AD-A060 742 NAVAL RESEARCH LAB WASHINGTON D C F/6 22/3
SATELLITE BREAKUPS. SURVEY OF A DYNAMICAL THEORY.(U)

JUL 78 W B HEARD
UNCLASSIFIED NRL=MR=3802 SBIE-AD-E000 208 NL

| o |
860 72
END
DATE
FILMED
[-79
DoC




e —————————

(e
<
D
S
Ne
-
L »
s
<

DDC FiLe copy:

Satellite Breakups:
Survey of a Dynamical Theory

W. B. HEARD e
Systems Research Branch ﬁ
Space Systems Division

DDC
July 1978 D 2N e

NOV 2 1978
50U
B

NAVAL RESEARCH LABORATORY
Washington, D.C.

Approved for public release; distribution unlimited.

78 09 07 033 &




Padbasys Bages™

b Rbe S

SECURITY CLASSIFICATION OF TwIS PAGE (When Data Entered)

REPORT DOCUMENTATION PAGE READ MSTRUCTIONS

12. GOVYT ACCESSION NO,| 3. RECIPIENT'S CATALOG NUMBER

NRL Memorandum Report 3802 =

4 nr

BEFORE COMPLETING FORM
1 REPORT NUMBER i

| SATELLITE g&mxvri’ ‘Survey of a Dynamical Roory:t

T & PERIOD COVERED

. nn NRL problem.

. ORMING ORG. REPORT NUMBER

8. CONTRACT QR GRANT NUMBER(e)

" PERFORMING ORGANIZATION NAME ANO ADORESS SGRAu ELEmENT FROITC
Naval Research Laboratory .
Washington, D. C. 20375 NRL Problem B01-10

10. FNOGRAM ELEMENT, PIQJICT TASK

4. CONTROLLUING OFFICE NAME AND ADDRESS

d July:a99s
CWTrTTT—————

BES
72

14 MONITORING AGENCY NAME & ADDRESS(!! diiferent Irom Controlling Ollice) 1S. SECURITY CLASS. (of thle report)

‘ et ey UNCLASSIFIED
WINRL-MFR-59 g Rl
A

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

W) 145, /

7. DISTRI IOMSTATEMEMNT

the abatract entered In Block 20, if Jillerent (rom Report)

(3JSBIE \ @:ﬁw Eovp 209 |

et ....-*

s R,ﬁj,ffﬁi, T

e ————— A

19 xEY WORDS (Continue on reverse side !! necessary and Identily by block number)

Satellite breakups
Particle dynamics
Phase-space continuum
[nverse problem

ﬁ_‘9§|1.l€' Continue on reverse eside Il necesessry and Identify by block number)

A general theory is developed for the dynamics of fragments resulting from the breakup of an
artificial satellite or other celestial body. The particle ensemble is modeled as a continuum in phase
space sad the behaviour of the ensemble, as opposed to the behaviour of individual particles, is
investigated. The solutions of four central problems are discussed. The probiems are (i) the direct

probiem (prediction of the evolution of the ensemble from the initial conditions), gn the continuous
source problem (direct problem for a point source active over an interval of time),

(Continues)

the —V,L‘y

DD . "i5%, 1473  «oimiow oF @ nov 6813 ossoLETE
S N D102-014-8601

SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)

LA WY “jﬁg

v
Reg,
/"
YR




A4l

SECURITY CLASSIFICATION OF THIS PAGE (Wen Dete Entereq)

20. Abstract (Continued)

(deduction of the initial conditions from the ensemble structure at a later time).

_ACCESSION for
NTIS White Seotlen
poe At Section O
UNAS Y NEED (m]
Jug s N s
BY - [ |
BLSTRNTIONAVATLABRLITY
[ AVAIL

4 asvmptotic problem (to find the state of the ensemble in the limit§ = ®), and (i) the inverse problem

M et

SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)




e e 4l B i R AR N TR

CONTENTS

INTRODUCTION 1

o

DIRECT PROBLEM (Instantaneous Disruption)

n

Solution for Small Velocity Increments 6

;' Mathematical Formulation and Formal Soluticn
g DIRECT PROBLEM (Disintegration over a Finite Interval of Time) 10

THE ASYMPTOTIC PROBLEM w1
f Mathematical Formulation 2l
ﬁ : Asymptotic Form of the Spatial Density 2k
‘ Two-Dimensional Keplerian Motion 27
Three-Dimensional Keplerian Motion 40
Particles Orbiting an Oblate Primary 49
THE INVERSE PROBLEM o1
{ Given 2(2) and Time and Place of Initial Disintegration -0
| Given Moments of p(§) and the Time and Place of Initial -
Disintegration 60 :
Comments on More General Situations 66 |
REFERENCES 68

S
:
“
v

L e e N 5 g, e ) TN A Y S ) A




SATELLITE BREAKUPS: SURVEY OF A DYNAMICAL THEORY

INTRODUCTION

The phenamenon of artificial satellite breakups, or sudden dis-
integrations, presents a plethora ©f interesting dynamical problems
concerning the motion of the fragments. The basic problem, which

will be called the direct problem, is to predict the motion of the

ensemble of particles from knowledge of the characteristics of the
disrupting mechanism, specifically the relative velocity imparted to
the fragments. An important variation on the basic direct problem is

the continuous source problem which considers particles dispersing

over a finite interval of time rather than instantaneously. The
eventual distribution of the particles after a long period of time,

the so-called asymptotic problem, is also of interest. Finally, one

may invert the problem and seek to determine the characteristics of
the disrupting mechanism from observations of the particle distribution

at some time after breakup -- the so-called inverse problem.

Each of the problems Just mentioned has its place in the study of
satellite breakups. However, their applicability does not end there
because several astronomical phenomena may be mentioned which are
represented by such a dynamical system. For example, there are the
problems of metecr streams originating from a disintegrating comet

(Jacchia, 1963), expanding stellar associations (Blaauw, 1952) and

Note: Manuscript submitted June 7, 1978.




fragmented asteroids (Wiesel, 1977).

The purpose of this report is to survey the dynamical theory of
satellite breakups as it has been developed over the past two years
or so (Heard, 1976; 1977 a,b). In view of the variety of possible
applications of the theory, each aspect of it has been developed in
as general a form as possible. This is not intended to distract the
development from its primary motivation, namely satellite breakups,
but rather to make it accessible to the largest possible sphere of
application. This report consists of some previously published
results, some generalizations of previously published results, and
some new material. The goal is to give a complete and coherent
presentation of the theory as it now stands.

The basic method underlying each facet of the theory is to
represent the finite number of discrete fragments as a continuum of
particles distributed in phase-space. This approach is borrowed from
the field of stellar dynamics, where it is known as the continuum
theory (Contopoulos, 1966). In this approach, all results are derived

from solutions of the phase-space conservation equation (Chandrasekhar,

1960).

DIRECT PROBLEM (Instantaneous Disruption)

Mathematical Formulation and Formal Solution

Consider an ensemble of non-interacting particles moving in a

common force field such that the equations of motion for an individual

particle are

——
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where the n-vectors 1, are the coordinates and momenta, respective-

ly. Let I(?,g‘t) be the phase space density function for the

ensemble such that a volume dg9dp at point % .p contains 4N

particles at time t where
AN = f\%, B.E) J1Jp .

According to Chandrasekhar (1960), the distribution function #f

satisfies the following first-order, linear partial differential

[

if there is no source of particles present.

equation
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3f > 2 &

Equation (2) may be

written
P_‘F':—;A (3)
Dt
where %%. denotes the "Stokes derivative"
Bar s BN 219
Dt = 3t R - 3
and [ ax, Y
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Introduce propagator functions

S bgip) y B olg.p.8d ()

Defined such that a particle at q,p at time t will be at gv(%,g,t)
PEel%. a3 at time t + v .

