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SECTION I

INTRODUCTION

_
Introduction

Various facets of analog-digital-analog (A-D-A) systems have been
studied by researchers over the past four decades. These research efforts have
generally followed two distinct lines of interest. The first is the theoretical
approach where the mathematicians have demonstrated the analytical feasibility
of various A-D-A system data processing techniques. While they have derived a
variety of computational formulas, optimization techniques, and bounds on per-
formance, there has generally been much discrepancy between their results and the
performance actually obtained from hardware systems. This is probably due to the
mathematicians lack of interest in the hardware realization problem and hence

their unawareness of many of the actual hardware constraints and performance
limiting errors in A-D-A systems.

The other line of interest is the hardware realization problem where
design engineers have studied the actual errors in A-D-A systems. However, their
lack of interest in mathematics has oftén impaired their ability to formulate
good statistical models for these errors. As a result, design engineers have
often been limited to following heuristic trial-by-error approaches which often
result in over-designed systems that are wasteful of both bandwidth and money.

In his research, Holland has attempted to close the gap between
the mathematical theories for A-D-A systems and the hardware realization problem.

He has tried to generalize and unify all of the existing analytical theories for

*
Portions of this material are reprinted here with permission from: J.F. Holland,
Statistical Analysis of Analog-Digital-Analog Systems, Ph.D. dissertation, Stanford

University, March 1974.




these systems while avoidigg assumptions which are inconsistent with the hard-
ware realization problem. A method is given by which the actual errors in
sophisticated A-D-A systems can be jointly modeled, studied, and design trade-
offs made in order to miriuize the power spectrum of the error. The method has
been shown to agree within tenths of a dB with measurements taken on many actual
high speed A-D-A systems.

In his work a variety of new first and second order multi-
dimensional sampling theorems are given for nonstationary processes. Both
bandlimited and non-bandlimited processes are considered as well as the impact of
aliasing error. These theorems are then generalized to include the effects of
read-in, read~out and locked timing jitter. New modeling results for track and
hold amplifiers are also presented with a simplified Fokker-Planck method of
evaluating the joint probability density function for nonlinear systems with
memory and driven by Gaussian colored noise.

New results are given in his dissertation for the second order
statistics of the output and error processes arising from arbitrary quantizers

with multidimensionally sampled nonstationary input processes having arbitrary

amplitude statistics. All previous results are shown to be special cases of his
results. The effect of A/D and D/A level errors is included in the analysis.
These results are then generalized to include the effect of symbol errors arising
from arbitrary channels.

The equations are formulated so that the input signal dependent
error noise spectrum at the A-D-A system output can be studied. The approach allows
the system designer to determine which errors are significantly limiting performance.
The generality of this analysis is consistent with recent psychophysical testing

results for picture images. Extensions to data compression techniques such as

differential PCM are also considered.




{ . *
2. Requirement for A-D-A System Design Curves

Speech, image, and other signals obtained from sensors and trans-
ducers are generally in analog form. Likewise, most of the signals that control
electromechanicél devices are also in analog form. However, the process’ -~
analog signals has many limitations such as poor resolution due to the pr
noise, problems with analog multipliers, and difficulties with synchronization.
Also, the accuracy of analog processed signals becomes degraded after every operation.
Consequently, with the decreasiag cost of digital hardware, there is a growing
interest in digital processing.

Digital techniques offer the advantages of increased accuracy,
effective noise minimization, and better processing, transmission, and storage of
data. Unlike analog processing, accuracy is not degraded after every operation,
but rather remains a constant. In addition, digital processing makes feasible
the application of adaptive noncausal precision operations such as the filtering
of data. Finally, digital processing is almost fundamental to the concept of
data compression and the efficient communication of information.

The unique advantages of digital control, computation, and com-
munication have found application in préétically every field: process control,
simulation, navigation, telemetry, traffic control, measuring and recording
instrumentation, displays, commerical and military aerospace systems, ground and
satellite communication systems -- the list seems endless. However, the success
of any application depends on how well the digital processor is interfaced with
the analog world. It is the practical limitations and statistical characteristics

of this interface that are the focuses of this research.

* . e Tt

Portions of this material are reprinted here with permission from: J.F. Holland,
Statistical Analysis of Analog-Digital-Analog Systems, Ph.D. dissertation, Stanford
University, March 1974.
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While the literature contains hundreds of analyses and optimizationm

schemes for analog-digital;analog (A~D-A) systems, all have ignored one or more

of the fundamental error sources in such systems. The most common omission is
aliasing (spectral folding) error arising from sampling, which can result in a

20 dB discrepancy between rate distortion theory bounds and actual measured per-
formance. Another common omission is the effect of level errors which in high
speed systems may result in a 12 dB loss in dynamic range (2 bits) from theoretical.
In addition, many of the available papers contain other unfounded assumptions

which give rise to performance predictions which are in total disagreement with
experiment.

