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~~~_I~~ ently, Saunders 1 974 has

for normality . Distri butions having this property are called ~-norma1 , and

it is of interest to make statistical inferences about the relevant parameters

when sampling from such a distribution . Previous work on such probl ems has

been from the sampl i ng viewpoint.

In this paper , we approach the inference probl em from the Bayesian point

of view and investigate the posterior of the parameters involved when sampl i ng

is from the c-normal with parameters ~ and ~. Two special cases are

exami ned ; ~(v) = 1og~v, which gives rise to the lognormal distri bution , and

~(v ) = v - v , a case that arises in certain fatigue problems (Saunders

and Bi rnba 1969 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • • S ~~~~~~~~~~~~~~~~
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SIGN IFICANCE AND EXPLA NATION
Statistical problems i nvolving “time to failure ” , “strength of material” ,

and “fatigue ” are often characterized by a statistical distri bution known as

the lognormal distri bution ; tI~e length of life of a system subjected to fluctuat-

ing stresses by a periodic loading can sometimes be predicted through the use

• of the Birnbaum-Saunders life length distri buti on.

These distribution s are special cases of a more general class of distribu-

tions based on certain functions E(t), that map 0 < t < i nto

• 

-

~~~ 
~ ~(t)  < and have the property that ~(t) = -~(l/t). In the above cases,

we have ~(t) = ~n t and ~(t) 
= t1’2 - t~~

”2, respectively.

A random variable T is said to be c-normally distributed if

~(T/8)/c* =Z , where Z is distributed normally wi th zero mean and unit standard

deviation; ~ and ~ are the parameters of the ~-normai distri bution. Given

a set of data val ues t ,t ,. . .,t , we would like to be able to make1 2  n
inferences about the values of the parameters a and 8. In this paper , we
approach this probl em via Bayesian methods .

The responsibility for the wording and views expressed In this descriptive
sumary lies with MRC , and not with the authors of this report.



BAYESIAN INFERENCE ON PARAMETERS ASSOCIATED W ITH FAMILIES
*CLOSED UNDER RECIPROCATION

** )
Norman R. Draper and Irwi n Guttman

1. INTRODUCTION

Recent studies on reliability analysis In fatigue testing have focused

on random variables distributed under the ~-norma1 distribution; see , for ex-

ample, Birnbaum and Saunders 1968, 1969; Esary and Marshall 1970; Marshall and
Proschan 1972; Saunders and Birnbaum 1969; and Whittak er and Besuner 1969. A
precise definition , given by Saunders 1974 may be stated as follows .

Definition 1. Suppose ~ is a concave,monotone increasing, differentiable function

from (O,co) onto ~~~~~~~~~~ and such that

~(t) = -~(1/t), t > 0. (1.1)

Then the non-negative random variable I is said to have the ~-norma1 dis-

tribution with parameters (c&,8), where a > 0, 8 > 0, if

= Z, (1.2)

where 2 is a standard normal random variable, that is Z — N(O, l).

*
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An equivalent definition statement is that the non-negative random

variable I Is ~-norma1 if

T = 84i(a7), a,8 > 0, (1.3)

where ~, is a convex monotone Increasing transformation from (_co,)  onto
(0,”) with the property that

= l/qi(v) (1.4)

and where Z — N(O,l). It is convenient to use (1.3) to establish the first

part of the following theorem, due to Birnbaum and Saunders 1969 and Saunders 1974.

The second part is obvious.

Theorem 1. If T Is ~-norma1 with parameters a,B > 0, then 1/I is c-normal with

parameters a, 1/B. Furthermore, for any real a > 0, aT is ~-nonnal with parameters

a,aB.

To quote Saunders 1974, p. 534, the above shows that “... the parameter B

is, In fact, a scale factor for any c-normal distribution.” Us 1~~ (1.1), it is
quickly verified that B is “... also the median. It is called the characteristic

life in many applications”. To see that B Is the median, we note from (1.3)

and the fact that ~p — ~~1, that

P(T < B) P(Z ca 1
~(l)). . (1.5)

linwever, It is obvious from (1.1) that ~(1) 0, whereupon the result follows.

In this paper, we discuss the Bayesian approach to inferences about a and

~~. In Sect Ion 2, we obtain the joint posterior distribution of (cs,8), and the

-2-
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marginal distributions of a and ~, in general. In Section 3, we examine two

comnonly occurring special cases:

( I)  ~(v) = £n v,

(1.6)

(ii) F~(v) = v1’2 - v~~
2.

The former case gives rise to the lognormal distribution, one often assumed in

reliability work . The latter case stems from a model for fatigue failure given

by Saunders and Birnbaum 1969. It is easily verified that (I) and (ii) satisfy (1.1)
and that their inverses satisfy (1.4). Finally, in Section 4, we discuss the question
of a Bayesian tolerance interval for B. which has applications to the questlnn of
warranty life of a system involving k loading spectra.

• 

3
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2. THE POSTERIOR OF (ct ,B)

The probability density function (pdf) of Z, the standard normal

variable, is

•(z) - (21r)~~~
2 exp {-z2/2}. (2.1)

The Jacobian of the transformation (1.3) is, from (1.2),

