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ABSTRACT

Interpolating elastica are the extrema].s for the functional f K (s)ds, which
0

is the integral of the square of the curvature with respect to arc length, in the family

of plane curves that interpolate at (not prescribed) arc lengths s0 < s~ < ... < Sn
aj rescribed configuration of points p0,p1,.. .,p . If at one ~r both terminals the

slope is prescribed , the extremal is said to be angle—constrained, otherwise free. The

curvature functional represents the elastic strain energy of a thin elastic beam of

indefinite length with sleeve supports anchored at p0 ,p1,.. .p , which allow the beam

to slide through without friction and to rotate freely (except at the end supports if

angle-constrained). The interpolating elastica are also known as nonlinear spline

curves. It is known that the infimum of the strain energy is 0 in all cases, hence

cannot be attained if the points p
0
,p
1,...,p do not lie on a ray. On the other hand,

interpolating elastica are known to exist for a variety of configurations, and this

report investigates whether these extrenials make the s€rain energy a local minimum or

not (i.e. ilhether they are “stable” or “unstable”). Several general stability criteria

are established and they are used to decide the stability of some specific elastica.
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\ SIGNIFI CANCE AND EXPLANATION

It is an old technique of draftsmen to use a mechanical spline to

pass a smooth curve through a prescribed set of points in a plane. Curves

which are obtained in this way (interpolating elastica, also called non-

linear spline curves) may be considered as the equilibrium positions of

thin elastic beams which are constrained to pass through short, friction-

less, freely rotating sleeve supports, anchored at the interpolation

points. The strain energy of such a beam is given by the integral of

the square of the curvature with respect to arc length , and equilibrium

requires that the position be such that the energy be minimal for the

given interpolation conditions. However, a global minimum cannot be

attained (except in the trivial case of the unbent beam) since the energy

can be made arbitrarily small by using sufficiently large loops between

the supports. Instead one looks for local minima which guarantee sta-

bility against small perturbations. In this report some general stability

criteria are established and some specific interpolating elastica are

investigated for stability. Except for a few previous isolated observa-

tions these seem to be the first proven results on the stability of inter-

polating elastica.

~1

L The responsibility for the wording and views expressed in this de9riptive
sumnary lies with MRC, and not with the author of this report.



STAh L l’fY (ii I NTF:1IPOLA’I ’ I NC EIJ~S’I I CA

Michael r;olomi,

1. l i i i r ,‘liii.t -~ ‘ i i

i; i ,v t I c i  ~r~ • t i l l  F l u .  ~ urv . s w i t h  “ norma l  c p r  c Intat ion ” (5 )  (s d’ i ’ d  c ;

ar c; I u r ; t h  i d  ( i (s)  the angle of I ncl i na t i on  i L  a) wh ich i c .  ; ;o l ut i ’o i ; of i ii,

1 1 c~~i~ t I i I i I I l l I ~i L I(II I

(1. ) , 2~~~~ = A I s i n  (0  - 0
~~

) -

where A , 1) ~rici ii i c .  real c;on;;tants (see , e. ‘~~
. 11, Art ic le 263 )  ) . (1. 1) is the

‘ i i i i,,ii b r  I F  ,~ir Oi l ic l i I d I  problem

( 1.2)  
~ j~ ~,2 

= o, 5 cost) h, 5 sinO = d

w h i t  , b, .1 ur.~ . r c ; .  r I bic h (s i t above reference Or 12 , P rop. 1.2 1)  The integra l

j ~~
• 

2 
reF r , ; . r I t J ;  (w i th  the proper choice of uni ts)  the strain enerqy of a thin

0

, I o~ t i . ;  l,eom of uniform eros ; ,c ; tj o n  of length ;; , and t f ~ side conditions in ( 1 . 2 )

I~~•’;i fy t Ie r e l . tj  vu p c i  or. ‘ .1  the ends of  the bent beam .

The c l ot  ica d.;,,rih. d by ( 1.1) ,  when considered for all values of s, have

i n f i nite l y  many i n f l i c t  io n. J10in 5; , 0’ (c ; ) 0 when S i n ( 5 (  
~ 

— ci , and arc

therefore c u l l e d  in f lect  lonal e last ica (see (1 , b c  c i t .) ) .  Below we wi l l  consider

only elast ica for wh..;h IL = 0; geometrically speaking, these are curves for which

the variation of 0 between consecutive inflection points is ii . We refer to them

as ;.imi~j e  e l a st ic a .  All the simple elastica are obtained from a particular one by

similarity transformations.

The nterL~~lating elast ica (so named by 14. A. Malcolm in 13 1 ) c;.,nsi;,t of f in i tely

marty ; ; iut ia rcs of the simple e last ica , fitted together so that a smooth curve with

cont inuous curvature resu lts which has j wnp discontinu i t ic s  of the derivat ive of

the curvature only at the “knots” 
~
‘l’ ““n—r Such an interpolating e last ica I;’

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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with normal representation 8 is the solution of the variational problem

5 5 . S .

(1. 3) ~ ~~ o ’ 2 
= o, I ’ cosO b ., 

5
i-l 

sinG = d . ( i

where the b .,d . are prescribed (they are the coordinates of the vector p. —

but the arc : lengths s
0 ~l - - 5n of the te rmina l s  p

0
,p and of the knots

p
1 

p
1 

are varied (see 12 , b c . cit.1 or 13 , Sec. 21). If the ends p
0

,p
1

are “ f r ee” then the na tural boundary condi tions

(1. F , i )  0’ (0)  = 0, 0’ 
~~~ 

= 0

are appended to ( 1 . 3 ) . Frequently we shall be concerned with “angle-constrained’

interpolating elastica; in this case we are given

(1.3b) 0(0) = ~~ , 0 ( s ) = B

The solutions of (1.3), (1.3a) represent possible equilibrium positions (stable or

not) of a thin elastic beam of indefinite length which is constrained to pass through

frictionless freely rotating small sleeves anchored at the positions p
0

,p
1 
,..., p .

If the sleeves at the terminals P0~P 
are pinned then (l.3b) replaces (l.3a ). The

interpolating elastica are a reasonable mathematical model for the mechanical spline

used by draftsmen to pass a smooth curve through the given points p
0
,p
1 

p .

They are also called nonlinear (interpolating ) splines (see, e.g., 14)) and were

referred to as extremal interpolants for the configuration {p
0

,p
1
,. ..,p } in 121 .

We still will refer to them by this name in the sequel.

The solutions of (1 3) are definitely not absolute minima , except in the trivial

case where 
~O

’
~~1
’”

~~
’
~~n 

lie (in this order) along a ray (and moreover, a — B — 0

in case of end conditions (l .3b )), This was first pointed out by the authors of (51.

S

5 ‘~ e,2 can be made arbitrarily small by using large interpolating circular loops.

—2—
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The s l i t  ion s . r c  of t ,’n i  r f .’rred to as local minima , although no proofs are qiv~ n

that they an.~ F .i,lt~ ’,l ext rema of this kind. Only in 12 , Theorem 6.1] was it proved

that t h e  n u t  rivial simple ela; i t  uca interpolating 2 points are nonstable , i .e., they

u n  not c~~~ ;. ‘ ; t  local m i n i m a  of J 0 , 2. It is the ob j ective of th i s  paper to

~ 0

establish , h i  several known extremal interpolants, whether they are local minima

or not (stable or unstable).

The fact that tb~, extremal interpolants do not represent minima nor , in general,

local minima of the functional f o’ 2 is , probably, the major  reason for the lack

of q.ui .’,al exi;;t.ence results and of good computational procedures. (For an existence

proof limited to length—restricted extremals , see [6). In [7, Theorem 3) it is

proved that if there is a length—restricted extremal of “unstable length” , there is

also an, interpolating local minimum , but no nontrivial length—restricted extremal of

unstable length is presented. ~xistence of length-prescribed extremals and of

unrestricted stremal interpolants close to a ray intorpolant is proved in [2 , Appendix

and ‘rheore,n 7.4 ) ,  whe re also many examples of specific interpolants are given , which

we re not known before. For a survey of old and new computational procedures, see 13].)

In the discussion of stability (that is, whether the extremals are local minima or not)

we naturally restrict ourselves to eases whera existence of extremal interpolants has

been proved or is postulated.

In Section 2 the variational equations for interpolating splines in normal

representation are derived , without recourse to Lagrange multiplier theory , and as

a preparation for the computation of the second variation. In Section 3 the second

variation is used for stability criteria (Jacobi’s condition): an explicitly given

guadratic functional must be positive—definite, or equivalently, a nonconventional

linear second—order boundary value problem must have only positive eigenvalues . In

section 4 it is proved that interpolating splines close (in a precise sense) to

stable ones are stable and those close to strongly unstable ones are unstable. This

result is then used to prove that splines that interpolate configurations close to

— 3—
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a ray configuration (whose existence was proved in (2)) are stable (even in the case

of free terminals). This is probably the first general existence proof for locally

minimizing interpolants which are not length—restricted . In Section 5 it is proved

that the extrema l 2—point interpolent consisting of n .
~ 1 complete loops of the

simple elastica is unstable even if angle—constrained (in (27) the instability was

proved for the free elastica). If the angle—constrained 2—point interpolants is a

proper subarc of one loop of the simple elastica (hence has no inflection point) then

it is stable, and any angle—constrained 2—point interpolant that contains one complete

loop of the simple elastica is unstable. The proof for these last results is contained

in Section 6; it is built mainly on the discovery of the eigenfunction belonging to

the eigenvalue 0 for the second variational equation that goes with the one-loop

angle—constrained simple elastica. By an extension of this method it is proved in

Section 7 that if an angle—constrained interpolant contains an interior inflection

point then it is stable if it contains neither the left nor the right “stability

focus ” . These are points ott the simple elastica which at-a situated symmetrically with

respect to the i n f l e ction point, not f a r  from the neighboring inflection points. If

the angle—constrained 2-point interpolant with one inflection point contains both

stability foci it is unstable. The general result on the stability of such 2-point

interpolants is stated with the use of what we call “conjugate points”. If p is

a point on a simple elastica arc containing one inflection point there is a conjugate

poin t p,, defined by a transcendental equation, and it is also g ive n a geometric

interpretation (p and p, are on opposite sides of the inflection point; jf p is

a stability focus then p,, is the other stability focus). The angle—constrained

elastica is stable if and only if it contains no pair of conjugate points. If the

2-point extremal interpolant is free at one end and angle—constrained at the other

end, then it is stable if and only if it contains no stability focus. Section 8

c- ntains the most important stability results. It is first proved that a necessary

condition for the stability of extremal N—point interpolants is that each arc between

—4—
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consecutive nodes be “proper ” , i.e. internal arcs do not contain a pair of conjugate

points, and the terminal arcs do not contain a stability focus. Then a computable

“stability function” of (14-2) real variables is defined for the extremal N—point

interpolant under investigation, which has a critical value at the point that

corresponds to the extremal. It is proved that the extrernial is stable if and only

if the critical value is a local minimum. These results are applied to decide the

stability of some 3—point and 4—point extremal interpolants. In this connection it

is also shown that the often repeated claim (first appearing in (5)) that a certain

4—point configuration has no interpolating elastica is false. In the last section

we show that the closed extrennals which interpolate the verticr of a regular n-gon

(n p
~ 3) (their existence is proved in 12, Sec. 8)) are stable.

p

_s_

—c—--- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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2. The Euler—Lagrange conditions for the interpolating spline in normal representation.

Let s ‘+ 5(0), 0 < s < s be the normal representation of an admissable inter-

polant C for the configuration (p
0 ,p

1 ~~~~ 
Here s denotes the arc length

along the curve 1’ and t f ( s )  the angle that C makes at arc length s with a

reference line. The in terpola tion condi tions are

S .

(2.1) 
~
::i

e050 5 d5 = b., J sin0(s)ds = d . ,  i = 1 n

where b ., d . are given numbers, and the nodes 0 = s < s < ... < s = s are the
1 1  0 1 n

arc lengths at which C passes through the interpolation points p
0

,p
1  

a vary with C). We assume b
2 

+ d
2 

> 0, hence p.
~~ ~‘ p. (i = 1 n).

Much of the paper deals with angle—constrained interpolants, in which case the

angles

(2.2) 0(0) = ci , 0 ( s )  = B

are prescribed. II 9(0, and/or 0(s) is not prescribed the corresponding terminal

of C is said to be free, and the corresponding natural end conditions for an

extremal interpolant turn out to be

(2.3) 0’ (0) = 0, 0’ ( s )  = 0

The funct ional which is made stationary by an oxtrennal interpolant E is the

potential energy (or curvature functional)

( 2 . 4 )  5 10’(s)]~~ds

The comparison functions are taken from the Sobolev space ~1 2 
= ~~

1 210
,S1 of

functions 0 : (O ,S] -* 1K , which are absolutely continuous and have derivatives

S
0’ in L

2
[0,SJ with norm { f  (02 + 9, 2 ) } 2 s is a prescribed positive number

0

large enough so that the functions in ~1 2 
satisfying conditions (2.1) and (2.2)

(if imposed) form a subset with nonempty interior. In this paper we do not deal

with the existence of extremal interpolants, but we start with a known extrennal

—6-
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and investigate whether it is stable or not. In this case, we may take S = s + 6

where s is the length of B
0 

and i is an arbitrary positive number.

Let s be the normal representation of B
0 

and

0 s~ S
1 

< ... < s s the interpolation nodes. For fixed real numbers 

T and fixed functions rb~ in Wi 2 ’ 
which we assume to have piecewi se

continuous derivatives with jumps only at 
~l

’
~~ ~

‘
~~~~l