Holland's approach, though very mathematical, deals with the com-
bined effect of the actual errors in A-D-A systems and their impact on system
performance. The equations are formulated so that the input analog signal dependent
A-D-A interface and transmission errors can be studied and design trade-offs made
between the various error sources. This report is a companion volume to the

Statistical Analysis of Analog-Digital-Analog Systems. It provides dozens of

design curves which allow the design engineer to analyze, specify, and predict

the performance of A-D-A systems without a strong mathematical background.

1-4
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3. The Concept of A-D-A Svstem Analysis and Optimization

In order to motivate the problem further, consider the example
A-D-A system in Figure 1-1. It consists of an analog-to-digital (A/D) converter
and a digital-to-analog (D/A) converter. Suppose the hardware is over-designed =
so that quantization error and aliasing (spectral folding) error are the only
significant sources of error in the system. Define the input analog signal to
be Gaussian white noise passed through an Nth order Butterworth filter. Let us
examine how well the input signal is reproduced at the output as a function of
the sampling rate, the number of quantization levels, and the order of the

Butterworth filter.

INPUT OUTPUT
ANALOG A/D DIGITAL D/A ANALOG
- =4
SIGNAL CONVERTER [ e CONVERTER [
Figure 1-1. Example A-D~A System

Our first result is shown in Figure 1-2 where we have computed

signal-to-noise ratio (SNR), the noise being due to aliasing error only. This

curve shows that when a 60 pole Butterworth-filtered white noise process is %

Nyquist sampled at twice the 3 dB nominal bandwidth, the SNR after sampling is
only 25 dB. Hence, bandlimiting filters are not easily approximated and over-
sampling is the only reasonable way to drop the aliasing error to a tolerable
level. Some manufacturers make it a practice to over-sample as much as five times
the nominal 3 dB bandwidth Nyquist rate, then struggle to stay within channel

bandwidth.

*
Portions of this material are reprinted here with permission from: J.F. Holland,
Statistical Analysis of Analog-Digital-Analog Systems, Ph.D. dissertation, Stanford

University, March 1974,
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l Figure 1-2 does not show that the ratio of signal power to noise
| power in a narrow frequency slot of the data band is good at low frequencies and
F poor at high frequencies. This phenomenon is shown in the typical set of curves

in Figure 1-3 where the signal-to-noise power spectrum ratio (SNSR) is plotted
versus frequency normalized to the data band for 32 quantization levels. Observe
that for sampling at the Nyquist rate of 2.0 times the input 3 dB frequency, the
SNSR varies by 22 dB over the data band. For an input signal consisting of many
frequency multiplexed channels, this variation obviously cannot be tolerated.
However, there is considerable improvement for sampling at 2.8 times the signal

3 bandwidth since the SNSR varies by only 6 dB.

Suppose we require a minimum of 20 dB SNSR over the data band. At
what frequency should we sample? We expect that the required sampling rate will
decrease as the order of the Butterworth spectrum increases, but increasing the
filter order also increases the phase distortion. Figure l-4 gives a set of curves

for determining the optimum sampling frequency. The intersection of these curves

and the dashed line is the optimum sampling rate. For a fourth order filter, 3.0
is best since any lower sampling rate will not yield a 20 dB SNSR over the entire
data band and any higher sampling rate will waste channel bandwidth. Similarly,
2.4 is best for a ten pole filter and 3.7 for a three pole filter.

In Figures 1-5 and 1-6 the same phenomenon is shown as a function of
the order of the Butterworth spectrum with the sampling frequency fixed at 2.0 and
2.8 times the highest baseband frequency. While the SNSR at low frequencies is
mostly determined by the number of quantization levels, that at higher frequencies
is again dominated by aliasing error. In terms of effective 3 dB bandwidths, the
bandwidths of the recovered signals are 37 and 88 percent of the bandwidth of the
input signal as shown by the dashed lines. Hence, by increasing the sampling rate
by a factor of 1.4 the effective bandwidth of the recovered signal is increased by

a factor of 88/37 = 2.4,
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We also expect SNSR to vary greatly with the number of quantization
levels. This variation i; shown in Figures 1-7 and 1-8 where SNSR is plotted for
2 and 10 bits, respectively.

From this simple example, we conclude there are many design trade-
offs to be made in A-D-A systems. While here we have only considered two error
sources, there are many more in practical systems. Since each of these error
sources produce noise in the output analog signal which is dependent not only on
the A-D~A system parameters, but also on the input analog signal, the analysis
and optimization of such systems is difficult.

4. Preview of Results
N,

~! The purpose of this design manual is to present curves which allow

o S 1 L

the design engineer to evaluate the performance of an A-D-A system.. Section 2
gives an overview of A~D-A system analysis and experimental methods for measuring
performance. Quantization design curves are then given in Sections 3 and 4 for
linearly and logarithmically companded quantizers. Aliasing error design curves
are given in Section 5°¥or Butterworth and Chebyshev spectrums.’“The effect of

dither signals is examined. in Section 6.

