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~i~I~E~EThe stress function for a semi—infinite elastic strip with free edges is

expan ded in elgen functions of Papkovitch-Fad ’ be type , and biorthogonal func-

tions are constructed by use of the adjoint operator. T~ establish complete-

ness, the same expansion is obtai~ed by aPc~uri~ r transform solution of the

bihaz~~ iic c~quation. ({~ ~~~~~~~~~~~~~~~, r c. ’1 data is supplied in the form of prescribed tra~tions or prescribed
‘I displacements, the coefficients in the expansion nust be found by truncation of

an infini te  set of linear equations. It is noted that the method s for formulating

such equations that have been proposed in the past are unstable with respect to

the order of truncation.

A systematic search among all possible weighting functions in the biorthogonal

family for use in a Galerkin method leads to a unique choice of optimal weighting
functions securing maximum stability by generating a diagonally-dominated matrix.

Calculations are presented for a nunbe r of test cases using this method together

with t~~-)3e of Benthem (1963) and Joimson and Little (1965), and with a method of

direct co1~~~:atj on . The method of opt imal weight ing functions produces consider-

ably more stable values for coefficients as the order of truncation is changed.

This opens the way for an examination of the convergence of the eigenfunction

expansions for data of this class , and should also prove useful for problems
I

involving cracks.
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SIGNIFICANCE AND EXPLANAT ION

The problem of calculating stresses in an elastic strip x1 1 < 1, x2 
> 0

from given end conditions has proved difficult despite its practical importance.

The Airy stress function ~2 possesses an expansion in eigenfunctions, hit the

coefficients in this expansion can be found explicitly only in certain particular

cases. %then the end data takes the form in which the tractions ~~~ ~‘12 are
prescribed, the coefficients have to be found from the truncated form of an

infinite set of linear equations. These equations can be formulated in many ways ,

but it has been found that those proposed in the past lead to matrices which fail

to satisfy the criteria for stability of the solution as the order of truncation

increases.

A set of opt imal weighting fun ctions for use in a Galerkin met~~- 3  Gf formu-

lat ing the linear equations has been found by systematically searching amon g

possible members of the family of eigenfunctions. These functions secure maxi-

mum stability by generating a diagonally-dominated matrix. Calculations are pre-

sented for a number of test cases using this method together with those of

Benthem (1963) and Johnson and Little (1965), and with a method of direct collo-

cation. The inathod ~f optimal weighting functions produces considerably more

stable values for coefficients as the order of truncation is changed. This opens

the way for an examination of the convergence of the eigenfunction € cpan sions

for data of this class, and should also prove useful for problems involving

cracks.

The re sponsibility for the wording and views expressed in this descr~~~t i ..
sulmnary lies with MRC , and not with the author of this report .
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MIXED BOUNDARY VALUE PROBLEMS

FOR THE ELASTIC STRIP: THE EIGENFUNCTION EXPANSION

D. A. Spence

1. Introduction

The stress function c~(x,y) in a semi—infinite elastic strip y > 0

with free edges x = ±1 satisfies the biharmonic equation = 0, and pos-

ses~~ s an eigenFunction expansion of the form- A y
= 

~ 
Ck e 

k wk~~
) (1)

from which the stress components are found as the second derivatives

~~~~ c~~~. The Ak are the zeros with positive real parts of

A ± sinA cosA ( ~~ eigenfunctions)

Such expansions , associated with the names of Papkovitch (1940) and Fad’le

(1940), are discussed by Lur ’e (1964) , Buchwald ( 1964) , Buchwald & Doran (1965)

and many other authors.

For rtain combinations of boundary data on the edge y 0, namely when

either ~~ and , or (ii) and are both given on this

boundary , the coefficients ck can be written down as quadratures of the

• boundary data , using certain functions biorthogonal to appropriate derivatives

of the wk . The first of these combinations was treated by Smith (1952);

recently Joseph (1977) has discussed the convergence of the resulting expansion

in terms of the boundary data for this case.

In the present paper , we consider combinations of edge data for which

explicit solutions are not available. First, however , expressions for the

disr,1ac~—rnt and stresses in terms of £~ are given in section 2, and the

eig~ r func~~ion expansion (1.1) is developed in section 3, the stated biorthog—

onality properties of the functions W k and their derivatives being derived

formally from properties of the differential operator associated with the bi-

• harmonic equation and of its adjoint operator. This derivation does not prove

that the expansion (1.1) is complete. However the solution of the biharmonic

equation for the strip is again obtained in section 4 by use of the Fourier

sine or cosine transform, as appropriate for the boundary conditions. It is

Sponsored by the United States Army under Contract NO.



found that the transform of ~ (even) has poles at the zeros of -~ + sin C OS A ,

and at no other point. The residues at these points produce the expansion

(1.1), and its completeness for y > 0 can thereby be established.

In the practically-important case when both tractions (i.e. and -~~~~~ , )

are prescribed on the edge y = 0, an explicit solution is not possible. From

(1.1) we have the expansions

~xy~y=o 
= 

~ 
C~~ ~~~~ (x) (l.2a)

~~xx~y=o 
= 

~ ~~~ (x) ; (l.2b)

where (x) = _ A
k w~ (x) , 4~ ( 2 )  (x) = iij~ ( x) . but the ck must now be I our~d

by solving a truncated set of equations derived from these. Various ways of

deriving such a set have been suggested: Benthem (1964) equates Fourier sine

and cosine coefficients of the two sides of (l.2a) and (l.2b) respectively;

Gaydon and Shepherd (1964) also form Fourier coefficients of the two sides,

but evaluate the Ck by optimizing the fit to a larger number of coeffi-

cients in least squares approximation .

A d i f f e ren t  approach involving eigenfunctions of the adjoint  operator is

due to Johnson and Little (1965). In effect they use certain of these eigen—

functions , say ~(1) ~(2), as weighting functions in a Galerkin method , thus

obtaining an infinite set of equations of the form

cm 
= 

~ 
F k C

k 
+ d (1.3)

where

F k 
= — f

l
( f , W ~ + ~~ p~~~~) d x  (m~ k)

F~~ = 0, and dm is known from the boundary data.

Johnson and Little are led naturally to their functions ~~~~~~~~ ~, (2) by

considering the biorthogonality properties of a larger set of functions

i = 1,2,3 ,4 which gives rise to the explicit solutions mentioned

earlier , but are not able to obtain an explicit solution for the present case ,

and it can be shown that there is no possible choice of weighting functions

for which F~~ = 0 for every m~k , as would be necessary for an explicit

solution .

— 2 —
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To ensure that the solution of a truncated set of 2N of the above

equations should approach a definite limit , the solution vector of the infinite

system , it is necessary for the matrix to be diagonally—dominated , in the

sense that

~ F < 1—F (1.4)
k~ m mk mm

for each m . A detailed examination in section 5 shows that this require-

ment is not satisfied by the matrices arising in either the Benthein or the

Job- 
~son-Ljtt1e methods.

Accordingly we seek weighting functions that will at least comply with

(1.4). For this purpose we examine the matrix F when 
~~~~ 

~(2) are re-

placed by functions of the form

= A$1~~ + B$~
3
~

= ~~~~~ + ~~~~m m m

It turns out that the criterion (1.4) can be satisfied with just one choice

of the four constants A to D . The weighting functions so found are

referred to as “optimal”.

-b The methods mentioned , and in addition direct collocation , i.e. satisfying

the equations (1.2) at a particular set of points on (0,1), have been tested

by application to three representative sets of initial data for ~ and

c~ on y 0; the results are compared and discussed in section 6.
xy
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2. Stress function and displacements

To define the problem we use the standard suffix notation . Elsewhere in

the paper x ,y will replace x1,x2 as coordinates.

Consider as in figure 1, a semi-infinite elastic beam occupying the strip

—l < x1 < 1, x~ > 0 of the x1,x2 plane .

alj
_0

0l2
_0

‘°22
0’

-1 1
012

The edges x1 = ±1 are treated as stress-free throughout , and we shall

consider only distributions of stress such that

011,0 22 are even
with respect to x1 .

012 is odd ) (2.1 )
The traction on the end x =  0 is assumed to be equilibrated by a force 2N

in the x
2 direction at infinity , where

N = ~l 

~°22~x2=O 
dx

1
.

The stresses may then be written in terms of a stress function ~ satisfying

the biharmonic equation in the form

—~~~ = n  + N  ( 2 . 2 )011 — ‘22 ‘ 0 12 ‘l2 ’° 22 ‘ 11
We shall write = P

(2.3)
and the biharmonic equation is ~P = 0

where ~ is the Laplacian

‘rhe displacement gradients in plane st ra in  are given by
2~u 1,1 (1 — v)a 11 

— va~~~ 2 
2 2 = v o 11 + (1 —

( 2 . 4)
+ u2 1 ) = 0 12

—4—
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To treat boundary value problems , it is convenient to introduce in addition to

p , its harmonic conjugate Q linked by the Cauchy-Riemann equations

P,1 ~,2 
~~~~~~ —Q ,1 (2.5)

Q may be defined as zero on x
1 

= 0, and is then an odd function of x1. The

shear strains can then be written

(ui~~~2~i — f l , 12~~~ ) — v )  Q . (2.6 )

Th e vaiues  of 012, 022 — N , c~ and P on the boundary x2= 0 will be de-

noted by a 4-vector f(x1) with components

(~°l2 \ ~~ \ (f(l) (xl~~

1 0~~~ - N \ [ n ,11 \ / f~~~ (xi) \
-Q ) = 

~ 
f 1 

~~~~~~~~~~ 
dxj  ~ f~ 3~~(x1) ) 

f(x~ ) (2.7)

p 
=0 J \~~~

) 
(x 1~J

fW , f ( 3 )  
ire odd functions of x1, f

(2), f(~~ are even.

In terms of these functions , the qradients of displacement along the edge are

u (f (2) 
+ (l-v)f~

4
~ - vN

2~ (u ~) 
0~~

_f (1) (1- f~~~ 

(2.8)

The corresponding expressions for the case of plane stress are obtained by

writing 
~~~~~~ 

in place of v in the above. These are equivalent to the expres-

sions (2.11 d) of Johnson and Little.

The biharmonic equation can be solved explicitly when either ( a )  fW

and f(3) are given (i.e. 012 and u 2 ) or (b) f(2) and f (4) are given

(i.e. 1
22 

and U
1
). We proceed to find the solutions for case (a )  and case (b)

in turn , b~ ~ise of Fourier cosine and sine transforms respectively, and then

combine the solutions to treat (c) (the stress problem): 012 and 022 given.

(d) (displacement problem) u
1 
and U

2 
given, for both of which a unique solu-

tion also exists, but can be obtained only in terms of an infinite set of

linear equations.

— 5—
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3. The eigen function expansion

From now on we shall replace x1,x2 by x ,y, and suffixes will be used to
denote derivatives.

The biharmonic equation = 0 in y > 0 wi th  s t ress-free  boundary

conditions

= 0, c2~~, = 0 on the edges X = ±1 (3.1)

and symmetry about x = 0 possesses eigen-solutions of the form

- Àye w ( x )

(Re A > 0 ) ,  where ~ satisfies the fourth order ordinary differential equation

(D2 + A 2)
2 u = 0 (DE— ~-~

with boundary conditions (3.2)

x 0 :  D w D 3w = 0

x 1 :  w D w O

These are satisfied by~

= ( A  cosA ) 1 (tanA cos Xx — x sin Ax) (3.3)

when A satisfies the equation

A + sin A cosA = 0 ( 3 . 4 )

In addition to the root A = 0 , the equation possesses a conjugate pair of

roots A , ~ in each interval (n— ~~hi 
< Re A < ( n— ~~ hr . — A  , —

~~~~ are alson n 2 4 n

roots. The asymptotic location of the roots for large n is

A ,  A - - ~~~~~~~~~ ± ~ ~~ + o ( — ~--- ) ( 3 . 5 )

where 
~ 

= (4n —1 ) - i r . The f i rst 10 roots are listed ii~ Table 1.

