is

n 2 l n i

k “jk

jk) (12)

where rjk is the distance between the jth target and

the kth transducer and tjk = rjk/c the corresponding

propagation time. It is sufficient to approximate

rjk in the slow varying spreading term l/rjk by
rj = rjo’ the distance of the jth target from the

array center.
We introduce the time delay operator D(t)
defined by
D(T)£(t) = £(t-1) (13)
and write equation (12) as:

n 1
Pi(t) = == % Blt..)
J rj x jk

The jth target response is a linear function of

n
£ () (14)

the pressure field at all target locations

B ey = 5 Bais Thay 6] (15)
J sy J

J

j'} is the scatter matrix of the

target distribution. If we neglect multiple scattering

i’
The ordered set {Sj

the target response depends only on the primary pres-
sure field npj(t) at its own location. The sum in
equation (15), therefore, reduces to:

"hj(t) = 55(t) “pj(t) = oy (t) * “pj(t)‘ (16)

where cj is the backscatter cross section and ij(t)

the normalized impulse response of the jth target.
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The star in eq. (16) indicates convolution. Intro-
ducing equation (14) into equation (16) we obtain:
B = 3 . % . a =

hj(t) oj/rJ i D‘tjk) fk(t)

(17)

. n
Oj/rj i D(tjk)lj(t) * fk(t)

To go to the right side of eq. (17) we made use of

the commutability of the convolution operation with
the time delay operator., This follows directly from

the definition of the convolution operation:
+0
g(t) * £(t) = J g(t) £(t-1)dr (18)

- 00

We have shown above that in the neighborhood of
the array the waves scattered back from.the targets
can be approximated by zero order spherical waves.
We obtain, therefore, for the pressure npk(t) at the
location of the kth transducer:

i

n ik i n 3
Jrveed)
~ The voltage nvk(t) generated by the kth receiving
transducer due to the pressure npk(t) is:
n _ on
Vi (t) = 87py (¢) (20)

where B is the transducer constant.

In order to determine the next retransmitted signal
n+1fk(t) we have to keep track of the appropriate
;eceive and transmission times, which are shown
schematically in'Fig. 3. We label the time at which
the nth reccive éeriod is activated as "t® and the time

at which it ends as ntB. During the receive time

FRENSIRIC S CSRS ISP P SN
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t st < nt8 the transducers generate the voltages

nvk(t) which are amplified, filtered, sampled and {f

stored. At t = n+1ta = ntB the n+lst transmit mode

is activated. The stored signals are read out in
reverse order, filtered, amplified by a large factor y
(power amplification) and fed to their respective

transducers. The transmit voltage n+l

Vi across the
- kth transducer becomes:
Py e) = v Pu (Pefo ")) (21)
" and the retransmitted signal n""lfk(t:) according to
eq. (8) S e
T ter = oty e (22)
The retransmission ends when all of the stored signal
is retransmitted that is at time:
peBhe w T (0P < el e 2P - Pe® (23)
Combining equations (19) through (22) we obtain:

mle (6) = p(2"thys & D(t,) " hy (-t) (24)
4 =5

where

K = aBy (24a)
Equations (17) and (24) are sufficient to relate the
n+lst retransmitted signal back to the original search
pulse.

We assume for the following analysis that the
initial pulse is transmitted by a single projector at
the location of the array-element.k = 0. The transmit
gate opens at t = °t  and closes at °t8' In order to
accommodate all later even retransmissions we let:

2n 2n -
°t8 - °ta = tB - tu 2rmin/c + T (25)
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where Fikn is the radius of thgrsmallest sphere
capable of enclosing the array and 1 the pulse
duration. The transmit time given by eqg. (25) is
the minimum time required to allow beamforming in
any desired direction with all array elements
participatihg. The projector which is in the
center of the arréy in our model transmits during
the time °t + /c wonf2 < & % °t +ry /c + t/2.

The target response to the initial search pulse

°f(t) is according to equatioﬁ (16)

o.
°h. =-—1D Y T g
J(t) rj (tjo)lj f(t) (26)
In order to receive at all transducer locations the
backscattered signal from all potential targets in

the acquisition range R, it is necessary for the

receive mode to begin at:
o

s = s o
t = 0k = 2R ge * Tpinl /o T (27a)
and to run until:
B SN B e e e =
—(Rmax L TR S S W (27b)

All potential target returns from within the accep-
tance range R of the system are now received; the
array can, therefore, begin retransmission imme-
diately. Labeling the beginning of the first
retransmission lta we have: lt = °t8. The trans-

a
mission cycle runs until stored information is

retransmitted, that is, until
1l

= = 2° - 0 =
t tB 2 ts ta

2
e %Rpax = Rpin * STmin) * 4T * %,

(28)
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The first retransmitted signal lfk(t) is

obtained by introducing equation (26) into

equation (24):
J ko.D(t.-t.,)
by 1 Ak i ekt (29)

=l (rj)

1 e 0
fk(t) = D(2‘ t

The target response lhj(t) to that excitation

‘follows if we introduce equation (29) into equation
(17). After some rearrangement of the resulting

‘double sum we obtain:

1 Ko.D(2 °tB) o S
h. (t) = —3 R
4 j

R D(Ejxtjrk~E40) =
J
ij(t)*ij.(-t) x £(t)

z
rj X

We note that the term with j' = j in the sum over j'
in eq. (30) corresponds to the excitation of the jth
target by its own retrodirected beam. The contribu-
tions from all k transducers become equal and add
coherently. The terms with j' # j are the side lobe
contributions at.the jth target from beams focussed
at the other targets. To set this in evidence we

rewrite equation (30) to read:

2
KKo
'ny(t)=n(2 °t“)-{7——%5 D(~tj)a (£)*£(-t) +
b ol
J
(31)
D(t.,=t.,,.=t.,)Kk.0.
S ik 3k 3330 . el (0)*E(=t))
0 . JJ

k j'#] rj rjl

where aj(t) is the autocorrelation function of the
target impulse response:

ay (t) = ij (&) *iy(=t) (32)

SRS RN SR N ST e
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and cjj.(t) the cross correlation between the impulse
responses of the jth and j'th target:

cjj' (t) = lj (t) *lj ' ("'t) (33)

The side lobe contributions to 1h(t) given by

the double sum in equation (31) are in general very

'~ small compared to the focussed beam contributions

given by the first term in eq. (31). This is true
firstly becaﬁéé the side lobe level of pulsed systems
is already low and secondly because the cross
correlation functions cjj' of the impulse responses
of different targets can be expected to be small
compared to their autocorrelation functions. However,
another very effective side lobe reduction specific
to the present system is possible through appropriate
timing of the receive period during which the back-

scattered signal lhj(t) is accepted.

The pressure field lpk(t) at the array due to

lhj(t) follows from egs. (19) and (31):
ko 2K
b (t) = D2 °‘t3){§ g Dlejetglas (0 HECe) +
J (34)
KO ;054
+L —5 Dttty =ts =t 1) Cyqn (B) *E(=t) }

k 3'#3 (r5)"(r0)

Equation (31) shows that the main lobe contribu-
tions from all targets arrive at the reference element
(k=0) at the same time t = 2 °tB. If the targets are
point targets the autocorrelation functions aj(t) are

delta functions and the backscattered field seen by

Wuuaw—ﬁ‘ww;&wu ARG b N AR i
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the array elements is proportiqpal to the search
pulse (inverted . in time). Due to the finite ex-
tension of the array, the first signal at any array
element arrives at .

B
° -
t22°% Tmin/C

B

-and has passed the array at t < 2 °t" + r in/c + T,

m
If one, therefore, sets the receive gate to open at:

v Lol ) 4
Gl e rmin/c = ¢ Rnax *

— o
S Fpin-* 41 + ty (35)
and close at:
B 97 SRR IR e g
£t = "¢ 2 °t 2 %" + i T 8 S g/c
(-}
rmin + 51T 4+ °F

all main lobe signal returns will be received. For

* extended targets for which the autocorrelation

functions aj(t) are not delta functions, but by
definition symmetrical functions with a maximum at
t = 0, the same receive gate setting still assures
the reception of a major portion of the main lobe

return signals from all targets.

The short duration of the receiwve mode (1tB -

A
lta R min

S ) excludes most side lobe returns.

They are accepted only from target pairs with a range
difference rjj' of the order of the linear array
dimension:
Tj40 S g * 1O (36)
Equation (27a,b) and (28) assure that the

beginning of the receive mode lta is compatible with

the end ltB of the previous transmit mode.
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After all main lobe returns are received, the

system is ready for the next transmission period which

starts at t = zta = 1t8

« The retransmission lasts till
all stored signals are retransmitted, that is, until:

£ = 2B = 20, LB Lo o8 Lo

The retransmitted signal 2fk(t) now follows from

egs. (31) and (24):
C
2 < i 1 K o 3 K
£, (£) - D(27ty) & ““lz“ Dltg-ty)as (E) *E(E) +

3 €xs)

3 (37)

side lobe terms.

The side lobe terms are small and almost
always gated out. We shall, therefore, neglect
them from here on. Note that the autocorrelation
function a(t) is not affe-ted by time reversal

! - since it is by definition a symmetric function.
The time delay factor D(the) in front of the sum
can be deleted if we introduce a new time reference:

t!' = ¢ - 21t

(38)

B

and write the running time again as t instead of t'.
Equation (37) implies that the total array output

for the second retransmission represents J beams

focused back onto the J targets. This insonification

generates the target response 2hj(t) which we obtain 5

by substituting eq. (37) into eq. (17) again |
s |
neglecting all side lobe terms: |
: 2
H g.o.D(t,) :
3 2h (t) = b U st ol a.(t)*i. (t)*£(t) (39)
i J ry J J
i with
KKo
95 = (39a)
g7
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If one compares 2hj(t) given by eq. (39) with the
target response °hj(t) due to the initial search
pulse which is given in eq. (26) one obtains:
zhj(t) = g5%a, (©)*°ny (0) (40)
The autocorrelation function aj(t) of the target
impulse response is, up to a scale factor, a §-function
for point targets or a narrow pulse like function for
complex extended targets. Therefore, eq. (40) implies
that the ;eCOnd'(and, therefore, all even) iterations
of the target response are mofe or 1ess perfect
replicas of the target response to the initial
search pulse:

2n - 26a=3}. . . .9 e
hy(e) = g% + aj(e)* hyt = gay, (£)*°hy(t) (41)

J
where ajn is the n-th iteration of the aj(t):
. o = . *3 . ev oo *a .
ajn(t) aj(t) aJ(t) aJ(t) (42)

Since the n-th target output nfk(t) is a linear
function of the (n-l)St target response, the quasi-

periodicity of nhj carries over to nfk(t):

2n
2n s gJ D("'tkj)
felet = L ¥ a g, (£)*£(t) (43)
and
2n+l
2n+1 R s e r 5 )
fk(t) = § 7 D(tkj tj)oj( t)*ajn(t)*f( t) (44)

If the round-trip gain factor gj equation (43) is

greater than unity the array output increases with
every iteration (equation 43,44).‘ If the round-trip
gain factor for a given target is smaller than unity

then the target insonification dies out. Since g is

B R TR S e

A s B SRR e B
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proportional to the scatter cross section and
inversely proportional to the target distance, a
free-running system singles out the strongest and
closest targets. If the output signal amplitude is
limited, the system tends to automatically equalize
the beam strength for each target beam provided gj
is greater than unity.