’ consider the family  of

comparison curves C , given paramet r ica l ly  by

0 (t) = 0
0

( t )  + cn (t) + c2~~(t), 0 ~ t ~ S

(2.5) i—I
s
~~
(t) = 

j~~l 
(1 + e-t

1
) ( t~ — t~ _ 1) + (1 + £1

1
) ( t  — ~~~~~ ~i—l 

:: t :1. S 
4

where 0 (t) ,  s (t) denote the angle of inclination and the arc length of C at t.

If r 1K is sufficiently small then C is in a prescribed neighborhood of B
0
.

The interpolation conditions (2.1) require

S . S .
1. 1

( 1 + rn ,)  5 cosO (t)dt = b ., (1 + et .) 5 sinO (t)dt =
I 5 .1 1 1.

5 . S.
(2.6) 1—1 1—1

i~~~~l n .

For def in iteness, we assume d . ~I 0( i  = 1,. ..,n). Then equating terms in

in (2.6) gives

5 .

(2.7a) = —(l id . ) f cos0
0

ri

S
i

(2.7b ) f (b .cos00 + d .sinO0
) n t = 0,

~i—l

and equating terms in ~2 gives

7

‘i
1

— --- - ‘ .~ ~~~~~~ ~~
- — . —

~~~~~



S .

(cos o
0

ri
2 

+ 2sin00~~) + 2b. t
2 

= 0

5
i-l

(2 .7c )  s .

— 2cosO
0~ ) + 2d .-t~ = 0

n l ,...,n .

The value of the poten tial energy for the curve (.‘ is

— 2 s .
S Q’(t) I n 1

U ( r )  = 5 Is ’ ( t )~ 
s ’( t ) d t  = 

,~~~ (1 + C T )
1 j

0 L E J i=l 5
i—1

S .

(2.9) u . = 

~i:1 

~,2 u0 u .

Expand (2 .8 )  in powers of c , us ing (2.5):

u(L) = + C 
[2 5 o~n ’ + 

il
(2.10) 

—

— S . —

+ ~
2 
[2 

~ 
tl~ l ’  - 2 ~~ 0 n ’ + ~ + j fl~21 + 0 ( c 3

)

L 0 i=l 
~ i—1 

i=l 0 J
Since U

0 
is a stationary value of the potential energy , we must have, using (2.7a) ,

5 .

~li L1~ °~’ + ~~~ cosG0ni) = 0

and this must be true for eve ry 0 for which (2 . 7b) holds and for which

(2.7d) n (O) — 0 and/or r%(S) 0

if is angle—constrained. From this one infers, by the usual arguments of the

calculus of variations (carried out in detail in 12)) that 0~ is continuous,

is continuous between consecutive interpolation nodes, and there exist constants

A . E 1K such that

-8-
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(2.12) 20~~(s) - A .d .sin0
0

(s)  - + A . b .]cos 0
ü

(s ) = 0,

s. r s < s ., i l . n .
i 1  1

Moreover, conditions (2.3) must hold for 0
0 

if the terminals are free.

Integration of (2. 12) gives

9,2 ( )  + A . d .cos 0 (s) - + X .b . sinG (s) = 6 .0 i i  0 d. 1 1  0 1
1

and another integration from s.  to s . shows that 6 . = 0. Thus,1—1 1 1.

(2.14) 9~~
2
(~~) + X 1cos O (s) + A 2

sinO ( s )  = 0,
0 1 0 1 0

s. < 5 < 5 • , i = l ,...,n
1—1 — — 1

where we have set

(2.14) = X .d ., = - A b . -
1 1 1 1 1. i. d.

1

To determine the multipliers A
1
,A~ we use the fact that 8

0 
and are

continuous, hence

(2.15) [x~ — A~)
coSO (s.) + — )12) siniO (s . )  = 0,

i+1 1 0 1  i+l 1 0 1

i = 1,..., n — 1

Conditions (2.15) together with the interpolation conditions (2.1) and end conditions

6
0
(0) = i (or 0~~(0) 0), = B (or 8~~(s )  = 0 ) ,  are 3n + 1 independent conditions

for the 3n + 1 unknowns A
1
,A~ ,s.(i = l,...,n) and 0o(0), 

which together with the

differential equation (2.13) determine the interpolating elastica 8
0
. There may be

many solutions of these equations, as shown in [2), but the distinct solutions are

isolated.

The assumption d . ~ 0(i = l,...,n) was made only to avoid case splitting.

The obtained result remains true as long as b~ + d~ > 0 for I = l,...,n.

-



3. Stability Criteria.

We now look at the quadratic terms in the expansion (2.10) for the potential

energy:

—
5

S 

~ ,2 — 2 T . 01~~
’ + t

2
u . + 2 f 0~~ ’ ,

(3.1)
S . 5 , 5 .

‘U . = — i-— f (cosG
0
)n = j~

— f (s in0
0
)g, u. = f ~ .2 -

Using (2.7c), (2.12), (2.13) and (2.14), we can eiiminate 1 in (3.1):

S . 5 . 5 .

2 f O~~~” - 20~~ = -2 f 0~~

5 . 5 .

= - A d . f (sin0
0

)~ — + A .b .~ 

~~~~~~~

(3.2) 

1i [2
~~~,:

: 
+ b t ~~ - 

[
~~

+ A ,b .~ [
~ S .~~~ 

+

Thus , since ( 0~~~) (s . — 0) = (0~~~) (s . + 0) and (0~~~) (0) = (8~~~) (s)  = 0 :

2 ~~~~ = 
1 

~ 
~~,2 2  

- 

~~

and (3.1) becomes

(3.3) f 
(~~~

2 
- 2 T . - 

1 ~~~~~~~

We introduce the subspace V(0
0
) of W

1 2
(0 ,sJ:

—10—



S .

(3 . 4) V 0 (8
0

) = (n € W
1 2 10,s) : f (b.cos0

0 
+ d . sinO

0
)n i  = 0 for i = 1 .

n(0) = 0 and/or n() = 0 if B
0 

is angle-constrained

at the corresponding terminal).

and the quadratic form Q(0
0
,) with domain V

0
:

(3.5) Q(0
0
,n) = f (g~~ — !~~2fl2) + 2 

i=l 
d)~ 

~~~~~~~~~~~~ ~i:l 

e~o ’ -

5 . S .

It is understood that the factor d~~ f (cos0
0
)ni is replaced by —b.

1 f (sin0
0
)n

if d . = 0. If Q(0
0
,ni) < 0 for some n ~ 0 then the stationary value U0 is not

a strict local minimum of the potential energy, i.e. the extremal interpolant is

not stable. If Q(00,nI) 
> 0 for each r ~I 0 then the potential energy is larger

than U0 
for every adinissable interpolant 0 

~‘ ~~ 
in some W1 2(0,

S) neighborhood

of 0
~ 

(not only for those of the form (2.5)), hence Uh~ 
is a strict local minimum

and B
0 

is a stable extremal. We have obtained

Proposition 3.1. The possibly angle—constrained extreinal interpolant 
~~ 

with the

normal representation s ~ interpolation nodes 0 = ... S s — s, and

5. $
1 i

interpolation data 5 cosO
0 

= b ., 5 sin0
0 

= d
1
, is stable if and only if

si_i si—i

the quadratic form (3.5) with domain (3.4) is positive definite, i.e. Q(00,fl) > 0

for every n ~‘ 0.

Set now

(3.6) — inf Q(00,n)

0eV
0
, 1 0
0

Clearly Q, > —
~~~. Also j ~ n ’~ is bounded for fl ~ ~~~~ 

~2 — 1, Q(0
0

,n) < + 1.

—11—
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By famil iar ,ircpim c-n ,t it fo l low s that, the continuous form attains the value

for some rh , € V
0 
(0 ) , 5 r~~ = 1. The Euler equation for 0 

* 
is:

~~~(;) + ~ fl~~~ (c; )ri (s) - d . ’ (f  O’ r~~)r~oc;0 (c,) + d~~ cos6
0
q,)O~~( s)

+ ;‘ .( b .cos 00
(c ; ) + d . sin00

( s ) J  + ;J,rI ,(s) = 0,

s . < “ s., i = 1 n; n ’ cont inuous
i— I — ‘-- 1. *

S .

The m ’ ,lt ip i jers . 1K result t r:m the side conditions f (b .cos00 + d :inO
0

)ni = 0,

1K from the condit ion ,~
r 

~
2 1 It should be understood that d .

1
cosG

0

In the twc,  i nt, ’~~r.i l terms c, l  ( 3.7a) is replaced by —b .
1sinG

0 
i f  d . = 0. (3.7a) is

.q.p J , ‘m , - , , t  ‘“1 l-~y the  c r ,n c h j  tions of (3.4)

(b , cos 0
0 

+ d sin0
0

)n, = 0, i 1 

(L id  n (0) — 0  or n~~(0) = 0 and = 0 or n~~(s )  = 0

b ;  ‘n .  h i m ;  on whether 0
0 

is angle—constrained or free. Besides we have the conditions

S . S .

