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Interpolating elastica are the extremals for the functional f Kz(s)ds, which
: 0
is the integral of the square of the curvature with respect to arc length, in the family

of plane curves that interpolate at (not prescri?ed) arc lengths S < s1 E oG sn

a prescribed configuration of points po,pl,...,pn. If at one or both terminals the
slope is prescribed, the extremal is said to be angle-constrained, otherQise free. The
curvature functional represents the elastic strain energy of a'thin elastic beam of
indefinite length with sleeve supports anchored at po,pl,...pn, which allow the beam
to slide through without friction and to rotate freely (except at the end supports if
angle-constrained). The interpolating elastica are also known as nonlinear spline
curves. It is known that the infimum of the strain energy is 0 in all cases, hence
cannot be attained if the points po,pl,...,pn do not lie on a ray. On the other hand,
interpolating elastica are known to exist for a variety of configurations, and this
report investigates whether these extremals make the strain energy a local minimum or
not (i.e. whether they are "stable" or "unstable"). Several general stability criteria

are established and they are used to decide the stability of some specific elastica.
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\ SIGNIFICANCE AND EXPLANATION

N}

It is an old technique of draftsmen to use a mechanical spline to
pass a smooth curve through a prescribed set of points in a plane. Curves
which are obtained in this way (interpolating elastica, also called non-
linear spline curves) may be considered as the equilibrium positions of
thin elastic beams which are constrained to pass through short, friction-
less, freely rotating sleeve supports, anchored at the interpolation
points. The strain energy of such a beam is given by the integral of

the square of the curvature with respect to arc length, and equilibrium
requires that the position be such that the energy be minimal for the
given interpolation conditions. However, a global minimum cannot be
attained (except in the trivial case of the unbent beam) since the energy
can be made arbitrarily small by using sufficiently large loops between
the supports. Instead one looks for local minima which guarantee sta-
bility against small perturbations. 1In this report some general stability
criteria are established and some specific interpolating elastica are
investigated for stability. Except for a few previous isolated observa-
tions these seem to be the first proven results on the stability of inter-

polating elastica.
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STABILITY OF INTERPOLATING ELASTICA

Michael Golomb

1. Introduction
Elastica are the plane curves with "normal representation" st 6(s) (5 denotes
arc length and 6(s) the angle of inclination at s) which are solutions of the

differential equation
(k- 1) ,1")'2(5) = Asin(6 - 0_) - a]
2 1
where A,Ol and « are real constants (see, e.qg. [1, Article 263]). (1.1) is the

Euler equation for the variational problem
S 5 s s
(2:2) 6] 0“=0, [ cosb=b, [ sin® =d
0 0 0
where E,b,d are prescribed (see above reference or [2, Prop. 3.2]). The integral

-]

f 0’ represents (with the proper choice of units) the strain energy of a thin

0

clastic beam of uniform cross section of length :,, and the side conditions in (1.2)
specify the relative position of the ends of the bent beam.

The elastica described by (1.1), when considered for all values of s, have

infinitely many inflection points, 6'(s) = 0 when sin(0(s) - 01) = a, and are

therefore called inflectional elastica (see {1, loc cit.]). Below we will consider
only elastica for which a = 0; geometrically speaking, these are curves for which
the variation of 0 between consecutive inflection points is m. We refer to them
as simple elastica. All the simple elastica are obtained from a particular one by
similarity transformations.

The interpolating elastica (so named by M. A. Malcolm in [3]) consist of finitely

many subarcs of the simple elastica, fitted together so that a smooth curve with
continuous curvature results which has jump discontinuities of the derivative of

the curvature only at the "knots" PrrecesPp oo Such an interpolating elastica F

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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with normal representation 6 1is the solution of the variational problem
(1. 3) 8 j 6‘2 =0, f cosh = bi' f sinf = di (4 e )
s

where the bi'di are prescribed (they are the coordinates of the vector pi -p )ir

i-1

but the arc lengths 50 < s1 € e S sn of the terminals po,pn and of the knots

pl""'pn—l are varied (see [2, loc. cit.] or [3, Sec. 2]). If the ends pO'pl
are "free" then the natural boundary conditions

(1.3a) 6' () = o0, 0'(sn) =0

are appended to (1.3). Frequently we shall be concerned with "angle-constrained"
interpolating elastica; in this case we are given

(1.3b) 6(0) = a, B(Sn) =B .

The solutions of (1.3), (l.3a) represent possible equilibrium positions (stable or

not) of a thin elastic beam of indefinite length which is constrained to pass through
frictionless freely rotating small sleeves anchored at the positions po,pl,...,pn.
If the sleeves at the terminals PyrP, are pinned then (1.3b) replaces (l.3a). The

interpolating elastica are a reasonable mathematical model for the mechanical spline

used by draftsmen to pass a smooth curve through the given points po,pl,...,pn.

They are also called nonlinear (interpolating) splines (see, e.g., [4]) and were

referred to as extremal interpolants for the configuration {po.pl....,pn} in [2].

We still will refer to them by this name in the sequel.
The solutions of (1 3) are definitely not absolute minima, except in the trivial
case where po,pl,...,pn lie (in this order) along a ray (and moreover, a =8 = 0

in case of end conditions (1.3b)). This was first pointed out by the authors of [5],

S
n

f 9'2 can be made arbitrarily small by using large interpolating circular loops.
0
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The solutions are often referred to as local minima, although no proofs are given
that they are indeed extrema of this kind. Only in [2, Theorem 6.1] was it proved
that the nontrivial simple elastica interpolating 2 points are nonstable, i.e., they

s
1

do not represent local minima of f 0'2. It is the objective of this paper to
S

0

establish, for several known extremal interpolants, whether they are local minima
or not (stable or unstable).

The fact that the extremal interpolants do not represent minima nor, in general,
local minima of the functional f 0'2 is, probably, the major reason for the lack
of general existence results and of good computational procedures. (For an existence
proof limited to length-restricted extremals, see [6]. In [7, Theorem 3] it is
proved that if there is a length-restricted extremal of "unstable length", there is
also an interpolating local minimum, but no nontrivial length-restricted extremal of
unstable length is presented. Existence of length-prescribed extremals and of
unrestricted extremal interpolants close to a ray interpolant is proved in [2, Appendix
and Theorem 7.4], where also many examples of specific interpolants are given, which
were not known before. For a survey of old and new computational procedures, see [3].)
In the discussion of stability (that is, whether the extremals are local minima or not)
we naturally restrict ourselves to cases wherc existence of extremal interpolants has
been proved or is postulated.

In Section 2 the variational equations for interpolating splines in normal
representation are derived, without recourse to Lagrange multiplier theory, and as
a preparation for the computation of the second variation. In Section 3 the second
variation is used for stability criteria (Jacobi's condition): an explicitly given
quadratic functional must be positive-definite, or equivalently, a nonconventional
linear second-order boundary value problem must have only positive eigenvalues. In
Section 4 it is proved that interpolating splines close (in a precise sense) to
stable ones are stable and those close to strongly unstable ones are unstable. This

result is then used to prove that splines that interpolate configurations close to

-
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a ray configuration (whose existence was proved in [2]) are stable (even in the case
of free terminals). This is probably the first general existence proof for locally
minimizing interpolants which are not length-restricted. In Section 5 it is proved
that the extremal 2-point interpolant consisting of n » 1 complete loops of the
simple elastica is unstable even if angle-constrained (in {27] the instability was
proved for the free elastica). If the angle-constrained 2-point interpolants is a
proper subarc of one loop of the simple elastica (hence has no inflection point) then
it is stable, and any angle-constrained 2-point interpolant that contains one complete
loop of the simple elastica is unstable. The proof for these last results is contained
in Section 6; it is built mainly on the discovery of the eigenfunction belonging to
the eigenvalue 0 for the second variational equation that goes with the one-loop
angle-constrained simple elastica. By an extension of this method it is proved in
Section 7 that if an angle-constrained interpolant contains an interior inflection
point then it is stable if it contains neither the left nor the right "stability
focus". These are points on the simple elastica which are situated symmetrically with
respect to the inflection point, not far from the neighboring inflection points. If
the angle-constrained 2~point interpolant with one inflection point contains both
stability foci it is unstable. The general result on the stability of such 2-point
interpolants is stated with the use of what we call "conjugate points". If p is

a point on a simple elastica arc containing one inflection point there is a conjugate
point P, defined by a transcendental equation, and it is also given a geometric
interpretation (p and p, are on opposite sides of the inflection point; if p is
a stability focus then p, is the other stability focus). The angle-constrained
elastica is stable if and only if it contains no pair of conjugate points. If the
2-point extremal interpolant is free at one end and angle-constrained at the other
end, then it is stable if and only if it contains no stability focus. Section 8
contains the most important stability results. It is first proved that a necessary

condition for the stability of extremal N-point interpolants is that each arc between

-4~
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consecutive nodes be "proper", i.e. internal arcs do not contain a pair of conjugate
points, and the terminal arcs do not contain a stability focus. Then a computable
"stability function" of (N-2) real variables is defined for the extremal N-point
interpolant under investigation, which has a critical value at the point that
corresponds to the extremal. It is proved that the extremal is stable if and only
if the critical value is a local minimum. These results are applied to decide the
stability of some 3-point and 4-point extremal interpolants. In this connection it
is also shown that the often repeated claim (first appearing in [5]) that a certain
4~point configuration has no interpolating elastica is false. In the last section
we show that the closed extremals which interpolate the verticF- of a regular n-gon

(n # 3) (their existence is proved in [2, Sec. 8]) are stable.

-8




2. The Euler-Lagrange conditions for the interpolating spline in normal representation.

Let s s(8), 0 < s < s be the normal representation of an admissable inter-

polant (' for the configuration {po,p pn}. Here s denotes the arc length

q s e

along the curve (' and 6(s) the angle that ( makes at arc length s with a

reference line. The interpolation conditions are

si Si
(2.1) | ¥ cosots)as = b, [  sinb(s)ds = 4;, i=1,....n
8i-a Sy
where bi’di are given numbers, and the nodes 0 = s0 < sl SR sn = s are the

arc lengths at which ( passes through the interpolation points PorPyreeiPp

2 2
BTy i &Y. i = P
(sl, ,sn vary with ) We assume bi + di > 0, hence pi-l # pi(l 1, n)

Much of the paper deals with angle-constrained interpolants, in which case the

angles
(2.2) 6(0) =a, B8(s) =8
are prescribed. If 6(0), and/or O(g) is not prescribed the corresponding terminal
of (' is said to be free, and the corresponding natural end conditions for an
extremal interpolant turn out to be
(2.3) 6*(0) = 0, 6'(s) =0 .

