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ABSTRACT

Let F : F” -ø be a continuous map and set

E {v e W1’~
’(P’~) I div(F(Vv)) = O}. The function F gives rise to a ~~~

T
F GF 

-
~ 

(L~~( 1R~’) ) ” via T
F 

: v -
~ F(Vv).

We show that if T
F is continuous (for the w topologies on GF

and (L (F ) )  ) then F is either af fine or monotone.
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SIGNIFICANCE AND EXPL ANATION

In the ana lys i s  of such nonl inear  problems as the me l t i nq  ( S t e f a n )  problem

and the filtration of water through a porous dam , it is important to know whether

t . small changes in the physics of the system produces large changes in the

physical end—results. When the system is modelled mathematically this means

that we have to study the behavior of some associated nonlinear operator .

This is done by establishing a measure of the effec t of small cha nges in the

parameters in the problem (a topology). It turns out that in the two physical

problems mentioned above, the nonlinear operators involved are monotone.

Roughly speaking “F(x ) monotone increasing” means that an increase in x

produces an increase in F (x). In many situations, monotonicity of the

• operators involved guarantees that the corresponding physical problems are

well—behaved , and guarantees convergence of numerical methods for solving

these problems. Another important class of well—behaved operators are those

arising from so-called affirie mappings , i.e. linear operators plus a displac~ nent.

The question naturally arises as to whether there are any other well—

behaved classes of operators . In this paper the question is answered in the

negative: if a given operator is well—behaved (e.g. in the sense that it

has certain convergence properties) then it must be either monotone or affine .

‘
The responsibil i ty for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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MONOTON ICITY IS NECESSARY AND SUFFtCIENT FOR COMPE~JSATED COMPACTuUc ~

Robert Jensen

0. Introduction

It has been known for a long time that monotone operators exhibit a kind of weak

continuity . Namely, suppose F -
~ is continuous and monotone . If for a

sequence {v.} C W1’ (I~~) we knc’w
J j=1

* 3v . ~v .
div F(gv .) 0 , Vv . —a- 

J 0 3 3

and
*

F(Vv .)  
~~~~~

then

F(7v
0

) u0 
.

In this paper we show that the only nonlinear functions , F, which have the above

property (with no additional restrictions on the sequences {v.}’~ and
j= l

{F(Vv.)} ) are exactly the monotone functions.
J j=l

Section 1 is a recap of known results; Theorem 1.5 is a result brought to our

attention by L. Tartar. This result reduces the analysis problem to a geometric one.

Section 2 is the solution of the geometric problem.

Sponsored by the United States Army under Contract No. DAAG29-7S-C-0024 and the
Nationa l science Foundation under Grant No. MC575-17385 Aol.
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1. Some Analysis Results

Consider the following assumptions!

C (L~~(lR~ ) )
n, andj— 1

(1.1) ~~~~ V 3 
— ~

-
~
—- v~~} is uniformly bounded in I..

for I. < t .k ~ n and j ~~~~~~ ~~ = (v~ v~ ) )

r F C (C(l~
n ) ) n

, 5) F(~~ ) 5
0 

and
(1.2)

L (div &)‘~~I is uniformly bounded in L ( ~~~)

Let us set

F {r ~~n 
-
~ R~~ h1f F , 

~
“

~~~j~~O and

(1.3)

satisfy (1.1) and (1-2) then F(C°) = ~0}

The purpose of this paper is to give a useful characterization of F .

Theorem 1.4. If F is affine or monotone then F C F .

Remark. The result is obvious for an affine map F. If F is monotone then Minty ’s

argument can be used to prove the theorem . (For the sake of completeness we give a

proof in the appendix.)

*Theorem 1.5 . Let F C F . If

(1.6) (F(b) — F(a),b — a) 0 (( ~~~ is the inner product on I~ )

then

(1.7) F (cib + (1 — a)a )  = aF(b) + (1 — ci)F(a) for a C 10 ,11

Proof. If b = a then there is nothing to prove; so we now assume b * a.

