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ABSTRACT .jj. I

A Poisson structure (antisymmetric bilinear local operator on functionals ,

obeying the Jacobi identity) is establ ished on cer ta in fu nction spaces

(spaces of symbols of pseudodi f fe rential opera tors on IR nI
). The spaces of

functionals thus become (infinite-dimensional) Lie Algebras. This type of

Lie algebra stru cture has been establ ished prev iously for fun ctionals of

functions of a single variable (n = 1) only. For n = 1, the theorem

of Gardner , as generalized by Gel ’fand , Dikii , and others , is proved : that

is, the residues of the zeta—function of the elliptic symbol

~m+2 + ~
3=0 ~

are in involution with respect to the appropriate Poisson bracket. In

contrast, it is shown by explicit example that the residues of the zeta

functions of higher-dimensional elliptic symbols are generally not in

involution .

AMS (MOS) Subject Classif ication: 35A25

Key Words: Poisson Structures, In tegrals in I nvolution , Korteweg—de Vries
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S I G N I F I C A N C E  AND EXPLANATION

In recent years severa l nonlinear partial differential equations of applied
mathematics  have been discovered to have the ext raordinary  property known as
complete ir itegrabili ty : tha t is , roughly speak ing, they possess the max imum
number of constants of motion possible for the type of system considI~red . These
equa tions arise in the study of shallow water waves , accoustic waves in plasma s
(Korteweg-devries equation) nonlinear optics, Josephson junction theory, (sine-
Gordon equation), other plasma phenomena (nonlinear Schr~ding er equation ), and
other areas. The complete integrability property — a g a i n ,  roughly  speaking -
allows unusually expl ic it solu tion of these equations .

This report is concerned with two other noteworthy properties of these
equations.  Firs t , a l l  of the above—mentioned part ial  d i f f e r e n t i a l  equations
involve only two independen t variables , hence model systems whose spatial varia-
tion is essentially restricted to a single linear dimension: one independent
var iable thus represents space (location) , and the other var iable  repr esents
time, in applications . Second , each of the above—mentioned examples is, in
some sense, a Hamiltonian system . Hamiltonian systems commonly occur in mechan-
ics (both classical and quantum), an~l are characterized by the existence ofspecial coordina tes , called canon ical coordinates , in the state space of the
system, in which the equations of motion take a particularly simple form,
called Hamilton ’ s Equation. The examples of the f irst paragraph belong to
continuum mechani cs, hence manifest infinitely many degrees of freedom . None-
theless , a set of canonical coordinates (infinitely many , of course) may be
chosen for each of those examples, so that each partial differential equation ,
expressed in terms of these special coordi nates , becomes a Hamilton s equa-
tion. It should be remarked that Hamiltonian systems are very special dynamical
systems .

An obvious question is, whether the phenomenon represented by the examples
of the f i r st paragraph is somehow restricted to partial differential equations
in two independent varia bles — or , in terms of appl ications , to systems with
(essentially) one linear d imension . In approaching this question, one may
choose to emphasize some aspects of the phenomenon over others. In this report,
we concen tra te on the Hami ltonian struc ture suggested by our examples, especially
the Korteweg-deVries equation. We show that the Harniltonian structure is
independent of the number of spatial dimensions: that is, we give canonical
coordinates on spaces of functions of arbi trari ly many ( space) variables , so
that the Hamiltonian way of writing the Korteweg-deVries equation appears as
a Special case.

Thus Hami ltonian systems of a type represented by the examples of the
f irst paragraph , are present in any number of (space) dimensions . In contrast ,
the complete integrability property (which should be considered more special
than the Hamiltonian property) seems to fail in dimension greater than one.
Prec isely, we g ive an example in which the rather obvious generalizations of
the constants of motion for the Korteweg-deVries equation (dim. 1) fail to be
constant in dimension greater than one. This is certainly not to say that there
are no partial differential equations in many independent variables which repre-
sent completely integrable Hamiltonian systems, or even that the Hamiltonian
systems constructed in this paper do not have other , more cleverly chosen,
constants of motion — only that the obvious choices fail to work. The signifi-
cance of this apparent counterexample. and , more generally, the importance of
Hamiltonian systems of Korteweg-deVries type in modeling phenomena with several
independent spatial dimensions , is unclear , and suggests the need for further study .

The responsibility for the word ing and views expressed in this descriptive
summary lies with MRC , and not with the author of this report.
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• P POISSON STRUCTUBE ON SPACES OF SYMBOLS

W. Syines

§1. Introduction

• The purpose of this paper is to explore a Poisson structure on certain function ~j•ac~s

(truncated symbols of nonnegative order) , which arose in a search for a multid imens ional

generalization of the Korteweg-deVries equation. The search must be declared a failure , in

the sense that no isospectral deformations of higher—dimensional linear differential opera-

tors were found (it is in this connection that the Korteweg-deVries equation is mentioned

here). However , the entire formal Hamiltonian apparatus, which has been associated to the

Korteweg—deVries and other “completely integrable” systems , does appear in all dimensions

of the underlying Euclidean space , and we develop it here .

The theorems of Lax-Gardner-Gel’fand-Dikii, concerning the Hamiltonian nature and

• existence of local constants of motion for various isospectral deformations of linear

ordinary dif~arential operators, are immediate prod.cts of the machinery developed below .

In particular , the proof of a certain crucial Jacobi identity , which is not even given in ~3)

in view of the “awkwardness” of the computations , becomes easy in our framework.

On the other hand , the impossibility of finding , within the mechanical structures de-

veloped here, systems with “spectral” constants of motion when the dimension of the under-

lying Euclidean space is greater than one , also becomes particularly clear. We have cer-

tainly not proven that there can be no isospectral deformations of linear partial differen-

tial operators, governed by systems of partial (or ~‘seudo-) differential equations. What

we have shown is that certain simple mechanical systems , which contain all of the known iso-

spectral flows in one dimension , when generalized in the obvious way, fail to generate fur-

ther examples of this phenomenon.

We should remark that, on the one hand , isospectral deformations of pseudo—differential

operators, cum local conservation laws, abound in any number of dimensions ; and that , on the

other hand , there is some feeling that the paraphernalia of completely integrable systems

Sponsored by the United States Army under contract No. DAAG29—75-C-0024 and by the

National Science Foundation under Grant No. MCS75—17385 AOl.
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in one dimension, especially solitens and the like, ~~~~~ to be peculiar to one-dimensional

problems . Indeed , the only published studies of multi- (two-) dimensional isospectral

flows to come to the author ’s 5tt~ntion (all having to do with the Kadomstsev—Petvishvili

equation), are, in the rather crude aspect considered here, merely glorified one-dimensional

constructions.

The immediate inspiration for this work was the article (3] by I. M. Gel ’fand and

L. A. Dikii , in which a formal version of the pseudo differential operator calculus was used

to give a particularly elegant construction of many (in fact, all) isospectral deformations

of scalar ordinary differential operators,generalizing and clarifying previous work of Lax

(4] and Gardner (2]. They formulate local spectral conservation laws (residues of zeta

function) for these deformations in the framework of a formal variational calculus. Our

approach is a straightforward generalization of theirs , except that we give a smoother treat-

ment of the Jacobi identity for the Poisson bracket.

We now describe the organization of this paper , and explain some of the main terms in

it.

A Poisson structure is a prescription of a Lie algebra structure (Poisson bracket) on

some space of functions on a manifold. Thus a Poisson structure provides the necessary means

to do Hainiltonian mechanics , although - as we explain - the notion is slightly weaker than
that of symplectic structure , which is usually the framework of mechanics. Simple facts

about garden-variety Poisson structures on finite—dimensional smooth manifolds are explained

in §2. Our Poisson structures are constructed from certain Lie algebras of vector fields ;

this construction is also explained in §2.

The “phase” spaces of our systems are collections of truncated formal symbols. A for-

mal symbol is, roughly speaking, an asymptotic series of a symbol of Hormander’s class

• (sn) (see (61 Ch. 2). Formal symbols are subject to a formal version of the symbol

calculus of pseudodifferential operators, which we call symbol algebra, and which we explain

in §3.

1 
_ _ _ _ _ _  
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In 5~4 and 5 we qive a formal version of the construction , due to Seeley (5], of a

zeta-function for elli ptic symbols. This ineromorphic function is not actually well—defined

in our setting , but its residues are , and we compute these. The residues provide important

examples and motivation for further constructions; they are integrals of local densities.

