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We examine two variations of a one-person pebble game played on directed graphs, which
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I
I. Introduc tion.

A number of researchers have studied a one-person pebble game played on directed graphs
as a model of stor age allocation problems ((C], (CS], (HPV1 (PH], (PT]). In this paper we cons ider
two variations of the pebble game.

Suppose C is a directed graph with vertex set V and edge set E. We will write C a (V, £). If
(v, a,) is an edge of C is is a pr edecessor of at and at Is a successor of a. The number of predecessors
of is is its in-degre, and the number of successors Is its out -degree. We will be interested In graphs
of bounded In-degree, so we will denote by ~~(n , d) the class of acyclic directed graphs on n
vertices havin g maximum in-degree d. A source is a vertex of en-degree sero and a s&*k is a
vertex of out-degree 0.

We wi ll cons ider time to be divided into integral steps. The notation (a, b] will mean the set
of Integers I with a s I ~ b.

The black pebble game is played on a graph C i Ø(n , 2) by placing a number of tokens called
black pebbles on the vertices of C according to the following rules. , 

• 
-

(a) At each time step one black pebble may be either placed on an unpebbled vertex or
removed from a pebbled vertex .

(b) A black pebble may be placed on a vertex only if all its predecessors are pebbled.
Thus a black pebble may be placed on a source at any time.

(c) A black pebble may be removed from a vertex at any time.

The object of the game is to pebble a distinguished vertex of C, using no more than a certain fixed
number of pebbles at once.

Intu it ive ly we can think of this game as modelling register allocation for the evaluation of an
expressIon. We can consider each vertex of C to be an operator whose operands are Its
predecessors, so the sources of C are the atomic subexpresslons. Pebbles are registers , and placing a ) -

pebble on a vertex corresponds to computing the value of the subexpresalon In the register. An
operation can be performed only if all its operands are present in registers i.e., all its predecessors
are pebbled. Removing a pebble from a v ertex corresponds to freeing that register to be used to
store the resu lt of another computation. The vertex for the top-level operation in the expression is
the distinguished vertex which we are trying to pebble, and the number of pebbles we use is the
number of registers used in comput ing the expression. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Hopcroft, Paul and V aliant (HPV] have shown that any graph In Ø(n., 2) can be pebbled
with at most O(is/log n) pebbles Paul, Tarjan, and Celoni (PTC] have proved that for Infinitely
many n there ts a graph tn Ø(n,2) whkh mquires citllognpebblss,so th. bound an lHPV) *s
tight to withi n a const ant factor. An algorithm which pebbles any graph with O(Wlog ‘I) pebbles is
also presented in (PTC).

The pebbling problem is, given a graph C e Ø(it, 2) and en Integer k, to decide whether ~
pebbles suff ice to pebble C. Seth i ES) has shown that the pebbl ing problem Is NP-hard , that Is.
that any problem In NP can be reduced to the pebbling problem in polynomial time. It seems likely
that th is problem is not in NP. Seth i also shows that If we restrict the rules of the black pebble
game so that no vertex can ever be pebbled more than once, the pebbling prob lem Is NP-complete ,
that is, any problem in NP can be reduced to the restricted pebbling problem In polynomial time
and the restricted pebbling problem Is In NP. (A discussion of NP-completeness can be found in
(A HU])

Section 2 of thés paper ex tends the result of EPTC3 to a modified pebble game using two
kinds of pebbles. SectIon $ shows that the pebbling problem for another modified pebble game is
complete In polynomial space.

• 2. Black-white oebbk games.

The black-white ~ebbl. gaaie is played on a graph C i Ø(n, 2) with two types of tokens called
black pebbles and white pebbles. Black pebbles are manipulated accord ing to the rules of the black
pebble game, and white pebbles are manipulated accord ing to the following rules, which are In a
sense duals of the black rules.

(d) A white pebble may be placed on a vertex at any time.
(0 A white pebble may be removed from a vertex only if all its predecessors are pebbled

(with either black or white pebbles). Thus a white pebble may be removed from a
source at any time.