For 0 E (0,1) we wish to construct a sequence of functions {w’ x }~~ 1 
C

such that

Vw3 (x) = 33 ( (x, b — a))(b — a) + a

*We wish to thank L. Tartar for showing us this result.
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wh ere

- - —-  - h-- - - ~ E , 
~~

—
‘

~
---

~~~ 
for some k e ~0 it  L~~ — a  U ~ I

( s )
s r k + ~ k + l ~I ~ I — -—-- , —1 for some k e ~h~~
—
~~h h L I I J

To prove the existence of the functions w3 we shall assume j is f ixed and suppress

j in the following argument. We let T be any orthonormal transformation such that

T(b — a )  = b b — a h b e (e. = (6 S 6 .) for 6.. the Kronecker—iS ). We1 i i i  ii ni p.

define a function q(y) by

y 1
(1. 8) q (y )  = f B(s)ds

0

• Therefore

Vq(y )  =

• so for

•
• w (x) = q(Tx)

we get

Vw ’(x) Vq (T x)T = T 1Vq ( T ( x ) )  =

b - a  b - a
= O C x , lb - a ll > 

~b - all

Setting w#(x) = w ’ ( ( Ib — a lIx ) we arrive at

(1.9) Vw#(x) B ((x,b — a>)(b — a)
• Finally, we may define w (x) by

(1.10) w (x) = w~ (x) + (a , x >

This proves the existence of the desired sequence. It is easily seen that

(1.11) Vw3(~ ) ~~~8a + (1 — 0)b

(1.12) F(Vw~ (x)) -~-~ 8F(a) + (1 - O)F(b)

and with I Vw 1

I -_--•.~—--—-. •—.-•— —- - ---~ -- •----—-- - - --------•---—- - - -- •—-----.- •-••--•-- — --- ---~~~~ - —-~~ —~-—•-- - —----—-- ---- ---—-----•--— - ------—- --- -——— -•-• -•--.-•—•- .-•-.—-—



p.

:~ . +
(1.13) v — V I — 0 for all. 1 < ~.k < n, jQ 

~~ k — —

Since F C P it wi ll fellow from (1.11)—(l.1 3) that if

(1.14) div (F(G 3 )) = 0 for au j C

then F(Oa + (1 — 0(b) • t~F(~~) + (1 — 0)F(b).

In order to prove (1.14) we must show that for all ~ C C
0
(R°)

( 1.15) f (F(~~ ) , VI> (x)dx = 0

For convenience we again suppress the j and we consider for • e C ( P n )

E~~ I f (F(~ ) , Vq1> (x )dx -

We note that

= f ( F ( ~~) — F ( a) , V~ > (x)dx

R n

f C O (( x,b — a > )  (F(b) — F(a)) ,V$ (x) )dx

Let T be the same transform etion as defined earlier in this proof. Then foi TX = y

we get

E~ = J ( T 8 ( ( y , T( b  - s) > ) ( F (b )  - F ( a ) ) ) , T ( V ~~(T 1( y ) ) ) > d y

Rn

— I C O( (  y ,JJb — a l le 1>)T ( F( b) — F(a)) ,T(V~ (T 1
(y))) >dy

Rn

If ~4 , ( y )  $ ( T 1(y ) )  then V 4 i ( y )  = TV4 (T 1
(y ) )  and so

= f B(< yj~b — a l le 1
)) (T (F (b) — F ( a ) ) , V~4i (y ) )dy

R
n

— f B((yjlb — alle 1
> (T (F (b) — F(a)). 

~j~
— i4~(y)e1

>dy
1

since in all other directions the integrals are zero. Thus

— f 8{(y.l~b — a hIe 1>) ~~ (~~(y))(F(b) — F(a),b — a >dy — 0  .
1

This proves div(F(&)) — 0 for all j 1 and so completes the proof of the theorem .

_ _ _



2. Geometric Considerations

We make the following assumptions throughout this section:

(2. 1) F : ~~n 
is continuous

fll f a,b C are vectors such that (F(b) - F(a).b - a> = 0
( 2 .2 )

Lthen F(aa  + (I — a)b) = aF(a) + (1 — a)F(b) for a C [0,11