In §6 we present the rudiments of an exterior (“variational”) calculus on symbol spaces,

suitable for comput ing derivatives of various functionals on symbol spaces, of which the

• above-ment ioned residues are prime examples (~7). The point is that one wants to define

differentiation at the level of densities , in order to avoid the imposition of boundary con-

ditions irrelevant to our results , which have a local , algebraic character.

• - The results of §~ 5 and 7 motivate the introduction of a projection functional, which in

effect establishes pairings between various truncated symbol spaces , and enables us to re—

place differentials with “gradients” . This functional, which is analogous to the trace

functional of matrices, was introduced by Adler for dimension one ([lfl; he calls it “the ( -

• trace”. We prefer a different name.

In §9 we discuss the algebra of Lax vector fields. These are infinitesimal sijoilari—

ties on spaces of symbols, hence naturally have an isospectral property .

In §10 we introduce Poisson vector fields , show that they form a closed algebra under

Lie bracket (Thin 10.2) and hence define a Poisson structure , according to the model of §2.

This is the main result of the paper . These Poisson Vector Fields are vector fields on the

spaces of symbols consisting of terms of non—negative integral order < in only, which

include symbols of differential operators.

In §11 we give a brief treatment of the above-mentioned results of Gel ’fand—Dikii. The

main step is to notice that the Poisson vector fields corresponding to the residues of the

zeta function are in fact Lax vector fields, a circumstance peculiar to dimension one. §~‘r~a

this observation it follows trivially that the residues are in involution , i.e. their Poisson

brackets vanish in the sense of the formal variational calculus.

In §12 we give an explicit computation which shows that the residues of the Zeta—

function are generally not in involution in dimension greater than one. It is clear that

_ --_
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the argument of §11 Oust fail in higher dimensions , since it depends cru : allv on the fact

that , in dimension one, homogeneous functions of degree zero are (essentially) constant. It

was not so apparent , however , that the result would fail , too .

The principa l shortcoming of this paper is that Poisson vector fields are introduced

more—or—less Out of the blue , so that their key property (Thin 10.2) ~~i rns miraculous . In

fact , for n = 1 Mark Adler has shown in his recent paper 11] that the Poisson ~tructur~s

considered here may be identified as the Kostant-Kirillov syrnp l~ ctic structure on orbits of

the coadjoint action of a certain formal Lie group. His paper thus contains all of the

I
results of the present paper for n = 1. We have no doubt that his construction , carried

out for dimension one in El] 

, 
is also possible in the higher—dimensional setting of this

paper , and would reveal the result of Thm 10.2 as inevitable.

I take areat pleasure in thanking Mark Adler for many very illuminatin g conver~3tions ,

and Charles Conley for the privileqe of presenting some of this material ;r~ his dvnaru231

systems seminar at the University of Wisconsin—Madison .

I
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52 . Poisson Structures

In this sect ion we give thE~ simple properties of Poisson structures. In )~ar~ i - ~i (a r ,

we show how to construct Poisson structures from certain Lie a)gebras of vector f ;.-1 ~~- ,

which we call Poisson vector fields.

In §10 we shall develo)- Poisson structures on function spaces. Here we discuss Poisson

structures on smooth finite—dimensional manifolds instead; these remarks w i l l  be used as a

guide to the more involved function-space constructions.

A Poisson structure on a smooth manifold M is an antisymmet~ic bilinear map

C (M) < C’ (M) -. C~ (M) ( = real-valued smooth functions on M), denoted by brackets {}, for

which the Jacobi identity holds;

0 = (f ,{g,h}} + {h{f,g}F + ~g,{h,f Y I

We postulate also the locality condition : i f  g vanishes to second order at x M , t hen

{f,g}(x) = 0

for all f c U4) . Thus the map

g “ {f,g )

is effected by a differential operator of first order, which we shall shortly name.

The main example of a Poisson structure is that associated to a svrnplectic structure.

A manifold M is said to have a symplectic structure if nondegenerate closed 2-form e is

defined on M; the symplectic structure is the pair (M ,~ ) . Suppose such a structure is

given ; for any f C (M), define the Hamiltonian vector field X
f by

Xf J W = d f

The vector field X
f is well-defined because e is nondegenerate. For f,g c (M) , set

{f ,g } = ts(X ,xf g

The map { }  ; C’°(M) x c (M) - ‘ C”(M) defined in this way is obviously antisymmetric and

bilinear , and the Jacobi identity is implied by dw 0; hence a symplectic s~.ructure

—5— 
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(M , .1 generates a Poisson Structure .

Suppose on the other hand that M is provided with a Poisson bracket { } .  The equa-

tiOn

{f ,g~ x~~g dg(Xf) (2.1)

then defines a vector field X
f for each f s C (M), by A declaring the action of Xf

on an arbitrary smooth function g s c (M ) .  (The locality condition ensures that X
f is

a vector f i eld .) Suppose that the collection {X
f
(X):f s c (M) } spans the tangent space

T M  for each x € M. Then the form s (well-) defined by

(~i(Xf~Xg
) S {f,g}

is antisymmetric , bilinear , and — by virtue of Jacobi’s identity = closed . Hence a Poisson

structure also gives rise to a symplectic structure , provided that there are “enough” vector

fields of the form (2.1).

It is not at all obvious that there are always “enough” vector fields : in fact , the

Poisson structures developed in this paper do not give rise to symplectic structures in this

way, since the collections ~Tf(X) :f ~ C (M) I demonstrably do not span the various tangent.

spaces. Nonetheless, we can still “do mechanics” with such “degenerate” Poisson structures ,

since Hamiltonian vector fields are still defined by (2.1).

The Poisson structures of this paper are constructed in the following way. For each

f € C (M) , a vector field ~f on M is assigned. This complex—linear assignment is re-

quired to have the following two properties, each of which is necessary for ~ f to be the

“Hamiltonian ” vector field constructed from f by way of a Poisson bracket , as outlined

above;

(i) The distribution in TM, spanned by {~ f:f C (M)} must be integrable;

(ii) for f,g E C (M), (~ f,~ g1 = ~h with h = dg(~ f) = - df(~g).

(Of course (i) follows from (ii).)

-6-

ii

______ 

L

— —---,—-••--—-----• ,- •- - - • - •- - - 



~

—

Propos i t ion : .1.  Under hypotheses (i) and (ii), the assignment

C (M ) f,g {f ,g ) dg (M)

defines a Poisson structure on M.

Proof. The antisymmetric bilinearity of { , } ,  so defined , is obvious from (ii). The

locality property is equally obvious, since g vanishes to second order at x t M means

precisely that da (x) = 0. As for the Jacobi identity, for f, g, h € c (M) ,

{f,{g,h}} + {h{f ,g}I + {g{h,f}}

= d{g,h}(~ f) + d{f,g }®h) = d{h ,f)(~g)

• = d (dh (~g ) ) ( ~ f) + d(dg (~ f) ) ( ~lh) + d(df(~h))(gg)

= - d f (~dh (~g ) )  + d(df(~h))®g) - d(df(~g))(~h)

= - df([~g,~h]) + d(df(f~h))®g) - d(df Wg))(Rh)

= 0

where we have repeatedly used all of (ii).

q.e.d.

-7-
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i 3 .  Symbol Algebra

In this section we review the formal symbol calculus of pseudodifferential o f •e r a t or .

The basic objects are cer ta in  formal  series. We point  out t h a t  these formal  s er i e s  may br-

regarded as asymptot ic  series of symbols of class ~~ 
~~

, as explained in Ch. .~~. of [61 .

By a symbol we shall mean a formal sum

A = ~ A~ (x,~ ) (3.11

where A~ is a smooth complex—valued f u n c t i o n  of ( x , ~~) “ w~\{ o  homogeneous of de-

gree d~ in ) , w i t h  —

a sequence of real numbers. The collection of such formal sums, denoted be ~~ . forms a

vector space over § ,  and a module over C (IR°) (functions of xl , with the operations

defined pointwise and term-by-term . g forms an algebra with the product

A o B = ~ ~~~ ~~~~ D
V
B ( 3 . 2 )

Here

• -— 1 — — —  — i — I , i = v — i
“ ~X IX )1 n

and we have used the common multi—index notation for partia l derivatives.

The sum on the right hand side of (3.2) is not in the form (3.1); however , sin ce only

finitely many terms appear of each homogeneous degree in the term—by—term product inside the

sunination , rearrangement into a unique sum of form (3.1) is possible, and (3.2) thus defines

a symbol.