1-12
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SNSR Vs. Frequency in Data Band. 5th Order Butterworth
Input Signal Spectrum With Gaussian Amplitude Statistics.
Number of Quantization Levels = 1024 (10 bits).




SECTION II

ANALYSIS OF A-D-A SYSTEMS

1. Introduction

The various components which comprise an A-D-A system have been

rigorously analyzed in the Statistical Analysis of Analog-Digital-analog

Systems. Included in these analyses are detailed discussions of the various error
sources associated with each component:
e Sampler
1) Aliasing error
2) Slew rate error
3) Aperture error
4) Read-in sampling jitter
e PCM or DPCM encoder
1) Quantizing error
2) A/D level error
e Modulator-channel-demodulator
1) Transmission (symbol) error
e D/A converter
1) D/A level error
2) Read-out sampling jitter
3) Reconstruction filter error
o Thermal noise from each component in high performance
low power systems.
This section gives an overview of modeling these errors and experimentally measuring
the performance of A-D-A systems. More detail and experimental verification of the

modeling approach are given in the Statistical Analysis of Analog-Digital-Analog

Systems.
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2. Statistical Analysis of A-D-A Systems

Consider the example telecommunications system shown in Figure 2-1.
It consists of a track and hold amplifier, a quantizer, a channel, and D/A sub-

system. The track and hold amplifier is a bistable device controlled by timing

-
logic. In the track mode the storage capacitor voltage follows the input voltage
within the limitations of the available charging current. This limitation on
charging current gives rise to a slew rate error. During the hold mode the -

capacitor is isolated from the input and its voltage remains essentially constant.
However, depending on the design of the sampling switch, an input signal dependent
discharge of the capacitor may occur during switching from the track to hold states
which gives rise to an aperture error. Finally, phase instabilities in the clock
may result in irregularities in the track and hold periods resulting in read-in
timing jitter.

The quantizer encodes the analog output of the track and hold
amplifier into a digital word during the hold period. This encoding is implemented
by a successive approximation algorithm. At each step of the approximation a
binary decision is made and then fed back to the comparator through a D/A converter
to prepare for the next step of the approximation. The collection of these binary
decisions forms the output digital word. The successive approximation algorithm
can be extended to the encoding of three bits at each step, but requires seven
comparators.

This encoding of the anlog output of the track and hold amplifier
results in quantization error. In addition, imperfections in the equipment give
rise to level errors which cause errors in the encoding. These level errors occur

in two ways:

* : B
Portions of this material are reprinted here with permission from: J.F. Holland,
3 Statistical Analysis of Analog-Digital-Analog Systems, Ph.D. dissertation, Stanford

University, March 1974.
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e A/D level errors

e A/D/A level errors

The first is associated with the comparator decision threshold level and results

in an A/D level error. Through careful analysis it can be shown that this kind

of level error results in a noise which is highly correlated with the signal being
encoded, which distinguishes it from A/D/A level errors. This second kind of level
error results from inaccuracies in the D/A converter due to resistor tolerances and
settling times. It can be shown that D/A, thus A/D/A level errors, are uncorrelated
with the signal and therefore may be represented as an additive noise. While one
might conjecture the equivalence of these two level errors on the basis that they
both produce level offsets, this heuristic equivalence argument breaks down in

the rigorous analysis of these errors. Observe that the effect of an A/D level
error in an A/D converter with only one comparator is to add a constant voltage to
the signal before encoding. When more than one comparator is used, the effect is
more complex.

The channel produces transmission errors in the digital signal
received by the D/A subsystem. From the received digital signal the D/A converter
reconstructs the analog signal. Irregularities in synchronization result in
read-out timing jitter. Also, there will be inaccuracies in the D/A converter
used for reconstructing at the output. Observe that the time domain transients
of the quantizer D/A converter were gated out by the D/A control logic. Hence,
they only resulted in A/D/A level errors. In order to prevent these transients
from corrupting the reconstructed analog signal, the output D/A converter is often
followed by another track and hold amplifier (deglitcher). This amplifier gates
out the transients 30 that their only effect is to produce additional level errors

known as D/A level errors. We specify deglitching and do not model the output

D/A converter transients.

b



l From the preceding discussion it is clear that our example A-D-A
system contains many error sources. In its present form this system is far too
complex to rigorously analyze. The track and hold amplifier alone constitutes

a challenging analysis for any of the available network analysis programs. However, k|

the A-D-A system modeling approach developed in this section will allow us to
: examine trade-offs between the many system errors and locate the dominant ones.
Consider the general A-D-A system shown in Figure 2-2 of which
the system in Figure 2-1 is a special case. It has been broken down into an A/D,
a channel, and a D/A subsystem. Each subsystem introduces errors into the output
analog signal. In some cases the names of the blocks have deliberately been
chosen unconventionally, in an effort to be more definitive as to the function

I of the blocks and the nature of their errors. In order to identify these error

sources and ascertain the degree to which they degrade performance, we now derive
an equivalent A-D-A system which contains mathematically analyzable hardware,
but retains the salient error sources of the original system.