( L i d )  ~~( . . ) 
[d

l J cos0
~ fl, — d~~ 1 f 

cos0
0~,~ — 0, i = 1 

resulting from the fact that the coefficient of n’ in (3.5) is discontinuous. If

0’(s ,) ~ 0 for the internal nodes s ,..,,s then (,,3.7d) combined with (3.7c)O r  1 n-i

requires:

S
i 

S
i

(3.0) d ,~ J cos0
0
r), — —b

1
1 5 sin0

0~, — constant for i l,...,n
81_ 1 5

i—l

—1 2—

~~~~~~~~~~~~~~~~~~~~~~ 

‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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The multipliers p . can be eliminated from (3.7a). We integrate (3.7a) over

the interval (s, ,s, ) and obtain:
i—l 1

S . S

+ d~) rh
~
(sj_l ) — n,~(s.) — 

~~ 

o~
2
n~ + b

1
d~~

’

(3.9)
s
i 

S
i

— 81 (s.)) 

~i—1 

cos0
0rh~ 

— 
~~~ 

1

With (3.9) substituted in (3.7a), we obtain the equation

+ 
~e~

2
n~ (s) + B1(rh~)cos00

(s) + 
~~~~~~~ 

0~~(s) + = 0,

(3.10)
5 < 5 < 5 W ,  i + l ,...,n
i—1 — 1

where the and are well-defined linear functionals, depending only on 00
.

(3.10) together with (3.ib ,c,d) is a nonconventionai linear boundary—value problem

for fl
~
, 

~~ 
being the eigenvalue. Introduce the linear operator K with domain

D(s) of functions fl : (0,sJ ~ 1K , with o ’ continuous on (0,s), n” continuous

on each (s .1 , s1
1 and n satisfying conditions (3.7b ,c,d), defined by:

(Rni) (s) — —n ”(s) — ~0~
2(s)n(s) — G1

(~ )cosO0
(s) — 6

1
(0)sin0

0
(s),

(3.11)
si_i 

5 5 5 S
i’ 

i — 1... .,n -

Then the above eigenvalue problem may be stated as:

(3.12) Rn — ho -
A simple calculation shows that if J~ fl2 — ~ th~~

(3.13) — 5 ~‘IKT1 — Q(60,n) -

Therefore, hi~~ — Q(00
,~~ ) is the smallest eiqenvalue of K.

We conclude that the form Q is positive definite if and only if n,,, > 0,

or equivalently, all the eigenvaiues of R are positive. We have obtained

Proposition 3.2. The extremal interpolant is stable if and only if the

operator R defined above has only positive eigenvaiues. 4

— 13—
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The following proposition provides a useful sufficient condition for instability

of interpolating elastic~~.

Proposition 3. 3. Suppose B
0 w ith normal representation s 0

o~~ ~~i 5 
~~ 

S
n
)

is an ang le—constrained extrema l interpolant for nome configuration {p
1
,p

2
,..., p } -

Suppose B is another extrema l interpolant (angle—constrained or f ree) ,  w ith normal

representation s ~ 0(s) (s < s ~ s , s S , s s ) ,  where 0 is an
0 —  — n+l 0 —  1 n+l - n

extension of 0 with no additional knot; thus , 0” is continuous at s (s ) i f
0 1 n

s - s (s ‘
- s ) .  Then B is also unstable.

0 1 n+l n

Proo f. The extremal E, which interpolates the configuration {p 0
,p

2 

can also be cons idered as an extremal B which interpolates the configuration with

inserted between p
0 

and 
~
‘2 ~~n—l 

and 
~n+l

1 if 
~o 

< s
1 ~~~~~~~ 

> 

~~~~ 
Let

O denote 0 in this identification. Since B
0 

is unstable there exists , by

Proposit ion 3.1, ri0 
€ V0(0

0
) such that Q(0 0

,r10
) 0. In pa r t i cu la r,

= 
~0
(s) = 0. Let n be defined as an extension of

r)(s) = 
~~~~~~~~ 

s 1 ‘- s 
<

N.l4)
0 , s < 5 < 5  and s ‘~~s < s  -0 —  1 n — n+l

It is eas i ly  checked that ~ 
e V

0
( O )  and Q ( O ,nj) = Q(00,ri0

) < 0. It follows, again

by Proposi t ion 3.1 , that E is unstable. Since B is obtained from B’ by the

removal of constra in t s, B is unstable.

Let of proposition 3.3 be angle—constrained at one terminal only, say at p .

For this case we have the

Corollary. If the unstable extremal of proposition 3.3 is angle—constrained only at

p and (1 is an extension of 0 to s < s s s with 0” continuous at s
n 0 0 —  — n+l n

then B is unstable.

The proof of this is an obvious modification of that for Proposition 3.3.

Another useful sufficient condition Is expressed in the following

Proposition 3.4. Suppose B is an interpolating elastica angle—constrained at none,

one, or both terminals) and is a subarc between consecutive nodes of B. If E~.

— 14—
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considered as a 2-point oxtrema l interpolant which is angle-constrained at the

terminals which are internal nodes of B, is unstable then B is.

Proof. Suppose s ~ 0(s) (0 < s ~ s) is the normal representation of B and

s “ 0 , (s) (s. < s < s ) is the restriction of 0 which represents B . Since B
1 1—1 — — i  1

is unstable there exists ri~ V
0

(0
1
),  ~~ ~ 

0, such that Q(0
1

, n , )  0. In p a r t i c u l a r ,

= 0 and/or 0 if i ~~, 2 and/or I n — 1. The extension with

value 0 on 1O .s~~~) (if i > 2) and on (s., s) (if i n — 1) is continuous, and

clearly r~ € V
0
(0), Q(G ,n) — Q ( 0

1
,n .) 0. Hence K is unstable.

-15-
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4. Extremals close to stable ones.

If B
0 

is an extrema l interpolant of some configuration (p
0
,p

1 p } ,

0 0
0
(5), 0 -‘ s - s , is its normal representation, and 0 = s~ S

1 
5
n 

=

are its interpolation nodes, then t = 0
0
(st) = 0

0
(t) , 0 t 1, is the norma l

representat ion of an extremal interpolant B
0 

for  the conf i guration 

s 1p } ,  with interpolation nodes 0 = t
0 

- t
1 

- < t =

t .  = ‘ ; s . If the terminals of B’0 are free or angle—constrained , so are those of

Clear ly, B
0 is stable if and only if B

0 is. In the following we will often

i:~~ the ~tar:da rdized normal representat ion of elastica.

.,et P
~ 

denote the metric space of functions 0: 10,1] -
~ 1K , for which there

are real numbers 1 = a ( 0 ) ,  B = 0(0) Such that the equations

= risin0(t) — (~cos0( t )

( 4 . 1 )
8’ ( t )  = ecosO(t)  + Bsin0(t) ,  0 < t < 1,

hold with the distance functional d
1

(0
1
,0
2
) max

0 ~ < 1(0 1
(t )  — 0

2
(t)I. Por the

p r oo f of the proposition below we will use the following

Lenina. The functionals ~r ,B from P
1 

to P are continuous.

Proof. First, m (0),8(0) are uniquely defined, for if (4.1) and also

— ‘z
1
sinf) — Il

1
cosO , 0” = a

1
cos0 + tI

1
sinO hold , then

o = (~~ 
— ‘z

1
,sin0(t) — (B — 0

1
)cos0~ t )  = (a — a

1
)cos0(t) + (B — B

1
)sino (t), hence

• ‘i
1 

and B = 8~ . Clearly, (4.1) is equivalent to

(4.2) 0(t) - (1 - t)8(0) - tO (l) — 5 g(t,’U){Scos8(i) + Bsin0(i))th,

where

g( t ,r) = (t — 1)r , 0 t < t

= (-r — l)t, t ~ t 1 -

The uniqueness of a,0 in (4.2) implies that the continuous functions

1 1
x — J g(~ ,’r)cos8(r)d~, y — 5 g( . ,’ t)e ino(t )dr  are linearly independent.

0 0

-16-
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Therefore, the Gramian 5 x2 5 y2 — (5 xy) 2 is ~ 0. Thus, if (4.2) is dot—multiplied

by x and y respectively, two independent linear scalar equations for a,0 are

obtained, whose solution demonstrates the assertion of the Lensna.

We also observe that the functiornals a(8),8(0) are uniquely determined by the

restriction of 0 to any subinterval of (0,1).

Now let F’ denote the class of interpolating elastics E with normal

representation t -
~ 0 (t ) ,  0 < t < 1, all satisfying the same type of end conditions

(free or angle constraints) and having (n + 1) interpolation nodes

0 = t < t < ... < t = 1. where t = t .(8 )  for i — l,...,n — 1. We also asstmle
0 1 n 1. 1

that no two consecutive interpolation points of B coincide . F’ is made into a

metric space by use of the distance functional

(4.4) d(0~ ,02
) — max t

1
(0
1
) — t.(02)I + max 10 1 ( t)  — 02

(t) I -

i=l,.. .,n—l 0<t~l

We now prove

Proposition 4.1. Suppose B0 is an interpolating elastica with normal representation

80 
e F’ , which Is stable. Then there exists 6 > 0 such that every interpolating

elastica B with normal representation 0 e F’ for which d(e
0
,e) < 6 is also stable.

Proof. For every 8 e F we have by (2.12)

~0’ 2 ( t)  — a.(0)sin0(t) — 

~i
(8)

~~
58(t) .

(4.5) 0”(t) — a . (e)cose(t) + 0~~(0)sin8(t) .

t~_1 (0) < t < t1(9), i — l,..., n -

We first take > 0 so that d(0,00
) 5 6

~ 
iq lies

(4.6) (t
~_.1

(e0),t1(e0)) Cl (t~~ 1
(O)~~’c1

(O)) ~‘ • for I —

It then follows f rom the above Lemma that we can find 6 2 
> 0, 6 2 

< 6
~ 

so that for

5

Iai(0) — ai(0 0
)
~ 

< 1, ~B~ (~ ) — Bj (e o) I  < 1, i —

— 17—



hence by (4.5)

max lh i ” ( t ) I
0 t 1

for some M. Thus, the family (8’ : 0 e P
n~

dPi
~
O
o
) 

2~ 
is equicontinuous :

Io ’ (t ’) — 0’ C t ” )  M~ t ‘ —

Suppose - 0 is given Us in g the Lenina again and Equations ( 4 . 5 ) ,  we can choose

6 3 > 0, 6 3 6 2 so that d(0 ,00
) < 6

3 implies 0 ( 0 )  — 11 ( 0 ) 1  + 0 (0 )  — B . (o o ) l

is so Small for i = 1 n that (4 . 5 )  yields

( 4 .8)  ‘ (t) — 1 1~~( t)  I < -
~~ for t ~ It . 1  (0o

) ~ 10O 1 ~ (t . 1  
(0 ) ,  t , (8))

i l  n .

Let the overlapping of the two intervals in (4.8)  occur so that

t . (8 ) t .  (0 )  — t . (0 ) -
~ t~ (0)  - 11 6 > 0, 6 6 is such that

i—I 0 — i— I i 0 -- 1 4 4 —  3

M It . 
1
(0) — t . i(O o ) I  < c/3 for d(0 ,1i

0
) 

~ 
tht~i’i by (4.7) and (4.8), for

t . (0 ) t < t (8):
i— i 0 — — i— i

0’ (t) — 8~~(t) I 0~~(t) 
— 0~~(t ~

(O
~~
)) I o~(t .1 (o0)) — e’ (t . 1

(8
0)) I

+ o’ (t . 
~ 

10o > ) — 0 ’  (t I — + 
~~

- +

and the salle result is obtained for t .(0 ) ‘ t - t ( 0 ) .  Altogether one finds that
1 0 —  1

for d(0 ,0
0
)

(4.9) 0’ (t) — 0~~(t) I c , 0 < t 1 -

For 0 € P n~ w (0,11 define (compare (3.5)):
n 1,2

(4.10) Q(0 ,n) = (~~~
2 

- ~~~,
2 2

) + 2 
~ [f (coso)n/f sin01 

~~ 
0~~’,

0 i=1 [t~ _.l t
i_ 1 j

where t . stands for t . (8). In (4.10) it is assumed that

t. t.

t:l_ l 

sinO / 0 ; i f  f sinO = 0 then the term in brackets is to be replaced by

—18—
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t. t.

- [~ (sino)n/f cosO]. It  follows from (4.9) that one can find, for a given

bounded set B C  W
1 2

(0 ,lI, 6
5 

> 0, 6~ < 6 , such that

(4.11) IQ (0,n) — Q(0 0,rt ) I  ~ 2c

for all n C B and 0 f F , d(0,6 ) 6 -n 0 5

For O C  F’n we also define the subspace v0
(0) of W

1 2 t0,
~~

1 (see (3.4)):

t. t .

v0( 0 )  = (n€ W
12

(0 ,l) : f dt f d~ fl ( t ) co s( 0 ( t )  - 0 ( t ) ~~ — 0,

(4.12) i I , and ~(0) — 0 and/or ~ ( l )  — 0 i f  the

elements of F are angle—constrained at the

corresponding terminal).

For the given bounded set B C W
1 2

10 ,11 (B is then totally bounded in L2 10 ,11)

one can choose 6
6 

- 0, 6
6 

< 6
5. 

so that the L2 
- distance of the sets

v
0
(0) fl 8, V

0
(0
0
) fl B is arbitrary small if d(0,0

0
) - 6

6
. From this, together with

(4.11), one concludes that 6 > 0 can be found such that d(8,0
0

) < 6 implies

(4.13) inf Q(8
0
,ri) — inf Q(8,Tt) < inf Q(80,n)

r ie V
0

($
0

), f n
2 l 0ev

0
(0), 5

1 2 1 neV
0

(0
0

), 0
2
=1

hence that, by Proposition 3.1, B is stable.

