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ABSTRACT
let P: R + R bBea continuous map and set
GF = {ve Wl'm(Rn)|div(F(Vv)) = 0}. The function

F gives rise to a map
© _n .n ;
Tp ¢ GF -+ (L (R)) via T, : v > F(Vv).

*
We show that if TF is continuous (for the w topologies on GF

o
and (L (Rn))n) then F 1is either affine or monotone.
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SIGNIFICANCE AND EXPLANATION

In the analysis of such nonlinear problems as the melting (Stefan) problem
and the filtration of water through a porous dam, it is important to know whether
small changes in the physics of the system produces large changes in the
physical end-results. When the system is modelled mathematically this means
that we have to study the behavior of some associated nonlinear operator.
This is done by establishing a measure of the effect of small changes in the
parameters in the problem (a topology). It turns out that in the two physical
problems mentioned above, the nonlinear operators involved are monotone.
Roughly speaking "F(x) monotone increasing" means that an increase in x
produces an increase in F(x). In many situations, monotonicity of the
operators involved guarantees that the corresponding physical problems are
well-behaved, and guarantees convergence of numerical methods for solving
these problems. Another important class of well-behaved operators are those
arising from so-called affine mappings, i.e. linear operators plus a displacement.

The question naturally arises as to whether there are any other well-
behaved classes of operators. In this paper the question is answered in the
negative: if a given operator is well-behaved (e.g. in the sense that it

has certain convergence properties) then it must be either monotone or affine.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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MONOTONICITY IS NECESSARY AND SUFFICIENT FOR COMPENSATED COMPACTNESS

Robert Jensen

0. Introduction

It has been known for a long time that monotone operators exhibit a kind of weak

e s n 4
continuity. Namely, suppose F : Rn + R is continuous and monotone. If for a

sequence {vj}°° & wl'Q(R") we know

i=l
w‘ v, v,
v,—v_, div F(W,) =0, v, = [, ..., —| ,
b 0 J j ax1 3x
and
w.
AR
F( VJ) — u,
then

F(Vvo) = uo -

In this paper we show that the only nonlinear functions, F,

property (with no additional restrictions on the sequences {v.}" and

j=1
{F(ij)}u ) are exactly the monotone functions.
j=1
Section 1 is a recap of known results; Theorem 1.5 is a result brought to our

attention by L. Tartar. This result reduces the analysis problem to a geometric one.

Section 2 is the solution of the geometric problem.

which have the above

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024 and the
National Science Foundation under Grant No. MCS75-17385 AOl.
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1. Some Analysis Results

Consider the following assumptions:

l_{\?)i;l c @@, ¥ m

(3.1} LA B e P S T
Bxk ¢ Axw k

for 1 < ¢,k <n and j€ z’, () = (vi,...,v;)) >

Fe (c(R"M", @ = rE) g and
(1.2)

{aiv 87)7_) is unifornly bounded in L™(R")
Let us set

Fz{F: R > R"|1£ F, {\7]};=o and

(1.3)
=] 3% A 0 _0
{a }j=0 satisfy (1.1) and (1.2) then F(¥ ) =d } .

The purpose of this paper is to give a useful characterization of F.

Theorem 1.4. If F is affine or monotone then F € F.

Remark. The result is obvious for an affine map F. If F is monotone then Minty's

argument can be used to prove the theorem. (For the sake of completeness we give

proof in the appendix.)

*
Theorem 1.5 . Let F e F, 1If

(1.6) (F(b) - F(a),b -a)=0 (+,*) is the inner product on R") ,
then
1:7) F(ab + (1 = a)a) = aF(b) + (1 - a)F(a) for a € [0,1] .

Proof. If b = a then there is nothing to prove; so we now assume b #* a.

