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AND MAXIMUM ENTROPY SPECTRAL ANALYSIS
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Abs\~act

Experience with the maximum entropy method of spectra]. analysis

suggests that (-a r it can produce inaccurate frequency estimates of

short sample sinusoidal data , and (bY ~t sometimes produces calculated

values for the filter coefficients that are unduly contaminated by

rounding errors.  Consequently ; iv~ this report, develo~~~ n algorithm

for solving the underlying least-squares problem directly, wi thout

forcing a Toeplitz structure on the model. This approach leads to more

accurate frequency determination for short sample harmonic processes ,

and our algorithm is computationally efficient and num~-’rically stable.

The algorithm can also be applied to two other versions of the linear

prediction problem. A FORTRAN program is supplied .
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2. Electromagnetics Section , Defence Research Establishment Pacific,
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1. Introduction

The main purpose of this report is to describe an algorithm and

present a FORTRA N program , for solving three variants of the so-called

linear prediction problem. Our algorithm calculates an Hoptimaiw

least-squares (LS) solution by solving a sequence of normal equations

in a numerically stable manner , and it is efficient in both computer

storage and time requi rements. In particular , it can be used to deter-

mine the parameters of the autoregressive (AR ) model associated with

the maximum entropy method (MEN) of spectral analysis, and this applica-

tion provided our primary motivation for developing the program given

in Appendix S. However, the program should also prove to be useful in

other applications, such as the design of adaptive signal whiteners,

estimating the parameters of adaptive control systems, and time series

modelling .

We also discuss some techniques for preserving accuracy in 1.5

floating—point calculations which , although they are of fundamental

importance in calculating satisfactory solutions, appear to have been

neglected by many users. In addition , we briefly review some alternative

methods to handle problems for which our algorithm is less efficient.

Currently , the most popular algorithm for determining the MEN

parameters is due to Burg (1967, 1968, 1975), and a perusal of the

recent literature in geophysics alone confirms that MEN spectral esti-

mates obtained with this algorithm have gained wide acceptance. The

computational efficiency of this algorithm stems from its use of the

Levinson (1947) recursive properties of solutions to sequences of certain

linear algebraic equations with coefficient matrices of •y etric To.plitz
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form . (A Toeplitz matrix has all its elements equal along each diagonal,

i.e. c. — C . .)
3.,j 1— )

However, when processing real data (e.g. geomagnetic micropulsa-

tion recordings) we have experienced two shortcomings inherent in Burg ’s

algorithm. The first of these is that it can produce inaccurate frequency

estimates of short sample sinusoidal data. This limitation appears to

have been first reported by Chen and Stegen (1974) . Erickson (1976).

Ulrych and Clayton (1976), and Barber and Taylor (1977) provide empirical

evidence which suggests that LS solutions to the AR model for MEN lead to

more accurate frequency determination in these cases. Burg’s algorithm

forces a Toeplitz structure on the matrix of the system of equations

which yields the AR parameters, and the resulting spectral estimates for

short sample harmonic processes are usually inferior to the spectral

estimates resulting from our LS algorithm.

The second shortcoming of Burg ’s algorithm is that it sometimes pro-

duces calculated values for the parameters that are unduly contaminated

by rounding errors. This weakness is a consequence of its use of Levinson ’s

recursive scheme, which has previously been reported to be numerically

unstable in some circumstances by Box and Jenkins (1976). In contrast,

our algorithm employs a numerically stable technique to generate successive

systems of normal equations. The corresponding parameters are determined

by Chol.sky ’s method , which is known to possess remarkable numerical

stability (e.g. see Mart in, Peters , and Wilkinson (1971)).

Estimation of AR parameters by LS methods has previously been unpopular

in MEN applications because (a) it involves more computational effort than

Burg ’s algorithm, (b) the parameters may give ria• to a filter which is
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not minimum phase, (~ ) the calculated values for the parameters may “blow

up”, and (d) the calculated value for th~ residual sum of squares is

often inaccurate (e.g. it may be negativet ).

Although our algorithm certainly involves more arithmetic operations

than Burg’s algorithm , it is an efficient i~S method for estimating

reasonable numbers of parameters, later we refer to some alternative 1.5

methods for problems involving larger numbers ot parameters. Secondly ,

if the minimum phase condition is required in a gtven appli it lon ( for

example, see Claerbout (1976)), a sensible procedure would bit’ to reflect

any poles resulting from the 1.5 method back inside the unit circle. Atal

and Hanauer (1971) discuss such a technique , which preserves the amplitude

response of the filter.) Finally, the problems reported in (c) and (d)

above have been virtually eliminated in our algorithm, through careful

attention being paid to the computations involved .

2. Statement of the problems

Given a time series x ,x ,. . . ,x , let us assume that x can be
1 2  ii t

estimated by , where

A 
a 

A( 1) x~ — a , x~~ , , for  t — m +l ,m+2 ,. ..
j~~l ~

For given value s of the parameteis (or f i l t e r  coef f ic ien ts)  , the

nonrecursive dig i t al  f i l t e r  ( I )  provide s a forward prediction of

Put t ing — x~ - and adopt i ng the 1.5 cr i ter ion , the parameters

A
a, are determined by minimizing the residual sum of squares 

~ 
e~

t—m+l

V_
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(Equ ivalently,  a 1.5 solution is sought fur  the AR scheme of order a

defined by

* — 

~ 
x~ + , for t — m+l, m+2 , . . . ,n . )

i— i

Conversely , suppose that x~ can be estimated by , where

(2) 1 a , ~~~ , fo r t —

j— i

The filter (2) provides a backward prediction of x~ , and its parameters

can be determined by minimizing ~ , where - x~
t— 1

It is convenient to examine these problems in the context of solving

systems of linear algebraic equations. Thus, the forward prediction

problem (1) is described by the (n—a) x a matrix equation

A A  A
(3) —

A -

* x ... x a x
m rn-i 1 1 m+l

Ax x . . . X a x
A m+l a 2 A 2 A 

a+2
where ~ - : ‘ 

~ 
— , and —

* x ... x a x
n-i n—2 n-rn • a .

If n > 2m this system is overdeterained and no generally exists which

satisfies (3), so it ii useful to define a residual vector — —

A 1.5 solution to (3) is then defined as any which minimizes the

residual sum of squares S — S(~ ) — , where the sup.rscript T d.not.s

th. transpose operation.

It is well k nown that a LS solution exists for any ov.rdete rmin.d

~

- --



-~~~ V~~~~~~~ V V 
__~~~~VV~ V~~~~~~~~ -~;

5

system of equations , and it is unique if the matrix for the system is

of full rank (~~ m , tot problem (3), assuming that n 2m) . The minimum

value of the residual sum of squares S is achieved when all its first

partial derivatives are zero (i.e. 3s~a~~ — 0 in the case of (3)).

Applying this condition to (3), it follows that S is minimized when

I~TA A
x e - 0 , and so a,, must satisfy the equation

A T A  A A(4) 
~~

(
~~

—
~~~& — Q .

The LS solution to (3) is therefore characterized by the a a system

of normal equations
t

~TA A ATA
(~~)

For the remainder of this paper we adopt a more concise notation and refer

to as the solution to an m ~ a system of equations

A A  A(6) R~ i~ ‘ ii ,

A A ~TA A A A A T ATA
where R a i r . V I X X  and s — ( s ,s ,...,s J  — x

i ,j -
~~~~~

— — 1 .~ a

Similarly, the backward predict ion problem (2) is described by the

(n-rn) ~ a mat r ix equa tion

(7)  —

X
Tn+l 

a
1 

X
l

- 
*3 - — 

*2
where - : : : ‘ ~ 

— : , and :
x x •..x a *n-m+ l n-ms 2 n m 

- 
n-rn~

~F (4) we see that the solution yields a residual vector

that is normal to the column space of hence the terminology .

-— - V~~~~~~~~~~
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The LS solution to ( 7)  is chara cter ized by the m ~ a system of

normal equations

(8)

- - -p- - - - - T -T-
where R — tr . ) — X X and s — Is •s . ,...,s — X

— i ,j  ~~~~~
— 1 2 a

Now in Burg ’s algorithm for t*M it is assumed that x~ can be

estimated by a weiqhted sum of a previous observations and a weighted

sum of a future observations, using the same weights a . in both

directions. Hence the NEll problem is described by the 2(n-m) x m

matrix equation

-

1 1 AlET a
2 1~1

where X I _ ! ,  
~~~

- , and

L~J L~J
a

in

The LS solution a,, to (9) satisfies the a x a system of normal

equations

(10) R a ,, s ,

where ~ — tr
~~~

l - x
T
x and s — (s

1
,s
2
,. ~~~~~~~~ — xT

~ . (if V 2fl ‘ 3m

the system (9) is overdetermined . Notice also that we distinguisi~between

the forward, backward, and forward and backward prediction problems by

“A ”means of a superscript , superscript, or no superscript,

respectively.)
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In view of the structure of X and ~ , (10) can be rewritten as

(11) (~~+ R)a,,

and comparing (6), (8) and (11) it follows that the MEN parameter vector

is not related in any simple fashion to and a,, . Thus, the

normal equations (6), (8) and (10) pertain to three distinct AR schemes

of order m , and our FORTRAN program can be directed to compute any one

of the corresponding LS solutions ~~,, , a,, or . These are the three

variants of the linear prediction problem referred to in the first

paragraph of §1.

3. Thu algorithm

Let us begin this section by summarizing very briefly the current

state—of-the-art concerning algorithms for linear 1.5 computations. (The

book by Lawson and Hanson (1974) provides a very detailed coverage of this

topic, complete with FORTRAN programs).