Accordingly we seek a solution of the biharmonic equation subject to (3.1) in

the form
_ A

k
y

f l ( x ,y )  = 
~ 

Ck e ~k
(x) (3.6a)

k
where 

~k
(x) = w (x ,Ak), and the ck 

are coefficients to be determined from the

remaining boundary data on x = 0. In this summation , A k ranges over all the

roots of (3.4) with Re A > 0 , i . e .  the sum means

~The factor (AcosA)~~ in the expression for ~ has been introduced to simplify
l a te r  expressions, and ensures that  the L, norm ~ 0 as A -~

— 6 —  
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Table 1. Roots of ( 3 . 4 )  in first quadrant 
S

n R e X  I m An 0

1 2.106196 1.125364
2 5.356269 1.551574

3 8 .5 3 6 6 8 3  1 .775544

4 11.699178 1.929405
5 14.854060 2.046853

6 18.004933 2.141891

7 21.153413 2.221723

8 2 4 . 3 0 0 3 4 2  2 . 2 9 0 5 5 2

9 27.446203 2.351048

10 30 .591295 2 .405013

The asymptotic expression 
~ 

- - .~ -_-~~ gives 6 figure agreement with

Re A at n = 4 , an d 9.n~ + ( ( 9 5 n~ >
2 

— 2~ nF _1]/~
2 

agrees with In A to

• 4 x 1 0~~ at n = ~~ 

2 n n n n n

—7—
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e ‘~ w~~~(x)  + c~ e w ( x ) }  ( 3 . 6 b )

but wi l l  be wri t ten  from now on in the form (3.6a)

Subs t i tu t ing  ( 3 . 6 )  in ( 2 . 6 )  gives

f (~~ (x )  = 

~ ~k (x )  , i = 1, 2 , 3 , 4

where

• 
—A Dw co sAs in) x — x sin A cosAX

( ~ ( 2)  ‘
\ ( D~~W \ ~ 

— (2 / cos A )  cos ~x

• kk = ~ ~~) ) = 

~ ( A ~~~D
3+ A D ) ~~~

) 

= 

(2/ c o s A )  ~~~ 
( 3 . 7 )

~~~~~~~~ 4)J  ~~~(D2 +A 2 ) 5 
~~=A k 

~~~— ( 2 / c o s  A ) cos Ax

Biorthogonal functions

Functions biorthogonal to the 2-vector

f~~k \ ( 1 , 3)(3) 1
~k )

can be constructed by looking on (3.2) as the system

L d~~
1’3> = A 2 b~~

3 ’3> ( 3 .B a )

(~D2 D2
~
’
\

where L is the operator ( 2 )~ 
with associated boundary conditions

~~ 0 - 0 )

y = 0: 4
(l~ = ~> 

= 0
1) (1 (3) ( 3 . Sb )

y = 1: = 0 , D ( 4i —
~~ 

) = 0

The eigen funct ions  ,(l~~3) are then biorthogonal to the eigen functions

of the adj oint operator L which is defined by

~ 
(1,3) L$ (1 1 3) ) = (T~ 

(1, 3) ~ (1 1 3) ) ( 3 . 9 )

Here we have introduced an inner product notation

(f (l . 3) ,g (l~ 3) ) — ~l (f (l ) g (l ) 
+ f (3) g (3 ) )dx

0
We shall also use the notation (3.10)

f 1 f(x) dx
0

—8-
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* T -
~~~~ tind th:it L = L , w~ th boundary conditions

y = 0: ~l) = = 
( 3 . 1 1 )

= i: = 0 , D ( q ~~
1
~ - ~ ( 3 ) ) = 0

These are satisfied by

(~~
(1) 

~ 1 (~~~
3) 

\

~ ~~~~~~ ) = 
~~ ~~~~ ) 1 • 

( 3 . 1 2 )

where A is a root of (3.4). The normalizing factor ~- has been introduced

so that the scalar product

(~~( 1~~3) 
~

(l i 3) ) = 6nm (3.13)

- The vector ~(2,4) is also an eigenfunction of the same matrix operator

wi th  the d i f f e r e n t  boundary conditions

y = 0: D p ~
2
~ = D4~~

4 >  
= 0 ( 3 . 1 4 )

y = 1: ~
( 2 ) _~~

( 4 )  
= D ($ ~

2
~ — ~~4 )

> = 0.

In this case the adjoint is again LT, with side conditions

y = 0: DlP~~
2
~ = D = 0

y = 1: = o , o ~~ 4) 
=

whence
- 

(~~ ( 2 ) ’\~ 11 ~~~

- - 
~~~~( 4 )  ) = 

~~~~ ~ ( 2 ) _ ( 4 )  (3 . 1 5 )

and likewise

(~~(2 ? 4 )  
t~~

2 ’4
~~) = - (3.16)

The biorthogonality relations can be confirmed by direct calculation (Appendix A ) .

Writing ( 
~~~~~ 

~~~~~~) ) = K~~~ , i = 1,2,3,4 we find that

(i) 1
K = — (3.17a)mm 2

while for -m�n 2

K~~
1

~ = —K ~
3
~ = 

2 A A  
, ~~~~ = —K ~

4
~ = 

2A 
(3.ilb )

urn 
A
2 —A 2 !fl ~~ A

2 
— A

2

m n S nwhe re

o S (cos Am cos A0 ) 1 ( cos A x  cos A x )

m~n (3 . l7c)
( (A  tan A — A tan A )/ ~X 2 

— A2 )
m m n 0/ In 0

n~ n

—9—
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2 — 1From the equation tan A + A tanA + 1 = 0, which is a form of (3.4), we

deduce that

tan A = ± i  (1 — 1/4A 2
)1”2 — 1/2A

the upper and lower signs corresponding to ImA m ~ 0. Thus tan A m + ± i  in

upper and lower half planes , and

— cmm l w(m+n) ‘ w (m—n)

accordingly as the imaginary parts of A ,A have the same or opposite signs.

Explicit solutions

If the functions fW and f
(3) 

are prescribed , the biorthogonality relation (3.13)

immediately gives the coefficients in the expansion (3.6) as

= 4
(1) f

( l )  
+ ~~ ~~

> > - ( 3 . l8 a)

Likewise when f (2) and f(4) are prescribed

ck 
= 

(2)  f (2 ) 
+ 4) ( 4 )  f ( 4 ) > . (3.18b)

In other cases , biorthogonality does not lead to closed expressions for the

(ck}. although the 
• 

~~~~ } provide useful candidates for weighting functions

for use in a Galerkin method . We return to these problems in Section 5, but

before this in section 4 we demonstrate the completeness of the expansion (3.6)

by use of Fourier transformation methods.

Eigenvectors of the Fredhoim determinants K~~
>

We conclude this section by noting a set of identities among the coeffi-

cients K~
’
~ = ( ~~~ that can be inferred as follows from the expan-

sions (3.7) and the explicit solutions just obtained. In the case i = 1, we

have

(x) — f
l( ~ 4

( 1) (x)4~
1> t)f~~~ (t)dt = f

l~~~~ ) (X)4~
3
~(t)f~~

>(t)dt . (3.19)
0 m 0

This is in the form of a second kind Fredholm equation for fW (x), given

f(3)~ However , f~~~ and f(3) represent independent boundary information .

It is physically obvious that neither can imply the other. By the Fredholm

alternative theorem however , the equation (3.9) has a solution for every

f(3) unless the homogeneous equation obtained by setting f(3) = o possesses

a non-trivial solution . We therefore expect such an eigen-solution to exist.

—10— 
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From the  f o r m  of the kerne l the so lut ion mus t  be express ib le  as

f ( i )  ( x )  = ~ 
( 1) (1) 

( 3 . 2 D )

where ~
(1) satisfies ~~~~~= ~ K~~

1
~ ~~

U; i .e .  the Fredhoim de te rminan t

has u n i t y  as an ei genvalue .

The ei genvector ~~~~~~~ can be found by use of the result
2 2A
n 

2 2 2 = 
~~ A 0mn 

2 = 1/4 cos2A (3.21)
cos A (A — A ) cos A (A — A  ) In

n m n n m n
which is found by contour integration in Appendix C.

Using (3.17) and (3.21) we find K~~~~ ~ ( 1) 
= a (1) where a U)= X /cOs2~

Similar reasoning shows that each of the determinants K (i) has a uni t
- (3.22)- . ( i )  ( i )  ( i )eigenvalue , i.e. K a = where

O
(2
~~~(A /COSA )2, ~~~~~~~~~ 1/A C0S2A ,  a~~

4
~ = l/cos2~

We also f i nd  that  K~~~~O~~
3
~ = K ( 3 ) 0 W 

~~~~~~~~ = K~
4 >

~~~
2 > 

= 0 . ( 3 . 2 3 )

—11—
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4. Fourier transform solution

In this section we seek the solution of the biharmonic equation in the

s t r ip l x i < 1, y > 0 by use of a Fourier transform , subject to the cOnditIon

= 0 , (A = 0 on x = ~1 ( 4 . 1 )xy
and g iven data on the end y = 0 in either of the forms

(a)  = f ( l )  ( x ) ,  f
X

(~~ Q )  dx = f ( 3 )  ( x )  ( 4 . 2 )xy 0
or

(b ) = f ( 2 )  ( x ) , A f i  = f ( 4 )  ( x) ( 4 . 3 )

Only solutions for (A even in x wil l  be treated, and we assume that the

boundary data is consistent with this, i.e. that fW and f(3) are odd

- ( 2 )  ( 4 )with respect to x , and f and f even , and further that

jl f
( 2 )  (x)dx = 0, in accordance with ( 2 . 6 ) .

0
We carry out the solution in turn in the two cases.

Case (a): Multiply the biharmonic equation on both sides by cos 
~
y and

integrate wi th  respect to y from 0 to = , obtaining

ID2 — ~~ 2
)

2 ~ (c) 
= ( f l~~~~~~ + 

~~~~~~~~ 

— 

~

2

~y~y=o 
(4.4)

where

0
( C )  (x;~ ) = f (cos~y)fl(x,y)da 0

and D~ ~~~~
— as before . The solution of this equation even in y is

fl (C) = — i.... j
~ 

k ’ 3> (~~x—~ t ) f 11 ’3
~~( t ) d t  + -4 f 1 fW (t ) d t

2! 0 x (4.5)

+ A ( ~~) cosh~ x + B ( ~~)x sinh~x

where kU)(s) = —2cosh s, k~
3
~~(s) = —s sinh s,

and k ’ 3’ f 11 ’3
~ denotes the scalar product k 1 f~~~ + k~~

3
~~f~

3
~ The

functions A , B are to be determined from the conditions (4.1), which can

be applied in the form

0 (c) 
= 0 , 0 ( c) .. 0 on ~~~= ~.

—12 —
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- 

~ k~~~’~~ (~~-~ t)
M(~~) (~ )= 

~~ ~ 
(1 , 3> (~~-~ t )~ 

( t ) d t  ( 4 . 6 )

where

(cosh ~ sinh E~M ( , )  — l
\,sinh ~ cosh~ +~ sinh ~

Thus :i “~~ is given by (4 .5) , with  the last t~~ terms expressible as

A cosh ~x + B% sinh F~x = ( k~~~’
3
~ - 

(4.7)
—

~~
- f (cosh~ x, x sinh~x)M ~~~ ~ 3) )f ‘ ( t ) d t ,

- 
2~ 0 

• - 
\~k ’ ‘ (~

_
~ t)J

The inverse matrix in the integrand is

— l  — l ( cosh~ + sinh~ —si nh~
M (~~) = ( d e t M) I

\~ -sinh~ cosh~ -

with detM= 1 + (l/~ ) cosh~ sinh~~.

0
( C )  is an even function of ~~~, and a detailed examination shows that it is

regular at ~ = 0. The inverse cosine transform is therefore

Q(x ,y)  = ;= ~ (c )  
(~~~s~ y) d~ = 

~ 
fl(C)e~~ Yd~ (4.8)

As fl
(c) oC 2 ) .  For future use the asymptotic form is quoted in full :

~ (c )  
~ ~~~ 

[e~~~~~~~ (-2f~~~ It) + ~Ix- tj f 13> (t))sgn(t-x)

+ e
_ x+t) (_2f Cl) ( t )  + ~(x+t)f~

3
~ (t))]dt (4.9)

+ _~~~~~ ~1 f~
1
~~( t )dt

~ x

The integral (4.8) can therefore be evaluated for y > 0 as 2i times the

sum of residues of the integrand at its poles in Im ~ > 0. The only such

poles are those of M
1
(E) at the zeros of det M (~~), i.e. at ~ i A  , where

C(A ) 2A + sin 2A = 0 , Re A ‘ 0 (4 .10 )

Each c-f the eigenvalues ~~~ 
~n 

given in (3.5) produces a contribution

—13—
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e
_ A

n~ 
~~~~~~ 

~ l (cos Ax ,  i x Sj n A x )  (~~~sM~~ ) 
~~~~~~~~~~ T~~~~~~ t ) ) f (t)dt

( 4 . 1 1 )

The residue of M ’ ca n be expressed as the mat r ix  product

( res M IA = 
rosA 

tan A
j ~~ t a n À , - 

~
-) ( 4 . 1 2 )

and the integrand (4 .11) then factorizes since

—1 - - tan A(AcosA) (cosAx, — 1X sinAx) ( ) =

(1 , 3) - -
i. . k ( iA — i A t )  ‘1’( — ~~
- tan A ,— ~

-) (1 ~ 
= (4 ’ ‘ ( t , A )  , 4’ ‘ ( t , X ) )

(iA— iAt) (4.13)
where (AcosA) 1 (tan A cosAx - x s i nA x )

4 W (t , A)  = ( c o s A ) ~~ sin At

= (cosA sjnAt — t sinA cosAt)

are precisely the functions already encountered in Section 3. Thus the solu-

tion of the (1 ,3) problem in y > 0 is

~
A kY

( A ( x ,y )  = 
~ 

c(A k) e w ( x , A k )

where ( 4 . 1 4 )

C~~
X k ) (4 (1 l 3) (t , A k ) ,  f (1 1 3) I t ) )

A k in the su mmation ranges over A
0

, A , n = 1,2,... and the

form a complete set of eigen functions on (0,1).