The functional which is made stationary by an extremal interpolant FE is the
potential energy (or curvature functional)

s 2
(2.4) J retts)Tas .
0

The comparison functions are taken from the Sobolev space = wl 2[O,S] of
.

w
1,2
functions 6 : [0,S] » R, which are absolutely continuous and have derivatives
$ b osn
8' in L2[0,S] with norm (f (6° +08'“)}°. S is a prescribed positive number
0

large enough so that the functions in satisfying conditions (2.1) and (2.2)

w1,2

(if imposed) form a subset with nonempty interior. In this paper we do not deal

with the existence of extremal interpolants, but we start with a known extremal EO

“Ge
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and investigate whether it is stable or not. In this case, we may take S =
where s is the length of EO and ¢ 1is an arbitrary positive number.

Let s » Oo(s) be the normal representation of EO and

0 = Sy < 5, SECTERCR N 5 the interpolation nodes. For fixed real numbers

T ,...,1n and fixed functions n,{ in W which we assume to have piecewise

1,2°

continuous derivatives with jumps only at s_,...,S consider the family of

(A n-1'

comparison curves Cc' given parametrically by
6, (t) = 0 (t) +en(e) +e6(t), 0<t<3
(2.5) i-1

s (t) = jzl (L+er)ley -t ) + (Lter)e~t;

)y 8 AR

1 A =1

where Gﬁ(t), sE(t) denote the angle of inclination and the arc length of Cc At
If ¢ € R is sufficiently small then Ce is in a prescribed neighborhood of EO.
The interpolation conditions (2.1) require

S S,

i i
(L # et.) f cosh (t)dt =b,, (1 + e1,) I sinf (t)at = 4.,
g o £ i i € i

(2.6) i-1 %1

18 [P
o " g - 1
For definiteness, we assume di #0(i=1,...,n). Then equating terms in ¢

in (2.6) gives

S,
1
(2.7a) T, = -(1fa,) [ cosn
S,
i-1
i
(2.7p) | (b cos8  + d,sing )n = 0,
$i-1

4 i 2
and equating terms in € gives

7=

t.

<
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f (cosfn” + 2sinBE) + 2b,Tj = 0
el
(2.7¢) 5,
2 25 ¥k B
f (~1n60n - 2cosf,f iT3 =0
S
i=1

n = 1, e e

The value of the potential energy for the curve CC is

= 2 s,

S Ui(t) n -1 1 2

= —_— ’ = &
ue) = f s roy| St ‘X e g™ [ o
€ i=1 S,
fteeil
Set
s,
i 2 n
= 1 =
(2.9) we=f o WS w .2 u,
S, i=1
=1

Expand (2.8) in powers of €, using (2.5):

s u

= . .
u(e) U, + € 2 f OOn & .z T

0 i=1 A

(2.10)
s n Si n s
s laf ewgr-2 ¥ 2, [ ®mwe § 2w ] n? + oty
0 Pk i 0 i ii
0 i=1 Si-l i=1 0

Since U0 is a stationary value of the potential energy, we must have, using (2.7a),

Si u,
. L + — =
£ (290n di coseon) 0
i-1 =

I o~—3

i=1
and this must be true for every n for which (2.7b) holds and for which

(2.74) n(0) = 0 and/or n(s) =0

if Eo is angle-constrained. From this one infers, b; the usual arguments of the
calculus of variations (carried out in detail in [2]) that 66 is continuous, 88

is continuous between consecutive interpolation nodes, and there exist constants

Ai € R such that

8-




u,
i
12 » - A i - |=—+ ~
(2.12) 280(5) idis.meo(s) di Aibi coseo(s) 0,
si_1 < 8 < si' 5 LR () [ e
Moreover, conditions (2.3) must hold for 60 if the terminals are free.
Integration of (2.12) gives
2 "
' + A.d. S | - -

60 (s) i lcosBO(s) di Aibi sxneo(s) 6i
and another integration from si-l to si shows that 6i = 0. Thus,
(2.14) 6:2(s) + Alcose _(s) + A%sine_(s) = 0

0 i 0 il 0 4
si-l <8 :_si, s G S e )
where we have set
u,
(2.14) Al S B
i et at xigla L d

To determine the multipliers Ai,ki we use the fact that 80 and 6' are
continuous, hence

2

A ol
L Ai]s1n90(si) =0,

(2.15) (ki+l - Xi]coseo(si) + {A
I = 1jsespn= L &

Conditions (2.15) together with the interpolation conditions (2.1) and end conditions
90(0) = a(or 06(0) = 0), 90(5) = B(or 66(3) = 0), are 3n + 1 independent conditions
for the 3n + 1 unknowns Ai,ki,si(i =1,...,n) and 60(0), which together with the
differential equation (2.13) determine the interpolating elastica 60. There may be
many solutions of these equations, as shown in ({2], but the distinct solutions are
isolated.

The assumption di # 0(i=1,...,n) was made oniy to avoid case splitting.

2
The obtained result remains true as long as bi * di 20 Tor = l,seuyna

«Qu '
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3. Stability Criteria.

We now look at the quadratic terms in the expansion (2.10) for the potential

energy:
= s. P
S n i n 2 S
frowtsta b b o ) e w2 | Bzet,
0 i=1 si-l i=1 0
3.1)
Si Si Si
Sl =L . = .2
T = J (cosb )n = i If (51n90)n, u, = / goe
1 S, X 8. S.
i=-1 i-1 i=-1

Using (2.7¢), (2.12), (2.13) and (2.14), we can eliminate £ in (3.1):

S S. S
o @ i1 h 5
e Al e o"
2£ 82E™ ~ 205 ) 2£ 2
i-1 i-1 i-1
S -
1 Ui 1
= - i - |= il
A;d, / (sind )€ 3+ A, J; (cos® )&
S > i-1
(3.2)
i u Si
1 2 2 ( i 1 . 2 2
= = -2+ B +a.1%
! %8, [ (cose In”+bytii - lz=4A;b, 2[ (sind )n” +d,7}
I 5. » i 8,
=1 i-1
Fi
e 2 2
==3 £ et n T u; -
i-1

Thus, since (065)(Si = (= (965)(si + 0) and (965)(0) = (965)(5) = 0:

S S n
2 f oie =-%~f 962 S T nty
0 0 i=1 b
and (3.1) becomes
s n Si s
2 1 2.2
(3.3) f @ -2 F = | @ny=3f0n
{ . i 0 2 0
i 0 i=1 5 0
i-1
We introduce the subspace V(eo) of wl 2[O,E]:
’
$
-10- s
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5

’
3 =

. i
(3.4) Vo(00) = {ne w ,[0,5] : £ (b,cos8 + d sind )n = 0 for i =1,...,n;
} i-1
1
: n(0) = 0 and/or n(g) =0 |if EO is angle-constrained
; at the corresponding terminall.
i
i and the quadratic form Q(BO,') with domain VO:
s n 21 %
5 (3.5) 0@y = [ ' -20:%) +2 ] at [ (cosen [ eyn’
0 i=1 s, S,
=1 i-1
s, s,
Eler A
It is understood that the factor di f (coseo)n is replaced by —bi / (sineo)n
S, S,
i-1 i-1

R

B

if d, =0. If Q(8,,n) <O for some n # O then the stationary value U, is not
a strict local minimum of the potential energy, i.e. the extremal interpolant EO is
not stable. If Q(eo,n) > 0 for each n # 0 then the potential energy is larger
than U0 for every admissable interpolant 6 # 60 in some wl,ZIO'S] neighborhood
of 00 (not only for those of the form (2.5)), hence Uo is a strict local minimum
and EO is a stable extremal. We have obtained

Proposition 3.1. The possibly angle-constrained extremal interpolant Eb with the

normal representation s »-Bo(s), interpolation nodes 0 = S e A s, =S and
s, s;

interpolation data f cose0 =b,, f sineo = di' is stable if and only if
%i-1 2

the quadratic form (3.5) with domain (3.4) is positive definite, i.e. Q(Go,n) >0
for every n # O.

Set now

(3.6) Q, = inf Q(6,,m) .

2
nev_, f n =l
0" o

S s
2
Clearly Q, > -=. Also [ n'? is bounded for n e v(e,), [ n" =1, ot m <o, +1.
0 0

-11~-
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By familiar arguments it follows that the continuous form (¢ attains the value

-]

2
Q, for some n_ € VO(UO). £ n, = 1. The Euler equation for n_ is:
Si Si
nt(s) + 200 2en (s) -~ a;t () 0'nllcosd (s) + a ()  cosd n, )6 (s)
* 2 0 » i - 0 * 0 i 2 (i)
“i=-1 “k=]

+ pi[bicosﬂn(s) + disinﬁn(s)] + u.n,(s) =0,

(7 <s<s, i=1,...,n; n! continuous
T R | *
s,
i
The multipliers pP; € R result from the side conditions f (bicosﬂ0 + disinﬂo)n =0,
s,
L =11
e 1
and p_ € IR from the condition f n" = 1. It should be understood that di cosO0
0

in the two integral terms of (3.7a) is replaced by -b;lsineo if di = 0. (3.7a) is

supplemented by the conditions of (3.4)

S,
1
(3.7b) [ (bcosd + d;sin® )n, =0, i=1,....n,
5,
i-1
and
(3.7¢) n(0) = 0 or n4(0) =0 and n,(8) = 0 or n}(s) = 0
depending on whether eo is angle-constrained or free. Besides we have the conditions
&k i i
(3.7d) 0} (s) |d] ] cosd,n, - d,, z{ cosdon,| =0, i=1,...,n-1
Ti-1 i

resulting from the fact that the coefficient of n' in (3.5) is discontinuous. 1If

eb(si) # 0 for the internal nodes then (3.7d) combined with (3.7c¢)

v

Sl,...,sn_l

requires:

=1 | .
(3.8) di I coaeon. = =b £ sxneon‘ = constant for i =1,...,n .

-12~
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The multipliers pi can be eliminated from (3.7a). We integrate (3.7a) over

the interval (s,
i-~1

'Si) and obtain:
2 2 - e = [ l [ il Yot
pelby # @) =mits, ) ~mite) -2 [ egn, #pdi” [  esng
s, s,
i~1 i-1

(3.9)
s, s

1
-1
a0 m, ) = 9200, £ cosdn, - u, i Ne +

i-1 i-1
With (3.9) substituted in (3.7a), we obtain the equation

ni(s) +300%n,(s) + B, (n,)cos0 (s) + 8, (n,)sind (s) + w,n,(s) = O,

2
(3.10)

S, <8 <8, £ % Ypenspht
1_1 . P 1' ' ’

where the Bi and 61 are well-defined linear functionals, depending only on eo.
(3.10) together with (3.7b,c,d) is a nonconventional linear boundary-value problem
for n,, u, being the eigenvalue. Introduce the linear operator R with domain
D(R) of functions n : [0o,s] + R, with n' continuous on [0,3], n" continuous

on each (s,

x—l'si] and n satisfying conditions (3.7b,c,d), defined by:

" _1'2 o -
(Rn) (s) = -n"(s) 560 (s)n(s) Bi(n)cosﬁo(s) Gi(n)sineo(s),

(3.11)

si_1 <g < si, i=1,..000 &

Then the above eigenvalue problem may be stated as:

(3.12) Rn = un .,

"B
A simple calculation shows that if I n2 = 1 then
0

]

S
(3.13) w=/ nrn=oQ(e,n) . -
0

Therefore, u, = Q(ao,n,) is the smallest eigenvalue of R.
We conclude that the form Q is positive definite if and only if yu, > O,

or equivalently, all the eigenvalues of R are positive. We have obtained

Proposition 3.2. The extremal interpolant Eo is stable if and only if the

operator R defined above has only positive eigenvalues.

