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ON THE RELATIONSHIP BETWEEN ARRAY PERFORMANCE

AND THE EXISTENCE OF DETERMINISTIC FEATURES IN

TRANSMISSION-LOSS MEASUREMENTS

I. Introduction

Suppose that a transmission-loss plot possesses a pronounced future that clearly has a

deterministic origin , e.g., a well-defined convergence-zone spacing. The very existence of this

feature implies that the effect of random temperature (sound-speed) fluctuations in the ocean

on the acoustic signal must , in some sense, be small because a strong effect would tend to wash

out any deterministic structure . On the other hand , these random fluctuations are an important

source of array performance degradatio n. Therefore , the existence of a deterministic feature in

a trans mission-loss plot places a limit on the degradation due to random fluctuations of the per-

formance of an array.

Suppose this concept can be quantified and the limit on performance degradation turns

out to be meaningful. For example , suppose that the existence of a convergence-zone structure

implies that the effect of the random fluctuations is so small that they cannot significantly affect

array performance. In addition , suppose the effect of the fluctuations increases with range. One

could then make inferences about the performance of a hypothetical array from transmission-

loss measurements. If convergence zones are observed at a particular frequency out to some

maximum range one would know that an array collecting a signal from a source located at a g
range less than the maximum and radiating at that frequency would not have its performance
Iknu.cript su bmltt .d July 31, 1978 ~~~~. .-
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D. L. PALMER

limited by random temperature fluctuations. Its performance might be limited by other effects,

e.g., array distortion , deterministic multi-paths , eddies, etc., but random fluctuations could at

least be ruled out. The important point here is that one would reach this conclusion as the

result of a modest experimental effort. The involved and costly spatial coherence measure-

ments which would directly determine the effect of random fluctuations on array performance

would not be necessary .

This idea that one might learn something about array performance from transmission-loss

measurements may initially seem curious. Transmission loss and array gain are usually meas-

ured by di fferent experimental groups and modelled using different theoretical analyses. They

are separate terms in the sonar equation. It must be evident , however , that both quantities are

measures of the same physical process and cannot be completely independent of each other.

The question to be answered is whether their implicit relationship can be exploited in some

usefu l way .

In this report we investigate this question using a multi-component , phenomeno logical

model of the received acoustic signal. This simple model is only intended as an example to

illustrate the concepts involved and to suggest the type of analysis that would be required for a

detailed study. For the deterministic feature we consider a convergence zone defined here as

an enhancement in the statistical average of the signal intensity. The particular multi-

component we consider implies that if the single hyd rophone which detects the convergence

zone is replaced by a horizontal array, orientated broadside, this array will have a gain that is

not reduced by random fluctuations by more than 3 dB.

The report is organized into six brief sections. In Section II the multi-component model

is discussed and a definition of a convergence zone is given. Section III develops a criterion for 
~ 

~~~~~~~~
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satisfactory array performance . In Section IV the significance of this criterion is discussed in

terms of a single-component model of the signal. In Section V we return to the multi-

component model and relate the existence of a convergence zone to array performance. Sec-

tion VI contains some concluding remarks.

II. The Definition of a Convergence Zone

We shall assume the signal received at the position ~ and at time t is given by the expres-

sion

s (Z e)  — Re p(Zt) , (2. 1)

where p is a sum of components

p(Zt ) — ...4
~
j . EA

1(e or_ 1 a 1+ o.(
~~

I )_
~~

o ) (2.2 )

Here r is the range , w is the angular frequency of the source , and sb,, is some constant , unob-

servable, reference phase . The quantities 
~~~n, (F ,t) result from random fluctuations in the

medium. They are taken to be statistically independent , Gaussian random variables having the

moments

<~ n, (F: ) > 0, (2 .3)
— 8aa4~

(r), (2.4)
and

— 

~n, (x ,y ’.z,t) J2 > — ~~(r)  +
— 28 n,n,4n,2 (r )  + 28 n,n,~~n,~(r) Sn,(y—y ’; r) .  (2. 5)