Definition. For x C R
n 

y s R
n \ {o} and t C R we set

(2.3) • G(x.y,t) I ( F ( x  + t y ) ,y )

Lenma 2 .4. If G (x,y,t
1
) = G (x,y,t2) then

t - t  t — t
(2.5) F(x + t y u = 

2 F(x + t y) + 
— 

1 F(x + t2y)t
2

— t
l 

1 t
2 

t1

for t E [t 1,t21.

Proof. By the definition (2.3) and the hypothesis of the lemma

(F(x + t
2

y) — F(x + t
1
y ) , (t

2 
— t

1
)y > = 0

Therefore, for a 1 (0,11 by (2.2)

F(x + at
1y ~ (1 — a)t

2y) = aF(x + t
1
y) + (1 — a)F(x + t

2
y)

t2 
— t

With a = 
— ~ 

the result claimed in the lenmia follows easily.
1

Corollary 2.6. For fixed x,y C IRn, G(x,y,t) is a monotone function in t.

Proof. If G (x ,y,t) is not monotone then there is a point to where G (x,y,t
0
) is

a strict local extremum. Thus, there are points t
1 

< t
0 

< t
2 such that

G(x ,y,t1
) = G(x ,y,t2)

By Leseia 2.4. definition (2.3) and the above we conclude that

G (x,y,t) — constant for t C 1t 1,t 2
)

This is a contradiction since G(x,y,t0) is then not a strict local extremum.

Therefore G(x.y,t) must be monotone in t.

Lessee 2.7. If x
1 + ty

1 and x 2 + sy
2 describe the same line then G(x

1,y1,t) and

G(x2
,y
2
,s) have the same monotonicity.

—5—
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proof. Since we get the same line from x
1 + ty

1 
and from x 2 + sy2 we conclude

y
1 

— ky 2 for some k ~ 0. Further we have x
1 

= x
2 

+ s
0y

2 
for some E R. There-

fore x 1 + ty1 
= x2 

+ (s
0 

4 tk)y
2 

and by (2.3)

G (x 1
,y

1
,t) = kG(x

2
,y
2
,s
0 

+ tk)

From here the conclusi’.i of the lemma is clear .

• By Lemma 2.7 we may unambiguously speak of the monotonicity of C on the line x + ty.

Lemma 2.8. Let V C p~ be a two—d imensional affine subspace, V = z 0+W where W isa linear

subspace and consider G restricted to V x W x R. Assume x
1
,x
2
1 V and y1,y2

1 W are such that

• G (x
1
,y

1
,t) is increasing and nonconstant

• and

G(x2,y2,t) is decreasing and nonconstant -

Then F restricted to V is an affine map.

Proof. We may assume w .~~.o.g. that  x
1 

= x
2
. Indeed by Lemma 2.7 if the lines

x
1 

+ ty
1 

and x 2 + sy 2 inter sect we may parameterize in such a way that x
1 

= x
2.

Furthermore , since by hypothesis G(x
1
,y
1
,t) is monotone increasing and nonconstant

there is a nbhd . N
1 

of y
1 

such that G(x
1
,y,t) is monotone increasing and non—

constant for y € N
1. Clearly for some y C N

1 
the lines x1 + ty and x2 + sy2 do

intersect.

We let x0 
= x

1 
and cons ider first the lines x0 + t(cly

1 + (1 — a)y
2) . For some

a C (0.1)

G (x
0
,c1
0
y
1 

+ (1 — a
0)y2

,t) = constant (as a function of t)

by the continuity of C and Corollary 2.6. Similarly, there is an E (0,1) such that

G(x
0.—a1

y
1 

+ (1 — u
1
)y
2
,t) constant (as a function of t)

Let us denote a
0y1 

+ (1 - a
0
)y
2 

and —a
1
y
1 + (1 - a1

)y
2 

by 
~~~~ 