The order of a symbol A is the homoqeneous degree of the sum and of hi ghest homo-

geneous degree appearing in (3.1) — that is , ord A = d0

Note that

o r d A e B = o r d A + o r d B

— 8=
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The symbol 1(x ,~~) 1 is the multip licative identit for this aljei ra. Th :- ~-h • - ,~

- • commutator [A,B) is defined by

[A ,S) = A B - B A

clearly

ord IA ,B) ~ ord A + ord B - 1

Note for future reference that the following two subsets of ~ foim s ibalge bras :

1) The collection g
in 

of symbols of order < m (i n  an integer) for which the degrees

d
1 

appearing in the definition are all integral;

2) The collection gTh
(d ) of symbols in g

in
, d

0 
= in , d = (d

0
,.. .d

~
)

k < -~~, d . > d .
+1 

for j 0,. . .k - 1 whose sunnnands are polynomials in a collection

Q = (Q
0(x,F) Q

k
(X
~~
E)) of smooth functions ( Q .  homogenecus ii of degree d .)

and their derivatives , with coefficients which are polynomial in ~, ~, and

The collection defined by 2 ) ,  as p runs over all possible collections

of such functions , will be called the algebra of 0—symbols. This algebra appears quite

na tural ly, as will be noted in the next section. Observe that a Q—symbol may be considered

a function of the symbol

k

j=0 ~

so that gin
(s) is a class of ~ m — valued functions on the space of svinbols of this type .

-9—
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§4. Resolvent Symbols and co~plex powers of elliptic symbols

In this sec* ion we compute resolvents and complex powers of certain elliptic symbols.

The results of this and the next section are formal versions of Seeley ’s work [5]. The

proofs are there also , so we omit them.

Let Q € gm and denote by L the symbol

n+rn+l
L

(the reasons for the exponent n+m+l will be explained later). L is an elliptic symbol :

that is, its principal part (highest order summand) is nonvanishing for ~ * 0.

The resolvent symbol R(A ) of L is the (symbol) inverse of L — A. The resolvent

symbol exists for A not nonnegative real. To see this, write

1 = R(A ) (L - A) = R(A ) (j~~
jn+m+l 

— A + Q)

~1~~
1n+m+l 

— A )R (A) + R(X) Q

in the form

R (A ) = ( I d n ~
s
~
m+l 

— A )~~ — 1 1 ~~1n+m+
l 

— l) 1(R (A) o Q)

It follows easily from this that R (A) exists for A € Q ( A  > 0 1 , is a Q— symbol, and

admi ts an expansion of the form

R(A) = 
~ 

R~ (A) (4.1)
Z=n+m + 1

1
n+m+l

where R1(A) is homogeneous in ~ and A of degree -I. In fact,

= 
~ 

B~~~(jC l ~~~
”1 — A) k (4.2)

k=2 
=

where is a polynomial in F and x—derivatives of finitely many terms of Q = 

~

homogeneous of degree -Z + k(n+m+l) in F~. The 8tk 
are computed by a rather messy re—

• cursion; see §12 for sample computations.

Note that (4.1) does not have the form of the definition (3.1). Nonetheless, rearrange-

ment into the form (3.1) is easy, using (4.2) and the obvious expansion of — A ) k

-10-
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in powers of 
~j; thus R (A) S n m l

(d) d = (in ,m—1 ,m—2 ,’.’).

It is easy to show that R satisfies the usual resolvent equation : that is,

R(A ) — R(~j) = (A — p)R (A) e R~ j)

On the basis of this properly , we mimic the usual construction of functions of L via

the resolvent and Cauchy ’s formula. We wish in particular to define L
5 

for s €

We would like to write

L5 = ~~~~
— j dA A 5 R(A )

where the integration is over some suitable contour but the formal nature of the objects we

have called Symbols renders this formula meaningless without interpretation. The following

procedure works.

In the remainder of this paper, understand A5 exp (S log A), where the principal

branch of log is selected with the branch cut down the negative imaginary axis.

For Re s < — 1 , set

A~ (s~~) ~~~ dA A
S 
~~~~~~~~~~~~ (4.3)

• where the contour is, say, up Re A = from - i + ~~
- , around the upper semicircle

A l  = 
~~~, and down Re A — 

~~~ For CI  ‘ 1, this integral converges absolutely, and

A(s ,(~) is homogeneous in C, C I 1, of (comp lex) degree s(n+m+1) = p (the introduc-

tion of complex degree is a slight broadening of the class of symbols, but leads to no

complications). Extend A (s,C) to all non—zero C by homogeneity, and define

L5 ~ A (s,C) . (4.4)
p 0  ~ ‘

The contour integral (4.3) may be evaluated by the residue theorem for Re s < -1; and the

result is

t A(s ,C) = :~: 
Rn+m+l+p ,k 1)

~~~_l)~~~ (4.5)

L~~~~~~~~~~ 
_ _ _ __  _ _ _ _ _ _ _ _



where

(~) ~~
j - Tr (s-j )

The formula (4.5) allows continuation of A (s,C) to an entire function of s, and con-

sequently defines L5 for any complex s by means of (4.4). Note that the A ’s inherit

from the B’s the property of depending polynomially on Q and derivatives , C. and

I lCI ~~
; 1105 is a 0-symbol.

It is clear fror (4.5) t hat

L1 = L  .

I 
Furthermore, the resolvent equation implies, (via) a mimic of the usual argument (See [51)

that

L
5
Lt Lt L5 = L S+t

In particular, {L5;s € ~~ } is a coninuting family of symbols.

—12—
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§5 . Residue Densities of the Zeta-Function

Suppose L is a self—adjoin t operator on a Hilbert space , semibounded below an~ with

a purely discrete spectrum A
l < A

2 
c ‘‘‘ -

~ . Then the zeta-function of L is defined P’,

provided that LS is of trace class for S in some open domain in the complex plane .

— We will define something similar to the zeta-function for the symbol L, following

Seeley . Of course, our symbols are not even operators, let along self—adjoint , and in fact

there will be no well-defined zeta—function . The “
~~~~~~~~~~~~

“ and “residues ” will, however , be

well—defined ; the residues will have values which are functions of x, and represent re-

sidues of a zeta—function in the following sense. Suppose that the open set U C 1~
n 

is

fixed, and suppose that CS is a family of pseudodifferential operators on U whose symbols

• (in the usual sense) have asymptotic expressions given by the local expressions (4.3) - (4.5)

which define L
5, and suppose that the symbol of £ is required to be sufficiently tame

at the boundary of U (say, vanishing to infinite order at infinity if U = ~n) Then

will be a trace—class operator on various Sobolev spaces for Re s < <  0, and the zeta

function tr f5 will have residues which are integrals over U of the “residues” computed

below . Thus we are computing local densities of residues of the zeta-function of an elliptic

pseudodifferential operator C ; it is the remarkable result of Seeley that these residue

densities depend only on the asymptotic series L, and are independent of the boundary be-

havivour of C .

To fix ideas, suppose that K is a trace—class integral operator on L2(Pn) , with

kernel K(x,y). Then

t r x = J d x K(x,x)

= f d x diag )(

On the other hand , a pseudodifferentjal operator of order < — n , with symbol p(x,C), is

an Carleman integral operator wi th  kernel

— 1 3—
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K (x ,y ) = —k-—— f d~ e ’1’
~~

’
~p (x ,C)

(2w)

This lead s us to define the diagonal of a symbol p by the formula

diag p( x ) — f d~ p ( x , C )
(2

~

)

provided that the right—hand side exists. Equally well, we define the diagonal of an

(asymptotic) symbol A € g
m 

by

di ag A ( x )  = —~~---— f dC A ( x , C) ( 5 . 1)
(2 5) ° 

I c I > .
l

again prov ided tha t  the r ight—ha nd—side makes sense - term—by—term , of course, so diag A

is a formal sum of functions of x. This of course makes no sense in general, so we define

diag A by (5.1) only for those symbols A which are finite sums of the form (3.1). We

define diag A by an integral excluding the orig in , of course. We wish to isolate that

aspect of the diagonal of a pseudodifferential  operator wh ich depend s on the asymptotic ex-

pansion of its symbol , an d is therefore independent of the behaviour of it s symbol near the

origin.

Thus set

= A (s,~~)

For Re $ < —1 , diag L~ exists and is given by

N

~ J d~ A ( s , C )
P °

= 
~ 

f de A ( s ,w ) f ’”& r n +s( m+l)- p

p 0  5n~~ 1

N / ~ • 1
= - f d~ A (s,w)) (n+in+1)s—p+n

p 0  ‘ n-l J

—14—
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Thus diag L~ is a meromorphic function of S with poles at s ~
_P_

~!!
1 , p —

- 

and residue

~tr 
~n-1 

dw 
~~~~~~~~ w)

The poles and residues are obviously stable under increase of N, so we summarize this in-
formation in

diag L5

fl+m.f 1

= 

~~~~~ 
1
n-l 

dw A 
(n~~i~1’ 

~
) 

(5.2)

bearing in mind that the left-hand side is a priori meaningless. This is the formal content
of one of Seeley ’s theor ems in 16) , for the simple scalar “operators ” considered here.

Remark 1. We note for future reference that A ~~ ~) 
is the term in the symbol

L8 ,s = 
~~~~l’ 

of homogeneous order —n precisely.