Moreover the expansion (4.14)holds on y = 0. This can be seen since ,

fo r y < 0 , the inverse Fourier transform (4.8) is evaluated as ( — 2 i )  times

the sum of the residues in ImA <0 . These residues are the negative of those

in Im A > 0. Hence the expression (4.14 ) holds with 1 )71 in place of y

and is continuous at y= 0.

The biorthogonality already established between the 4
(1~~3) and the odd

derivatives 4
h1~ 3) follows immediately from (4.14) since it gives the expan-

sions

= 

~~~~~~~ 
= C

k 
4

(1) Ix ) , 4
( 1) 

= —AD a

f
( 3 )  = 11 x 

(Afi ) dx) =~ Ck 4
~~3) (x ) ,  = ( A ~~~D

3+ A D ) w J ( 4. 15)

—14—
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From ( 4 . 1 4 )  we deduce t ha t  (4 ( 1~~3) 
4

(1 1 3) ) = 6 ik 
( 4 . 1 6 )

In case (b )  the steps are s i m i la r :  g iven f ( 2 )  and f we form the

sine transform of the biharmonic equation, obtaining

(D2_~
2)2~~~~ = (~~3~ — ~~~~~~ — 

~ yy~y=o
(4.17)

where

~~
(S) (X ;r ) = f (sin~ y)~~(x,y)dx

0
with solution

(A
(S) 

= — _±._ 
1

X k~
2 ’4

~ (~~x— ( ~t ) f ~
2 ’ 4

~ ( t ) d t  + ~ f
lmax(x,t)f

(2) (t)dt (4.18)
2~ 0 0

+ Acosh ~x +  Bxsinh Ex

where k~
2
~ (s )  = 2 sinh s, k~

4
~ I s )  = s cosh a — sinh a . The term

A c o sh E ~x + Bx s inh~~x is g iven in te rms of f
(2 1 4)  by an expression ide nt ica l in

form to ( 4 . 7 ) .  In th is  case is odd wi th  respect to ~ . For fu tu re

reference we quote the asymptotic form of (A~~~ : as ~ =

(5) 1 
f
lte

_
~I x_tl 

~~~~~~~~~~~~~~~~~4~ 0

+ e
_
~~
I(+t) (2f~

2> 
— (1+~ Ix+t))f~

4
~)]dt 

(4.19)

+ ~~
- f
1(t—x)f~~ (t)dt

When steps identical to those for Q (~~ are app lied to ( 4 . 1 8 )  the expansion

( 4 . 1 4 )  is again obtai ned but now

Ck = (4
(2 1 4 )

, f
(2 1 4)

) ( 4 . 2 0 )

f
( 2 )  

= 
~ ck ~( 2 )  

, f ( 4 )  ~ ~~ 4~
4) 

, 
( 4 . 2 1 )

the biorthogonal functions in this case being

4
( 2 )  (t ,A ) = — (l/cosx)cosxt , 4

( 4 )  (t ,A )  = —~ -X 2 w ( t , A )

and the second biorthogonality relationship (4.22)

(2 , 4 )  (2 l 4) ) —
( lil

i ‘ 4 k 
— ik

is again obtained .
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5. Mixed boundary value problems

In this  section we consider the problem of finding the coefficients {c)

in the expansion of (2 and its derived functions when the data on the boundary

does not fa l l  into one of the types ( ( f ( , f ( 3 ) ) or (f(2),f (4)) given) for

which an explicit solution was found in the last section .

Two cases are of par t icular  practical  importance :

(c) The stress problem: 011 and 0
12 

are prescribed on y = 0 , i .e .

( x) (odd) , f ( 2 )  (x)  (even ) given. (5 .1 )

(It wil l  be assumed that f(U (0) = f (U (1) = 0 , and f
l f ( 2 )  ( X ) d x  = 0 , to

0
conform with (2.1). )

Id) The displacement problem in which u and v are prescribed on y = 0 ,

S 
i .e.  the combinations

g 11
~ = f (U 

+ ( 1—v ) f~
3
~ (odd) , g 12~ = f ( 2 )  

— (1—v) f~
4> (even) (5.2)

are given

We note first that explicit solutions to these problems cannot be found ,

i .e .  in case (a) there is no set of functions biorthogonal to the set

E (—A Dc ,D 2 w ) .n n n n n

If there were such functions (Z ~~~~, Z~
2 > ) ,  we should have for each m #n.

0 = ( Z ’ 2
~~,4 ~

1’2
~~) = _ ( ( A

n Z~
1
~

+ DZ 1~
2
~~) D W ~~

)

(on integration by parts) . This can hold for every n only in the t r ivial

case = 0 , = constant.in In

The coefficients for case (C) can therefore be found in principle only

by deriving an infinite set of linear equations from the expansions

f lU (x)  = ~ c~ ~(l) (x) (5.3a)

f
( 2 )  

(x) = 
~ 
C
n ~~~~~~ 

(x)  
• 

( 5 .3b )

and hoping to recover the cn ’s with sufficient accuracy from a truncated

set. In these equations , the summation ranges over each eigenvalue X~ in the

f i r st quad ran t , and its conjugate A~~. The corresponding coef f i c i en t s  and

ei genfunct ions  are also conjugate .

Three essentially different methods for formulating equations have been

examined .
-16-
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(A) Direct collocation: In which a truncated set of the equations (5.3a ,x~)

ar e  i d e n t i c a l ly s a t i s f i e d  at a s u i ta b l e  set of po in t s  { x }  of the  i n t e r v a l

( 0 , 1 ) .

( B )  G a l er k i n  methods Here, sets of weighting functions ~~~~~~~~~ are

introduced and mean equations

(ç ç (J f ( l ) ) = ~(W (U ,q~l))c , (W~
2
~~,f

12> ) = ~ (W ~
2
~~4~

2 > ) c  ( 5 . 4 )

are oL-iained and solved simultaneously. The simplest such equations are pro-

vided by the set

(1) - ( 2 )W = sin max , W cosmax. (5.Sa)
in in

These were proposed by Benthem ( 1963), and are equivalent to those used by

Gaydon & Shepherd . With our notation the matrix elements are given by

A 2m aA 2 tan A
<sin max 4~

1~~) = — (  j~
1) (cos max •

(2)) = (_ 1) m_ l 
2 

n
2 2 ( 5 . Sb )

(A n
_In a

(C) L- ~o o f . ior thogonal f unct ions

Johnson & Little in effect add equations(4.14) and (4.20) to obtain

= (4
(l 1 2) f U~ 2) ) + (~~~~

(3 l 4) f (3~ 4) ) . (5.6)

Here f (l. 1 2) is known , but f
(3 1 4) must be calculated as 

~

From (3.17)

11 (m n)

(3,4) (3,4) 2 — 2 X  ( A  tan A — A tan A ) I
( ;~, ,•~ ) in m m n ~ (in ~ n) (5.7)

( A  — A ) ( A  +A ) Iin n m n I F inn

say. This ~ives the set of equations

c =~~~~F c + dm m n n  in

where ( 5 . 8 )

= (4 U1 2)
f

(l 1 2)
)

It is to be noted however that this set of equations can also be obtained

directly by a Galerkin method from (5.3a) and (5.3b) , using the weights

~~~~~~~ = 4
(1~ 2)  and adding

—17—

L.~. - 



~ —--- - - -  - --- - - - - - - - — — - - --- --

For an i n f i n i t e  set of equations of the form (5.8), Kantorov ich  & Kry lov shc~’

that the solution {c } is stable in the sense of approaching a limit as the

number N of equations become large if the L norm FlLasup m ~ F~ is - 1.

However this condition is not satisfied by the coefficients (5.7); in fact the

sum 
~ F l  tends to infinity with m

To discuss the sum, it is convenient to write the equations more precisely

as
* —c = ~ (F c + F  c ) + dm n=l inn n mn n m

where (5.9)

* — — — 2  —F = — 2A (A tanA — A  t anA ) / ( A  — A  ) ( A  +Ainn in m m n n m n in n
The summation now extends over An in the first quadrant only, and we need

only consider A m in the first quadrant since the conjugate equation holds for

A - The asymptotic expressions ( 3 . 5 )  show that

A , A ‘t ma ,na , while tan), , tan A -* i.m n m n

Therefore ( 5 . 1 0 >

IFmm I ~~ ~ 2°’~~ ~ lF~~l 

~~~~~ 

(m—n)
2 (m ~ 

*(For m = n, Fmm = 01 F~~ ‘~ 2imn/(fn 4mn ) ). The imaginary part of Fmm does

not appear in the diagonal when the equations (5.8) are formulated in real

and imaginary form. Then

~ I~
’mn I ~ 

fn 2m , 
~ 

I F iim I > ~ (~
+ J~-+ ..) =

Similar behaviour is exhibited by the elements (5.5b) of the matrix formed

by sine and cosine weighting functions, and we might expect this to be re-

flected in instability of the solution of truncated sets of these equations .

In fact this was shown in numerical experiments described in the next section .

It is evident that the difficulties arise from the factor (A m
_A

n)
2 in

the denominator of Fmm

— 1 8 —
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D. Optimal weicjhtinq functions

In the hope of producing a diagonally—dominated matrix , we may consider

weighting functions of the general form
(1) 

= A ~~~~~~~~ + B ~~ 3)

( (5.11)
( 2 )  

— ( 2 )  ( 4 )
x — C~~~ + D 4m m m

This form is a natural extension of the biorthogonal weighting functions

= ~~
- 4~~

2 > etc. and contains sufficient disposable constants to ensure the

suppression of the factor (A
~

_ A
~
)2 in the denominator of the matrix elements.

If we wr i te

f(U + ~,f
( 3 )  

= g
(l~~, f

t2) 
— •~ f~

4> 
= g

(2) (5 .12)

then the stress (i=0) and displacement (ct=l—v) problems may be treated to-

gether as cases in which the functions gW , g(2) are known on 0 x 1

We shall  the re fore seek optima l wei ghting functions in the above sense for

g ( l )  
and g

( 2 ) , and expect the result to depend on the parameter a.  These

produce the equations

c =~~~ G c +
m inn n

where d = (
~~
“2

~ 
~ (l~ 2)> is known , and (5.13)

= - < X ~~
’

~ 
( 4

( 1) 
+ 4

( 3 ) ) + 
( 2 )  ( 4 ( 2 )  

-

R e s u i t s i n  a p p e n d i x  A show tha t  for m ~ n

4 A  -~ r A ( A 2 
+ A

2
) + 2CA ~ ~~ + -~c 1

G = —~~ —~~---- 
m n 

~~~!!LrL - B + A + ~L
_
~
_ — c

inn ( ‘~~ — \~~ [ A~ - A
2 m n  j

— 4 cz (B —D) c ~ 4aB t
mm inn

where = ( A  tan A - A tan X )/(A
2 

-

as before , and

t~~~~ = (tan A m + tan
n
)/(A + A ) .

To suppress the factor ( A m - A ) 3 in the denominator we must have A = -C.

Without loss of generality we can choose C 1, A = -l when the expression

reduces to

—19—
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_______________ In 0
T A A $(B+cz ) A A + A 2D + A 2a tanA +tan-

— 4~ ___________

i n n  m m  in n 
cmm + 4uB

( A  -I- A )2 
+ 

A 2 — A 2 
+ a (B — D 

in ni n n  in n

1 - .and if  B = ~~- - -l D = —~~~ — a the remaining factors of (A -A ) in theIn n
denominator are suppressed leaving

G = 2A (A tan A — A  tan A )/(X + A ) 3
mm in in in n n m n

( 5 . 1 4 )
+ 2 a ( l — 2 ~~) (ta n A + tan A )/(A + A ).

in n in n
This formula holds when A � A . Further results in the appendix show thatin n

the diagonal term is zero when a = 0, and otherwise is

tanA
G = 4a + 2~~(l—2~~) A m J . ( 5 . 1 5 )

m j
The weighting functions are then

(1) 
= _4,( l )  

+ 
~~~~ —~ >~~

(
~
)X~ m 2 in

(5.16)
( 2 )  

— ( 2 )
x m — — 

~~

- + c i )

For the case a = 0, i.e. the stress problem , case (c) , the diagonal e1emer~ts
are all unity , and the sum of the absolute of f diagonal elements is strictly

*less than 1. This can be seen as follows : Again , denote by G the valueinn
of (5.14) with A in place of A . Then for a = 0, the asymptotic valuesn n