Equations (43) and (44) show two significant
differences between the even and odd retransmission

functions. The even retransmission represents j

simultaneously transmitted beams focused on the j

t;réets. The waveform on each beam is practically
identical, consisting of a more or less true replica
of the waveform of the search pulse. In contrast the
odd retfansmissions represent j beams which are
spaced out in time and which have target specific
waveforms. The waveforms are essentially the initial
pulse convolved with the respective target impulse
response. They preserve, therefore, the target

k signature. The emission time of each beam is

proportional to the range of its target. This is a

useful feature since it permits one to select one

or more particular targets by simply gating out the
corresponding beams. This gating has to be done only
once; from there on the system continues to track only
the selected targets.

We arrived at the relatively simple results of

eqs. (43) and (44) by neglecting all side lobe
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contributions. To verify the validity of this

approximation, a computer model of the system
including all side lobe contributions was developed.
The program is given in Appendix I. Some results

of the model study are shown in Figs. 4 and 5. The
following model was used to obtain this result:

The transmit receive unit of the system was a linear
array of 513 equally spaced elements with d = A/2.
The center element was at k = 0. It emitted the
initial search pulée °f(t). The search pulse was
chosen to be a single-frequency pulse with a

gaussian envelope:
2
! ~ (L
of (t) = e—lzﬂvt & 5

The system operated against a field of 5 point

targets of equal cross section. The location of the

targets is shown in Table 1.

Table 1
Target x/103k z/lO3A
1 -6 20
2 -2 20
3 0 20
4 +2 20
L, 5 +6 20

Target Locations
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The target positions were chosen symmetrically around
the z axis to assure that side lobe contributions were
received during the short reeeive period At =

(lt8 - lta)‘ Figure 6 shows the envelope of the

output voltage lyk(t) eq. (24) of the receiving

- array elements during At for the element k = 2.% .n

a logarithmic scale which puts the side-lobe
contributions in evidence. Note that the side-lobe
contributions are two orders of magnitude smaller
than the main returns. Figure 7 shows the returns
of elements 256, 192, 128, 69, and 0 on a linear
scale. The side~lobe effects are no longer visible.
The beamforming delays between channels can be
clearly seen.

IV. Motion Sensitivity

The time inversion systems described above
focus the energy of each successive ping back to the
area where the previous ping encountered a target.
The effect of this self-focusing is to enhance the
target insonification in successive pings over that
obtainable with a non-directional system. This
objective, however, can be reached omly if the target
has not moved out of the focal area @during the time
between pings. Since the linear dimension of the
focal area is inversely proportional to the aperture
of the array, this motion sensitivity imposes a limit
to the useful aperture of a system operating against

moving targets. Since the lateral emtent of the focal
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area is smaller than the depth of focus, the critical
target motion is the motion perpendicular to the
line connecting the target with the array. In order
to find the maximum apéfture size which can be used
effectively against moviﬂg targets, we need to
consider only this worst>case. If the time between
pings is At and the target velocity is v, the distance
travelled between pings by the target is

d = Atev (45)
This distance has to be compared with the halfwidth
of the focal area F:

F = 511 (46)

D

where A is the wavelength of the center frequency of
the search pulse and D the effective diameter of the
array aperture. Since by design the target starts out
in the center of the focal area, the travelled distance

d between pings ﬁust be not greater than 1/2 F. The

limitinag condition for the array aperture, therefore,

becomes:
AR,
d s 5t (47)
or
AR, AR, v
= = —-J_
DS Dy = ot = mdes (48)

where D, is the critical aperture. We have seen above
that the time between pings in our system depends on

whether the last ping was due to an odd or even re-

transmission. Referring to Fig. (3) and eq. (27b) we ‘find:

" L en.B _ en.o e B
chtodd = Tt t” * 2Rmax 2Rj - AR 2Rj (49)
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Equation (49) shows that for odd retransmission
the elapsed time between the present and the previous
ping is largest for targets close to the array.

This is due to the fact that the returns from nearby

targets spend extra time in the system memory. The

elapsed time for even retransmissions is simply:

_c;At = 2n+tl, 8 _ 2n+lia

“even = 2R ..+ 2Ry = 2Ry (50)

J
which is fo: all targets smaller than Atodd of eq. (49).

Since the system has to accommodate the largest elapsed

time (Atodd)max:

c'(Atodd)max 3 4Rmax-szin 2 2(2R+Rmin)
we obtain for the critical aperture D, of eq. (48):

O A c Rmin ) (51)
¢ T TV(2R¥R__ )

The severity of the aperture limitation given by

eq. (51) depends on the factor c/v. In the radar

aseri et

case where the factor c/v for target speeds of interest
is very large the critical aperture D, is much larger
than the aperture size required for a practical system.
For target velocities of Mach 10 the factor c/v is still
about 105 and Dc' therefore, of the order of 104A.

The situation is quite different in the sonar case.
Here c/v for targets with a velocity of 50 km/h is

2 and the critical aperture, therefore,

only about 10
of the order of a few wavelengths, which is too small
for a practical search and tracking sonar. We shall
discuss in the next section a simple system modification

which partially overcomes this difficulty.
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System Modification for Tracking Moving Targets

The critical aperture D, equation (51) is
required to assure proper insonification of all
targets during all retransmissions. The limit is
imposed by,the.odd retransmissions and within the
odd retransmissions by the targets closest to the
arfﬁy. |

L For even retransmissions the permissible
aperture D is independent of the target range and
eqhal to:

D = d/(c*At ) = Ac/2v (52)

even
The aperture required to properly insonify the most

distant target during odd transmissions is equal to D

since for Rj = Rmax the time lapse Atodd becomes equal

to Ateven’

One can, therefore, satisfy the insonification require-
ment for distant targets by starting out the odd re-

transmit period with the full aperture D (which is
4R
Rmin

aperture linearly with time to reach D, at the end

agreater than Dc by a factor (2 + ) and reduce the
of the odd retransmit period. The full aperture D is
used for the even retransmits. This modification can
be made simply by adjusting the transmit gates for the
different array element such that toward the end of
the odd transmit period only a central portion of the

array is left to transmit.
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The net effect of this system modification is
that the diameter at focus for all beams is commen-
surate with the maximum distance travelled by the
generating target.

The most sevére'loss in angular resolution and
beam intensity occurs for targets closest to the
trahsmitting array, that is, for the case where it
is least detrimental since for the closest target
the aspect angle is largest and the spreading loss

of the beam a minimum.
4R )
Rmin

the new maximum aperture D is still relatively small and

In spite of the improvement by a factor (2 +

répresents for sonar applications a practical system
limitation. For target velocities up to 50 km/h,
for example, the maximum useful aperture is still
only 50 A. 7

We shall show in the following section that this
aperture limitation can be removed completely for a
system which operates from a moving platform against
a field of stationary targets.

Moving Array Stationary Targets

We consider in this section the practically
important case of an array mounted on a moving platform
operating against a field of stationary targets. A
mine hunting sonar is an example of such a system. We
shail show that a minor system modification removes in

this case all aperture limitation.
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The aperture limitation discussed above
guaranteed that the radius at focus of each beam was
larger than.the maximum disténce a target could
trével between pings. This is necessary because in

this system the retrodirected beam is focussed on the

spot where the last ping encountered a target. 1In
the moving platform situations, one can use the

knowledge of the platform velocity to partially

compensate for the apparent target motion by advancing

-

appropriately the focal point of the retrodirected beam.
We consider first the even retransmissions.

Complete time reversal would require that the platform

moves during the transmission period backwards along

. the same path it moved during the receive period.

The re-emitted beam would then focus exactly on the

target location. One can simulate the effect of the
reverse platform motion on the transmitted wave by
slowing down by a factor (1l-2v/c) the clock rate

which controls the data readout during retransmission.
The factor (l-ZQ/c) contains twice the doppler cor-
rection v/c. This comes about since we want to simulate
reverse motion on a platform.which continues to move ;
forward. The retransmitted beam is now focussed back
onto the target with the focal point displaced only by
the small distance A = (ZntB - 2n"lt:m)v, which the
platform has moved between the beginning of the recep-
tion and the end of transmission periods. The dis-

placement A is of the order of D+.v/c, that is, even for

B e 2 LA S i S5 WA 5 7
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* the closest targets small compared to the focal
ARmin
D
transmission keep the target in focus by slowing down

diameter . In other words we can for the even

the transmission clock rate by the factor (1-2v/c).

The same argument holds for odd retransmissions if
the £arget is at the end of the range Rj = Rmax .
The changing aperture approach discussed in the
previous section, therefore, applies also to the
moving platform. No restrictions on the maximum
aperture are now necessary. The only requirement

is to make the clock rate for all retransmissions

smaller by a factor (1-2v/c) than that for receptions.

Internal Array Motion for Non-rigid Arrays

If the array consists of independent units as
suggested in Section 2 (deployed, for example, as
sonobouys), the most critical motion affecting the
operation of the system is the displacement of the
array elements against each other during the receive-
transmit times. These time intervals are, as we have
seen earlier in Section II, orders of magnitude

different for the odd and even receive-transmit periods.

o en B _ 2n=1 = -
Ateven = T ta) o 4rmin/c + T = 2D/c
(54)
o +A0FE.E _ 3R .
Atodd = ( t ta) ~ 4R/C
Atodd is of the order of seconds; Ateven is of the

order of milliseconds. The permissible relative

¥
H
:
%

displacement of array elements between reception and

retransmission is a fraction of a wavelength for
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coherent signal addition at thgytarget. This
condition is not generally satisfied for the long
time interval Atodd' -One rather has to expect that
for higher resolution sonars the array element
position is a random variable with a variance
approaching or exceeding a waveiength. For the
short time interval Ateven' however, one can assume
that coherence between received and transmitted beam
is maintained.

This implies that for odd retransmissions the
intensities of the various array element contributions
add up at the targets, whereas for even retransmission
the amplitudes add coherently at the target to give
the full array gain. We have éhown earlier that the
round-trip gain factor g defined in eguation (40) is
a useful parameter to describe the systemAperformance.
The round-trip gain factor 9e for the coherent, even
retransmissions is equal to the round-trip gain g
given in eq. (40); for the incoherent, odd retrans-
mission the round-trip gain factor 90dd becomes due
to the addition of intensities, rather than ampli-
tudes, approximately equal to:

9oqq = 9/7K : (55)
The average gain factor g for a full cycle of even
and odd retransmissions for the non-rigid array is

therefore:

§2 it LS N gz//f (56)
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Since the gain factor for the ;;gid array is propor-
tional to eq. (40), the average gain factor g for
the free-~floating array is proportional to K3/4.
This implies, for example, that a non-rigid array of

500 elements has about the same average array gain

~as a figid array of 100 elements.