L _ 

=15-
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§6. Forma l Calculus of Variations

In this  section we develop a fo rmal calcu lus of var iation s , somewhat along the lines of

(31, its predecessor art icles , and many others, although with somewhat d i f f e r e n t  emphasis -

though there is certainly nothing new here. The point is, to regard functionals on spaces

of vector—valued functions as “smooth” if they are integrals of local densities , and then to

define directional derivatives (d i f ferent ia ls )  at the density level. At the same time , we

wish to reflect the ultimate fate of these densities : to be integrated over some domain ,

with some Sort of boundary conditions. This leads us to consider the quotient of the space

of local densities by the subspace of those which are divergences of other local densities.

Suppose F is a functional of a vector of functions Q = (%. . . .Q5) of x , of the for m

F I Q) = f dx

where i is a polynomial ‘° .Q~ and their partial derivatives . The d i f fe ren t i a l  oF

is a functional of pairs (0 ,6) ,  which we th ink of as tangent vectors , defined by

ISFI Q, 61 — hi s ~~
— (F lo  + £0) — F b I )

- f dx c f ( Q 0 , . . . Q , Q
0

,~~~~~~~Q
5~~~~~~~

for a su i t ab le  polynomial  ~f in Q, fl , and part ia l  derivatives, which we call the

dif f. r .ntial of the density f .

-~f is co~~uted accordi ng to the rule

m
O f ( Q , O) ~ 0Vç 

~‘ O ( D  Q . )
Iv I ,~O

kew~ rk 1. None “f t h i s  m.kes sense unless restrictions are imposed on O,~~, of the nature

of bounda ry  conditions . ror instance , if  the donain of Q is P~ , the components

-an  he requ i red to vanish to in f in i t e  order at i n f in i t y ;  or, the def in ition of FIQI

may be made in an invariant way , so that Q may be regarded as a function on a compact mani-

fold -

-16-
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The point is , these boundary conditions play no role in the computation of ~~!. bound-

ary conditions , which must be introduced as remarked above, lead us to introduce a local

equivalence relation among densities and their differentials , as follows.

Suppose for instance that F is regarded as a functional on the space of functions Q

vanishing to infinite order at infinity in 1~n Then we should identify densities f dx

which differ by an exact form d~ , where the (n-l) form ~ = ~~~ ç )  depends polynomiahly

on Q and derivatives, since then f dx and f dx + d~ give the same value F upon inte-

gration , according to Stoke ’s theorem. Thus , we should identify the aggregate of functionals

F(Q) with the quotient

l
n
EO1,dl~

n l
[ 1  1 (0]

where ç(~~(O] = p-forms whose coefficients depend polynomially on Q and derivatives.

Similar considerations apply to the compact manifold case.

1~~re conventional ly,  two poly nomials f and g in Q and derivatives yield the same

functional upon integration iff they differ by a divergence D4’, where ~‘ = . .~~~) de-

pends polynomially on Q and derivatives , and in this case f and g should be identified .

— Thus we can also identify I with the quotient

= ~~[Q,DQ, D
2Q, . .  .1

D’f~~(O ,DQ,. . .~~

Similarly,  we ident i fy d i f f e r e n t i a l s  of densities f which differ by appropriate diveraences.

We shall write f = g (following Adler) when densities f and g differ by a divergence of

a vector polynomial in their arguments.

The point is , the equivalence is purely local and algebraic, although its introduc-

tion is motivated by global considerations.

The preceding considerations apply almost without modification in case Q depends on an

auxiliary parameter w varying over some smooth parameter set S. The case o~. interest for

this paper is when S 5n~~ c ~n is the unit sphere. We consider functionals F of

Q — (Q0(x,C)....Q (x ,C)) of the form

-17-
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F(Q) — f dx f dC ~
(C,Q1

~~n I C I .1

where f is a polynomial in C and the derivatives D”~~ Q . ,  Iu I, Iv I > 0, j  O,...m. De-

note the class of such densit ies by 
~~

.

We wr ite f ‘ g for dens it ies of this type i f f

f — g — D

where ~ is a vector of densities in ~~~; densities equivalent in this sense give the same

functional integrated over F° x 5
n-l 

, provided this is possible. Define

Of(Q ,ç~) = ~ D’~~
’Q. ~~

j0 Ip I , lv I >o I 
~~ 

~~~~~~

Make a similar de f i nition of ‘ for densities depending on Q, 0. Then we have the following

important (but t r ivia l )

Lemma 6.1. Suppose f and g are densities in 1, and f ‘~ g . Then Of ~ 6g. More-

over , if X ( Q)  is a vector of polynomials X = (Xe,~~ 
.X ) in C and 0V 9VQ •,

I ~t ’ I v I~°’ j  — O , . . .m , and we define

X .f ( 0 )  I Of(Q,X (Q))

and similarly for g, then

x.f X’g

Proof. We have f = g = D’$ as above. We can write

Of(Q,~ ) ~f f(Q+t~ )
whence

Of(Q,~ ) —

o •(Q+tQ) t=o

— D o 
~j~

- ~(Q+tO) 1~~~
_

~~

— o o 
~~~~~~~~~~~~~~~~~~~~ .

___________ _ _  
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To see the second part , set ~ X ( Q ) .

q.e.d.
Thus the exterior derivative 

~ is well-defined on the quotient

of 3 by the equivalence relation ‘~~~. If we think of Q ’-o (Q,x(Q)) as a vector field on
the space of functions Q, we can interpret the second part of the lemma by sayi ng that such
vector fields act on J. This observation will  be important.

H
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§7. Exterior derivative of Zeta Function Residues

According to (5.2) and the results of §4, the functions

‘I CL) i Res diag L5
p ___

n+m+l

are each polynomial in finitely many sunseands Q
~ 

of Q = p
1 

c g51 and their x-derivatives,

with coefficients which are polynomial in C for I C I  = 1. Thus T is a density of the

type discussed in §6.

Following Gel’fand and Dikii, we derive an expression for the differential OT , or

rather its equivalence class under the relation . The starting point is the following

lemma, which will be useful in other contexts:

Lemma 7.1. Let A, B be symbols. Then

-p -p
IA ,B1 = 3 .1w + D”f

where = , 4 = ~ 4
1—0 1=0

are n-vector symbols whose suminands depend polynomially on the summands of A and

B and their x , C-derivatives.

The proof is an excercise in the Leibnitz rule.