*of Gmm Gmm are respectively

2im rn—n 2im (in + n) 2 
, ( 5 . 1 7 )

~ (in+n)whence
m

*

~ (JG I + IG l 
2m~~ 2m 2m~~ 2n

mm inn a (m+n ) 3 ~n - n l  n=rn+l (ni +n) 3

=~~i!L_ y 1 
____  ____

2 = = ( 1 2in 
~~~~~~ as r n + .

a - . . . 3  a 2 7 ~~~~3J an=J. cjn-s-n~ n=m+l (rn-i-n)

The estimate ~~- is improved to ~~- when the real and imaginary parts of

the equation are separated.

When a is different froin zero , it is possible to find a positive constant

y depending on a such that fl (~~~)~~G I I l -4 a l  ; this implies that providedn innn
I rn~

’d I 0 as in -
~ = 1 the equations (5.13) possess a unique bounded inverse.

— 2 0 —
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6. C a l c u l a t i o n s

b .  1. ~:nd Stresses Prescribed

The tour methods described in the previous section:

A Colloca tion

B Sine and cosine wei ghting f u n c t i o n s

C Biorthogonality relations

D Optimal weighting functions

were p iograrr ined and applied to the stress problem ( c )  fo r  three test cases :

( ] )  f ( i )  
= 0 , f ( 2 )  

= 1 — 3x2

( 1)  ( 2 )  ( 1 (0 < x <
( 2 )  f = 0 , f = 1 ( 6 .1 )

L-1 (~ - < x < l )

(3 ) f (U = x —  x3 
, f

( 2 )  
= o

(fW = 

~°l2~
y O ,  f

(2) 
= 

~°22~~y 0~~’ 
using the 2N equations obtained from the

eigenv-~lues A 1... AN , “l -
~ ~~N 

The real and imaginary parts of the equation

were sopara~ rd to produce real equations

11 = b ( 6 . 2 )
(2Nx2N)

where now

Z2 n l  + i Z~ = c . ( 6 . 3 )

Similarly the right hand sides were separated as d
~ 

= b
2~ _1+ i b~~ . Thus in

method C,  ( 5 . 9 )  takes the form ( 6 . 2 )  with

*1’
~2m 1 2n -l 

= - Re (F  + F 
~mn

M 2~~_i  2n 
= Im(F—F 

~xnn (6.4)

N.. = —IIn(F+F
~~in 2n—l mm

*M = 6 — Re(F—F )2m 2n mm inn
N was given the values 5 , 10 , 20 and 40 in turn.  The resulting coefficients

c are listed in Table 2 for cases 1 and 2. Case 3 produces results qualita-

tively very similar to those in case 1. The coef f ic ien ts  have been used to

calculate the distributions of normal and shear stress at distances c from

the boundar i e s , us ing  the augmented expansions

—2 1—

S -, _~ _ 5S~~~- 

-S.— t_-_ -_  - —- —S—— -— ~~~~~~~~~~~~~~



~
- - - -— - — -

-——— - _ _ _ _ _

= ~ c0 e 0
~~ ~~~ ( x )  

( 6 . 5 )

~~ n~’ ( 2 )= ~ 
cn 

e ( x)

truncated to 2N terms . The results of these calculations with N = 40

w i t h  the va r ious  methods are i n d i s t i n g u i s h a b l e  excep t  at x = 0 , and are

plot ted in f i gures 3 , 4 , 5.

At V = 0, the accuracy with which the expansion (5.3) fits the input

data was assessed by computing a , where

- 

2 
= 

1 ~~
(
~f(l) (5.) - ~ c~~~

W (xi))2 + (f
(2) (x

i) 
- 

~ 
c~~~

2
~ (xi)) ~

with x1 
= , for M = 100. The resulting values of a are also in-

cluded in Table 2 .

6.2 End displacements prescrib&

In addi t ion , the  optimal we iqh t inc~ func t ion  approach was anolied to the
displacement problem for a beam bonded to a wall with u = 0 , v = 0 on x = 0 ,
0 < y < 1, under unit tension at infinity . For these boundary conditions (2.7)

and (2.8) give

E f (U + ( l — v ) f ~~
3> 

= 0

g
( 2 )  a f ( 2 )  

— ( l — v ) f ~~
4 >  

= — v  . 

( 6 . 6 )

We denote this case by E4 , and have obtained the coefficients when u = 0 . 3 .

These are listed in Table 3.

Discussion of results

For cases 1 and 3 in which the data is smooth , wi th N = 4 0  methods B and
D produce virtually identical results , with agreement to 4 or 5 signifi-

cant figures for the earlier coefficients and the same rate of decay. Methods

A also agrees to 3 or 4 figures for the first N/ 2 coefficients , but is less

accurate beyond this point. Method C (Johnson and Little) is significantly

less accurate than either of these , and in fact becomes worse as N is

increased. There is a significant difference in the rate of convergence of

the solution vector with methods A , B and D: for method D the

first 10 coefficients are already close to their final values when computed

with N = 10. This is not so with collocation , method A , and the s t ab i l i t y

is less marked wi th  the four ier  coeff ic ients  method B. The b ior thogonal i ty
equations C are again significantly worse from this point of view.

— 2 2 —
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. co r r e spond ing  va lue s  of a are of the same order of magnitude fo~-

- g iven N fo r  methods A , B and D, (i.e , l0 2, 10 2, l0~~~, ~~~~ for N =

5 , 10 , 20 , 4 0 )  but  s u b s t a n t i a l l y  l a rger  in the case of method C , and in

f a c t  inc reas ing  w i t h  N in t h i s  case.  For case 2 , in which f ’2) is dis-

c o n t i n u o u s  at y = 0.5 , the coefficients c decrease very slowly. The

convergence is discussed in the next section. The optimal weighting func-

tion method D again provides the most stable solution as ci increases ,

and the Johnson-L i t t l e  method C the least stable , but in trcis case the col-

loca tion method A is more success fu l  than  method B in i ts  agreement  wi th

the ea r l i e r  c o e f f i c ian t s , for  which we may assume that  method D gives the

best e s t i m a t e .

Wi th  a l l  four  methods in case 2 the va lues  of the g o o d n es s - o f - f i t  para-

meter ~ are much l a rge r  than in case 1, bu t are sma l l e r  (0 (10
_ i

)) with

methods A and B than wi t h  method D, where a is 0(1). For method C

a becomes larger as N increases, and is 6 . 6  for  N = 40 .  A p r in t  out of

the sums of the series ( 5 . 3 )  using the calculated coefficients shows that

w i t h  method A the f i t  is extremely close (3—4 figures accuracy) except

in the immediate neighbourhood of the discontinuity , whereas with method D

the fit is poor. This reflects the fact that method D obtains the coeffi—

cients  in the expansion of the biharmonic  func t ion  (2 , but tha t , a l though

this expansion is convergent at y = 0 , the ex pan sions (6.6) of the stress

func t ions  are convergent onl y for y > 0.  However the remaining methods

provide interpolations at y = 0 , of which collocation is the most success-

f u l .

Convergence

A print out of the ratio of sums of absolute off-diagonal elements to

the diagonal element in each row was made for method D and E , and confirms

as expected from theoretical considerations the ratio

~
j , j~ i 

J

— 2 3 —  
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in all cases decreases steadily , e.g. from about .6 to .2  fo r  the s tress

problem (2) when N = 40 (80 equa t ions ) .

The right hand side of the equations for method D case 2 is also in-

cluded in tab le  2 , and shows that  c ~- d as ci becomes large , because of
ci n

the diagonal dominance . The effect would be much more marked for elements

that decay more rapid ly ,  and it appears tha t  the asymptot ic  behaviour  of the

c
~ 

can be estimated from that of the d~ in this case. Thus the biortho-

goral weighting functions provide the basis for a discussion of the con-

vergence of series ( 5 . 3 ) . In the three cases , the expression for d
~ 

fo r

this method are

d = (
( 1) 

f
( l )

~~~~(2 )  
f

( 2 ) >

-. 

tanA 9 6 —l—2 ~ ~ 1 — —i- - —~~- ‘
~~ O(m ) (case 1)

in A A
in in

I tan A
in 

(
~ 

cos 
~~

- A~ — cos A — 1) (case 2)

1
— 4—

-6 m 1 - -
~~~

- — 
~~~~ 

( case 3)
A ) A Ain m m

—2
“~ O l in

tan A -l

- 

(—v) (l+2 ci) ( A )  ~ 
Olin ) (case E4)

In Appendix B , expressions are listed for the L2 
norms of the eigen-

functions. The asymptotic behaviour is

II ~(l )  II ~, (2 )  II ‘~, ~.na/(~-9~n4na)
3/’2

- —l 1 —3 / 2  
.

while II w~ l I “~ 
(2 n a )  (~ 4n 4 n a )

— 2 4 —

—— —.5 — 5  -- —- — ~~~~~~ .5 5 -- ~~~— .-. ~~~~~—- - .
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Hence when c i  ~ ~ - 2 .5  
as in case ( 1 ) ,  the majorant series

~ l c n I II II
is convergent; in case (2) on the  other hand , I C ~~ converries onl y l i ke

and the individual terms of the series increase. However the exponentials e

ensu re that in all cases the series (6.6) is convergent for x > 0

c2LJusions

The conclusions to be drawn from these results are that:

(i) The optimal weighting functions (5.16), leading to the equations

(5.13) with matrix G given in (5.14), (5.15) provide the most stable

system of equations from which to determine the coefficients c~

(ii) The use of unmodified biorthogonal weighting functions is unsatis-

factory, and becomes more inaccurate as N is increased .

( i i i )  In cases involving discontinuities in edge data , collocation

prcvides better interpolation than Galerkin methods .
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Appendix A : Quadratures of eigenfunctions

The quadratures quoted in the paper are derived from the following re-

sults, all of which are obtained by integration by parts and use of the

boundary conditions (3.2) on w and its derivatives , and of the fact that

A .  = —sin A. cos A i . Her e 4
( 1) 

= —AD s , 4 ( 2 )  
= D2 w = A 2 5+ 

( 4 )

= (2/cosA) sin Ax , = —(2/cosA ) cos Ax

( i) for A
~ ~ A.

All the results are expressible in terms of

c~ 1 
= (cos A

~ 
cos A.) ~(cosA .x cosA .x> = (A. tanA. — A .  tan A . ) / ( A 2. - ’~

2
) .

(A l )
A double integrati~ i by parts of 

~~ 
cos A~ x g ives

<w . cosA.x ) = — 
1 (cos A .x  D~~w . )  = —i- ( w .cOs ~~x)  + —

~~
-- (cosA.)c. -1 A .  ~ A ?  1 j  ij

J 3 3
whence

(co s A . ) ~~~ (w . cos A . x >  = — ______ . (A2 )

This result can now be used to evaluate

<4
(1)

4
(1) ) A . A ,  ( D c . Dw~ > = —A .A.(w, D2 c . )  =

+ 2X.A (cosA .)~~~ ( c .cosA.x)
1 3  1 ]  l J  3 i 3

= A . A ~ (c - c - ) — 4 A . A .  c .  / ( A ?  A?)

= A~ A. (:
~
w
~
) + 4 A ~~A c

~~
/(A

~~
_ A~ ) by symmetry .