and 
~
‘2 

res~*ctively

(note and 
~
‘2 

are not parallel).

By Lemna 2 4  we have from the above that

F(x0 
+ ty.) — (I — ~-)F(x0

) + ~~
— F(x + t2y.) -

—6—
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_F -

I
• Holding t = 1 and letting t 2 

-
~ we find

• 
F ix 0 

+ . )  = Fix
0
) F (x t

2
y.))

From this we conclude

F(x
0 

+ ty.) = F(x
0
) + t(F(x

0 
+ y.) — Fix

0
) )

Now , consider any line in V which is determined by the two

points X
0 

+ 
~~~~~~~~~ 

x0 + • i y ,  * 0, i = 1,2 and so can be parameterized as

+ t~~y~ + t (~~2
y
2 

— a
1
y
1
). We now evaluate C(x

0 
+ a

1
y

1
,a

2~~2 
— a

1~ 1
,t) for t ~ {0,l}.

We find

G
0 
I G(x

0 
+ a

1
y
1

,cz
2
y
2 

— ~1y1
,0) = (F(x

0
) + ci

1
(F(x

0 + y )  — Fix
0

) ) ,  a
2y2 

—

and

G (x
0 

+ •~1
y
1
,ci2y2 

— i
1
y
1
,1) (F(x ) + a

2
( F(x

0 
+ 
~
‘2~ 

— F(x
0

) ) ,  cz2
y
2 

—

Thus

G
1 

- G
0 

(~~2(F(x0 + - F(x
0

) )  - a
1
(F(x + y

1
) - F ( x0

) ) ,  i2y
2 

- 0
1
y

1
)

By expanding the right hand side of the above inequality we find

- G
0 

= - a a
2
((F (x

0 
+ - F(x

0
).y~~> + (F (x

0 
+ y

1
) - F (x

0
).y

2
>)

Since i ,,i c R\{0} this implies that either

(2.9) G
1 

— G
0 = 0 for all and a

2

or

(2.10) - Go * 0 for all a
1 and 02 -

If (2.9) is the case then by Lemma 2.4 we can conclude that F restricted to V is

an affine map.

If (2.10) holds we can conclude the following intermediate result:

(2.11) For any x
1
,x
2 € V. y e W , G(x

1
,y,t) and C(x

2,y,t) have

the same monotonicity .

Indeed , if x
0 

doesn ’t lie on either line this is simply a use of (2.10) and the fact

-7—

rT 
_ _  _ _ _ _  _ _  _ _ _ _



that if (0
1
.02

) is proportional to 
~~~~~~~ 

then sqn (.
1
.
2
) = sqn(u~~~2

). In ~~

remaining cases we simply use the continuity of G and a limiting argument.

Now , by (2.11) we conclude that for any x €

G (x ,y .t ) I constant (as a function of t)

Similar to a previous argument we also find that

F(x + ty.) = Fix) + t(F(x + y. ) — Fix))

The proof of our lemma is almost complete now. Any point . z, in V can be

written as

z = x0 
+ ty

1 
+ sy

2

and

Fix
0 

+ ty
1 

+ sy
2
) = Fix 0 

+ t~1
) + s(F ( x

0 
+ ty

1 
+ 
~
‘2~ 

— F(x
0 

4- ty
1
)

= Fix 0
) + t ( F (x

0 
+ y )  — Fix

0
)))

+ s ( F( x
0 

+ y2
) + t ( F (x

0 
+ + 

~
‘2~ 

- Fix
0 ~2H

- (Fix
0
) + t ( F ( x

0 
+ y )  - Fix )))) .

We find

F(x0
+ty

1
-4 - sy

2
) A + s B + tC + t50

where A ,B,C,DC R~.

Finally, it is not too difficult to see that since (2.2) holds for F then 0 = 0

and so F is an affine map.

This completes the proof of the lemma .

Lemma 2.12. Let V be defined as before and suppose that F restricted to V is a

monotone function. Then for any x1
,x2 € V . y e W , G (x

1
,y,t) and G(x

2
,y,t) have

the same monotonicity (as functions of t). In particular , if one of the two functions

• is constant so is the other.

• Proof. The Only time this lemma is of any interest is in the case G(x 1
,y,t) constant

(as a function of t) . Indeed , in this case we must show that G(x2
.y,t) — constant

I 

-_ _I~ _
~~~~~~~~i_~~~~~~~~~~~~~~±_ ~~



(as a function of t) . In order to do this we consider th~ functions

Gix 2
, —i- + y - 5) for t € 5~

• We use the fact that by Lemma 2.4 (as in the proof of Lemma 2.8)

Fix
1 

+ ty) = F(x
1
) + t(F(x

1 
+ y )  — Fix

1
) )

From this and the fact that G(x ,y,t) = constant in t we find

(2.13) C Fix
1 

+ y) — F(x
1
),y ) = 0

x x
Next we evaluate Gix 2

, —i + y - —a- , s). For s = 0,

= (F(x
2) .y

) + 1 (~~(x ) ~X 1 
- 
~2

>

while for s = t we get

• 
. G(x2, 

-
~~~ + y — — i . t) = (Fix 1 + ty), —

~~~ + y -

= (Fix
1) + t(F(x

1 
+ y)  — Fix 1

) ) ,  —
~~~ + y -

= (F(x
1
),y ) + 1( F ( x

1
) , x

1 
- x2

> + (Fix 1 
+ y) — F(x

1
),x

1 
- x2

>

(the other terms add up to zero by 2.13). We conclude from the above that if

t > s > 0 , t hen

x x x x
G (x2

, _! + y — —
~

- , 5) — G(x
2, 

_! + y - -
~~~~~, 0) <

(Fix
1
) — F(x2),y > + ~~ ( F ( x

1
) — F (x 2),x 1 

— x
2

> + ( F i x
1 

+ y)  — F (x
1
),x

1 
— x2

>

• and if 0 > -s > -t then

G (x 2
, — -