For an overdetermined system of N equations in N unknown para-

meters, forming the normal equations requires Nl.1
2
/2 operations

t and

solving thea (by Cholesky ’s method) requires M
3
/6 operations. However,

numerical analysts generally prefer to avoid this approach , since forming

the normal equations considerably worsens the numerical condition of any

LS problem for which the corresponding overdetermined system of equations

is itself ill-conditioned.

tAn operation is a aultiplication or division plus an addition or sob—

traction , and when comparing operation counts only the highest powers

of N and M are given.
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It is usu..~1 ly .,~ tvo~ -u t  c~l i ro~t ~-ji that the LS solution be computed

directly t rom the N N ~vcrdu t t.i nuncd system by an ozthogonalization

method . Some populat alyorithms ~~t t h i s  t ype are the modif ied Gram—

Schmidt I’roct~ss (NM~ o [) c i d t  ions), Uouseholdt~z triangularization

(NM2 - N3/3 operations), and sinqulat value decomposition (at least

NM
2 

+ SN 3 operations) . In a given precision floating-point arithmetic

these orthogonalization methods successfully process a wider class of

LS problems than the normal equations algorithm. Indeed , whenever

single precision ar ithmetic is just adequate for computing the parameters

in a particular LS problem by (say) Householder ’s method , the norma l

equations must typically be f9zmcd and solved in dot.ble precision arith-

metic to calculate these parameters to comparable accuracy .

Nevertheless , when N ~~~ ‘ M (which is often the case in practice) the

normal equations method involves only about half as many operations as an

orthogonalization method . In addition , if  the norma l equations can be

formed directly from the data rather than from an overdeterained system ,

then the norma l equations ~lgorithm requires only about M (M+l)/2 storage

locations . Since orthogol)tlization methods require more than NM storage

locations (although this can be reduced by more sophisticated programming

and some extra computation), the normal equations method can of f.-r worth-

while savings in both computer storage and time requirements. (The savings

are less significant when ill-conditioning dictates that the normal equations

be formed and solved in a higher precision arithmetic than is required by

an orthogonalization method.)

For the applications in which we are primarily interested it is

frequently the case that N > lOM , and someti ‘es N > lOOM . In the
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notation of §2 , N = n-rn and M = m for (3) and (7), whereas N = 2(n—m)

and M = in in ...he MEM model (9). Furthermore, by taking advantage of

the special structure of (6), (8) or (10), the normal equations for any

one of these AR schemes can be obtained directly from the given time

series in [n(m+l) + 0(m3)) operations. We have therefore adopted the

normal equations approach for solving the LS problems of this report.

In our discussion so far it has been tacitly assumed that the number

of parameters in is known a priori, although in practice this may not

be true. Indeed, choosing an appropriate order for an AR scheme is one

of the most difficult tasks in time series modelling. Our algorithm allows

this choice to be made dynamically in a computationally efficient manner,

as is exp1aix~ed later in this section. V

Before stating the general algorithm , we first show for the normal

equations (6) how and (corresponding to a = 3) can be obtained

from and (corresponding to in = 2). Suppressing the elements

above the diagonal (since any normal equations matrix is symmetric) we

have

n—2
A (2)
r
1 1  

x~~1 
x~~1

A(2) A(2) n—2 n—2
r r r r
2,1 2,2 L X X~~1 L x~ x~

t=l t=l

A r A ( 2 )  A ( 2 ) I n—2 iT
= L ~l ~2 J = L t~l 

x~~1 
x~~2 ‘ 

x~ x~~2 J , and

-~~ I
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n—3

A ( J )  1 X~~~~2 
.

r . . t— i1,1

A ( 3 )  A ( 3 )  n— i
K — r r x x L x x

2 , 1 2 , 2 

~~~~ 
t+l t + ~ t+l ti- i

A ( 3 )  A ( 3 )  A (3)r r - r n-i n-3 n—33,1 3,2 3,3 r v
- . 1. X~ X

~~f2  L X~ X~~~1 L X~ X~
t—l t—l t—l

A r A ( 3 )  A ( 3 )  A ( 3 )  iT r n_ 3 n—3 n—3 iT!3~~Ls 1 ‘~~ 2 
~~53 

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Notice that the leading 2 X 2 submatrix of can be obtained from

by subtracting the first term in each summation (or inner-product) which

defines an element of , i.e.

A ( 3 )  A (2) - V

~ ~~~ — X
3...~~ x

3~~~ • for 1 ‘
~ 

‘~ I ~ 2

(Equivalently , the leading 2 x 2 submatrix of can be expressed as

— 

~2 
where the matrix a 1x

2 
x ) T 1x 2 x1) represents a rank one

modification to .) Also , the last row of (apart from its first

element) can be obtained from the last row of as follows,

A (3) A (2)
r
3 j  

r
2 )..1 

— X~~_2 X
~~.i-~~_ j  for 2 s ~. 3

and

A ( 3 )
r ~ — x  x
3,1 2 n—2 n

Finally, (apart from its last element) can be obtained from as

follows,
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- ‘t t) ‘(2)
~ ~~~ — x  x , for l~~- l ~~~ 2 ,

1 I—i I

and

n_ i
A (l )  ~ -

X~ X
~~ i-~~

Thus only une 1!~~.i—pLod uct (the element ) has to be calculated

afresh when we it’ i ly e ’  the normal equations for m a 3 from the normal

A A
equat ions for a a 2 ; ectt h ot t h e  r e m a i n i ng  element s of and

is obtained at the cost of one operation .

This scheme generalizes so that and can be obtained
~m + l  m+l

from __  and , with only the element ~~mi-1) requiring more than
V 

fl, 95 m+1

one operation . When a backward p t e i t c t  ion is needed , a similar scheme

is available to ‘i ”n e i - at e  K and ~ from K and s . Further—
V9 5fj  ~m+l 95

more , the one element  ; (mi- fl wh I ~.h must be eval uated as an i nner—
rn-U

product is  equa l t o , and ~o even when t he t e 1 at ionshi ps ( 1)

and (2 )  hold simultaneousLy only em,’ in n o t— p r o d u c t  is calculated when

rn Increases to mi -i

— Let us now State t he’ eje’ne’i at a h)e’~L i thm wh i cli allows any one of the

three (m+ 1) ~ (mi- 1) ~y~ t ,‘ne; ot normal equat ions to be generated effi-

ciently from the cozre~;pondiiiq in m system of normal equations. The

algorithm is arranged ~.o as o ~voi~t the ’  use ~t intermediat e’ storage,

and sui.~’e’ the m a t r i ~~e~ involved art’ symmettic the above-diagonal elements

are never requ i red. —

________________-

~~ 

V~~~~~~~~ V~~~•_ _
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Algorithm F: Forward prediction j~ oblem 
(6 )~~~

A
r ‘s - x  x
m+l ,l in n—rn n

foi j 1,...,m+l do

A A
.~~~~~ r . - x  x

m+l ,j m ,i—l n—rn n+l— j

for i — l ,...,m d o

tot  j  l ,...,i do

A A
r
1~~ ~~~ — Xm+l_i Xa+l_j

for i l ,...,m do

A A
S .~~~~~~~S V X V X

1 1 rn- si—i m+1

n—m— l
A r
S + L x x
m+l t m+l+t

t—l

Algorithm B: Backward prediction problem (8).

r * s  — x  x
m+l ,l m 1 rn -i- I

for j — 2,... ,m+l do

rm+l j 
r
m j l  

- X
j 
X
m+l

for i — i ,...,mdo

for j — 1,.. .,i do

— X
5~~~i-~ 

Xn_m+j 
V

for i — 1 ,.. .,m do

$ 4 5  X X
i I n—a n-a+i

— n—rn— i
S 4- x x

m+l ‘~ t m+l+t
t—l

L 
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Al gorithm FAB : L.’oiward and U kwaid j~tedictlon prob1ern (lO).

r ‘ S  — x  x - x  x
m+1,l in n—m n I m+l

for j — 2,.. .,m+l do

r r - — x  X — X  X
m+ l ,j m ,~ — t n—rn n+ 1— ) 1 m Gi

for t — 1 ,...,m d o

t o t  a • i do

i . ‘ ~~~. X X X - S
1 , )  t ,j m +I—i rn-i -i— ) n—m+ i n—m-i-j

t o t  t — I, • . . , m do

S : ; — X  X - x  x
1 1 rn-i - I— i m+l n—rn n—m + t

it—rn— i

~~~ ~rn-U t m+ l+t

All  th ree a lg o r i t h m s  produce! t he norma l equations of or der  m+ 1 by

first forming the’ (mi- 1) t h row , then ove’ t w i t t i ng t h e ’  cot ’ f I ~ c len t  mat r ix

and t t qh t  —h and t dc Ve’ct  ot 01 o t  ~t t ’ t  in , and then t -a lculat  i ug the required

inner—product  . For Al got it hm F ot A iqor i thin it th I s ’ .t ep Involves

(m 2
+Sm *2)  /2 operat i o;o; plus n—rn — i oporat  tons tot the Inner—product ,

whi le  Algor ithm FAB requires m i- 5 rn4 2 opet at ioiis p lus  n — rn— i operat ions

fo r the i n n er— p r o d uct .