~~~~~
“ {

~‘ (t/ 8)}/ (ctB), (2.2)

where the prime denotes differentiation with respect to t. This derivative is

positive since ~ Is Increasing . •Hence the pdf of I, given cg,8, is

p(t)a,B) •[a F(t/B))~~(t/B)/(cz8) (2.3)

If t > 0, and zero otherwise. Note that, In view of (2.1), (2.3), and (1.3),

we may express the mean and variance of the distribution (2.3) as

• E(t Ics ,B) I t •(a~~F~(t/8)]~’(t/8)/(cz8)dt0
(2.4a)

~~~~ 

• f  B*(az ) •(z)dz,

• and

• -4-
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Var(tla,B) = ~ t
2 $[&~~ (t/B)]~ ’ (t/B)/(aB)dt - (E(tla ,8)]2

0
(2.4b)

f B24i2(az)$(z)dz — [E(tla ,B))2,

respectively. That is, (2.4a) and (2.4b) are functionals of ~ (or , equivalently
$), and can be evaluated for specific ~ (or v’); see Section 3 for examples.

Suppose now that, prior to taking observations on the random variable T,

whose pdf is given by (2.3), very little Is known about the parameters a and 8.

In this situation, we can use the Jeffreys invariant prior

p(a,8) lI(a,8)1112 (2. 5)

where I is the usual information matrix consisting of negative expected (with

respect to t) second derivatives (with respect to a and or 8) of £np(tla,8).
The likelihood function £ of (a,8) for n observations is

n
t(a,BIt) cc (a8)~~ 11 {$[a ’F~(t 1/8)]F’(t1/8)}. (2.6)— 1=1

Combining (2.5) with (2.6) via Bayes’ Theorem leads to the posterior of (cz,8),

given by

- p(a,BIt) ~ (aBY”( ir •(&~~(t1/a)]~’(t1/B)) II(a,B)1
1”2 (2.7)

i—i

• for a,B > 0, and zero otherwise. In general , the marginal posterior distributions

—5—

~~~~~~



of a and of B are obtained by integrating out the unwanted parameter.

In cases where a and 8 are Independe~~, a priori, so that

II(a,8)I 1
~
2 h1 (cs)h2(B), (2.8)

a situation that occurs in the two examples we provide later,

we may express the marginal (posterior) distribution of the median B, the

characteristic life, as

p(BIt) 8~~h2(B) [ it  F’ (t1/B)] I a ”h~(a) exp{-F
2(t1/8)/2a

2}da, (2.9)
1=1 0

and similarily, the marginal (posterior) of a becomes

p(a~t) &‘~h1(cz ) I B~~h~(B) [n {+[a~~F~(t1I8)]F~’(tj/B)}dB. (2.10)
— 0 14 •

It Is interesting to note from (2.7) that the parameter B has a marg nal

(posterior) distribution that exhibits a reciprocal property. For if we set

B — o 1 , with Jacobian ~B/~0 = _o .2, and use the facts that

e2 II(a,e)I~
’2 = II(a ,8)I 1”2 ,

$(z ) = •(-z), 
•

(2.11)
= -~(B/t),

• t2c t/B = 82C (Bit),

_ _ _ _ _ _ _  - 
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we obtain a joint distribution p (cx,O~r) with r = (r 1~r2~...~r~) ’ and r1 =