@«
For O € (0,1) we wish to construct a sequence of functions (wj(x))j_l ce

such that

ij(x) = ej((x,b ~a))(b-a) +a

*
We wish to thank L. Tartar for showing us this result.

a
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where

s kK  k + e]
: —~—~«—1T B 3o, f k €
0 if Vlb B [J 5 or some Z

1Y - : € [} f 9 t x f l] for some k € Z
{ [[o - afl b] 3

37 (s)

To prove the existence of the functions w) we shall assume j is fixed and suppress
J in the following argument. We let T be any orthonormal transformation such that
T(b - a) =||b - alle (e, = (8 .,..-48..,+-.,86 ,) for &.. the Kronecker-§). We

) i 1li ii ni ji

define a function q(y) by

Y1
(1.8) qly) = B(s)ds .
0
Therefore
Vg(y) = B((y,el))el
so for
w'(x) = q(Tx)
we get
: -1 -1 -1
Vw' (x) = Vq(Tx)T = T "Vq(T(x)) = B(x,T (el)))T (el)

L= [n!;:?u] :

Setting w#(x) =w'(|]lb - allx) we arrive at

(1.9) wh(x) = BEx,b - a)) (b - a) .
Finally, we may define w(x) by

(1.10) w(x) = w“(x) + (a,x) .

This proves the existence of the desired sequence. It is easily seen that

*

(1.11) YWix) Saoa ¢ 1~ 0B,
*
(1.12) F (9w (x)) Y 6F(a) + (1 - 8)F(b)

and with ¢ = vw’

-3
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(1.13) {5;; \ , vk) 0 forall 1 <%&k<n, jE€ Z

Ssince F € F it will follow from (1.11)-(1.13) that if

(1.14) div(F(3))) =0 for all je z°

then F(f8a + (1 - 68)b) = 8F(a) + (1 - 8)F(b).

In order to prove (1.14) we must show that for all ¢ € C;(Rn)

(1.15) [ «r@),9)(x)ax = 0 .

RD

For convenience We again suppress the j and we consider for ¢ € C:(Rn)
E, [ (F@,v9)x0ax .

Rr"
We note that

E, =/ (F(@ - F(a),%)(x)dx ,
¢ n
R

= [ (BUx,b - a))(F(b) - F(a)),Vé(x)dax .
l‘l’\

Let T be the same transformation as defined earlier in this proof. Then for Tx =y
we get

Ey = [ (TREy,T(b = &) (F(b) - F(a))),T(96(T *(y))) Ny
n
R

=] (BUy, b~ alle DT(FEMD) - F(a)),T(V6(T >(y))) My .
- 1
R

I wiy) = O(T-l(y)) then Wy(y) = -rvwr'l(y)) and so

E, = [ 8y, b - a“el))(T(F(b) - F(a)), W (y) )day
n
R

=/ B«y,|b - a”el))(T(F(b) - F(a)), 3—3— V(y)e, Ny
Rn yl

since in all other directions the integrals are zero. Thus

By =] 8Cy.llb - allen 2 (u(y))F(b) - F(a),b - aXdy = 0 .
n 1
R
This proves div(?(vj)) =0 for all j e Z* and so completes the proof of the theorem.

ay




2. Geometric Considerations
We make the following assumptions throughout this section:

(2.1) F: R” » R" is continuous

If a,b € R” are vectors such that (F(b) - F(a),b - a) =0

(2.2)
then F(aa + (1 - a)b) = aF(a) + (1 - a)F(b) for a € [0,1] .

Definition. For x € R", ye R'\{0} and te R we set
(2.3) § Gi(x,y,t) = (F(x + ty),y) .

Lemma 2.4. If G(x,y.tl) =G(x.y,t2) then

[tz- t ] £t
(2.5) F(x +ty) = [—=—— |F(x + ty) + |——|F(x + t.y)
t, -t 1 S 2

€ 7 .
for t [tl tzl
Proof. By the definition (2.3) and the hypothesis of the lemma

(F(x + tyy) = F(x + t)y), (¢, - t)y) =0 .
Therefore, for a € [0,1] by (2.2)

F(x + atly s (1 a)tzy) = aF (x + tly) # (A= a)Flx + tzy)

With a = —L_—— the result claimed in the lemma follows easily.

Corollary 2.6. For fixed x,y € 1Rn, G(x,y,t) is a monotone function in t.

Proof. If G(x,y,t) is not monotone then there is a point to where G(x,y,to) is

a strict local extremum. Thus, there are points tl < to < t2 such that

G(x,y,tl) - G(x.y.tz) -
By Lemma 2.4, definition (2.3) and the above we conclude that

G(x,y,t) = constant for ¢t € [tl,tzl .