Therefore <s.c. ) = — 13 (A3)
1 :i

i i

and

( 4 ( 1)
4

( 1) ) = - 4A . A . ( A ?  + A~~) c. . / ( A ?  - A ?) 2 . (A4 )1 3 i J  i 3 iJ 1 3

Similar steps using (A2) and (A3) give the results

<4
( 2 )  

4
( 2 ) ) = — 8 X ~~A~ c

~~
/ ( A~ — A ~~) 2 (A 5)

< 4
( 1) 

4~~3) ) - 4 A ~~A~ c~~~/ ( A ~ - A~~) ( A 6 )

—28—
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- - - -

(~~( 2 )  ~( 4 )
> = — 4 A ~ c1~~/ ( A ~ — A~~) . (A7)

Also by direct integration

~~~~~
( 3 )  

4~
3~ = 4 c~~ — 4 ( t an A

~ 
+ tan A

~
)/(

~~ 
+ A~~) ‘A 8)

<~~ 4) ~~~~ = cj~ . ( A 9 )

L~
‘ir ect integration gives

—1 2cos )y ) = 0 , ( c o s x . )  < c .  c o sA .y )  = l / 2 A .

2 2 
1 1 (A l O )

(
~
,
i = — l/3(A.cosA.) — l/2 A

~
U s i n g  these results we f ind

<~~
(1) 

4
(1)) = 2 — 

3 ~cosA .) 
= <4

( 2 )  
4

( 2 ) ) — 1 (A l l )

<4~ 4~
3)) = 4/cos2A~~. < ~~~~~~ = (A l 2)

( 4
(1)  

4
( 3 ) ) = (4 ( 2 )  

4~
4) ) = 1. ( A l 3 )

The expr-~~sions quoted for ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ in Section 3 are obtained

immediately from these results since
( l ) _ 1 (3)  ( 2 )  — 1 (4)  (3)  

— 1 ( 1) (4 )  
— 1 ( 2 )  1 (4)

~i — 2 i  ‘ 4i — 2 4 i ‘ ~i 
— 

~
4 i ‘ 4i — 

2 i  
—
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Appendix  B. Norms of ei g en f un c t i o n s

The norms are found from the expressions of Appendix A by writing

A .  = A .
J 1

Im ( ~~- tan A . )
1 1Then c .~ . 

A . )  (R e A - )
1 i

From (A4)
i ii

I I  ~ ( l ) , I  2 
= < 4

(1)  
4

( 1) ) = _ 4 l A
~~I

2 [_2(Re A 2 ) c .~

[(2iImA )2 (2ReA )2i

whence

r (ReA 2) Im (A tan A
1 = 2 - 

[ 
(mm A~~) 3 ( Re A j 3 

]

l/2
( 1) 1 A l l  i

Similarly from (AS)

( 2 )  1 2~~ 
In ( A .  tan A . )  1/2

I 1 = I A . I  
[(Im A 1)

3 (Re

and from (A8) and (A9 )
1/2

I (3 )  I — _____________[ 
2 ImV

~ 
tan A)

~~ 1
11 — (In A . )  (Re X

~~
) j

( 4 )  
___________________

[ 
2 In ( A~ tan A.)

1 1 = (mm A . )  (Re A . )  
]

Also from (A3 )

II - II = lx ~
2

1 i 41 i II
Asymptotically, using (3.5), we find

( 1) (2 )II k II , 4 k II “~ ~ k a / (~ ~n 4 k a ) 3’~
2

( 3) ( 4 ) II ~ 2/(9.n4ka) 
1/2

and

‘~. (2k a ) 1( ~- R ~n 4 k a )  3,”2

for large k (in fact these are close approximations for k ~
- 2 ) .

— 3 0 —
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sin A - — s i n
A p p e n d i x C ( 1 )  Con tour  integra l to eval uate 

~ 2 2j (A — A )cos ~~~,

(j ~~k) 
3 k

Let 2 22 sin z — 2 sin A
• f ( z )  = 2 2( z _ A

k ) C ( z)
where

C ( z )  = z + sin z cos z

and consider 
~~~~~~~~ 

f f ( z )  dz along a contour as indicated passing to the

right of the origin but to the left of all the zeros A k of C(z) with

posi t ive  real par ts .