• 
. of exactly the same form as (2.7). In other words the posterior distributions

of B and of 8
_ 1 

belong to the same family, a property that arises from the

assumption of ~-norinality.

Tolerance regions for future life-lengths.

We here review standard definitions ; see Guttman (1967).

Definition 2: Suppose (t1,t2,.. . ,t1~) 
= t’ Is a vector of n independent ob-

servations sampled from the distribution p(t (O) . Then a region of t values

defined by a function S(t11t2~...~t~)CR 1 {t~-~ < t < “} Is said to have

coverage C if

• C = C(S) = I p (tIe)dt. (2.12)
—

Note that C,a functional of S, is a function of 0.

Definition 3: S is a 6-expectation tolerance region If

E{C(S)It) 6 (2.13)

the expectation being taken with respect to the posterior distribution p(0~t).

A procedure for the construction of an S satisfying (2.13) is as follows.

(For proofs and discussion, see Guttman 1967; 1970, pp. 132-3.)

1. Find the predictive distribution

• h(tlt) = I p(tle)p(elt)de = I p(e,t~t)de (2.14)
• ~~~

. 
— . -- - —

where £2 denotes the parameter space.

—7— . 
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2. FInd S, a 6-confIdence region for t such that

P(tr~It) I h(t~t)dt = 6 • (2.15)
- S

For our problem, with 0 = (a,B)’, p(tle) is (2.3) and p (OIt) is (2.7) assuming

the prior of (2.5). It follows that p(O,t~t) Is of the form of (2.7) with

(n+1) replacing n and the vector t extended to (t11t2.....t~.t)

say. Equation (2.14) then defines the normalizing constant of this distribution.

This process will be illustrated in Section 3.

—



3. TWO SPECIAL CASES

The Log-Normal Distribution.

In many rel iab i l ity papers , the distribution of the random variable being

stud ied (e.g., time to fa i lure , strength, fatigue) is assumed to be log—normal.

That is,

~(v) = £nv (3.1)

so tha t, in the notation of Definition 1 ,

a~~Ln(T/$) = Z , or T = B exp{ciZ}, (3.2)

where Z - N(O ,i). If we apply the foregoing work, we find a number of well-

known results. The invariant prior is proportional to cs 28 1 and, a posteriori,

W/ct2 — where W = E(ui-u)
2 and u1 = £nt1, and n (Ln8-~)iW — tn~ 

We omit the

details; for closely related results with a different pr ior, and for a number

of other developments, see Zellner (1971). 
• 
For coninents on the improper prior

• distribution , see the second example,

I.
-9- 
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• The Birnbaum—Saunders Life Length Distri bution.

Blrnbaum and Saunders 1969 are concerned with a random variable T, the length

of life of a system which is subjected to fluctuating stresses by a periodic loading.

Under various assumptions , they show that, in the language of Definition 1 , T is

i-normal with . 

•

~
(v) = v1~

’2 
— v~~

2, (3.3)

that is, T is such that

a~~ (T/B) = &‘1[(TI8)~
”2 - (B/TY~

”2] = Z , (3.4)

It Is straightforward, but tedious, to verify that, for (3.4)

• ~~[(~~)2+2 - {(aZ)4+4(aZ)2}~
”2] if Z < O ,

(3.5)

+ { (caZ)4+4(ctZ)2)1’2 If Z > 0,

so that (see (1.3) with W — aZ), •

1~~
2+2 - {W4+4W2}1’2] If w~~o,

•(W) (3.6)