Such a system makes very inefficient use of its
d&té storage capability. It stores like a rigid
array system in every memory element the complete
signal sequence received during the long even receive
period. In a stationary array this serves to
generate the coherent and focused odd insonification
beams which carry not only the spatial (angular and
focus) information but also the temporal (high
resolution) range information. The spatial infor-
mation is rendered useless by the randomization of
the element positions and the temporal information
is highly redundant since it appears in all element
memories essentially unchanged. One can argue that
the spatial information is used to form the inco-
herently focused beams and are not really rendered
useless. However, the total power at the target is
only K times the power of each individual element
contribution. One could, therefore, achieve the same
power level at the target by irradiating it with a
single wide angle projector capable of emitting K

times the power of an individual array element.
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A possible system realization would be to use
the reference element as driver for a powerful
projector activated for the odd retransmissions.
The reference eiement alone would be equipped with
a high-capacity memory of n=2At_ /T bins which

~acquires the range information for the targets in

%

the field.

V. White Noise

We discuss in this section the response of the

R s

system to additive white noise, that is, to thermal
noise at the input of the preamplifiers of each
channel. We assume that the noise power P and all
other per;inent circuit parameters are identical in
all channels. The noise added to the amplified and
filtered signal which is read into the channel memory
during each receive period is VP mnk(t) where VP is
the RMS noise voltage and mnk(t) a normalized band-
limited noise process. The superscript m refers to
the mth receive period, the subscript k to the kth
channel. The processes mnk(t) are statistically
independent for different m and k with a covariance é
Matrix:

W e (s (£4T) ) = 8 6, ja(T) (57)
where a(t) is the autocorrelation function of the
impulse response of the filter following the pre-
amplifier in each channel (see Fig. 2). The § are

the Kronecker §:
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1l for a =8 .
GaB ¥ 0 otherwise e

We have assdmed a linear system. We can,
therefore, withéut loss of gehefality, consider the
response of the sysfem to the noise input only and

! later add this noise response to the response of the

systém to ; search pulse °f which we considered in
séction’I. .

We'assume that the memory for each element con-
tains a sample °nk(t) of the nbise function. At

-t = °ta the transmit mode is enabled and the array

transmits the function:

°f, (t) = /P °n, (~t)rect, (t) (59)
where recto(t) is the rectangular pulse:
1 for °ta <t < °tB
recto(t) = { (60)
0 otherwise
The target response at the jth target is according i
to eq. (17) for point targets ;
oj/F ‘
° = o p=s =
hj rj i D(tjk) nk( t)recto(t)
(61)
0. /PK
4 p(t.)°n.(t)
rj J J
where
- - i} » '
°nj(t) = 7§ i (D(tjk tj)°nk( t) recto(t) (62) !

The function °nj(t) is again a normalized noise function.
The backscattered signal at the array due to the
target response °hj given by eq. (61) is in view of i
eq. (19)-(21)
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vy (£) = BY/PK § ;}7 D(ty+ty,)ny (t) (63)
J

In order to avoid unnecessary complications we assume

that the target ranges rj are sufficiently different

so that the backscattered signals from different tar-

gets do not overlap in time. At t = °t% the receive

gate is activated. The signal 1vk(t) is generated by

each element and a new noise sample nk(t) is added.

The combined received signal and noise is amplified,

filtered and read into the memory. At t = °tB = ta

the transmit mode is activated. The memory content
is clocked out in reverse order and the system
generates the first retransmitted output lfk(t)
which is according to egs. (22), (3%9a) and (63):
lfk(t) = //g g ng(-tj-tjk)°nj(—t) Gy
(64)
/F p(-ot?)In, (-¢)

The first term on the right side of equation (64)
represents the J retrodirected beams generated from
the backscattered target excitation 'hj given by
eq. (61). The second term is due to the noise added

to the received signal.

it

In order to evaluate the relative significance
of the two contributions to the retransmitted signal
: 2 lfk, we consider the resulting target excitation 1pj(t).

Neglecting the side lobe contributioms as irrelevant,

R VA G I AL 5

we obtain for 1pj(t) according to egs. (14) and (64):

ot ot
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lpj(t) = VPR g D(-t;)°ny(-t) + /PR D(-t )lnj(t) (65)

where lnj(t) is again a normalized noise function

defined analogous to onj in equation (62) as

1 (Dt..

Jk-tj)lnk(—t)rectl(t) (66)

nj (t) =7 i

\

Al

§ with
1 for lta L £ % ltB
rectl(t) = =f
- 0 otherwise

(67)

The two normalized noise functions °nj and lnj are
uncorrelated: We have to compare, therefore, the
intensities of the two contributions to the target i
excitation given by equation (65). We find that é
the intensity of the first term representing the
retrodirected beam is (gj)2 times the intensity of

the second term. gj is the round-trip gain factor
defined in equation (39a).

We shall now discuss the significance of this
result in more detail. First we observe that the
ratio z between the intensities of the backscattered
and newly added noise at the transmitting array is, as
follows from eq. (64):

z = (g5)°/K (68) .,

whereas at the target the corresponding ratio is

e

according to eq. (65):

2
. : 69
2y = (g5) (69) I
The ratio zj/z = K is the array gain due to the
coherent superpositions at the target of the retrans- 3

mitted backscattered noise. The system has transformed

this noise into a beamforming signal 1sk(t):




1 <z NI o "
sk(t) = g D( tj.ij) nj( ) (70)

z is the signal to noise ratio for this signal during
the first receive period. If z is large compared
to unity the target information is already in the

memory after the first receive period and can be

displayed, for example, by cross-correlating the

content of one memory element (say k=0) with all

others and displaying the correlator output. The

correlator output ck(t) for the kth channel follows
from egs. (57), (62) and (64) as:

ex(®) - I alem(e5mty)) (71)

where a(t) is the autocorrelation function of the
filter impulse response. The function a(t) takes
the place of the search pulse envelope and the dis-
play is equivalent to that discussed above in the
noise-free case. If z is small compared to unity
but gj large compared to 1, one obtains an improved

signal to noise ratio at higher iterations. Using

egs. (65) and (19~24) we find for sz

2 /P 1
£, = = -t.-t. i ane Vg, +
. (72)

/F p(-1tP)In (-t)
We see that the signal portion is changed through the
incoherent addition of 1nj(t)/gj to °nj(t). The new

signal to noise ratio z is now

22 = ¢f(1+1/95) /K (73)
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which is improved by the factor. of gj2 compared to
the previous iteration. It is obvious from the
foregoing that every additional iteration contributes
a factor g.2 to the signal to noise ratio.

J
n n-1

P IO e
Equation (74) seems to imply that only the round-trip
gain gj of the system determines the detectability of

a target independent of the amount of the additive

noise in the receive circuitry. This, however, is not
true since the total amplifications factor y which
appears in the expression for gj is limited in any

realizable system by the noise power Pn' If we

assume, for example, a maximum rms voltage Vmax at

the array transducers during transmission and an
input impedance of Ri at the preamplifier the maximum
total amplification factor y is

Y = vmax/'Ran (75)
For a thermal noise limited system with Be ™ kTB,

for example, one obtains | 9

Vv |

10 "max |

Y <V __.//RKTB = 1.5 *» 107" —— (76) f

- ‘max 1 |
/RlB

B is the bandwidth of the system. Equation (76)

gives, for example, for Vmax = 10 KV, R = 100 Q@ and

B = 10 KHz a limit for the voltage amplification

factor of 1.5 - 1011 . If we introduce the maximum

value of y into the equation (39a) for gj we see that é
the maximum realizable round-trip gain now depends on

!
the noise power of the system: %
i
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e aBKoj : Vmak
3 - 2 1/2
rj (Ran) ,

where a and B are transducer constants defined in
egs. ( 2) aqa (20); If 95 approaches unity, no
improvément in signal to noise is obtained by higher
iterations.

We shall now briefly consider the case of a
search pulse together with additive noise in the
system. The search pulse appears for the first
time as a third term in the function lfk(t)
equation (64). In order to have the array response
dominated by the search pulse rather than the quasi
random noise function lsk(t) we require that the
pulse power Ps is very large compared to the noise
power P and that the round-yrip gain gj is large
compared to unity. We then obtain a signal to noise

ratio for one target:
P g.2
S7J
z = -5
n
which is the equivalent of the case for the quasi

random search function lsk(t) given in equation (69)
above.

VI. Revérberation Noise

In this section the effect of volume backscatter
(reverberation) on the system performance is consid-
ered. Since the system is linear, one can consider
again as in the white noise case the response of the

system to the noise only. It will be found that the

et e e I i e

W e e




40

reverberation received in the firsﬁ receive period

is for a wide class of systems practically uncor-
related between different array elements (channels)
so that appreéiable array gain can be achieved for
the first»retfansmit cyéle. For higher iterations,
however, the resulting reverberation noise is highly
correlated between channels and no further array gain
in signal to‘noise-ratio is possible with higher
iterations.

The reverberation environment

The following analysis is based on a statisti-
cally uniform distribution of scatterers throughout
the search volume. The probability to find one
scatterer in a given volume element is proportional
to this volume element and proportional to the
density p of the scatterers. One has therefore:

Probability (one scatterer in dV) = pe-dv (77)
Each scatterer is characterized by a scatterstrength
Sj and a velocity vj. The scatterstrength Sj is a
complex random variable of zero mean with the real
and imaginary parts jointly gaussian:

E{Sj} =0

(78)

} = o6.

8. !
- Js i

jl
vj is the relative velocity of the jth scatterer
relative to the array, that is, the velocity compo-

nent which determines the doppler shift of the back-

scattered signal. vj is again a random variable of

zero mean which is also assumed to be gaussian:




E{vj} =0

b= 8440

(79)
E{vjvj,

8 is the Kronecker § and E{x} is the expectation

o
of the random variable x.