~13-




The following proposition provides a useful sufficient condition for instability
of interpolating elastica.

Proposition 3.3. Suppose HO with normal representation s Oo(s) (g, <8 <8

SN n .

is an angle-constrained extremal interpolant for some configuration {p..,p

" 2,...,pn}.

Suppose £ is another extremal interpolant (angle-constrained or free), with normal

representation s & 0(s) (sn Sslsia i 8 sn), where 6 1is an

0 it S

extension of 00 with no additional knot; thus, 6" is continuous at sl(sn) 1f

gL < 8.

o 1 Bpa ? sn). Then [/ 1is also unstable.

Proof. The extremal [/, which interpolates the configuration {po,pz,...,pn_],pn+l}

can also be considered as an extremal £ which interpolates the configuration with

pl(pn) inserted between po and p, (p and p Yooe s <igl s > sn). Let

2 n=1 n+l 0 ik n+l

6 denote 0 in this identification. Since EO is unstable there exists, by

Proposition 3.1, ”0 € v&eo) such that Q(Oo,no) < 0. 1In particular,

nD(sl) = no(sn) = 0. Let n be defined as an extension of nO:

n(s) = no(s), sy <s < S,

(3.14)

=0, s8.<8<s

and s < s < s
0 n ==

1 n+l”
It is easily checked that ne Vd5) and Q(ﬁ,ﬁ) = Q(Oo,no) < 0. It follows, again
by Proposition 3.1, that F is unstable. Since £ is obtained from £ by the

removal of constraints, F is unstable.

lLet EO of Proposition 3.3 be angle-constrained at one terminal only, say at pn.

For this case we have the
Corollary. If the unstable extremal of Proposition 3.3 is angle-constrained only at

Py and 60 1is an extension of eo to s . <s <s with 6" continuous at s

0 n+l

then F is unstable.
The proof of this is an obvious modification of that for Proposition 3.3.
Another useful sufficient condition is expressed in the following

Proposition 3.4. Suppose £/ is an interpolating elastica angle-constrained at none,

one, or both terminals) and Ei is a subarc between consecutive nodes of FE. 1If Ei'

: 3

-14- 3

-

Py

&

;

3

. e ——— st TN . — :




considered as a 2-point extremal interpolant which is angle-constrained at the
terminals which are internal nodes of F, is unstable then F is.
Proof. Suppose s b O(s) (0 < s < s) is the normal representation of F and

s " Oi(S) (s;_, <8 <s;) is the restriction of 6 which represents Ei' Since Ei

is unstable there exists n1 € VO(Oi), ni # 0, such that 9(81'"1) < 0. In particular,

n;(s,_;)=0 and/or ni(si) =0 if i > 2 and/or i < n - 1. The extension ny with

value 0 on [0,s, ) (if i > 2) and on (si,gl (if i < n - 1) is continuous, and

=1
clearly n € VO(O), Q(0,n) = Q(ei'"i) < 0. Hence F is unstable.

-15=
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4. Extremals close to stable ones.

1f HO is an extremal interpolant of some configuration {po,pl,...,p ¥

s b Oo(s), 0 < s < 5, is its normal representation, and 0 = s0 < s1 4. %ig = a
=R S n

are its interpolation nodes, then ¢t = Oo(gt) = éo(t), 0<t<1, is the normal

representation of an extremal interpolant EO for the configuration

(;-’po,;-lpl,...,g- pn}, with interpolation nodes 0 = to < tl e 2 tn = 1,

B, m Si ;. I1f the terminals of EO are free or angle-constrained, so are those of

ﬁo. Clearly, hb is stable if and only if EO is. 1In the following we will often
use the standardized normal representation of elastica.
Let Fl denote the metric space of functions 6: [0,1] » IR, for which there

are real numbers a = a(0), B = B(6) such that the equations

'2(t) = asinf(t) - fcosb (t)

NCB—‘

(4.1)
6' (t) = acosb(t) + BsinO(t), O

| A

€< 1,

hold with the distance functional d (6 ,6,) = max lfel(c) - 92(t),. For the

0<t

A

proof of the proposition below we will use the following

Lemma. The functionals «,f from Fl to R are continuous.

Proof. First, a(6),B(0) are uniquely defined, for if (4.1) and also

%0'2 = ﬂlsjno - ﬁlcoso, o" = alcose + Blsine hold, then

0= (a0 - a_,;sinf(t) - (B - Bl)COSO(t) = (@ = al)cose(t) + (B - Bl)sine(t), hence

X

a = ql and f = 81. Clearly, (4.1) is equivalent to

1
(4.2) 8(t) - (1L - £)8(0) - t0(1) = [ g(t,1) {0cos (1) + Bsind()}dr,
0

where y

-~

g(t, 1) (5200 ) o O

A

(= 1)e, €tev<l.

The uniqueness of a,B in (4.2) implies that the continuous functions

1 1
X = f g(+,t)cosb(t)dt, vy = f g(+,1)sinB(1)dt are linearly independent.
0 0
=16~
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Therefore, the Gramian f x2 f y2 - (f xy)2 is # 0. Thus, if (4.2) is dot-multiplied

by x and y respectively, two independent linear scalar equations for a,B8 are
obtained, whose solution demonstrates the assertion of the Lemma.

We also observe that the functionals a(6),B8(8) are uniquely determined by the
restriction of 6 to any subinterval of [0,1].

Now let Fn denote the class of interpolating elastica E with normal
representation t» 6(t), O < t <1, all satisfying the same type of end conditions
(free or angle constraints) and having (n + 1) interpolation nodes
0= to < tl X, Gwe tn =1, where ti = ti(e) for i =1,...,n = 1. We also assume

that no two consecutive interpolation points of E coincide. Fn is made into a

metric space by use of the distance functional

(4.4) am, ,e.) = max [t.(8.) - £, (8,)] + max |6 (t) - 8_(t)| -
SR TR e oct<l ! .

We now prove

Proposition 4.1. Suppose EO is an interpolating elastica with normal representation

60 € Fn. which is stable. Then there exists & > 0 such that every interpolating

elastica F with normal representation 6 € Fh for which 6(00,6) < 6 1is also stable.

Proof. For every 6 € F_ we have by (2.12)

=

'z(t) = ai(e)sine(t) - Bi(e)cose(t),

Ng—

(4.5) 8" (t) = ai(e)cose(t) + Bi(e)sine(t),
t,_ @ ct<e (@), i=1...n.

We first take 6. > 0 so that d(e,eo) <8 implies

1 1

(4.6) (ti_1<eo),ci(eo)) N (ti_l(e),ti(O)) ¢ for i=1,...,n.

v

It then follows from the above Lemma that we can find 62 >0, 62 < 61 so that for
d(e,eo) < 62:

la,(8) = a6 )] <1, |8 (0) - B0 <1, i=1,..00n,

-17-
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hence by (4.5)

max |6"(t)| < M

0<t<1
for some M. Thus, the family {6' : 6 € l"n,d(o.(’o) < "rzl is equicontinuous:
4.7) lev(evy - 0f ey | < Mler - &

Suppose € > 0 1is given. Using the Lemma again and Equations (4.5), we can choose

P < ) - a. (€ R - B (f
63 > 06 6] < 62 so that d(O,OO) 63 implies [ui(i) ﬂi(?n)l #* ](1(0) Fi()O)l

is so small for i =1,...,n that (4.5) yields
£
i G - 5.2 9 9 N
(4.8) l6°(t) - op(e)| <5 for te (t, (B ),t (61N [t (08),¢ (0)1,
L= 1.0

Let the overlapping of the two intervals in (4.8) occur so that

< 6) < < 0). O I
ti_l(ﬁo) REEERRCY ti(Oo) £ £ (6) It 5, g 10, is such that

6) - ti_1(00)| <e/3 for a(,0)) <8, thenby (4.7) and (4.8), for

M|t ,

=1

{) < < .
ti_l( ()) =€ % ti_l(e)

[6* (t) - ()(')(t)| < legter - o(')[:i_l(en)ﬂ + log (e, 0)) -0 (t;,_ o)

' Ry
+ |o (’tx‘~l(0())) - 6' ()] b

w|m

and the same result is obtained for ti(OU) e E ti(O). Altogether one finds that

6,6 < §
for d(6, O) 4

(4.9) [ov(e) - ea(ti| < e, 0 <t

For 0 € ﬁ;, n e wl 2[0,1] define (compare (3.5)):

M s . s n | % % !
(4.100  Q(8,n) = [ (n'" - 20'"n%) + 2 Yool (cost)nf[  sing| [ en',
t

¥ e o O ti-1 i-1

where ti stands for ti(e). In (4.10) it is assumed that

e

€, €,
i i
f sin® # 0; if f sin® = 0 then the term in brackets is to be replaced by
fi-1 ti-1
-18~
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i :
- f (sinf)n f cosf|. It follows from (4.9) that one can find, for a given
E-1 ti-1
b ded set B C W 5. = <
ounde e 1,2[0'11' 5 0, 55 £ 64, such that
(4.11) loce,n) - Q(Oo,n)l < 2e

f 11 € B d 6¢€ F :
or a n an ﬁn' d(O,Bo) < 65

For 0 € ﬁh we also define the subspace vO(U) of wl 2[0,1] (see (3.4)):
’

t, t,
1 1
Vo(0) = {ne w [0,1) : [ at [  atn(t)cos(B(t) - 6(T)] = O,
d t. t,
L= i=~1
(4.12) i=1,...,n; and n(0) = 0 and/or n(l) =0 if the

elements of Fn are angle-constrained at the
corresponding terminal}.
For the given bounded set B C wl 2[0,1] (B is then totally bounded in L2[O,1H
’

so that the L, - distance of the sets

one can choose 6§ >0, 6§ < § 2

6 6 — 5"
VO(O) ¥ B; VO(OO) M B is arbitrary small if d(O,BO) < 66. From this, together with

(4.11), one concludes that 6 > 0 can be found such that d(e,eo) < 6§ implies

(4.13) inf Q(eo,n) - inf Q(6,n) < inf Q(Oo,n)
1 1
2 2. 2.
neVO(eo),g n =1 neVO(OL g n =1 nevo(eoh n"=1,

hence that, by Proposition 3.1, F is stable.