• 1.kw2+2 + {W4s4W2)112] If W )‘ 0,

-10-
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Is convex, monotone increasing, and such that

q,(w) = l/qs(-W). (3.7)

Using properties of Z = N(0,1) we find, from (3.5), that

E(TIa,B) = B {l+~cz
2},

(3.8)

E(T21a,B) B2{l+2a2+3cz4/2} ,

so that

Var(Tla,B) = 82a2{ 1+5a2/ 4} , 
• 

(3.9)

with

= u(l+5ci2/4)112i(l+u2i2), (3.10)

a functIon of a alone. The results (3.8), (3.9) were found by Blrnbaum and

Saunders 1969, using a different method. Of course, if we substitute (3.4) in
(2.3), we find imediately that

p(tja B) {(t+8)/[a28n(2t)3)1”2} exp{-[(tiB)1”2-(Bit)1
~
’2]2/ (2a2)} (3.11)

for t > 0, because

•±~H I~I± i•~:



~‘(t/B) = B1’2 (t+B)i(2t 3’2} (3.12)

and we may find moments directly from (3.5).

The Jeffrey ’ s invariant prior for this problem has the interesting form

(details are given in the Appendix):

p(a ,B) II(a,B)1112 = [a2(l-G(a))+2]~~
2/(a2B) (3.13)

where

G(a) { l-4’(2/ci)}/{c&~(2/cz)} , (3.14)

U
wi th •(u) = I •(z)dz. If we set x ~ 2/u, (3.14) takes the form

G(2/x) = ~-x{l-~ (x) }/~ (x) = ~xR(x) (3 15)

where R(x) is Mill’ s ratio as given by Johnson and Kotz 1970, p. 278, (72).

The prIor (3.13) is improper, that is, the Integral with respect to a

and B diverges; this Is true with respect to the parameters individually, in

fact. In most practical cases, this Is not a matter for concern. Improper priors

-12-
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r~ p
often arise in the expression of Imprecise prior knowledge, and correspond to

“flat” prior information in some suitably transformed parameter space . Once
• 

. the information in the likelihood Is factored in, the consequent posterior

typically converges. If it did not, the sample information would be extremely

weak and of the same character as the prior information. Improper priors
• can be regarded as approximations to proper priors in situa tions where the

proper prior is “flat” in the region covered by the likelihood. In situations

where a Bayesian solution is paralleled by the sampling theory solution , improper

priors frequently occur in this way. In such cases, criticism of an improper

• prior solution implies criticism of the sampling theory solution as well.

For recent discussion on the various aspects of improper priors , see Dawid ,

Stone and Zidek (1973).

• Suppose now that n independent observations (tl)t2~•~~
)tn) 

= t ’ are

taken on T,whose distribution is (3 11). From (2.7), (3.12) and (3.13), and

after some simple algebra, the posterior of (a,8), given t, is seen to be

p(ajlt) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
• 

• (3.16)

• x exp{-[S2(B-80)
2+V]/[2a28]),

where K is a normalizing constant ,

V = S~—n~/S~ = (S1S2-n
2)/S2, • (3.17)

n n 
~S1 = Z t1, S2 

= E t ’, and = n/S2. (3.18)
1=1 1=1

Using the Schwarz Inequality, it Is easily shown that , because t.~ > 0, V > 0.

For this case, the marginal distributions p(ult) and p(Blt) are not

-13-



convenient explicit forms and so, In working our Illustrative example below,

we have Integrated (3.16) numerically over B and a respectively. (We

could, of course, express p(ctIt) In series form explicitly.)

• Numerical Illustration

• We used the Rand Corporation Tables 1955 to generate 15 random z~~s which
• 

• were converted into t1
1 s via (3.5). These are given In Table 3.1; it follows

that n = 15, V = 454.39, S1 = 498.50 S2 — 5.10, and B0 = 2.94, to two decimal places.

Table 1. Fifteen independent observations of life length.

45.3 35.8 115.7 99.9 52.5 66.9 42.4 13.3

7.1 0.4 1.8 8.5 1.0 2.5 5.4

The posterior distributions for a and B, obtained by numerical integration of

(3.16) wIth respect to B and a, respectively, are shown in Figures 1(a) and (b).