The reverberation noise

We consider first the sigﬁal received during
the first receive period ot% < t < °t8 caused by
the backscatter of the search pulse due to the
distribution of point scatterers introduced above.
One can treat the scatterers in the same manner as
the targets were treated in Section II eq. (19).
One obtains for the pressure distribution °pk at

the kth element:
nk(t) = °Pk(t) =

S, A
Iy expl-iug {t5+ (ty)+ (£, -t) (L4vy/c) FoE(t-tyy-ts)  (80)

)y

In eq. (80) the search pulse °f(t) has been written as:

imot =
°f(t) = e °f (t) (81)

where °f(t) is the pulse envelope and Wy the center
frequency of the search pulse. The factor (1+vj/c)
in the exponent represénts the doppler shift of the
Backscattered signal. The doppler shift is signifi-
cant only in the fast varying exponential but negli-

gible in the envelope function.
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The noise covariance

The effect of the reverberation noise nk(t)
eq. (80‘ on the system performance is governed by
the covarianée function Rkk.(t,r):
Ry (£,7) = Blng,nmy (£) ongy (8) (640 W/ELn C ) |2} (82)

* :
" The expectatation E{nk(t)nk.(t+r)} is:

E{n, (t)n (t+1)} =

V.
E{ ;: —Trc exp{iwo(tjk"tjk|+‘f) }E{exP{iwo 'c-l(tjk-tjk'-'-‘r)}
J (83)
°E(t—tjk-tj)°E*(t-tjk,-tj+r)

The double sum which results if one uses eq. (80) to
form the product nk(t)nk.(t+1) reduces by virtue of
eq. (78) to the single sum given in eq. (83). Since
vj is gaussian the expectation of the doppler factor
under the sum in eq. (83) becomes:

v

E{exp{imo Ei(tjk-tjk,+r)} = i

exp{-[wo(v/d)(tjk-tjk.+T)]2/8}

In order to make the evaluation of the expec-
tation of the sum over all scatter contributions
tractable, we consider only the case of a line array
of equidistant elements and introduce a spherical
coordinate system r, ¢, © which has its origin at the
reference element k = 0 of the array, and its polar
axis along the array axis. The polar angle 0 is
defined such that © = 0 represents the equatorial

plane of the coordinate system.
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The time delay parameters tjk in eq. (83) depend
on the relative position of the jth scatterer and the
kth array element:

> ->
tie = Irj -1 |/c (85)

where ;j and ;k are the position vectors of the jth
scatterer and the kth array element. In our coor-
dinate system_[-fj - ;kl becomes in first order in (d/rj)

# -> - L

r. = = s =

| 3 I | ry - d k sin © (86)

where d is the distance between array elements.
Introducing eqs. (84) and (86) into eg. (83)

one obtains for the sum in eq. (83):

L=
J
g § ;%T exp{iwo(s+r)-[(s+t)wov/c]2/8}°f(uj+§$:i)°f*(uj+§;§2 +1)
: (87)
where
s = (k'-k)d sin0/c

To evaluate the expectation of the sum over all
scatter contributions eqg. (87), one replaces the sum
over all scatterers by the sum over all volume
elements which make up the acceptance cone of the

system and multiplies each term of the sum with the

probability of finding a scatterer in the corre-
sponding volume element. One can always make the
volume elements so small that the probability becomes

negligible to find more than one scatterer in the
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volume element. The occurrencgtof a scatterer in
a volume element is then a random variable which has
as its range only the values zero and one. The
probability that the value is one is according to
eq. (77f equal to pdV. The expectation of the sum,

therefore, is equal to the integral

E{g} = lé%g j (t-u)—4 exp{iwo(s+1)—[wo(5+t)§]2/8}
J € search
Volume (89)

« °f(u + )_SK.J‘S:T(.)oE*(u + Tsc_]‘&-'-T{ T)dv

The coordinate of the jth scatterer rj has been

replaced by the coordinate r of the corresponding
i volume element. The new variable u replaces uj of
eq. (88)

us=t - — (90) i

and the volume element 4V is given by:

4
av = r?dr cos® do A = grpi—y (t-w) ’du ds 4o (91)

The integral is taken over the acceptance cone of the

system,

The acceptance cone is defined by the radiation
pattern of the individual array elements and by the
range R from which echoes are accepted during the first
receive period.

It is sufficient for the purpose of the pfesent

analysis to identify the acceptance cone with the main
lobe of the radiation pattern of a quadratic array

element of side a:

i . P 0 L MMIONR. ekt Wi

e




S R (T W T4

45
B A
¢ < ¢max = arctg 73
] for a > A/2 (92)
= arc
O < Onax 97
The acceptance range is
Rmin ~A=~TEe<rsR,._ +A+*TC (93)

where A = Kd is the array aperture.

The integral egqg. (89) can be simplified by
neglecting the doppler term exp{—[wo(s+r)v/c]2/8}.
According to eq. (88) the term w,(s+T)v/c is limited by

wo(s+r)v/c < 2ﬂ(% + 1Vv)Vv/C : (94)
Since v/c is of the order of 10—5, one can neglect
the doppler shift even for very large arrays and
long search pulses. Introducing the volume element
eq. (91) into eqg. (89) and integrating over ¢, one

obtains:

u |s| :
4¢m°'p I max max 1wo(s+r)

B(Zj} = 2 2
(k'-k)at? /o Zie) {1 + %)i

min (95)

. °E(u + %T]-(T) °f*(u + ]_S?l'(_:_k + 1)duds

where u and u_. and |s___| are given by

max min max

a e, Rmin + A
max 2 c c

* % (96)
o Rmax - A R
Urin t/2 3 /c o
(k'=k) |d sin ©
. max . |k'-k| 55

= |k'-k|vd/2a

L R4

|s =

max c
We shall now show that one can extend the

integration over u from -« to +« without changing

the value of the integral in eq. (95).
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The -time interval of interest is the first

receive period °ot® < ¢ < °tB. It is given by:

R .
min A t Rmax A
Coanl e datue -l Mg (37

It follows from eqs. (96) and (97) that during the

first receive period us is always smaller than

n

~A/2c and - always larger than A/2c + T The

pulse envelope °f (u + §$:E)’ however, and, therefore,

Q.

the integrand in eq. (95) is unequal to zero only for
Of_u+-}-{-1—:—§'t'° ‘ (98)

Sincé by definition [%¥:E| is smaller than A/2c, one
obtains as the condition for a non-vanishing integrand

- A/2 <u<Ap/2+T (99)

o
It follows, therefore, that the domain of integration
OVEE B W, U S W always includes the region where
the integrand is unequal zero for any choice of t
within the first receive period. The integral is,
therefore, independent of t and does not change its
value if the boundaries are extended to * =,

We observe further that the lower bound for t

¢ A

(eg. 97) is Rmin -3 and that the upper bound of u
for which the integrand is not equal to zero is:

_A
u = E + To (100)

one obtains, therefore, an upper bound for u/t by:

A+210c A 2
+ 0% )
Rmin

7Rmin

Since both A and T,C are small compared to Rmin for all

u/t < (10l)

practical systems, we can in good approximation neglect

the term (1 + %)2 in the integral of eq. (95) and obtain:




+oo ISmaxI
ct™? o
E{g} = TEVCRT I [ exp{iwo(s+1)}
J -0 -
| maxI (102)

« °f(u + §$:E)°f*(u + E¥:ﬁ + s+1)duds

49 00 e
where C = Te—y The argument of °f was obtained

kis. ' ks

by observing that Bk * TR + s . We introduce

the new variables

v=ut+ §¥:E and X = s + 71 (103)
and obtain £
-2
cj ey e
e nax imox
E{Z} = s I A(x)e ©dx . (104)
J (k'=k)t

i 1

max

where A(x) is the normalized autocorrelation function
of the pulse envelope:

4+ +oo
A(x) = j °E(v)°f*(v+x)dv/f |°E(v)|2dv (105)

=00 =00

To evaluate Rkk.{t,(t+1)} as defined in eq. (82), we

have to determine the function E{I} for t = °ta, T=0
J
and k = k':
+
E{|n (°ta)|2 = E{I} = c (°t% 2 J °°Iflzdv lim Eé:ﬁéil
- j % k-»k' o
t=t - 00
a .
=0
k'=k (106)

+o
= c(°t%) "2 I |E]%av « &y
- 00

Combining egs. (104) and (106) we finally obtain for

the covariance function Rkk,(t,t+1):




2 IsmaxI
(°t,) "

(t,t+1) = — I A(x)e
Ryke T o

.'I.(Dox

-Ismaxl
It is sufficient for the following to suppress
the time dependence in_Rkk;{t,(t+r)} and consider
: 2 ol ol :
only its maximum Rkk!(ot +T) which we denote as Rkk.(r).
The integral in eq. (107) which is independent of t'
can be formally integrated. To do so we rewrite
eq. (96) as:
¢ +c0 .
1 iwgx

Rkk.(T) = _;——_T J rect = (x-‘t)rectT (x)A(x)e dx

o
max =0 max

The rectangular function recty(x) is defined as
1 for [x| <y
rect_(x) = { (109)
Y 0 otherwise
The first function rect (x=1t) in eqg. (107) was
introduced to change themizmits of the integral; the
second rectangular function rectto(x) was introduced
to set in evidence the fact that the autocorrelation
function F(x) of the pulse envelope is zero for |x|
greater than the search pulse duration

A(x) = rect_ (x)A(x) (110)
o

To integrate eq. (108) we consider two cases:

a2t and B} lsmaxl B ™

a.) |s
The first case corresponds to widely spaced elements.,
We shall show that in this case.the correlation function

Rkk.(r) is very small.

dx (107)

(108)

e —

R R LA Sl i o A sl
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To simplify the integral eg. (108) we consider
that the product of two rectangular functions can

always be reduced to a single rectangular function.

We have:
,rectTo(x)
for 5] < [0 5 %,
rect (x-T)rect, (x) = rect  (x-B) (111)
o o for |s =1, < v ¢ |s | + 1
max o) max 0
0 for lTI > |smaxl > o
with
o= fla e =lT])/2
B {Tomlsmaxl*'l'rl}/2

We need to consider only the first case which includes
the important domain around T = 0. Because of
egs. (110) and (112) the integral eq. (108) reduces

to the power spectrum F(w) of the pulse envelope:

Ry (1) = igi;; Fley) for jt] < |81 - 1, (112)
with
+o
F(uy) = J A(x)e

-00

iw x
- dx

Note that Rkk,(T) does not depend on T as long as

[t| is smaller than gl ~ T,

The power spectrum of the pulse envelope at the
carrier frequency w = Wy is very small even for short
pulses. We consider as an example a pulse with a

gaussian envelope and a time constant To = 3/v. Its

power spectrum F(wo) becomes:

; . “_"_“__._...-“-..-......-g-.....-.ng.Iilﬂilui;i;i;ii-|




en?
F(wo) =

rectangular function:
max

rects (x-T)rectT (x) =

and find from eq. (109):
iw T

Rkk.(T) =e ° {sinc(smax

mations for small values of T:

| Rkk,(T) = sinc(wos ) = sinc(EiﬁgELui)

max

For a dense array with d = a/2 the correlation of
noise between neighboring channels is zero in our approx- 1

imations and is not very high for non-integral d/a, which

is by definition larger than unity.

e b ————

which is»zero for all practical purposes.

We consider now the second case which corresponds
to closely-spaced elements, Here once again
correlation between elements is relatively small.