Next, note that the resolvent symbol satisfies

0 = { (R(Q+cO) — R(Q,A)) o (L(Q-fcQ) — A) )—l

= (R(Q+CQ, A )  — R(Q,A)) (L(Q) - A)

+ R(Q,A) o CQ + (R(Q+CQ,A) — R(Q,A)) o

(where we have emphasized the dependence of R on Q). Hence (multiplying by R(Q,A) on

the right),

~~
. (R(Q+CQ,A) — R(Q,A))

— — R(Q.A) 0 Q 0 R(Q,A)

— (R(Q+CQ,A)  — R(Q,A)) ° p • R(Q,A)  . (7.1)

-20-

_ _ _ _ _  - 
-

- — -- -- --• - - 
- — -— _ -_ _ ___ _  S—- - ~~-- - - - - -- — ---~ —• - - - -- - —~~~~



‘ • —  e~~~~~ we~
!.i

~~~~=~~~~- -~~~~~~~

Now fot Re a <~~ 0,

1 (diag L~~~( O +E Q )  - diag L~ (Q) }

L J d C  ~-~-—~~~d A A ~
(2w) C l  ~

+ ~~ 
{ p+~~~~ ,~~~ - R(Q,A ) 

~N+n+m+l 
(7.2)

according to ( 4 . 3 ) .  Here we have introduced the notation {A}
~ to mean the t runcat ion  of a

symbo~ A to order -t , which in the case of the resolvent 
~~~~~~~ means to order -t in C

1
n+m+1and A . -

it is easy to show that, for fixed Q,6, p > 0, the in tegral

J dC ~ 4 dA A~ 1[R (Q+cç~,A ) — R(q,A )] ° Q • R(Q , A )  }

C 11

approaches zero uniformly for x in compacta in ~ n (I n fact , t hi s  limit is even uniform

in a certain locally convex topology on gm ~ Q,)~, but this will not concern us here.) It

follows from (7.1), (7.2) that

iim {diag L~ (Q+c~ ) - diag L~ (Q) }

= — 

~~ I~~~ I~~~
i 

.L 

~ dA A5{R(Q,A) o C) 0 R (Q, \)

where t N+n+m4l until further notice. Now Lemma 7.1 implies

= - L. f d~ ~~
-
~ --  ~ ciA A 5{R (Q. A ) 0 R(q, A) °( 2 w)  I C I ,~~

l

+ __
~L__ f dii ~ -r ~ dA A 5{w’ (A,ii) 

~(2w) 
5n—l

+ D’ ( f d ~ ~~~ dA A5{4(A,C) . (7.3)

The second integral becomes an integral over S’~~ via Stokes theorem and the decrease of

~~~ C I  a =; the divergence (0’) could be extracted from fl since differentiat ion

—21—
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with respect to x does not change the order of a term in a symbol , and from under the in—

tegral signs for the usual reasons.

Lemma 7.2

1 s -p - - n-l
Ci) ~ -r 

~ 
di A {w’q’(A,w) 

~ 
is an entire function of s, smooth in ii c S

(ii) The integral

f dC .L.~~~ di

I C >1

converges for Re 5 << 0 and continues to a vector—valued function of s, meromorphic

with simple poles at (finitely many) points ~ = 
n~m~i 

p € 72
+ 

. The residues at these

poles are integrals over 5n~~ of polynomials in C. and partial derivatives of Q

with respect to x, and ~~.

Proof. Ci) Since, according to Lemma 7.1. the components of 4 are polynomials in x arid

C derivatives of sunanands of R(Q,A) o ~ and R (Q,A) , all sumunands of 1 must be of the

form

for some I > 0. The assertion follow s from this observation , since such terms can be ex-

plicitly integrated and give entire (in s) integrals. Smoothness in ii is obvious.

(ii) Suimnands of 6 must also have the form given above; the assertion now follows from an

argument similar to that which established (5.2) .

g.e.d.

It follows that , for p c

6 Res p-n 
diag L~ CQ,Q)

= n+m+l

= OT (Q,Q)

= —1—— Res f d~ —~--~~~dA A5

(2w) 0 s — 
~~~~~~~

j- CLI 
2w1

P ( R ( Q ,A ) • RCQ .A ) 0

—22—
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for N sufficie ntly 1~~rge , H , ’ t ~~ the relatAon is as defined in §6, with the parameter

set being th~• u n i t  s~-h, ’t -~- S .

Finally, the resolvent formula has an infinitesima l version :

R(A ) • RC A) —

Since

~~~~~ R(Q,A) °

and {R(Q,A) ‘

differ, for t sufficiently large, in higher—order terms which do not affect the residue at

s = —
~~

--
~~

--- , we can integrate b’~ parts to obtainn+m+l -

= Res 
= 

f d ~ ~~ ~ di X SA~~~~~~~ R ( Q , A )  0

n+m+l —

Res f d~ {sL~~
’ Q)

(2w)n ~ = —‘

~~
--

~~
-- IcL~ 

N
n+m+l

= Res diaq{sL~~~ °

~~~~= — ~~~~
-
~~-- 

N
n+m+ I

We summarize this information in

Res diag L5(Q,’~] = &T~(Q.6) Re: diag(sL~~~(Q) o 
~~ ) . (7.4)

— n+m+l — n+m+l

Remari. Note once again that

Res 
- 

diag (sL~~~(Q) e (~) = — 
2 

1 

~~ ~ ~~ C= 
n+m+l (n+m+l) (2w) 

5
n 1  ~

where C denotes the sununand in L~~
1 

o Q, s = 
~~~~~~~~~~ 

, of order (homogeneous degree) —n

precisely. This follows from (7.4) and (5.2), in the same way as the remark at the end of

§5.

L~~ - 
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§8. The Projection Functional

The remarks at the ends of ~b5 and 7 lead us to make the following definition : for any

symbol A s S ,  set

(A) = ~~~~~ f dii A (x ,w)
( 2 w ) ° 

5
n—l 

—n

where A denotes the suminand of A of order -n precisely. (The notation is due to

Adler , n = 1.) Thus (A) is a function of x , which we shall call the projection functional

of A (since we project out the term of order -n; Adler calls this the trace , which we

find confusing). We call it a functional because we shall be most interested in the case in

which A is a P—symbol , and then we will ident i fy  (A) with  an equivalence class in the

quotient ,1 (see §6.2).

In terms of the projection functional , formulae (5.2) and (7.4) become

Res diag LS = 
1 \L0+m~~/ (8.1)n+m+l

n+m+ 1

-~~~- -l
= 
<

‘

fl+m+l L
0+m+l 

(Q) 0 
Q> 

• (8.2)

Note that the r.h.s. of (8.1) is well—defined , and may be used to give meaning to the

t.h.s.

The most important property of the projection functional follows from Lemma 7.1.

Proposition 8.1. For any A, B e -p
( [A ,B]) = D.4’

1 -~where ~(x) = — f dii t)(x,ii)
(2w)

a
and sumniands of l~ are vector-valued polynomials in the summands of A and B and

their x and ~ partial derivatives.

-24-
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Proof This follows from Lemma 7 1  and

Lemma 8.2. Suppose 1 is a vector function of C. each component being homogeneous

of degree -n + 1. Then

f dw(a.1) = 0

5
0_i

Remark. Adler (11 observes this result for n = 1, where it is rather trivial. In the

following proof, assume n i. 1.

Proof (øf Lemma). Define -p n— l a
W(C) = C I ~~

(C
~

Then

f ci~ ~.q’ = 5 ds((—n+l)ui’~~(w) + (?‘W) (w)) . ( 8 . 3 )

5
n—l 

~
n_l

If we ident ify  ii with the unit normal to C I  = 1, and apply Stoke’s theorem , we obtain

-, 1
5 dii ii W ( W )  — 

~
- 5 dii ’ w ’’W(w ’) = 5 d~ (~‘w)(~)Is ’ =c c I C l

-p

Since W is homogeneous of degree zero,

1— J  dw ’ w ’.W -i O  , c - ~~Q

~

Hence

f dii w’~~(w) = J dC ~~~( C)

~n_l I C I ’ ~~1

1
— 5 dii 5 dr rn l (~~.~ ) C r ,w)

s
n_i 0

1
= f dr r0 2 (5 dw( ~~’l) (w) )

0 ~n l

1 a
= 
T 

f dw(~~•W) ( i i )  . (8 .4)

t -25-
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Combine (8.3) and (8.4).

~.e.d.

Corollary. Suppose A and B are Q-symbois. Then

( I A ,B]) 0

Th us , in classes of p— symbols, with the equivalence relation = , the projection func-

tional is “trace—like ” in the sense that it vanishes on commutators. It is also trace—like

in another sense . The trace of matrices is commonly used to identify gL(n,E) with its com-

plex linear dual by means of the pairino

(A , B)  •tr AB

In particular , differentials of functionals on gI(n ,~ ) can be represented by “gradients” via

this pair ing.  We can do something similar with the projection functional.

Proposition 8.3. suppose

= 5 dii

5
n-l

is a functional density of the type discussed in §6, where P is a polynomial in the

first M + 1 summands in 0 = Q ~~g
Ifl and the i r  x and C partial derivatives,

1=0
Then there exists a finite sum

Y
f

( X . C )  = 

~~~ 

Y~ (x,C)

where Y~ (x,C) 
is homogeneous in C of degree N -1, some N s , for which

~~~~~~~~~ 
(o o Y f ( Q )>

where = ~ The “gradient” Yf 
is uniquely determined by requiring

N = M — n - m; in that case, Y~ is , for each Q. a polynomial in 
~~~ 

and x

and ~ partial derivatives.