This last equation holds for propagation along the x-axls with r >> Lw — .w’I.
It follows from rather general considerations that the normalized structure functions 5,,

have the properties 
~ ~:

3 :..
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D. ft. PALMER
4

S,,, (y ; r )  — S,, ( — y ; r ) ,  (2.6)

0 ~ S~ (y; r)  ~ 1, (2.7)

S~ (O ,r)  — 0. (2.8)

and

5,, (y;r) ~ S,, (y ’; r )  for I~I ~ Iy ’I. (2.9)

Since we will be primarily concerned with reception at a particular range , the dependence of $,.

and S,, on r will be suppressed in much of what follows. We have already suppressed any

dependence on source depth, receiver depth, and source frequency.

There are two, not necessarily mutually exclusive , ways in which the signal intensity may

have an enhanced value at a particular range point:

(1) The phases in Eq. (2 .2) are such that a number of the components coherently add.

(2) The amplitudes A,, have a strong range dependence and an enhancement is the result

of one or more of these amplitudes assuming a large value.

In this paper we will consider possibility ( 1) . The amplitudes therefore play a secondary role.

We will take them to be non-random quantities which depend on source and receiver depths

but only weakly, if at all , on range.

The average or mean intensity associated with Eq. (2.1) is

I <p (~~.t)p(~~,r )>  — I + K. (2 .10)

where 4
I — !,A ,~ 

(1 — e °~) ,  (2.11)

and

4
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1 _ .L(~~2~~,2.)
K — E~

4 a~~a CO5 (r (q,, — q,, ) 1 e 2 (2.12 )

As 4’,,, — 0 ,

— Jo 
~ 

ZA ,,A ,,.cos (p(q,, — q,,)J . (2. 13)

Here I~ is the deterministic intensity, i.e., the intensity which would be measured if there were

no fluctuations. On the other hand , ~ 4’,, >> 1 ,

I — ~~~ ~~~~ (2 .14)

In this case the individual components add incoherently, all the deterministic structure is

washed out , and one has the random multi-path situation discussed in Ref .  (1).

We will assume that a convergence zone exists when a number of the components

coherently add in such a way that the average intensity is greater by a factor y (>1) than the

• average intensity corresponding to complete incoherent addition , i.e.,

(2.15)

where R is defined by Eq. (2.14) . For the present we will not assign a numerical value to y. In

order for this criterion to be meaningfu l , one must have a technique for determining I and R.

The intensity is, of course, directly measured. The method for estimating R from the experi-

mental meaauremtents is basically no different from the common technique of parameterizing

transmission loss curves by a simple 10 log10 r + A relation. For example, from Eqs. (2.10) —

(2.12) we have

~ 
‘ + 5 . / 2

rR (r)  — -r- — 5~/2 
dr ’r ’I (r ’) + I. (2.16)