The formal solution of (3) which satisfies the initial condition

‘r(},g,o)z F(%Jg) (5)

may now be written

;(c?g{) = F‘[g_'(3‘,2,t)lf_‘(}'¥,t)];tf{-P} (6)

where

)

t
Tlg.,e.t)= § A[q‘m) g(t),t] dt

and it is understood that the integral (7) is to be evaluated along
the trajectory passing through 1. at time t
A fundamental descriptor of the ensemble is the spatial density

p{g.t) . It is obtained by integrating ¢ over all momenta, i.e.,

pl3.t) = j‘f(g,;,tu;_ : (8) ]

The spatial density specifies the apparent shape and dispersion of the

particle cloud at any time. The quadrature (8) is easily performed




formally if the particles emanate from a common point.

To describe dispersion from a common point, q , we may use the
*

»

following initial condition:

F('a‘..g)= 8(%-9,.)G(2\ ) (9)

where § ( ) denotes the Dirac delta~function and G is an arbitrary
function which specifies the initial distribution of momenta.

The integral (8) is evaluated by applying two theorems from the
calculus of &§- functions (Friedman, 1956). Theorem I relates a
multi-dimensional § -function to the product of one-dimensional
§ -functions, and Theorem II specifies the behaviour of § -functions

under a change of variable:

T Fix-x. )= §(x,-%,,)8(x,- o) oo Blag=2s4)

s $50Ru)-- S(¥(w) Flx)dy = L F(x )

|7 e

where x_, is determined from the equations

and J is the Jacobian determinant

Je CA% AL A
a(l,, "',1“) ;

evaluated at x - x .

*
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Now, substitute (9) and (6) into (8) to obtain

pa=fila_ qao-3 Jelt g nlai-riy, . 0o

According to Theorems I and II we then obtain

pler s DolR g olar{-rig, o) (1)

where 2. is the solution of the equation

Q.f(%.?.,{): %. ) (12)
and
T B G 25 ) (13)
a(P1) "'JP-.)

Thus, the calculation of the evolution of spatial density is
reduced to the evaluation of a Jacobian determinant (13) and the
solution of an equation (12) which is usually transcendental.

Solution for Small Velocity Increments

In virtually all of the applications envisaged for the theory,
the relative velocities of the particles are small in comparison
with the total velocity of the parent. The mathematical import of
this is that the equations of motion may usually be linearized.

With this motivation, we now reduce the general results of the

[ 0\
p e



previous section to the special form assumed for linear systems.

Consider a dynamical system for which the equations of motion

of an individual particle are

w
"
3

w
+

-*

where A is a sou-singular matrix and f is a vector.

a matrix sclution of

d
T EwAx

whose columns are linearly independent, and let

Tr,e) =YY '(+,)

(1%)

Let Y (%) be

(16)

The matrix § is the matrizant of the system and has the properties

Pltetd =T, 37 (e,,602B(4,,4), and B4, 40 Ble, 1= 3 .10

The solution of (14) satisfying the initial condition

xL(o) = x
o e
is

<

e, t)x, + f Q) f dr
t

2

5:

Let us express & in partitioned form

(17)




| B
Q = k-\N—. = -Y-) (18)

where each sub-block is a nxn matrix.
There are two cases of special interest. First, suppose f:=o

Then, the propagator functions (4) become

g.f(t,,,t)alf(to?,t)%#V(tvr‘t)g 3

Pelg.p.t) = Wltertla +« Y(eaz,t)p

The Jacobian determinant (13) becomes

J = dot Vio,t 3

and the solution of the transcendental equation (12), which is now

linear, becomes
-1
By 2N (O,f)[%’-ULO,t)%]

Thus, we reduce the formal solution to the form

;(%_z,t): G[W(o.t)q’ +Y(O.t)g]S[U{o.t)%ﬁ»Vto,t)g-qr.]éxp{'?} (19)

where

t
1= T A de
o

(20)




From this it follows that the spatial density reduces to

6[Mutrg - YOOV (0.)q ] wp{-T}

Plgt) = (21)

|1e+ V(o,t)l

where

M(o,t) = W (0,t) = Y(0,8dV ' (0,t)Ulo,t) (22)

The fundamental matrices appropriate for linearization about a

circular, Keplerian orbit of mean motion n are (Heard, 1976)

¢ ° o 3 2(1-¢) o
Ult,t) = =2 9 0 Vit,t) = ’: -2(1-¢) 4s-3(t-¥) O
PR te o s/ (23)
Jns, OO ¢ -2s o
W(gt) = o a ¢o Yitz) = o \ o
(=] © -ns o o c
and
3nlt-T)+ &S 2(1-¢) o (24)
Mt )= -2(1-¢) s o
o o D/s
where S$=smoal(t=T) | ¢ scounit=x)
and
D= -3nlt-x) 44 (1-¢) . (25)

Bkt G /2, T4 S Aot Ao st e myemr o




In some applications of this case it i1s more appropriate to

linearize about an elliptical, Keplerian orbit. The fundamental
matrices for this case can be obtained from Tschauner and Hempel
(1965).

The second special case worth elaborating upon is the case for
which A and f are constants. Omitting the details, one obtains for

this case

where

and all matrices are avaluated at the arguments (o ,t ). This

special case would be useful if one desired to include perturbations

or thrusting through the vector t .

DIRECT PROBLEM (Disintegration over a Finite Interval of Time)

In this section we generalize the direct problem treated in the
previous section to allow the particles to disperse from a point
source over an interval of time. This generalization would be
ilmportant when considering the dispensing of orbiting dipoles as
in the case of the Westford Needles (Morrow, et al., 1961) and

when modelling dusty comet tails (Finson and Probstein, 1968).

The phase-space distribution function now satisties the

differential equation




Y 4 fa=5 , o Lf=s (28)

where S(Q\F.t) represents a source of S particles per unit time
created in the volume element J%Jg at 3,p and at time t .

Let ¢(1,#.f|r) denote the solution of

Shaa (29)
which satisfies the initial condition
¢(%*3.flt)=6(3) 8[‘}“%s(f)] . (30)

The function ¢(%,;,t|t) is the phase-space distribution for
particles emitted at location c%‘w) at time ¥ . It is defined for
all ) and for t >t

Now let

t
f(qt'?-'“= f‘?(%.g,ﬂ‘c)dr . (31)
t.

Then f satisfies the differential equation
Lf=6pifeg-q,]

and the initial condition

Flgrtd=0  Fr gequty .

h&. 1




Thus, 5 1is the phase-space distribution function for dispersion from

a point source whose trajectory is .%‘(t) and whose distribution of
momenta are described by G(p).

The goal is to find an expression for

pev= [ iy pnidy .

To this end we use the propagator functions Q r(‘}'P't)afr“}'F.D, (4)

]

to write
[ &
¢(‘}.¢.,t!r) = G| Ev-t( },;‘t)] b[tg r_((v},#,{-)- 9‘5(':)] a.r.r{-r”} (32)

where

t
Flg.ptled= Ja[itn,pn,t] 3t (33)

T

and the integral is to be evaluated along that trajectory which
passes through %, at time ¢

We are now in a position to obtain p{3.p.t>. Let us denote

Py tle) = j#(t}.;.tltui

According to the results of the previous section we may write

plg.tlor= G[E'_'(z.y_.t)]ur{-r(*.,._t\t)}?’ ;
v

where B (g ti) is the solution of the transcendental equation

g!-{‘i‘gl't): ‘}_S"‘) )

(3u)




and J is the Jacobian determinant

J = Q(th‘,---,Q‘._t‘A) (35)

2(P‘| ey PRD

Finally, upon interchanging the order of integration, plg k) is

reduced to the quadrature

t
tq &)=
£Lg,0) {f(g‘,t\tsat (36)

For a linear dynamical system, the results of this and the pre-

vious section may be combined to reduce equation (32) to

Pqp.tle)= G[W(r,{)%ﬂ'Y(r,i)p] S[U(r,t)%ﬂf(t.t)g - ;‘5«1)] avp {- 7}

where

t
7= fTrA(u)Jx ‘
<

From this we obtain

1
f(‘},tlf)=m G [M(",()q“\((t‘,t)\]"(t,t) Qtl(t)J (\r{'Y& ) (37)

where
MIT ) = WIrt) =VY(e )V it t) Ulre)
To illustrate the application of these results, let us examine the
case of a source moving on a circular orbit in a gravitational field
whose epicyclic frequency is exactly twice that of the orbital

frequency. Such a condition obtains, for example, in the inner regions

13

*~W
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of galaxies. Given a suitably contrived momentum distribution func-
tion, a closed form solution can be obtained in this case.