Since f ( z )  is an odd funct ion of z , the

contributions to the integral from the two

halves of the imaginary axis vanish and

A1 
A 2 2ii i 

~~~~~~ 

f(z)dz = (residue of f at z = 0 ) .

A 1 A 2

The integral also equals minus the sum of the residues at the poles in

Re z > 0 , i.e. at the zeros A. of C(z)

Since C’(X~ ) = 2 cos2A~ the residues at the points z = A~ ~ 
A
k

give the terms of the required series

The residue at z = 0 ~~ ~~~~~~~~~~~~~ = 

cos2A k 
, and that at z = A

k

is _ 1/cos 2 A k .  Combining, we have

—31 —
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~

sin 2 A - — sin 2 A3 k - 1

j (A~ — A 2 ) cos 2 A .  
— 

2 cos2A
j~ k ~

In terms of C i k = ( A .  t an A .  — A k tan Ak)/(A~ 
— 

~k~~’ 
the result is

c.v jk _ 1
L~ 2 2j(j~ k)cos A. 2cos A

k

(2) The second result

~(j�k) ( A ~ _ X ~~) cos 2 A .  
1/4 A~ ~~~~~ A k

is obtained by the same method applied to the function (z2 - A~~) 1 f ( z )

DAS/db
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TABLE 2. COMPUTED COEFFICIENTS

A (Col loca t ion)  Case 1

(c ) real (c ) imag.
ci 

~

. n
a. = N =  40

(0 = . 19 1259 , —Ol )
(a = . 470479 ,—03)

. 6 1 0 6 3 3 6 9 + 0 0  .61392605+00
— .71418810—01 .13028745—01 .61140499+00 .61558381+00
— .34231232—01 — .16279706—01 — .69447217—01 .14243374—01
— . 2 6 8 3 5 4 3 5 — 0 1  — . 4 2 0 5 2 9 0 2 — 0 1  — .27231731—01 — .13570348—01
.2185178 9—01 .59572337—02 — .10694934—01 — .10748246—01

— .44391638—02 — .71118366—02
— .18516945—02 — .46559352—02N = 10
— .70369482—03 — .31000388—02

(a = .745534 ,—02) — .17236297—03 — .21075600—02
.76410530—04 — .14605170—02.61197602+00 .61710115+00
.18931400—03 — .10285257—02— .6 8 4 6 6 18 1 — 0 1  . 15751234—01 .23496628—03 — .73.~60839—03— .25967889—01 — .12011278—01
.24703267—03 — .52814852—03— .9 0 1 2 5 5 7 3 — 0 2  — . 9 0 0 0 3 1 0 7 — 0 2 .24252237—03 — .38252730—03— . 2 1 3 6 0 3 1 2 — 0 2  — . 4 8 3 0 7 6 0 1 — 0 2 .23038100—03 — .27772044—03.11323487—02 — .10557592—02 .21524926—03 — .20135130—03. 1 9 2 6 3 3 6 4 — 0 :  .3 2 7 2 9 9 9 6 — 0 2 .19965022—03 — .14516082—03— . 3 4 3 2 9 1 2 9 — 0 2  .67216359—02 .18496796—03 — .10350489—03— .14023023—01 — .15237260—01 .17197961—03 — .72389746—04.80038874—02 — .40843952—03
.16106763—03 — .48971940—04
. 1 5 2 4 4 6 7 2 — 0 3  — .31242143—04

N = 20 . 14634454—03  — .17615650—04
.14291931—03 — .68936447—05(a = .559897 , — 0 3 )  . 14246104—03 .19386252—05

.61143314+00 .61566541+00 .14538541—03 .99778445—05
— . 6 9 4 0 3 3 5 9 — 0 1  .14323567—01 .15208382—03 .18407256—04
— .27184322—01 — .13490598—01 .16302043—03 .28586092—04
— .10645565—01 — .10669075—01 .17876976—03 . 4 2 4 8 4 1 4 4 — 0 4
— . 4 3 8 7 9 6 2 5 — 0 2  — . 7 0 3 3 4 2 4 2 — 0 2  . 1 9 9 6 4 4 2 9 — 0 3  . 6 2 9 3 0 7 6 2 — 0 4
— .17982206—02 — .45784616—02 .22533701—03 .94023941—04
— . 6 4 7 0 8 7 6 3 — 0 3  — . 3 0 2 3 6 8 8 9 — 0 2  . 25400598—03  .14192214—03
— .11129095—03 — . 2 0 3 2 5 5 7 6 — 0 2  .28001656—03 .2 1 5 3 0 4 9 2 — 0 3
.14400096—03 — .13870711—02 .28974349—03 .32537540—03
.26660636—0 3 — .95678757—03 .25280907—03 .48271942—03
.32713498—03 — .66326487—03 .10628609—03 .68294941—03
.36255633—03 — .45761730—03 — .26422401—03 .85689188—03
. 3 9 5 7 0 5 2 2 — 0 3  — . 3 0 6 6 0 4 4 6 — 0 3  — . 9 9 2 9 8 7 2 6 — 0 3  .72895106—03
44519822—03 — .18073945—03 — .18573515—02 — .43119921—03
.52774147—03 — .39125830—04 — .78824002—03 — .29922575—02
.64102925—03 .19997518—03 .24485574—02 .64005520—03
.65523510—03 .68723676—03 — .39475704—03 .39739060—03

— . 5 5 7 7 6 6 2 9— 0 4  . 1 3 2 0 2 4 4 9— 0 2

— .13495410—02 — .77284494—03
.38477966—03 — .17611918—03
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B (Fourier Coefficients) Case 1

N = 5  N = 4 0

(a = . 1 2 4 8 4 2 , — O l )  (a = .31l031 ,— 03)

. 61 196943+00  . 6 1 7 4 0 3 7 9 + 0 0  . 6 1 1 3 9 6 3 1 + 0 0  . 6 1 5 5 5 8 9 2 + 0 0
— .68648842—01 .16008436—al — .69460719—01 .14218871—01
— .26453999—01 — .11834770—01 — .27246382—01 — .13594793—01
— .99103196— 02 — . 9 0 7 0 7 8 4 6 — 0 2  — .10710136—01 — .10772619—01
— . 3 2 7 2 5 6 1 3 — 0 2  — . 5 5 1 8 9 6 1 9 — 0 2  — . 4 4 5 4 7 4 2 1 — 0 2  — . 7 1 3 6 1 0 3 7 — 0 2

— .18675741—02 — . 4 6 8 0 0 4 5 9 — 0 2
— . 7 1 9 8 5 3 1 7 — 0 3  — . 3 1 2 3 9 3 1 2 — 0 2
— .18884488—03 — .21311882—02

. 5 9 5 4 7 0 0 2 — 0 4  — . 1 4 8 3 8 6 8 7— 0 2

. 17 2 0 5 2 3 0 — 0 3  — . 10515030— 02N = 10

.21719621—03 — .75609051—03
(a = .394030 ,—02) .22855693—03 — .55009736—03

.22316833—03 — .40385635—03
.61154232+00 .61602638+00 .20988085—03 — . 2 9 8 3 9 9 4 0 — 0 3

— .69252766—01 .14674471—01 . 19 3 3 5 0 7 2 — 0 3  — .22131338 — 03
— . 2 7 0 4 4 9 4 4 — 0 1  — .13140750—01 . 1760 1934— 03 — . 16430600—03
— . 1 0 5 2 4 0 4 8 — 0 1  — . 1 0 3 17 18 3 — 0 1  . 1 5 9 1 4 3 6 0 — 0 3  — . 1 2 1 7 2 1 1 0 — 0 3
— . 4 2 8 5 8 7 4 0 — 0 2  — .6 6 7 5 8 2 8 8 — 0 2  . 1 4 3 3 2 5 8 2 — 0 3  — . 8 9 6 3 9 7 3 6 — 0 4
— .17166301—02 — . 4 2 1 0 3 4 3 5 — 0 2  . 1 2 8 8 1 8 7 0 — 0 3  — .65302295— 04
— .58801331—03 — .26383389—02 .11568607—03 — .46732710—04
— .79233923—04 — .16199345—02 .1038876 3—0 3 — .32501460—04

. 1 3 8 5 5 1 3 4 — 0 3  — . 9 3 0 7 3 6 7 9 — 0 3  . 9 3 3 3 5 1 7 7 — 0 4  — . 2 1 5 6 2 1 0 0 — 0 4

.195373,3—03 — .42479420—03 .83921507—04 — .13138785—04
.75533786—04 — .66488299—05
.68059953—04 — .16534424—05

N = 20 .6 1 3 9 6 8 0 4 — 0 4  .21797728—05
.55452139—04 .51096406—05(a = .6l9719 ,—03) .50140227—04 .73344634—05
.45386793—04 .90118913—05.61141044+00 . 61560272+00 .41123137—04 .10264347—04— . 6 9 4 4 0 0 0 8 — 0 1  .14261664—01
.37290717—04 .11192245—04— .27225579—01 — .13552206—01
.33834981—04 .11879548—04— .10690154—01 — .10730131—01
.30704110—04 .12397569— 04

— .44358049—02 — .70936223—02 .27848840—04 .12812735—04— . 1 8 4 9 7 4 0 2 — 0 2  — . 4 6 3 7 4 6 8 6 — 0 2 .25215059—04 .13197701—04— . 7 0 3 1 2 4 5 6 — 0 3  — .3 0 8 1 1 3 9 8— 0 2 . 2 2 7 2 7 3 7 5 — 0 4  . 1 3 6 3 8 7 3 8 — 0 4— . 1 7 3 2 0 3 7 1 — 0 3  — . 2 0 8 8 0 4 3 8 — 0 2 .20258110—04 . 14261768— 04.74122276—04 — .14402050—02 .17504634—04 .15274646—04.18557761—03 — .10071175—02 . 1 3 4 9 7 9 2 0 — 0 4  .16939768— 04.2 2 9 6 7 3 5 9 — 0 3  — .71073227—03 .46135928—05 .17642350—04.23996520—03 — .50344894—03
. 2 3 3 4 4 9 0 6 — 0 3  — . 3 5 5 5 0 5 2 4 — 0 3
.2189135 6 — 0 3  — . 2 4 7 7 9 1 7 1 — 0 3
. 2 0 0 9 0 4 1 4 — 0 3  — . 1 6 7 6 7 3 9 0 — 0 3
. 1 8 1 6 4 3 8 8 — 0 3  — . 1 0 6 4 9 4 3 9 — 0 3
. 16190454—03 — . 5 7 9 5 0 0 5 3 — 0 4
.14100743—03  — . 16 8 9 7 8 7 3 — 0 4
. 1 1 4 9 2 8 4 3 — 0 3  . 2 1 6 3 4 6 8 7 — 0 4
. 6 5 4 4 3 4 5 4 — 0 4  . 5 7 5 5 3 1 2 5 — 0 4

— 3 4 —
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C (Biortho qonal weightin~ f~inctions ) Case 1

N = 5 N = 40

= .101530 , —01) (a = .353545 ,00)

.61135616+00 .61506104+00 .61138740+00 .61 7733l+0U
— .66043414—01 .22716303—01 — .70821297—01 .72895306—02
— .42069022—01 — .30551851— 01 — .85014262—02 .21413861—01

• — .44612018—02 — .14961896—01 — .5 3730856—01 — .31473638— 01
.52242245—02 .33942899— 04 — .41468516—01 — .79426311—01

.67799826—01 — .11353737+00

.26504809+00 .44509070+00
— .41282712+00 — .22819515+00

. 7 9 4 2 5 8 7 0 — 0 1  — .97633028—01
N = 10 .62999298—01 .71562 967—01

— 2 3 4 9 4 8  oo’ .65732111 01 , 11796643+00
‘

a — / . 14099306+00 .1 1325470+00
.61139172+00 .61534385+0 0 — .67857298—01 — .16853370—02

— .67526625—01 .18427741—01 .27470010—02 .56969925— 01
— .36762522—01 — .62455493—02 — .78382837—01 — .100582 66+00
— .53164362—01 — .13168849+00 .49289715—01 .16432132+00
.18378647+00 .13980365+00 — .26295310+00 — .31843493+00

— .30478820—01 .30754357+00 .27991951+00 — .72133556—01
— .49385241+00 — .67001963+00 .15114690+00 .28860681+00
.559749 69+00 .32367657+00 — .21247444+00 — .145033 81+00

— .18598923+00 — .20900748—02 .15410253+00 .59546073—01
.11616366—01 — .12764101— 01 — .21342719—01 — .2 3 4 4 5 2 4 8 — 0 1

--  .85220357—01 .11968018+00
— .59676480—01 — .34035228—01
.95739569—01 .16831081+00

— .24286525+00 .16911579 +00
— .22744965+00 — .69862766+00

N —  ~ .67420488+00 .76496596+00
— — .73232653+00 — .32548673+00

(a= .173240 ,00)  - 
.31215408—01 .38959813+00

— .80186294+00 — .15218450+01
.61139365+00 .61559773+00 .16166298+01 .22461629—01

— .69515024— 01 .12498844—0 1 .50750915+00 .11626 197+01
— .23046318—01 .45942632—02 — .51709488+00 .22315959+00
— .4447004 1—01 — .82477171—01 — .31367386+00 .7813 6203+00

.93779008—01 .92207912— 01 — .12208629+01 — . 14669324+01
— .76023699—01 .83889777—01 .11750934+01 .27751912—01
— .2 0 0 7 2 0 6 6 + 0 0  — . 4 2 7 9 3 8 6 1 + 0 0  — . 2 9 14 9 5 7 8 — 0 1  . 3 1 0 9 5 7 5 3 + 0 0
.46102554+00 .41931194+00 — .11234190+00 — .42669927—02

— .30125758+00 — . 8 3 9 9 4 9 6 7 — 0 1  .56994109—02 — .14144059—01
.29581786—01 — .45013340—01
. 1 8 4 7 6 4 8 2 — 0 1  — . 2 7 7 6 0 2 4 1 — 0 2
.73103741—02 .50718615—01

— . 8 0 9 5 6 9 8 4 — 0 1  — .47188486—01
.11736559—02 — .10843889+00
.12660224+00 .43565862—01
.18472532—01 .11413889+00

• — .95335673—01 — .39114366—01
.16368511—01 — .19683665—01
.77247485—02 .28738946—02

— . 7 3 2 2 6 7 9 7 — 0 3  . 9 3 3 6 9 4 9 2 — 0 3
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D (Optimal Wei gh t ing  Funct ions)  Case 1

N = 5  N= 40

(c i  = .169764 , 01) (a = .535508 , 03 )

.61159911+00 .61575004+00 .61139783+00 .61556352+00
— .69100317—01 .14443838—01 — .69458680—01 .1422325 6—01
— .26839107—01 — .13360062—01 — .27244363—01 — . 13590491—01
— .10296426—01 — .10534172—01 — .10708185—01 — .10768378—Cl
— . 4 0 5 2 4 9 0 8 — 0 2  — .68974781— 02 — .44528639-02 — .71319 176—02

— . 1 8 6 5 8 3 8 8 — 0 2  — .4 6 7 5 8 9 9 6 — 0 2
— .71817554—03 — .31198313—02

N = 10 — .18726647—03 — .21271293— 02

/ — -, ~ ~ ~~~ 
.61069416—04 — .14798469—02

— . ,75o3i , u~~ .17349051—03 -.10475154-02
.61141186+00 .61557733+00 . 2 1 8 5 2 7 2 3 — 0 3  — . 7 5 2 1 4 1 7 8 — 0 3

— .69429025—01 .14239222—01 .22984544—03 — .54618507—03