This is a contradiction since G(x,y,to) is then not a strict local extremum.
Therefore G(x,y,t) must be monotone in t.

Lemma 2.7. If xl + tyl and x2 + sy2 describe the same line then G(xl.yl.t) and

G(xz,yz,a) have the same monotonicity.




Proof. Since we get the same line from x1 - ty1 and from x2 + sy2 we conclude

y, = ky2 for some Kk # 0. Further we have x. = X_ + sy for some so € R. There-

1 1 2 072

fore Xy + tyl = %, * (so + tk)y2 and by (2.3)

G(xl.yl,t) = kG(xz.y2,30 + k) -

From here the conclusi~a of the lemma is clear.
By Lemma 2.7 we may unambiguously speak of the monotonicity of G on the line x + ty.
Lemma 2.8. Let V C R" be a two-dimensional affine subspace, V=zo+w where W is a linear

subspace and consider G restricted to VxW x R. Assume X, ,X_€ V and yl,yze W are such that

T2
G(xl,yl.t) is increasing and nonconstant
and

G(xz,yz,t) is decreasing and nonconstant .

Then F restricted to V is an affine map.

Proof. We may assume w.{.o.g. that x = xz. Indeed by Lemma 2.7 if the lines

x1 + tyl and x, + sY, intersect we may parameterize in such a way that X, = X,.

Furthermore, since by hypothesis G(xl,yl,t) is monotone increasing and nonconstant

there is a nbhd. Nl of Y1 such that G(xl,y,t) is monotone increasing and non-

constant for vy € Nl' Clearly for some vy € Nl the lines x1 + ty and x2 + sy2 do
intersect.
We let o x1 and consider first the lines X * t(ﬁy1 e cl)yz). For some
GO € (0,1)
-a =
G(xo,uoy1 + (1 0)yz,t) constant (as a function of t)

by the continuity of G and Corollary 2.6. Similarly, there is an 01 € (0,1) such that

, - P - 7 = t f -
G(xo a ¥y (1 al)y2 t) constant (as a function of t)

Let us denote aoy1 + (1 - uo)y2 and =-a.y. + (1 ~ al)y2 by y1 and y. respectively

13 2

(note ; and ;2 are not parallel).

1
By Lemma 2.4 we have from the above that

-

- t t
F(xo ar tyi) = (1 - tz)F(xo) + tz F(x + t




Holding t =1 and letting t, * ® we find

- _ < L ”-
Fllx #* yi) = F(xo) + lim (t F(x + tzyi))

tz*m 2

From this we conclude

F(xo + tyi) = F(xo) + t(F(xO + yi) - F(xo)) B

Now, consider any line in V which is determined by the two

points xo + lel' xo + a2§2, ui #0, i=1,2 and so can be parameterized as
+ v V. - v ). v V. = oy
Xy * Oy, + t(azy2 ulyl) We now evaluate G(xo + @y, .05y, ulyl,t) for te {0,1}.
We find
s y T = e e P sk
Go G(x0 ® lel.uzyz ulyl,O) P(xo) + al(F(xo + yl) F(xo)). ay, ulyl)
and
= vy YA y = .y - y. - i
Gl G(xO + a, ¥, 0.y, nlyl,l) F(xo) + az(F(xo + Yz) F(xo)). °2y2 @Y,
Thus

; L B o 1

G =G . <u2(F(xO a0 S 0 al(F(xo + yl) - Flxg)), a,y, 1

1 2
By expanding the right hand side of the above inequality we find

& — v ) = = G =0 S
6, 6 alaz(u*(xo + y2) F(xo).yl) + (F(xo + yl) F(xo) Yy )

Since a e, ¢ R\ {0} this implies that either

(2.9) G1 - GO =0 for all ul and az

or

5. =G # v
(2.10) Cl CO 0 for all al and a,

If (2.9) is the case then by Lemma 2.4 we can conclude that F restricted to V is
an affine map.

If (2.10) holds we can conclude the following intermediate result:
€2.13) For any X)X, € V, yeWw, G(xl,y,t) and G(xz,y,t) have

the same monotonicity.