5
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where

X — ~~~~ 4 ,~.4 ,, ~~~

— f,1~ ’ dr’ cos Fr ’ (q,~, —

(~~2 
~~~ + $~x e ‘ (2. 17)

Simple arguments suggest 4’,~ is proportional to range . With this dependence it is not difficult

to see that X will be small provided

— q,,I >> 1 , a � a’. (2.18)

For our purposes Iq,. — q,, > 1/(a convergence-zone spacing). Hence,

r R ( r )  -

~~

— f dr’r ’I(r’) (2.19)

provided the integration includes several convergence zones.

III. Array Performance

We will consider a linear , horizontal array consisting on N uniformly spaced , omnidirec-

tional elements as illustrated in Fig. ( 1) . The array is taken to be oriented broadside to the

source. The ith array element is located at the position (x, y,. z) . The spacing between adja-

cent elements ~ is given by the expression

(3.1)

where L is the length of the array. If the array is located in an isotropic , incoherent noise field ,

the array gain is given by the expression

AG — 10 log 10F (N) .  (3.2)
L

where

6
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N

£ I’ (p,. y1)

1(N) — 
,,J;1 (3 3)

~~r (yb, yl)
I—I

with

r(y1, Yj ) — <p (xy,, z,t) p (x ,y1,z,t )> .  (3.4)

If the signal is completely coherent across the aperture , 1’ (y,, yj ) — F, giving

F (N)  — N.

For a completely incoherent signal , F (y,, y~) — 8~~I so that

F (N)  — 1,

and the signal-to-noise ratio of the array is the same as the signal-to-noise ratio of a single ele-

ment. If we define , for fixed s~, the quantity

f(N )  — F( N+1) — 1(N) , (3.5)

then 1 (N) — I for a completely coherent signal and f ( N )  — 0 for a completely incoherent sig-

nal. As a criterion for satisfactory array performance we will arbitrar ily take

f(N ) 
~ 

4. (3 .6)

For the model we are considering, F ~~ y,,) — r (I,~ 
— yiI,0) and r (,,, ~,) — I. Therefore

1 (N)  — —

~~~~ 
E (N — i)  F (s’, 0 ) — I . (3.7)
i-0

From this equation we obtain

1(N) — 
N(N+1)I 

‘F ( ô í . 0). (3.8)

7
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Since we are assuming r >> L, we will ignore the variation in range as one moves along the

array. A simple calculation then gives

r ( ~~i, o ) — I — J ( ~~i) ,  (3.9)

where

J ( ~ a ) ~~ . E~ 3 (1 — e 0
~~~~

A
~

)) . (3.10)

The criterion (3.6) for coherent summations now reads

,~~ iJ ( ~ I) ~~~ 4 i  f N ( N+ I)  

J 
(3.11)

So far we have defined a criterion for satisfactory array performance and have cast this cri-

terion into a particularly convenient form. Now we would like to consider the restriction the

criterion places on the array gain. From Eqs. (3.8) and (3.9) we have

f (N—1) — 1(N) — 
(N-+-I)I 

tJ (~ N) 
— 

N(N—I) ~ 
,J(
~ i) 1. (3.12 )

It follows from Eq. (2.9) that

J(~ N) ~ J(~ a) for N ~ I. (3.13)

Therefore ,

f (N—I) — 1(N) ~ 0. (3.14)

If f (N)  ~ 0.5, then f ( N — 1)  ~ 0.5 and , by iteration , 1(N) > 0.5N. Note , we always have

F (N)  ~ N. The coherent-summation criterion therefore implies

lO log10N — 3 dB <AG ~ l0 log,~N, (3. 15) L~..,
, r

- r~-~-- -- .

8
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i.e., the array gain cannot differ from the ideal gain , 10 log 10 N, by more than 3 dB if the

coherent-summation criterion is satisfied.

IV. A Single-Component Signal

It is instructive to consider the limitations on array performance for a signal consisting of

a single component. We have

F(N) — -
~~~ ~ (N—i) e ’ ~~~~~ — 1. (4. 1)

where 4’ is the strength parameter and S is the normalized structure function.

The general dependence of the structure function on horizontal separation is illustrated in

Fig. (2) . The tangent lines at y— 0 and y— oo intersect at a separation which is approximately

equal to the phase correlation length L~.

In Fig. (3) we have plotted F(N ) vs N for various values of 4’. The curves are only

intended to be suggestive; the precise behavior of F(N) depends on the detailed form of the

structure function. The scale is determined by the number N ,,, — L ,,/t.~, which corresponds to

an array length approximately equal to the phase correlation length. For small 4’, th e fluc tua -

tions have a modest effect on the behavior of F (N) ,  even for array lengths large in comparison

to the phase correlation length. For larger values of 4’, however , F ( N )  only weakly increases

with increasing N, unless L < L~ . The dots on the curves indicate the max imum value of N

for which the coherent-summation criterion , Eq. (3.6), is satisfied. This maximum value is

strongly dependent on 4’, decreasing very rapidly with increasing 4’.