Let us restrict our attention to the behaviour of the ensemble in
the orbit plane of the source. Let us further choose units such that
the radius of the orbit of the source and the orbital frequency are
unity. Then the motion of the individual particles is determined

from the Hamiltonian

){s-‘i(p“.p:)_p.gp ST L

kS

where the radial distance of a particle is == 1+§ ,the angular
coordinate is 9:8,+t +q, and the conjugate mementa are p = £ and

Po= 7+ 2§

From the general expressions given in Heard (1976) we obtain

=1 cos (t -©) SM\*-!)\
Mt ) = —
=%)

-sam (t-T1) (oJH.-V)/

and

Therefore, the partial density becomes

r
fli'*‘t)=% GL—;'-(SS-?:),_;.({So‘c)}
(38)

with S 2 s (t=t) ) &% caslt-Ty .

A choice of momentum distribution function which allows a closed

form solution is

14




G(F): L o

1% ‘;2. (39)

No particular physical significance is attached to this form of G{})
other than it does emphasize the smaller ejection velocities as
intuition would demand. Its main virtue is one of mathematical con-
venience.

After substituting equations (38) and (39) into equation (36)

we obtain
PlE1,t) = = qmm[v‘t-*' tMtJ (40)
f B
where '1‘= §'4+7" and where we have taken to=0 . 1In using equation

(40), care must be taken to choose the proper branch of the arctangent
function.

A particularly revealing form for p(4.t) may be obtained for

large values of q » say a‘»l . In this case, an expansion of p(}.t)
may be obtained in powers of '/9§*
We have %
it
f”?'“='J‘ Q4 et (t-T) 2
o
t
1 \ y
2y i (1 --;,m‘u)Ju
Therefore 1
f(1.1)~f/i,_(vz,la)(t-:.;:m:.t) + O(qt) (k1)
LY




This shows that the density is asymptotically linear in time with a

small periodic fluctuation.

A serious physical objection to the choice of equation (39) for
the momentum distribution function is that there is no upper bound to
the velocities of the elJecta. Consequently, as soon as ejection
begins, particles appear at all locations in space. To remedy this
defect, we may modify equation (39) to require an upper limit cut-off

for the velocities as

= ! 2
G(B\_ 14-#" H(F‘,-g) ‘ (ha)

The resulting expression for féi.t) ise

£t =0 » 9t > pS
-‘-f—j:—-z—
sl B

where 8 1is the union of intervals over which the inequality

Pl > 11/,:40\-1* (43)

is satisfied.

For o0<t<m we have

8=¢ ; t(s: a.rtn'»-(i/f",)
=[8't] ] t>6 .
16




For w «t<2n we have

S [5,1\'—3] ; e me§

[5,w-8]U["*5:t] »y t>waed

and so on.

An example of numerical evaluation of the above is shown in
Figures (1-2). A descriptive account of the evolution is as follows.
The ensemble is always symmetric about the origin, i.e., bounded by
a circle. It is originally concentrated at the origin. It grows in
size until it reaches its maximum radius of P at t=m . Thereafter
the density increases everywhere in the circle as particles are
continuously ejected but the radius of the circle enclosing the
ensemble remains p,

An example of wider applicability is the case of continuous
dispersion from a circular, Keplerian orbit. The quadrature (37) must
be performed numerically in this case. An example of such an evalua-
tion is shown in Figure 3. These results are based on an isotropic,
Gaussian momentum distribution function and show isodensity contours
when emission has occurred over one-quarter of a revolution of the

parent body.

THE ASYMPTOTIC PROBLEM

The purpose of this section is to describe the asymptotic state
( in the limit t —» ) of the ensemble when the particles emanate from

a point and when the Hamiltonian for the individual particles is

g 1

S S 458 P T OB a4 N W A YN T St







himre
Fig. 2 - Spatial density versus time for various values of q
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Fig. 3 — Isodensity contours at t = /2 for a continuous source in a
Circular, Keplerian Orbit (Spherical Velocity Distribution)

20
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separable. The asymptotic behavior of the distribution function is |
determined by applying theorems developed by R. T. Prosser (1969) in

his spectral analysis of central force motion. The theory leads to

the weak limit of the spatial density function and, implicitly, to the

boundary of the asymptotic domain. The theory is illustrated by

application to the cases of elliptical Keplerian motion and to the

case of motion about an oblate primary.

Kotsakis (190k) has studied the case of Xeplerian motion for
isotropic dispersion from a circular parent orbit. He obtains the
boundary of the domain as the envelope of a family of ellipses. He
also obtains a radially averaged density of the particles. The
results from our dynamical theory generalize this to anisotropic
dispersion from an elliptical orbit and provide the radial dependence
of the spatial density. Wiesel (1976) considers the related problem
of a statistical theory of the Kirkwood gaps. The basic difference
between Wiesel's theory and the present one is that we invoke Prosser's
theorems where he uses ergodicity on integral surfaces. Whereas our
results are strictly limited to separable systems, Wiesel's theory has
the potential of wider applicability.

Mathematical Formulation

Consider a dynamical system defined by a separable Hamiltonian, X .
The trajectories of this dynamical system define a flow,‘T, ; on phase-
space || by

T

% t\?)——ﬁ‘\gor\

LA
where x = {#,¢ | ; and 3.¢ are the coordinates and conjugate momenta.




T, is volume preserving and induces a unitary transformation, U, y
on the Hilbert space Q_‘ =L(TT) by
Uth)‘-’:'= ‘f(_r-;’£\ s
where ¢ ¢ R . For ?,3;6 s Jet &(,j) denote the inner product.
The distribution of the ensemble of particles in phase-space |
is described by the phase-space distribution function F(3.p.tJ which

satisfies the conservation equation (Chandrasekhar, 1960)

cF

;’{ - {."’K} =0 } (L)
where { , % denotes the Poisson bracket. Let Ple) = Flet)
and ¢,¢<)= Fix,0) . The formal solution of the partial differential

equation (LL) may be written in the above notation as

?t =Ut ‘f. L (hS)

Let S be a canonical transformation from z to some linear com-
bination 4,w of action and angle variables,
S: gp—j.u

and let

be the fundamental frequencies of the motion. The composition of the

flow mapping and the canonical transformation yields the mapping

STtt (1,;) —— (},z‘.*ty)

22




Let X be the infinitesimal generator of Uy » 1.0,
Ut:azr{—l;xt}

Let R;={€tﬁ(\9x| Xf=o0} and A,=A,. IfGEA is a subspace, let
3; denote the projection operator onto that subspace.

With these preliminaries, we may state the theorems of Prosser
(1969) which form the mathematical foundation of our theory. Strictly
speaking, Prosser proves these theorems only for the case of a central
force field. However, an examination of the proofs shows that they
generalize to an arbitrary separable dynamical system.

Theorem 1 (Prosser):
For 4,3eﬁ, Lo (Uﬁ,j):(Pﬁf,‘})

t >

Theorem 2 (Prosser):

Pﬁf-‘—'ff‘]: "{

°

<
L1
o
s
o

From these theorems we immediately obtain the corollary

As t—=o U g ~» [odw =F (wakly).

Corollary 1 provides the basis for an algorithm to compute the
(weak) limit of the phase-space distribution function and therefore the

limit of the spatial density function,
plyiey = SF(@,F,L)JF ;

as t - ,

23




Asymptotic Form of the Spatial Density

For particles which disperse from a common point, the initial

phase-space distribution function may be written

Yolg.p)= Fipgyblg-9o), * Vhe)

The first factor is the function describing the initial distribution
of the momenta and is assumed to be known. The second factor is the
Dirac delta function and it describes the fact that the particles

originate at coordinates ¢, .