The ob ject of the black-white pebble game is to begin with no pebbles on the graph, make
legal manipulations which cause the distinguished vertex to be pebbled with a pebble of either
color , and finish with no pebbles on the graph. A fixed number A of pebbles Is assumed to be
available , but their color is not specified . The number of black pebbles m d  the number of white
pebbles ln use may vary as longuthere are never more than k pebbles on lhe grsph at once. Of
course, a pebble ma~ not change color while it is on the graph.

Intuitively, we can th ink of the black-white pebble game as modelling th. proof of a theorem.
Each vertex Is a lemma which can be deduced from its predecessors. The distinguished vertex Is

I
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the theorem to be proved. Placing a black pebble on a vertex corresponds to prov ing that lemma
from its predecessors, placing a wh ite pebble on a vertex corresponds to assumin g that lemma to be
true , Intending later to justify the assumpt ion by provIng the predecessors. The number of pebbles
available Is the maximum number of intermediate results it is possible to ~remembe? at one time.

Cook and Sethi (CS] show that for Infin Itely many * there are graphs in Ø(n, 2) which
require a number of black and white pebbles proportional to ~ h/4 , The main result of thés section
is that there are in fact graphs requiring ca/log a pebbles. The proof in this section closely
parallels t hat in (PTC]. We will assume their Lemma I and Corollary I.

Lemma I (PTC]. For any value of I there is a graph C(i) ( Ø(c2’, 2) w ith 21 sources and 2’ sinks
such that: For anyj Cl , 2’], if S is any set of j  sources and T is any set of j sInks , then there are at
leasc j  vertex -disjoint paths in CQ) from S to T.

Corollar y I (PTC ). For any j  [0. 2~-l). if j pebbles are placed on any ) vertices of C(i). and T Is
any set of at least j+ I sinks , then at least 2’-) sources are connected to T v ia pebble-free paths.

Lem ma 2. In any graph , if a path from vertex s to vertex t is pebble—free both at times t 1 and t 2,
and t is pebbled at some time in the interval (t ,, t2), then s is pebbled at some time in the interval
It ,, t 2].
Proof. By induction on the length of the path. If the path has length 0 then s - t and the
statement is trivial. If the path has length at least one then there is a succes sor 5’ of s on the path.
B7 the induct ion hypoth esis s’ must be pebbled in It ,, t 2). If s’ is pebbled black then s must be
pebbled when the pebble is placed on s’, and if s’ is pebbled white then s must be pebbled when
the pebble is removed from s’. This completes the proof of Lemma 2.

This lemma will be used to show a en/log n lower bound on the number of pebbles required
to pebble a sequence of graphs which are essent ially the same as those constructed In (PTC). Zn
part icular we will define a graph C(i) for each I ? 10. Let C(l0) - C~ 0) from Lemma I. Then
C(i+ I) — (V(i.s. I), A(1+ I)) is built from two copies of CQ) and two copies of CQ) as follows. Let
G(i) • (VQ), £(i)) have sources 3(1) . {s(i, J) J e [1, 2’)) and sinks 7 (1) . ~l(1, j) j  i [1, 2’)). Let
C(i) — (VC(i), EC(i)) have sources SC(i) — (sc (i, j ) : j  s [1, 2’)) and sinks TC(i) { tc(i , j ) : J 5 Cl , 2’)}.
Let C ,(i) and C2(I) be two copies of CU) and let C1(i) and C,U) be two copIes of C(O. Let
3(1+1) — 1’(’~I.i) 

:j S El , 2111)). and T(i+I) . ftU+l,J) :j I (I, 2”’]) be two new sets of vertices. Let
G(1+ I) — (VU+ I), E(i+ I)), where

4 
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VU+ I) • 3(141) U 7(1+1) U V 1(S) u V1(l) u VC ,(1) ii YC,(O, and

£(1+ I) • £ ,(I) u £~(1) u £C1(i) u £C, (i)
U
u ((s(I. l ,J) . sc,(i J)) :J Cl, 2’])
U I(s 1+l ,J+2’) .sc, (4P) :Jd l,2’))
U ((tc ,(1,J), s ,(4J) ) : J s C1 ,2’))
u j(t,(S,J), :~(i,j)) :j s (1,2’])
u ~(s,(t, fl, sc~4i, J)) J s  (1.2 ’))
u ((tc~(& j). t(i+ 1,,fl) J s (I, 2’])
U ((tc~(i,j ), t(i+ l ,J+2’)) :J s (I, 2’)).