_The product of the two rectangular functions in

"the integral eg. (109) reduces in this case to the

rect (x=1)

for |z} < %

for wg-fe | 2l = 1 tle

max o recta(x-B)
o
0 fox: > To+[s
with
o= {la ¥t =lt|}/2
g = {t alulon . 1702

We consider again the first domain of T in eq. (114)

wi*Fleld ., Tor |t] < x, - ISl (115)
o

The convolutiosn: of the sinc function with the narrower
pulse-like power spectrum F(w) leaves the sinc function

virtually unchanged so that we have in good approxi-

(113) |

maxl
(114)

(116)

the




Any coupling, however, isxundesirable since the
re-emitted reverberation noise.from correlated
channels adds coherently at targets of interest and
one can, therefore, not get the full array gain in
signal to noise ratio during the following iteration.
One can, however, reduce the correlation even farther
by increasing the element spacing. A more effective
découpling of the noise in neighboring channels is
obtained by increasing both the array spacing and
the search pulse bandwidth so that even for adjacent

channels the condition |s > 1, discussed under a.)

I
max
holds. This requires an element spacing:
da > a(tov) = n-ea (117)

where n is the number of oscillations in the pulse
and ‘a the element diameter. With such an element
spacing the reverberation noise in all channels is
virtually uncorrelated and we can treat the noise as
far as its interaction with desired targets is
concerned in the same manner as we treated the white
noise in Section 3.

We have to consider, however, also the inter-
action of the retransmitted noise with the field of
undesired scatterers. If the scatterers were
stationary, the time inverted retransmitted noise
signal would generate as we have seem in Section 1 )
a strong pulse-like backscattered sigmal proportional
to the autocorrelation function of the scatter

distributions. The motion of ;he scatterers, however,

- SR R AR I KN S s T
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during the time interval between transmissions

reduces this correlation by a factor

2 _(B“VRmax)
cA (118)

-

2TVV o 1
-{=——(°t" - "t;.)}
e 7 8 s €

This factor had been given in eq. (84). It is
in the present case zero for all practical purposes.

One can, therefore, proceed with the first iteration

-in the same manner as was done in the white noise case

.discussed above. With the result, that one obtains

almost the full array gain of K in signal to noise
ratio. The difference between the reverberation
noise and the white noise case becomes apparent at
the second system cycle which begins with the

second retransmission. If targets are present, the
system now transmits essentially insonification beams
focused on the targets. To simplify the issue we
assume the presence of only one target, therefore, of
one transmitted beam. The reverberation noise due

to the retransmitted beam (if we neglect the side
lobe contribution which was justified in Section 2)
is very similar to that calculated above with the
important exception that the acceptance cone is now
determined by the aperture of the array A and not
the aperture of a single element a. emax' therefore,

becomes now

A A '
emax = arctg § = gg (119)

and therefore

e TR b e i
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. P
s (k=k")dOpax _ (k'-k) _ k'-k
max C i Kev Kv

|s (120)

Equation (123) shows that [s | is even for the
most distant elements much smaller than T, .

We obtain, therefore, in analogy to eqg. (119)
for the éovariance function of the reverberation
noise generated in the second system cycle

1 ‘ﬂ(k-k'))
K

Rkk.(r) = = sinc(
Since |k-k'| is smaller than K/2 the noise in all
channels is highly correlated and further iteration
does not increase the signal to noise ratio.
This behavior of the system is demonstrated in
the next section by computer model studies.
VII., Computer Simulation of System Operations

in Reverberating Environment

A computer model was constructed to study the
behavior of the time inversion system in a reverber-
ation environment. In this section the model is
described, the program listing given and res&itg\\\
of the study presented. o

The Model

The model calculations are based on a linear
receive transmit array which operates against a two
dimensional target field. A cartesian coordinate
system x,y is used to describe thé relative positions
of array and targets. The array is located on the y

axis of the coordinate system. It consists of K = 2"

ORISR A SN oL UL o s <
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equa}ly spaced elements. The distance d between

elements is equal to the wavelength A of the carrier

frequency v. The unit of time is the period T = %

of the carrier frequency and the unit of length the
wavelength A. This convention reduces the frequency
v, the wavelenéth A and the signal velocity c to unity.
The arfay elements are numbered from -(% ~ 1) < k < K/2
with the element k = 0 coinciding with the origin of
~ the coordinate system. The target field consists of
a single point Target of Streﬁgth S surrounded by a
random distribution of scatterers. The target is
located on the x-axis at x = R,. The scatterers are
distributed over the rectangular area Ro/2 < x < % R. #
=R, S Y S+ By s which is centered at the target.

The total number of scatterers is N. The position

vectors ry = {xj ; yj} +, 3 =1,2 « N of the scatterers

are generated by the computer as part of the simulation
program,

The scatter strength °j of the scatterers which

appears always together with the range rj of the

scatterer as (oj/rjz) is replaced in the following by

its mean <oj/rj2> and normalized to l/Roz. The
normalization is possible since the significant param-

eter in the simulation is the relative scatter strength S

of the actual target.




The Simulation of the System Operations

The target acquisition process begins as in all
previous examples with the emission of a gaﬁssian
search pulse, which is because of the conventions
adopted above:

°f(t) = exp{i2mt - tz/r}

This pulse is scattered back by all scatterers
in the field and by the target proper. Taking into
account the normalization of the individual scatter
cross sections, one obtains for the first backscattered
signal:

xi(t) 5 S(t-ty=t;) + 8 + S(t-to~t )} * °£(t) (121)

N~z

j=1
with
2 s 2 sy 1/2
tj = tjo and to = Ro

The function Xi(t) has to be sampled at intervals

At = i where B is the bandwidth of the search pulse:

2B
=2
B = - (122)
The sampling interval is therefore:
At = t/4 (123)

The time interval over which xk(t) is to be observed
o

is the first receive period: °tB - °t”. In our model
because of the convention ¢ = 1 we have:
ogB - op® = 2R - R ) +T+K==4R (124)

The required minimum number of samples M to describe

the function xi(t) is therefore:

B o 16 R
- SETwmYRT . (o]
M= At = = (125)

E
i
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It is more efficient to perform the actual

_calculation in the Fourier domain. The Fourier

transform ii(v) of Xi(t) is given by:
2 N -i2m v(r.+r.,) -i2nv(r_+r _,)
Xp(v) ={ I e 3 IR 4 se e "ok
=1 (126)

-(n(\)-l)‘l’)2
e e

e A

The sampling iutervals Av are given by:

Av el s (127)

and since M samples have to be taken, v ranges between

1l -M/2 Av < v <1+ M/2Av

- - .];. —1—
or: 1 = < v <l + =

(128)

The frequency band is centered around the carrier
frequency which according to the adopted convention
is equal to 1.

The calculation of xi implies the calculations
of K x M sums over the echoes from the N scatterers.
The actual results shown later are based on 1000
randomly distributed scatterers.

In order to reduce the amount of calculation,

we replace rji‘by a linear approximation

2 - ’jk
= f x® e b SR g N5
. x (yi=k) r ; (129)

and replace the sum over j in eq. (126) which has

in our model 1000 terms by a sum over 100 equally

spaced phase terms in the following manner:

(ga—o 5)
Y. 100 jor L2=.5)
N dam{v(2r; + k P20} = £ a(v,k), ¢ e 100 (130)

I e J 3 L=1
j=1

i
H
N
1
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where a(v,k)z is the number of occurrences that the

y.
fractional part of v * (2r. + k ;%) falls between

3
< J
%ﬁ% and £/100. The xi(v) calculated in our program

is therefore:

1 : 100
X, (v) = L a(v,k)
k 4=1 L

; i i2mvR
e12ﬂ(z «5)/100 + Se o}

(131)
5 'e-{(v-l)-m}2

The computation of Xi(v).is executed in two
steps. The first step evaluates Xi(v) with no target
present that is for S = 0. The result is then put on
tape (identified as tape 16 in the program). The
éecond step is to combine this with a target response.
This partition has been made to facilitate experimenting
with different targét sizes, locations and numbers.

The program listings are given in Tables 1 and 2.
The inputs to the program are the pulse duration Tt
identified as TW, the target position Ry, the number of
array elements K, the target strength S and the total
number of scatterers N.

The Second and Higher Iterations

The second iteration xi(t) represents the return
from the retransmitted time inverted signal xi(t) and

is given by:

2
xk(t) ~ z.{; c(t-tjk.-tjk+yj) + S/G(t—tok-tok.)}
k' 3 (132)

o #x) (-t




By reert s

The term Yj in the time delay aperator of eq. (127)
represents an approximation to the effect of the

motion of the scatterers. Yj is a random number

which represents the displacement of the scatterer

which occurred between successive pings. Yj is

gaussian with a variance of 2m generated in the

program. Introducing the same approximations and

(1)
k

conventions as in evaluating X we obtain for the

Fourier transform of xi(v):

2 ~i2mv(2E2 + y. (k=k')/r + Y5 -idmvr,
X(-v) =L {2 e J J ] + Se }
[z
X k' 5 (133)
* x]]{-l (v)

Here again we approximate the sum over j by:

—2n{v(2rj + yy(k=k")/r + Yj}

Le = L(vk) =
J
100 ~
I a(vK)e 2m(&=.5)/100
=1
where Kk = (k-k'). K can assume 2 K different values

for which £ (vk) is evaluated. xi(—v) then becomes:

5 k+K/2 —21r\»R.o 1
Xk(v) = £ (Z(vk) + Se )Xk_K(V)
K
K""-'k"}-

The calculation of xi(-v) is again executed in two
steps - first for S = 0:

2 k+K/2 1
(X (=v) } = I EI(VK)X,_ (V)

S=0 K=k_§




and then for the return with target

2 5 k+K/2 —47mVR 1
X(=v) = {xk(-v)} % F Se e L
k S=0 K=k=-K/2
The program listings are given in Tables 3 and 4.
The Fourier transform of the first and.second and high
iteration returns Xi(v) and xi(v) were transformed
back into the time domain by the Fourier transform
and plotting routine given in Table 5.
To compute the third iteration the return-
functions xi(v), which is given by the program in
the frequency domain, has to be transformed back
into the time domain xi(t) and rmultiplied with a

window function to account for the narrow odd receive

periods (see Fig. 1l). This truncated set of func-

tions xit is then transformed back into the frequency-

domains to give Xi(v).
The third iteration then follows in complete

analogy to the second one by

3 k+K/2 -4an° 2
xk(v) o z {Z(=v,K) + See }Xk(v)
K=k=-K/2

Results of the Simulations

The program described above is capable of
handling multiple targets and a wide range of search
pulse bandwidths.

Due to budgetary constraints, it was only possible
4 to consider a small system of 32 elements operating

against a single target with a narrow band search pulse.

\ A ™ BT T
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A target range of Ro = 1000 and a pulse width
of T = 160 was chosen. This made it possible to

handle the return with 128 frequency or time samples.

1L
k

target in the field is shown for all 32 channels.

In Fig. 6a the return signal X;(t) without a
In Fig. 6b the first iteration return xi(t) is
shown for the case that all scatterers are stationary.
The return signal to the reference element is essen-
tially the autocorrelation of the reverberation noise.