Since the transformation S is canonical, and therefore has
Jacobian determinant unity, we may express ¢ in the variables },g

as
fotje) = F[PGa ) 8{R e - g, ] (u7)

where the transformation S is expressed in the form

r=d . v w=Wigp)

and its inverse is expressed as

*The application of the theorems of the previous section to generalized
functions has not been justified rigorously here. To do so, one would
regard a generalized function as an equivalence class of regular
sequences of good functions (Jones, 1966) and develop arguments for
the validity of the interchange of limits and integrals.




Derine the vector valued function w, implicitly by

so that
|
.| !°=go(:}‘%o) % (hB)
1
; delta function (Jones, 1966) we may rewrite (47) as
i

w Then, from a fundamental theorem about the change of variable for Dirac
{

¢ G = TIR(P] 60w -wiy/5 (49)
‘; where
1 - Rippa Bli,witg,90]
and
! J,($)= |4¢tg3(,¢,g,)| ;

If equation (48) has more than one root, the right-hand-side of
equation (49) must be evaluated at each root and summed over all of
them.

We must allow for the possibility of degenerate systems, such
as Keplerian motion, in which some of the frequencies are identically

equal to zero. To do this, let us partition the variables into two

| parts




=S - el

such that the frequencies y'= £, and v'= ‘A}., satisfy

_l"=o (a.e.)
and

4 *9 (a.e.)

Then, from Corollary 1, the weak limit of the rhase-space

distribution function is expressed in new variables as

¥ 4.4 = q‘[E(;’] 8[‘!‘"‘!;';‘]/.]"(})

In terms of the original variables 8.2 the result is

P(p)= F{R[1y )} s{w«%,,,)-m[;w,p]}/;‘[;u‘,,)} (50)

The asymptotic form of the spatial density function, F 3

)

is obtained by integrating the ¥ of equation (50) over all momenta
¢ . There are two cases to be considered. First, if the set w

is vacuous (i.e., the system is non-degenerate) we obtain

JAE N =f(§‘{g[1(1,p]}/3‘ [I“’{'F’]) c\g . (51)

Second, if the set w' is non-vacuous (i.e., the system is degenerate)




Fap= [ (Felzgpl) alrgel alig.pl) i (52)
T

where the integration is performed over the hypersurface
L=Wig,p) -\so[!(%,z)] =0 ,
and
J = V Z .
= l £ |
> =

o

Two-Dimensional Keplerian Motion

In this section the details of the algorithm are worked out for
the case in which the particles execute bounded, Keplerian motion in
a common plane. There are three reasons for considering this example
in detail. First, it is simple enough that the algebraic details
do not obscure the structure of the algorithm. Second, from the work
of Kotsakis (1964) we have a partial check of the algorithm for the
more specialized case of isotropic dispersion from a circular orbit.
Third, when the velocity increments are small relative to the total
velocity in the parent orbit, the out-of-plane component is de-
coupled from the in-plane components (Kotsakis 196L, Tschauner and
Hempel, 1965). Thus, this case is really a prerequisite for the full,

three-dimensional Keplerian case.

The analysis will be executed in three stages. First, the
expression for § for a general momentum distribution function ¥
will be reduced to a one dimensional quadrature which normally will
have to be performed numerically. Second, the quadrature will be

performed analytically for the case of anisotropic, small velocity
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dispersion from an elliptical orbit when ¥ may be represented as a

Dirac delta function. Third, the results will be compared to those of

Kotsakis and numerical examples will be presented.

A. Reduction to Quadrature

Let the generalized coordinates be the polar coordinates
(r
¢ = o)

- l\
whose conjugate mementa are g = (r‘ 9 .

The Hamiltonian is

Let the coordinate system be oriented such that the initial point is
i
T o) ’

The Delaunay variables are a convenient combination of action and

angle variables so w and 3. become
«-(y) (c)
N = J ) Yy = G

The system is degenerate so the angle variables and frequencies are

partitioned according to

and

The well-known relations connecting (q p ) and (x,} ) are

/

V/a

L:/A(Z/A/r—h"- P“/,x)- (53)




( g

G=p

-
-

r = Gl/,.l[\ + e ca:(e—a)]
and g= g+vie,))
where e*=1-GY/L*

and v(e,2) is a periodic function of L .

The initial phase-space distribution function is

Po= FCp,p) 8Cr-e) 6(8)/r,

Using the relations (53) and equation (50), we may immediately

rewrite down the limit of the phase-space distribution function to be

?(r‘e’ P‘)P‘.)-: (; [Y\(P\,Fx) ! P;] S\'}\/ljlf,

(54)
where
i ; 1/2
Y(p, pY) = [pf e pi(1ren - Ve )4 2 Li7e, = 1e)]
and
n= 0= areces {[1- (pr/m)(zplr- ph- P/ e)]” ¢ P/ep=1)}
' T -V
+ arc cos { {.1 -(P:/f")(z,“/"' P:._ f:/r‘)] 1-( F:/"u*“) } ’
and

7= d(r,9)
3(1,3)

k.%,

: g -3 ;
pmlrpse = plepif e G )
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The remaining task is to obtain p which, as we recall, is

4

5 <[54
F=a¥inds (55)

To evaluate the integral (55) it is convenient to transform coordinates

from h.y, %o S In so doing, we obtain the one-dimensional

integral

F=g givlnorpopl, ni|2n] e (56)
o | 13w
The expression for the argument of § is
! ' M PL Cal
I‘F\)! Yi[PMO.r:%P:]: ——-S»\Q [T(-“: ~-;_:§)_ -;_‘\)-{L:)J, (ST)

* -

Equation (57) is most directly derived by eliminating g from

r= P:/}*[“" 3\';‘5(g_3)]
and

= Pll/'»(‘bﬂwasj)
then solving for p, as a function of p, , and finally using the energy

integral in the form

2 T =
P: - l-“/r‘L -p/r = X' % r\f"'e"' e, .

This derivation allows us to interpret {(P.) as the radial velocity

which sends an orbit with initial conditions v, 2; {, p, through the

3

point v, & .

L ——




The third factor in the integrand of (56) involves 2Pp./2n which

is

a2 ﬁ(tux°-1)+1_(1-m_.a>} (58)
3'{ -J‘m“9 P " F P; J

o

Finally, we assemble the above results to obtain the desired one-

dimensional integral for P o

- asepyp b B b s bos il i (59)
f‘f?[ S Py ’PIJ s* B’ I s 'ﬂ°| i !
where
ﬁ::P:/pY =1 ] pa= P:/#".-‘ ) C=co: 9 .‘lv\c‘ ST s O .

This solution is valid for general momentum distribution functions
i(p.,n) . However, in most cases it would be necessary to resort to
numerical methods to evaluate the integral. In the next section we
consider an important case for which the integrand (59) can be evaluated
analytically.

B. Small Initial Velocity Increments Concentrated on an Ellipse

Let us now consider the case where the momentum distribution

function is

g‘(PVtP; = ﬂd',d‘zr,v,‘ 8 [(Pi- P1°);/IOT" e (P;- Po):/f:'d_:: g VO;] (60)

This describes anisotropic dispersion from the parent orbit whose

initial conditions are r..0; 4 ,p, . The anisotropy is of the special




form that the incremental momenta of the particles lie on an ellipse
in the p., P -plane. Were o,= o, , the dispersion would be
isotropic and the incremental velocity of each particle would be o, v,
Were p_=0 and pi//u=r, , the parent orbit would be circular.

The integral (59) may now be written

A e 32 dp.
7= js{a,,)——-— Joesatpl s page | e, )
where 1 e by 2
= 220 = S P o 2
f(Pt) d"z = [ P F\o ] & (:z d”' s :
The integral (61) may be evaluated immediately as
3iz
3 ‘Sl'p pg.«Zﬁ/;c
Flr,0) =E 5"” | (62)
N CUZI R BT
F:zrz*
where p. 1is the root of the equation
(63)

Hpt)=0 .

Equation (63) represents a quartic which has two real roots, and the
summation in equation (62) is taken over both of these roots.