Figure 1 shows C(i. fl . The ‘left half” of S(isl ) will refer to (s(i+I,J) :J e (1,2’)), with similar
definitions for “right half ’ and for 7 (1+1).

Let mn(1) • 3(1)1- rr(oI . 2’, and let nU) • Y(i)I be the total number of vertices of C(i), It
Is easy to show that CU) has maximum in-degre, two and that there is a constant c0 such that
is(i) s COI2’.

Let c 1 • 49/1024, c3 • 3/1024, c3’ 110/1024, and c4 - 111024. The following inequalities are
easily verif ied:

(I) c3issU)/4 a 2c~ze(i+ I) + I
(2) (I —4c3)wt(k I) a c,iss(1+ I)
(3) c,si(i) — I a c4ws(1. I)
(4) Fc,ieU+ 1)1*1 a 2c3,a(l+ I).
(5) c ,a.(1)12 a 2c,m(l) + 1
(6) (I—2c~)im(t) a c ,~U)
(7) c3~(lW2 — 2c,*U) a
(8) c3ta(1)/2 a 2c~me(i) + I
(9) (I—2c3)im(l+1) a c3iuiU+1)

Lemma) If an the time interval 10, 1] at least c,is(1) sinks of CU) are pebbled w ith any colors In
any order, and at times 0 and 1 there are at most c,atU) pebbles on the graph, then there Is a time
Interval It ,, 1~) ~ (0 1] durIng which at least c is(1) sources of C(i) are pebbled and at least c~’stU)
pebbles are always on the graph



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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Proof is by Induction on I.

Basis. Let I • 10 Suppose COO) - C(I0) has 49 sinks pebbled in (0, t], and at times 0 and t there
are no more than 3 pebbled vert ices. Any 7 of these 49 sinks are connected, via paths which are
pebble-fm both at 0 and at t, to at least 1018 sources, by Corollary I. Thus at least one of the
sinks, say v. is connected to at least 146 of the sources via such paths

Let t0 be a ume in (0, t) at which e is pebbled . Let t ,-l be the last time before t0 at which v
is connected to these 146 sources via a pebble-free path , and let t3+ I be the first time after 10 at
wh ich v is connected to these 146 sources vIa a pebble-free path. During C:,, t,), at least one
pebble is always on the graph, and at least 146 a 110 sources of G(IO) must be pebbled. This
proves the lemma for I - 10.

Induct ive ste p. Suppose the lemma hold s for some I a 10. To prove the lemma for 1+1, suppose
that at least c 1 ss (i+ 1) sinks of CU+l) are pebbled during (0, t] , and that there are at most c2ie (I+l)
pebbles on the graph at times 0 arid t. We will consider four cases.

Case L. There exist s an interval It ,, t~] c (0, t] during which at least c3rnU)14 sources of C ,U) are -•

pebbled and at least c?rn(i) pebbles are always on the graph. j

The subgraph of CU+ I) consisting of all vertices and edges on paths from the left half of
S(I+I) to the sources of C ,(E) satisfies Lemma I and Corollary I. So does the similar subgraph
from the right half of 3(1+ 1). Let t0 be the last time before 1~ at whic h there are not more than
c2mnU+ I) pebbles on the graph, and let t3 be the first time after t~ at which there are not more than
c5ss(I+ I) pebbles on the graph. Since

( I )  c3rn(i)/4 a 2c5*(i+I) + 1,

there are at least 2 (rn(s) — 2c2rn(i+ I)) .

(2) (I—4c~)ai(1+l) a c3rn(i+$)

sources of CU. I) connected to the c3rn(O/4 sources pebbled from t~ to ti by paths which are
pebble- f ree at both t0 and t~. At least these sources of CU+l) must be pebbled in (se, ta], and at
least

(3) c,rn(i) — I a c.isi(t+ I)

pebbles must be on the graph throughout (:~, t3]. Thus the lower bound holds In this case.