The first step is to replace the actual channel subsystem by one
which is mathematically tractable. The fact that this is possible follows from
several observations. The first is that the digital signals entering and leaving
possibly for some kind of timing jitter. This synchronization is generally per-
formed by clocks and digital logic. The second observation is that a digital
signal may only take on discrete values. Hence, regardless of what modulator,
channel, and demodulator comprises the channel subsystem, the only external effect
of this subsystem is to introduce errors in the digital signal at the output.
Thus, we may replace the channel subsystem by a discrete noisy channel which in
general is neither memoryless nor time invariant.

Our third observation is that telecommunications systems operating
over fading channels, burst error channels, or noisy channels with strong inter-

ference are generally designed to compensate for the deficiencies of the channel.

255




—

TVNOIS

90TVYNV
1Nnd1nNo

wa3lsds V-(J-Y [BIdud)H Y

*Z-¢ @2and1y

e e e e e e e

W3ILSASENS DOTVNY-OL IVLIDIO

NOILONYLISNOIIY

y3Lig

HOLVHINIO
AIAN
AVYNOIS

HO123130
qHOM
aviimia

#300230

TVYNOIS

T mmmm S — —

WILSASENS HIAIIDIY TINNVHI- HILLIWSNVYHL

po

avioa

HOLVINAQOW

TINNVYHD
AHVHLIGHY

HOL1VINAOW3qQ

TVYNOIS

e e e e e e e e e — — — — ——— —

._
|
m
|

aviioia

e e

W3LSASENS 1VLIDIQ-0L O0TVNY

H300ON3

HOLVYHINIO

OHOM TV L1910

H3ZILNVNOD

L ERE LAY

_ TVNOIS

— D0TVNY

_
}
_
L e s

— 1NdNI

2-6

o




v -

Temporal diversity, frequency diversity, spacial diversity, channel coding,

and choice of modulation format are some of the standard techniques. Con-
sequently, in many, if not most applications, an adequate model for the channel
subsystem is a discrete memoryless time invariant noisy channel where the
transition probabilities are derived from the channel subsystem taking into
account the effect of encoding. The result is the simplified A-D-A system model
shown in Figure 2-3.

Our new A-D-A system model can be simplified even further. Observe
that the sampler provides the quantizer with a constant voltage over each hold
period. At the end of this hold period it is assumed that the quantizer circuitry
has reached steady state and the quantizer output is then gated through logic
circuitry (sampled) into the digital word generator. The output of the digital
word generator is then gated through the channel and into the digital word detector
by means of various synchronization clocks. The digital word detector in turn
controls the signal level generator which synchronously pulses the reconstruction
filter. The final output analog signal is then obtained at the output of the
reconstruction filter. Hence, sampling and resampling occurs throughout the
entire A-D-A system to compensate for the physical time constants of the hardware.

For analysis purposes, it suffices to replace much of the A-D-A
system hardware of our model with memoryless hardware which makes the same errors.
Remembering that memoryless devices commute with impulse sampling, we can then
collapse our system model into one which is tractable for analysis but still contains
the salient error sources of the original system. In the resulting system model
the continuous time quantizer and channel are memoryless, and the effect of

sampling is modeled by three devices distributed over the A-D-A system, as shown

in Figure 2-4.
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The sample gnd hold block models the non-memoryless nonlinear
distortion occuring in samplers. For example, this is where we model the
deleterious effects of slew rate and aperture error associated with high speed
track and hold amplifiers. Since non-memoryless nonlinear devices do not

commute with any other portion of our A-D-A system model, the sample and hold

block must be placed ahead of the memoryless quantizer. The memoryless quantizer
block models the effect of quantizing a signal. In addition, it models the A/D
and A/D/A level errors associated with quantization and the D/A level errors
associated with the analog signal level generator.

In A-D-A systems using a large number of levels, the A/D/A level
error noise power is much less than that of the signal. Consequently, this noise
will have negligible effect on the quantization noise and that of the A/D and
D/A level errors. Thus, the A/D/A level error noise measured at the reconstruction
filter will appear to be additional D/A level error noise. Since these D/A
and A/D/A level error noises have the same form of covariance function and are
uncorrelated, they may be added together. This aggregate noise is then modeled
by the memoryless quantizer block.

The impulse sampler, which commutes with both the memoryless channel
and the memoryless quantizer, models performance degradation due to aliasing.
Observe that every error process in an A-D-A system is sampled prior to the re-
construction filter. Hence, not only does the signal arriving at the reconstruction
filter contain noise plus aliasing error due to the input signal, but it also
contains additional noise due to the aliasing of the noise processes and all of
the crosscorrelation spectra between the signal and the various noises.

The impulse sampler also models several types of jitter. The first

is read-in jitter, the departure from intended sampling times in sampling the analog

2-10




input process. The second.in read-out jitter, the departure from the intended
pulsing times of the analog signal level generator which drives the reconstruction
filter. When these two operations (sampling and pulsing) are performed by
different pieces of hardware, the jitters may usually be assumed statistically
independent. In this case the read-out jitter may be due to poor synchronization.
However, when the same clock is used to time both operations, the jitters will
usually be identically equal. In these applications the two jitters are called
lock jitter.