The signal in the channels k # 0 gives a measure of

the noise correlations in separate channels. It can Nay
be seen that the correlation is still substantial in
the nearest neighbor channels but has practically
disappeared in all other channels.
In Fig. 6c the first iteration return is shown
with the scatterer motions taken into account. The
second return Xi(t) is now essentially noise-like
similar to xi(t) as is to be expected.
In Fig. 7a the return signal Xi(t) is shown with a
target of strength S = 15 present in the field. The signal

still looks essentially noise-like. The target can-

not be recognized. Figure 7b shows the first
iteration xi(t) with the target in place. The target
is now clearly visible. This is due to the residual
array gain which is smaller than the array gain (=K)
against uncorrelated noise, but which, due to the low
correlation of the noise in channels more than two

elements apart (see Fig. 6b), is still appreciable.
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VIII. Conclusion

A new concept of a retrodirective self-focussing
sonar or radar system has been introduced. The new
concept is based on time reversal effected by storing
and re-emitting the received signals. The memory
requirements for its implementation are discussed
and it was shown that state of the art serial access
memories are compatible with the system. requirements.

The motion sensitivity of the system was analyzed.
It was found that the system is compatible with an
aggregate of free-floating sonobouys. It was further
shown that the motion effect on a system mounted
rigidly on a moving platform can be largely compensated
by an appropriate shift in the clock-rate which governs
the data flow thfough the memory.

A computer model to simulate the response of the
system to reverberation noise has been developed and
completed. However, funds were insufficient to use the

model for more than the simulation of a very simple

low data-rate case.
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Appendix I

Listing of the Program

to Calculate Iterative Returns Without Noise
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16.

30,
31,

35.

37.
38,
39.
40,
41,
42,
u3,
44,
45,
46.
47,
45,
49,

i S

51.

P .COI PLEX FKCe T SU“'TERVD P A e S I g B N S e e

3

11 ____ FORMAT(IZ) e e

12
13

= READ COinY ) A G RN

14

T 22 TKUTEFP=-RIK(I¢1)4RIO(T)

52,... .

53,

54,
55. .

56.
57.
58.
59,
60.
61,
62,
63.
64,

34 TTFMPEX(1)4257,

e JECREEN S LT VEREE o L SOV DT i i i o i i s it i Ak G

o IFUXUI)eGTa0,4) 31932 . 1

66

THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TO DDC —_—

b = carhen

W o ST iy e O MW

PROCPAM SONAR(TNPUT» QUTPUT» TARFOLZINPUT » TAPFSZ0UTPUT)
COVaN XIS e STIAMA(S) rRIDIS) rRIKIS2H13)sPUJII59S)

COMMON CJULSe9) s LUUK LIH505032) e KUJUK (5950 352) 3
CCOMYON YE(D12) o YHIH12» THAS(20U8) o FKC(2048) i ]
PEAL NULJUK P KJJK e NU1L E
COMNON/CONMFFT/ZTQ (1024 ) o NTARLE

'PI=3,141b ;
‘pPl2=oes,lh1e .
LRITE(64.9) (R Pl 2y
FORMAT(EX ) K TARGET NOo*» X0 2S16MARKr 10X s ¥ X%r 11X 0 %2%)
PEAD (Se11) NTARG

NC 1 IZ1eNTARG

READ(Se12) SIGMA(I) e X(1)92

FORMAT(3(F1%.895X)) ERE LA

WRITE(6013) IOQIG”A(I)DX(!)!Z

FORMAT(TXouX0 I2¢TX EL1S 60 3XPELSebr3XrE1565)

o~ Yl\_—"b{)' -- — e et o e e e e o e e, 8 . S A S
NO 2 J=1e518 ;
RIK(T»J)SSORT(ZHZ+IX(T)~XK) *%x2) i

2 XKIXK+1l. . e Al L

RIO(Y)I=RIK(]1e257)

1 CONTINUE :
WRITE(6Ge14) TAU»GAMMA
FOCREAT(HXe» TAL = *pF15,79% GAMMA = #9F15,7)

PC 5 IZ1eNTARG % : e B oo e LU et B SR Dhiedbl =
CONST=X(L)/RIN(T)
NC 6 J=1eN1ARG

e BRI OV RIS CONS T AR I O Yy e

6 CONTINUE

S COMNTINUFE
DO 7 I=Z1+NTARG 3 et S e e =
CO B J=1¢/NTARG
CIU(TrJ)=25(RIO(I)=RIO(U))

8 CONTINUE ; I e S I T N GO BB TR 5

7 CONTINUE _ : - 8
XMAX=U., : ] 3
DO 10 J=LNTARG R O S L S T S S S A : ;

10 XMAXSXMAX+ L(SIGMALU)#GAMMA) / (RIO(J)*RIO(J) ) ) x%2

XMAX=513e#XVAX

YUMAYSKAMAXAL 3 e o T RN S s PR ATl eV R
XMAY1=XMAX/10000.

TKIVINZ0

00 20 I=1.MTARG SR L Dl e R O MO S SO BRI, S X

21 TRKUTEMP==R1IK(I»513)+4RIO0O(]) :
.60 70 23 SR T YO L P S S AR e )

23 JF(TKJTEMP LY. TKUMIN) TKIMINSTKJITEMP . -
20 CONTINUE . PSSR TS SO B R LR SIS e
TKIMAX=0. ;
NO 30 I=1+NTARG

31 IF(Y (D) 6Te256,) 33034
33 ITEMP=51S

GO0 T0 35 i s ot i Nl s A i R P A bt S

G0 To 3%

36 1TEMP=1
60 T0 35 : ", :
Y SIFMMEAEIEIRG ... . ..o o it 2 s, it o s Wbl 109 s AR
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’

65. 35 TKUTFMP==RIK(I+ITEMP)+RIO(T)

66, IF(THUTEMP W GT s TKUMAX) TKUMAXSTKJITEMP

——e - 6Ta o 30 COMTINUE SO i Lsen Pl LB et S bR i, L o
68. : hELTANU*PI/(TKJ"AX-TKJVIN*Dle*TAU)

» 69, TMAXSUATKUNEX=TKIMIN+PI2*TAU) /2.
T70. . NIT=4*PY/Z (TAUCDELTAMNY)
C= CALCULATE LUG BASF 2 OF NUMBER OF DATA,POINTS

Ti. DO 110 MNSTAGF=1:20

Ry 1. 7 JF(2«*¥MSIAGE.GF.NIT) GO TO 120 e s e e T R e

73, 110 CONTINUE
74.. 120 NIT=2%4NSTAGE
75, PUSTRT==NIV*NEL TANU/2, 3 ; e
C~ ISTEP IS THE INCRFMENT BETWEEN ARRAY ELEMEMIS
. C~ FOR WI'TCH DATA IS TO BF CALCULAIED
= ‘C= ISTEP SHOULL BE A POWER OF 2¢ 1 JLEe ISTEP oLF, 256 . . ..

76, 1STFP=32
77, MK=S12/1STEP
C~ CALCULATE LJJKIKJIUK + ' 5
78. PO 290 JT1eNTARG
79. 00 280 K=1efiK+1
} C~ IK 1S THE ACTUAL. ARRAY ELEMENT WHEN THEY ARE NUMBERED (1¢513)
80, TKS(K=1)*1STEP+]
81. TENPISTKUMINARIK (Je IK)=RIN(Y)
82. JENP2STKJINAX+RTK(Jr 1K) =RIO(J)
83. DO 250 J1Z1»NTARG
; s C= D0 MOT USE IHIS OP LEANING TERMS
SR IR 1 3 .. IF(J.EQ.J1) GO TC 250 e S i 2 Ay e
Se ) KJJK (Jr J1rK)SCTREPT4CIUNI e 01 ) 3 ZABS (BUJ(JP 1))
86, LJUK (JrJ1pK)S(TENP24CUI(UrJ1) ) ZABSIBUJ(JPJY))
C= KJJK CAN BE L0 LESS THAN =256 Ly
87. TFIKJUK (U J1 oK) LT e =256 KJUJK (P U1K ) ==256
C= LJJKX CAMN BE NO MORFE THAMN 256
a8. IF(LJJUK(Jrd1eK) eGTo25%6) LJUK(JrJ19K)=2%6

89, 250 ConTINUE

90, 280 CCNTINUE
91, 290 COMTINUE
¢ CORRECIION FACTOR SORT(PI)*TAU*DELTAMUZ (2¢P1)
@2, PISORT=TAUYDELTANU* 2820948
9y, TAUSO4= (1 AU*TAU) /4. SR b R e e
94, NK=ZNK /2
F 95, © RO 09U KZ1yNK+1
C~ ZERO CUT FXC LS e A AN _ L
6. ‘0O 450 Ti=1.2048
97. 450 FKC(III=(0.90,)
ag. TREERSEIRBETEPEE . o o i
99, MUSMUSTRE
y C= IK1 1S ACTUAL ARRAY ELEMENT WHEN NUMBERED (=256+2%56)
100, IK1=1K=257 - S R Tl AN SN A AR
C= CALCULATION OF FK(NU)
; ¢ ’
; —10%e. . __ .. 0O 490 IS1NIT . _ ekt s ' = 21t
f 102, SUMZ (04 rUs) -
' 103, SUMP=(0,004) ! ;
BCEE | SN - 1 AR G Lty RN ) . PO O S
. 105, NO UAU J=1¢NTARG :
106, CONST=PTZ4NU
107, _ ... CONSTIZPISORT®EXP (~NU*NU*TAUSGY) _ “
g 108, AJZ(SIGTA(J)*GAYMMA) Z (RIOLJ)*RIONU) )
109, MO 470 JIZ1eNTIRG
2300 oo FELIGEDIY 6O YO A0 . ... IEROREL ol £ NN oy A s S5, STy,
111, AJ1= (SIGMA(JI)"ANMA)/(RIO(JI):HlO(Jl))
112, BJIZARS(RJIJ(Jrd1))

C= IF LJJUK +LTe KUJK HASH TERM 1S ZEROU ..