-26-

~=~~* - -~~ - - - 

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



Proof. Under the stated conditions , f has functional (“L2”) gradients of the usual sort.

computed by the Euler variational derivative rules (integration by parts on I? X

6f(Q,~ ) • ~ 5 dii 
~~~~

— Q
1t=0 ~n—1 L

It is important to notice that it is exactly correct to write here. The Euler deriva-

tives are polynomial in 
~o

’•
~
’
~M 

and their x and C partial derivatives.

On the other hand,

( Q  o Y
f
(Q)) = ~~ 

(2w)~ ~
n_ l 

~V 605y L (Q)

where the sum is over t. v
~
. p ~ 0 such that -n m+n+N-t=p-~vj .

We shall set N — li—n-k until further notice; this implies M — t+~~ 3+p in

After integration by parts on the unit sphere (see Lemmas 8.5 and 8.6 below), we see

that we can determine the Y~ recursively by the requirement

5 dii 
~ = 

n ‘~ ~~~~~ D~Y~~(Q)
5n—l 

--p p 
~~~~~~ vI=M—t—p (2w) 

5n—l 
p p

Since each of these equations, beginning with the first one

dii -i-- ~M — 
(211) fl 

~n_l 
dii

has a nonsingular term

~~ 1 dii 
~M- 

Y~ (Q)
(2w)0 ~~— 1

on the right-hand side , the “gradient” Y
f is uniquely determined by this procedure, and has

the stated properties.

g.e.d.

-27- 
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F 
— --- — —.—.‘

1 F

We shall call Y f 
th e projection gradient of f ,  under the hypotheses of ~~~~~~~~ 8.2.

As a gradient, the correspondence f a Y
f 

is well-defined modulo the equivalence

Corollary 8.4. Suppose that the densities f and g of the type discussed in the

above are equivalent mod , divergences: f = g. Then Yf 
and Yg 

are equal as

gradients: that is,

(Y
f
(Q) 0 Q) (Y

g
(Q) 0

identically in Q, ~~
.

Proof follows immediately from the ~~~~~~~~ 8.3 and Lemma 6.1.

q.e.d.

In computing the Y1
, the following facts about integration by parts on the unit sphere

are useful.

Lenuna 8.5. Suppose that F and G are smooth functions of C 
~~ (0), and F(G)

is homogeneous of degree aCb) . Then

j dw(~~ -
’
~ G = — 5 dii F’ _ C I C I

l +a4
~~~G)

~~—l 
\ j /  j

Proof. Note that

I 
1
dii~~~~
) 

G = f c
~~ ~

-
~) C I C I ’~~~~~~

C ( C ) )

and that

(FG I C

is the divergence of the vector field

(0,..., FG IC l 1
~~~~’~~,...O)

the components of which have homogeneous degree -n+l. Therefore by Lemma 8.2

0 = f d w - ~~~— ( F C C ) ( l C I
’

~~~~~~~~~~~~~~ G ( C ) ) )

s
n_i j

-2 8—

~1

-p — ~~~~ -=~~~~ —- — — — ~ - ~ - - -~ —=- -- - - — -- ---_-------- -- .---- -—- - -— ---- -~~ _ _ __ _  —  —- —-



- - ~~~~~~~~~~~~~~~~~ =-=~p~~~~ ap&~~~~- o...

and the assertion of the lemma follows from Leibnitz ’ rule.

Lemma 8.6. F and G are as above, v is an n—multi index :

f di (~~F)G = (_ 1) Iv I f dii F 3
0

(IC I IUI (n+a+b)
)

5
n-1 

5
n_l

Proof. Suppose that the result is true for multi indices of order rn-i , and let V be a

multi index of order m,

v = v ’ + (0 1 0)
j

with v ’ some multi index of order ni-i. Then

f dc~(a
’
~F)G = f dii ~~ G

5n—l 5n—l \ j

= (_ l ) I V I l f
3

= (_1)m_1 f dii (~~~ F) a
5 ( I C I m _ (

~~~~
b) G)

by the induction hypothesis. Now the homogeneous degree of ~~~~~~~~~~~~~~ is 1 - (n+a) ,
so the previous lemma implies the result.

o e.d.
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§9. The Algebra of Lax Vector Fields

In this section we demonstrate the analogue, in our context, of the main fact about

similarities of matrices: if two matrices are similar , their spectra are the same. Our

similarities are formal and infinitesimal, and , instead of spectral invariance, we establish

the invariance , in the sense of = , of the residue densities of the zeta function .

We also show that these infinitesimal similarities, which we call Lax Vector Fields, form

a Lie algebra of vector fields on $~~~ , and establish a formula for the commutator.

In order to avoid inessential topological complications, we define the tangent bundle of

the linear space to be

T5’5 = S~~~ X S~~

In m m mA vector field on 5 is thus a map a aa X~~ of the form

Q~~ 
(Q, X (Q) )

where X depends somehow on Q.

A Lax vector f ield on 3m is a vector f ield of the form

Q ’ (Q, 1L(Q),?~(Q )J )

where:

L(Q) = I C I
n+m+l + Q

and N : 5m * L S  a p-symbol , that is , each suimnand is a polynomial in (finitely many)

su~ nands of Q and their ;-artial derivatives.

Note that

XN(Q) 
IL(Q),N(Q))

is also a Q-symbol X
N $

15 ,5m

Denote by ~ (5
m) the class of functional densities of the form

f(Q) - ~~~~~~~ 5 dii PIQ,wJ
(2w) ~n—1

— 30-
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where the polynomial p depends on some t runcation and x and ~ partial deriva-

tives, with coefficients which are functions of i i .

Denote by J($ ni
) the quotient of 3 by the equivalence relation ~~.

Denote by Z(gm) the class of vector fields Q os. ( Q, X( Q) ) with X a Q-syrnbol.

We define an action of Z(gm) on J($ 15
) in the obvious way: if f € 3(8

m)I
V(Q) — (Q.X(Q) )

then

df(Q,x(Q)) V.f(Q)

is again a member of 3. If f — g, then

V’f V. g

So 
~ acts on J. (L~msa 6.1)

If V
1

. V
2 

£ %, it is easy to verify that there is a vector field IV1
,V
2)~
’ 
~ X for

which

V
1
. (V2.f) — V2

. (V
1
. f )  — (V

1,V2]
’1.f

for all f € 3, and in fact 1V1
,v2]

T 
is uniquely defined by this requirement. The bracket

is antisynvnetric bilinear and satisfies the Jacobi identity, hence (Z(5tm) ,  (J
V
) is

a Lie algebra,

The collection of Lax vector fields is denoted by £ ($m) -

Prqposition 9.1. £ c 
~ is a subalgebra.

Proof. For any Q—symbols N:&m ÷ g
’
~~ , ~~ X:8

ni
*g

15
, note that

6N (X) (Q) a lim (N(Q +c X(Q)) — N(Q))

exists (pointwise in x , C) and defines a Q—symbol

6 N ( X )  5~~~ -, $ “~~

—31—
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In this notation , it is quite easy to show that, if V
1 

= IL ,N ,] and V2 — IL,N2
] are Lax

vector fields, then

= IL,N31 € £

where

N
3 = 1N1

,N 2
] — dN

1
( jL ,N

2
] )  + iSN 2 ( [L, N1] )  . ( 9 . 1 )

g. e.d.

The formula (9.1) motivates another string of definitions. Denote by ~ the class of Q-

symbols N :g ni a g~ , by 
~ 

the collection of those N € ~ for which

IL (Q),N(Q)] a 0

(identically in Q ~ 5~~~ : there are such p-symbols, e.g. N(Q) = R(Q,A)). If N1,N2 s

define

1N 1,N 2]1 a IN~, ,N 2
] — ~N1

(IL,N
2

) )  + ~N 2 ( 1L, N1
] )  -

Now if N ~ ~~ 
N1 ~ 8~ 

then IL,JN,N1]
X] is the second component of jV,V1]~

’ by (9.1),

where

V(Q) = (Q,IL(Q),N(Q)]) = (Q, 0)

V1(Q) = (Q, IL(Q),N
1
(Q)]) -

But clearly

a (Q,0)

so

IL, IN ,N1)
X] a 0

IN , N1] X 
s ~~~. It follows that the cross—bracket is well-defined on the quotient

9 = 9”8o’ There is a natural map

• : a Z

given by

— 3 2 —

~

-

~

- -— 

_ -II1_~~
__ 
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• N .  (Q . (Q,~~L(Q ) ,N (Q)]))

and

so = -. (Q,0)}

Noreover , ( .l) means

~I ( I N 1,N 2 1 X )

Also , 4 factors via the quotient map:

—a £

and ~ is a bijection. Since

1N1,N2I
X) =

for N
1,N2 s 9, it follows that f ]

X satisfies the Jacobi identity in 9, so that

(~~ f J X
) is a Lie Algebra. We summarize this line of thought in

Proposition 9.2. ~ : 9 • £ is an isomorphism of Lie Algebras.