The last block in our A-D-A system model is the reconstruction
filter, which is generally not the same reconstruction filter as in the original
system. Two standard types of signal level generators are ones whose output
simulates that of an impulse sampler and ones whose output approximates that of
an impulse sampler cascaded with a zero order hold filter. When the second type
of signal level generator is used, the reconstruction filter it pulses in the
actual system may be regarded as the cascade of two filters. The first is an
equalization filter which is designed to have an approximate inverse zero order
hold frequency response. The output of this equalization filter will then be
approximately the same as the output signal of the first type of signal level
generator. The filter following the equalization filter is then the same filter
as the reconstruction filter that would be used in conjunction with the first
type of signal level generator.

In the first case where the signal level generator approximates an
impulse sampler, at best we can choose the reconstruction filter to pass what is
in the data band and to block what is nSt in the data band. Since realizable
filters never completely block the noige outside the data band, a reconstruction

error occurs. This may be included in our A-D-A system model by using the actual

reconstruction filter (the filter following the equalization filter for the second

case) in our model.

2=11




Hence, the A-D-A system model given in Figure 2-4 contains all of
the dominant error sources.of the original A-D-A system in Figure 2-2, and thus,
those in Figure 2-1. By dynamically measuring the level errors associated with
the quantizer and the signal level generator, even settling times will be
incorporated in the model. Should thermal noise in some portion of the original
system become a significant factor, it is easily modeled by introducing an in-
dependent additive noise source at the appropriate place of the model in

Figure 2-4.

2=12
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3. Choice of Performance Criterion.

There are a Qariety of performance measures used to evaluate
A-D-A systems. Probably the most commonly used measure is mean square error.
Its choice generally stems more from mathematical tractability than its
relationship to an observers concept of quality. In fact, it is fairly easy
to juggle the spectrum of a signal in speech and picture processing such as to
obtain two reproductions of the original signal, the best sounding (looking) -
one having the largest mean square error. This result follows from one very
simple observation. Consider the system shown in Figure 2-5. The power spectrum

of the error is given by

Sii(m) = Syy(w) - Sxx(w) + ng(w) + ng(m) (2-1)

while Sag(w), Syy(m), and Sxx(m) must be non-negative for all w, ng(w) and

ng(w) are not non-negative. Now the mean square error is the area under the

Sgg(W) curve. Thus, we can choose the system to produce a fairly small mean square

error while keeping S a(w) quite large for some frequencies. Consequently, mean

g

square error is often a very poor performance measure when the noise is signal

dependent and arises from nonlinearities and aliasing.

x(t) SYSTEM y(t)

o

+ &l

Figure 2-5. Performance Measurement Diagram

* . . .

Portions of this material are reprinted here with permission from: J.F. Holland,
Statistical Analysis of Analog-Digital-Analog Systems, Ph.D. dissertation, Stanford
University, March 1974.
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From our discussion in the previous section, we may conclude that
the performance of an A-D-A system is essentially determined ahead of the
reconstruction filter. This follows from the fact that once the signal and
A-D-A system noises have been sampled, thus aliased, there is no way of unscramb-
ling the spectrum. Furthermore, depending on the choice of system parameters,
the resulting noise power in the data band may vary with frequency by as much
as 60 dB. Hence, a good performance measure must provide information on the
frequency distribution of the noise relative to the signal over the data band.
Finally, the effect of the crosscorrelation spectra must not be ignored.

Our performance criterion,
Sxx(w)

Sgg(w) (2-2)

SNSR (w) =

the ratio of the signal and noise power spectrums over the data band, has all of
these advantages. In addition, it is essentially independent of the choice of
reconstruction filter, consistent with our viéw that A-D-A system performance 1is
essentially determined ahead of the reconstruction filter. It furthermore, is a
performance measure that may easily be used in the lab to obtain performance data,
due to its similarity to the standard noise power ratio (NPR) measurement.

Since the dominant errors in A-D-A systems are signal dependent,
system noise cannot be measured in the absence of an input signal. Consequently,
NPR must be computed from the two measurements shown in Figure 2-6. The first
measurement gives the total signal plus noise power at a specified frequency. 1In
the second measurement the signal is notched out at that specified frequency so

that only noise is measured. The ratio of these two measurements gives the NPR.