In most cases of physical interest r.v./p,<<1 , meaning that the
incremental velocities are much smaller than the total velocity of the
parent body. We shall exploit this fact to solve the quartic (63)
and to give the results in their most illuminating form.

To this end, we let

32
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e

Rl

@ =1/ [1eipimr,=1)e ~(pap e ], (64)

-
i

= (pi/w)(Fen) |, (65)

and Pe

P (1 cta)]

where | x|

The curve r18) = (pr/u)¥i(0) is the orbit of the parent. Upon substitu-
tion of equations (65) - (66) into equations (62) - (63), and after

retention of only the lowest order terms in ,» one obtains

F(x‘9)= F:(\—e:)“l &-“z (67)
TS, P (Vv )

where

el o R T T L%“-“-(PQP‘,/;A)-*J:}- . (68)

3 o L
P AT, I = s o

In equation (67) we have used the relations

5F P\o Po/ M = @5 s jo

P.:/"‘.,A = l&e.(asj. %
where e, and j. are elements of the parent orbit.

The curve bounding the asymptotic domain is obtained by setting

(9]
(V)

T R
s ———— ST T P g P s
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e —

T

A= 0O . Thus, the bounding curve is defined by the equation

/2 L~

%, (0)= 27 r_.:_,{ a;‘s‘(L:‘_); - rx‘[l(\-;) - F,P,,S/Fjg (69)
Po M

C. Discussion of the Two-Dimensional Case

First we should take the opportunity tc compare our results
to those obtained by Kotsakis in the special case of isotropic
dispersion from a circular parent orbit. If we let Ps/w="%, p,=0, and

5, -a,=1 ; equations (69) and (68) become, respectively,

< ) ~ -1'/1

Ry B2V % [s - de S Ml A (70)
or

2, = 22« I4"‘!..-9(“’35»'}1.9)”z
and \ - s V2

?g _ {f{s‘-rq.(h.:)"]-x" ]

w pt et

or e 'y .3‘-!'; (71)

F= = R LI R PR

2
Fr)‘,g

where o« =Ves/ve and v‘=J,u/r,
Equation (70) is equivalent to equation (14) of Kotsakis.
However, Kotsakis does not derive 7 (>.9) but rather the radially

averaged density

ol
@
"

Lx, f:'f“frérda
.




Using equation (71) we calculate

?: 1/(lwr,‘)(4¢.) 3&»%9(1# 35m‘3;_9)””
or

il

F o 1/arm, dmta (103 st Lo)' (72)
which agrees with equation (21') of Kotsakis.

The shape of the bounding curve is quite sensitive to the value
of 3o when e, 1is not small and there is also a marked dependence
on the relative values of o, and o, . Figures (la—c) show these
bounding curves for the case e,=o0.7 and for various values of 9o s 9

and o,

The radial dependence of the density is illustrated in Figure (5).
The salient feature is the singularity at the inner and outer ex-
tremeties of the domain. These singularities are artifacts of the
singular nature of the function chosen for ¥ and would be smoothed

out upon a superposition of a continuum of such functions.

It is interesting to invert the problem. That is, to suppose
that one observes an asymptotic distribution of particles, known a
priori to result from a momentum distribution of the form (60). and to

ask if we can determine this momentum distribution function. Clearly,

this involves only the determination of the parameters Piss Ps ;7,84 %1, @

&y T YR Y

and v, . If one knows the boundary of the domain one can determine

]

tey, ry, and 9, and hence r,9.,, p,, and p, simply by tracing the
center of the domain. Further, the shape of the boundary yields v, s,

and v,c, unambiguously. To separate v, from these latter paramters.

however, it is necessary to know, in addition. the density at an
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Fig. 4a - Boundary for the Keplerian asymptotic domain
in the orbit plane of the parent body for e = 0.7 and

various values of . and Toe The dottgd curVe is the
orbit of the paren% body.” Here 8," 0~
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Fig. 4b - Same as 4a but g = 90°
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Fig. 4c - Same as 4a but 8, 135°
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Fig. 5 - The radial dependence of Keplerian spatial

density in the orbit plane of the parent body for the
momentum distribution function given by equation (60)
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interior point. The central density at any point for which 028, |
would suffice. We conclude that knowledge of the boundary and the

density at one interior point are sufficient to solve the inverse

problem. Such complete knowledge is not necessary, however. For if

we know the point of origin and the boundaries at two more distinct

values of & we can unambiguously fix % p ,p, ,vo0,, and Ve s,

Knowledge of the density at an interior point would then be sufficient

to solve the inverse problem. On the other hand, even complete know-

ledge of the density along Just one ray 6 = const. is insufficient

to solve the inverse problem.

Three-Dimensional Keplerian Motion

In this section we provide the details of the algorithm for the
case of general, bounded Keplerian motion. As in the previous section,
the general case will be reduced to a one-dimensional integral and then
the quadrature will be executed analytically for the case of small
velocity disperison and incremental velocities confined to an ellipsoid.

A. Reduction to Quadrature

Now let the generalized coordinates be spherical coordinates
/

Sl
L
whose conjugate momenta are
&
ol rte ) ‘
g TS r‘sal‘e ¢ ‘
The Hamiltonian is
M: %‘Ptk-*P:/r‘ + P:/r‘&at‘é\ - A/ .




Let the coordinate system be oriented such that the parent orbit lies

in the plane 6=0 and the initial point is
K
%0 - ’ o .
Lo
The Delaunay variables are again a convenient linear combination of

the action and angle variables so we have

(t ;
“.”.=fjl ) }'-{GJ

(4] "‘

The partition to account for the degeneracy of the system is

1]

P—————
o O
~——

W= (k] ) v’
and

-3
w'= # 4

-
<
I

3

i
—

The well-known relations connecting (4.g> and (w

,4+) are
L= p Qaplropiepi/et = piferana )
G = (P:*P:/C=‘=9)‘“
M= p, (73)
¢ = G—'/#[he:as(w-j‘l]
sin D = sim 1 femw
and d=fhovw
where e'= 1-G/L" |, wiim H/G |, s ¥z tam 6/t i ,

and w=93+vie,l) vhere v(e,!) is a periodic function of { .

L1




The initial phase-space distribution function is

ne g‘(Pﬁ-Pa.P:) S("*fo) 8\’e)s(’\/‘v"o‘

Using the relations (73) and equation (50), one obtains the follow~

ing limit of the phase-space distribution function
? (r‘a‘élhjnnh) - ¢(y‘-*’t.Y)) 8(’[) 8(‘) /l J‘\ '..I- (Th)
where

Vi
YCr R B)= DR +(pr e p)t /eos®0) (Wit =1/ ) & 2 Le 1/')} / 3

MCPLP )= Cple o wnte)'
. € =WV Ayl , ot Gt
| =i [U-(H:‘-) :W\O}-qn,rm[(]-%“) ‘\%_\)J-drgu [(\-‘L‘) (%._\)J

and

{ = .}-o-u&[(:—:-i).‘“¥m8] .

In the last two equations, the variables L, G, H must be regarded as
functions of p % p,r and 9 as given in equations (73). In
deriving these expressions, use has been made of the fact that PN

and the ‘nitial value of « are either O or 1 because of the choice
of the coordinate system. The Jacobian determinant appearing in
equation (T4) is

3r o o) J
Jo= R

l&nﬂa

- —
= mlrp/e -r"-fa\‘/r'- r;,’r‘.x’.‘ ) ‘V‘(r." Y9 'ﬁ‘ ~'9) /ﬂ.