Now Lax vector fields are formal versions of infinitesimal similarities, so the follow-

ing proposition is hardly surprising.

Proposition 9.3. (Gel’fand—Dxkii for n = 1). Let T be any of the residue densities

of the zeta function , discussed in §5, V any Lax vector field. Then

V T  0 -

Proof. Say f — (L°>, where ~ = f:r some p c , according to (8.1). Then,

according to (8.2), if we write

V (Q) — (Q, (L(0) ,N (Q)J)

then

V .f ( Q )  — (GL O l
(Q) a

— (a N(Q)  . jL(Q),L0l (Q)])

— 0

— 3 3 —

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

__ 

L



where we have used:

(i) that () vanishes (in the sense of ~) on coimnutators (Prop. 8.1)

( ii )  that {L
5 : 5 € ~~ } is a commuting family of operators (~4).

q.e.d.

- - -
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§10. The Algebra of Poisson Vector Fields

Denote by 5
m 

the linear subspace of g~ composed of symbols with sununands of only non-

negative homogeneous degree. Thus

21

with QQ homoguneous in C of degree m — f. A: before, define Tgrn 
= ~ , andZ (g ) to be the collection of maps -4. T3 of the form

Q (Q,x(Q))

with X(Q) a Q-symbol ; Z(g ) is a Lie algebra of operators acting as vector fields on the
collection 3($~~) of functional densities of the form

f(Q) = .L.. j  dii Phw ,QJ
(2w) ~n=l

where P is a polynomial in Io and x, F~, partial derivatives of s~mm~ands of Q 3 .
According to Lemma 6.1 , the action of Z descends to M$) , the quotient of

by the appropriate equivalence relation ~~.

Again denote the commutator of vector fields Z, acting on either 3 or .9, by

For each f ~ 3(5m) we introduce the Poisson vector field defined by

: Q ‘-
~ (Q~ [L(Q) .Yf(Q)J ) . (10.1)

Here we have used the notation

A~~~~~~~(A }
0

for the (truncation) projection of a symbol A s on g

Denote by P($~~) the aggregate of Poisson vector fields.

Note that (9.1) makes sense: according to Prop. 8.3 (and in the notation developed

there) • for f € we have M — in so N — - n, so that Y
f 
: a 

5~~~, hence (L.Yf 1

—35—
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takes values in 5
m 

and IL~Y~~J in (this is t~~~- reason for the choice of exponent

n+m+l in the principal summand of L)

Lemma 10.1. For f ,  g ~ ~ (5~~)

6f(~~
g) = — 

~g(~~f)

Proof. ~f ( ~ q) = (Y f 
0 IL~ Ygl~~)

= ( Y
f 

0 IL~Yg
) )

— < Y o IL ,Y ])q f

= — (Y~ . IL .Yf
]4.
)

— ~g (~~f)

where in the first and fourth equalities we have obser’,ed that , by vir tue of the form of the

symbol product , terms of negative homogeneous degree in EL .Yf or g’ cannot contribute to

the projection functional, which singles Out the term of order —n, since Y
f 

and Y
g 

al-

ready have order -n.

a.e.d.

We come now to the main result of this paper.

Theorem 10.2. 2(5m) is a Lie algebra of operators on 9(&~~)

Proof. This means that , given h , f , q t 3(S~~~ ) , there must exist b ~ 
.~(8

rn
) for which

h a

= 6h(~~b)= £~b’h

we compute

5h (f~ f,~~qJ
’
~) = — 6(6h (~~f)) (~Ia) + 6 ( ~~Sh W q) )  ( sf)

— 

~~
‘1’
h 0 LL , Y f ]~> (~g) + 

~
5
~
”h 

a IL,Y
9
]4.)(~ f)

= — 

~~
“h ° IL~Yf] )Wg) + S(Yh 

a IL ,Y 1  )(~ f)

-36— 
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= — ( ~Y}~(~~ ) a IL.Y~ ] > — 

~~~~~h 
~ [ IL ~~ Y

g
] ~Yf I 

— 

~
‘
h 

o IL, iY f (~ Y)

+ ( 5Y (&f) o IL, Y ~ ) + (V o I L L , Y ] V  ] ) + (V o ~L, ~ Y (&f)] ) . (1 - i . 2 )h g h f q h g

Here we have used the order argument of the previous proof several times to drop the sub-

script “+“ . Also, we have written

~Yg
(P~Q) a ~~ Yg

(Q+tQ) ~ -

:t is clear that 6Y
f
(~ g) etc . are again polynomial maps: • 5

n 
-

Now identify 3(5
’

) wi th the subset of 3(5 ni
) consisting of functionals independent

of summands of negative homogeneous degree . It is clear that , if Q (O ,x(Q) ) is a

vector field on ~~~~~
, and a e 3(5~ ) , that

~a(Q,X ( Q )) S ~a(Q,X (Q) ) -

We can ther~~t - ,-e .~rite

— ~(6h (~ f))(~g) +

= - ~(~ h (~tf fl + ~(~hWg
)) (b

f
)

where

‘Vf(Q
) = lQ.IL (Q)~~Yf

])

so

- 
(~ff

(Q) )  = £f(Q)

and 
~~~~ 

is a x,ax vector field. Therefore ~h(I~ f,~~ ]
”) — ~Sh (I=~f

.=(1
V
) = 6h~~-), where

~ (Q) = (C).IL (Q),IYf
,Y
9

J
X
(Q)1)

according to the formula (9.1) for commutators of Lax vector fields, where

fY f~Yg]~
C 

= 1Yf~Y ]  - csYf (~g
) + ~sYg eVf

) -

Since, according to Prop. 8.3, Yf and Y are (considered as maps: • 5 n
1 inde-

pendent of suimnands of negative homogeneous degree , we can re-write this as

—3 7—
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~~~~~~~~~~~

~~~~~~~~~~~~~~ 1

= IYf.Y9
] — ~Yf

(~g) + ~5Y9
(~ f) .

Thus we obtain

6h([~f,~ g]
”) 6h((L fY f~Ygl + SYf

(~9) — SY
g
(~~f)I)

- 

= 
~~h 

a ILIY
f~
Y
gf l > — <

~~ h 
0 . f ~~I~))) + 

~~h 
° IL. .Y ( ~ f)I> . (10.3)

Comparing (10.3) and (10.2) and making use of the Jacobi identity for svwtbol commutators ,

we obtain:

0 = < 6Y~ (~~) 0 1L~Yf) > 
— ( ~sY~ (~f) a IL.Y,] > - (10.4)

Now using the identity (A a [B,C] )  = — (C a IB ,A] ) which holds for arbitrary A ,B,C s

rewrite (10.3) as

= - ( (IY~~Yg
] - ~Yf (~9) + ~Yg

(~ f)) 0 IL
~
Yh
]) . (10.5)

Since (10.4) holds for an arbitrary triple h ,f,g € g ,  conclude for instance that

C ~Yf
(~~) ~ 

IL.Y~) = < SY~~~(~~~~~) 
0 (L~Yg

) >

etc.; re—write (10.5) as

6h (t~f,~ g]~
’)

= — (Y
f 0 f[L

~
Yh]Ygl])

+ C 6Y~ ®h) 0 [L~Yg
] ) — C 6Y

g
(Ml) o [L.Yf

])

= — (Y
f 

o (IL Y
h
]
~~
?
g
J )  + (‘~~Yf(~h)IL~

Y
g)>

+ (Y f (L~6Yg(~
h)l)

j — 6(Yf a EL~ Yg
])(~~h)

e 1L.Y
f

] ) (
~~h)

~
h(
~~

ISg(
~
f)) -

—38—
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Hence we should take b = 5g (~~f).

q.e.d.

Roughly, the distribution in the tangent bundle T$~ , spanned by the vector fields

~ f, f E 3(5 ) , is “involutive modulo “ . It is not worth the trouble to make this notion

precise, but it is valuable as a guiding idea.

For f, g c 3(5 ) . set

{f ,g) S &g (~~~f)

and call { } the Poisson bracket on 3(5
m) j

Lemma 10.3. If f
1 ~~ 

~l ~~ 
then

Proof. By Lemmas 6.1 and 10.1,

=

=

~f(~g )

— ~5f 2 (~92)

6g2(M2)

— {f2,g2
}

q.e.d.

Thus we can regard { } as being defined on J rather than 3.
Corollary 10.4. The bracket { } defines a Poisson structure on ~9(8 ) -

Proof . The meaning of this statement is a direct transliteration of the definition of §2 ,

with J(8m) in place of C~ (M) . The antisyumtetric bilinearity of ( I is clear. The

locality condition is clearly satisfied in obvious paraphrase , where we now interpret “g

vanishes to second order at Q s to mean that ~g (Q,~ ) ~ 0 for all (Q ,Q )  € T
Q
$~~.

Finally, the Jacobi identity (in the sense of ) is proven in precisely the same way as

in Prop. 2.1.
q.e.d.



_ _ _

§11. Dimension One , Theorem of c ardner-Lax-Gel’fand-Dikii

We now recover the result of Gel fand-Dikii on the involution of zeta function residues

in dimension one - ([3], Theorem 7, Cor. 3). This result goes back to Gardner [21, for the

case L = F,
2 

+ q(x), and has been given in various forms by Lax 141 and Zakharov and

Padeev 171 .

15For n = 1, we have , on

L = IC I
n+2 

+ ~ Q~ (x,C)
1=0

with hosogeneous of degree in - in F,. Up to a sign ambiguity which we do not treat ,

this can be re-written

L = F,
Jn+2 