Proposition 4.2. If 80 in Proposition 3.1 is strongly unstable (i.e.

inf Q(0 .n) ‘ 0). then there is 6 > 0 such that the elastica B for
r 2  0rtEV (0

0
), j n =1

which d(00
,0) < 6 are also unstable.

We apply ‘Proposition 4.1 to extremals which interpolate configurations close

to the ray configuration. Suppose Lo is the extremal interpolant with normal

representation 0
0
(t) — 0, 0 ~ t < 1, which interpolates the ray configuration

where p
~ 

— (t~,0), 0 — t~ < t~ -. ... < t~ — 1, and has free

-19-
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terminals. It was proved in [2 , Theorem 7.4 1 that , given £ > 0, there exists

6 > 0 such that for every configuration {p
0

,p
1 ~n

1 with — 

~~ 
< 6 there

i’; a unique extrema l interpolant B with free ends and normal representation

fo r which  d (8
0
,1i ) i. Now is stable. In fact , Q(8

0
,fl) = 

~~ 
~ ,2 and

Hrt : 5 rt = 0, i = 1,..., n}. In particular, we must have 5 ‘1 = 0 for

ti_ l 0

fl C ‘J~~(0 ), and it follows that Q(0
0
,q) > 4

2 
1 

2 Thus we have obtained

Proposition 4 .3 .  For eve ry configuration sufficiently close to the ray configuration

there exists a unique stable extremal interpolant with free terminals that is close

to the trivial interpolant.

Of course, this proposition holds, a fort iori, for extremal interpolants with

angle constraints .
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5. Instability of the 2—point interpolants E ,B* .

If the configuration to be interpolated Consists of two points p0,p1 then the

elastica B0 has normal representation 80 C2 (0~ h1~ satisfying the equations

(see (2. 12 ) ,  (2 .13 ) ) :

— A
1
sinO

0 
+ A 2cos0

0 — 0, 8~ — A 1cosO0 
— A 2sjnO

0 — 0

In the sequel we will arrange it so that 0~ — 0 when 8
0 

= 0 or it ; then these

e~uations become

(5.1) ~~~~ = A
0
sinO0

, 0~ — A
0
cos0

0

for some A
0 

€ P .  If p
0 

— (0 ,0 ) ,  p1 (0,d), d > 0, then the interpolation

conditions are

1 1
5 cosO

0 
= 0, f sin00 = d -

0 0

If 8~~(0) = a, O
oW 

= B, 0 < a ~ it , 0 < B s it , then by (5.1):

(5.2) (21
0
) 1/2 — If sin~~

”2u dul, (2A 0
)~

”2d — If sin1”2u dul

However, these formulas for and d are correct only if 0~ (t) / 0 for  0 < t < 1

(i.e. has no internal inflection point); otherwise they must be modified, as will

be done below.

The quadratic form (3.5) becomes

(5.3) Q(0 0,
r)) — f (~~I2 

— A 0sinO0~
2 ) — (21

0
/d)(J cose

0
n)
2

and it is to be minimized on the space (mae (3 .4) ) :

(5.4) v0 (0 0) (n ~ w
1 2

(0,lI : f ~~~ — 0;

n(0) — 0 and/or n(l) — 0 if is angle-constrainedJ -
a. We first investigate the stability of the extremal E(n > 1) with free

terminals which has (n - 1) internal and 2 terminal inflection points. B consists

— 21—
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of n arcs , con;ruent Is B , W)~ I’ :1l j~, t i ’  h,c;i ‘ nontrivial 2—point extrerna l

int~ rpo1an t (‘ ;ee 12 ,~~~~ - ‘ - 5)). If :~ ; t 3 ~~- normal r ) r e ~~e r i t a t  IIIn of B’ and we

5311)155’ , ( 0)  = 0 U - n  0 (t) v a r i ’~ f ron 0 t I it to 0 to it ... to ~ 1l —

as t v~ r Ii’s frsrn (1 III I/n to 2/n to - . . UI ri/ri . The points k/n (Cc = 1,..., n — 1)

are the itti• rna l inf l.’r-tlsr points. The 1 1 t h variation ~ f 0 is ValO I = nit
n n

We have

(5.5) ~~ 3 ’ (t) = A i ii0 (t )
2 n n n

0 (1/ri t. ) = it — 0 (t), ‘3 (2/n + t) = 0 Ct)n n n n

0 (0) = 0 -

Formulas (5.2) are now replaced by

(5.6) (2~ )
l/2 

n f ~ s in~~
/2

u du , (2 1 )I/2~ = n f ~ sin~~
2

u du
n 

0 
n 

0

We rhi,i,~;i-

= tl
n 

— d
1 1 0n~’°0n 

-

1 1
Then f 0i;iri l l = 0, hi -r is i -  r~ C V (1 ). Sin ce f costl = 0, wi have

0 
n O n  n

1 1

5 (~C r i i 1) = 5 1. 1 r ~~~; 1J , and ( ‘ 3)  t , b ’ l ’hb(fl(’S
II ii n

1 1 1

(5 .~~t )  y P I  . 0)  = I] - 5 0
2

’ , ir O  (
~ /d ) ( f  0 m O  ) 2 

— (21  /d) Cf ‘3 costl )
2 

-
n ri n n n n 

0 
n n

Wi’ use

1 1 1 1
Cf 8 cii 

2 
— 

~ 
0
2

11 t1 11 5 ‘~ intl = d f It
2
sjnO

1 ii — n r1
0 

n 
0 

n n

and f i r ]

(5 . 9)  ~~ 3 h j ,1 3> < (21 /d) ~
2 

- (1 O costl ) 2
J -
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To evaluate the integral term in (5.9) we first assume n even. Then

r l/n 1/nf 0 cos O = 
~ 

f 0 costl - 5 (it — 0 )costl
0 n n 2 0 n n 0

(5.10) 
—

1/n
= — (n/21 )2 f ~ , 2 

= —2d -
n 

0 
n

We find the sante result for n odd. (5.9), (5.10) show Q (O ,r]) 0. Thus, we

have proved that B
n 

is unstable. This was also proved in [2], but by a di f f e rent

method.

b . We now show that the above extremal is, for n > 2 , also unstable if

angle-constrained at both ends. Let this extremal be denoted as E* . If 0* isn n
1

its normal representation then 0* minimizes 
~ 

0’~ among the functions that
0

1
satisfy the interpolation conditions f cosO = 0, f sinO = d and the end

conditiolis 0(0) = 0, 8(1) = ~ [l — (_1)n]5• B’* c:incides with E
n 

of paragraph a.,

hence 0* = 0 - o € V (0*) now requires n(0) = n(l) = 0 besides f Osintl = 0.
n n n 0 n

We choose

ri Ct) = O’ (t), 0 t 5 2/n
* n — —

(5.11)
= 0, 2/n < t < 1 -

1
Then, clearly, n

~ 
€ V

0
(0~’). and also f rt~ cos8

0 
= 0. Thus (5.3) becomes

0

2/n 2 2
= 5 (r~ — A Sin8 rl

~~
)

(5.12)
2/n 2/n

— f (A
2
cos~ 0 — 2A

2sin20 I = A
2 
12/n — 3 f sin2 8 1.n n n n n 

0

But, using (5.5), (5.6) and integration by parts, we find

2/n it it

(5.13) f sin2 8 = (2//~~Th f sin3~
’2
u du = (2/3I~~~) f sin 1”2u du = 2/3n -

0 0 0

Thu~ , 
~~~~ 

— 0, and this proves instability of the extremal B*, n > 2.

In the next section it will be proved that is also unstable.
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6. Two-point angle-constrained interpolants wi th no inflection point.

In this section we prove that 2—point angle—constrained interpolants are stable

if they have no inflection point, and are unstable if they have at least 2 inflection

~~ 
nts.

Proposition 6.1. A 2-point  ang le—constrained extremal interpolant B with no

inflection point is stable.

Proof. rf B’ has no inflection point then B is a proper subarc of the basic

2—point extremel B’1 
(see Sec. 5). Clear~ y B’ is contained in another proper

subarc B’ of B’1 
which has an axis of symmetry. By Proposition 3.3 it suffices

to prove that the angle—constrained extremal B’ is stable. Let t i-” 8(t) (0 ‘~ t ~
‘ 1)

be the normal representation of B and (0,0), (0 ,d), Cd > 0) the coordinates of

the te rmina l s, with 8 = 0 along the positive x axis . Then we have the following

equations for 0:

-~0 ’ 2 ( t )  = As i nO(t ) , 0 t < 1

O (t ) = i t — 0 ( l — t)

3’,. 1) 0 (0)  = cx , 0 ‘~ a <

1
d = f sinO = 2(21) 11’2 f sin h/’2u du

0 a

( 2 A ) h/’2 
= 2 f sin 1”2u du

a

It follows from Proposition 4.1 that B is stable for all a sufficiently close to

s/2 . Hence, if B’ is unstable for some a > 0, there exists a smallest

cx a
0
, 0 ‘ a

0 
< i t/ 2 , for which E — B

0 
(correspondingly, 80,

A
0) is un~tab1e.

It then follows, by Prooosition 4.2, that inf 
~~ (8 ) j 2 1Q(0

0
,n) — 0, hence there

exists r]~ € V
0

(0
0
), n~ / 0, such that Q(00 ,n0) o; 

~e will show that this is

not the case.
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By (3 .4 )  and (3.5) we have

11
0

(0
0

) = {n € W
1 2

I0~ 11 : 
~l 

r)sin€
0 

— 0)

(6.2)

Q(00
,n) = 

~l ~~.2 
— A

0
sin8

0~
2
) — (2A

0
/d)(J cosO

0n)
2

“
~~r IeV( O

0
) ,  5

2 1Q ( 0 0,r t )  = Q(8
0
,n
0
) = 0 implies (see Proposition 3.2 and

Equatioric; (3.7a ,b) that satisfies the following system for some p
0 

C P:

n~ (t) + A
0
sjnB (t)~ Ct) + o0cos8 0 (t )  + p0

sinB
0
(t) — 0

(6.3) fo
(0) 0

0
( l)  — 0, n0

sin0
0 

= 0, 0~ / 0

= (2A 0/~~ 
1 

n0cosS0 -

The equation 0” + A0sin00ti — 0 has the general solution

(6.4) — c
0
8~ + c

1
9~~ 0

, y
0

(t)  — J ( l/ i 8 ( ) ) d  -

By using the method of variation of parameters one finds for the general solution of

the differential equation in (6.3) :

(6.5) n0
( t)  = —(o

0
/2A

0
)t0~ (t) — (p

0/A 0) + c0O f~
(t) + c10~

(t)y0
(t)

= n
~~

(l)  = 0 give, since 0~ (0) — 0~ (l) : K
0

(6.6) c
0 — p0/A0

,c
0, c

1 
— o0/2A 0

y
0

(1)

By the use of integration by parts one finds

(6.7) 
1 

n0cos00 — — ( a 0/2A 0) (s ina0 
— d) + c1

(~~~(1)s ina0 
— 1)

and since this must equal (da
0
/2A

0
) by (6.3), one obtains

(6.8) -(o 0/2A 0)s ina0 + c1(y 0(l)sina0 
— 1) — 0

(6.8) together with (6.6) gives o~ — 0, c1 0. Thus, we are left with

(6.9) n0 — ( /A 0.c~ ) (0~1 —K0)
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The fina l condition f n
0
sino

0 
= 0 yields

(6.10) (p /A sr ) (2cosa — € d) 0
(,‘ 0 0  0 0

Since ~~ = 0 imp l i e s  n~ = 0, we must have

0 — 0(a
0

) : = cosa
0 

-

By (6.1) we have = 8~~(0) = (2X
0
sina

0
)
lh’2, d/2 = (2A

0
)~~~

”2 ~
1r/2 

112 du,
so

hence 0(0) = 1, G (w/2) = 0, G ’ ( a )  = — (1/2)sin 1/2 f sin1”2u < 0 for

0 < a < it/2. Therefore no n
0

,p
0 

satisfying (6.3) exist , and the proof of

Proposition 6.1 is complete.

We prove next:

Proposition 6.2. A 2—point extremal interpolant B (angle—constrained or free) with

2 or more inflection points is unstable.

Proof. If B has at least 2 inflection points then B’ contains the basic 2-point

extremal S
1 

(see Sec. 5). By Proposition 3.3 it suffices to prove that E~~, which

is with angle—constraint, is unstable. We do this by exhibiting 01
€ V

0(01
),

/ 0, for which Q(0
1,n 1) = 0. As in the preceding proof, this will be the case

if for some p1 C P.:

n’j + A 1~ 1
sin8

1 + o1
cos0

1 + p1
sin01 — 0

(6.12) 0
1

(0) = 01
(l) = 

~~, 
f n1

sin0
1 

= 0, 
~l 

~ 0

= (2A 1/d) ti
1

cosB
1 -

This system is satisfied by

p
1 — 0, p

1
(t) — (1 — 2t)8~ (t) -
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I

Indeed, one computes

+ A
1
n
1
sinO

1 
—c1

1
cos0~ . 0

1 
= 4A

1

1 
n
1
cos8

1 
= 2d = do

1
/2A

1

n
~~
(O) = = n

1
sin8

1 
= 0 -

Here we have used 0
~
(0) = 0 ( 1) = O~~(O) = B~~(l )  = 0

—27—
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7. 
~~~~~~~~~ 

angle—constrained interpolants with one inflection point.