L2




The limiting spatial density function is now

7= 17 dnindy (75)

To evaluate the integral (75) it is convenient to transform coordinates

from p | p, p, to 7.4, p, to obtain

S J ?{V’,[FJ%Q P, P(0.0, p), f:],YtCP:.(".:'. hlbs ) } i

X ’a(P'-F»)l dp;
3(1;4) IIII‘_’;

Omitting the details of the derivation, the final expressions for the

first two arguments of § in equation (76) are

L
Z’(ﬁ)i ~"’1,. [ I’|'°‘°,F;J,Pz(°-°'r:>, Ps ]

- cost8 u* (B=Boio:f c3:5)" (77)

P,‘(]# 3:}\‘9 :«ut"‘) | = co:=9 tostp

{1}

and t:‘( Pa) “V: [ P29, Ps), r;]

- P;' *—a»f@ /:‘w\;ﬁ

where R= (P:L/r,n) (sec*® + +an*8/trn*d ) =1

L3




B, = (F§Na,u)(a‘ec‘9 +ta'O/ antp ) -1

For the second Jacobian determinant in equation (76), one obtains

2Cpipd M m B (B=foc08 o.s )

(79)
a(T.C ) (14 5020 @t @)/ (1-c0:%Fco:'p ) sl

where it is understood that the Jacobian has been evaluated for 1=§{=0.

Assembling the above results, we obtain the following one-dimen-
sional integral for F:

f 2 *oq s s i
J_._= J-‘j_: (,5-/9.“"9 »,,sp)/*, y e @ . P:] .8 ,B’ﬁ —/3. ¢2/9/!.> o 5] AP‘A

&n  (80])
- YAB B s Py cos9 s’ § (AB)H g

where the abbreviations
A= (1+:"9 ot N/ cos*8

B = l—cos"eca:‘¢

have been introduced.

Equation (80) reduces the calculation of f(r,e ) for arbitrary

q(n.h,ﬁ ) , to a single quadrature. As in the preceeding section we

next consider an important special case for which the integral (80)
can be evaluated analytically.

B. Small Initial Velocity Increments Concentrated on an Ellipsoid

Let us now consider the case where the momentum distribution
function is

Ly




Rk b ke

—

= PP P - Pyt s 1
Fppp)= 8 * ¢ ———— (81)

o r o, > oo, WS T Ty rg* v}

This describes anisotropic dispersion from a parent orbit whose initial
conditions are %,00;p,,0 p, . The anisotropy is of the special form
that the momentum increments lie on a triaxial ellipsoid. Were

Tz = » the dispersion would be isotropic and the incremental
velocity of each particle would be <7V, . VWere P=C and p.jm=vr, ,
the parent orbit would be circular.

The integral (59) becomes

d
,U-tl 5_/5: -A". 18RBeco.B cos P |

dp (82)
= ’ 3
e j. S[E“P’)] Pl 2@ smip (A8 (raaia r v, )
where

- 2z bR

1 Ca= ) X .
§(r‘): ! [ S Pesie coed I8 -YAB Pl + M - CBsRial v

Abf,‘L Py Yo Ty S o J‘,\

Now, we again exploit the fact that the incremental velocities are

expected to be small relative to the velocity of the parent body,

and write

r = (l"t/ﬁ*)(?".')

Ps = P lve)

where T is given by equation (64); Ixi,l€!l and i8i<<! ; and §¢( By =0,




It follows that A=1+0(8*)and B=- % +0(6*), After retaining the

lowest order terms in x and @ in the evaluation of the integral (82)

one obtains

AW ye 7 p

F(x6,4)= — (83)

T, 0T, e Po s

where Sz simd , < zcosP

and

e\ S L [0 -(papa/m)s )t Piite By L . (84)
3 {(,“—'-) }?+ P (T) = S A

el

The asymptotic domain is bounded by the surface defined by A=o0

bl

that is, the surface

(mes/pr = FHF (Fo)*

= (_r’_";)z (85)
P

- -
?" §.( :.r, ) .s‘:r,‘ + [1(\-c)- { P,P"/,A)s}zg: } (Frsay )"

C. Discussion of the Three-Dimensional Case
Following the procedure of the previous section, it is easily
shown that equation (84) reduces to that obtained by Kotsakis in the

case of isotropic dispersion from a circular orbit. Similarly, if

L6

e e TR o e T e

Coan




one calculates Ve

JJ F(x.9,0) dx <0
F(») = o B (T2 )
oy ayi-ev et
B J’JJ Tdxdeds

9 b -aq4- g /et

where a and b are the semi-axes of the cross-sections of the domain by
planes 3= const., one agrees with the averaged density reported by
Kotsakis except for a factor of two. This discrepancy arises because
of an apparent slip, by a factor of two, in Kotsakis' calculation of
the cross-sectional area.

The cross-sections of the asymptotic domain by a plane ¢=const.
remain elliptical as in the isotropic, circular parent orbit case.

The semi-axes of these ellipses become

-
ce® -

x axis: (%)?L("E){(;L:})t et o Lagecd <t n) 1 }

y axis: k%)(_&)ﬁn .

A series of these ellipses is illustrated in Figure (6) for the case

L
T qLT =1, =07, j.= 135

In sections of the bounding volume by the planes ¢ const.,

the iso-density contours are ellipses. The density is again singular

at the boundary of the domain. The density minimum is attained on the
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parent orbit.

The cross-section of the bounding domain by the plane 9 = 2
is the bounding curves described in the previous section. To
transfer the two-dimensional results to the three-dimensional case
one must replace o, by o3 .

Particles Orbiting an Oblate Primary

The results obtained in the previcus section are unrealistic in
the sense that perturbations due to the oblateness of the primary,
or the attraction of a third body, would precess the orbits and destroy
the highly stylized structure of the Keplerian case. One might argue
that when the perturbations are small there will be an intermediate
period of time when the Keplerian dispersion will dominate. During
this intermediate period, the structure we have just discussed would
provide a decent approximacicn to the state of the ensemble. Never-
theless, in the limit t-—»e~ the perturbations would eventually
dominate.

Fortunately, the theory developed in Section 3 is sufficiently
general to deal with the effect of perturbations. 1In this.section
we shall use the algorithm to determine the boundary of the asymptotic
domain when the particles orbit an oblate primary. The discussion
of the density in this case will be left for a future paper. In
order to apply the theory, it is necessary to deal with systems
governed by a separable Hamiltonian. The Hamiltonian describing
motion about an oblate primary is not separable, except in the case

of the Vinti potential. However, the motion of a particle about




an cblate primary may be described accurately by an intermediary orbit
which is based on a separable Hamiltonian (Garfinkel, 1959, Aksnes,

1972).

) A. Boundary of the Asymptotic Domain

g | Let us again choose spherical coordinates to describe the
i motion of the particles. Let the plane © =0 be the equatorial plane
i; of the oblate primary. Let the point (.,9:,0) be the initial point.

.‘ The Hamiltonian for a spherical coordinate intermediary orbit

“ is (Aksnes, 1972)

| % = ]i(P‘t.,r:./‘,a.+P’z/er;19)—,u-/r +’LC‘J1(&.':)1 P1 (h:«se) ) (86)
r

where J2 is the second zonal geopotential coefficient (~10.3 for the

earth), a, is the equatorial radius of the primary, P2 is the second
Legendre polynomial, and ¢, is a constant which may depend on the
momenta. Associated with this Hamiltonian are Delaunay type variables
which we shall use as a convenient combination of action and angle
variables. The relations connecting these generalized Delaunay
variables to the coordinates and momenta are more complicated than

equations (73). For our purposes we need list only the relations
L= plapr=pr - Gi/er ) bt
G -(prepr/eosto) 6 ~2pt T, A, P (s5m0) = O

!

gy - (87)
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The importance of the Hamiltonian (86), in the present application, is
that it is separable, that the frequencies associated with L, G, H are
non-zero and linearly independent almost everywhere, and that it
accurately describes the motion of a particle about an oblate primary.

Since the dynamical system is non-degenerate, it is not necessary
to partition the angle variables, and the integral (51) gives the

spatial density. This integral becomes

7oy [T m dndpdn /1T ey b, r) (88)

where

Wha wE st (Wrr e 1le2 ) * 2ty = \1e)

\

>

= G - Py /cort€, —2pec, Jz_ P,,_(;‘AB,)
and

G = G(G‘P‘»P))

We see immediately that coordinate # is absent in equation (88) so
that the density and the bounding surface are rotationally symmetric
about the axis of symmetry of the primary.