+ 

~~~~~ 

~~(X)C
m l

which is the symbol of a differential operator. This tranulation must be made to match our

results with those of [3]

Theorem 11.1. (Gel’fand—Dikii) . Suppose n = 1.

Then the zeta-function residues {T : p Z
+) , regarded as functionals on *

~~~~
, are

P +

in involution , i.e.

{T ,T } - 0
p p’

for all p ,p ’ €

Proof. According to (8.2), for (Q,Q) ~rgm

~T(Q,~ ) 
~~~~~~ S~m+2 (Q)

/ f -
~~~ \

~~~~~
$

~in+2 
)_m_l~~ )_ 

a . (11 .1)

-40-
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Here we have used the notation { I for truncation (see (7.2) and following remarH , ar- ~

(A) , for the symbol consisting of summands of A of negative order . This step is justified

by the followinn observations:

(i) terms of order < —rn— l in L°1 , o = ~~~~~~~ cannot contribute to the term ofm+2
0 Q of order —1. since Q has order in , so we might as well throw them out;

(ii) in dimension one 
~~~~ 

it fo1lows from the definition of symbol product that the

product of two symbols, whose summands have only non—negative integral orders , again

has this property; hence

(({L0’~~} 1(Q))~ ° =

Taken together, (i) and (ii) imply (11.1). Note that ( i i )  is a consequence of the

fact that homogeneous functions of degree zero in one variable are necessarily constant ,

except possibly for a jump at the orioin.

• According to the uniqueness part of Prop. 8.3, we therefore have

~
T 

= c( (L
O l }

1
) (ll. .fl

hence

= aIL.({L° ) -

Now

L~~
1 

= (L0 l )~ + ( {L°~~ 1 —m-l~ - + R

where R consists of terms of order < —in-i. Hence

0 = IL,L°~~~ = IL, (L
0 l )~~) + IL, (I L° 

1) 11 1 +

where [L,Rj consists of terms of negative degree only . Hence

0 = otL ,LO l ) — a IL ,(L°1 ) ) +
+ + +  P

i. e .

— — a IL ,(L
0
~~~~~) ]

—41—
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But , by another application of (ii) above , we see that

= (L, (L°1 )÷J .

Hence ~T is a Lax vector field. Now ~~~~~~ 9.3 gives exactly

0-&T ‘T -6T (IT )p p p p

— {‘r ,T , }
p p

for any p ’ s

g.e.d.

We can also compute the expression ((3), formulae (19), (20)) for ~T in terms of
P

the Euler variational derivatives , I — 0,...,m, using formulae (8.2), the results ofQI
§93, 4, and reversing the integration-by-parts used in the proof of Prop. 8.3. The idea is

obvious , so we omit the details.

—42—
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I 
,

§12. ~~gher-Dimensions: Non—involution of Zeta—Function Residues.

We now show that a result analogous to Theorem 11.1 does not hold in arbitrary dimen-

sions, by computing a specific Poisson bracket and observing that it does not vanish.

We consider the simplest case: set a = 0, so that

L = ~ I
n+l 

+ Q0(x ,F,)

where Q0 is homogeneous in F, of degree zero. We have

p-n

T~(Q0) =

and (assuming p > n + 1)

—l
ST (Q

0
,Q0) = n+1~~

’
~ 

(Q0
) a Q)

p-n-l
= 
n+1 (2) n 

vI=p— n-L—l F,I~ l 
dF , ~~~— ~

V
~~D

VA

= 
~~~ (2w)~ 

p-n-l 

Iv I= 
(_]. ) h~I f d F ,  

~~
p-n-i-i

p—n—l v
= ~~~~ 

1 
~
. 

~ 
( l )  ( d~ 

• aVDVAn+l n ~ vi ~o t(2w) 1=0 Iv I= ( F , I = l
p-n-t-l

(using Lemma 8.6)

It follows (uniqueness in Prop. 8.3) that

p-n—I
= ç (-1) 

~
vDvAT n+l L. I n+lp 1=0 Ivy .’

p-n-t-l

It is amusing to note that, up to a complex conjugation , Y is the term of order —n

in the adjoint symbol of ~~~ ~
n+l 

•

It is now necessary to do some of the computations described in §93 , 4.
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The resolvent series begins

R (A ) = (~F,~n+l A) 1 
— (1F , 1

n+l_ 
A )~~

2 
Q0

+ (n+1) ki
n 

((F,(
fl+l_ A)~~

3 

j~ l 
C1

D~Q0 +

Hence , in the notation of §4 ,

A0(s ,F,) = ( j F , j n + l ) s

A
1
(S,~ ) — - S (lF,In+l)

5_l 
Q

A042 (S,F,) - - (n+1) ~ s (S_ l ) (kIn~~~
5 2  

j = l  
C 1

D~Q0

These expressions allow us to compute Y
T 

for p — 2n + 2, 2n + 3. We obtain
p

p = 2n + 2:

1
n+i. A 1(—1 )

— n+2
2 ~~(n+l)

p — 2 n + 3 :

Y — - 3 (n+3) (n~l) 
,~~1-n+l ~ F,.D

(n+1) i—a ~

+ 
2 (n-i-3) ~F ,(_ n+l ~
(n+l) 1—0 ~

Next we compute

[L, Y2 2 1

r i r n+1
‘ 2n+2 4-

— 
n+2 ~ ~~~~~~~~~~~~~~ D1

Q0(n+l) j—l

— — !~~~
_
. 

-

- 

— -

~~~~~~~~~~~~~

--- — --- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



(At this point it is worth remarking that ~T is generally not independent of2n+2
even if Q0 is. Thus the Poisson vector fields are generally not tangent to the (poly-

nomial) symbols of differential operators, except in dimension one.)

Next , note that the only term of order —n in 
~2n+3 

[L
~
Y2 + 2 1 is the leading

term in the product formula, involving no differentiations of either factor. Hence —

{T
2 2 ,T

2 3 1 
( 2 ) n 

3(n+3)(n+2)(n-l) 

IC I= l (
~ 

C~ D~Q0
)

- 

(~~ )n 
2(n+3)(~ +2) 

~ C I l  (
~ 

C~~ D~~Q
0) 

(j ~~~
O 

D~~~ Q
O)

Now the right-hand side of this equation is generally not a divergence , unless n = 1, in

which case it vanishes. For instance, if 
~~ 

happens to be independent of C, the r igh t-

hand side is a multiple of ~(D.Q0)
2, which is certainly not a divergence . It is amusing

to note that the numerical coefficient contains the factor (n - 1).

This concludes our example .
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