Case 2. There exi sts an interval It ,. t2] ç (0, ii durin g which at least c3si(g)/4 sources of Ca(1) are
pebbled and at least c3~,(l) pebbles are always on the graph.

6
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The lemma holds in this cue by a proof like that above, considering aubgrapha whose only
intersectIons with G ,U) are the dIrect connections from S,(I) to T,(l).

gjj .~
j .  There ex ists an interval I:,, :~) ~ (0. t) during wh ich it least c ,rnU+l)/4 sinks of CU+3) are

pebbled and at least c3as(1) pebbles are always on the graph

Either the left or right half of TU. I) contains at least rc ,rn(I+ 1)181 of the sinks which are
7 pebbled in Ct~. :~1 Again we will apply Corollary I to two subgraphs of GU.i l) .  The first

subgraph contains all vertices and edges on paths from the left half of 5(141) to the sinks S~(I) of
G,U) (including all of C,(O)~ the direct connections from S,(I) to T,(O~ the edges from T ,(1) to S,(i),
the dIrect connectlon* from 3~(1) to T ( O~, the edges from T,W to 3C~Ci). all vertices and edges on
as(i) vertex-disjoint paths from SC1U) to TC3(i) in C3U) and the edges frcwn TC~U) to the half of
T(t+I) containing at least fc,isiU.l)181 of the sinks wh ich are pebbled in it ,, t2]. This subgraph
sati sfies Lemma I and Corollary I, as does the similar subgraph which starts from the right half of
3(1+1). Let l~ be the last time before S~ at which there are not more than c,rn U+I) pebbles on the
graph and let 13 be the first time after t~ at which there are not more than ctai(1+l) pebbles on the
graph. Since

• (4) fc , rn (i.. I)/81 a 2c2rn(I+l) + I,

there are at least 2 (rn(I) -

(2) (l—4c5)us(I+ 1) a c3ai(I+ I) 
-

sources of G(1+ I) connected to the c ,rn(1+ I) sinks pebbled from i~ to t~ by paths which are
pebble-free at both :~ and t~. At least these sources of C(s+1) must be pebbled in (ta, 13], and at
least

(3) c2rn(i) - I a c4ws (i+ I)

pebbles must be on the graph throughou t Ito. :~]. Thus the lemma holds in this case.

c6!Lf . None of cases (I) - (3) hold . Figure I may help in following this argument.

Since case (3) does not hold , there must be a time t , ~ (0, t] such that fewer than c 1si (t+l)l4
sinks of C(1+I) are pebbled during (0, t ,] and the number of pebbles on the graph at time t~ is at
most c,rn(1). Similarly there must be a time t~0 ‘ (0, t] such that fewer than c,rn(1+ 1)/4 sinks of
C(i+ I) are pebbled during (: ,~

, :3 and there are at most e,m(S) pebbles on the graph at 
~~

During (t ,, t ,o3 at least c ,rn(4+l) 12 • c 1at(1) sinks of C(ii I) are pebbled, of whic h at least
c,rn(012 must be in either the left or the right half of 7(1+1). Since

7



(5) c ,ss(0d2 a 2c,rn(I) + I.

the number of sinks of 62(i) connected to these sinks of 6(1+1) v ia paths which are pebble- free at
both t~ and t ,0 is at least rn(s) - 2c,rn(I). Thus at least these rnU) - 2c1rnU) -

(6) (I— 2c,)eiU) a c ,rn(i)