Start I nq ~tt m~ I , ~t i id  i ncr , ‘flie ’flt I nq t l ie ’ Va I t ie ’ 0 t in by 1 at - ;

ft - A —each step, we e a t i  t o t - rn  R , R , ot R t o~;t’the t with s , s , 01

for any des i t e d  value’ ot m . When in - 1 t i s- i  e a t  e two inner—product

calculations i e-gu i  z t -d~ , and ~ o t he t o t a  I t iui~be’t et i  epe ia t  ions Involved

I 1 V V I n—i
e q  in probLem ~i~ ) w e’ c a i c t t L ~~t t ’  “(1) \ and 

~ 
xt

X
l+t

—- 

, t - - L t — 1
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in forming the normal equations of all orders t o m  1 through a is

3 2
In(m+l) + !!~-. + ~~~ — — — 2) for A l go r it h m  F or Algorithm B, and

3 2
in 3m bin - -In(m+l) + -~— + —- -- — -

~~

- — 3) for Algorithm FAll. (As a comparison,

if the norma l equations were all d e i  ived independently with inner-

products calculated from first principles , the operation count in forming

problem (6) for ord&~rs 1 through in would be n1~~— + m 2 
+

- 
~~~~ + -i—- + ~-~ -— -I- 

~~ ) ; when in 100 and m = 10 this approach

involves 25,410 operations, whereas Algorithm F requires only 1,308

4 operations.)

Assuming that an appropriate value for in is available , the relevant

normal equations of order a can be.’ formed by one of the Algorithms F, B,

or FAB, and then solved by Cholesky ’~i method (m3/6 operations). However,

let us suppose that the user is not sure what value for a is appropriate,

but that he can specify values a and a such that a a ~ mstart last start last

In this event a sensible algorithm would not solve the normal equations until

the value of m has been increased to m , even though the normalstart

equations are formed for a = 1,2,. ~~~~~~~~ Our algorithm employs

this strategy , and so if the user knows the “correct” value for in before-

hand he simply sets m tart 
= m

i t  
= m . However, typical applications of

our algorithm call for a sequence of normal equations to be solved , and

V hence beginning at m = m
start 

we generate a duplicate copy of the current

normal equations since these are subsequently destroyed by the Cholesky

factorization.

The problem of choosing an appropriate value for the number of para-

meters a depends upon the particular application involved. (The choice

I I.

i~ ‘1
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might also depend on the amount of inherent error in the time series ,

-
V 

and on the accuracy of the computing environment.) For HEM applications

we often use a criterion due to Akaike to determine the order a of the

AR scheme; see Appendix A for a description of this criterion . The

program given in Appendix E includes a subroutine which implements

Akaike ’s scheme, and so users who wish to determine m differently can

simply replace this subroutine with one of their own choosing.

Most of our digital signal processing applications involve the use

of minicomputers which operate in fixed precision floating—point arith-

metic. Hence , the single precision program in Appendix E is designed

to avoid any dependence on higher precision program segments. Conse—

quently it is imperative to take extra care when performing any floating—

point calculations where serious loss of significance can occur. Compu-

tational experience with our algorithm confirms that significance losses

can be troublesome when calculating inner-products (~articu1ar1y when

n is large), and also in computing the residual sum of squares. These

two computations are discussed in Appendices C and D respectively, and

we provide accurate subroutines for both calculations in Appendix E.

Finally, the computational efficiency of our algorithm has been

optimized in its FORTRAN implementation by avoiding the use of two-

dimensional arrays. Hence Appendix B contains an alternative description

of Algorithm FAR in vector notation .

4. Further details and alternative algorithms

The algorithm described in §3 generates each successive system of

normal equations from the preceding s~’stem , but each set of equations

iL~
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I.t~ 1 VL’tI ttidcpt~itc tt’itt ly ( i . e • wit  hout l e t  ci u t i c e ~ to  t he Cholesky

solut ton ot t v v l us s y J t  ems ) . Now Chuiesky ’s method requires about

a
3

. e.~ + trn~ , 2 ~) (a )  up • t  at  t o i i~ t o 0 ly e ’  any a in symmet r i c

pos i t i ve  d e l i  l ut e  ~.yst em ol i i  li t t i  t’quat j ol ts .  Henc e , i t  the norma l

equat ions are ~;o I ved independeint Ly t o t  all orde i s t t out 1 through a

Chotesky ’s method dIs t ~ . a total ot about m4 ;24 • 7rn t
/ 12 + 0 ( m

2 )

operations . Ne-ve t the  h , i i i  out t yp i e .’al .tpp l It -at  ions the wo r k required

by A l g o r i t h m  F t o  tot-a i ll the normal equat ions is s t i l l  more than the

work of so l v i  nej t hem; t o t  example , this is the case when n - in
2 

and

m~~ i S .

In this sect iou We! I et  tO  brie’ I ly  t o  some a l g o r i t h m s  which do take

advantage of ~ *c ’VioUS sc i ut ions . We restrict our remarks primarily to

the fo rward  pi e’d t ~ t leSt ptoblt’rn (r’) , b i t t  analogous alternative methods

exist t o t  the backward prediction pi oh l ’ni (8) and for the HEM problem

( 10) . Although t 1i~’ method ut ~ 1 is  u~ou a l 1 y  more e f f i c i e n t  than these

alternative’ scheme s when in ‘~ 1’ -. , t hey become more attractive for

larger values ot a . Liowever , they also r e q uir e  more programming

e ffo r t  t itan is involved i i i  -\~ 
-~ -~- i t ~t i x  E, p.1 i t  i cular ly when appropriate

techniques t o  pe ese r ve netmet ica L .ec c t u t a c y  it  e incorporated .

Let us begin by re’stat m g  the r e la t  ionshi p that ex ist s  between

A rA(~.l)1 1~-~-’ 1 A rA (~)1
— Lt~, .1 ] — X

m i - i _ i + t j  
.in i — Lni,jJ —

tThe 0(m) term in this operation count includos rn square root reciprocals ,

although an alternative version exists in which square roots are avoided.

•l•tMy normal .quations matrix is p o s it  lye definite provided that the cor-

responding overdetermined system •~t e’~ pu t t urns is of full rank .
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x - x - - . Lettln~ A be an a ~ a matrix with elements
Lt~i 

m— i+t m—j -tt t

A (m ) V - rA(m+1) A (m+l)
and adopting the more concise notation — 

Lr n~+ ,,~ 
r~,41 2 ‘ ~~

“‘

~
(m+l)1T and ~ — 

ttt+l) 
, we see that Algorithm F provides a

m+l ,m~j m+ 1 m+l, m+1

constructive pecot of the ’ tollow ing result.

Theorem 1. For the forward prediction problem (6)

where — Xm+l_i X~~1 j

L ~ ~m+l I -

~

Theorem 1 shows that (apalt t rom its extra row and column) can be
—111+ 1

A A
obtained by subt ract i ng a rank one matrix A from R , where

~~fl

T
Ix ,x ,...,x Ix , x , . . . , x I

in rn-i  I a rn-i 1

H
When solv~ uiq t ltt ’ m ‘ in norma l equations (6)  by cholesky ’ s method ,

the f i r s t  s tep  t i m
t ) o } 4 ’ t at  i s  t o  ob t ain  a f ac to r iza t ion

A A T  A
L L of H , where -  th~’ ma trix I. is tower t r i angu l a r .  The second step

~1n
A A T -\ A

(0 (m ) ope t at ~oul  ~bt a t  us t tie so hit t e r n  t o  L L a s , by solving
51W-Ifl ~Th ~1fl

A~~~ A A’~’ A  \ -L D S and th e i i  L a . Thus , whenever problem (b) is to b~
~~fl~Th Th -

~ ~in ~m

solv,.’i t o t  m any  S U e ’ e.’t’~ 0i i ye ’ va l ue’s u t  m i t  is  w o r t h w h i l e  improving the

C t t i C i e l i~~y ot  the f i r s t  s tep.

In view ot Theotem 1, t h i s  may be accomp l ished by ob t a ining  the

Cholesky f a c t o t i z a t i on  1 of t rom the previous factor izat ion
—m+ l m+l

A A T  A V
L L of R . Methods for updating the factors of a symmetric positive

definite matrix foli~~ inq a ran k one moditi cation arc’ described by Gill ,

Gol ub , Mu r ray  . ins t  S .ttuiide t (1974) , who also exp la i n how these methods can

il_ p_I
—- — — - - -- - V.- -~
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be used to piocts.s the’ e x t r a  row and colum n (exhibited in Theorem 1) of

(This special e.’ase icijes on the fact that the rectangular matrix

X can be obtained t t utu X I c y  cit . le t  i n g  one’ of i t s  rows and adding a
—in

new column.)  When mod i fy i n g  ( ‘holesky f a c t or i z at i ons the problem of

maintaining pos i t ive  d e t n i i t & u i e ~ s , iii the presence of rounding error,

must be h and i t -ci c a z e - t u l l y  t~-.t ’e also Fle tcher  and Powell ( 1 9 7 4 ) ) ,  but

numerically stable methods ire available. The most efficient of these

require cm $- 0(m) operat ions to obtain the factors of 
~~+l 

from

those of R , where 3 ~- c •- 5 . (In contrast , it only requires

rn2 + 0(m) operations to obtain th e factors of f rom t hose of

H . In  our appl ica t ions  however , it  is more convenient to increase
—m+ 1.

m than to decrease it.)

For the MEM problem (10) the matrix (apart from its extra row

and column ) can be obtained by subtr~iLtin g a rank two matrix A from

A —

R . The mat r ix  A is the sum of A and i ts counterpart A fromin ‘~m ~in

Algorithm B, which has the form

- T
A = Lx ,x , . . . , x I Ix ,x ,...,x I-‘a n-m+I. n—m+2 n n—m+ 1 n—m+ 2 n

The factors of H can be obtained from the factors of R either by

applying one of the above rank one methods twice, or by using a rank two

method (see Bennett (1965) for exampic).

Thus , solving the normal equations (6), (8), or (10) for all orders

from I through m by methods involving modifications to Choic-sky

factorizations requires (c’+l)m
3
/3 + 0 (m 2 ) operations, where c’ c

for (6) or (8) and c’ = 2c for (10). For moderate values of a these

methods therefore offer no gain in efficiency for the algorithm of S3.

,‘l
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However , in a very recent pape r by Morf , Dickinson , Kailath and

Vieira  ( 1977) this  operation count has been reduced to 7m
2 

+ 15m — 7

for problems (6) or (8) : they do not conside r the MEM problem (10) .

This order-of-magnitude improvement in the effort required to solve all

m normal equations is made possible because the matrix

is “close” to Toeplitz form, in a sense made precise by Friedlander,

Morf , Kailath and Ljung ( 1 9 7 7) .  Their a lgor i thm also takes advantage

A - - A A
of the product-form structure of I~ , since it is the fact that ly

is a rectangular Toeplitz matrix which permits the equations to be solved

so efficiently by an extension of L,evinson ’s recursive scheme.

In view of the fact that Levinson ’s original algorithm for (square)

Toeplitz matrices is numerically unstable in some circumstances, it seems

likely that this extended algorithm also suffers from occasional rounding

error difficulties . Indeed , because of their hi gh speed and low storage

requirements, it would clearly be advantageous to develop numerically

stable versions of both the original and extended Levinson algorithms.

(Hopefully, this could be accomplished while retaining the 0(m
2)

operation count.)

F i n a l l y ,  although the above summary of alternative algorithms gives

some prominence to tI-ic number of operations involved in solving all ni

normal equations, the additional n(m+l) operations required by all

the methods often dominates the total operation count. Thus, when

n >> a , the gains in effioiency offered by these alternative methods

may be more apparent than real.,

- 

I i
V 
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5. The maximuzn e u t r~ j~y~~ j~ec t r u f l i

Our primary mot ivation t o r  devt.-lop ing the program in Appendix E

was to det e.’nnine t ! s -  AK p a r a I u et e e~~ t i  MEM spectral analysis. Hence ,

for the sake of compIt - t etct ~~~, in thi s sectiur~ We.- prov ide a b r i e f

h e u r i s t i c  descrip t ion  of th t .- s p e c t i um  calculation , f ollowed by a

numerical example w h i c i  cumpaics  spectra l  es t imates  obtained by our

algori thm and by Burg ’ s method . (The theory of MEM arid i ts  relation-

ship to AR processes has been described in numerous other reports ; in

par t icu la r , see Ulrych and Bishop (1975).)

Given a time series x ,x ,...,x , for  which At is the uniform
1 2  n

sampling in ter val, the first step is to apply Algorithm FAB to obtain

* *the LS solution a
~ 

= Ia
1
,a
2
,...,a I  and its associated minimum

residual sum of squares  S = S (a ) . This yields a recursive

predictive filter for the signal , whose mean square residual P is

given by

(12) l’ = ~~~~~~~~~~~~~~ Sm 2(n—m) a

if the fit to the time ~-~t .- t - ies - is good , the residuals e
t 

should have

small correlation , re~~uiting essentially in a white noise process.

When the MEM parameters a . are used for forward prediction ,

the residual e is defiiit ’c 1 as
t

the case of Al gorithm F (or Algorithm B) the mean square residual

is obtained by dividing the residual sum of squares by (n-rn)

___________ ~—~-‘-
.-

~~
_-

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(13) e x~ - 

~ 
a x