Proposition 4.2. If 60 in Proposition 3.1 is strongly unstable (i.e.

inf 2 Q(Bo,n) < 0), then there is 6 > 0 such that the elastica £ for
nev(o,), [n“=1

which d(eo,O) < § are also unstable.
We apply btoposition 4.1 to extremals which interpolate configurations close
to the ray configuration. Suppose Eb is the extremal interpolant with normal

representation eo(t) =0,0<tc<1, which interpolates the ray configuration

0 0 0 0 0 0 0 0
(po-pl.--.,pn). where p, = (ti.o), Omt, <8 Soee <, ® 1, and has free
-19-
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terminals. It was proved in [2, Theorem 7.4] that, given € > 0, there exists

) . . 0
& > 0 such that for every configuration (po,pl,...,pn} with P, - Byl < § there

is a unique extremal interpolant EL with free ends and normal representation 6£

]
for which d(bO,UL) < £. Now bo is stable. In fact, Q(eo,n) = f n'2 and
0
i 1
Vu(b”) ={n : f n=0,1i=1,...,n}. In particular, we must have f n=0 for
£ 0

n e€ VU(OU), and it follows that Q(Oo,n) 2z 4n2 f n2 % Thus we have obtained
0

Proposition 4.3. For every configuration sufficiently close to the ray configuration
there exists a unique stable extremal interpolant with free terminals that is close
to the trivial interpolant.

Of course, this proposition holds, a fortiori, for extremal interpolants with

angle constraints.
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5. Instability of the 2-point interpolants En,E;.

If the configuration to be interpolated consists of two points pO.pl then the
elastica Eo has normal representation 60 € C2(0,l], satisfying the equations

(see (2.12), (2.13)):

Ng-

S [ 2 o N2
- A sxnﬂo + A coseo (s 8 80 A cosﬁo A"sin6 0 .

0 0

In the sequel we will arrange it so that 96 = 0 when 60 =0 or 7m; then these

equations become
2

(5.1) 6

nﬁr

= Aosineo, 30 = Xocoseo

for some AO € R, If Py = (0,0), P, = (0,d), 4 > 0, then the interpolation

conditions are

1 1
£ coseo =0, £ sineo =4 .

If 6,(0) =a, 6,(1) =8B, 0<ac<m O0<B<m thenby (5.1):

8 8
(5.2) @Y% = |f sin M au|, @)Y= |f sint/2y au| .
a a

However, these formulas for XO and d are correct only if ab(t) #0 for 0 < t <1

(i.e. EO has no internal inflection point); otherwise they must be modified, as will

be done below.
The quadratic form (3.5) becomes
| 1

2 2 2
(5.3) Q(6,,m) -g (n'% - A sind n%) - (24 /) <£ cos@ n)

and it is to be minimized on the space (see (3.4)):

1
(5.4) V(8 = {ne Wy 0,10 g nsind = 0;

n(0) = 0 and/or n(l) =0 if Eb is angle-constrained] .

a. We first investigate the stability of the extremal En(n > 1) with free

terminals which has (n - 1) internal and 2 terminal inflection points. En consists

-21-




of n arcs, congruent to 1",'1, which is the basic nontrivial 2-point extremal
interpolant (see (2, Sec. 5]). If 6 is the normal representation of /','r and we
n 1

, . 1
choose 8 (0) 0 then 6 (t) varies from O to m to 0 to 7... to ':;Il = (=1) Jmw
1 n 2

as t varies from O to 1/n to 2/n to ... to n/n. The points k/n(k =1,...,n - 1)

are the internal inflection points. The total variation of 6 is Va(6 ) = nmw .
n n
We have
: 1..2 ;
€5.5) =0'“(t) = A sinB (t)
2 n n n

8 /M« £) =m=-8 (£), 0 (2/m + €) = 8 (t)
n n n n
6 (0) = 0O &
n

Formulas (5.2) are now replaced by

m n

1/2 =1/2 1/z . z
(5.6) (22 ) 08 n f sin b u du, (2)2) /zri = n f ::1n]/zu an .

n n
0 0
We choose
-1 .
n=9 -d- [ 6sine -
n n n
0
1 X
Then f nsin® = 0, hence n € V“(’Jn). Since f cos(ln = 0, we have
0 ) 0
1 1
I ncosfl = I 6 cosf , and (5.3) becomes
n n n
0 0
g 2 . 2 : 2
(5.8) Q(6 ,n) =2x 4 - A f 0 sinB + () /d)(f 6 sinf ) - (2A /d)(f 6 cosf ) .
n n n n n n n n n n
0 0 (¢}
We use
1 1 1 1
y 2 . e

(f 6 sinb )z ;] B sinb f r;1n0n = 4 f ] smﬂn

o n n 0 n n o 0 n
and find

2 ! 2
(5.9) 06 ,n) < (2A_sa)(d° - (f 6 cosb )%} .
n = n 0 n n

-22~
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To evaluate the integral term in (5.9) we first assume n even. Then

il = 1/n 1/n
f Gncosen = f Oncosﬁn = f (m ~ Gn)cosen
0 0 0
(5.10) i
1/n P
=-(m/2x )2 [ 8'° =-24
e n

We find the same result for n odd. (5.9), (5.10) show Q(Sn,n) < 0. Thus, we
have proved that En is unstable. This was also proved in [2], but by a different
method.

b. We now show that the above extremal is, for n > 2, also unstable if

angle-constrained at both ends. Let this extremal be denoted as E;. If 0; is

1
its normal representation then 6; minimizes f 9'2 among the functions that
0
1 1
satisfy the interpolation conditions f cosf = 0, f sin® = 4@ and the end
0 0

conditions 6(0) =0, 6(l) = %[1 - (-l)n]ﬂ. E; coincides with En of paragraph a.,

1
ne v(O;) now requires n(0) = n(l) = 0 besides f nsinen = 0.

hence 6* = 6
n n 0

We choose

ne(t) = 8'(t), 0 <t <2/n
2 LHX

(5.11)

0 2/n <t <l .

1
Then, clearly, n, € vo(e;), and also g n’cosen

0. Thus (5.3) becomes

L 2
Q(6*/n,) = £ (n," = A sin6 n)
(5.12)
2/n 2/n
o [ 0Pcos®s, - n2mtn0 ) = Alam -3 wan’e .
n n n n n n
0 0
But, using (5.5), (5.6) and integration by parts, we find
2/n b L
(5.13) [ sin’e = /3 [ sin”%udu= @/3/B) [ sin /2 gu = 2/3n .
0 0 0

Thus, Q(n,) = 0, and this proves instability of the extremal E;, n > 2.

In the next section it will be proved that Ei is also unstable.
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6. Two-point angle-constrained interpolants with no inflection point.

In this section we prove that 2-point angle-constrained interpolants are stable
if they have no inflection point, and are unstable if they have at least 2 inflection
points.

Proposition 6.1. A 2-point angle-constrained extremal interpolant K  with no
inflection point is stable.
Proof. 1If F has no inflection point then F 1is a proper subarc of the basic
2-point extremal El (see Sec. 5). Clear.y FE 1is contained in another proper
subarc ﬁ of El which has an axis of symmetry. By Proposition 3.3 it suffices
to prove that the angle-constrained extremal é is stable. Let ¢t » B(t) (0<t<1)
be the normal representation of ﬁ and (0,0), (0,d), (d > 0) the coordinates of
the terminals, with 6 = 0 along the positive x axis. Then we have the following
equations for é:
%é'zm = Asin(t), 0 <t <1
! B(t) =7 - 8(1 - ¢)
| (6.1) B(0) =a, 0<a<m/2
d= fl sind = 2(20)"1/2 [ﬂ/z sinl/%y au
0 o
(2%)1/2 = 2 I"/Z sin-l/zu du .
a
It follows from Proposition 4.1 that E is stable for all a sufficiently close to
n/2. Hence, if k is unstable for some a > 0, there exists a smallest
" a=ag O « ao < n/2, for which s EO (cortespondiqgly, 80,10) is unetable.

It then follows, by Prcoosition 4.2, that inf 2__0(6_,n) = 0, hence there
[n®=1"""0

HQVD(BO) '
‘ exists no € VO(OO), no # 0, such that Q(Go,no) = (0. We will show that this is

not the case.
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By (3.4) and (3.5) we have

1
Vo(0,) = (n e W, 10,10 é nsiné = 0}
(6.2)
b 9 2 - 2
[ @*% - X sind n) - (22 _/a) ([ cos® _n)
. GRS <o 0

Q(Oo.n)

1nfnev(00)’ In2=lQ(90'n) = Q(eo,no) = 0 implies (see Proposition 3.2 and

Equations (3.7a,b) that nO satisfies the following system for some po € R:

" i ’{ =
no(t) + Xoslneo\t)no(t) + aocoseo(t) + posineo(t) 0

1
(6.3) ny(0) =n (1) =0, g n,sind, = 0, n, # 0
1
0, = (22 /Q) £ n,cost .

The equation n" + Xosineon = 0 has the general solution
t
= L] L] = .
(6.4) n coeo + cleoyo, vo(t) g (l/sineo(r))dr

By using the method of variation of parameters one finds for the general solution of
the differential equation in (6.3):

= - . - . .
(6.5) no(t) (oo/zlo)teo(t) (po/Ao) + coea(t) + cleo(t)vo(t)

no(O) = no(l) = 0 give, since 06(0) = 66(1) = Ky

(6.6) = po/A c, = 00/21010(1) v

o 0“0’ ©1

By the use of inteération by parts one finds
1
(6.7) g nycosdy = = (0 /20 0) (sina ) = A) + ¢, (K, (1)sina; - 1)

and since this must equal (doo/2ko) by (6.3), one obtains

(6.8) —(co/ZAo)sinuo + cl(vo(l)sinao -1) =0.
(6.8) together with (6.6) gives 00 =0, ¢, = 0. Thus, we are left with
= ! - %
(6.9) Ny (po/koxo)(eo KO)
- 25 =
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1
The final condition f nosineo = 0 yields
0
6.10 - = .
( ) (pb/xoro)(2cosa0 Kod) 0
Since po = 0 implies no = 0, we must have
0 = G(ao) : = cosa, - Kod/2
/2
= 9'(0) = ; 1/2 - -1/2 /2
By (6.1) we have k= 00(0) = (2 sina )™/, d/2 = (2))) [ sin"/“u du,
a
0
/2
hence G(0) =1, G(1/2) =0, G'(a) = -(1/2)sin Y%acosa [ sin?u <0 for
a

0 <a < n/2. Therefore no n_,p

00

Proposition 6.1 is complete.
We prove next:

Proposition 6.2. A 2-point extremal interpolant F

2 or more inflection points is unstable.

satisfying (6.3) exist, and the proof of

(angle-constrained or free) with

Proof. If £ has at least 2 inflection points then FE contains the basic 2~point

extremal E1 (see Sec. 5). By Proposition 3.3 it suffices to prove that E;, which

is E. with angle-constraint, is unstable. We do this by exhibiting n

1

1 € VO(BI),

nl # 0, for which Q(el,nl) = 0. As in the preceding proof, this will be the case

if for some pl € R:

1 1 1 1

1

(6.12) n (@ =n 1) =0, [ nsine =

0 1 1

1
o, = (2A,/d) £ n cosé, .
This system is satisfied by

L

«26-

n' + Alnlsine + 0_cosf. + 9151n91 =0

0, n, #0

1

p, =0, nl(t) = (1 - 2t)9i(t) .