The significance of the coherent-summation criterion is illustrated in Fig. (4) where the

curve defined by the equation f ( N )  — 0.5 divides the N—$ quarter-plane into a region where •
“ 

-

.k-
9
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coherent summation occurs and one where the array incoherently sums the signal. The

coherent-summation region is the sum of the two sub-regions labelled I and II in the figure. In

sub-region I the effect of the fluctuations is so weak that it does not matter if the array length is

large compared to the phase-correlation length. In sub-region 11, however, the fluctuations are

strong and coherent summation occurs only because the array length is somewhat less than the

correlation length. (2)

The two sub-regions are distinguished by whether or not 4’ is less than 4’ UM To deter-

mine 4’LIM. we consider the expression

1(N) — N(N+ 1) E ie 2 
~~. (4.2)

Since S(A I) ~ 1 for all I, we have

f(N)  ~ (4.3)

for all N. Hence,

e _ 02 1 (4 4)

implies f( N ) ~ 0.5. We therefore have / 
-

•LIM — (lnZ)1’2 — 0.83. (4 5)

Moreover ,

4’ ~ 
— coherent summation. (4.6)

We were able to derive a sufficient condition for coherent summation by setting the struc-

ture function equal to unity in the expression for f ( N) .  This condition is dependent on the

cri terion for coherent summation but it is independent of both N and the detailed nature of the

i..- ,.. ~~
- .

10
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fluctuations. In the next section we will use the same technique to derive a sufficient condition

for coherent summation when the signal is the sum of a number of components. We will then

show this condition is satisfied if the array is located in the region of a convergence zone.

V. The Relationship Between the Existence of a Convergence Zone and Array Performance

We are now ready to relate the existence of a convergence-zone structure to array perfor-

mance. Referring to Eq. (3.10) , we have

J(.~ i) ~ I, ( s _ i )

with Jdefined by Eq. (2.1 1) . This inequality follows from Eq. (2.7). Therefore , if

i~~4i . (5.2)

the condition (3.11) will be satisfied. Using Eq. (2.10 ) we can rewrite Eq. (5.2) as

K — J ~~~~0.

We now assume the array is located in a region ~ .~ere a convergence- i une structu i~

exists. According to Eqs. (2.10) and (2.15) we therefore have

J + K > - 1R. (~~4)

This condition can obviously be rewritten as

(K — J ) -- (y R — 21) ~~0. (5.5)

Now Eq. (5.5) implies Eq. (5.3) provided

— 21 ~ 0. (5.6)

Using the definitions of R and I, Eq. (5.6) reads

• 
• L

I!~LJ 11

- 
- ‘ ~ ‘r- 
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j~ ~~~~ ( y — 2 + 2 e ~~~) ~~0. (5.7)

This condition will be satisfied if

~ 2. (5.8)

Summarizing,

K — I  ~ 0 — 1(N)  
~ 4 (5.9)

and

/~~~yR;y~~~2 — . - K — J~~~0. (5.10)

We therefore have

or

10 lOg io I-f ) > 3 dA — coherent summation. (5.11 )

If we had defined coherent summation by the inequa lity

1( N)  )  ; p > 1, (5.12)

we would have found

10 log10 (_
~4 J ~ 10 log~o I

__2-
~_)  — coherent summation. (5.13)

With Eq. (5.11), we end our analysis of this particular model. This equation implies a