S (w)

NPR (0) = —S”—(E— = SNSR () + 1 (2-3)

22
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From (2-3) we have that

] NPR (w) ~ SNSR (w) Sxx(w)>> SEE(w) (2-4)

The individual SNSRs due to the various error sources in an A-D-A
system add like resistors in parrallel. Let SNSRn (w) be the SNSR resulting from

the nth error source. Then the total system SNSR is given by

N
-1
_z___l_ =
SNSR (w) = [ SNSRn(m)] . (2-5)

n=1
For example, suppose only two error sources are of interest and the SNRs due to

each are SNSR1 and SNSR, where SNSR. 2> SNSR,. Then the second error source dominates

Z ) Fet 2
the the total SNSR is
E
SNSR1 SNSR2 § SNSR2
SNSR1 + SNSR2 SNSR -1 (2-6)
1 + ____.1.. v
SNSR2

Table 2-1 shows how much the total SNSR is degraded from SNSR2 as a function of

(SNSRI/SNSRZ).




TABLE 2-1.

DEGRADATION BY SECOND ERROR SOURCE

EEEE; EEEE—) in dB
SNSR2 SNSR2
0 01
2 A2
4 .46
6 .97
8 .64
10 W41
12 .27
14 L7
16 «11
18 .07
20 .04




*
4. A-D-A System Measurements.

One of the important applications of our A-D-A system modeling
and analysis is in the determination of which elements of the system impair
performance most. Since it makes no sense to compare analog signals with
digital ones, there are only two places where system performance can be measured.
The first is between the sampler and quantizer, and the second is at the output
of the A-D-A system. Consequently, given only measurements from these two locations,
it is very difficult to ascertain the source of the dominant errors and thus
determine how to compensate for them.

However, our system modeling approach coupled with a few hardware
measurements allows us to examine trade-offs between the many A-D-A system errors
and locate the dominant error sources. This is accomplished by experimentally
determining the A/D, A/D/A, and D/A level error variances, the read-in and read-
out timing jitter probability densities, and the channel transmission error
characteristics. This information plus various A-D-A system specifications are
then combined with our A-D-A system equations on a computer to evaluate total
system performance. The result of this approach is a set of curves giving
SNSR (NPR) as a function of frequency by error source in addition to a plot of
SNSR (NPR) for all error sources. The dominant error sources may immediately be
identified from these curves.

Figure 2-7 shows a standard test setup for measuring the joint effect
of A/D and A/D/A level errors. A typical set of measurements is given in Figure 2-8
for a 9 bit uniform quantizer like the one shown in Figure 2-1. Because there is

only one comparator, all of the error shown is due to A/D/A level errors.

* . . . . . .
Portions of this material are reprinted here with permission from: J.F. Holland,

Statistical Analysis of Analog-Digital-Analog Systems, Ph.D. dissertation, Stanford
University, March 1974.
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These measurements are entered into a computer program which
performs a least squares curve fit of a line to the data and then evaluates the
mean square erfor. The resulting slope of the line is then taken as the intended
step size E and the resulting mean square error is then used as an estimate of
the true A/D/A level error variance Ezozad. D/A level errors are measured similarly
as shown in Figure 2-9.

A variety of standard techniques for measuring timing jitter and
channel bit error rates are discussed in the literature. Since such measurements

are not central to our purpose, we do not elaborate on them. Figures 2-10 and 2-11

show test setups for measuring the NPR at the output of a sampler and of an

A-D-A system.
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*
5. Specification of Test Input Processes.

In practice, the noise introduced by A-D-A systems is not uniformly
distributed across the data band, but rather may vary with frequency by as much

as 60 dB. The noise is also highly correlated with the signal. Consequently, K

careful selection of test input processes is required. |
In all of our analyses the input signal spectrum is taken to be

white noise filtered by an Nth order Butterworth or Chebyshev filter. In the

limit as N»» these give an ideal low-pass (bandpass) spectrum. The Butterworth

and Chebyshev spectrums are reasonable approximations for many signal spectrums

and in particular for those of a baseband composed of frequency multiplexed

audio channels when there are more than 16 active channels. They also permit

an evaluation of the extent to which an input signal waveform must be filtered

or bandlimited in order to reduce to tolerable level the noise due to aliasing

error. As a result, it has become common practice to simulate traffic conditions

on FDM telephone channels and in other systems with these spectrums. It is

assumed that the desired signal (data band) ends at the 3 dB point of the spectrum.

The sampling frequency is then referenced as some multiple of this maximum

v

baseband frequency.

In order to complete the specification of the input, its
amplitude statistics must be identified. Normally distributed amplitude
statistics are particularly attractive because slot noise generators have normal
outputs. Gaussian statistics are often a good model for many signals of interest.
In particular, for signals composed of frequency multiplexed audio channels,
the normal assumption is especially good for 16 or more active channels. However,

at times the amplitude statistics of inputs are more nearly uniformly than

Portions of this material are reprinted here with permission from: J.F. Holland,

Statistical Analysis of Analog-Digital-Analog Systems, Ph.D. dissertation, Stanford
University, March 1974,
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normally distributed. For example, the amplitude statistics of the input might
be multimodal. In the case of speech, the amplitude statistics are often modeled
by a Laplace distribution. Consequently, the analytic determination of A-D-A

system performance for uniformly and Laplacian distributed inputs is also useful.