~~~
. .

The z transform of the d i f f e rence  equation ( 13) yields

En 
* -j

(14) E(z)/X(z) 1 - a , z
j=l ~

where is the unit delay operator. When the time series of

interest is input to the t.ilter defined by (13) , it produces (approximately)

a white  noise output . Thus , if a white noise sequence is applied to

the inverse of this filter the resulting time ser ies has a spectrum

similar to that of the original. When the residual is white , E(z)

is a constant satisfying

(15) jE (z) 2 = P At
In

where is defined by (12). Solving (14) for X(z) , and taking

the square of the modulus , Wt ’ obta in  the expression

P At
(16) P(t) = 

— 
~~~~~ a e

_ f 3 At
~
2

for the spectrum P(f) at frequency f . (The Fourier transform is

obtained by evaluating the z transform on the unit circle , by sub—

- _ ~ 2 7 T f A t
stituting z = e . )

All that remains is to evaluate (16) for as many values of f as

I- 
~ desired , between 0 and the Nyquist (folding) frequency l/(2tit) .

When periodic si gnals are p i e - ~eI it  the spectrum must be evaluated at 
—

VI 
- .. - - - - - . 
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closely-spaced t r e qu en c ie s  in orde r to obtain a s a t i s f ac to ry  representation

of i ts peaks.

We conclude this section by illustr ating the superiority of LS

solutions to the MEM problem for short sample sinusoidal data. Our test

signal was formed by summing a 0.03 Hz and a 0.2 Hz sine wave , generated

in s ingle p r ec i s io n  a r i t h m e t i c  (approximate ly  6 significant digits) and

sampled 10 t im e s per second . Subrout ine FABNE (from Appendix E) and

Bu rg ’ s method (as described by Andersen (1974)) were used to obtain MEN

spectral estimates by processing n = 75 data points. The resulting spectra

are shown in Figure 1.

The number of cycles available for analysis are 1.5 and 0.23 for the

0.2 Hz and 0.03 Hz signals , rt spe -tively. The spectra are shown one

above the other for increasing va1ue~ of m (the n umber of coefficients).

The vertical scale is 80 dB per division (a factor of 1O
4 

in power),

and successive spectra are shifted U~~I by 80 d13 . We have drawn in the

test signal f req uencies for conven ience .

Since the purpose of this examp le is to compare LS solutions with

those obtained from Burg ’s method , we used double precision versions of

both subroutine FABNE an d Burg ’s algorithm in order to minimize rounding

error effects
t
. Notice that the Burg algorithm causes frequency splitting ,

and that it does not converge as m increases . In contrast, subroutine

single precision arithmetic subroutine FABNE produces correct results

out to in = 6 , but at m = 7 it returns an error code indicating that

positive definiteness has been lost.
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FABNE ~‘onvt’rqes  to the  co, t t • -t an swei  l u  t he? 0 .2 H~ sine wave when

m — 4 , and the 0.0 liz si qua 1 i ‘ ‘ l i s t  t i  y e v i d e n t  when m — I .

Fi tid ily , i f l  I . t t  Itt ’S S 4 ’  Hutq ‘ S me t I t t s I  • on i expet i .,nce ’ suggests that

when many cycles ot ,t s i n u s o i d  .i i c  av .i i 1 able fo r  ana l ys is (say , 15 01

more cyc les) the s~ 
- t ra I es t i mat e~s obt a i ned f rom both methods are

usually quite ‘.i m i tat
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A~pundxx A~ Akatkc ’s I ti- ~~1 jte di,. t toii trt or (FPE) c r i t e z i o n

The lete ’im tita t run ot the ot ~t c t  ot the AR process is of central

importance in MEN spen t ra t analysis. Akaike ’s (1969) final prediction

•rroz- (Ft’E) for an i t - p o in t  t ime net ics is given by

(Al) Ft’E — -

whe re P denote- - . t t t c  tnt ’art n t u . t r e  t en,  idua l (12) b r  the’ hS solution
m

to the in pa rameter  pi tel ~lcin t b )  . The “opt imal”  AR order in is

then determined by the m i n i m u m  value of FPE
m 

f o r  in — 1 ,2 

it  the mean i n  not subt i .~~-t ed  f t  out t he ’ data pi ior to the calculat ion of

the AR parameters , e’x pi t ’ss ion ( A l )  mt t - .t he ’ t ‘i’l acent  by

(A2 ) FPE ~~~~~~~ 
~~

m ii — in ill

Various opin ions  on the et  t e~-t l v, ’uiest ;  of the  FPE criterion have

bean expressed (e.g. see ’ tI l ry~’h and Bishop (1975), U lry ch and Clay ton

(1976), Jones (19 7~~~~) , Liarber anti ‘I’ rylor ( 1 9 71) ,  and references therein)

but most of this e’xpe ’I t e ’ tt t ’e ’ teta tes to its ~t } t  tication to Burg ’s algorithm.

Our experiei~ee with the LS algorithm of this paper suggests that while

the FPE criterion provides a useful automatic method of selecting an

appropriate value for in , it should he used with caution . (If in is V

too small the resulting spectrum wil l be too smooth, and if in is too

larg. extraneous peaks will occur.)

For any of the three linear prediction problems (6), (8), or (10)

th. minimum residual sum of squares S
m 

decreases as m increases .

Therefore, even when the statistical assumptions underlying the FPE criterion

do not hold , It seems reasonable to allow in to be determined as th.

4 -

Li



— — - ‘  - —~
- — 

~~~~~~ _ ~V V - 
V -~ - V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~ -‘~ ~~~~~~~~~~~~ -