~~~
- + y + -i- , 0) — G (x

2
, — —~-- + y + ~~~~~~ — 5 )  <

(F (x 2) — Fix
1

) ,y > + 1 F(x
1
) — F(x

2
) ,x

1 
— x2

> + ( F i x
1

) — Fix
1 

+ y ) ,x
1 

— x2
>

—9—
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- -- 1

Add ing the two inequalities gives us for 0 < s i  ~ t

• x X 
2G (x2

, -i-- + y — ~a , 5~ — G (x
2
, — -~~

- + y + ~~~~~~ —s) < ~~(F(x1
) — Fix

2
) , x

1 
— x2

> -

By letting t * = and using the continu ity of C we get

G(x 2 ,y, s) - G(x 2 ,y, -s) < 0

• Since by assumption F is monotone and therefore G(x 2 ,y,t) is monotone incroasing

(as a function of t) this proves

Cix 2,y,t) = constant in t

Corollary 2.14. Let V be defined as before and suppose that —F restricted to V

is a monotone function. Then for any x
1
,x

2 
e V, y C W, G(x

1
,y,t) and G(x2

,y, t)

have the samo monotonicity (as functions of t).

Proof. Simply apply the previous lemma to —F. (—F also satisfies (2.1) and 12.2) .)

Lemma 2.15. For any x
1
,x
2
,y € Rn the functions G (x

1
,y,t) and G(x2,y,t) have

the same monotonicity as functions of t. In particular , if one is constant both

are constant.

Proof. A unique two—dimensional affine subspace is determined by x1
, x

2 and y, namely

V {x~x = x
1 + ty + six

2 
— x

1
) for t,s C R}

Note that both of the lines x
1 

+ ty and x
2 

+ sy are in V.

If either F or -F restricted to V is monotone then by either Lemma 2.12 or

Corollary 2.14 (resp.) we see that Lemma 2.15 is valid .

If F is not monotone and —F is not monotone then we can satisfy the hypothesis

of Lemma 2.8. Thus F restricted to V is an affine map and again Lemma 2.15 is valid .

• This completes the proof of the lemma.

Theorem 2.16. The function F is either monotone or -F is monotone or F is an

affine map.

• Proof. By Lemma 2.8 the result is true for n 2. We proceed by induction. Suppose

Theorem 2.16 is valid for n = m — 1 and therefore the statement of Theorem 2.16 is

valid on any m - 1 dimensional affine subspace V C R
m .

-10-
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~

• I
• We proceed wi th the proof of the theorem , I f  F or —F is ~ c:~ctc~ I.. ~~

we are done . Therc fcre we cJn f ind four v ec to r s  x
1
,y

1
, x

2 
and y such tha t

G(x
1
,y

1
.t) is increasing and nonconstant

and

G (x
2
,y
2
,t) is decreasing and nonconstant

It is important now to note that by Lemma 2.15 we can assume x1 
— x2 — x

0
.

Let V be an m — 1 dimensiona l affine subspace containing the lines x0 + ty
1

and x
0 + ty

2
. By the induction hypothesis F restricted to V is an affine map.

By using Lemma 2.15 again along with the induction hypothesis we see that F is an

affine map when restricted to any of the affine subspaces x + V. Thus there are m - 1

linearly independent vectors {y
1 ~m-l~ 

such that for any x C

(2.17) F(x + + + 0~~~Y~~~) = Fix) + 
j=l 

ci
3 
(Fix + ~~ — Fix))

Let y be any nonzero vector y* V Span{y
1 

y 1
}. We consider G (x0,y ,t);

we claim we can find a nonzero vector y Such that y I Span{y1 
y 1~ and

G (x
0,y ,t) = constant (as a function of t). Indeed , if G(x

0
,y, t) = constant we

take y = y .  If this is not the case we may assume G(x0
,y, t) is increasing and

nonconstant (as a function of t). Therefore, for some a~~e (0,1),

G(x
0, a0y + (1 - a

0
)y

2
,t) = constant (as a function of t). We may take

— a
0y + (1 - a0

)y
2
.

We know by Lemma 2.15 that for any x C IR
n,

Fix + a y ) = F(x) + a (F ix  + y ) — Fix) ) .
m m  m m

Combining (2.17> with the above we see that

+ + 0
1~m 1  

+ a y )  = F l a y )  + ~ a (F(a y + y.) - F(ay ))

F(0) + a (F(y ) - F(0)) + 

~ 

a .(F(Y~) + a (F(y + ~~ - Fly .))