Indeed, if X doesn't lie on either line this is simply a use of (2.10) and the fact

A M BA R, A | BN

NP ——




that if (ul,az) is proportional to (al,uz) then sqn(aluz) = sqn(uluz). In the

remaining cases we simply use the continuity of G and a limiting argument.
Now, by (2.11) we conclude that for any x € r"

G(x.§i.t) Z constant (as a function of t) .
Similar to a previous argument we also find that
Flx + ty,) = F(x) + t(F(x +y,) - F(x)) .

The proof of our lemma is almost complete now. Any point, 2z, in V can be
written as

& t;l + s§2 '

0
and
F(x0 + tyl * syz) = F(x0 + tyl) + s(F(x0 i3 tyl + y2) - F(x0 + tyl)
= F(xo) * t(F(x0 % yl) - F(xo)))

+ s(F(x0 i y2) ek t(F(x0 + Yl o yz) - F(x0 + yzw

= (F(xo) + t(F(x0 o Yl) - F(xo))))
We find

F(x0+t§1 +s§2) = A+ SB + tC + tsD

where A,B,C,D € R".

Finally, it is not too difficult to see that since (2.2) holds for F then D =0
and so F 1is an affine map.

This. completes the proof of the lemma.
Lemma 2.12. Let V be defined as before and suppose that F restricted to V is a
monotone function. Then for any Xy 0%, €V, ye w, G(xlly;t) and G(x2,y,t) have
the same monotonicity (as functions of t). In particular, if one of the two functions
is constant so is the other.
Proof. The only time this lemma is of any interest is in the case G(xl.y.t) = constant

(as a function of t). 1Indeed, in this case we must show that G(xz.y,t) = constant

NEREINT




(as a function of t). 1In order to do this we consider the functions

L NI RN AES

X X

1 2
EEL R
t Y !

or
g £

te R

We use the fact that by Lemma 2.4 (as in the proof of Lemma 2.8)

F(xl + ty) = F(xl) £ t(l"(x1 Y o F(xl)) .

From this and the fact that G(x,y,t)

constant in t we find

(the other terms add up to z

t >8>0, then

5

X

2
G(xz', T s)

+y -
(F(xl) - F(xz),y) +

and if 0 > -s > -t then

X X

3 2

- g ==
G(le t b4 t,O)

<F(x2) - F(xl),y) +

€2.23) (l“(:xl +y) - F(xl),y) =0
X x,
Next we evaluate G(x2. = 4y = R s). ‘Eor s'=0,
X X X X
1 2 = 1 L
G(x2, T+Y—TIO)—<F(X2)I +y t)'
= (F(x.,),y’ +l(F(x e
260 t 2 1 2
while for s = t we get
x X b3 x
2 1 2
s e = — - =)
G(x2, Y e t) (E‘(xl O -, ) B re +vy T
) *3
= - —= - —=£)
i (F(xl) + t(F(xl + ) F(xl)). et T

1
<F(xl),y) + E(F(xl),x1 - x2) + (p(x1 +y) - F(xl),xl - x2>

ero by 2.13). We conclude from the above that if

x x 1_

1 2 i
s o e T ;
Lz |
E(F(xl) - F(x2)'x1 - x2) + (F(x1 +y) - lE‘(xl),x1 xz)

x X

1
= = 5 = ; P,
t (F(xl) 1“(;(2),x1 xz) + (F(xl) l”(x1 + )).x1 x,

“O=




Adding the two inegualities gives us for 0 < ,sl £t

X X X X
- B o el 2 . 2 o -
Glxye T * Y e a8 =G, e, Slus = (F(xl) F(xz),x1 xz)‘

By letting t »> ©» and using the continuity of G we get

G(xy:y,S) = Glx,,y,~8) <0 .

Since by assumption F 1is monotone and therefore G(x2,y.t) is monotone increasing
(as a function of t) this proves

G(xz.y,t) = constant in t .

Corollary 2.14. Let V be defined as before and suppose that ~-F restricted to V

is a monotone function. Then for any x_,x

1'%2 € V, Y€ W, G(xl,y,t) and G(xz.y,t)

have the same monotonicity (as functions of t).
Proof. Simply apply the previous lemma to ~F. (-F also satisfies (2.1) and (2.2).)