sinks of C~(1) are pebbled during It ,, 
~~~ 

with no more than c21’i(I) pebbles on the graph at t~ and
t ,~. By the Induction hypothesis there is a time interval [:~, :~) ç I:,, :,~

) during which c,rn(1)
sources of 62(1) are pebbled and c4iaU) pebbles are always on C~(i).

Since case (2) does not hold , there must be a time t3 ‘ (:a. t~) such that fewer than c3rn (j ) /4
sources of C�(a) are pebbled during (t .  t3) and there are at most c5st(1) pebbles on CU. I) at
Similarly there must be a t ime t~~S (:~, t,) such that fewer than c,si(014 sources of Cz(I) are pebbled
during (:~. t~) and there are at most c2rn(i) pebbles on 6(1,1) at t~. Thus In (13, :~) at least 3rn(1)/2
sources of GiU) are pebbled. Since

(‘) c3rn(i)12 — 2c2rn(i) a c ,rn(s),

there are at least c 1 si( E) s inks of C ,(s ) connected to these c3rn(i) sources of 6241) by paths which are
pebble—free both at 13 and at l~. During (13, t~] these sinks of C,(i) must be pebbled. There are at
most c2rn(i) pebbles on the graph at 13 and t~. so by the induction hypothesis there is an interv al
(r , t ,] ç (~~. t~] durin g which c3rn(i) sources of G,(i) are pebbled and c4rn(i) pebbles are always on
C

~

(

~

).

Since case I does not hold, there must be a time 4 i 1t4, :7) such that fewer than c3rn(i)/4
sources of C ,U) are pebbled during (~, t~] and there are at most c2rn(1) pebbles on 6(1+ I) at time t~.
Similarly there must be a t ime t~ (ti. 17) such that fewer than c3aiU)14 sources of C ,(s ) are pebbled
dur ing (t ,. t~) and there are at most c2rn(i) pebbles on 6(1+1) at time t~. During Its, t~) at least
c3rn(O/2 sourc es of C ,U) are pebbled.

Since

(8) c3ss(O/2 a 2c2rn(I) • I.

at least 2 (rn(I) - 2c2rn(O) —

(9) ( l— 2c2)ei(1+ I) a C~I!i(I+ I)

sou rces of 6(1+1) are connected to these c3si(012 sources of C,(f ) by paths which are pebble-free at
both t~ and t~. These sources of 6(1+1) must be pebbled dur ing (t,~. 4] c 114 t~] c It,, 4] ç (0, :3

8
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w~tle at least C~ii(i ) + c4*(I) - c ,rn(1+ I) pebbles are always on the graph. This completes the proof
of Lemma 3

Finally we can prove the main theorem .

Theorem I. For infinitely many is, there is a graph C ØUs, 2) such that pebbling some vertex In
C requires c5nllog is pebbles.

Proof. For a - n(O, I a 10, let C - CU). Since pebbling all sinks of CU) beginning and ending with
no pebbled vert ices requires c4rn(1) pebbles . there must be ~~~ sink whose pebbling requires c4m(i)

pebbles, or else we could pebble all the sinks one after another, with the graph empty at some point
after each sink is pebbled. Since ssU) - 2’ and CU) has x(1) ~ c012’ vertices, the number of pebbles
required is c~n(Ollog n(1) for some constant c .

Since any black pebbling strategy is also a black-white pebbl ing strategy, the O(n/lcg a)-
pebble algorithm In (PTC] also works for the black-white pebble game. Thus the lower bound on
worst-ca se number of pebbles in Theorem I Is tight to within a constant factor.

The only place that Theorem 1 uses any Informa t ion about the conditions under which a
vertex can be pebbled is in the proof of Lemma 2. Therefore at least c5n/log a pebbles are
required in the worst case of any pebble game on Ø(n, 2) for which Lemma 2 holds.

9
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3. A polynomial-space complete pebbling problem.

In this section we show that the pebbling problem for another modified pebble game is
complete in polynomial space. That is, any problem which can be solved in polynomial space can
be reduced to this pebbling problem in logarithmic space , and the problem can itself be solved In
polynomial space. Any problem which can be solved nondetermlnistically in polynomial space can
also be solved deterministically in polynomial space. Again, see CA KU) for a dis’~.ussion of
polynomial-space completeness.

This modified pebble game will use only black pebbles. We will find it convenient to allow a
pebble to move from a vertex to its successor in a single time step. This TMsliding rule” does not
affect our results, since we shall see that it always saves exactly one pebble.

The majo r change in the pebble game is the introduction of cyclic graphs and ~~ vertices.”
Let C be a dir ected graph in which every vertex has in-degree at most two. Let every vertex of C
be designated either an ~~ vertex or an 

~ 
vertex , and let I be a particular vertex. We are given

some number A of black pebbles which can be manipulated according to the following rules.

(a) At each time step, one pebble may be placed on an unpebbled vertex, removed from a