~1

29

smallest order fo r  which S S . When n ~~ ‘ in this can bein m+l

accomplished by choosing in to be the first local minimum of FPE
~

Thus , subroutine AV.KSTOP of Appendix E determines the “optimal” m

for problems (6), (8), or (10) as the smallest integer in the interval

Em ,m I such that FPE FPE
start last m+l ui

Appendix B: Vector notation employed in the FORTRAN program

Since some FORTRAN compilers do not process two-dimensional

arrays very efficiently , our program uses only vectors (i.e. linear

arrays) when forming and solving the normal equations. Thus, the

lower triangle of the matrix R (or or R) is stored by rows

as a vector v with m (m-tl)/2 elements. For example , when m=4

we have:

r
1 1  v

1

r2 1  
r
2 2  v

2 
V
3

r3 1  
r
3 2  r~~3 v~ V

5 
V
6

- 

r
4 1  

r
4 2  r

4 3  
r
44 j V

7 
V

8 
V

9 
v10

For the convenience of readers who require a statement of our

algorithm that is closely related to the code in Appendix E, we pro—

vide the following description of Algorithm FAB in this vector notation :

k -
~ m (m+ 1) / 2  + 1

V ‘-S - x  x — x  x
k ui n-rn n 1 m+l

j ’  1

V ~~~- - - L
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for i a k+l,... ,k+m do

j 1 J + l

V ‘ - V  - x  x - x  x
i i—rn— i n—in n+1— ) j m+l

k’- O

for i — l , . . . , m d o

for j  l,...,i do

k’- k+i

V
k 

— Xm+l_i — X +i j 
- ~~~~~~~ x~~~~j

for i — 1,...,rn do 

~~ .
i i rn+l 1 tn+l n—in n-m+i.

n—m— l
a ~- 2 x  x x

in+1 
t=l  ~ m+ 1+t

Appendix C: Accurate calculation of i nner—products

Inner—product calculations occur frequently in scientific program-

ming . Indeed , in any system of no rma l equations every element of the

coefficient matrix and the right-hand side vector is defined as an

inner—product. In a typical program an algorithmic statement such as

(Cl) SUm ‘ X~ W~

ii usually i111..ented in floating-point arithmetic by co~~ utLnq

~ 
x~w from single precision data x~ and w~ by form ing double

t— l
precision products and double pr.cision sums, and then assigning th.

final result to the singl. precision variable sum. However, for many

I-
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of our applica t ions it is necessary to avoid any dependence on higher

precision arithmetic , and so the above scheme cannot be employed .

A single precision FORTRAN program segment of the form

(C2) SUM a 0.0
DO l O I = 1 , N

10 SUM = SUM + X(I) W(I)

can produce a calculated value for SUM which differs from its true

value by almost 1.06u ~- 
~ l (N+2_t)xt

w
t l , where u represents the

t=1

roundoff unit of the floating—point system used (e.g. see Dahlquist and

Bjbrk (1974)). Even though the actual error incurred is often consider—

ably less than this upper bound , for large values of N the program

(C2) does not usually compute inner-products accurately enough when

forming the normal equat ions. (For example , if n = 500 , u IO
6

I x~ I - 1 , and Iw~ I I , typ ical resul ts  from (C2) contain only about

four significant decima l figures.)

We have therefore adopted the fol low i ng single precision program

N
segment when computiitq x w fo r  use in forming the normal equations

t=l ~

(6), (8), or (10). (it is based on a program due to Kahan (1972) for

N
computing 

~ 
x~ , which  has a very small error bound that is essentially

t= 1

independent of N . )

SUM = 0.0
C - 0.0

‘C) 
D0 2 0 1 — l , N
y C + X(I)*W(I)
T SUM + Y
C — (SUM-T) + Y

20 SUM = T

~ SUM S U M + C

- - - - - V.’. - -— ~~~~~~~~~~~~~~~~~
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The role of the Variable C in (C3) is to recover the information that

is lost when adding the products x~w~ , but notice that no attempt is

made to increase the precision of these products. Thus (C3) simulates

double precision accumulation of single precision products, which is

usually satisfactory when SUM is of large magnitude compared to these

products.

This is almost always the situation that occurs in our applications,

where most of the N products x
~
w
~ 

are positive. The reason for this

is because the term w~ in (Cl) is replaced by ~~~~~ when forming

the normal equations, and our typical time series x
1
,x
2
,. . .,x have

few sign changes relative to n (i.e. most pairs 
~~~~~~~~ 

are of the

same sign when n ~~
> m ) .

Subroutine ACCSUM of Appendix E is based on the program segment

(C3). It is used to compute each inner—product that is calculated from

first principles; thus it is called twice when rn~ l and once for each

value of m = 2,3 Provided that SUM is large enough to ignore

the rounding errors made in forming the products x~w~ , subroutine - 

-

ACCSUM produces a calculated value of SUM for which the relative

error is bounded by 5u . This bound applies to any practical value of

N , and in our experience the actual magnitude of the relative error

rarely exceeds u when N < 1,000 .

Appendix 0: Calculating the residual sum of squares

Given an overdetermined N x M system of equations ~ -

where ~ = Ex~~~I and y = ~~~~~~~~~~~~~~ , the residual sum of
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squares S S
M
(a) is defined by

T T
s
M
(a) c e — (y - X & (~~ 

— ~ &
(Dl)

N M
— 

~~ 
(y. — a. x . )

2

i~~l 
~ ~=l

For any given a , evaluating S directly from the second line of

(Dl) involves NM operations. Although X and y take special forms

in the linear pred iction problems (3), (7), and (9), their structure

‘ii
yields no reduction in this operation count . (Recall that N — n-rn for

(3) and (7), N = 2(n-m) for (9), and M = m in all three problems.)

Thus , when n ~~ - m , calculating the residual sum of squares via (Dl)

for any value of m requires almost as much computation as forming the

normal equation s of a l l  orde rs from 1 through in by Algorithms F, B,

or FAB. Furthermore , when solving a sequence of normal equations (6),

( 8) ,  or ( 10) for  successive values of in , s must be evaluated by (D l)  - -

ab ini tio for each value of in .

In view of this it is quite understandable that the following fast

method of ca lcula t ing  S is popular , pa r t i cu l a r ly  among engineers and V