• From this calculation, we obtain 95% posterior confidence intervals for a and

B a s

1.73<a<3.38 4.57<B<l6.59

the true values being 2 and 10 respectively. •

The mean and mode of p(ult) are at 2.41 and about 2.17, while the mean and

mode of p(BIt) are at 9.53 and about 8.02, respectively.

The question of suitable approximations for the marglnals remains to be

answered.

Tolerance regions.

For th is example, h(tlt)of (2.14) is, by extension of (3.43), proportional

— 14—
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to the reciprocal of

7 7 a ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~ (t1+a)t~~~ 

x
0 0  i=l

exp{-[T2(B-B~)
2+T1-(n+l)

2/T2]/(2a
2B)}dadB, (3.19)

where T1 
= t+(t 1+t2+...+t~) = t+S1, T~ = t~ +(t~ +t~

1+. ..+ç1) = t 1 + S2
and = (n+1) /T2 = B0t(n+1)/(n+B0). There is no closed form for (3.19) and

so, for a given set of data, it must be evaluated numerically for a selected

grid of t values and then normalized by a third numerical integration . Dur ing

the latter integration the various percentage points (e.g. 0.025 and 0.975)

which are the ends of the corresponding tolerance regions (e.g. 95%) can also be

evaluated and recorded.

We did this for the data in Table 1 using the supplementary figures

recorded just above that table, and obtained the following tolerance regions for

a future observation: (1.71, 87.50) for a 0.90-expectation region, (1.10, 93.47)

for a 0.95-expectation region and (0.52, 98.64) for a 0.99-expectation region .

ç~ çarison with Saunders’ estimates.

Saunders (1974) offers a variety of alternative estimates for B and a.

His maximum likelihood estimates (p. 534) are

a = 2.180, 8 = 9.037;

from his equation (3.4),

B = 9~ 86,



from the third display on p 535

a* = 5.855, 8* = 11.343;

from p 535 in Remark 3 6, p

B = 12.280;

and from p. 536, second display

80 = 13,3, the middl e Ti.

We see that only a, 8, and B provide values that appear appealing compared

with those we obtain from our Bayesian approach, and from our knowledge of

the true values a = 2, B = 10.

—
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APPENDIX

Jef frey’s invariant prior p(a,8) for Section 3~ second example,

From (3.11) we have,

L = £np = constant + tn(t+B) - Lnct - ~~nB - (tB~~+t~~B-2)/ (2a2). (A.l)

The expected (wi th respect to t) matrix of negative second der ivatives is

E - - ____ = E 3ct (t8 +t 8-2) - ct a (t8 -f )
ac~aB

I - a2i 
- 1.5 I a 3(tB 2-t~~) (t+BY2+tc~

28 34f2

L~~
a8 a 8J 

—. —

= , (A. 2)

[112 I22J

say. Now

E(~(Lnp)/acx) = 0 implies E(t B 1+t~~B-2) = a2. (A.3)

It ininediately follows that Ill 
= 2/a2. Also

±~T.TT TTT~ 11. _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~



E(a(Lnp)/aB) = 0 implies E(t+8)~ - 

~E(t~~-t8
2)/a2 = (A.4)

and, after some algebra, it can also be shown that

E(t+B)1 ~~~~~ (A. 5)

It follows from (A.2), (A.4) and (A.5) that 
~l2 

= 0. Now we can show directly

that

E( t) = ~8(2+a
2), (A.5)

whereupon, from (A.2),

122 = E(t+$~~
2 + (A.6)

We now need E(t+8Y2. This is a tedious calculation in which account must be

taken of (3.5), and a series of reductions performed. Eventually we find that

E(t+B) 2 = 
2(1—G(a)} (A.7)

where G(ct) is defined by (3.14). Combining (A.2), (A.6) and (A.7) and the

facts that Ill = 2cz 2, 112 = 0 now provides the result (3.13).
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