Indeed, one computes

Here we have used 61(0)

L | inB? = = -0
nl 1nlsmel Olcosel,

1
g nlcose1 =24 = dol/z)\1

1
n (0) =n (1) =[ n

sin@
0 1

1

-27-
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7. Two-point angle-constrained interpolants with one inflection point.

1f the 2-point angle-constrained extremal £ contains one inflection point
(either at one end or internally) then the problem of stability is more complex. If
one proceeds from the inflection point 0 along F in one or the other direction
to a terminal one traverses a proper subarc of the basic extremal El (see Sec. 5).

There is a point on F close to the far terminal, - its precise location is given

1
below - on which the stability of F depends. We call this point a stability focus.

I may contain the right, the left or neither stability focus. We prove

Proposition 7.1. A 2-point angle-constrained extremal interpolant [ with one
inflection point is stable if F contains no stability focus.

Proof. F contains neither stability focus as one proceeds from the inflection point
to one or the other terminal, hence is a subarc of another extremal k, which is
symmetric with respect to the inflection point and also contains no stability focus.

By Proposition 3.3 it suffices to prove that the angle-constrained extremal k is
stable. Let t = 0(t) (0 <t < 1) be the normal representation of k and

(-b/2, -d4/2), (b/2, 4/2), (b > 0, d > 0) the coordinates of the terminals, with 0 = 0

along the positive x axis. We then have:

9'%(t) = Asinb(t), 0 <t <1

N

(1 - t)

>

(t)

6(0) =a, 0<a<m, 8(1/2) =8'(1/2) =0

1 a
(7.1) b = f cosbh = 2(2))-1/2 [ cosu-sin_l/zu du
0 0
1 a
a=f sind = 22072 [ sin?y au
0 0 ¢
a
@2 = 2 [ sinV%y au .
0

It follows from Proposition 4.2 that E is stable for all o sufficiently small.

Further if a = n, F contains 2 inflection points, hence is urstable. Thus there
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is a smallest a =a,, 0 <a, <m, for which £ = E. (correspondingly, 6,,),)

is unstable. As one proceeds along this E. from the inflection point to one of

the terminals one reaches the (left or right) stability focus, mentioned in the

statement of the proposition.
By Proposition 4.1, we are left to find &, and 6,, so that
inf 2 (5] =0
"nev, (,), [n=12(%" = O
where 6 = 0, satisfies (7.1), with & replaced by a,. By (3.4) and (3.5) we have

1
Vo0,) = {ne W ,00,1] : g n(b cosé, + d sind,) = 0}
(7.3)
Rt 2 4 2
Q(e,,m) = [ (n'° - A,sin6.n%) - (22,/d) (] ncos8,)® .
0 0
The infimum 0 of Q(6,,n) is attained for n =n, ¢ V(8,) if (see Equations (3.7a,b))

n, satisfies the following system for some p, € R:
ng + A,n,sin@, + o, cosb, + p (b cosb, + d sin6,) =0,

1
(7.4) n,(0) =n,(1) =0, [ n,(bcosé, +d sinB,) =0, n, ¥ 0,
0

o, = (2A,/d) f n,cosf, .
0

Using the general solution

nit) == [(0, + p,b)/2X,1t0, (t) = p,d/A, + c 0.(t) + c v,(t)

t
- 83(t) [ (1/sin6,(1))dtr for 0 < t < 1/2
0
(7.5)

Yo (t) = 2 for t = 1/2

.
.

1
04(t) [ (1/sind,(1))dat for 1/2 < t < 1
t

of the differential equation in (7.4), one finds after lengthy calculations,

(7.6) ng(t) = (1 - 2£)0}(t) - 8,(0), p, = A,0.(0)/d .
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Using integration by parts and the relations, following from (7.1):

(7.7) 2sina, = ¥2/A,, b = -2,/\,, where k, = 6.(0)
one obtains
1
(7.8) g, = (2A,/d) [ n,cosb, = 4, - X,k b/d .
0

Then one verifies readily that (7.6) solves the differential equation in (7.4); also

1
n,(0) =n,(1) =0 and [ n,sin6, = 2cosa, - 2b - k d, hence
0

 §
(7.9) [ n,(b cost, +dsing,) = -2)/A% + 2d cosa, - «,a° .
0
Thus, all the conditions of (7.4) are satisfied if the quantity (7.9) is 0, or

using (7.1) and (7.7) and the abbreviation

a
S(a) = f sinl/2

0

udy, O0<ac<m,

1/2 3/2

2 g
@S (u*) + cosm‘S(a.) + 2sin a,=0 .

(7.10) F (a,) : = sin
a, is the unique root between n/2 and 7 of (7.10). Since F(n/2) > 0 and
F(m) < 0, there is a root between n/2 and m, and since F'(a) < 0, the root is
unique (a rough estimate shows a = 171°).
We have shown that 8, given by (7.1), with a < a, is stable and this completes
the proof of Proposition 7.1.

The result in Proposition 7.1 is sharp because we have

Proposition 7.2. A 2-point angle-constrained extremal interpolant [ with one

inflection point is unstable if F contains the two stability foci.

Proof. 1In the proof of Proposition 7.1 it was seen that the extremal &. whose
terminals are the stability foci is unstable. By Proposition 3.3 F, which contains
E

. is unstable.
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There remains the case where the 2-point angle-constrained interpolant £
contains one inflection point and one stability focus. We may assume that the normal
representation 6 of FE is a solution of

216" (€))% = Asino(e), 0 <t <1

(7.11)
6(0) =a, 0O(1) =8

for some A € R, where

O<u<a,_<_8<n
(7.12)

= 0" = i .
O(to) (to) 0 for a unique t()

The numbers A and ¢t are determined from the relations

0
B

> =1/ [ . -1/2 ¥ A2

(7.13) 28 = [ sin "“udu+’ sin "uau, /20t =] sin “uau.
0 0 0

It is seen that tO < 1/2 and

1 - = + < < .
(7.14) Bty ~ 1) =0(t  +1), 0<T <t

We now show that for each a, 0 < a < a,, there exists a unique B = B, (a)
such that the extremal £ 1is stable if B < B, (a) and is unstable if 8 > 8, (a).
We say, the point on £ for which 6 has the value B,(a) is conjugate to the
point for which 6 has the value a. As o approaches a, (from below) B8, (a)
approaches a, from above, hence the stability foci of Proposition 7.1 are the
special case of conjugate points where B, (a) = a.

We now prove

pProposition 7.3. Suppose FE is an angle-constrained extremal 2-~point interpolant

with normal representation t e 6(t), O < t < 1, which contains one inflection
point and for which 0(0) =a, 0 <a < a, (see (7.10)), 6(1) =8 > a,. E is stable
if and only if g < B,(a), where B,(a) is the unique root between a, and m of
Equations (7.17) below. As a increases from 0 to a,, 8.(a) strictly decreases

from m to a,.
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Proof. By Propositions 6.2 and 7.1 E is stable if § < o, and unstable if £ = w.

let B, (a) denote the smallest value of {§ for which £ is unstable and let 0,

be the normal representation of the extremal F, for which 6,(0) =a, 6,(1) = B8, (a).

. 2
There must then exist n, € VO(”")' f n, = 1, such that

(7.15) inf 12(08,em) = 0(6,,m,) =0 .

2
nev (6,), fn°=
As in the proof of Proposition 7.1, we have for n, the system (7.4). The general
solution of the differential equation in (7.4) is given by (7.5). One computes, using

integration by parts,

1 1
| vycosb, =1, [ vy,sin8, = 2/6.(1) - 2/6}(0)
g ]
(7.16)
1 1
| t cose,(t)-6,(t)at = sinB - 4, [ t sinb, (t)-6.(t)dt = b - cosB .
0 4]
1
The four conditions n,(0) =n,(1) =0, [ n,cosé, = do,/2),

0
1
/ (b cosé, +dsinb)n, =0 for n, €V (6,), and the condition n, # 0, then lead
0

to the equation

/

H(a,B) := (:3in<xsin6)1 2(s(ov.) + S(B))2

1/2

(72.17) + (sin™ “acosf + sinl/zﬁcosu) (s(a) + S(B))

+ 2(sinasin8)1/2(sin1/2(! + sin1/28)2 =0

for £ = B, (a). One finds that the function @ # H(a,8) is strictly decreasing for
a, < B <7m. Also, if 0 <a < a_,

. ~1/2
(7.18) H(a,m) < 0, H(a,a) = 4F(a)sin a >0,

where F in the function of (7.10) and F(a) > O since a < a,. It follows that
f,(a) is uniquely defined by (7.17). Then 6 = 6, with 6,(0) =a, 0,(1) =8, (a),
is the normal representation of an extremal F,, for which there exists n, € vo(e.),
with n, = 0, such that (7.15) holds. Therefore, £ is unstable, and by

Proposition 3.3, FE is unstable if E contains E,, i.e. if 8 > 8 (a).
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The function a # £ _(a) is nonincreasing. For if B'(ul) < ﬁ,(uz) for @, > @,

then the angle-constrained unstable extremal F., with 61(0) =a

A 6,(1) = B,(a)),

1'

is contained in the extremal H2 with 92(0) T 62(1) = B.(ul), which is stable

2
since ﬁ.(ul) < ﬁ.(uz). This is a contradiction to Proposition 3.3. Actually, [
is strictly decreasing, for if 6‘(01) = B,(uz) for a, > o then £, (a) is constant
for ul o e, which is impossible since the function 8' is analytic. Clearly,

£,(0) = and @, (a,) = a,, thus the proposition is completely proved.

We proceed to give a geometric interpretation of conjugate points on a
simple elastica curve. At the same time we obtain the precise range of angles that
an arc of the elastica, which contains one inflection point, can make with the chord
connecting the endpoints.r

Let £ be the simple elastica of Proposition 7.3, t# 6(t)(0 < t < 1) its
normal representation, 6(0) = a, 6(1) = £, with 0O “a<f <m, and let po,p1 be
the local vectors of the terminals of /4. In the original interpolation problem the
length of the vector p

-p and the angles A,B that FE makes with | p at

1 0]

the endpoint are prescribed. More precisely, let A,B denote the angles in (-m,m]

0

from the vector pl - pO to the oriented curve F at po,pl, respectively. We
investigate the relationship between a,8 and A,B. Clearly,
(7.19a) a-B=A-B.