statisticians. Expanding the first line of (Dl) we obtain V

(D2) S
M
(a) = 

T 
- 

T
(X
T
) + 

T
(X
T
X - xT 

,

and since the LS solution a~ satisfies the normal equations

T T
(03) 

~~~~~~~~~~~~~~~~~~~

substituting (Dl) i nt o  (D2 ) g ives

-‘
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Calcu la t ing  the minimum re’s idual sum ot squart- V by formula (04) involves

only N + M operations , since the t t ’rm was formed previous ly  as

the r ight—hand side ve c t o r  of t h e  norma l equat ions (D f l

A fu r the r r educ t ion  can be made in thi s opera tion count when solving

a sequence of normal equations (h), (8), or (10) foi  successive values of

m . specifically, when in I the term ~~~ in (D4) can be obtained

in two operations from x
Tx . For example , in the case of (6 ) ,  when

ATA ATA 
~ 2

m 1 we calculate y y as (X X - x~ + x )  . Thereafter, for each

ATA -in — 2 ,3,... , we obtain the current value of y in one operation via

ATA ATA 2

the assignment s tatement  y y * y y - x . Problem (8) is handled in an

analogous fashion , w h i l e  problem (i i ) ) requires two operations to update

the value of ~~~ for  each in . Thus , for  any one of the three l inear

prediction problems , calculating the  iniiiimum residual sum of squares by

formula (D4) involves no more than m+2 operations for  each successive

value of m .

Our program in Appendix E can be di rected to obtain the minimum

residual sum of squares in t hi s  efficient manner , merely by setting the

input parameter RSCODE of subroutine FABNE equal to 0 . Alternatively ,

setting RSCODE = 1 causes t h i s  m i n i m u m  to be calculated via subroutine

ACCSSQ , which employs formula (Dl) rather than (D4).

As is clear from the above operation counts, the use of subroutine

ACCSSQ is expensive in terms of computer time , but our computa t ~~- . I - i 1

experience leaves no doubt as to the necessity for this optional subroutine

in practice. Formula (D4) involves a subtraction of two calculated terms
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wh i ch a c  almost always of the same magnitude , and which frequen t ly agree

to more than two or th ree  si gn i f i can t  decimal f i g u r e s .  Indeed , t h i s  has

to be the case when the minimum residual sum of squares is small relative

to ~~~ , and a siii ~j L e  p r e c i s i o n  implementat ion of formula  (04 )  is then

bound to suffer from significance losses. ( I n  our op i n i o n , many of the

reported difficulties in implementing “optimal ’ select ion rules (such as

Akaik e’s criterion) can be attributed , at least in part , to careless

usage of formula (D4 ) )

Since our algorithm forms and solves the normal equations in a numeri-

cally stable manner , i t  is not possible to s i g n i f i c a n t l y  increase the

accuracy o b tai n a b l e  f rom ( 1)4) wi thou t  resort ing to higher precision

a r i t h m e t i c .  (We note in  pass ing tha t  whereas Cholesky ’ s method produces

a ca lcu la ted  LS solut ion a~ fo r  which  the t h i rd  term in (02)  is of

n e g l i g i b l e  size , t h i s  is  irot a lways the case w i t h  some other algori thms.

Hence , by ign o r i n g  the  th i r d term in  (02) these less stable methods some—

t ime s introduce a sizeable t runcation error into (04).) T~ order to avoid

the use of higher precision arithmetic , we abandcn (D4) whenever significance 
- 

-

losses become troublesome and resort instead to the slower formula (Dl).

When solving a sequence of problems for successive values of in , we usually

delay t h i s  switch to subroutine ACCSSQ until the calculated values from

(D4) are about two or three o r d e r s  of magnitude less than the quan t i ty

(Less expe r i enced  users may w i s h  to switch periodically to subroutine

ACt ’~ St) in oi ~iei to gauge t he accuracy of formula (04) for a particular

set of d a t a .)

I.
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Ajpe nd i -~ i;: flu - l’C h L R A N

i s  i p [ - t td  i x  o ut  t i  i i - ~ l i s t  ii  1: : t  S i X  i t s i  Ic  r ~~~ is io n FORTRAN sub—

rout r u e s  w h i c h , t s u~~ I t i c t  w i t h  ~t i t  t~~~
-
~ r -~ r a t  ~

- - I t  iv er i t o ~~ t am , solve any

- t i c  c i  t t i e  t h r e e  1 r i t e a r  ~~
- i  ~u t i c t  ion i ~-t l t • m5 ( U • (7) , c i  . The user—

: - t 1~ plied ~Ir iver pro~ i am must ~It 1 r i t e  t h e  r i l pu t  i - a x  ameter s to  subroutine

• .~ .3N !-: , and a r t  a:~~~~- i c r  d i  up Lzy ot  the output Ilazaincter s from FA~NE. The

o t h e r  l i ve  sub r ou tr I ~~-s (CIIFAr:, CHSQL , AKSTOP, ACCSUM, and ACCSSQ) are

invoked automat r ca  I i y  i)~ t - A HN E , and hence requl r t - no act ion on the part

- t  the  user .

Subrout rue FAI~NE t~~ t mu the  t or  w a r d  and/or backward p r e d i c t  ion norma l

t - q u a t i o r r s  ( t )  • (8), et  ( 1 1 )  l o x  a ~~1ve1i  time utrics x
1
,x~~, . . ., x , solves

t h e  norma l equat r o t i s  b y c al l s  t ibi - i i i  t t ie s  CHFAC and C1ISOL , and de t e r—

mi ties the ~pt r ma 1” number ol t t i t  t : ~
- t I i c r  c ut s  w i t h  i i i  t he r a l i qe

in in in b y ~- i l 1u  t o  - i i b r - ~~i t t  I I I - AKSTOP . C a l l s  are also made
s tar t  las t

by FAB NE to sub rou t  ru e  A~~~~t 1M when t~~~t m l  t i . i  i nne r—produc t s , and sometimes

(when d i r e c t e d  by t h e  FM3NE i n p u t  p.i r  am et e r  RSCODE) to subrout ine  ACCSSQ

when c a l c u l a t i n g  the  m i n i m u m  r e s id u a l  sum of squares. FABNE is invoked

by the  f o l l o w i n g  c i l l  r nq ~~e-pl t :l~~
-
~-

CALL FAB NE (X , N , MSTART , M LAST , ICO DE , AKCODE ,RSCODE, MDIM .V ,

VC, S , SC, A , M , ~;Sçi , P , OCODE)

Description of p arameters
Input parameters

X - is a vector containing the time seiies.

N — is the length of the t i m e  series .

MSTART - is  the minimum value of in f or  which the normal

equations are solved.

-V ~~~~~~- 
•
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MLAST - is the maximum value of in fo r  which the normal

equations could be solved.

ICODE - is an input code with values as follows :

1 - the forward prediction equations (6) are used ,

-l - the backward prediction equations (8) are used ,

0 - the forward and backward equations (10) are used.

AXCODE - is an input code with values as follows:

O - the sample mean has not been subtracted out of the

time series,

1 - the sample mean has been subtracted out of the time

series.

(This information is passed by FABNE to AKSTOP.)

RSCODE — is an input code with values as follows:

0 — the minimum residual sum of squares is calculated

by the fast formula (D4),

1 — the minimum residual sum of squares is  calculated

by subroutine ACCSSQ, which uses the slower (but

more accurate)  formula (Dl ) .

MDIM - is used to dimension the work space arrays and must be set

to at least MLAST* (MLAST+1)/2.

Work sp~ace

V ,VC, S,SC - are workspace arrays used to form (in V and S) and

solve ( in  VC and SC) the normal equations.



— 

38

OU t k ~~t L~
riarni t i  i s

A — tC .1 V is-tot c o i i t a i i r i i i q  (hi “optim al” Ii ltt’r coefficients .

M — the irumb e r I )}q m a  I •~ I t i t  i.r cut’ f f 1 C I  cuts

SSQ — t the  m i i i  m u m  r e s i d u a l  sum of squai en .

P — i s  the cut  i eli l’OntI t ti~ ifl(’ .lii - u p l a t  • ‘  t i’ s rdua l

— u an cut  put ~- . sh with val t ics  as Eel lows:

0 — an “ opt  ima  1~’ ru  1 ut ion has been cc lculated

i . e.  t I l e  u sual  exit).

— t h e  maximum n umber u t  filt ci coefficients ( MLAST)

was i~sed • but “opt i mat it y was not ~-rch1 eyed .

— i ,‘m.% t Ui ( ‘  t t~t i n  i nat I on has cecil n eil because the

r c ut  normal e i j r r . 0  ion :; ma t r i x  i i ;  n u t  p i s r it  t V t ’

ilc i iii i t e (puss ib l y  due t • i  round i ng ci n e t  xi )  . I n

lit li case (lii ’ pi cvi ‘II : so 1 ut ion s r t ’t urned Instead .

Subrout r n.’ CllI- ’AC i odin i *’ ;  the ‘tiu 1 i*sky I act ot I : r rt  roil I,L
T 

ot

any symme t 1 ic p os i t  Vi ’ ilt~ I j u t  I e m~it i i x  A . The l owe t t i tang 11* of

A Is st or e d  by r o’~ :; in t Is’ vect  ci )~ , wh~tch is event ual ly ove r-w i Itten

by l~ . Subrout. (iii’ lt:~~I ic I yen l l
1

x — P , and hence it must be pre-

ceded by CHFAC so t ha I I hi. r ‘h. Ic sky tact ci r z at  I t t u  Is a 1 r eady available .

The r ight—hand side P i s  u t c i e d  i i i  the vector B , wh i ch Is  eventually

overwritten by t h e  so lut  t o i l  X . liti’:,c two FORTRAN subroutines, which

are based on the AL.GOL. p i o c e i l t i t  is; choldet 2 and cholsol 2 of Mart in ,

Peters, and Wilkinson (1971), were kindly supplied to us by Dr. M c .  Cox

of the National Physical Laboratory , Teddingtoni, England .

Subroutine AKSTOP implements the Akalke FPE criterion described in

Appendix A. (txivru who wish to substitute some other optimality criterion 
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in place of A k a r k ~’ ‘ x. 1 ule should have no d i f f i cul ty in replacing AKS~ )P

by a subrout rue ot t h e i r  own design.

Subroutine ACCSL)M calculates inner—products accurately, assuming

that roundIng errors made in evaluating the products are negligible (see

Appendix C). it higher precision arithmetic is allowed, ACCSUM could be

replaced by a higher precision subrout ine based on the simpler program

segment (C2 )  of Appendix C. In moa t environments, savings in computer

tim.r would result from such a substitution.

Subroutine ACCSSQ (which is only used when RSCODE — 1) calculates

the minimum residual sum ot squares by the slow formula (Dl) of

Appendix D.

F i n a l l y , a double p c c i s i o n  ver s ion  of all six subroutines given

below can be oPt a i i i t s l  by niak ing t in’ t o )  lowing changes :

(a) i i p i .rc ’’ • r I - i RFAI, .h’c l ,rr at ions by DOU8LE PRECiSION ie.’iarations ,

(ii ) r i s p I  ace S~~RT by DSQRT in  l i n e s  17 and 40 ot CHFAc ,

( c)  r- cplacc tin’ count a n t  1 . F20 by 1 .P20 in the DATA s t a t ement  in

I i  i i i ’ ‘I 3 of FARNF .
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SURROtJTIN I-: FAL INI- :(X , N , MSTA HT , M 1~AST , ICODE , AKCODE ,
* RSCODE , MI)IM , V , Vi ’ , S , SC , A , M , 550, P, OCODE )

REAL A , ~~~, V . X , SC , VC , SSQ , P
INTEGER M , N , MD I M , MLAST , MSTART , ICODE , AKCODE ,

A OCODE , RSt.~OI)E
DIMENSION X (N), V (MDlM) , VC(MDIM ) , S(MLAST),

* S C ( M I . A ST )  , A (MI.AS’r )
C
C THIS SUBROUTINE FORMS THE FORWARD AND/OR BACKWARD NORMAL
C EQUATIONS FOR AN N-POINT TIME SERIES X , SOLVES THE
C NORMAL EQUATIONS BY CALLS TO SUBROUTINES CHFAC AND
C CHSOL , AND DETERMINES THE ‘OPTIMAL’ NUMBER OF FILTER
C COEFFICIENTS WITHIN THE RANGE MSTART.LESM .LE .MLAST BY
C CALLS TO SUBROUTINE AKSTOP. (IF THE REQUIRED NUMBER N OF
C FILTER COEFFICIENTS IS KNOWN BEFOREHAND , MSTART AND
C MLAST SHOULD BOTH RE SET EQUAL TO M.) THE NORMAL
C EQUATIONS ARE FORMED EFFICIENTLY FOR M 1 ,2 ,3 ,..., AND
C THEY ARE SOLVED FOR M~ MS’rART,MS’rART+l ,MSTART+2 ,... UNTIL
C EITHER M~ MLAS’r OR ‘OPTIMALITY ’ IS ACHIEVED. CALLS ARE
C MADE TO SUBROUT iNE ACCSUM WHEN FORMING INNER-PRODUCTS ,
C AND SOMETIMES TO SUI3ROUTINE ACCSSQ WHEN CALCULATING THE
C RESIDUAL SUM OF SQUARES (SEE DESCRiPTION OF PARAMETER
C RSCODE BELOW ) .
C
C
C FORMAL PARAMETER LIST:
C
C INPU T P A R A M E T E R S
C
C X A VECTOR REPRESENTING TIlE T IME SERIES.
C N THE DIMENS ION OF X.
C MSTA RT THE FIRST VALUE OF M FOR WHICH THE NORMAL
C EQUATIONS ARE SOLVED (MSTART .GE.1).
C MLAST THE I~ARGEs’r V A L U E  OF’ M FOR WHICH THE
C NORMAL EQUATIONS COULD BE SOLVED ( M L A S T . G E .
C MS’FART); ALSO USED TO DIMENSION S ,SC , AND A.
C ICODE AN INTEGER T NP(I T CODE WITH VALUES:
C -l - ONLY bA C KWA RD PREDICTION IS USED ,
C I - ONLY FORWARD PREDICTION IS USED ,
C U - BOTH FORWARD AND BACKWARD PREDICTION
C IS USED.
C AKCODE AN iNTEGER INPUT CODE USED IN SUBROUTINE AKSTOP
C (SEE SUP~ OUT INE AKS ro p)
C RSCODE AN INTEGER INPU’I’ (‘ODE WITH VALUES:
C 0 - A ‘FAST ’ CALCULATION OF THE RESIDUAL
C SUM OF SQUARES IS USED ,
C I - A MORE ACCURATE (BUT SLOWER) CALCULATION
C OF THE RESIDUAL SUM OF SQUARES l~ USED BY
C CALLING SUBROUTINE ACCSSQ.
C I4DIM THE DIMENS ION OF V AND VC (MDIN.GE .MLAST*
C (MLAST+1)/2 ).
C
C WORKSPACE
C
C V A VECTOR REPRESENTING TUE LOWER TRIANGLE OF

I
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C ‘I’IIK NORMAL EQUATIONS MATRIX , WHICH IS STORED
C IN V BY ROWS.
C VC A COPY OF V WHICH IS USED IN TUE CIIOLESKY
C FACTORIZAT ION .
C S A VECTOR REPRESENTING THE RIGHT HAND SIDE OF
C THE NORMAL EQUATIONS.
C SC A COPY OF S WHICH IS USED IN THE CIIOLESKY
C SOLUTION .
C
C OUTPUT PA RAMETERS V

C
C A A VECTOR CONTAINING THE OPTIMAL FILTER
C COEFFICIENTS.
C M THE OPTIMAL NUMBER OF FILTER COEFFICIENTS.
C SSQ THE RESIDUAL SUM OF SQUARES FOR THE OPTIMAL
C M COEFFICIENT FILTER.
C P THE MEAN SQUARE RESIDUAL FOR THE OPTIMAL
C M COEFFICIENT FIL TER GIVEN BY
C
C P = SSQ / DENOM ,

V C
C 2(N-M) IF ICODE.EQ.O V

C WH ERE DENOM —
C (N—M) IF ICODE .EQ.(I.OR.—i).

C
C OCODE AN OUTPUT CODE WIT h VALUES:
C 0- ’OPTIMAL’ SOLUTION FOUND (I.E. NORMAL EXIT) ,
C 1-M.EQ.MLAST , BUT ‘OPTIMALITY ’ WAS NOT
C ACHIEVED (THE USER MAY WISH TO INCREASE
C TU E VALUE OF MLAST).
C 2-PREMATURE TERMINATION , BECAUSE THE CURRENT
C NORMAL EQUATIONS MATRIX IS NOT POSITIVE
C t)EFINITE (POSSIBLY DUE TO ROUNDING ERRORS).
C THE PREVIOUS SOLUTION IS RETURNED IN THIS
C EVENT.
C
C LOCAL VARIA BLES
C

REAL CHSS , SSQL , PL , SUM , YTY , BIG
INTEGER 1, 3 , K , KD , (PM, (P1, MP1, NMM, NP1, IFAIL,

* NMMM1 , I T EN D
C
C THE CONSTANT BIG CAN BE SET TO ANY LARGE REAL NUMBER.
C IT IS USED TO ASSIGN AN INITIAL VALUE TO SSQ AND P
C WHEN MSTART .GT.1.
C

DATA BIG / 1.E20/
C

V 

- C FORM AND SOLVE THE NORMAL EQUATIONS FOR M 1 .
C

OCODE - 0
NP1 - N + 1
M 1
NMM N - M
CALL ACCSUM (X , N , NMM , 0, SUM ) V 