pebbled vertex , or moved from a pebbled vertex to an unpebbled successor of that
vertex.

(b) If a vertex is an and vertex , a pebble may be placed on it or moved to it only if all its
predecessors are pebbled. Thus an ~~ vertex wh ich is a source can be pebbled at any
time.

Cc) If a vertex is an ~ vertex , a pebble may be placed on it or moved to it only if at least
one of it s pred ecessors is pebbled. Thus an ~ vertex which is a source can never be
pebbled.

(d) A pebble may be removed from any pebbled vertex at any time.

The problem is to decide whether or not it is possible to place a pebble on vertex t by legal
manipulations using at most A pebbles.

Lemma 4. For all A > 0. a graph C can be pebbled using A pebbles in the modified pebble game if
and only if it can be pebbled using A. I pebbles in the modified pebble game without ever mov ing
a pebble from a vertex to one of its successors , that is, without ever using the slidin g rule. ”

Proof. Suppose C can be pebbled using A pebbles with the sliding rule. We replace each use of
the sliding rule to move a pebble from a vertex r to a vertex y with two steps , first placing a pebble
on y and then remov ing the pebble from x . This uses at most k+ I pebbles.

Conversel y, suppose a scheme exists for pebbling C with k+ I pebbles without the sliding rule,
for some A > 0. We transform this scheme into one using A pebbles as follows. Suppose there are
k+ I pebbles on C at time t~ 

Then the move at to must be to place a pebble on some vertex ,. If
th is is not the final move, the move at t~+ I must be to remove a pebble from some vertex x. If x is

10
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a predecessor of y we replace these two moves with a single move sliding the pebble from x to y. If
r is not a predecessor of y we reverse the moves , first removing the pebble from x and then placing
it on y. It t~ is the final move we slide a pebble from any predecessor of y to , (if , has no
predecessors we just pebble it , using one pebble , since A 0). We apply this transformation
simultaneously to all instants at which there are A+ I pebbles on C. and get a scheme with the
sliding rule which uses only A pebbles. This completes the proof of Lemma 4.

The proof that the modified pebbling problem is polynomial—s pace complete will proceed by
using a pebble graph to simulate boolean registers , gates , and signal lines, essentially identical to
those used in real-world hardware. The dev ices can then be used to build a pol ynomial—s pace
bounded Turin g machine , a PDP-10, or whatever is desired ; the simulation of a PS-bounded
Turing machine will be given in some detail.

In the figures to follow, an ~~ vertex will be represented by a circle—dot 0, an ~ vertex by
a circle— plus ~~~, and a vertex whose type is not mentioned by an empty circle 0.

In the first step of the constr uction a few simplifying assum ptions will be made, to be proved
later. The first is that certain subgr aphs will always con tain exactl y one pebble. A prol ogue and
epilogue will be added to the basic construction to ensure that this is the case. Also we will
generalize the notion of ~~~ and ~ vertices to allow vertices with an arbitrary number of

predecessors. If the predecessors of verte x is are us 1 , . . .  , us0, and boolean variables r 1 ,.  . . , x,~ are

such that x~ is true if and only if us 1 is pebbled , we will allow the rule for pebbling is to be any
monotone boolean function of the Xj’S. Using 

~J to represent “and” and ID to represent “or” ,
we can for exam ple have the five— vertex “graph” in Figure 2. There is can be pebbled if us 1 and
either us2 or bot h us3 and w~ are pebbled . Note that and ID do 

~~ 
represent vertices, but

only building blocks for agrnetalized edges.”

The boolean circuits we will simula te are composed of gales and logic lines. A gate is a
dcv ice with some inputs and an output , which computes a particular boolean function of its inputs.
A logic line is simply a path connecting one gate s output to some inputs of other gates (or of itself).
An initial value , true or false, is given for each logic line and hence for each gate input. The
boolean circuits function by repeatedly executing two steps. First every gate simultaneousl y
computes its output as a fun ction of its inputs. Then every logic line simultaneously picks up the
value of the gate to whose output it is connected, and applies that value to each input to which it is

connected . -