• — . 2 7 2 0 6 6 8 5 — 0 1  — .13575782—01 .22440858—03 — .39998284—03

— .10666254—01 — .10755842—01 .2 1104832— 03 — .29456071—03
— . 4 4 0 8 9 4 5 0 — 0 2  — .71218203—02 . 1 9 4 4 6 3 6 2 — 0 3  — . 2 1 7 5 0 9 0 9 — 0 3
— .18213547—02 — .46682608—02 .17710359—03 — .16053709—03
— .67402825—03 — .31145654—02 .16021549—03 — .11799133—03
— .14402424—03 — .21241040—02 .14431612—03 — .85945279—04

.10305702—0 3 — .14789114—02 .12977694— 03  — . 6 1 6 4 5 9 5 9 — 0 4

.21401887—03 — .10485142—02 .11664314—03 — .43116855— 04
.10474977—03 — .28927634—04
.94194293—04 — .18034100—04
.84737332—04 — .96600355— 05
. 76310987—04 — . 3 2 2 2 7 7 0 0 — 0 5

N — . 68883314—04 .17106726—05
— 

.62184615—04 .54778403—05
(a = . 184497 ,— 0 2 )  . 5 6 2 1 4 3 0 7 — 0 4  . 8 3 3 2 1 9 8 6— 0 5

. 5 0 8 9 6 9 5 0 — 0 4  . 1 0 4 6 9 2 4 3 — 0 4
.61139748+0 0 .61556317+00 .46140892—04 .12044575—04

— .69459264—01 .14222693—01 .41847435—04 .13176434—04
— .2 7 2 4 5 0 3 2 — 0 1  — .13591299—01 . 3 8 0 7 2 2 4 7 — 0 4  . 13956383—04
— .10708896—01 — .10769471—01 . 3 4 6 2 2 1 3 9 — 0 4  . 1 4 4 6 3 5 9 0 — 0 4
— .44535988—02 — .71333188—02 .31539193—04 .14750772—04
— .18665912—02 — .46776211—02 .28744154—04 .14868894—04
— .71894261—03 — .31218762—02 .26228844—04 .14850977—04
— .18804684—03 — .21294947—02 .23981761—04 .14728459—04
.60276574—04 — .14825254—02 .21921008—04 .14523604—04
.17268593—03 — .10504967—02 .20033427—04 .14259437—04
.21771170—03 — .75541359—03 .18366-402—04 . l3946f~97—04
.22901988—03 — .54973397—03 .16807824—04 .13601162—04
.22357400—03 — .40379472—03
. 2 1 0 2 0 5 8 3 — 0 3  — .-2 9 8 6 2 1 2 2 — 0 3
.19361435—03 — .22180386—03
.17624872—03 — .16505200—03
. 1 5 9 3 5 6 1 8 — 0 3  — . 1 2 2 7 1 2 6 4 — 0 3
. 1 4 3 4 5 3 5 0 — 0 3  — . 9 0 8 5 9 6 7 9 — 0 4
.12891212—03 — .66740681—04
.11577716—03 — .48379693—04

— 3 6 —
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Table 2 , con t i n u e d
A ( Co l l o c a t i o n )  Case 2

N = 5  N~~- 4 0

= . 3 7 75 0 7 , 0 0 )  (a = .1l0~.22 ,00)

• C . 0 7 0 ~~~ 1B *0 0 .6 6 3 0 4 2 0 1 + 0 0  . 5 8 8 1 9 8 6 8 + 0 0  . 6 3 0 5 7 3 3 0 + 0 0
— . 351~~ 3 L 8 7 f 0 0  — .17 4 2 7 9 9 1 + 0 0  — .3 6 3 7 93 2 8 + 0 0  — .19661377 +00
- . .8L57589#00 — . 37760766+00 — .307362 37+00 — .46758012+00
.~~7300177ffl3 .40033579+00 .32520469+00 .37528259—01

— . i ,€.~~33l 7~ QO — .82746527—01 .25972973+00 .38773020+00
— . 2 7 55 5 5 4 5+ 0 0  . 9 4 9 9 2 8 2 0 — 0 2
— .21074082+00 — .33426678+00
.25939360+00 — . 19895160—31
.l81~52364+00 .30828986+00

— .23 995054+00 .33259461—01
— .16795803+00 — .28014245+00

N = 10 .22568741+00 — .35661868—01
• .15300309+00 .26112026+00

( i~ = .219051 , 00) — .21134837+00  .40168331—01
. 5 7 9 0 6 9 4 8 +00 . 6 1 2 4 3 8 6 0 + 0 0  — .13950907+00  — . 2 4 0 5 8 9 9 8 - i - C O

— . 36669589+00 — .20909621+00 .19807889+00 — .40232635—01
— .30 052660+00 — .45171404+00 .12780728+00 .22368137+00
.2774 8704+00 .20345909—01 — .18469279+00 .41250500—01
.19129017+00 .29230234+00 — .11673459+00 — .20569544+ 00

— .2 3 8 4 2 74 +00 — .2 8 6 3 1 5 5 2 — 0 1  .17154585+00 — . 3 9 9 6 7 1 2 2 — 0 1
— .16859;68+00 — .26586103+00 .10660226+00 .18927678+00
.15557,69-4-0 — .11997603+00 — .15770189+00 .39199884—01
.23094~S324- -3J .23250230+00 — .96262812—01 — .17173319+00

— • 11012884+00 .13362892—01 .14413066+00 — .36781278—01
.86907761—01 .15505973+00

— .12904927+00 .35049330—01
— .76430163—01 — .13659206 +00

N = 20 .11462381+00 — .31208296—01
.67303174—01 .11954374+00( a  = .161249 ,00) 

— .97930284—01 .29460705—01
.58713482 +00 .62885981+00 — .56595991—01 — .984543 83—01

— .36300297+00 — .19720814+00 .81308153—01 — .23017876—01
— .30410254+00 — .46249637+00 .45556638—01 .81798684—01
.31862022+00 .36416865—01 — .65718552—01 .22511513—01
.25062907+00 .37256076+00 — .39P10450—Ol — .57370233—01

— . 2 6 2 4 585 8 + 0 0  . 8 3 5 6 4 8 0 9 — 0 2  . 3 7 7 0 9 1 7 7 — 0 1  — . 172 2 4 6 8 0 — 0 1
— .19685610+00 — .30897051+00 .16068374~~01 .27095119—01
.23409013+00 — .18709555—0] — .19062765—01 — .83537380—02
.16493079 .1-1)0 . 26660706+00  .96351358—02 .84214337—03

— .20342026+00 .27805010—01 — .18104902—02 .14124047—02
— .13808390÷0 0 — .22251441+00

.16880088+00 — .29508198—01

.10778646÷00 .17803678+00
— .13921401+00 .24179758—01 Note : If the 8 points from .465

~~ .535 are omitted in ca lcula t ing

.63020841—01 .77197284—01 a , the values obtained are
— .3 9 6 3 9 0 4 7 — 0 1  .15390686—01 — —
— .11717444— 01 — .85468226—02 N — ~ a— .L~~~OUU~~~~

.12554324—02 — .23836171—02 10 .990740,—Ol

20 .210252 , — O l

40 .7 9 2 5 9 9 , —02
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B (Four ier Coe f f i c i ents) Case 2

N = 5  N = 4 0

( a  = . 7 3 6 0 4 5 , 0 0 )  (0  = . 2 1 0 4 2 9 , 0 0 )

.56995639+00 .55534087+00 . 5 B 9 7 5 8 0 1 + 0 0  . 6 3 4 8 2 3 2 4 + 0 0
— .38407921+00 — .27106706+00 — .3622E. o9~~00 — .19261731÷00
— . 3 1 8 4 5 1 0 3 + 0 0  — . 5 5 0 0 5 4 5 1 + 0 0  — . 3 0 6 6 0 9 7 6 # 0 0  — .46568250+00
.33589948+00 — .59793413—01 .329i7-33 3~~00 .41474051—01
.33028603+00 .25814066+00 .26445lr)4400 . 3 9 6 3 0 6 6 2 + 0 1 ’

— .27822699+00 .13441530_ r i
— . 2 1 3 7 5 2 7 4 + 0 0  — . 3 3 8 9 6 3 4 3 + 0 0

N = 10 . 2 6 9 1 7 1 5 0 + 0 0  — . 1 6 7 2 2 6 4 8 — 0 1

(a = .207997 00) .19744132-00 . 3 2 5 2 - 4 9 5 + 0 0
— .2 5 0 5 0 1 3 6 + 0 0  . 3 8 5 1 3 3 4 4 — 0 1

.5 8 8 0 6 4 1 0 + 0 0  .6 2 8 5 9 4 5 8 + 0 0  — . 1 7 6 4 8 9 7 84 0 0  — . 29 4 9 32 9 7 + 0 0
— .36435445+00 — .19886986+00 .24432939+00 — .34289289—01
— .30825322+00 — .47186992+00 .16769939+00 .28993511+00
.32808891+00 .34885158—01 — .23296141+00 .47865605—01
.26403508+00 .38890459+00 — .15510928+00 — .26874551+00

— .27766989+00 .45313066—02 .22882351+00 — .41664174—01
— .21135522+00 — .35069076+00 .14980730+00 .26772833+00
.27603655+00 — .34000815—01 — .22051420+00 .52543725—01
.21881788+00 .29652846+00 — .14094901+00 — .25047254+00

— .16217948+00 — .10051733—02 .21755645+00 — .45204845—01
13744334+00 .25206361+00

— .2 1 1 0 2 4 6 3 + 0 0  . 5 5 3 1 3 4 9 5 — 0 1
N = 20 — . 1 3 0 7 4 1 2 3 + 0 0  — . 2 3 6 5 2 5 3 8 + 0 0

‘ ci — 191882 00 .20871393+00 — .46846117—01
— 

‘ .12817530+00 .24036727+00
.58957268+00 .63449720+00 — .20346676+00 .57303982—01

— .36264388+00 — .19315642+00 — .12299536+00 — .22509122+00
— .30713315+00 — .46602409+00 .20139518+00 — .47197168—01
.32853490+00 .41145275—01 .12078234+00 .23157838+00
.26370712+00 .39600671+00 — .19735243+00 .56317960— 01

— .27907255+00 .13194183—01 — .11704624+00 — .21480368+00
— .21468521+00 — .33912911+00 .19490485+00 — .46003304—01
.26815637+00 — .16769374—01 .11428336+00 .22585464+00
. 196 3 4 2 5 7 + 0 0  . 3 2 5 3 7 5 2 5 + 0 0  — . 1 9 2 9 0 0 0 0 + 0 0  . 6 2 8 9 4 6 4 1 — 0 1

— .25169142+00 .38864315—01 - .11341144+00 - .20314605+00
— .17778908+00 — .29426499+00 .18710000+00 — .40337969—0 1
.24288676+00 — .33183134—01 .10449237+00 .22795691+00
.16605129+00 .29165625+00 — .19881080+00 .77279381—01

— .23492995+00 .50471317—01 — .13695 378+00 — .17431433+00
- .15762143+00 —~~26482061+00 .92258291-01 - .26421636-01

. 2 2 5 2 9 5 5 9 + 0 0  — . 3 5 6 7 4 6 9 2 — 0 1

. 1 4 4 1 3 9 5 3 + 0 0  . 2 7 7 1 5 7 1 4 + 0 0
— .23148645+00 .68114654—01
— .16844438+00 — .22385806+00

. 1 2 3 1 7 1 4 2 + 0 0  — . 1 6 4 6 6 8 7 8 — 0 1
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C (Bior tho~pna1 Weighting Functions) Case 2

N~~~~5 N 40

(~ = . 2 9 6 3 8 7 , 0 0 )  ( a  = . 6 6 5 4 5 5 , 0 1 )

. 5 8 6 5 2 7 4 1 + 0 0  . 6 2 4 3 5 4 7 8 + 0 0  . 5 8 8 4 8 1 9 5 + 0 0  . 6 3 2 9 6 ) 5 6 + 0 0
— . 3 3 7 4 1 7 7 6 + 0 0  — . 1 6 5 0 8 9 9 9 - 4 - 0 0  — . 3 8 3 0 4 0 4 5 + 0 0  — . 2 4 0 9 7 5 6 5 + 0 0
— . 2 9 6 8 4 9 6 3 + 0 0 — .4 3 5 5 1 6 5 4 + 0 0  — . 1 9 0 47 6 5 2 + 0 0  — . 5 4 1 5 3 7 7 6 + 0 ;

. 2 9 4 0 3 7 9 6 + 0 0  . 1 4 8 2 7 8 4 2 + 0 0  . 7 5 5 4 2 7 4 4 + 0 0  . 1 6 6 4 3 0 4 7+ 0 1
— . 3 7 6 5 3 2 5 0 — 0 1  — . 1 0 8 4 6 5 12 — 0 1  — .2 4 9 7 9 7 9 8 + 0 1  _ . 2 8 5 8 0 9 3~~+ i 1

.2 2 1 8 5 7 8 5 + 0 1  _ . 14 8 0 16 8 1 + - 1

.3 9 4 6 3 1 8 6 + 0 1  . 8 9 l 2 3 5 d 0 .+~~ 1
N = 10 — . 9 4 3 5 6 2 3 4 + 0 1  — . 1 0 7 5 9  3 0 7 4 ~~ 2

. 1 0 0 5 6 5 79 + 0 2  . 6 5 26 1 1 6 4 + 0 1
= . 3 0 7 5 1 8 , 0 1 )  

— . 4 1 2 6 7 3 0 5 + 0 1  . 1 4 7 9 6 2 4 9 + 0 1
. 5 8 8 6 6 1 7 3 + 0 0  . 6 3 2 4 2 2 3 1 + 0 0  — 2 6 9 4 0 9 3 0 + O l  — . 1 8 0 8 4 8 9 2 + 0 1

— . 3 8 1 6 2 0 5 6 + 0 0  — . 2 0 1 0 0 1 3 3 + 0 0  — . 5 6 6 6 5 7 7 6 + 0 0  — . 3 7 9 7 4 2 7 2 + 0 1
— . 3 2 0 3 7 0 7 9 + 0 0  — . 8 7 8 7 1 2 2 1 + 0 0  . 4 0 0 5 5 3 0 8 + 0 1  . 8 9 6 4 8 9 8 2 - i - C O

. 13 2 8 6 0 3 1 + 0 1  .2 1 6 1 8 0 9 0 + 0 1  . 1 2 5 3 0 14 4 + 0 1  . 4 5 5 4 9 9 3 2 + 0 1
— . 2 5 7 7 6 7 2 9 + 0 1  — . 1 7 1 687 8 4 + 0 1  — .4 4 0 9 6 3 9 8 + 0 1  — . 9 5 2 0 1 0 6 3 — 0 1

. 1 2 8 1 0 4 2 0 + 0 0  — .4 0 1 1 4 1 1 3 + 0 1  — . 2 4 4 0 6 7 9 0 + 0 1  — .4 1 1 9 7 0 9 1 + 0 1

. 6 0 1 5 7 0 5 0 + 0 1  .8 1 0 8 6 8 5 4 + 01  . 1 8 2 4 2 0 6 8 + 0 1  — . 1 0 5 2 5 0 1 9 + 01
— .69125748+01 — .43046653+01 .10884015+01 — .22752192+01

.2 6 6 0 1 0 0 5 + 0 1  . 2 8 4 2 6 0 4 9 + 0 0  . 3 7 4 8 2 4 5 5 + 0 1  . 4 1 3 2 4 2 9 5 + 0 1
— .26820242+00 .17901652+00 — .24000814+01 — .17623820+01

. 2 4 4 0 0 7 3 1 + 0 1  . 3 7 4 7 7 3 5 7 + 0 1
— . 3 6 6 1 7 2 7 3 + 0 1  — . 3 6 5 6 1 0 4 3 + 0 1

N = 20 . 4 0 6 5 9 9 7 4 + 0 1  . 1 7 9 4 0 2 2 7 + 0 1
— . 5 6 6 8 9 9 1 2 + 0 0  . 7 9 4 6 4 5 9 2 + 0 0

(a = . 2 4 0 2 0 0 , 01)  . 8 2 5 3 5 6 2 1 + 0 0  . 2 1 38 6 2 4 2 + 0 1
. 5 8 8 5 4 5 2 7 + 0 0  . 6 3 0 1 8 8 2 3 + 0 0  — .2 9 3 5 7 8 4 8 + 0 1  . 3 3 17 0 3 6 3 + 0 1

— .36254239+00 — .16 309715+00 — .42118856+01 — .97371110+01
— . 3 9 4 4 2 8 9 8 + 0 0  — . 7 9 4 5 6 4 2 0 + 0 0  - 

.8 9 78 1 0 9 0 + 01  . 10 2 8 2 1 5 9+ 0 2
. 9 0 9 4 5 9 1 7 + 0 0  . 1 1 8 9 5 6 3 4 + 0 1  — . 1 0 3 0 0 8 8 4 + 0 2  — . 5 0 3 9 3 8 6 4 + 0 1

— . 1 2 3 2 1 7 8 1 + 0 1  — . 1 0 6 9 6 8 6 8 + 0 1  . 3 3 2 2 3 3 3 9 + 0 0  . 5 9 9 1 0 7 9 4 + 0 1