If the 2-point anqle-constrained extremal B’ contains one inflection point

(either at one end or internally) then the problem of stability is more complex. If

one proceeds from the inflection point 0 along B in one or the other direction

to a terminal one traverses a proper subarc of the basic extremal (see Sec. 5).

There is a point on B’
1’ 

close to the far terminal, - its precise location is given

below — on wh i -~i the stability of B depends. We call this point a stability focus.

S may contain the right, the left or neither stability focus. Wi-- prove

Proposition 7.1. A 2—point anglo—constrained extremal interpolant K with one

inflection point is stable if B’ contains no stability focus.

Proof. K contains neither stability focus as one proceeds from the inflection point

to one or the other terminal , hence is a subarc of another extrema l K , which is

symmetr ic  with respect to the inflection point and also contains no stability focus.

By Proposition 3. 3 it suffices to prove that the angle-constrained extremal B’ is

stable. Let t i-’- 0(t)(0 < t < 1) be the normal representation of B’ and

(-b/2 , -d/2), (b/2, d/2), (b > 0, d > 0) the coordinates of the terminals, with 0 — 0

along the positive x axis. We then have:

~ Ô 2 (t) = A s i n O (t ) ,  0 < t 1

~ (t )  = 0 ( 1  — t )

Ô (0 ) = a, 0 < cx - it , O (l/2) = O (1/2) = 0

1 - -  a 
-

(7.1) b = f cosö — 2(2A ) 
1/2 j cosu-sin 1/2 du

0 0

d = sinÔ 2(2A ) ”2 f sin1”2q du

( 2 A ) 1
~
’2 

— 2 5 sin~~
’2
u du -

It follows from Proposition 4.2 that E is stable for all a sufficiently small.

Further if a — it , F? contains 2 inflection points, hence is unstable. Thus there

— 28—
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is a smallest ci = 0 
~ 
a
~ 

K it , for which F? — E
~ 

(correspondingly, 8
~ ,

A
~ )

is unstable. As one proceeds along this B
~ from the inflection point to one of

the terminals one reaches the (left or right) stability focus, mentioned in the

statement of the proposition.

By Proposition 4.1, we are left to find a
* 

and 0
~ , so that

inf fle 11 ( 0 )  f
2 1Q(8~ ,n) — 0,

where = 8,, satisfies (7.1). with a replaced by a,,,. By (3.4) and (3.5) we have

1
V
~
(8*) = {n € W

1 210.11 : f n (b cosO ,, + d sinO ,,) — 0)
0

(7.3)
1 1

Q(8 ,,,rf) = 5 (o ’~ — A ,,sin0 ,,n2 ) — (2A
~
/d)(f ncos0 ,,) 2

0 0

The infimurn 0 of Q(8
~ ,n) is attained for Ii — € V (8

~
) if (see Equations (3.7a ,b ) )

n,, satisfies the following system for some p,, e P.:

+ A ,,rt ,,sin0,, + O~
cOs 0

~ 
+ p~ (b cos0~ + d sinO ,,) = 0,

1
(7.4) ti,,(0) = n ,,(l) 0, 5 n ,,(b cosO ,, + d sinO,,) 0, n ,, / 0,

0

1
(1,,, = (2A

~/d) 5 ii,,cos0,, -

0

Using the general solution

0(t) — — 1 (0 ,, + p~b)/2A ,,)t0 ,(t) — p ,,d/A ,, + c00~ (t) + c1y,,( t)

t
— 0~~~(t )  5 (l/sin0,,(t ))dt for 0 < t < 1/2

0
(7.5)

y,,(t) — 2 for t —  1/2

1
0~~(t) 5 (l/sine~~(T ))d T for 1/2 < t < 1

• t

• of the differential equation in (7.4), one finds after lengthy calculations,

(7.6) n,,(t) (1 — 2t)0 ,(t) — e~ (o), p,, — A ,,0~ (0)/d

-29-
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Using in tegra tion by par ts  and the re la tions , following from (7.1):

(7.7) 2sinci,, = ir~ /A ,,, b = _2r~ /A~~, where r ,, — 8~,(0)

one obtains

1
(7 .8)  = (2A ,,/cI) f tl ,,cos0 ,, = 4A

~ 
— A ,,€ ,,b/d

0

Then one verifies readily that (7.6) solves the differential equation in (7.4); also

rt~~(0) = ri ,, ( 1) = 0 and 5 0~ sinO ,, — 2cosa ,, — 2b — ic ,,d, hence

(7 9) 5 n ,,(b cosO ,, + d sin8~
) = —2K~ /A 2 

+ 2d cosa,, — ic ,,d2 -

Thus, all the conditions of (7.4) are satisfied if the quantity (7.9) is 0, or

using (7 .1)  and ( 7 . 7 )  and the abbreviation

S(a )  = f sin”2u du, 0 < ci < it ,

(7.10) F (ci,,) : = sin1”2a,,S2
(cz

~~
) + cosu,,SKt,,) + 2sin 3”2a

~
= 0

is the unique root between sf2 and it of (7.10). Since F(it/2) > 0 and

F(s) < 0, there is a root between sf2 and it , and since 1’ (ci) K 0, the root is

unique (a rough estimate shows ci ~~ 171°).

We have shown that O , given by (7.1), with a K a,, is stable and this completes

the proof of Proposition 7.1.

The result in Proposition 7.1 is sharp because we have

Proposition 7.2. A 2-point angle—constrained extremal interpolant B’ with one

inflection point is unstable if B contains the two stability foci.

Proof. In the proof of Proposition 7.1 it was seen that the extremal B,, whose

terminals are the stability foci is unstable. By Proposition 3.3 5, which contains

is unstable.
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There remains the case where the 2—point angle—constrained interpolant K

contains one inflection point and one stability focus. We may assume that the norma l

representation 0 of B’ is a solution of

Ct) ~2 = AsinO Ct), 0 t ‘ 1

(7.11)
0 ( 0 )  = cx , 0( 1)  = 13

for some A € P., where

0 cx < a,,, , ~ - it

(7. 12)
0(t0) = 0(t ) = 0 for a unique t

0

The numbers A and t
0 

are determined from the relations

(7 . 1 3) = 5 sj n
_
~~~

2u du + ~ sin 112u du , ~~~t0 
= 5 sin ~~

2u du

It is seen that t
0 1/2 and

(7.14) 8(t 0 — -r) = O Ct
0 

+ t), 0 < I < t
0

We now show that for each a, 0 ‘ K 
~~ there exists a unique B = B,, (a)

such that the extremal F? is stable if B -
~ 13~

(a) and is unstable if B > (3 ,,(a).

We say, the point on B for which 0 has the value B,,,(a) is conjugate to the

point for which 0 has the value a. As a approaches ci,, (from below) 8,,(s)

approaches ci,, from above, hence the stability foci of Proposition 7.1 are the

special case of conjugate points where B~
(ci) = a.

We now prove

Proposition 7.3. suppose B’ is an angle—constrained extremal 2—point interpolant

with normal representation t ~ 0(t), 0 < t < 1, which contains one inflection

point and for which 8(0) = ci, 0 < ci ‘c a,, (see (7.10)), 8(1) — B > ci,,. B’ is stable

if and only if B < B,,(a). where 8,,(a) is the unique root between ci,, and it of

Equations (7.17) below. As ci increases from 0 to cia, B ,,(a) strictly decreases

f rom it to a,,.
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Proof. By Propositions 6.2 and 7.1 B is stable if B - ci,, and unstable if B = it.

L~~t 13~~(1) denote the smallest value of 13 for which F? is unstable and let 8,,

he the normal representation of the extremal 1;’,, for which 8,,(0) cx, 0,, (l) = B ,, ( a ) .

There must then exist ri ,, V~~(0,)~ 5 r~ = 1 , such tha t

(7.15) infn€v (o ),502 1Q(0*. n)  = Q (0,,,t ,,) = 0

As in the proof of Proposition 7.1, we have for ~~,, the system ( 7 . 4 ) .  The general

solution of the differential equation in (7.4) is given by (7.5). One computes, using

integration by parts,

1 1

5 y ,,coso ,, = 1, f y ,,sjn0 ,, = 2/0~~(1) — 2/6~~~(0)
0 3)

(7.16)

t cosO ,, ( t ) O ~~(t)d t = sinO - d, 
~l 

~ sin0 ,,(t)~~0~~(t)dt = b — cosO .

1
The four conditions r~,,(0) = rt ,, (l) = 0, 5 fl~ cos8 ,, = dct ,,/2A ,

0
1

5 (b cosO ,, + d sinO~ )g ,, = 0 for n,, ~ V0(O ,,) ,  and the condition 0
~ / 0, then lead

0

to the equation

H(ci,B) := (sinasinB) l
~
’2(S(a) +

(7.17) + (sin 1”2acosB + sin1”2Bcosci)(S(a) + S (B))

+ 2(sinasinB)l~
2(sin~~

2a + sin1”20)2 = 0

for B — 8,, (ci). One finds that the function B~+ If(a ,B) is strictly decreasing for

ci ,, ~ B < it. Also, if 0 < a K

(7.18) H(a,s) K 0, H(a,a) 4F(a)sin 1”12ci > 0,

where F in the function of (7.10) and F(s) > 0 sinc~ a K ci,~. It follows that

is uniquely defined by (7.17). Then 0 = 0,,, with 0,,(0) — a, ~,,U) =

is the normal representation of an extremal F?,,, for which there exists n,, ~ V0(0 ,,) ,

with n,, 0, such that (7.15) holds. Therefore, B,, is unstable, and by

Proposition 3.3, B is unstable if E contains B’,,, i.e. if B > B,,Ca).
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The function ‘i i-’ h,(u) is nonincreasing. For if B ,, (a
1
) 

~~~~~~ 
for )

then the angle—constrained unstable extremal B
1 

with O
i

(0)  = cx
i
, 0~~( l )  =

is contained in the extremal £2 with 0
2

(0)  = U
2~ 

0
2

( 1)  = 

~~~~~~~ 
which is stable

since h ,, (c21 B ,, (cx 2). This is a contradiction to Proposition 3.3. Actually, B,,
is strictly decreasing , for if 

~~~~~~ ~~~~~~ 
for 

~2 
> 

~ l 
then 13,, (ci) is constant

to ;  z , ,  whi ch is impossible since the function 8,, is analytic. Clearly,

t~,(0) — r and ~ ,, (‘x ,,) — ‘x ,,, thus the proposition is completely proved.

- c ,  i’ ”  1 to  ‘3ive a geometric interpretation of conjugate points on a

simple elastica curve. At the seine time we obtain the precise range of angles that

an arc of the e1a~-ti ca, which  con tains one inflection point, can make with the chord

connecting the endpoints .