~~~~~~~~~~~~~
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IF  ( I C O D E )  10 , 20 , 30
C BAC KWARD

1O YTY = SUM

SUM = SUM — X ( I ) * * 2  + X (N)**2
GO TO 40

C BOTH
20 SUM — 2 .0 * SUM — X(I.)**2 + X(N)**2

YTY - SUM
GO TO 40

C FORWARD
30 SUM SUM

YTY = SUM — X ( 1 )* *2  + X ( N ) * * 2
40 V ( 1)  = SUM

CALL ACCSUM(X , N , NMM, 1, SUM)
IF (ICODE) 50 , 60 , 70

C BACKWARD
50 SUM — SUM

GO TO 80
C BOTH

60 SUM = SUM*2.0
GO TO 80

C FORWARD
70 SUM = SUM
80 5( 1)  = SUM

A ( 1 )  = S ( 1) / V ( 1 )
SSQL = VT? — A(1)*S(1)
IF (RSCODE .EQ.1) CALL ACCSSQ(M , N, X , A , ICODE , SSQL )
PL SSQL/(N-M)
IF (ICODE .EQ.0) PL = SSQL/(2.0*(N_M))
IF (MLAS’r .EQ.l) GO TO 310
IF (MSTART.EQ.1) GO TO 90
SSQL = BIG
PL — BIG

90 GO TO 140
C
C SOLVE THE NEW NORMAL EQUATIONS AND TEST FOR OPTIMALITY .
C

100 CONTINUEy KD — M* ( M+ 1 )/ 2
IF (M.LT .MSTA RT ) GO TO 140
KD = M * (M+1)/2
DO 110 K 1 ,KD

VC(K) = V(K)
110 CONTINUE

DO 120 1 1 ,M
SC(I) = S ( I )

120 CONTINUE
CALL C H F A C ( M , MDIM , VC , IFAIL)
IF (IFAIL .NE.0) GO TO 300

CALL CHSOL ( M , MDIM , VC , SC CHSS)
SSQ - YTY - CHSS
IF (RSCODE .EQ.1) CALL ACCSSQ(M , N, X, SC, ICODE , SSQ)
P SSQ/(N-M)
IF (ICODE .EQ.0) P — SSQ/ (2.0* (N~ M ) )
CALL AKSTOP (P , Pt., M , N , AKCODE , ITEND)

‘I
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IF ( ITE NU.EQ .1)  GO TO 310
DO 130 1 1 ,M

A U)  = S C ( I )
130 CONTIN UE

IF (M .GE.MLAST ) GO TO 320
- 
- 

SSQL SSQ
PL = P

C
C FORM TUE NORMAL EQUATIONS FOR SUCCESSIVE VALUES OF M.
C

140 IF (ICODE ) 150 , 200 , 250
C BAC KWARD

150 MP1 = M + 1
K = M*(M+1)/2 + 1
V(K) — S (M )  — X(1)*X (MP1)

-
- K P 1 = K + 1

(PM = K + M
J = 1
DO 160 I-KPI ,KPM H

J = J + 1
V(I) V ( I — M P 1)  — X (J)*X(MP1) :

1

160 CONTINUE
(— 0
DO 180 1 1 ,M

DO 170 J 1 ,I
K = K + 1
V ( K )  = V ( K )  — X (NMM+ I )*X (NMM+J )

170 CONTINUE
180 CONTINUE

DO 190 I 1 ,M
S(I) = S ( I) — X(NMM)*X (NMM+I)

190 CONT INUE
NMMM 1 N M M - 1
CALL ACCSUM(X , N., NMMM 1 , MP1 , SUM)
S (MP 1) = SUM
YTY YTY — X ( N M M )* *2  L
M MP1
NMM = N - M
GO ‘ro 100

C BOTH
200 MP1 = M + 1

K M* (M + 1)/ 2  + 1
V(K) — S(M) - X ( NM M ) *X ( N )  - X(1)*X(MP1)
(P 1— K  + 1
(PM = K + M

V J = 1
DO 210 I K P.1,KPM

J = J + 1
V(I) = V (I-MP1) - X(NMM) *X(NP1_J ) — X(J)*X(MP1)

210 CONTINUE
(= 0
DO 230 1 1 ,M

DO 220 3 — 1 ,1
K x K + 1  -~~
V(K) - V(K) — X ( M P 1 _ I ) * X ( M P 1_ J ) —

* X( NMM + I) *X (NMM +3 )
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220 CONTINUE
230 CON’rINUE

DO 240 I=1 ,M
S ( I )  S(I) — Y . ( M P 1_ I ) * X ( M P 1)  — X (NMM)*X (NMM+I )

240 CONTINUE
NMMM 1 NMM - 1
CALL A CCSU M(X , N , NMMM1 , MP1, SUM)
S(MP 1 ) 2 .E0* SUM
YTY YTY — X(MP1)**2 — X (NMM)**2
M M P l
NMM N - M
GO TO 100