As long as J2 is not zero, no matter how small, we must deal
with the three-dimensional integral (88) instead of the one-dimensional
integral derived for the degenerate, Keplerian case. Having accounted

for this, however, we may now neglect the effects of J, and still

g

obtain an accurate description of the state of the ensemble. A

51




consequence of this is that the relations (87) may be replaced by

the relations (73) in what follows.
To discuss the boundary of the asymptotic domain, we shall

treat the following form of d(p)

FChubiP) = 8 L Pl e (hm Puad /nt * Cpam Py Fetiorts, = Ve )(89)

where r,,8, 0,0 p B, 9re the initial conditions for a circular
parent orbit. The current choice of coordinates does not allow us
to assume that p,,=© as in equation (81). From equation (89) it

follows that
Flow ,p) = § [E‘P\.P.,P:)] 3 (90)

where

I - FQL e (‘4’;’?.5"*'.\" :'x"l'k ’(Pi-P.lar.’yrd‘ )‘/'-l““‘g

- kpk/".)\l‘# 2r/r &-r‘/'."—S\ ’

tS

Y, = P: - P.\\ (rec*® - vec'9,) )

and

-
= Wlive) = answ

In equation (91), use has been made of the relations




where i is the inclination of the parent orbit.
A point (r 0,4) lies in the asymptotic domain of the ensemble

if the equation

Rla8, im0 (93)

has a solution. This equation alone, however, is insufficient to

determine the domain. We must also satisfy the constraints

kS

Y, - P:“( sect® - se.’8,) > O (9’4)

and

P“ + (v: + P; cect8, ) Vrr - Uit ) + 2 (V/r, - 1/r) > 0. (95)

Now let us concentrate on the case of small velocity increments.

This allows us to represent

r= v en)

and to assume

e ~OCx) , Ixl << 1

Further, let us choose units such that m=1 - =1 . With these

simplifications, equations (93) - (95) become

- *
Py > [";-Pg..(\’\)t] & [P,'P..Gil#l.)‘]x

—

a3t a4+ Inu* tu.'«.‘in.‘):a,‘é,, (96)




et e

o

|
%!

r“'«- (Yo + ?: sect9,) (3x*-2%) > Z(x*-x) (97)

w: > P (cect® - sect@a) (98)
Equations (96) - (98) provide a useful geometrical interpreta-

tion of the problem of locating the boundaries of the asymptotic
domain. Regard equations (96) - (98) in coordinates Fp,, v, p,
Equation (96) represents an oblate spheroid centered at [ o, Peo(1 4 %),
Pioci+x)* ) . The boundary of the region for which equation (97)

is satisfied is either a triaxial ellipsoid ( x < 0) or an elliptical
hyperboloid of one sheet (x > 0), both centered at the origin. If

8 <9, , equation (98) is always satisfied. If 9>9, , the boundary
of the region for which equation (98) is satisfied is a wedge. Thus,
our problem is to find those pairs (x, 8 ) for which the ellipsoid
(96) intersects or lies within the wedge (98) and the ellipsoid/
hyperboloid (97).

Let

€, = oL Veos*8, - cas™ 2 / e L (99)

When 191 <t the equation and the constraints are satisfied if

e* <« loa® (100)
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This part of the asymptotic domain is independent of 9 and is the

volume between the spheres r=1:t4« , but outside the cones ©= + {

When 1< |8\l <i+e, , the equation and the constraints are satisfied

if
i (101)
where s e
and
*, = leat [1-(6/5,)”] : (102)

The asymptotic domain, as described by equations (100) and (101),
is illustrated in Figure 7. This figure shows the cross-section of
the domain by a plane ¢ = const. The domain is the volume of
revolution swept out as the curve is rotated about the axis of
symmetry of the primary. An important feature of the bounding curve
is that it depends on the initial latitude. The perturbations do
not destroy the record of the initial point. In the Keplerian case,
the asymptotic domain is bounded by a toroid which is aligned with
the plane of the parent orbit but is constricted to a point at the
place of origin and pinched to a line 180° away in true anomaly.
When oblateness perturbations are considered, the asymptotic domain

is a toroid whose axis is the axis of symmetry of the oblate primary.
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THE INVERSE PROBLEM

There is a large class of problems in the physical sciences,

generally known as inverse problems, which are concerned with the

determination of models of physical systems from indirect, and usually
incomplete, observational data. These problems abound in geophysics
(Parker, 1977; Gilbert, 1971) and one may cite as examples the
problems of determining the dzusity of the earth's interior from
seismic data, the structure of the ionosphere from radio wave propaga-
tion characteristics, and the structure of the geomagnetic field from
satellite-born magnetometer measurements. Excellent expositions of
the mathematical aspects of these problems have been given by Keller
(1976), Prosser (1977), and Backus (1971).

In a sense, the problem of orbit determination is an inverse
problem. Certainly there are similarities between the techniques
used by Backus and Gilbert to solve inverse problems and the differential
correction schemes used to estimate orbital elements from observations
of the position of a celestial body. However, there is also a funda-
mental difference between estimation problems and inverse problems.
The former involve the estimation of a finite number of parameters
from an over determined data set while the latter seeks a continuous
model from a woefully inadequate data set. It is useful to draw the
analogy between the relation of maximum-minima problems of elementary
calculus to problems of the calculus of variations, one one hand, and
estimation problems to inverse problems on the other. A good example

of an inverse problem in modern day celestial mechanics is the
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determination of atmospheric density models from the study of decaying
artificial earth satellites.

In this section we consider the inverse problem associated with
an ensemble of particles which emanate simultaneously from a point
source with a continuous distribution of momenta. The problem is to
determine the initial momentum distribution from observations of the
evolving ensemble.

The inverse problem for the particle ensemble system, or any
system for that matter, is completely posed only when one has specified
precisely what observations are to be used. For an ensemble of
particles, knowledge of the time and position of initial dispersion
and a complete knowledge of the spatial distribution of particles at
a later time admit a relatively simple solution of the problem. In
practice, however, one seldom has such complete knowledge of the
system. Usually, only a sample of the ensemble is observed and the
time and place of initial dispersion may not be known. This occurs,
for example, in the cases of fragmentation of artificial earth satel-
lites and the formation and evolution of meteor streams.

Thus, the study of our inverse problem must be based on properties
which can be estimated from a subset of the ensemble. The theory
developed in the sequel is based on the moments of particle position
relative to a body in the orbit of the parent. A truncation at some
order is inevitable, and the present theory is truncated at the fourth
order moments. In statistical terminology, the moments of third order

incorporate skewness of the distribution while fourth order moments
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incorporate kurtosis.

Our mathematical treatment of the inverse problem will proceed in
stages from the ideal situation of complete knowledge of ¢ <}) e
and place of breakup to cases of progressively less observational
material. We shall deal only with linear dynamical systems in this
section. Further, let us consider only conservative systems so that

P(Q,p,t) =0 [51J1)]. This is done Jjust for convenience and there is

no difficulty in modifying the theory for non-zero I

Given £ (4 ) and Time and Place of Initial Disintegration

To begin the study of the inverse problem, let us examine the
case in which one knows the spatial density completely as well as the
time of initial dispersion, an equivalent statement is that the time
t is known. From equation (21), the spatial density is related to the

momentum distribution function according to

1

G[Mw")i - Yio,t) V o) 1‘]
]dﬁ'Vw1i

Plg.8) = (21 bis)

We seek an expression for G g‘ . The simple form of the relation (21)

allows us to write immediately

Gp) = IMV(o,c)|f[M"(o,t)(g + Yoo t\V-‘(Ot)%‘)] ‘ (103)

As an example, suppose Pi{g> were known to be of ellipsocidal form
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PEN e {-1(4-PAG-D} (104)

where A is a symmetric, positive definite matrix and'i is a constant.
The momentum distribution which produced this particle distribution

l would be the ellipsoidal distribution

Glp) = Nt VOO | sp{-La} (105)

b]

with
a=[pe Yooy ey 1.-MR] M0 A M o[ YooV g - Mg -

Given Moments of £(4% ) and the Time and Place of Initial

Disintegration

Now we relax the requirement on knowledge of f(‘%) and assume
knowledge of the low order moments (order zero through four). A
solution of the inverse problem may be obtained in this case by
introducing expansions for f(=¥) and G(p) in three-dimensional Hermite
polynomials and by using equation (103) to relate the known moments
to the unknown coefficients in the expansion for G(g ). There is, in
principle, no necessity to truncate the expansion at fourth order.