Let K be the simple elastica of Proposition 7.3, t ~~ 8 ( t )  (0 - t < 1) its

normal representation , 0(0) = ii , 0 ( 1 )  = 11, with 0 cx B < it , and let p0,p1 be

the local v -ctu,o of the terminals of B’. In the original interpolation problem the

length of the vector p
1 
- p

0 
and the angles ~,B that B makes with p1 

- p
0 

at

the endpoint ar. prescribed. More precisely, let A,B denote the angles in (-it ,w )

from the v.~’tor p
1 
- to the oriented curve F? at p

0,p1
, respectively. We

investigate the relationship between a,B and A,B. Clearly,

(7.l9a) a - B A - B -

If the inflection point t c  taken a~; the origin of a cartesian coordinate system

xy, with the positive x—axis along 0 — 0, then the point (t ,O(t)) on B has

coordinates

x — f cosO(t)dI — (2//~~)sin
1”28(t)sgn(t — t0

)
to

= 5 sin8(t)dt — (l//~~)S(8 (t )sgn (t  - t
0
)

to
Expressing the slope of the vector p1 

— p0, we obtain

(7.19b) (S(ci) + S(B) I /(2sin h
~

2
c, + 2s1n1”2B1 — tan(ci — A)

wish to express my gratitude to Dr. D. D. Pence for his valuable assistance with
• this investigation. — M.G.
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Since p
1 

is above and to the right of p
0 it follows that

(7.l9c) 0 < a - A < sf2

For each pair (a,B), with 0 < ci < B < it , ci + B > 0, there is a unique pair (A ,B)

with —it K A K B K iT determined by Equations (7.l9a,b,c) (actually A > -s/2).

Let B(A;ci,B) be the angle B for fixed A ,ci,B, and set

(7.20) B~ (A) = sup B (A ;ci,B) = B(A;ciA ,BA
) -

0<a<BK,T

It is readily found that if ci
A 

= 0 then A = —sf2 and it, and if 11
A 

= it then

A —sf2 and ci
A 

= 0; also if ci
A 

= 13A then ci
A 

= ci~ (solution of (7.10)) and

A = B~ (A). We write

(7.21) A~~ = B(A~;a ,,,a,,) = sup B (A~ ;ci ,B)
OK 5Kf1KiT

(A~ ~ 99.5°). It follows that if A is neither —it/2 nor A~ then the supremuin

in (7.20) is attained in the interior of the region 0 < a < B < it . Thus,

make B — A - a + (I a maximum under the side condition (7.19b). It follows that

° = 5A’ B 
= 13A satisfy the equations

1 + p (a/~a)[S(ci) + S (B) — 2 tan (a — A)(sin ~~
’2

ci + sinl
~
’2

B)J = 0
(7 .22)

—1 + p (~ /~ B)(S(a) + S(0) — 2 tan(cz — A ) (sin
1 2

ci + sin1 2B)1 = 0

Elimination of the multiplier u, and use of (7.l9b) yield

(7.23) H(aA ?BA
) = 0

where H is the function (7.13). Thus sup B(A;a,B) is attained for conjugate

values 
~A ’8 A. This is also true in the excluded cases A = —m/2, A = A~ since

(0 ,w), (a ,,,a,,) are conjugate pairs. Each conjugate pair (a,B) occurs in this

characterization; for if a,B are used in (7.19b,c) a unique A is obtained for

which a 5A’ ~ - We have proved

Proposition 7.4. Suppose A , — it < A K it~ is such that there exists a simple elastica

F? with terminals p0,p1
, which contains an inflection point and which makes the

angle A with the vector p
1 
- p0 

at p0
. Then the largest angle B that B can

make with p1 
— p

0 
at p

1 
is obtained if p,3,p~ are conjugate points of B’.

Conversely, each psi; conjugate points is characterized in this way. 
•
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W~ proceed to determine the range of angles A ,fl that a simple elastica with

one in flection point can make with the chord joining the endpoints. Because of

symmetry it suffices to determine the half where A < B, which we denote as R
A B

.

I f  0 < A < A* (see (7.21)) then the interval (A , A < B < B* (A) } is in

(B°(A) as in (7 . 2 0) ) .  If A > A~ then there is no B > A such that (A,B) €

this follow s from the above discussion. Let us assume now A K 0. By (7.l9c), we

have A — -s/2; so fix A, 0 < A < —it/2. Substitute B — A + a for 13 in (7.19b),

which then defines B as a function of a. It  is easily found that ~lB/Aa at cx = 0

is +o’. B takes on its minimum B
~~

(A) for a = 0, hence by (7 .19a ,b)

(7.24) S(B,, (A) — A) = 2 5~~~
1
~
’2 

(B~~
( A )  — A)tan(—A)

It is easy to see that the interva l {A, B,, (A)  < A < B~ (A ) } is in R
AKB . In summary,

we have

(-iT/2 < A K 0; B,, (A) B < B*(A)) U {0 < A A~ ; A < B < B~~(A)}.

Remark. The general (A ,B) € R
A B  

U R
B<A 

is the image of two pairs (a ,13), hence

arises from two distinct simple elastica E
(A B)~ 

If angle-constrained , no more than

one of these is stable. There may be no stable elastica at all for

(A ,B) t RA B  
U R

B<A
. Thus, if 0 < A < A~ , B = B~~(A), then B = B (A; cz

A~
BA
) and

there is a unique B (A 8) ’ whose terminals are at the conjugate “A ’13A ’ 
By

Proposition 7.3, the angle—constrained B,A B) 
is not stable, It seems probable

that this happens only on the boundary of U R
B<A

.

The last proposition of this section deals with 2—point interpolants with angle

constraint at only one end.

Proposition 7.5. A 2—point extremal interpolant B which is angle—constrained at

one terminal and free at the other is stable if and only if B contains no stability

focus.

Proof. For the normal representation t 9÷ 0(t) (0 < t < 1) of F? we may assume

I
I

~~~~. ~~~~~ — - ‘~~~~~~~~~~~~~ “ 
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~~~ —~~~~
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! O’ 2(t) Asln3)(t), 0 t 1

(7.2~~) 8(0) = O (0) = 1); 0 (1) 1 3 > 0  prescribed

1 1

f cosO b and 5 = d prescribed
0 0

I f  ~ 
, t t i  ;eiu t l y small then K is clearly stable. If  B is stab le for some

1 
o then , t~y tin- Corollary to Proposition 3.4, B is stable for each B <

(*~ the uthcr ,n;i,i , F is not stable if B = it since in this case K is unstable

even ;t  an ;l .- -’ on tr ait;e’I. It follows that there exists 13,,, 0 13,, < it , such that

K ;~~ t ;L1,- t o ?  < h ,  but unstable for B > B ,,. By the same arguments as in the

• - .ifl;. r part of t h is  ~ectiori we conclude that we have

(7.26) inf
Vl€V (O) ffl

2,~l
Q(O.0) = Q (O,o ,,) = 0,

1
( 1 . 2 7 )  V (0) = {n € W1 2 (0,11 : flU) 0, / ri (b cosO + d sinO) = 0)

0 , 0

For r~ w.- have the conditions (compare (7.4)):

+ )rt ,,sinO + ocosO + p(b cosO + d sinO ) = 0

(7.2:?) 
1

a — (2 1/d) f ~,,cosO , g~, (0) = 0, ri ,( l )  = 0, r~, / 0 -

0

The ‘:or;,littn;i ri~~(0) = 0 results from the fact that if 0 = 0,, minimizes Q(O,n)

t l ~~~ri r;,, must satisfy the free boundary condition ~~(0) = 0. Proceeding as in the

r,r
~~ -’f of Proposition 7.1, one finds

(7.29) ii ,, ( t )  = t 8 ’ (t )  — O ’ ( l )

is a solution provided B (which enters (7.28) through A ,

B
C 2A)

1
~

’2 
— 5 sin ~

“2u du) is a zero of F , cf. (7.10). Thus. ~~~ = a ,,, the

previously found stability focus.
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- - - -

- The ‘; t tb ; Li t y t in’: t ii

I n  t he t wi~ i - i .’  ‘~~ oee t  t ori:; the stability problem was se t ti  eu for all .uxtrem ~ l

2—po i r u t  iri t .- rholari t s . 1, -I / * now b’ art ext rc-mal  , interpol sting a general In, + 1 ) —

J K i l f l t  c’,rit ;‘(ui!,i t ‘in, I ;, , p, . . . ,  p , and free at rh’ terminals ‘ ‘p . I - o r  ease of
~ 1 n 1) n

I or n, il i t ; ‘jn, ‘,It n t  i- ’ , l u  I

- Ii ‘ than - /: * of  F~
’
~ b, tw ’ - i , n ,  two r:on:;iu ’:uit l ve Inter ior nodes

(2 - n — U t o  o i l]  to Lu.- proper if I:~ contains no pair of con j ugate [‘otrit:, -

The tern’ n ,~l or ’ ’; I: and I’ * ore proper i f  they contain no stability io(;uO .

By t - r ’,f i’u ’ i t u ’ u n - u ’; 1 .4 , 7 .3  arid 7 .5 , J: ’ * i~~ j n~~t,ab]” if any of the _subarcs I’~

i- . no t  ,r0f,er. ~~‘ - s t , t i - u this important resul t a:;

hr oj~~o it i o n i 8.I. is n’- ’o-: ; :;;ry eonuli tion for stability of or, extremal i nter(olanl t

w ith I re’  terminal :; :1 that end , arc betweor , i:or,oeç’jt i n -  in ? i-rp oloI - ton nodes be j~r’d’er .

I t :;t,oi;l ’l h e ’,b:,’ r  ‘iou] that by assuming all arcs ny! proper we do not exclude the

)‘r’uoe nd (- ‘it ; i t  I . - ’ . ?  ion ( i i  r I o .  However we wi ll exr:lude , wi th li tt le loss of

‘ le t ’ -  rot 7, it , i-i I or, poInts at the knots. I-ic soy /:‘~ is decomposable ~~ t’m 
for

- or,,.- m Li - twei n, I arid n — 1 ii; an inflection point , othcr~~ise / ‘ °  is

I f  is decomposable then t:he :;itharc:; Li’ from p tO 
~a It m

m u  1’
b 

from p to )) in ( f r i - i - )  ‘,xtremo l interpolants , and it is readily otuenl

t ) , j I /-:‘ i: stable or unstable i t  both K and I” are stable or uniot ,ble ,
a 1)

r ’ - : )n-’ t lVe ly I I t ,  - case when., one of Li e ~~~~ ,
‘‘

~, 
is ~tnl, ii’ , t h e  other unstable , is

‘silted) .

I -or I r,deu orn~o’:abl~i extrema l interpo l ants I’,’~ which  s i t;  :.f y t he  niedi’:;’.siry

‘ (,;t’li t j i,;, iii l’ r. ,)ios i t ion it . 1 wi find -t computable f o r e - I  ion U~ of n — I va riables

is t he number of interpolation nodes) with th e 1~~operty that /‘,‘~~ 
is stable if

and only if U~ ha:. a local minimum at the critical point corresponding to l’,’~~.

Let S l~ 8° (oh (( t  it — ti *)  be the normal re; re:n’ntation of /;‘* , with i n t e r —
— — n

I’olat ion r oil,- :, 0 = — K . - . . 5* Then for or i’pir ly do fined A t 

u , - . - , ~‘ ° 
wi h ‘ti-

1 nr

I

- :TT~~~~” - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



--—

$* (s )  + ~~ sj n ’t ° ( s)  ,~~~ ‘,s ’ ° ( s i  — - I ,

-
~~ 

0*, ~~~~~~ — ) c ns~i~ (a )  u’ s in, ’ ’ • (s  I • ‘I , - . * 5 — - .
2 1 i : — l  — —

(8 .1)
S0 “

A

‘: - , s~~~ b ., smn t)° — ~1 • = 1 ,.

8~~’ (0 )  = 0, O~~
’ (s~~) = 00

In addition to (8.1) we have the corner conditions

(8.2) 0*’(s* — 0) = R* ’ ( s * + 0 ) ,  i = 1 n —
1 1

The potential energy for K* is

s,,

(8.3) U
0
(K~ ) = ,~

, n 
o,,,2 

~ 

2(A’b . + t~~d . )

We choose an arbitrary number 6 > 0, .,et s~ + 6 S, arid extend “° I-u ’ t l : r u

interval (0,SJ by setting 0~~(s) = 0* (s*) for s~ ~ S S. Every function, Ii in

this section is in the space ~1 2 
= ~1 2

10,S) and is constant on some interv~ 1

ts ,SJ , where 0 - s = s (0) S.n n n
As stated above , we assume each subarc K~ ( i  = l ,...,n)  o f E* is proper and

also that O*’ (s.) / 0 for i = l,...,n — 1. We set O~~(s~ ) a~ (i
1 i 1

For every In — l)—tuple a = (a
1
,...,c1

1
) s u f f i c i e n t l y  close to a~ = ( cx *,, , ,çj * )

the system

O”(s) + A . sin8(s) — p
1
cosO(s)  0,

! 0, 2 15) — A,cos8(s) — p. sin0 (s)  = 0, it . ‘- a
2 1 1 x— l — — 1

S
i 

S
i

(8.4) 5 cosO = b
1
, 5 sinO — d ., i — 1,. ..,n

5i—l si—i

0’ (0) = 0, 0’ 
~~~ 