If the inflection point is taken as the origin of a cartesian coordinate system
xy, with the positive x-axis along 6 = 0, then the point (t,6(t)) on FE has
coordinates

t

x = [ cosb(r)dr = (2//5T)sin1/28(t)sgn(t = t,)

to »

y = [ sinB(r)atr = (1//2X)s(6(t)sgn(t - ty) -
tO
Expressing the slope of the vector p1 - po, we obtain

1/2 1/

(7.19b) (S(a) + s(8)1/(28in"%a + 28in1/%8] = tan(a - A) .

g ——
I wish to express my gratitude to Dr. D. D. Pence for his valuable assistance with
this investigation. - M.G.
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Since p is above and to the right of po it follows that

1
(7.19¢) 0<a-=-Ac<TT/2

For each pair (a,B), with 0 <a <B <m, o+ 8 >0, there is a unique pair (A,B)
with =-n < A < B < 7 determined by Equations (7.19a,b,c) (actually A > -n/2).
Let B(A;a,B) be the angle B for fixed A,a,B, and set

(7.20) B*(A) = sup B(A;a,B) = B(A;GA,BA)
Ojgiﬁiﬁ

It is readily found that if aA =0 then A= -m/2 and BA =m, and if BA = m then

A = -n/2 and aA = 0; also if aA = BA then aA = a, (solution of (7.10)) and

A = B*(A). We write

(7.21) A* = B(A*;a_,a,) = sup B(A*;a,f)
0<a<B<m

(A* *® 99.,5°). It follows that if A is neither -m/2 nor A* then the supremum
in (7.20) is attained in the interior of the region 0 < a < 8 < w. Thus, (uA'EA)
make B = A - a + f a maximum under the side condition (7.19b). It follows that

A’ B = BA satisfy the equations

1/2 1/2

1 + u(d3/3a)[Sla) + S(B) - 2 tan(a - A) (sin a + sin B)l =0

(7.22)

1/2 1/

-1 + u(3/3B)[S(a) + S(B) - 2 tan(a - A)(sin”’ "a + sin 28)] =0 .
Elimination of the multiplier u, and use of (7.19b) yield

(7.23) H(GA,BA) =0

where H 1is the function (7.13). Thus sup B(A;a,B) is attained for conjugate

values aA,BA. This is also true in the excluded cases A = -n/2, A = A* since

(0,n), (a.,a.) are conjugate pairs. Each conjugate pair (a,B) occurs in this

characterization; for if a,f are used in (7.19b,c) a unique A is obtained for
which a =a_, B = BA. We have proved

A
Proposition 7.4. Suppose A, -7 < A < m, is such that there exists a simple elastica

E with terminals po,pl, which contains an inflection point and which makes the
angle A with the vector pl - po at Py* Then the largest angle B that £ can
make with p1 - p° at p1 is obtained if pn,p1 are conjugate points of E.

Conversely, each pai: conjugate points is characterized in this way.
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We proceed to determine the range of angles A,B that a simple elastica with
one inflection point can make with the chord joining the endpoints. Because of

symmetry 1t suffices to determine the half where A < B, which we denote as HA’B'

If O < A < A* (see (7.21)) then the interval {A, A < B < B*(A)} is in HA(B

(B*(A) as in (7.20)). If A > A% then there is no B > A such that (A,B) € RA<B;

this follows from the above discussion. Let us assume now A < 0. By (7.19¢), we
have A > -n/2; so fix A, 0 < A < -n/2. Substitute B - A +0o for £ in (7.19b),
which then defines B as a function of o. It is easily found that 0B/dau at a = 0
is +», B takes on its minimum B,(A) for a = 0, hence by (7.19a,b)

17

(7.24) S(B,(A) - A) = 2 sin*/?(B,(A) - A)tan(-n) .

It is easy to see that the interval {A, B,(A) < A < B*(A)} is in RA<B' In summary,
we have

Rop=1{-1/2<2a<0; B,(d) <B<B*A} VU {0<A<A* A<B<BHA].

Remark. The general (A,B) € RA<B U RB<A is the image of two pairs (a,B), hence

arises from two distinct simple elastica If angle-constrained, no more than

Eamy-

one of these is stable. There may be no stable elastica at all for

(A,B) € RA<B U R . Thus, if 0 < A < A*, B = B*(A), then B = B(A; uA,BA) and

B<A

there is a unique whose terminals are at the conjugate aA,BA. By

4 (a,B)’

Proposition 7.3, the angle-constrained E'A B) is not stable. It seems probable
B

is U
that this happens only on the boundary of HA<B RB:A'
The last proposition of this section deals with 2-point interpolants with angle

constraint at only one end.

Proposition 7.5. A 2-point extremal interpolant F which is angle-constrained at

one terminal and free at the other is stable if and only if F contains no stability

focus.

Proof. For the normal representation t#k 6(t) (0 <t < 1) of FE we may assume
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Lo ) = dsinb(e), 0<t<1

(7.25) 6(0) = 8'(0) = 0; 6(l) = B>0 prescribed
1 1
f cosf = b and f sinf = d prescribed .
0 0

If # is sufficiently small then F is clearly stable. If FE is stable for some

8, 2 0 then, by the Corollary to Proposition 3.4, £ is stable for each £ < Bl.

On the other hand, F is not stable if £ = m since in this case [ 1is unstable

even if angle-constrained. It follows that there exists £ 0 <@, <m, such that

x!

£ is stable for B < 8., but unstable for £ > S*. By the same arguments as in the

ecarlier part of this section we conclude that we have

7. i = 0(8 =
(7.26) mfnevo(ﬂ),]n2=lQ(e'n) Q(6,n,) =0,
where
1
(7.27) v (6) ={new _(0,1] : n(1) =0, { n{b cosé + a sinh) = 0}
0 1,2 0
For n, we have the conditions (compare (7.4)):
ny + )n.sinﬁ + gcosl + p(b cosB + d sinf) = 0
(7.28)

|
o = (22/d) [ n,cos8, ni(0) =0, n,(1) =0, n, #0.
0

The condition ng(0) = 0 results from the fact that if n = n, minimizes Q(B,n)
then n, must satisfy the free boundary condition nj(0) = 0. Proceeding as in the
proof of Proposition 7.1, one finds

(7.29) n,(t) = £0'(t) ~ 0*'(1)

is a solution provided B (which enters (7.28) through A,

8
/2 . [ sin"Y%4 4w is a zero of F, cf. (7.10). Thus, B, =a
0

(2))1 the

* «'

previously found stability focus.
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8. The stability function

In the two preceding sections the stability problem

was settled for all extremal

2-point interpolants. Let £* now be an extremal, interpolating a general (n + 1)-~

points confiquration ‘po,pj,...,p t, and free at the terminals PorP, - For ease of
n n

formulation we introduce the

Definition. A subarc H: of FkK* between two consecutive interior nodes Py ],p.

L 1 . = g

(2 < i< n=-1) is said to be proper if FE* contains no pair of conjugate points.
- B propex H ¥ jugate f

The terminal arcs h: and E; are proper if they contain no stability focus.

By Propositions 3.4, 7.3 and 7.5, FE* is unstable if any of the subarcs E;

is not proper. We state this important result as
Proposition 8.1. A necessary condition for stability of
with free terminals is that each arc between consecutive
It should be observed that by assuming all arcs are
presence of inflection points. However we will exclude,

generality, inflection points at the knots. We say £&%*

indecomposable. If /A* is decomposable then the subarcs

an extremal interpolant
interpolation nodes be proper.
proper we do not exclude the
with little loss of

is decomposable if pm for

some m between 1 and n - 1 is an inflection point, otherwise F#£* is

E from to
a [)0 > pm

and Hb from P to P are (free) extremal interpolants, and it is readily seen

that £* is stable or unstable if both Ha and Eb are stable or unstable,

respectively (the case where one of the Ma'”b is stable, the other unstable, is

omitted) .

For indecomposable extremal interpolants f* which

satisfy the necessary

condition of Proposition 8.1 we find a computable function U* of n - 1 variables

(n+1 15 the number of interpolation nodes) with the property that K* is stable if

and only if U* has a local minimum at the critical point corresponding to [*.

; Let s m 6*(8) (0 < s < s;) be the normal representation of FE*, with inter-

polation nodes 0 = s* < g

U;:---'u; we have
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; < ... < 8*, Then for uniquely defined Ai,...,x',

n
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1

g

0*" (g) + A:sxnU'(s) uzruqh'(ﬂ) = 0,

1 | :
= 0*'"(s) - A*cosf*(s) - u*sinf*(s) = 0, s* < g < g*
2 i i i-1 i

(8.1)
s* o
i i

I cosb* = b, f siné* = 4 , RS L
g* 1 G* i

i-1 4=

9*'(0) =0, O*'(s*) =0 .
n

In addition to (8.1) we have the corner conditions
(8.2) Gx'(s* - 0) = 6%*'(s* + 0), 1 = l,...,n~ 1
i i

The potential energy for E* is

(8.3) U (Bx) = [ g#rC .

Z(A%h. * pYa. )
; 174 14
0 i

1

N
o~

We choose an arbitrary number 6 > 0, set s; +6 =5, and extend 6* to the

interval [0,S] by setting 6*(s) = 9'(5;) for s; < s < S. Every function # in

[}

this section is in the space W wl 2[0,5] and is constant on some interval
'

1174
[s ,S], where 0 < s =58 (0) < S.
n n n
As stated above, we assume each subarc E; (i=1,...,n) of E* is proper and
also that B"(si) #0 for i=1,...,n~ 1. We set 9'(52) = a; (15 w01, v oo plh)e
For every (n - 1)-tuple a = (ul,.._,an_l) sufficiently close to a* = (u;,...,a;_l)
the system

0" (s) + Aisine(s) - uicose(s) = 0,

1

' 2 - i = «
5 0' (s) = Aicose(s) uisxne(s) 0, Si.1 <8 < 84
sy 8,
(8.4) [ cose =b, [ sino =a, L= 1,...,n
Si-1 84-1

8'(0) =0, 6'(s ) =0,
n

J=l,ic0n = 1

L}
=

0(s,)
(s]
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has a unigue solution 0 € w with A0 € R, O wg. 8. % ., S A <8,
0%

End’ i 2 n

in a sufficiently small preassigned neighborhood of 0#*, This follows readily from
the fact that each of the arcs E; is proper. (8.4) is system (8.1) with additional
conditions 0 (s j) = uj replacing the conditions (8.2). We let 0 denote the

solution of (B.4), Hq the {po,p ""Pr} interpolant represented by “q. The
1

%

potential energy for /‘fn is
.‘;n 2 r}

(9.5 ! = N

5) U (B = [ e _}, 2(Ab, + ud))
( i=1
We now introduce the function
8.6 * = 5
(8.6) U* () U()(I“)

and call it the stability function (associated with the extremal F£*). It is defined

in a neighborhood of a*. We prove

Proposition 8.2. There is a neighborhood N(a*) C n{n—l of a* such that a* is

the unique critical point in N(a*) of the function U*.