The development given below may be carried out te any desired order.
In practice, however, it seems desirable to truncate the theory at

fourth order. %




To begin the analysis, let us recall some basic properties of

three-dimensional Hermite polynomials (Grad, 1949). The polynomials

are defined by

"

! A e e B
with

-3
w=(z2w) '*

Axp {""i ?’_-‘} 5

Here D" is the differential operator of all partial derivatives of
order n and X"’ is a tensor of order n whose components are poly-

nomials of degree n . Explicit expressions for the polynomials

through fourth order are:

|
-

il
\ to)
il R 2
“'l
:l
¢
X;’ i

()

Ki] = 1:‘1)- 511 1

(3

. = Gk - ; {
LS ] )lﬁ_ (7‘; th.*‘j i & -'J‘ 5

X

(e)

: Sxxx x ~-(x.x:'$ t ; r
SLY o JhL*zﬁle*‘tﬂéu ‘5‘t5m“'ﬂ°;h“u“;&‘)

+(¢5”'<5U.+ S0+ &8 6 )

S 5
LR AT

vwhere §j is the Kronecker delta.

If §(x) 1is a function satisfying the condition

J. i
BLWE ey | % ) (106)

then f may be represented by the Hermite expansion
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fio) = wa® +§‘«‘;’ e+ Zal AT w00 ] (1071)
M

)

where the subscripts on ¥ and "' are n-indices. Any function of

compact support, hence any spatial density function, satisfies con-
dition (106) and may be represented by the series (107). Note that
not all terms in the series (107) are unique because 2'y occurs once
for each permutation of A . The Hermite coefficients for equation

(107) are evaluated from
(108)

To apply these concepts to the solution of the inverse problem

we introduce the variable
?.:A(-e—go) !
where A is a symmetric, positive definite matrix and p, is a constant.

A and p, are unspecified at this point. Next, represent G(p) by the

series

G“F’: w‘}.‘[ “1‘0) "z; Q:;n x«;y{.;) - ;q":’ X,J'i’ % v ] (109)

From equation (21), it follows that p(3) 1is represented by the series

y(p-.-':;—\}lu [A(M-‘-YV"%‘-L] {o.'”a- Z\:a\ )(“; [A(N\%-YV"%‘{ZJJ
! (110)
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where here, and in the sequal, the time dependent matrices are

evaluated at the arguments (o,t),

The next step is to relate the moments of f , assumed known, to
the unknown coefficients a'| .

The zeroth moment, or mean of the density, is

<f>= jfclg‘,

a® 1

lact v | det (AM) (111)

The first order moments involve the center of mass of the
ensemble and we obtain
g7 <> = 3‘};4}
= 1
| det V] detAm) [

M

\AM\-‘}_ - kM"YV"%‘ + M-‘Eﬁ a’ ]
or

1 oY (1) -t -1 <\ o
<3> = o [aamy e (MY T YN p) ] (112)

The second order moments involve the covariances of position

relative to the mean. In dyadic notation, we obtain

<g>((%-<‘,>)(‘§-<}>)> = fj(;_-(p)(%«p) A.¥ |

St W) [28 M8 - & 8" 0] (113)

léct V| «ut(am) a™

We now observe that the expansion (109) for G(g ) is valid for

any positive definite, symmetric matrix A and arbitrary L
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Furthermore, it is not possible to separate A and p, from x‘;' and

> :. . Therefore, one is free to choose A and g, and determine ,\"\’ .
- or vice versa. We shall follow the latter course and choose
N “ . This simplifies the moment equations considerably
without any loss of generality.
Before proceeding, let us ease the notational burden by introduc-
ing

c = %-—4%)

and .
B=(AM) 8

With these simplifications, equations (112) and (113) become

<g>= m! [‘an.'fv"%‘] ; (114)
and
P | -
dee>.. = 2t (MA™™M) = st . BB
) ) g (115)
The third and fourth order moments are found to be
& - / 9y <3
L2e $'>‘i"- = [3‘./4. ] ‘g{ bw bjibnco'r:t (116)
and

<essed;,, = L obebubyb (et v b e bt s 808,) (1)

ritw
estw

where b.=amit. B
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I
To complete the solution, we must solve equations (11L4)-(117)
1) te)
for g, A, e in and L*)"-L . Let
“ r "y v
+ = L €< <> ~
where N\ is an n-index. From equations (114) and (115) we obtain
g, = M‘%)-YV-'%‘ i (118)
and
sk v
A = (My M) < (119)
Note that these relations are presaged by equations (104) and (105).
To invert the third and fourth order relations, introduce the quantities
/"ij = “\*ij 8"
: Then we obtain
3 e i-:_‘ (3) (120)
T 3 Z ’8"/314#“ ot
and :
PO (&) i3 ;
a:'““ll = :T{ Z ’B\"Puﬁn.t/s\u r‘r:h.) I (\)5“‘6“8” + Sx\‘syk\):} (121)
l) ® Yataw
It is clear from equations (120) and (121) that higher order
moment equations would present no inversion difficulties. At all
. orders, only B ' is needed to execute the inversion. ‘
Assembling the above results, we obtain the following expression
65
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for G(p) :

(3

G(p)= <poldet VI dettW w {1+ 3 Z}: Bibii fui<essd,y R

e [S4 1
"'QI —-: [(sup,,P.._(laL,. e e ‘c>"$tv--(b‘)ét1 b“‘ i b J \]x ; }

.lkl'xf v
where
W= exp {";‘B-F.‘)-A;Lg-p.)}
L LAY i
?“— M<}> }‘ 3
and

Aa = (M‘-.H\F\)" ;

Comments on More General Situations

The case treated in the previous section is usually appropriate
for the analysis of satellite breakups. The reason for this is that
the most common set of data available on a breakup is a complete set
of orbital elements for each fragment and there are several independent
methods available for determining the time and place of breakup from
such data.

In general, if one knows neither the time nor place of breakup,
the inverse problem can be solved if the moments of f are known at
two different times. The plausibility of this statement follows from
the observation that Lambert's theorem provides a method for calculating
an orbit given two position measurements and the time interval
separating the measurements. A method of solution in this case will be
outlined below. But first let us consider a weaker generalization.

Suppose we have two sets of moments associated with known times.
Suppose we know neither the time nor place of breakup but do know
the orbit of the parent body from which the fragments originated. This

last piece of information relates place of breakup to time of breakup.
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Thus, we really have to determine only the time of breakup. By
applying the algorithm developed in the previous section to both sets
of moments one would obtain two momentum distribution functions,

G,(p,*) and G&,¢p,t) which depend on the unknown time of breakup.

Now form a'loss function"

L ()= 5[6.(?.;)-6,(;&)}23; & (122)

Assuming a unique solution to the inverse problem, one may find the
unknown t by finding the zero of L (t) . In practice; because of
observational errors, sampling errors, and truncation errors; one
should seek the minimum of L (¢) rather than a zero. Once t is found,
Gl and G2 will agree (or nearly so) and will provide the solution.

The more general case in which we do not assume knowledge of the
parent orbit is not conceptionally different. In this case the two
sets of moments provide two momentum distribution functions &, 'B.t 3.)

and Gt(g,t)‘}_\ which depend on the unknown time, t, and the unknown

position 4, . The appropriate "loss function" is

&(t,},g:\)‘[G‘(E.(‘.\-;,__(;‘t‘t_,]‘ T (123)

Now, minimizing £ with repsect to the four parameters %_.1 will yield

the solution.

Both of the general cases outlined here would involve considerable

numerical effort. It would not be too difficult to write analytical
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expressions for the integrals (122) and (123), but that will not be

undertaken here. Even with analytic expressions for the integrals,

the minimization would involve a non-trivial amount of computation.
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