- F(0) — a (F(y ) - F(0))

- F(0) + 

~~~~ 

u~ (F(Y~) - FiO)) + 
~ 

e.a (F(y + y.) - F(~~) - F(~~) + F(0))

—1 1—
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However , now it is an easy matter to see that

• (Fly + y.) — F(y ) — Fly.) + Ff0)) — 0 for al) j = 1 — .

• Thus

• 
F(a

1
y1 

+ ~~‘‘ + 
~~~~ 

— F(0) + 
j=l 

a~ (F(~~ ) - F ( 0 ) )

This completes the proof of the theorem by induction.

We are now able to state the main result of this paper .

Theorem 2.18. Let F be defined as in section 1 then

F = M (F : * p~ IF is an affine map or either F or -F is a

continuous Conotone map)

• Proof. By Theorem 1.4 F D M. By Theorem 1.7 if F € F then P satisfies (2.1) and

(2.2). Therefore by Theorem 2.16

F C M

This completes the proof of the theorem .
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• Appendix

We give here a proof of Theorem 1.4. As already remarked we need only consider

the case: F is continuous and monotone.

Proof of Theorem 1.4. We shall use a lemma.

Lemma A.1. Let ~ € iL (Pn ) ) n 
and such that

• {—
~ -— • — v ) = f C L(R~) for all 1 < k,i ~ n3X
k ~~~ k kt —

and where ~ = iv v ) .  Then
1 n

where ~ € C
O .].(R n

), •(0) = 0 and

— 
~~y)~ ~ n Ix — y~

IL (Rn)

and where ~ € (C
O.l

L R n
) )

hi, w(0 )  = ~~ and

i iw r (x ) — w~ iy) ii < K2 (m ax{ t1~ kI 
) i x  — y~

for ~ = (V
1 

W
n

) and 1 r n.

Proof. We set

x
— 

~ 

r 

V
r
(X

i 
xr_1 ,s~

O
~
...,O)ds

r—l 0

Clearly • has
_
the required properties; so next we consider — v~ . Using our

hypothesis on v we see

n Xk
•( x )  — v (x) = 

k ~+l ~ ~kr~~l 
Xk_ l~~

S
~~
O 0)ds

From the equation above it is easily seen that ~ — - ~~ also has the required properties.

This completes the proof of the lemma .

We continue now with the proof of the theorem. For as given in Theorem 1.4

we see that if $ C C~ (F~) then

(A .2) (F (9~) — U~~, $($ — 9
~
)>
~ 

> 0 for all $ C (C (R ~))~

—13—
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• where (f .g )
1 

= f (
~~ (x) ,~~(x) >dx for f and g for which the integral above is

defined.

By the monotonicity of F and (A.2) we get

- €i~ , •i9 — ~~)) > 0 for all ~ e

Upon letting j * we get

(A .3) ~~F (i / ) ,V i ( *  — 
..0)> — 

(_o
~~~ > + u r n  inf (ü3,~~~~> 0 for all 4, €

J V V~~~

Let + with and as given by Lemma A.1. Then

= ~~~~~~~~ + i~)> = —(div ü~ ,q~4~~> — (ü~ ,(V4 )~~~> +

Since •~
O 

in Ll(Pn)~ WJ 
~ ~, O uniformly and (v$),~J -+ (V$)~° also in L~iR ”)

we see that

lim inf (a~ ,~ 0~ > = — (div ~
O
~~~

0> — (ü~~ (V4~)~
0> +

_0 —0 _ O _ O _ O
= Cu  ,4 iV~ + w ) >  = Cu ,$v >

Combining this with iA .3) yields

(A .4)  ( F ( 4 )  — ü
0 $(~ 

— g°) >  > 0 for all C € (C~~(R
n

) )~

Let 
,k -. in L1 (Rn) such that

b c

— 
_O

)!l n n
(L i R ))  k

Choose = ~l + (1 — 
~~~~ and using this in (A .4 ) gives

+ (1 - 1)~ k ) - ~~~~~~~~ - p0) )  + (1-  ~)(F(~~* + (1 - 1)~ k ) $ ( ~ k 
- ~

0) >  > 0

Multiplying the inequality above by k gives us V

+ (1 _ 1)~ k ) ~~~~~~ _~~
0

> > + (1 —~~)K~~~> 0

for some K independent of k. By letting k -
~ ~ we get

( F (~ °) - ~0 ,(~
’ 

- ~0 ) )  > 0 for all * € (C~~(P~))~

Since ~ C C~ is arbitrary also this implies

• F(~°) = .

This completes the proof of Theorem 1.4.
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