• horizontal array oriented broadside and operating In a region in which a convergence-zone 
. 
-

~~~• ~~•

structure exists will have a gain that is not reduced from the ideal gain , 10 log 10N, by more than

12 
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3 dB. h i s  important to realize it is the mean intensity, i.e., the intensity averaged over the ran-

dom fluctuations which is being considered. The unaveraged intensity may have variations on

the order of two or more without a convergence zone being present (according to our

definition).

Vi Discussion

This analysis does not suggest that in a region where the average intensity is small , an

array will perform poorly. In (act, if the effects of the random fluctuations increase with range ,

our analysis implies that for all ranges less than the range of a convergence zone, the fluctua-

lions will be so weak that they will not result in a significant degradation of performance.

There are , of course, many situations in which convergence zones are not pronounced.

For such situations this analysis is not part icularly relevant and one would want to find some

other indicator of the deterministic aspects of the process with which to correlate with ~‘rray

performance.

In principle , the relation (5 11) can be checked experimentally by towing a source along a

radial track normal to an array and simultaneously measurir~. array gain and transmission loss.

Suppose it is correct. One would then have a simple , inexpensive technique for determi nin g

how well a proposed array is likely to perform.

As an example , consider the results of the experiment conducted by Guthrie , el a!. ,

durIng 1969 in the North Atlantic Basin. They measured transmission loss vs range for a 14-Hz

and 111-Hz signal to a maximum range of 2800 km. The transmission loss plots of Fig. (5)

summarize their measurements. These plots were generated by performing a 7-km running ~~~~~~
.

13 :~~~~~~~
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average of the received intensity. For both frequencies , consecutive convergence zones are evi-

dent out to long ranges. Although the 7-km running average tends to approximate a statistical

average , what is plotted is really not the statistically averaged intensity. (A time series of the

intensity at each range point was not averaged.) However , the convergence-zone structure is so

apparent and so obviously a characteristic of the deterministic problem that it is not difficult to

believe it would persist had a statistica l average been performed. For either plot we have indi-

cated by an arrow the last distinct convergence zone which has an intensity greater by a factor

of 2 than the intensity averaged over a 300-km interval centered at the zone location. For the

14-Hz signal this zone is located at about 2300 km and for the 111-Hz signal it is located at

about 1100 km. If Eq. (5.1 1) is correct , we would conclude that random ocean variability does

not limit the ability of a horizontal array, orientated broadside and operating in this environ-

ment , to coherently sum a 14-Hz signal out to a range of 2300 km and a i l l  -Hz signal out to a

range of 1100 km even if the length of the array is larger than the signal correlation distance.
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-

~~~~~

Fig. (I) — Array ge” met ry The array i~ of length 1. and Consists of Neie-
ments spaced .~ apart. It is parallel 10 the r~asIs so that the ith array dc.
ment is located at I , , a~ :)  II is o,ien icd broadside t o the sourc e. The
source is a distance r away from the array where r >> I. The slight varia-
tion of the range along the arr ay is ignored iii t i c  calc ulation of the array
pin-

Pig. (2) — The chsracterisiic dependence of ihe normalized structure function
on horizontal separation y. The lines tangent to th~ curve at y—0 and i — ~~ 

in.
te ruect at a separation which I, approximat ely equal to the phase correlation ‘

length L..
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N

Fig. (3) — Schematic plots of F (N)  vs the number of array elements
N for various values of the strength parameter The number N. is
defined as the ratio of the phase correlation length to the interelement
spacing The dots indicate the maximum value of N for which the
coherent-summation criterion is saiisfled.

z 2N4~
f(N):05

N -
COHERENT - _ 

—

SUMMATION 

2

Fig. (4) — The region where coherent summation occurs. :
• This region ii divided into two subregions, I and II. according ‘I.

to whether ~ is less than or greater then SLIM-

I
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Fig. (5) — Plots of measured transmission loss vs. range . These plots were generated by averaging the received m Ien-
shy over 7 km. The arrows show the last convergence zones having levels approximately 3 dB above the background
levels. (Adopt ed from Ref. (3)).

U.--

18

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ .~~~~~~ 
-

•~~~~~~
~—