Lemma 2.15. For any x ,xz,y € Rn the functions G(xl.y,t) and G(xz,y,t) have

1

the same monotonicity as functions of t. 1In particular, if one is constant both *
are constant.

Proof. A unique two-dimensional affine subspace is determined by x X and y, namely

)

v = {x|x = x

+ ty + s(x_ - x) for t,se R} .
1 i 2

il

Note that both of the lines x1 + 4ty and x_ + 8y are in V.

2

If either F or -F restricted to V is monotone then by either Lemma 2.12 or

Corollary 2.14 (resp.) we see that Lemma 2.15 is valid.

If F 1is not monotone and -F is not monotone then we can satisfy the hypothesis
of Lemma 2.8. Thus F restricted to V is an affine map and again Lemma 2.15 is valid.
3 i This completes the proof of the lemma.

Theorem 2.16. The function F is either monotone or -F is monotone or F is an

affine map.

L ———

Proof. By Lemma 2.8 the result is true for n = 2. We proceed by induction. Suppose

Theorem 2.16 is valid for n =m - 1 and therefore the statement of Theorem 2.16 is

valid on any m - 1 dimensional affine subspace V C n.
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We proceed with the proof of the theorem. If F or =-F 1is monotone on R

we are done. Therefore we can find four vectors xl,yl,x2 and y2 such that

G(xl.yl.t) is increasing and nonconstant

and

G(xz.yz,t) is decreasing and nonconstant .

It is important now to note that by Lemma 2.15 we can assume X = Xy = Xg-

Let V be an m - 1 dimensional affine subspace containing the lines X * tyl
and X, + ty2. By the induction hypothesis F restricted to V 1is an affine map.
By using Lemma 2.15 again along with the induction hypothesis we see that F is an

affine map when restricted to any of the affine subspaces x + V. Thus there arem - 1

linearly independent vectors (Ql,...,im_l} such that for any x € R
~ ~ m-l ~
(2.17) BN+ 0¥, % sns b 8 K oeiEEn jzl A (Flx +yp) = F(x) .
* * ~ ~ *
Let Y be any nonzero vector Yo [4 Span{yl,...,ym_l}. We consider G(xo,ym,t):
we claim we can find a nonzero vector Qm such that Qm '] Span(&l,...,Qm_l} and

~ *
G(xo,ym,t) = constant (as a function of t). Indeed, if G(xo,ym,t) = constant we

~ * *
take o ym. If this is not the case we may assume G(xo,ym,t) is increasing and

nonconstant (as a function of t). Therefore, for some a ¢ (0,1),

*
G(x0, Yot 1 - ao)yz,t) = constant (as a function of t). We may take
~ *
b (1 - uo)yz.

We know by Lemma 2.15 that for any x € Rn,

F(x + umym) = F(x) + um(F(x + ym) - P(X)Y ‘o

Combining (2.17) with the above we see that

- - m-l ~ -~ ~
P(alyl Rt E am-lym-l g amym) g F(umym) 4 jzl Ol'“:‘(c‘mym + yj) - F(aym))
- m-l -~ - -~ -~
= F(0) +a (F(y) - F(0)) + jzl oy (Flyy + 0 Flyy + ¥5) = Fly,))

=EC0) - um(F(ym) - Eu))

m m-1
= - F v.) - F(y,) = F(y F 3
F(0) + jzl uj(Flyg) = FO) + 121 ay0, (Flyy + vy (vy) (y,) + F(0))

=11~

als




T —

However, now it is an easy matter to see that

y +y.) - Fly) - Fly = MBS Y
(F(Ym ¥ yj) Flym) Flyj) + F(0)) 0 for al} 3 m

Thus
m

* et gy ) e B 4§ o (Flyy) = F(O) .

Fla,y
1 A

1

This completes the proof of the theorem by induction.
We are now able to state the main result of this paper.
Theorem 2.18. Let F be defined as in section 1 then
F=Mz={pF: R" » R"|F is an affine map or either F or =-F is a

continuous monotone map} .
Proof. By Theorem 1.4 F D M. By Theorem 1.7 if F e F then F satisfies (2.1) and
(2.2). Therefore by Theorem 2.16

FCHM.