]

Proof. let w1 2 denote the metric space of functions 0 € w; 2 which interpolate
’ ’
the points p, at nodes s, =s,(0), A =8 <8 < ... <8 < g% with the metric
i ik i 0 1 n

& 2 2\1/2
8.7 d™ (8, ,0 = : -8 + -0 + ' - 0! -
(8.7) d (6,,0.) i~1m.ax i ls;0) - s 6] + |6, (0) L, {é’ (M 2)}

mIAs

We can choose &* > 0 so that the following three conditions are satisfied: (i) 0*

is the only extremal in

(8.81) N(O*) = {0 ¢ Wg 5 do(O,e') 53 6*};
’

(ii) for each o in

(8.8ii) Na*) = {ae R7D ;[0 - a*| < 6%)

system (8.4) has a unique solution ¢ € N(8*) and each restriction 6
a alls;_ji8,]

(4 =1,...,n) 1s proper; (iil) for j = 1,,..,a =1

i - - ' - *Y(g%) |
(8.8iii) sqnec"(sj Q) sqneu(sj + 0) sgnb (sj)

To prove the proposition it suffices to show that a € N(a*) is a critical point of

U*(a) if and only if o = a*,
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BT e M s



By (8.5) we have
n
* =
(8.9) U* () Z (b, + ud,)

where the Ai = Ai(a), b = pi(u) are determined from the interpolation and end

conditions:

s,
i
B, (a _1,ﬂ.pll,ui) = [ cosd - b, =0
s,
i-1
S,
i
= sinf - = i = noe
Di(ai-l'ai'xi'ui) ] sinb di 0, i T ,n
- 7P
i-1
(8.10)
- =0

08 + "
Ei(ﬂo,kl,ul) : Alcosuo u191Nﬂ“

L}

E (¢ ,A ,u) A cosa + p sina = 0 .
D < G n n n n

We now seek critical points of U* as a function of a = (al,...,an_l) and the

accessory variables Al,...,A s M

- 177 el Bge un, under the 2n + 2 side conditions

(8.10). If a is a critical point then there exist multipliers pi,oi(i o Lsueesnt)

and w_,w such that
1" n

n
9

—_ + + + + =
i {kgl by +wd +pB +0,D)+wE wnEn} 0
where Yy stands for each of the variables ai,ki,ui ¥

Let first i (2 < i < n - 1) be such that EI has no inflection point. Then

[}

sgnp*’ (s* ) = sgnp*' (s*) 1, say, and, by (8.8iii), 8'(s) > 0 for s €8 <8,
i-1 i a b B e g

Thus, using (8.4), we find

a
2
Bi(“i-l'“i'xi'"i) = Kzl(u)céﬁu du - b,
44-1
(8.12)
ay i
Di(ai—l'ui'xi'ui) = I 4 (u)sinu du - di'
i-1
where
(8.13) xi(u) = (2Aicosu + 2uisinu)1/2 ’
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Using Y = Ai and Yy = vy in (8.11), one obtains
o, @,
1
b, =8, f K_3c052 -0, f K,Bsin-cos =0
3 4 i ig i
i-1 i-1
a; oy
-3 . =3 2
- s° - 0, ©, =
d_1 pi f Ki cos*sin (1 £ i sin 0
i-1 i~1
s (1 a,
i o i -3
or, since b, = ] cosf = f K. cos = f K, (2X\ cos + 2y, ,sin)cos
i % a 4 ¢ o i i i
“i-1 i-1 i-1
qi Cli
; -3 2 =3 e
(22, - p,) ({ €, cos” 4 (2u, - 0,) £ K, cos-sin = 0
i-1 i-1
(8.14)
o, a,
= =3 ;.2
C2X, =p) f K.3cos-sin + (2u, - 0,) f K, sin” =0 .
5 L . & " i i
i=1 i-1
By the Schwarz inequality
ay a, a;
- - =3 2
] K,Bcos-sin £ < f K,3c052 f K, sin
i 5 i 2 i
%<1 i-1 i-1
(equality cannot hold), hence (8.14) gives
(8.15) Py = 2%1, o, = 2ui 2

If i =1 then 9*'(51) # 0 (since E; is proper), say 9"(5;) > 0, and

also 9&(5) >0 for 0 <8 <8 hence (8.12) holds for i = 1 (the integrals

1'
involved are improper). To avoid the divergent integrals in (8.14), we set

(8.161) B, = AF. + u.G

Rl Mt e L T L Rl
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where
2 2,~1 “1 -1 E
Fl = (Al + ul) f Kl ()1cos + ulsxn) - Albl - "ldl
a
(8]
1 2. -1 ul
o T i (IR ST
a
0
(B.16ii)
V1
2 3w -1
G1 = (Al + ul) i xl ( Alsin + ulcos) + del ulbl
0
2 2.~
= (Al + ) [Kl(al) + Aldl = ulbll

Using these expressions in (8.11), one can carry out the differentiations with respect
to Yy = Al and Yy = Mo and one obtains (8.15) for i = 1. The same result is
obtained for i = n.

Finally if j (2 < j < n - 2) is such that sgne"(sg_l) = -sgne"(sg) = 1, say,

(hence E; has an inflection point), then by (8.8iii), 0&(5) also changes sign in

(sj-l’sj)' and (8.12) is replaced by
Bj ay
=]
B, IR AL P s - < = b,
J(u]-l mJ j uj) £ £ (r) cos) 3
j~1 3
(8.17)
B. a
D, (a, -sa,,A,m) = |f e f < lein) - 4,
5 i 1= TG [ 5 8 j j
j-1 3

where Kj(Bj) =0, uj-l < Bj' Bj > uj. To differentiate the improper integrals one

replaces the Bj,Dj by functions Fj'Gj analogous to (8.16), then (8.11) for Y = Aj
and Y = uj again yields (8.15) for i = j. It should be observed that aj depends
on “j-l'uj'hj'uj' but aFj/ay and BGj/ay do not contain terms aaj/ay. We have
now established (8.15) for i =1,...,n.

We next choose o, (i =1,...,n - 1) for y in (8.11) and obtain

&

-1 %, 1
(picosni + uiSinul)Ki (ai) = (p“lcosa1 + ai+lsinai)x‘+1(ai)
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or, using (8.13) and (8.15): k.(a,) =g,k .(a.), i.e.
> SR i+l i

(8.18) ‘" (g, - = i = -
Ou(bi 0) 0&(5i w0y, % L sa )i 1

Furthermore, by (8.4), 0;(0) = Oé(sn) = 0. Thus we have shown that if a is a
critical point of U*(a) then 8“ satisfies (8.1) and (8.2), hence Oa = 0% a = a%,
That conversely U*(a*) = UO(H‘) is a critical value of U* follows immediately from

the fact that UO(E*) is a stationary value of UO' Proposition 8.2 is proved.

The stability function U* attains a minimum in the compact set N(a*), say

U'(umin) = min U*(a)
aeN(a*)
If o is a critical point of U* (i.e. a ., is in the interior of N(a*)) then,
min min

by the preceding proposition, a = q* and K* minimizes the potential energy UO

min
among all Eu with a € N(a*). The theorem below will show that in this case I*

minimizes U0 among all the (popp ,pn}- interpolants sufficiently close to E*,

1
hence that k* is stable. On the other hand, if U*(a*) 1is not a local minimum of
U* then there are interpolants k; arbitrarily close to FE* for which

UO(Ha) = U*(a) < U*(a*) = UO(E'), hence F£* is unstable. Thus, we arrive at the
following effective stability criterion:

Theorem. Suppose the indecomposable extremal interpolant p* = Ea* has only proper
subarcs H;. Then FE* is stable if and only if the stability function U* has a
local minimum at a*.

Proof. The proof depends critically on the following result which we formulate as

a lemma.

Lemma. There exists a neighborhood No(a‘) C N(p*) such that UO(C) > UO(EQ) for
each (' with normal representation ¢ € No(e'). Here o = {al,...,an_l),

a; = e(si(e)).

Proof of Lemma. Since each internal (terminal) arc of E; between consecutive

interpolation nodes, if considered as a 2-point extremal interpolant with two (one)

angle constraints, is stable it is true that UO(C) > UO(Eu) for Cv sufficiently
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close to lt'u,u fixed. The lemma asserts that this inequality holds in a neighborhood

that is independent of «a.
We may assume 60 in the form (2.5):
> 2
(8.19) O =606 + €n + € E(e)
o
. . 0 0
with ne v (0 ), n(:;i(ﬂu)) =0 (i=1...,n-1), d () <1, d(0,6) < 1. We also
s, (0 )
T |
may assume «lj = f .':in')“ # 0 (the integral is independent of «a), otherwise di
&, (6 )

should be replaced by bi' Then by (2.10), (3.5)

S S

[ 02 = ] 024e2900 ,m) + Re),
a "
0 0
(8.20)
o s.(0 ) s.(0 )
o 2 1 2 2 n -1 1 o 1 a
0 ,n) = j' n*'“ ==08'"n") + 2 5 d. ] (cosb )n f 6'n
o 2 o = 1 o o
0 i=1 8, (0 ) B (0
i-1""a i-1" a

where R((,)/v,‘2 » 0 as ¢ » 0, uniformly for 6 € N(f*), o € N(au*). The mappings
o b s;i(f)“) (1 = TyusupBiy G PE 0(1, from N(a*) to R, N(B*), respectively, are
continuous, and so is the mapping

8.21 i 0 s=
( ) a  inf <1Q( u,n) q,

0
nevO(Ou),d (6,n)

ek gan > 2 24 * { = i s
Since q 0 for each o € N(a*) it follows that q, lnfaeN(u")qa > 0 and, by

819, 02> [ o242 e90 m for all sufficiently small e, say |e| < e

We can now choose the neighborhood NO(S") C N(O*) so that 0 € No(ﬂ") may be

represented in the form (8.19) with |r| 2 €y Then f o2 :f 9&2, which proves

the lemma.

proof of the Theorem. We need to prove only the sufficiency of the condition. Thus,

we assume there exists “1 > 0 such that U*(a*) < U* (a) for |u - a'l * Ll' If

the neighborhood Nl(f)") (= NO(O‘) is sufficiently small then Irx - rx*l R for each

0 e Nl(f)'), a = {e(si(o)}. Using the Lemma, we have
8 S S
[ o%? =urian) <vr@ = [ o002 <[ o?,
0 G g
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hence U“(h') is a local minimum.