6. Use of Design Curves

A compendium of design curves are given in the following sections.
They include the effects quantization, aliasing, and other errors. Using equa-
tion (2-5), the SNSR for these different error sources may be added together
to give the total system SNSR or NPR.

For example, from the design curves in Sections 3 and 5, a 10 bit
system with 20% level errors set at the optimum crest factor of 4.5, with a 6
pole 1.0 dB ripple factor 2.0 MHz Chebyshev aliasing filter centered at 1.44 MHz,

and with a 5.76 MHz sampling rate yields the NPR shown in Figure 2-12.
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NPR (dB)

20 | |
44 1.44 2.44
FREQUENCY (MHz)

Figure 2-12. Total System NPR Versus Frequency.

e 10 Bits with 20% Level Errors and Optimum Crest Factor of 4.5

e 6 Pole 2.0 MHz Chebyshev Spectrum with 1.0 dB Ripple Factor and
Center Frequency of l.44 MHz

e 5.76 MHz Sampling Frequency

e=17
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SECTION III

UNIFORM QUANTIZATION DESIGN CURVES

1. Introducticn

This section gives equations and design curves for predicting
the dynamic range limitations imposed by quantization and level error om a

uniform (linearly companded) A/D converter. The results of this section are

-t
presented in terms of SNR since quantization and level error produce noises

which are not strongly correlated with the input signal and whose power

spectrums are approximately constant with frequency. Consequently,

S(f)

Tcz

SNSR(f) =

(3-1)

74
where S(f) is the signal power spectrum, T is the sampling period, and ¢~ is
the quantization plus level error noise power. When the signal power spectrum
is nearly constant with frequency,

2
g

s(e) = 32~ ' (3-2)

where ¢ 2 is the signal power and B is the 3dB signal bandwidth as defined in
]

Figure 3-1. In this case the SNSR is nearly conmstant with frequency and equals

sysp = SR t==d)
2BT
where SMR is * 2
s
SNR = o (3=4)
g

This relationship is shown in Figure 3-2 as a function of normalized sampling

rate.
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For uniform quantization, the step size E is

g2 lehy . 2-(q-1)nos (3-5)
where q is the number of bits, 2V is the peak to peak quantization range, and

n is the crest factor (peak to RMS ratio).

W ==

9 (3-6)

The noise power

C =0g + E@ (3-7)

is the sum of the uantization noise power oqz and the level error noise power

E2 OTZ. The parameter O is the RMS value of the level error. Then
SNR
SNR = d ) (3-8)
) 2 2, ,-(q-1
1+SNan Op 4

where SNRq is the theoretical SNR associated with quantization.

2
(o}

SNR = —— (3-9)
q 2
o}
q

Performance of an A/D cénverter depends on the amplitude
statistics of the input signal. Two cases are considered here. The first is
uniform statistics which gives an upper bound on performance and the second is
Gaussian statistics which gives an estimate of typical performance for a
great number of systems.

2. Uniform Amplitude Statistics

The uniform amplitude statistics case gives an upper bound
on performance since the dynamic range of the input signal perfectly matches
the quantization range. Hence, there is no overload error introduced by limiting

the input signal. By definition the crest factor n = Y3 and




SR = 4% = 6.02q(dB) (2-10)

Equation (3-8) reduces to
49

SHR = e (3-11)
1+120,,

which is plotted in Figure 3-3.

Observe the variation in performance with percent level errors.
A manufacturer's specification of + 1/2 LSB quantization error maximum, with a
uniform distribution of level errors would produce GT2 = 1/12. Thus, Op = 1//12 =
297 results in a 3 dB loss in SNR from (3-11) which is equivalent to 1/2 bit less

quantization resolution from (3-10). Table 3-1 summarizes the number of lost

bits as a function of cT.

Table 3-1. Equivalent Number of Lost Bits

cTz SNR dB lost Number of Lost Bits
29 3 Y
50 s 1
76 9 1%
112 12 : 2

3. Gaussian Amplitude Statistics

Performance predictions assuming Gaussian amplitude statistics

are more nearly typical than for uniform statistics since actual signals are

not received with their amplitudes hard limited. Since an A/D converter can only |
encode over the peak to peak voltage range of 2V, the signal will be limited by

the A/D converter producing an overload noise. This additional noise degrades

3=9
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Figure 3-3. SNR Versus Number of Bits For Uniform Amplitude Statistics.



the performance of the A/D converter as a function of crest factor n. Too small

a crest factor results in excessive overload noise while too large a crest factor
results in a performance degradation because the full resolution of the A/D
converter is not used. This is illustrated in Figure 3-4 for 10 bits.

There is thus an optimum crest factor for each number of bits q.
This optimum crest factor is shown in Figure 3-5 for zero, 40%, and 907 level
errors. Observe that the optimum crest factor increases almost linearly with
the number of bits unlike the uniform amplitude statistics case. For this

optimum crest factor, Figure 3-6 gives SNR versus the number of bits q.