— 0,

O ( S
j

) a .~ 
— 1 n — I
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- ‘  in i- ~ - i - ’;urlut, n ’iin 1 ( W , wi t h A ,;i - Ut , it  — 5 . ‘ . . .
1~~2 n i I I 0

in I r i f t  m u  l e f lt  I’, sm~ ii  l i reu, ; : ; ju lnr r _ -, t n i r ; ’ ;h , l , . r ; ) ronu l  of  ‘~ Thi s frnllowr; ni - - . i n i  ly f rom

I - i ’ ? I-tint each of the a . /~~ i’.; t ’r ’ ’r e r. ( 0 . 4 )  i s  system (I-I.!) with ,m’t ’litiona )

l i t  in n ’ :  It (o . )  = it - r’:t’ lnr’ i n’t t h , ’ ’ u ’ nr n i , I i t  m ini:; (i: .2) — We l i t  0 l t - x1 , , t r  l i i i ’
1 1

:,‘,I uthu ,n iii (13.4), the {p
11
,
~ ’1 

,...,p I m t  erpolant r r’pri’:;cnti’~l by ~~~~. The

n i l  ‘‘ni ’’r’~y for I j~

(13.5) U (B ) = 5 0~~ ~ 
2(A b . + p d . )

0 0  ii I i  i i

We 110w introduce the func t ion

(13 .6) lJ~~(ns) = u0 W )

and ca l l  i t  the ~~abili~~~_function (associated with the extremal E*). it is defined

in i neighborhood of a*. We prove

~~~~t1~~ion 13.2. There is a neighborhood N(o~~) c ~~n-l 
~f ~~~ such that n A

I- li,’ nlrriu)ue critical point in N(a~~) of the function tJ~ .

Proof. ~~~~~ 2 
denote the metric space of functions 0 € w~ 2 which interpolate

the po in ts p at nodes s , = s . ( 0) , A = s - s - ... < s ( s~~, with the metric
1 i 1 0 1 n

(0.7) d
0
(0
1
,0
2
) = max s

~
(rt

i
) - s

1
(8
2

) I + 0
3

(0) - 0
2
(0) 1 + 

{
~ 5 

(O~ 
- o~~)2}1/2 -

We can choose 5~ > 0 so that the following three conditions are satisfied: (1) O~

is the only extremal in

(O B i )  t4 ( 0~~) (0 c W~~2 
: d

0(0 ,0 ) 6°)’

(ii) for each a in

(8.Bii) !4(a*) = {a € ~~ 
1 
: a — ci~~j 5* )

system (8.4) has a unique solution 8 C N (O°) and each restriction 0 
~~a a 1 

~~~~~~~

(i — 1,...,n)  is proper~ (iii) for j  1,...,n — 1

(8.Biii) sgnO’ (s~ — 0) = sgnO (s~ + 0) = sgnO~~’ (s) -

To prove the proposition it suffices to show that a € N(a°) is a critical point of

)J°(m) if and only if a =

-
‘ 

- 
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- .

By ( 11.5) we have

(13.9) U°(a) 
i=l 

C A b . + p d .)

where Liii A , = A (a) ,  
~~. 

= P
~~
(u) are determined from the in terpolation and end

condit ions :

S
i

B ,Kz . ,a.,A ,,p, ) : J cosO - b , 0
1 1~~i 1 1 1 a 1

5.
i— l

S
i

D, (ti , ,a ,, A ,,p, ) := 5 sinO — d 0, i = 1 n
1 i— i  1 i a I

si—i
(13.10)

E ( a
0
,A

1
,p

1
) : A

1
costm + I’1

s’flr 11 0

E (a ,A ,p  ) : A cosa + p 5 m m  = 0n n n n n n n n

We now seek critical points of U~ as a function of a = (a
1
,... ,an_ i ) and the

accessory variables A
1 

A , p
1
,.. 

~
‘
~ n’ 

a
0
, a , under the 2n + 2 side conditions

(8.10). If a is a critical point then there exist multipliers p~~,O~~(i  1,... ,n)

and w ,w such thati n

* 
{
~L ~ k

b
k + Ukdk + Pk

B
k + + + W E }  = 0

where y stands for each of the variables a
i~

A ,~~i -

Let first i (2 < i < n — 1) be such that has no inflection point. Then

sqnO *t (s~_1 ) sgnO *’(st) 1, say, and, by (8.Oiii), 8 (s) > 0 for ~~~~ < s < s~.

Thus, using (8.4), we f ind

ai
I K1~iu)c6su du 

— b1ai_l
(8.12)

cii
—lDi (ci i_i na i .A i.u i

) — 5 (u)sinu du — ~~~

where

(8.13) ic
1
(U) — (2A

1co~ u + 2u jsinu) h/2
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usinq y = A . and ~ p. in (8.11), one obtains

‘1 , a .

h . - ~~~ 

5
i-l 

t 
3cos

2 
— °

~~ 

~i
1l 

K .
3sin~cos = 0

ci , a
1 i

d . — p .  f K 3
cos-sin — Cl . I r .

3sin 2 
= 0

5 , ci , (I .
1 1 1.

- r r — l r 3or , :,lo’ ” b , = j cosO J r , cos = J K , (2l cos •4’ 2p, sin)cos
1 0. 1 1 1 1

5. a
i—l i—i

‘1 . a.

(21 . - p . )  f K .
3cos 2 + (2ji , — o~~) f K .

3
cos.sifl 0

(8.14)
a . a .

(21 . - ~~~ 
L~~1 

~~~~~~~~~~ + (2p. — a .)  f K .
3sin 2 

= 0 -

By the St:hiwarz inequality

a. a. ci .
1 

~~ . 2 ~-3 2 r ’ —3 . 2
J K cos-sm,n < J K , c05 J K . sin
a. cm . a,
1—1 1— 1 i—i

(equality cannot hold), hence (8.14) gives

(8.15) = ~~~~~~~ 
~~ 

= 2

If i = 1 then 0 * ’ ( s ~ ) / 0 (since is proper), say 9*t (s~) > 0, and

also O’(s) -, 0 for 0 K s < 

~l’ 
hence (8.12) holds for i 1 (the integrals

involved are improper). To avoid the divergent integrals in (8.14), we set

(R.1 6i) 8
1 

= A
1
F
1 
+ p

1
G
1
, D

l 
A
1
G
1
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where

F
1 

(A~ + 
2)l[J K

1
1
(A
1
c05 + - A

1
b
1 

—

~ (A~ + u~ ) _1[J K
1 
- A

1
b
1 
- Pi

d
i]

(8.l6ii)

= (A~ + u~ )_ l[J v~~~(— A 1sj n + p 1cos) + 1
1
d
1 
-

(A~ + p~~) 
‘iK (a

1
) + A

1
d
1 

— u 1
b
1 1 -

Using these expressions in (8.11), one can carry out the differentiations with respect

to y = A
1 

and y p
1
, and one obtains (8.15) for i = 1. The same result is

obtained for i =

Fina l ly  i f j  (2 < j  < n — 2) is such that sgno°’(s 1
) — _sgn0* (s~ ) 1, say,

(hence E~ has an i n f l e ction p o i n t ) ,  then by (8.Biii), 17 (s)  also changes sign in

and (8.12) is replaced by

- 

~~~~ 

- ~
]

1v;
l
cos1 -

(8. 17)

= - ~~~~~ K;
1sin - d .

where v .18 .) — 0, m i_I 
< B~, B~ > a1. To differentiate the improper integrals one

replaces the B
1
,D

1 
by functions F ,,G

1 
analogous to (8.16), then (8.11) for ‘1 — A ,

and ‘v — u
1 

again yields (8.15) for i — j. It should be observed that 3. depends

on a1_ 1 .
nm
3
.A~~.~~1~ 

but aF
1
/~y and ~G1

/~y do not contain terms ~31L /~y. We have

now established (8.15) for i • 1,.. .,n.

We next choose m
i 
(i = 1,.. .,n — 1) for 

~ 
in (8.11) and obtain

(p i
c0sa

~ 
+ ojsinaj)K 1

11a
i
) — ()~.~,4’1

cosa~ + Oi+ls1flai
)
~~~ i

(ci
)
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-

or , using ( 1 3 . 1 3 )  and (11.15) : v , (u , ) = ii - (~~ 
) i.e.

1. 1 14- 1 i

(8. 18) 0 ’ ( s . — 0) = tt (s . + 0), i = 1 . n  — 1 -
5 1 0 1

Furthermore , by (8.4), O’(O) = O’ (~~ I = 0. Thus we have shown that  i f  a is a
‘1 ii fl

cri tical point of IJ*(a) then 0 satisfies (8.1) and (8.2), hence 0 = 0*, U =
(1 0.

That conversely U* (s*) = U
0
(B*) is a critical value of U* follows immediately from

the fact that U0
( E*) is a stationary value of U0

. Proposition 8.2 is proved.

The stability function 13* attains a minimum in the compact set N(a*), say

tJ* (u1 , ) = mm U* (ct)
mi n

cL EW ( m A

If ii , is a critical point of IJ~ (i.e. a , is in the interior of N(a* ) )  then ,mm snin

by the preceding proposition , tmmin = a~ and it ’° minimizes the potential energy 11
0

among all K with a C N(a*). The theorem below will show that in this case B*
ci

minimizes  U
0 

among all the (p
0

,p
1
,. ..,p }- interpolants sufficiently close to E* ,

hence that /:‘* is stable. On the other han d, if tJ* (a *) is not a local minimum of

(5* then there are interpolants B arbitrarily close to I~ for which

U (K ) = U* (m) < U*(a*) = U (B°), hence BA is unstable. Thus, we arrive at the
0 a 0

following effective stability criterion:

Theorem. Suppose the indecomposable extremal intorpolant BA = I~ has only proper

• subarcs IL1’. Then E* is stable if and only if the stability function U° has a

local minimum at cii.

Proof. The proof depends critically on the following result which we formulate as

a lemma .

Lemma. There exists a neighborhood N
0
(8*) C Nb 1’) such that U

0
(C) > 13

0
(E) for

each C with normal representation e c N
o

(8 *)
~ 

Here ~ {a
~~
.. . .,a0_1 } ,

m i 
— o(s~(0)).

Proof of Lemma. Since each internal (terminal) arc of B between consecutive
I

, a

interpolation nodes, if considered as a 2—point extremal interpolant with two (one)

angle constraints, is stable it is true that U0
(C) > U

0
W )  for C sufficiently

- ~~ =-,  
- ~~~~~~~~~~ ‘~~~~~~~~

- -
~~~~~ ~~ —— ‘

~~ 
-- 
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c iii:;.- Ii. /- , mm fix ed. The lemma i:. ’ ; -  rt:, thd I this inequality holds in a neighborhood

I-hint i: I n, b - I . i -n i ’ i . ’ r it  o f  s

W i’ nfl,a y ‘I:;:, ‘mi ni .- 0 i n lii,’ form (2.5):

(H. 10) it = ii + m r ~ 4- ~ r, (i)

with It 1 V
0

(i t
,
), rn(s (lt )) = 0 (1 = l,...,n — I ) ,  d°(0,rt) ~ 1, d

°(0 ,~~~) ‘ 1. We also

s l I t

may assume d . = 5 s in ft / 0 ( the  integral  is independent of m l ) ,  othe~~ise d .
- (It )
n — i  ‘i

‘. h c m , i l ’ t  be replaced by b . . Then by (2. 10) • (3.5)

= f~ 0 2 + c 2
Q(0 ,Ti ) + R U) ,

(11.20)

- 
s,(0 ) s (0

= J (
2 
- ~ 0, 2 2

) + 2 

~ 

d .
1 

s1 1 (O
0.
) 

(cosO )n 
s
~~~i

(o
0.
)

whi rr’  P (1)/1Y ‘ 0 as £ -
~ 0, u n i f o r m l y  for o € N(01’), a e (11cm 1’). The mappings

a I~ ; .(0 ) (i = 1,..., n), ill, 0 , from N (u*) to I~ , N(0*), respectively,  are

continuous , and so is the mapping

(13.21) ‘1 ~ i- inf
fl(V (O ) d

O (O ,fl).l
Q (O

(L~
fl) : q

Since q 0 for each ii C N(ci1’) it follows that q1’ 
= in f  

8 1 1 ’~
q -, 0 and , by

(8.19), j o’~ ~
. f ~~~~~ + . ~2~~(Ø ,~~) for  all  s u f f i c i e n t l y  small c , say k-I ~

We can now choose the neighborhood N
0
(0*) C (1(0*) so that (3 C N

0
(O1’) may be

represented in the form (8.19) with F_ I £
0~ 

Then f o’ 2 > 5 o.
2, which proves

the lemma.