e A —




113,

TE LUK (Jed1 oK) LT oKJIK (I J1eK) ) GO TO 470
114, CCHSTAZ(CONST4NJ) /2,
115, COHSTHTLIJK (J el oK) =K UK (JedLeK D41 e W e S S S RS S e
116, COLSTH=SIN(CONSTH*CONSTA) /SIN(CONST3) . :
117, COMSTO==CJUJ LI r I+ LLIUK (Jr J1 oKD +KJUK LS SL 1K) I RRU/2, i
. 118. TERMZTERM$AJL ¥CONSTS*CEXP (CMPLX (U0 ¢ =CONSTHCONSTE) ) o oo
119, 470 Cconrvinte ]
120, TKJUSRIO(U)=RIK(Jr IK) 1
. C= ADD HASH TENM ANO LEADING TERM = e e 3
121, CONST = AdthXP(CPPL!(O.o-CONSTtIKJ)) ;
122, QUM2=SUM2+ TERYACONSTT
P [ | SUMSSUM+AU*S13, +CONST? L U, S L : S e
C= NOW MULYIPLY BY ryp((-cutTAUI?)*t?n S
124, "GB0O T CONTINUE
125. FKC (I)=(SUM+SUM2) *CONSTL S e RN FalE Bl
126. THAS(I)=SUM2%CONSTL
127. NU=MU+DELTANU !
128. 490 CONTINUE B ot E CoRan i ot L SN S AR o G L
129. WRITE(6e510) 1K1
C- COMPUTF FFT .
130, NTAPLE=N T s L e L e T T e T e A
131, CALL FFT(NSTAGE»1, 0+FKC)
132, CALL FFTUNSTAGF 1,00 THAS)
3 . C= SHIFT 1M TIME b I e S S e T e e e e B SN R L LS TR e, b
133, CALL SHINITFKC) -
134, CALL SH(MITsTHAS) J
C= PRINT ouT LS e A S A Tt P S b
135, 510 FORMAT(///% ARRAY ELEMENT -*.15/)
136. VlRI’E‘F‘IJ?U’
137, 520 FOEMATU/Z12Xo*xTHo10Xe¥FK(T)*9 10X e ¥HASH®/) . .
138, 521 FORMATIZ12Xe ¥t e INXe*REAL(FK) %9 LOX s XIM(FK) %/)
139, NELTAT=24*TMAX/NIT
140, T=TIAX - i b S e s T
141, PO 550 I=1sNIT
142, YH(I)=CABS(THAS(I))
143, YP(I)=CAPS(FKC(I)) Faee U TN Soe i ot T A e TP ST (BN R e R SRR W S S
144, VRITF(60580) ToYP(T) o YH(T) :
145, SH0 FOPMAT(1XeF15.502E154%5) :
146¢ .. 541 FORMAT(IXFLISeSe2EYSWSY. .ot B o e 3
147, T=T=NELTAT
148, 550 COMTINUE : i
149, CALL PLOI(YBsMITeXMAX) O e L SR e G e et S S I L WIS SO
150, CALL PLOI(YPINIT»XMAXL) i
151, CALL PLOI(YHINTITr=1,) *
152, 999 COMTINUE ; e i R LR S e ot i e SRR D S e el
153, : STOP
154,

68
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END
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CCOMPLEX XeWoTX1eTX20T

CTICABLE
PAGE 1S BEST QUALITY PRACTI
Ea %:eornmusmmmq‘_/

SURROUTINE FFT(MSTAGE +RSIGHX)

COPYRICHT 1973 BRY J. PRESTCOTT AND Be Je JFNKINS
DEPARTVENT OF FLECTRICAL EMNGINEERING SCIEMCE
UNIVERSITY OF FSSEY COLCHESTER ESSEX

- - NS

THIS SUBROUTINFE MAY NOT BF USFU FOR COMN’ER(‘IAL PURPOSES
WITHOUYT THE EXVRESS WRITTEN PERMISSION OF THE ABOVE,

THIS SUUROUTIME IMPLEMENTS A FAST FOURIER TRANSFORM

ALGORITHM GIVEM BY M, L. UHRICH (JTEEE TRANS. AUDIO AND
ELECTROACOUSTICSe JUMNE 196Y¢ 170-172) ¢ AND We To COCHRAN. _ ... . — .. .
ET AL (PRCCs JFEEe OCTe 1967+ 55:1064=10674),

THIS SUUROUTINE IS CALLED BY
CALL FFT(NSTAGERSIGM) <R e R R R R

WHERE NSTAGE IS THE LOG (BASE 2) OF THE NUMRER OF POINTS IN
THE TRANSFOR™, SO THAT FOR 128 POINTS NSTAGF=7,. — - - |
THE SIGN GOVERNS THE DIRECTIOM OF THE TRANSFORMe AND IS 41

~1.0 FOR FORWARN TRANSFORMS : Sl e e S s |
+1,0 FOR IMVERSE TRANSFOPMS {
FIPST M LOCATTONS OF ARRAY X, THFE MORMALIZED FORWARD
TRANSFORM OR THE IMVERSE TRANSFORM WILL APPEAR IN THE -
THE N COMPLEX POINTS OF THE INPUT SAMPLE SHOULD BE IN THE

CORRECT ORUER IN THE SAME M LOCATIONS. A Dl E2n Eom

THF. SAMPLE ARPAY X IM COMFFT MUST HAVE AT LEAST 2*N ELEMENTS
AND THE COEFFICIENT ARRAY T MUST HAVE AT LFAST N ELEMENTS.

THE SUBKOUTINF STANDS ALONE AMU CAN BE USEN FOR ANY
~ COMRINATION OF FORWARD AND IMNVERSE TRANSFORMS UF ANY SI2E» - ——
WITHOUT QUISINE ATTENTIOM.

INTEGER SRC1+SRC2/0ST1,DST2

CUM TN CURPE T /T OB R e B ot
DIMENSION X(204A) ‘.

DATA NTABLE/O/ :
P T T S PSR N R S5 L R BRI b AP S N

COVMPUTE COEFFICIENT TABLE AND SET NTARLE TO PREVENT
RECALCULATION ON SUBSFQUENT CALLS TO.THE SUPROUTINEe- —— oo

IF(NMTABLE.GT.0) GO TO 30

PP=n.0 4 * . 4 e 4 <

DO 20 I=1,512 :

TLI)=CMPLX(COS(PP) v SINIPP))

S L L ) O I G U T Y ) e e e et syt st i o e s
PP=pP=TI’1/71024,0 ;

NTARLE=1V24 . -
CONTINUE S e Sy R A T . o

SET UP IHE LOCP CONTROL VARIABLES
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16.

“17.

18,
19.
20,
21.
22.

23.

24,
25.

26.
27.
28.
29.

30,
31.
32,

.. 33,

4.
35.
36.

37.
38.
39.
40.
41,
42,
43.
4y,
45,
46.
47.

48,

.49,

50,
51,
52,
53.

o000

o0OnNn OoOn0n

OO0

oo
‘

© KLIMIT=N

TDST2ZN.AND. (B192420484512+128+3248)

0ONO nnonno

- WET(INGX) e T e

e ERES SR RORGEY . Lo ol e e s Sttt s AR

70
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INCRENTALLE R e ¥ itk O SRS

INDXIT=1
FOR INVhRSE TRANSFdﬁMS SELECT THE COMPLEX CONJUGATE TAhLE

IF(PSIGN<GTo040) INDXITE(NTABLE/2)#1 . o e
N=24#NSTAGE '

N2=h/2 :

SRR e e e s e s

SET DST2 TO N (0) FOR NSTAGE ODD (EVEMN)_YO GOVERN.THE .. _ . . .
CORRECT ALTERNATION OF COMPUTATION BRETWEEN HALVES OF THE ‘
ARRAY

IF AN INVERSE TRANSFORM,THE MORKRMALISATION LOOP WILL BF ..
OMITTENe SO CHANGE THE ALTERMAIION SEQUENCE.
. IF(RSIGN«GT.0.0) DST2=NST2.XO0RN SRR e A S e e S L SR -
SRC2=0 :

QUTEREILOORT HEde et ot SO TR Sl L S el e e S e S T S B g

N0 3 I=1/NSTAGE

KLIMITSKLIMIT/2 R S S R s S e e St
INCRZINCR/2

INDX=INDXIT

AUTFENATE THE COMPUTATION BETWEEN SUBARRAYS AS REGUIRED.
DST1Z0STZ,AND N e el N S, e R T MU N R
GRC2= (SRC2 ¢ AND+ «NOT «DST1) o AND W N :
DST2=DST1+N2

MIODLE LOOP SFLECTS THE COEFFICIENY

CO 2 J=1rJLIMIT S BN SRR )
SRC1=SRC2 .
SRC2=SRCZ4KLIMIT '

INNFR LOOP

(080 T ) 5 4 70/ (R SRR T o G A R AU Ol ot S e e R S
SRC1=SRC1+1 .

SRC2=SRCZ2+1
DST1=0STA+Y
RST2=pST241
TX1=X(SKCL)

————— —— e

XINST1)=1IX1+4T7X2

X(PST2)=TX1=TX2

IMDXSIRUXYIMNCR - A A e e e A Sl
JLIMITSULINIT4ULIMIT 4 :

IF FORYARD TRAMSFORM THAEN NORPYAL I SE e o oo e o e e e

IF(RSIGN«GT,0.0) RETURN :

PP=1,0/FLCAT(N) o o At ALY -:
00 4 I=1eN /
X(IISXIN+I)#PP

RETURN

END
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FROM COPY FURNI o
? " "f. SURROUTINE PLOT(X/NN,XMAX) Ee

C= PLOTS N POINTS IN X ON PRINTER. XMAX IS X VALUF WHICH ‘
C~ IS TO BE MAXIMUM ON PLOT. IF XMAX +LEs O¢ PROGRAM WILL

(o USE LARGEST VALUE IN X AS XMAS
2. NIMEMSION X(1)sCHAR(100) -
i ey, PN INTFGER HLANK »PL»CHAR . i i R W i e e L s T Vil
4, DATA NCOLZ100/
Se NENM
it 6. = PLle‘ e e S s S R el e st <L s S s 6.5 B e i ot
Te PLANKZ1H :
8. WRITE(6s1)
e .. €= IF XMAX JLEs 0 MAXIMIZE X_ARRAY._TO. GET_XMAX._ __.___ B MBERE A
9, 1F (YMAX.GT.0) GO TO 10 ¢
s 10. Do 2 I=1N
S T 48 IFUXUL) oGToXMAX)  XMAXSXCL) o
12, 2 CONT INUE
C= NOW FILL CHAR BUFFER
IR Jf, 10 DO 50 1=1»N SO i I S I e U e
. 14, IX=(XCI)/ZXMAX) 2NCOL
15, IF{IXeGT«100) IX=20D
e JF(IXeLT40) IX=0 oot LT e S SO e U C ORI LR e S B
” 17. DO 20 II=1sNCOL ; .
18, 20  CHAR(J1)=HLANK .
v B Fe i s LY BN s E AN R COR RO WO s el e S s e i e
20. DO 30 IT=1,1X ;
21, CHAR(IT)=PL
22. 30 CCMTINUE coiie i R BT b e N S P U e

C=. PRINT LINE
23, 40 IF(IX.tQeN) CHAR(1)=1HI

24, 1 FORMAT (/71X ¥ : —— - . SRS !
25, WRITF(6,100) CHAR i
26. 50 COMTINUE : ; i
27. 100 FOPMAT(1X»100A1) i i e e e S e S e b i i
28. . WRITE(E01) X H
29. RETIRN 1
g NI e i & i i




Appendix II

Listing of the Program

to Simulate Reverberation Environment
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15

18,
19.
20
21,
22,
23,
Ca4,
26
27.
<8,
29,
30.
.
.
33,
34
35,
36,
37,
38.
39,
49,
4l.
42
43,
44,
45
46,
47,
48

(44

LLaEnsT o0 EX(100) AL (100)

PO L Tl

73

TABLE 1

THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TODDG ____—

e — ol s aios m  —

FROGH A Lan (Tabb 1Ty i S1seTAPE 1 940UTRUTy TAPEAR=OUTIPUT)
CuMeun .2 (K o 2 yin (K 91000) 9u(l000)

LDINENSTON X (1000) 9r(2000)9F ( 2D) ,7( 21, 4ELV(3)
LINENSTON Y 20 35 AEAAT B
CoMPLE A YoloTirPeTHoEX

INTEGER S, T.