3-7
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Figure 3-6. Quantization SNR Versus Number of

Bits for Gaussian Amplitude Statistics.
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4. Design Curves for Gaussian Statistics

Design curves of SNR as a function of crest factor for uniform
quantizers and Gaussian amplitude statistics follow. They cover the range of
2 to 30 bits and are parametric in RMS level errors. These curves were obtained
from the equations given in Appendix A.

For example, a 10 bit A/D converter with 407% level error has
a SNR = 47.3 dB at the optimum crest factor of n = 4.3, With a normalized
sampling rate of 2.5, the SNSR = 48.3 dB in the center of the band and 3 dB

less at band edge.
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10, ... 80, 90 Percent Normalized Level Errors.
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k SECTION IV

LOGARITHMIC QUANTIZATION DESIGN CURVES

1. Introduction

This section gives design curves for predicting the dynamic range
limitations imposed by quantization on a logarithmically companded A/D converter.
1 The basic theory is the same as presented in Section 3 except that the quantiza-
tion is no longer uniform. Consequently, only a discussion of logarithmic compand-
ing is included in this section. Both Gaussian and Laplacian amplitude statistics
are considered and the equations from which these curves were obtained are given
in Appendix A.

2. Logarithmic Companding

As discussed in Section 3, uniform quantization is only optimum
when the input signal has uniformly distributed amplitude statistics. For other
amplitude statistics nonuniform quantization gives better theoretical performance.
Quantization of a compressed version of the input signal is logically equivalent
to nonuniform quantization and is generaily easier to implement in hardware.
Signal compression achieves the same goal as nonuniform quantization by amplifying
weak portions of the signal more than strong portions without altering the quanti-
zation step size.

Figure 4-1 gives a block diagram of a logarithmically companded
A-D-A system. It consists of a logarithmic compressor, a uniform quantization
' A-D-A system, and an exponential expander. The expander is chosen to have the
inverse characteristic of the compressor in order to restore the proper amplitude

statistics to the output signal. Let x(t) and y(t) be the input and

4=1




INPUT —> COMPRESSOR A-D-A EXPANDOR ~—> OUTPUT

SYSTEM

Figure 4-1. Logarithmically Companded A-D-A System.

output of the compressor, respectively. Then the logarithmic compressor is

defined by

2n [1 + ux(t)/V]

3 n [l + u] x(t) 20
y(t) = (4-1)
wn [1 - ux(e)/v]
o i (L + u] x(t) < 0

where p is the compression factor and 2V is the peak to peak quantization range.
This equation is plotted in Figure 4-2 fqr several values of p. Generally

speaking, the slower the input signal pr;bability density function goes to zero

as the magnitude of the input goes to infinity, the more logarithmic compression
will improve performance relative to SNR. This is exemplified in Figure 4-3 and
4<4 where SNR versus crest factor is plotted. In both figures the second curve
gives the optimum SNR for all values of compression factor u. With Gaussian
amplitude statistics the optimum p = 2.5 whereas with Laplacian amplitude statistics
the optimum u = 8.0. Observe the optimum companding only improves performance over

no companding (u = 0) by 1.0 dB with Gaussian amplitude statistics. However, with

4=2
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y(t)/v

Figure 4-2. Logarithmic Compressor Characteristic.
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Laplacian amplitude statistics there is over 3.0 dB improvement. Nevertheless,
the Gaussian case with no companding yields a higher SNR than the Laplacian case
with optimum companding.

From these curves, optimum SNR is only maintained over a small
range of crest factor or alternatively over a small range of input signal power.
It is often desirable to maintain a minimum SNR (say 20 dB) over some range of
input signal powers. With a compression factor u = 100, this minimum SNR is
maintained with Gaussian amplitude statistics for crest factors between 9 and 27
dB. Similarly, it is achieved with Laplacian amplitude statistics for crest
factors between 13 and 28 dB. Thus, the larger the compression factor beyond the
optimum value the lower the maximum SNR, but the larger the range in crest factor

or signal power. The no companding case gives the least range in crest factor.
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3. Design Curves for Gaussian Statistics

Design curves of SNR as a function of crest factor for logarith-
mically companded quantizers and Gaussian amplitude statistics follow. They cover
the range of 2 to 12 bits and are parametric in compression factor.

For example, a 10 bit A/D converter with u = 200 has a SNR = 50.2

dB at a crest factor of 15 dB. With a normalized sampling rate of 2.5, the

SNSR = 51.2 dB in the center of the band and 3 dB less at band edge.
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Logarithmic Quantization SNR Versus Crest Factor For 12 Bits And

Gaussian Amplitude Statistics.
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4. Design Curves for Laplacian Statistics

Design curves of SNR as a function of crest factor for logarith-
mically companded quantizers and Laplacian amplitude statistics follow. They
cover the range of 2 to 12 bits and are parametric in compression factor.

For example a 7 bit A/D converter with u = 1000 will maintain a
minimum SNR = 28 dB over the crest factor range 15 dB to 51 dB. This corresponds

to a 36 dB range in input signal power.
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