. 7 5 9 5 3 9 5 5 + 0 0  - . 1 19 2 9 5 2 2+ 0 1  — . 1 2 2 6 1 7 4 3 + 0 2  — . 2 3 5 9 0 2 0 4 + 0 2
. 2 4 5 9 9 9 0 4 + 0 1  .5 3 1 9 8 0 9 1 + 0 1  . 2 5 1 6 1 3 3 5+ 0 2  . 3 3 4 0 6 4 8 7 + 0 0

— . 5 8 5 0 5 6 2 8 + 0 1  — . 57 6 1 9 8 1 4 + 0 1  . 7 9 2 9 1 2 7 0 + 0 1  . 1 8 4 6 3 7 1 7 + 0 2
. 4 4 6 7 1 7 4 1 + 0 1  . 1 8 0 7 7 7 4 9 + 0 1  — . 8 4 3 0 1 0 0 4 + 0 1  .2 9 1 3 1 3 06 + 0 1

— . 9 5 0 2 0 4 2 8 + 0 0  . 5 1 5 4 6 7 4 9 + 0 0  — . 4 4 0 9 5 0 7 7 + 0 1  . 1 26 5 7 6 8 0 + 0 2
— . 4 6 2 8 8 8 9 6 + 0 0  — . 6 6 6 8 9 4 7 4 — 0 1  — . 1 9 5 4 5 3 0 4 + 0 2  — . 2 3 3 5 5 2 2 8 + 0 2
— .33980731+00 — .14919883+01 .18855635+02 .60294698+00

. 1 9 3 7 0 4 3 9 + 0 1  . 9 7 5 4 0 7 5 8 + 0 0  — . 59048611+00  .4 98 91 58 9 i -01
— . 3 1 4 4 4 6 6 9 — 0 1  . 1 9 5 1 7 8 0 5 + 0 1  — . 1 8 2 1 7 4 3 1 + 0 1  — . 1 0 9 2 2 0 7 8 + 0 0
— .21437 625+01 — .721 33705+00 .10474451+00 — .23236 669+00

— .26357984+00 — .194 3 5 1 6 5 +01
.17111665+01 .81203042+00

— .37875147+00 .39581158+00
— .21 841977+00 — .12684664+00
.49799360-01 — .27011399— 01
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D ( O p t i m a l  W e i g h t i n g  F u n c t i o n s )  C ase  2

N = 5 N = 4 1 1

(a = .1 2 1 3 8 2 ,0 1 )  ( a  = .2 0 4 8 3 8 , 0 1)

. 5 ) 1 0 8 4 0 4 + 0 0  . 6 3 4 0 4 5 9 3 + 0 0  . 5 8 8 3 3 9 9 5 + 0 0  . 6~~O 7 1 70~~4 C 0
— . 3 5 9 8 4 1 0 4 + 0 0  — . 1 9 1 1 9 3 1 1 + 0 0  — . 3 6 4 4 5 9 7 1 + 0 0  — . 19 o 0 4 ’ - 0 7 4 0 ( )
— . 3 0 3 6 3 5 0 6 + 0 0  — . 4 6 2 1 9 7 3 4 + 0 0  — . 3 0 8 9 5 8 7 4 + 0 0  — .41 971 2 ~~+UO

. 3 3 2 3 17 0 2 + 0 0  . 4 6 3 4 0 5 3 8 — 0 1  . 3 2 6 7 8 3 9 7 + 0 0  . 3 7 3 8 8 9 3 0 — r D l

. 2 6 7 6 0 6 9 6 + 0 0  .4 0 2 1 4 1 6 9 + 0 0  . 2 6 2 0 5 3 4 7 + 0 0  . 3 9 2 2 1 6 7 0 4 0 0
— . 2 8 0 6 2 0 9 9 + 0 0  . 9 3 4 8 7 0 6 7 - 0 2
— .21612499+00 — .34305i17 .03

N = 10 .26682878+00 — .20821836—01

( a  = .862277 00) .19513340+00 .32 11 5O53 ~~JO
— . 2 5 2 7 6 9 7 0 + 0 0  . 3 4 4 0 1 7 3 5 -0 1

. 5 8 9 8 3 3 0 2 + 0 0  . 6 3 2 1 7 8 8 1 + 0 0  — . 1 7 8 7 1 5 6 9 + 0 0  — . 2 9 9 0 5 3 7 4 4 0 0
— . 3 6 1 4 9 8 2 7 + 0 0  — . 1 9 5 1 0 0 8 1 + 0 0  . 2 4 2 1 4 8 1 1 + 0 0  — . 3 8 4 2 2 4 0 5 - 0 1
— . 3 0 5 3 2 4 4 1 + 0 0  — .4 6 7 9 1 5 0 7 + 0 0  . 1 6 5 5 6 3 9 1 + 0 0  . 2 8 5 7 8 5 7 1 + 0 0
.33073473+00 .39232946—01 — .23504967+00 .43694923-01
.26612317+00 .39403208+00 — .15714877+00 — .27294209+00

— .27654766+00 .11122597—01 .22683353+00 — .45892067—01
— .21211596+00 — .34133417+00 .14786680+00 .26346264+00

. 2 7 0 7 3 4 1 7 + 0 0  — . 1 9 1 4 9 9 2 0 — 0 1  — . 2 2 2 4 0 4 4 6 + 0 0  . 4 8 2 3 1 5 6 4 — 0 1

.19891346+00 .32276706+00 — .14278787+00 — .25483952+00
— .24912561+00 .35961911—01 .21576945+00 — .49636553—01

. 1 3 5 7 0 9 0 4 + 0 0  . 2 4 7 5 5 4 4 0 + 0 0
— .21270471+00 .50711810—01

N = 20 — .13236338+00 — . 2 4 1 2 3 2 8 0 . - J O

( a  — 1 3 3 4 6 6 01 
. 2 0 7 1 4 9 6 2 + 0 0  — . 5 1 6 8 0 7 6 6 — 0 1

— 
‘ .12667339+00 .23 538134+00

. 5 8 8 0 59 7 5 + 0 0  . 6 3 0 4 2 4 7 6 + 0 0  — . 2 0 4 8 9 8 4 9 + 0 0  . 5 2 1 3 8 4 0 0 — 0 1
— .36506118+00 — .19726869+00 - .12435064+00 — .23046878+00
— .30974839+00 — .47016876+00 .20012298+00 — .52834260—01
.32587561+00 .36979368—01 .11960960+00 .22562209+00
.26107277+00 .39181367+01 — .19840117+00 .52968735—01

— .28164125+00 .89569794—02 — .11793883+00 — .22164478+00
— .21716120+00 — .34343723+00 .19421522+00 — .53480232—01
.26579367+00 — .21184948—01 .11388429+00 .21753837+00
.19411167+00 .32080286+00 - .19285919+00 .53435815—01

— .25376931+00 .34069547—01 — .11265369+00 — .21421830+00
— .17968707+00 — .29937065+00 .18913580+00 - .53816912-01

.2 4 1 2 0 9 0 9 + 0 0  — . 3 8 7 2 4 3 8 6 — 0 1  .10911814+00  .2 1 0 6 7 8 0 4 + 0 0

. 1 6 4 6 5 9 9 1 + 0 0  .2 8 5 4 9 8 1 8 + 0 0  — . 1 8 8 0 4 2 0 7 + 0 0  . 5 3 6 7 2 8 9 4 — 0 1
— .23591712+00 .43421326— 01 — .10819491+00 — .20784126+00
— . 1 5 7 9 7 8 9 7 + 0 0  — .2 7 3 2 0 2 3 1 + 0 0  . 1 8 4 6 9 2 5 7 + 0 0  — . 5 3 9 5 7 8 2 3 — 0 1
.22604069+00 — .46139496—01
. 1 4 7 1 1 0 9 4 + 0 0  . 2 6 3 2 2 7 4 4 + 0 0

— .22312404+00 .48008004—01 NOTE: Omitting the 8 points
— . 1 4 3 4 7 2 1 0 + 0 0  - . 2 5 5 0 5 1 9 9 + 0 0  b e t w e e n  . 4 6 5  a n d  . 5 3  g i v e s
.21511944+00 - .49 838479—01 N = 5 ci = .1166 2 7 ,01

10 . 8 4 2 8 7 2 , 00

20 .132231 ,01

40 .203624 ,01
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.02712634+00 .44575244+00
— .42918404+00 — . 3 4 6 4 0 0 7 1+ 0 0
— . 3~~6 8 8 9 7 O + O O  — .58352952+00
.30454501-rOO — .51253072— 01
.24841781+00 .32093542+00

— . 2 8 9 3 6 5 5 3 + 0 0  — . 4 9 6 5 0 4 3 8 — 0 1
— .22194791+00 — .39309137+00
.26283596+00 — .64103497—01
. 1 9 2 3 3 6 7 6 + 0 0  . 2 8 30 9 2 5 5 + 0 0

— .25475471+00 .48408798—03
- . 19013182+00 — .32962089+00

. 2 4 1 1 4 2 1 8 + 0 0  — . 6 6 2 2 9 1 2 5 — 0 1

.16486112+00  .2 6 0 2 8 8 7 5 + 0 0
— .23552364+00 .20156783—01
— .15744683+00 — .29479932+00
.22667289+00 — .66291870—01
.14781493+00 .24433808+00

— .22236924+00 .30231793—01
— .14268221+00 — .27183997+00

. 2 1 5 9 3 2 4 8 + 0 0  — . 6 5 7 4 3 3 1 6 — 0 1

. 13 5 9 1 9 1 4 + 0 0  . 2 3 2 2 5 1 4 8+ 0 0
— .21245583+00 .36135656— 01
— . 1 3 2 0 8 2 4 3 + 0 0  — . 25514869+00
.20745715+00 — .64994085—01
.12700295+00 .22262010+00

• — .2 0 4 5 5 0 6 9 + 0 0  . 3 9 8 8 4 6 9 3 — 0 1
— .12398774+00 — .24225424+00
.20049833+00 — .64186285—01
. 11999510+00  . 2 1 4 6 7 2 4 1 + 0 0

— . 1 9 8 0 0 7 4 5 + 0 0  .4 2 3 9 3 3 8 4 — 0 1
— .11753854+00 — .23187091+00

. 1 9 4 6 2 0 6 8 + 0 0  — . 6 3 3 7 9 6 7 9 — 0 1

.11429367+00 .20794512+00
— .19244695+00 .44130015—01
— .11223951+00 — .22325366+00
.18955116+00 — .62597247—01
. 1 0 9 5 3 3 9 4 + 0 0  . 2 0 2 1 3 . 8 5 4 + 0 0

— .18762645+00 .45361058—01
— .10777996+00 — .2159 3749+00

. 18510641+00  — . 6 18 4 9 4 2 4— 0 1
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TABLE 3

Computed Coefficients for Zero-End Displacement Problem (E4)

(C  ) -( c )  
n imagii rea

N = 5  N = 4 0

.11490602—01 .16 8 8 0 8 8 0 + 0 0  .84393964—02 .11-735048+00
— .16110192— 01 .66001308—01 — .19706981— 01 . 6 5 3 8 4 9 7 4 — 0 1
— .14339124—01 .41379458—01 — .1 8124259— 01 .41190061-01
— .11674771—01 .30448630—01 — .15481876—01 . 3 0 5 4 1 0 4 4 — 0 1
— . 9 5 8 7 1 5 0 4 — 0 2  . 2 4 2 9 0 5 8 5 — 0 1  — . 13 3 3 1 6 8 0 — 0 1  . 2 4 5 8 2 & ~1 1 — 0 1

— .11667422— 01 .20769061—01
— .10364452— 01 .18107270—01

N = 10 — .93226098—02 . 1 6 1 3 4 8 1 , 5 — 0 1
— .84720298—02 .14608224—01.96778788—02 .16817558+00
— .77646417—02 .13386980— 01— .18170833—01 .65860470—01
— .71668816—02 .123 s4 557—O 1— .16417219— 01 .41481841—01
— .66548045—02 .11544617— 01— .13676391-01 .30699111—01
— .62109432—02 .10828878— 01— .11474775—01 .24638308—01
— .58222854— 02 .10210389—01— .97904070—02 .20740474—01
— . 5 4 7 8 9 4 7 7 — 0 2  . 3 6 6 9 6 0 0 2 — 0 2— . 8 4 8 8 5 1 9 7— 0 2  . 1 8 0 0 8 3 0 3 — 0 1
— .51732 931—02 .91919710— 02— .74622143—02 .15976204—01
— .48993267—02 .87664474—02— .66370235—02 .14398375— 01
— .46522762—02 .83844685—02

— .59616720—02 .13132877—01
— .44282941— 02 .80392931— 02
— .42242437—02 .77255377—02
— .40375399— 02 .74398442—02N = 20
— .38660330—02 .71756468—02

. 8 8 3 3 2 9 2 1—02 . 1 6 7 6 8 8 6 4 + 0 0  — . 3 7 0 7 9 1 9 5 - 0 2  . 6 9 3 2 9 9 5 7 — 0 2
— . 1 9 2 0 8 8 9 3 — 0 1  .6 5 6 0 8 8 0 1 — 0 1  — . 3 5 6 1 6 7 4 7 — 0 2  . 6 7 0 8 4 2 8 3 — 0 2
— . 1 7 5 5 7 1 8 0 — 0 1  . 4 1 3 5 6 5 2 2 — 0 1  — . 3 4 2 6 0 0 0 4 — 0 2  . 6 4 9 9 8 7 2 4 — 0 2
— .14865636—01 .30663542—01 — .32997837—02 .63055693—02
— .12680160—01 .24671699—01 — .31820646— 02 .61240146—02
— .10990873—01 .20828860—01 — .30720113— 02 .59539179— 02
— .96706884—02 .18141507—01 — .29688973— 02 .57941600— 02
— .86177045—02 .16146455—01 — .28720870—02 .56437680—02
— .77607587—02 .14599547—01 — .27810212— 02 .55018915— 02
— .70507870—02 .13360038—01 — .26952048—02 .53677824—02
— .64534499— 02 .12341069—01 — .26142000—02 .52407815— 02
— .59441896—02 .11486079—01 — .25376154— 02 .51203039—02
— .55050490—02 .10756609—01 - .24651012—02 .50058289—02
— .51226218—02 .10125559—01 — .23963 454—02 .48968929—02
— .47867055—02 .95732568—02 — .2 3310661— 02 .47930786—02
— .44894039—02 .90850566—02 - . 2 2 6 9 0 0 9 1 — 0 2  .46940123—02
— . 4 2 2 4 5 1 0 4 — 0 2  . 8 6 4 9 8 1 3 5 — 0 2  — . 2 2 0 9 9 4 4 9 — 0 2  . 4 5 9 9 3 5 6 3 — 0 2
— .39870794—02 .82588878—02 — .215 36654— 02 .45088055—02
— . 3 7 7 3 1 2 1 8 — 0 2  . 79  .~4 6 9 2 — 0 2
— .35793839—02 .75841130—02
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Fig ure  3

(b)  Shea r Stress
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Figure 4
STRESS DISTRIBUTIONS FOR CASE 2: 
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Figure 4

(b) Shear Stress
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Fi gure 5

STRESS DISTRI BUTIONS FOR CASE 3: (c7 22 ) o = 0, 
~°12~ 0 = X X
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Figure 5

(b) Shear Stre ss
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Abstract (continued)

- such equations that have been proposed in the past are unstable with re spect
to the order of truncation.. - - - -

A systematic search among all possibl e weight in g f unctions in the bi-
orthogonal family for use in a Galerkin method lead s to a unique choice of
opt imal weighting functions securing max imum stability by generating a
diagonally—dominated matrix . Calculations are presented for a num ber of
test cases using this method together with those of Benthem (1963) and
Johnson and Little ( 1965), and with a method of direct collocation . The
method of optimal weighting functions produces considerably more stabl e values
for coefficients as the order of t runcation is chan ged. This open s the way
for an examin at ion of the convergence of the eigenfunction expansions for
data of this class , and should also prove useful for problems involving
cracks.