DATA Tw,RnsrheSeii/oOpen

PI=dei#ATAN(Ll.0)

Pzpour|

LL=a%s

UF=1,0/11706492

SEEL(1)=0,0

SEE(2)=1.0

CALL <A 3F (=20009595ELED)

CALL Ta13F (200099 DELD)

R{I)=204100 %i-(1)=Siu
XKD =20 0#R(Li+ ) =100t
AGS([) ##2ex () uwy
K(L)=520T(An)
Q(I)=a(1)/R(I)

Ul 7 Jd=steK

RIK(Js Y =be () =(J=lo) % (])
COuif g 4 :

LO 1 [=1e104 f
EA(L)=rFaArP (CitPLA(CeVIP* (o 0]1%[=e005)))
LU 3 [=)eLL
Fi)ysletlall,/2)sbr
T(l)zrge (= (L (1=F (1)) ®Twn)#22)
PO 11 rKaz=lgyn

PO 1o 7 "-'-'l’LL

DY 2 d=v4100

aLlyl=n,.0

DO 5 J=ted

DaF (L) # (WK (nKRgu) 10 (J))
Fiz(LalMr(D))#lnuel

AL U =a (1) e
Y(1)=(0,04040)

Pu © J=149100
Y(l)sv(T)eAL(J)oEALJ)
Y(I)sYer)#T (1)
RN 1) =Y (D)

CUNT Ltk

CONT [wr i

WRETE V) (At dwi)ad=ie3) 0 =1012R)
STup

B

Y

N
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TABLE 2
y PRACTICABLE
: THIS PAGE TS BEST QUALITY
x: . FROM COPY FURNISHED 70 DD¢
1
1. PROGRAM IM/(TAPE1T7,TAPEL8s TAPE19,OUTPUT, TAPEA=OUTPUT)
2. COMMON Z2(K w20 ), T(2N ),F(20)
s DIMENGION Y(2R )
Qe LD COMPLEX ZsY AN o o ST R S B
e ™ INTEGER SeTW
6. DATA TWeRO»KeSeN/16001000e0¢e32¢1501000/
: e READ(17)((2(Js1) e Jdz1¢32)91=1+128) Yo -
8. PX:I‘OO*AI-A"I(I.U)
9. P=2 %Py
v =0 S R LL=txv . A e e N g R A S e
G DF=1.n/11704.0 3
12. DO 4% 1=1+LL
ke RS RS B L ]
14, 3 T(I)I=pXP(=(PI*(1=F(I))*TW)%%2)
15. D=2*Ra#*+ (1)
_16. > =PRI RI R ) o <o e B aaid T e
17. 4 Y(1)=7(1)*S*CEXP(CMPLX(0e0,D))
18, DO 10p I=1,LL
219, DO 80 J=1,K
20. 80 Z(Jr1)=2(Jr1)4Y(I)
21, 100 CONTINUE
22¢ ____ NRITE(18)((2(JeXI)eJ=1¢K )oT=1s 2) s
23, SToOP . A 5
" 24. END
]
" ]
4
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TABLE 3
THIS PAGE IS BEST QUALITY PRACTICABLE
. . FROM COPY FURNISHED TODDC oo
l. PROGRAM TM3(TAPELTTAPE21 9 TAPE2040UTPUT TAPE6=QUTPUT)
2e COMMON 7(K 4210 ysQ(1000) ¢X(1000) 4R (2000)
. DIMENSTAN F (2N )yY (2N ) SEED(3)
4, DIMENSTON EX(100G) 1AL (100)
5. COMPLEY YoZoTEMPoTREX
6, INTEGER SoTw i
Ts DATA Tw,ROsK9SeN/ :
8. REAL(17) ((2(Je1)9J=1932)91=19128) :
| 9. : Pl=4 ,08ATAN(l.0) 3
10, P=2+P]
11, LL=a#K
12, DF=140/11704¢0
13, SEED(1)=0,0
l4, SEED(2)=1,0
15, CALL RA~3F (~20009R9SEED)
le, CALL WAN3F (20004KySCED)
17, DO 17 v=1.N
18, R(I)=2n+1000%R (1) =500
. 19. X(1)=2nnnaR(N+I)=1000
20, ABSR (Tya®2ex ()42
2l. R(I)=SHaT (AR)
x 22. QUIY=£(r)/R(])
23, 17 CONT Nt
r CALL WNAUMAL (=10009XsSED)
25, CallL NnoMAL (10009K9SED)
26, DO 3 T=14LL Ris
els 3 F(I)=lstla=lL72)%0F
28, DO 1 1=14100
29, 1 EX(I)=ceXP(CMPLX(0eQ09=P#(e01%*I=4005)))
30, DO 90 1T1=1,LL
31. IstiLerl=T]
J2. DO 30 Kx==30932
33, DO 2 J=14100
34, 2 AL(J)=n_V
35. DO 5 J=14N _
36. DEF (1) # (28R (J) =KK#Q (J) X (J))
37. M= (D=INT(D))#100¢+]
38, S AL (M) =A1 (M) el
39, Y(KK+3112(0,04040)
. 40, DO 6 J='yl00 . :
4], 6 Y(KKe3V =y (KRae31) ¢AL (J) #EX (V)
! 42, 3 CONTIMNE
43. DO 55 kk=1,K
44, TR=(040.0,0)
45, DO 40 wy1=1,4K

66, 47 TKETK#+7(K1e1) Py (KKeR]=])
47. 56 WRITF (2Y)TK

48, 9n CONTINNF

49, stop

"50. END




10,
ll.
12.
13,
14,
15,
16,
17,
18,
19.
20,
2le
22
23,
24
25,
26,

27-
28,
29.
30,
31.
32,
33,
34,
35.
36.
37.
38,
39,
40,
41,
62.
43,
44,
45,
‘6.
48,
49,
50
51,
52,
53¢
54,
55,
56
57

17

29

40

55
90

76
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mumcmeyrwmxﬂumronnc S

TABLE 4

FROGRAYM IM1C(TAPE229TAPE239O0UTPUT s TAPE6=0UTPUT)
COMMON (K9 2 )92(1000)9X(1000) e (2000)
DIMENSIAN F (2D ),Y( 20 ) ,SEED(3)
DIMENSTAN EX(100)9AL(100)

COMPLEX YoZ o TEMPsTKyEX

INTEOGER SoTw

DATA TWw,ROIKISIN/ .. eewe
READ (22) ((Z(Je1)9J=1932)91=19128)
PI=4,082TAN(140)

P=2#PI

LL=g¥K

DF=240/1170440

SEED(1)=0,0

SEED(2)=1.0

CALL RAM3F (=20009R9SEED)

CALL RANM3F (2000,R9¢SEED)

DO 17 T1=1.N

R(I)=RN+1000%R(1)=500
X(1)=20n0#R(N+I)=1000
ABSR(T)a#2+x (]) w2

R(1)=S2:T(AR)

Q(Iy=x(1)/R(I)

CONTINN=

CALL NOVMAL(=100C9sX9s5ED)

Cakl NOMAL (J0009AsSED)

DU 3 I=14LL

F(l)=zp+tl=lLL/2)%DF

DO 1 I=1,4100
EX(I)=ceXP(CMPLA(OeVy=P# (e 01%#I=e¢005)))
DO 99 17=14LL

I=sLiLel=11

TEMP= (N, "90 0)

DO 20 KK=14K

TEMP=TE P+ 2 (KKy 1)

D=2%Kr0*F (1)

D==P#* (N=INT (D))
TEWP=TE~PeSeCEXP (CMPLX (0,04D))

DO 30 KI(=-30'32

Do 2 J=14100

AL(J)=n,0

DO § J=1eN

DSF(I)# (P4R(J) =KK#Q(J) ¢X(J))

M= (DeINT (D)) #1001

AL (M) =A| (M) ¢]

Y(KK¢31)=(0,0,0.0)

DO 6 J=14100 :
Y(KK#31)=Y (RK+31) ¢AL (J) ®EX(J)
CONTINy®

00 55 KK".K
TK=(0e¢0:¢040)
00 40 x1=219n
TR=TKe7 1K1 y1)ny (KKeKla])
TK=TKeTEFMP
WRITE(2?2)TK
CUNT Lwnus
sSTOP

END
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FROM COPY FURNISHED TO DDC .
TABLE 5
£
v «
¥ PROGRAM IM6(TAPEL17,TAPE]18s TAPE19,OUTPUT» TAPE6ZOUTPUT)
2, COVMON Z(329128) 9 A(40%6) = 4
3 3 DIVENSION Y(128),T(128)
! 4. DIMENSION IW(100) e (100) R G R e S
8y LOGICRL LF(100] '
, : 6. EQUIVALENCE (I¥(1),W(1),LF (1))
A 7. COMPLEX YoZoTToTEMD :
8. LL=12p
9. DTIZ11704.0/256.0
_10.  READ(A) ((Z(Jr))ed=1032)#1210128)
i P DO 15 JU=0,31
12. DO 5 1=1,128
13, 5 Y(1)=2(J+1,1) "
14, DO 33 1=1,LL/2
15. TEP=Y (1)
etilGe T e R R O PSR 20 1)1 5 o e e e e T
17 33 Y(LL/2+1)=TEMP
18. DO 25 KK=1,LL
y _19. 25 Y(KKI=CONJG(Y(KK)) i e R
20. CALL FFIP(Yoilo I eoLF) :
e 21, DO 37 1=1.LL/2
i gaie Lanill SERpaeEE 8 T e N A
23, YOI =y(LL/241)
24, 37  Y(LL/2+L1)=TEWMP
25, 00 10 121e488 i i ;
26. 10  A(1284J+1)=CABS(Y(T))
27. 15 conNTIIUE
_28¢ - CALL PLOTS(1r=1¢A3HPROF. MUELLER,70.0e34IM2)
29, CALL GKALE(A+140960191400AMINSDA)
30, DO 45 U=0,31
- - T(1)=-UT14(LL/2=1)=DT1/2
32, DO 18 I=2,LL
33, 18 T(I)=T(1=-1)+0T1 :
34, CALL GKALE(TsLLe107.5sTMINGDTR) A
35, CALL pLOT(T(1)1A(128%J+1)13)
36 LO 20 1=2+123 ,
37. 20  CALL pPLOT(T(L) ¢AC128%J+1)r2) —
38, CALL PLOT(04001400=3)
a 39, 45 COMTInUE
| 40 CALL pLOTS(=~1) _ e
i 41, STOP
f ’ | u2. END
]
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