This completes the proof of the theorem.

Acknowledgements
Sponsored by the United States Army under Contract No. DAAG29-75-C-0024 and the
National Science Foundation under Grant No. MCS75-17385 AOl.
The author wishes to thank L. Tartar for bringing this problem to the author's

attention and for his talks on "compensated compactness".

References

[1] A. Friedman, Partial Differential Equations, Holt, Rinehart and Winston, New

York, N.Y. 1969.
[2] S. Lang, Algebra, Addison-Wesley Publishing Co., Reading, Mass. 1967.

[3] J. T. Schwartz, Non-linear Functional Analysis, Gordon and Breach Science

Publishers, New York, N.Y. 1969.

-12-

T U——

S




T

WP

AR ST

e S T T

Appendix
We give here a proof of Theorem 1.4. As already remarked we need only consider
the case: F is continuous and monotone.

Proof of Theorem 1.4. We shall use a lemma.

Lemma A.l. Let VU € (Lm(nn))n and such that

3 ) s o _n
{5;; - Bxl vk) = fkl € L (R) forall 1 <k,L<n

and where VvV = (v ,...,v ). Then
3 n
VaVp +W
where ¢ € cO'Y(RM, ¢(0) = 0 and

lea - e | <k 9|l [x - y|
. @ (®R""

and where we (€2Y(R™M", w(0) =0 and

[lw_(x) - w (v)]] < k,max{]j£, ]| by x -yl
r r 2 ke Lw(Rn)

for w= (w.,...,w) and 1 < r < n.
b n b s

Proof. We set

n xr
dlxpieeix ) = J [ V(X seeix _148,0,...,0)ds .

r=1 0 s

Clearly ¢ has the required properties; so next we consider 5%— ¢ - V- Using our

r
hypothesis on v we see
- ) ka
(x) - v (x) = £ (X eeeesX,  48,0,...,0)ds .
3xr b < Kagal D § -+ A | k-1

From the equation above it is easily seen that w = v - V¢ also has the required properties.

This completes the proof of the lemma.

We continue now with the proof of the theorem. For Vj,ﬁj as given in Theorem 1.4

we see that if ¢ € c;(n") then

(A.2) (rod) - a3, 94 - ) >0 foranl ye c®N",
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where (E,E)I = f (f(x),q(x))dx for f and g for which the integral above is
n
R

defined.

By the monotonicity of F and (A.2) we get

J

(F(¥) -8, 6@ -9))>0 forall pe (C(RN" .

Upon letting 3j » ® we get

(A.3) (F(§),6F - ) - ¢5%,09) + lim inf (3),639) > 0 for all § e (C (RN .

oo
Let 6j = Vs' + Wj with ¢j and ﬁj as given by Lemma A.l. Then

(33,699 = (3,097 + @) = qaiv 30,089 - (&3, (w16 + (3,4 .
Since o&j > ¢$o in Ll(Rn)¢Gj > ¢;0 uniformly and (V¢)5j * (V¢)50 also in Ll(Rn)

we see that

1in inf (07,47 » ~Gaiv 87000 F ~ 00, (37 + (57, pm)

J-DQ

0

(8.4 98° + 8713 « a2 0%) .

Combining this with (A.3) yields

(A.4) (F(P) - 3,0 -3 >0 forall ye (cT(R™M" .
tee 3% +%° in 1} (R") such that
loc
e
o™ - 30l

< L
w® " K2

$ Q- %)a" and using this in (A.4) gives

x|

Choose 6 =

(10 e AR 1 1
o -v))+(1-k)<F(kw + (1

(P + (1 -p3 -3 55 .06* -3 2 0.

Multiplying the inequality above by k gives us

==
v
o

3 X, =k -0 -1 -0 1
<F(§w * {1 = 20 = O 400 -v))+(1-k)l(
for some K independent of k. By letting k = » we get

(r@%) - 2000 -3%) >0 forall ¥ e (TR .
0

Since ¢ € Co

is arbitrary also this implies

Fe%) « w0 . ‘

This completes the proof of Theorem 1.4.
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