Proo f of the Theorem. We need to prove only the sufficiency of the condition. Thus,

we assume there exists > 0 such that U*(a*) 1J1’(a) for ci — a*I 
~. 

i~~ • If

the neighborhood N
1
(01’) C N

0
(01’) is sufficiently small then a — m m * I < r 1 for each

0 e N
1
((3*), a • ( 0 ( s .(0)}. Using the lemma, we have

S S S

f o*,2 — U*(a*) < U1’(a) = 5 o
2 

I o’
2

0 0 0

—44—

‘

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~~~~
-—-

~~~

_ _
-

~~~~~ ~~~~. 
‘
~~~ ~~~~~~ ~~~~~~~~~ 

- - - - ‘
~~~~



It (I * ) r :; .n h it - i l  m inim um.

W i’ }.r.’:.. - ri t two .‘x .int tj .li ’s , Wti m :h I llu :-;t rat I’ l i i i ’  i t  f , ’m - t i v e r i ,.t iI ; of the ~.rig ...~. i t  l i m i t ’,

nn  r i o: ,  - ..‘c t lo rt .

i~~~n mI ~j .i . -  I . ~
m n l . t m . , : . i W I- ,.,v.- I h,- m-onn fruj uration (p

0
,p

1
,j,
2

1 where ‘o — (0 ,0),

( l ,’t) • p ((.d) - Without loss we may assume d 1. It  is ima:;y to elm that ,

:-~ , r - ,mi j ,  .1 , I t - n ’ -  is an extremal jnterpolant BA , which makes the angle ‘m~ with

I - j.
~ 

-- 
~
. cit p ,  wh i r,’ um * varies from s/4 to 0 a:; d varies from

I.. “- . l i - r i -  I i , . - ’ .t .dti l i t  y function U* is a function of a single variable mm ,

wh n - l i  , m : .  I mm- n m m : m . n n h i m i t i ’ . i  by Pr - D. Pimni (:i’ . It  is  found that U~ (a*) is a local minimum

‘ ,n i’ ,ni-h - I .  try nh. ‘t i m m - o r -n m, , Ii~. ,ihi,vt’ I.’~ i5 a stable extremal.

5~ ,nSj, i’’  2. St iHmtm . - Ii. .’ m m . n m i  i u ; m m i . i t . i r t l i  to be interpolated is {p
1

,p
2

,p
3
,p
4

1 wi th

11
1 

(,i~~ °> 
~~ 

( j ,m m )  , l~~~ — (‘i ,1) , p
4 

= (O ,a), wher e — ‘- a < 1. This

‘:‘mn, t lipir., t  I (tIm Wi Iii ,m Ii . ’. w,i: nri’rit i,trs ’l first in the note 51 as an example for

w i n ’  t ,  t h i s .  i:. nIt  I n , t i - n i . m m l , I t  t n m q  t ’ I , i~~t h’.m , arid this claim was , without examination , 

ml i - u i  i n, s i n -f .ih- . ‘ - i i -  1,1 -uk, I l i- ,it~ rollS . Howeve r, there are interpolating elastii:a ,

(or “ai Im .1, In ,  I” r~ i - m i  i.,r 1 1 , - r i ’  m m ;  ore’ which is symmetric wi th respect to the

-, muiinr t t r ~~ a w l : ;  ot  t h ,- m- i t z, I  i’juration . This can be seen as follows. Let C
(3 

be the

-,mrnetric inmt. - .pi.la nt i t t  t j’1~ i’2
,p

1
,p
4

i which is uniquely defined by the following

u , n , u h i I ot is ’. . 1 ’ b i n .  , ‘ , n , t  t r ust i c ;  s Inqurn ;  the arcs C
1(3~

C
2(3. 

C between the interpolation

i, m , m h m - :. , n r i - - imp i . -  i - I n s t  ii i; ( ‘~~~~ and (‘~~~~ have curvature 0 at p
1 

and p
4

I’ “ I  iv ’ I ‘/ ; l b . . -  I . i n , m J i u n m t  v is:tr,r aloniq 
~

-‘
11~ 

turns through the angle (3 . C l e a r l y ,

mr (3 — mu , t im. ’  curva tu re  at 
~~2 

jumps from 0 to a negative value ; and for some

Ci ‘ Ii L h m , - , u  ,rv ,it m r ,  at  p
2 

julnpu from a negative value to 0. Therefore there is

.imnnni: value ( i t  i unique) 1b 1,, 0 - it , such that • C
1 

has continuous curvature

at p~ (thus ‘i i ’... at 
~
. , iii fact eve rywhere), and this is an extrema l interpolant

of (p 1,p2 ,p 3 .p4
(. In this way, for each a , —~~ 

- a -
_ 1, a unique extremal inter—

(b lent, IL’, Is defined. We will sme that each of these extremals in unstable. The

rr- ’, tm i  I, art. ba:ji’iI tin computations carried out by Dr. D. Pence.
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If a > a*, where a1’ ~ — .27, then the terminal arcs of B1’ are improper ,

hence E1’ is unstable by Proposi tion 8.1. If a < a1’ then the hypotheses of the

above Theorem are satisfied. Instead of the stability function U*(a) = 13
0

(E
1’

) .

a = (a
1
,c*2

) ,  we ume the function of one variable which is the restriction of U1’(a)

to 0.2 = 3in/4 + 0.
1 

(i.e., we consider only symmetric perturbations B of E1’).

The computed results show that a1’ is not a minimum point of this function, hence I;”

is not stable.

The question whether there are stable extremal interpolants for the configurat ion

{p
1
,...,p4} (which would necessarily be nonsyinnnetric) remains open.
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Sta b j ljE~~~m , h chj m.m ’mI extromals 1int& ’ r,jno I zuhnn 1 .~ r&’j~t zl.i r puJyj~~no..

An ext rosa 1 I nit m’rpo lanit B vi t in normal r ( ’ I ) r &-m -o ’ Itt  in Iran ~ •‘ it (s) (C) a ‘ a)

h- . sai d to he c l o s e d  If

( ‘ .1) u(0) — f l ( s ) ,  ii ’ (0 ) 0 ’ (a)  -

Let p
0

,p
1 ~n—l be t h e  v e rt  li- c’s o f ;m regular n—gon hi > 3).  In (2 , Sec. 81 it

was shown that there ex is t  closed extremals that interpolate t he configuration

( P
0
.P ‘~~n—l

’
~~n 

= p0
}. in particula r , there is one , /‘

n~ 
which has no inflection

po ints. l~~t ; ‘‘ fl ( s ) ,  0 s n m , Lie i t s  normal representat ion. Its total

variat ioni Va (t) I i~ minimal , Va(0 ) = 2rn . We prove
0 0

l S u ,j , m m .  n t in ,  ‘1 .1. ‘lImo u - u i - su m1 m - x t  , ‘ -m mmi i I’,’ (n  > 3) is stable.
- - — — —  - - - — I-i

j y m o f ,  The ‘- m m t i rsi’ I’,’ m: m ,rtu, i .1:; of n congruen t arm s , each of length 1, and th~

i n i m : ri’nni’nt of angle along each arc is 2in/n. We Wr i te  0 for its normal representation

and define 0(s  4- n) = 0 (s ) .  Thorn

( ‘1 .2) G b a) it 1:; — I I + 2 in/im —

We asstgne p (0,0),  and cu t t
k 

— 14
k— l  

lh
k
.d

k
) 1k = 1 n) with b

1 
= 0,

d = d > 0. Then

k ,, k
(0 . ij  b = 5 i:o~ 0 —d sin(k — l ) 2 i r / r i , d~~ 

= 5 sinG d cos(k — l)2it/ n -
k 

k— i k—i

because ut symmetry we have

(9 .4)  0(0 )  = s/2 — In/n, 0( 1/2 )  = in/2

Al  So ,

= Asinfl (s), 0 a n

(iJ 5)

( 2 A ) 1”2 
= 2 f cos 1’

~
2
u du, (2A)

1”2d 2 1
11/n ~~~12~ du -

The quadratic form (3 .5 )  becomes in this case

Q(0 ) = 

n~ l 

~ 
(g’

2
(t + k ) d t  — ~~~~

‘
2 (t + k)~

2(t + k)jdt
k=0 0

m • n—l 1
— 2 

~ 
(A/d ~ ) (J i~~( t  + k)cos0(t + k)dt)2 -

k=0 0
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By ( 9 . 2 )  and (9.5)

1 1
(l/d

k
) f r~(t + k)cos8(t + k)dt = (l/d) 5 r~(t + k)cos0(t)dt,

0 0

thus

(9.6) Q(0,n) =~~ {

l 
Efl i 2(t+k)dt _

~~~ i 2(t)n
2
(t+k)ldt_ (2A /d )

[f fl (t+k)COSe(t)dt)2} -

This form is to be minimized on the space (3.4):

V
0

( 0 )  = {g  E l
~1 2 ~ 

(b
k
cos O + d

k
sinO ) = 0, k = 1 n) -

Here W
1 2  denotes the W

1 2  
—space of functions of period n. Using (9.3), we find

1
(9.7) V0(0) = {n € W1 2 : 5 n (t + k ) s i n0 ( t ) d t  = 0, k = 0,1 n — l}

• 0

Put n’u (t + k) = nk
(t)Ot = 0,1,..., n — 1). Clearly 

~~
°‘ k~ 

= Q(0 ,n0
) and 1k e v0

(0 )

i f  r V
0
(0). If Q(8 ,ru) attains its infimum for 

~~~
=

~~~~~ ‘ 
then also for

n = n = (l/n) (n
0 

+ ru~ + ... + nn_ i )~ and n has period 1. For i~ of period 1 (9.5)
becomes

1 1
(9.8) (l/n)Q(O,~~) = 5 (n ’2 — An

2
sifl0) — (2nA/d) (f ncose)

2

0 0

1
and (9.7) requires f risinO = 0. Thus, 11 must change sign in (0 ,1) and we

0

conclude

1 1 I l

5 ni ’
2
/n

2 f Cd sin2irt/dt)2/f (sin2,yt)
2 

= 4,1
2

0 0 0

From (9.5) we have the estimates

° 1/2 —1/2(2x) < (2,i/n)cos it/n
(9.10)

d > cosw/n

With (9.9), (9.10) substituted in (9.8) , we find

0 1
(9.11) (l/n )Q(O, n) > 41,

2
(1 — (l/n )tan

2w/n — 1/2n2cosin/nl f n
2
,

0 

0~~~~~~

thus r~ ~ Q(O , n) is positive definite for n > 3. Dy Proposition 1, 0 is stable.
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