C FORWARD
250 M P 1 = M + 1

= M * ( M + 1 ) / 2  + 1
V ( K )  = S ( M )  — X( N MM ) *X (N)
KP1 = K + 1
K P M = K + M
3 = ’
DO 260 I=KP1 ,KPM

3 = 3 + 1
V ( I )  - V ( I - M P 1 )  - X (NMM)*X (NP1_ J )

260 CONTINUE
( = 0
DO 280 t=1 ,F4

DO 2 7 0  3=1 ,1
( — ( + 1
V ( K )  = V ( K )  - X (MP1_ I)*X(NP1_ J )

270 CO N T I N U E
280 CONTINUE

DO 290 1 1 ,M
S ( I )  = S(I) — X (MP1_I )*X(MP1 )

290 CONTINUE
NMMM 1 N M M - 1
CALL ACCSUM (X , N, NMMM1 , MP1, SUM)
S(MP 1) = SUM
YTY = YTY - X(MP1)**2
M MP1
NMM = N - M
GO TO 100

C
C PREPARE THE OUTPUT.
C

300 OCODE 2
IF (M.GT.MSTART ) GO TO 310
M 1
SSQ = SSQL
P — P t .
GO TO 320

310 SSQ — SSQL
P - p t .
IF (M.EQ.1) GO TO 320
M M — 1

320 IF (ITEND.EQ.0 SAND. OCODE .NE.2) OCODE
RETURN

~I1
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S U B R O U T IN E C HFA C ( N , NT , A , IFAIL)
REA L A
INTEGER N, NT, I F A I L  

V

DIMENSION A (NT)
C
C CHOLESKY DECOMPOSITION LU (U — TRANSPOSE OF L )  OF

C N~ N SYMMETRIC POSITIVE DEFINITE MATRIX A. LOWER
C TRIANG LE OF A STORED BY ROWS IN A , AND OVERWRITT EN
C BY LOWER TRIANGLE OF L. NT MUST BE NO SMALLER
C THAN N*(N + 1)/2 . BASED ON TIlE MARTIN-PETERS-
C WILK INSON ALGORITHM CHOLDET2.

- - C
C NO PROG RAM UNITS CALLED.
C
C LOCAL VARIABLES -
C

REAL ONE , X , ZERO , SQRT
INTEGER I , tERROR , 3, K , P, Q, R

C
C CONSTANTS -
C

ZERO = 0 .E0
ONE

C
IERROR 1
P = 0
DO 40 I 1 ,N

Q = P + 1
R = 0
DO 30 3=1 ,!

X = A ( P + 1 )
IF ( Q . G T . P )  GO TO 20
DO 10 K Q , P

R R + 1
X — X — A ( K ) * A ( R )

10 C O N T I N U E
20 R = R + 1

p = P + 1
IF ( t . EQ . 3  .AND. X . L E . Z E R O)  GO TO 50
IF (I.EQ.J) A (P) = ONE/SQRT(X)
IF (I.NE.J) A(P) — X * A ( R )

30 CONTINUE
40 CONTINUE

IERROR T ERROR - 1
50 I F A I L  =

R ET U R N
E ND 

-



SUBROUTINE C t - I SOL (N , NT , 1, B , SS)
R EAL B , I, S~INTEGER N , NT
DIMENS I ON B (N) , L (NT)

C
C SOLvES LUX B (U - TRANSPOSE OF THE NAN LOWER
C TRIANGULAR MATRIX L) ,  X OVERWRITING 6. LOWER
C TRIANGLE OF L STORED BY ROW S IN L. FORM S IN SS
C THE SQUARE OF THE 2-NORM OF Y LIX. NT MUST BE
C NO SMALLE R THAN N*(N + 1)/2 . BASED ON THE MARTIN-
C PETERS-WILKINSON ALGORITHM CHOLSOL2.
C
C NO PR OGR AM UNITS CALLED
C
C LOCAL VARIABLE S
C

REAL T , X , ZERO
I N T E G E R  I , IREV , K , (REV . P Q, S

- I  C
C CONSTANTS -

V 

C
ZERO 0.E0

C
C SOLV E LY B AND FORM SS -
C

T = Z E R O
P — i
DO 30 I-~l , N

0 = I — 1
X = B (I)
IF (Q.LT.1) GO TO 20
DO 10 K = 1 ,Q

X = X — L( P ) B ( K )
P = P + 1

10 CON T I N U E
20 B( I )  = X * L ( P )

P = P + 1
T T + B ( I ) * * 2

30 CONTINUE
SS T

C
C SOLVE U X - Y -
C -

DO 60 IREV 1,N
- 
I - N + 1 — I RE V
S — P — i
P — S
Q I + 1
X B( I )
IF (Q.GT.N) GO TO 50
DO 40 KREV Q,N

K - N  + Q — J (R E V
X — X - L (S)*B(K)

~~~~ S S - K + 1
40 C O N T I N U E
50 8( I) — X * L (S )
60 CONTINUE

- 
- RETURN -

-

END

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ V— V ~_ V _  V
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SUBROUTINE AKSTOP(P , PL , M , N , AKCOD E , ITEND )
REAL P , PL
INTEGE R M , N , AKCOOE , ITEND

C
C FOLLOWING TUE AKA IKE GOODNESS-OF-FIT CRITERION , WE
C SAY THAT M—1 IS OPTIMAL IF M IS THE SMALLEST POSITIVE
C I N T E G E R  FOR W H I C H ,
C
C IF THE MEAN IS sUB’rRAcTED OUT ,
C
C P*(N + (M÷1))/(N_ (M+1)).GT .PL*(N÷M)/ (N_M),
C
C BUT OTHERWISE , -

C
C P* (NfM)/(N_M ).GT .PL* (N+(M_1))/(N~~(M_1)).
C
C

- -  C HERE N IS THE LENGT H OF THE TIME SERIES ,
C M IS THE NUMBER OF COEFFICIENTS, P IS THE MEAN SQUARE
C RESIDUAL , AND PL IS THE CORRESPONDING QUANTITY FOR
C M—1 COEFFICIENTS.
C
C AKCODE IS AN INTEGER INPUT PARAMETER W H I C H
C MUST BE SET TO 1 IF THE MEAN IS SUBTRACTED
C OUT OF THE TIME SERIES , AND WHICH MUST BE
C SET TO 0 OTHERWISE.
C ITEND IS AN INTEGER OUTPUT PARAMETER WHICH IS SET
C TO 1 I F  THE A K A I K E  C R I T E R I O N  IS SA T I S I F I E D , AND WHICH
C IS SET TO U O’rHERWISE.
C
C LOCAL VARIABLES -

REAL XN , XM
ITEND = 0
XN = N
X M M
IF (AKCODE .NE .1) GO TO 10
IF (P*( (XN+XM+1.0)/(XN_XM_1.0)).GT ,.PL*( (XN+XM)/(XN_XM)

* ) )  ITEND = 1
RETURN

10 C O N T I N U E
iF (P* ((XN+XM)/(XN_Xr4 )) GT.pL* ((XN÷xM~.1.O)/ (XN~ XM+].O)

* )) ITEND = 1
RETURN
END
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SUBROUTINE ACCSUM (X , N, NMM , MO V E , SUM )
R E A L  X , SUM
INTEGER N , NMM , MOVE
DIM ENSION X ( N )

C
C CALC U LATES INNER-PRODUCTS ACCURATELY , ASSUMING THAT
C ROUNDING ERRORS MADE IN EVALUATING THE PRODUCTS ARE
C NEGLIGABLE.
C
C LOCAL V A R I A BLES -
C

R E A L S, C, Y, T
I N T E G E R I
S = 0 .0
C = 0.0
DO 10 I 1 ,NMM

= C + X(I)*X(I+MOVE)
T = S
C = (S-T ) + V
S = T

10 CONTINUE
SUM = S + C
RETUR N
END

I

,

I- - — - -- -
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S U B R O U T I N E  ACCSS Q ( M , N, X , A , ICOD E , SSQ)
R EAL X , A , SSQ
INT EGER M , N , ICODE
DIMENS ION X(N), A(M)

C
C CALC ULATES SUM OF SQUARES ACCURATELY , FROM FIRST
C PRINCIPLES.
C
C LOCAL V A R I A B L E S  -

R E A L  A PX , TSSQ
INTEGER I, 3 ,  NMM
TSSQ = 0 .0

• NMM N - M
IF (ICODE) 50 , 10 , 10

C FORWARD ONLY
10 CONTINUE

SSQ = 0 . 0

DO 30 I=1,NMM
APX = 0 .0
DO 20 J=1 ,M 

-

APX = APX + A (J)*X(M+I_J )
20 CONTINUE

SSQ = SSQ + (X(M+I)_APX)**2
30 CONTiNUE

IF (ICODE) 50 , 40 , 80
C SAVE FORWARD SSQ FOR ‘BOTH ’ CALCULATION .

40 TSS Q SSQ
C BACKW A RD ONLY

50 CONTINUE
S S Q = O.0
DO 70 I=1 ,NMM

A PX = 0 .0
DO 60 J= 1,M

APX = APX + A(J)*X (J+I)
60 CONTINUE

SSQ = SSQ + ( X ( I ) _ A P X ) * * 2
70 CONTINUE

C ADD FORWARD AND BACKWARD TO FORM ‘BOTH ’ SSQ.
SSQ SSQ + TSSQ

• 80 CONTINUE
RETURN
E N D