We present two examples, which illustrate the effectiveness of the propositions
in this section.
Example 1. Suppose we have the configuration (po,pl,pzl where Py = (0,0),

Py - (X, 0); p2 = (1,d). Without loss we may assume d > 1. It is easy to see that,

tor each J, there is an extremal interpolant F*, which makes the angle a* with

the vector p. - §

1 at P where a* varies from n/4 to 0O as d varies from

s
I to =. Here the stability function U* is a function of a single variable a,
which has been computed by Dr. D. Pence. It is found that U*(a*) is a local minimum
for each d. By the Theorem, the above FE* is a stable extremal.

Example 2. Suppoce the configuration to be interpolated is {p ,pz,p ,p4] with

1

P, * (a,0), py (100 5 p, (0, 1) pd = (0,a), where =-» < a < 1, This

3

configuration with a = 0.5% was mentioned first in the note [5) as an example for
which therc is no interpolating elastica, and this claim was, without examination,
repeated in many subsequent publications. However, there are interpolating elastica,
for each a, in particular there is one which is symmetric with respect to the
symmetry axis of the configuration. This can be seen as follows. Let (', be the

f

symmetric interpolant of ‘VI'PZ'P}‘p4| which is uniquely defined by the following

conditions. FP has continuous slope; the arcs Clﬁ'C?B'C3P between the interpolation
nodes are simple elastica; UIV and C3P have curvature 0 at p1 and p4
respectively; the tangent vector along CIP turns through the angle f. Clearly,

for f = n, the carvature at p2 jumps from O to a negative value; and for some
£, < m the curvature at Py jumps from a negative value to 0. Therefore there is

some value (1t is unique) B 0 <8, <m such that ,W“ has continuous curvature

*
at p2 (thus also at p}, in fact everywhere), and this is an extremal interpolant

*’

of ‘pl,p?,p,,p4}. In this way, for each a, =-» < a < 1, a unique extremal inter-
polant, FK*, is defined. We will see that each of these extremals in unstable. The

results are based on computations carried out by Dr. D. Pence.
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If a > a*, where a* = -.27, then the terminal arcs of K£* are improper,
hence E* is unstable by Proposition 8.1. If a < a* then the hypotheses of the
above Theorem are satisfied. Instead of the stability function U*(a) = UO(EQ*)'

a = (ul,uz), we use the function of one variable which is the restriction of U*(a)
to &, = 3n/4 + oy (i.e., we consider only symmetric perturbations Ea of E¥*).

The computed results show that a* is not a minimum point of this function, hence FE*
is not stable.

The question whether there are stable extremal interpolants for the configuration

{pl,...,p4} (which would necessarily be nonsymmetric) remains open.
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An extremal interpolant [ with normal representation s # 6(s) (0 < s < ;)
is said to be closed if
(9.1) 8(0) = 6(s), 6'(0) = 6'(s)
Let p()’pl""'pn—l be the vertices of a regular n-gon (n > 3). In (2, Sec. 8] it
was shown that there exist closed extremals that interpolate the configuration
‘p()'pl""’pn-l’pn - pol. In particular, there is one, ;‘n' which has no inflection
points. Let s & 'f))n(s), 0 < s < n, be its normal representation. Its total
variation Vu(?)“) is minimal, Va((a)n) = 2n. We prove

o

Proposition 9.1. The closed extremal £ (n > 3) is stable.
roposition 9.1. e
o

Proof. The course K consists of n  congruent arcs, each of length 1, and the
s n

o
increment of angle along each arc is 2n/n. We write 6 for its normal representation

o o
and define 60(s + n) = 6(s). Then
(9.2) 0(s) = 6(s - 1) + 2n/n .

We assume po = (0,0}, and set Pk - - (hk,dk) =1, ...,n) Wwith b, = 0,

k-1 1

dl =d > 0. Then

k o k o
9.35. by - [ cost = -d sintk - 1)2n/n, d_ =] sinB = d cos(k - 1)2u/n

k-1 k k-1

Because of symmetry we have

(9.4} 0(0) = n/2 ~ n/n, 6(1/2) = /2 .
Also,

10 2 o o

‘2‘9' (s) = AsinO(s), 0 < s <n
(9.5)

m/n m/n 1/2
- 3 f cos u du .
0

(2;)1/2 =2 f cos..l/zu du, (Zi)]/zd =
0

The quadratic form (3.5) becomes in this case

o e SRS 1°,2 2
QO,m = § [ In'7(t + ke - 30°7(t + KIn“(t + k) ]dt
k=0 0

n-1 1 " 2
=2 [ /([ nlt + Kcosd(t + k)dt)” .
k=0 0
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By (9.2) and (9.5)
1 i 1 !
(1/d,) [ n(t + kK)cosB(t + k)at = (1/d) [ n(t + k)cosB (t)dt,
0 0

thus

1 1

o n-l o o o
(9.6) Q(B,n) = ) {f (e +rrae-262 e e + )10t - @2/a) |f n(t-*k)cose(t)dt]z} :

k=0 ‘0 0

This form is to be minimized on the space (3.4):

o o o o
Vit = fne W o s f (b cos® + d sind) =0, k = 1,...,n} .
k-1
o
Here w1 2 denotes the wl 2 -space of functions of period n. Using (9.3), we find
’ ’
o o 1 o
(9.7) Vo) = fnew | n(t + k)sin6(t)at = 0, k = 0,1,...,n - 1}
’

0

o o o
Put n(t + k) = nk(t)(k =0,1,...,n ~ 1). Clearly Q(e,nk) = Q(O,no) and nk € vo(e)

o o
if n. e VO(B). If Q(6,n) attains its infimum for n=n then also for

0 o’

n=n= (l/n)(n0 + " + ... + 1 ), and n has period 1. For n of period 1 (9.5)

n-1
becomes
1 1
o 2 02.0 o 02
(9.8) (1/m)0Q8,m) = [ (n'" = An"sing) - (2na/d) ([ ncosp)
0 0
1 o
and (9.7) requires f nsine = 0. Thus, n must change sign in (0,1) and we
0
conclude
1 1 2 |
(9.9) [ a?mPaf a sin2nt/dt)i/f (sin2nt)? = an? .
0 0 0
From (9.5) we have the estimates
o - Al
2nY? < @u/mrcos Y2 m
(9.10)
d > cosn/n .
With (9.9), (9.10) substituted in (9.8), we find
= 2 2 2 » 2
(9.11) (1/n)Q(6,n) > 4n [1 - (1/n)tan"n/n ~ 1/2n cosn/n] ] oy
0

o o
thus n » Q(8,n) is positive definite for n > 3. By Proposition 1, 6 is stable.

-48~




rmw J

(11

(2]

[3]

(4]

(6]

(7]

REFERENCES

A.E.H. love, A Treatise on the Mathematical Theory of Elasticity, 4th Ed.
Cambridge Univ. Press, London, 1927.

M. Golomb and J. Jerome, Nonlinear interpolating spline curves and equilibrium
positions of thin elastic beams. To appear.

M. A. Malcolm, On the computation of nonlinear spline functions, SIAM J. of Num.
An. 14 (1977), 254-279.

E. H. Lee and G. E. Forsythe, Variational study of nonlinear spline curves, SIAM
Review 15 (1973), 120-133.

G. Birkhoff, H. Burchard and D. Thomas, Nonlinear interpolation by splines,
pseudosplines, and elastica. General Motors Research Laboratories Report 468,
February 1965.

J. W. Jerome, Smooth interpolating curves of prescribed length and minimum
curvature, Proc. AMS 51 (1975), 62-66.

S. D. Fisher and J. W. Jerome, Stable and unstable elastica equilibrium and the
problem of minimum curvature. J. of Math. An. and Appl., 53 (1976), 367-376.

MG/ed

=49~

e

e




SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

16. DISTR BUTION STATEMENT (of this Report)

READ INSTRUCTIONS
REPEBT DO_CUAME@_TAFON PAGE BEFORE COMPLETING FORM
1. REPORT NUMBER / 2. GOVT ACCESSION NO.| 3. RECIPIENT’S CATALOG NUMBER
1852
4. TITLE (and Subtitle) S. TYPE OF REPORT & PERIOD COVERED
Summary Report - no specific
STABILITY OF INTERPOLATING ELASTICA reporting period
P 6. PERFORMING ORG. REPORT NUMBER
7. AUTHOR(s) 8. CONTRACT OR GRANT NUMBER(s)
Michael Golomb DAAG29-75-C-0024 —
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. ::22RﬁAcoERLKEtJ‘E:‘TT‘NPRMOBJEEg:' TASK
Mathematics Research Center, University of BTSN C
610 Walnut Street _— Wisconsin Work Unit Number 1 -
Madison, Wisconsin 53706 Applied Analysis
11. CONTROLLING OFFICE NAME AND ADDRESS 2. REPORT DATE o
U. S. Army Research Office May 1978
P.O. Box 122l 3. NUMBER OF PAGES
Research Triangle Park, North Carolina 27709 49
. MONITORING A\GENCY NAME & ADDRESS(!f different from Controlling Office) 15. SECURITY CLASS. (of thie report)
UNCLASSIFIED
15a. DECL ASSIFICATION/DOWNGRADING
SCHEDULE

Approved for public release; distribution unlimited.

h’ DISTRIBUTION STATEMENT (of the abaetract entered in Block 20, if different from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORODS (Continue on reverse side Il necessary and Identily by block number)

Interpolating Elastica, Nonlinear Splines, Local Minima of Strain Energy,
Stability Criteria

20. ABSTRACT (Continue on reverse side if necessary and identify by block number) §

Interpolating elastica are the extremals for the functional f K2(S)ds,

0
which is the integral of the square of the curvature with respect to arc length,
in the family of plane curves that interpolate at (not prescribed) arc lengths
B, €8, € so0 € sn a prescribed configuration of points po,pl,...,pn. If at

0 1
(continued)

DD , 5n'5: 1473  €oimion OF 1 NOV 6815 OBSOLETE UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)




one or both terminals the slope is prescribed, the extremal is said to be angle
constrained, otherwise free. The curvature functional represents the elastic strain
energy of a thin elastic beam of indefinite length with sleeve supports anchored at
po'pl""'pd which allow the beam to slide through without friction and to rotate
freely (except at the end supports if angle~constrained). The interpolating
elastica are also known as nonlinear spline curves. It is known that the infimum

of the strain energy is 0 1in all cases, hence cannot be attained if the points

p ,pl,...,pn do not lie on a ray. On the other hand, interpolating elastica are

0
known to exist for a variety of configurations, and this report investigates whether
these extremals make the strain energy a local minimum or not (i.e. whether they are
"stable" or "unstable"). Several general stability criteria are established and

they are used to decide the stability of some specific elastica.

* B e St e € N — N ST e TV s