The functioning of the circuit is controlled by a subgr aph called the clock , show n in Figure 3.
Th is is a cycle of four vertices a, b, c, and d, and will alwa ys have a pebble on exactly one of its
vertices. This clock pebble will move around the cycle once fo r each Iterat ion of the two steps
described above. While a Is pebbled the gates will compute their outputs, and for b to be pebbled
all outputs will have to have been correctly computed. The transfer of values along the logic lines
will be similarl y controlled by e and d. One such iteration will be called a tick.

11
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A gate wil l consist of a two-vertex cycle for each input and output , and some “control” edges
between these cycles and the clock. Each two -vertex cycle will always contain exactly one pebble.
In one position this pebble will be interpreted as a true value , and in the other as a false value. An
and gate is shown in Figure 4. Clock vertex a is a predecessor of both output vertices 1, and f, so
the output value can change when a is pebbled and only thin . All the vertices in the gate are
predecessors of vertex b in such a way that b can be pebbled only if the output of the gate is the
correct function of its inputs. The reason for the complexity of the network connecting b to the gate
ve rt ices is that more vertices will eventually have to be added to each cycle in order to elimina te
our simplify ing assumptions. The network of general ized edges will insure that , when b is pebbled,
no cycle has its pebble anywhere else besides the I or f vertex .

A gate computing any boolean function of any number of inputs can be constructed in this
way.

The structure involving cloc k vertices c and d which implements the logic lines is very similar
to the above. An exam ple is given in Figu re 5 of an out put a being applied to two inputs b and c.

It is now necessary to modify the above constructions to use only two-input ~~ and ~
vertices. Notice that at presen t all the vert ices are partitioned into subgraphs. each of w hich has
been assumed alwa ys to contain exactly one pebble: One such subgraph Is the clock cycle and the
others are the input or output cyc les of gates. The clock cycle is the only subgraph which has
vertices which are not two-in put 

~~ 
vertices ,

The mod if icat ions which follow will add vertices to the clock subgraph , but we will continue
to assume that each subgr aph in the partition always contains exactly one pebble. We will call
these sub graphs single pebble subg raphs , or SPSC’s. In the fo llowing f igures , as in the earlier ones,
edges within a SPSO are drawn as wide lines and those between SPSC’s are drawn as narrow lines .
With this convention the following statement is true , and will be preserved by the modif icatio ns.

(a) Each ~ vertex in a SPSO has exact ly two wide edges and no narrow edges entering.
Each ~~~ vertex has exactly one wide edge and at most one narrow edge entering.

We will work our way down to a graph with only sim ple ~~ and 9j vertices by repeatedly
making the following two substitutions to replace complex narrow “generalized edges” by simpler
edges.

(I) For a vertex v with a narrow “and” edge entering as in Figure 6a, we substitute the
graph In Figure 6b. Here x 1, . .. , x~ may be vertices or the symbols 

~~~ 
and

with more narrow edges entering them.

(H) For a vertex v with a narrow “or” edge entering as in Figure 7a, we substitut e the
graph in Figure ‘lb. Recall that ~ vertices are ~ vertices.

llL~ - — .~—~~------— . - -  — .  -
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These substitutions give an equivalent graph in the following senw Suppose that in a .1 L

certain configuration before one of the above modifications, a pebble could be moved from a to v. 4
Then this is also the case after the modification. Conversely, suppos, that after the modification a f
pebble can be moved from a to e. For modif ication (H) il ls clear that the pebble could be moved
from a to s without the modification . For modification (I). notice that no gate input or out put
vertex can be pebbled except when the clock pebble is on vertex a or c. Thus no gate vertex can
be pebbled between the time the clock pebble moves from as to .~ and the time it moves from v to
is. Thus the condit ions represented by edges x 1,. . . , x 1 must all have been satisfied when the clock
pebble was on a, so without the modification the pebble could be moved from a to v.

We now have a construction for a bookan circuit which computes according to the rule of
alternatel y letting every gate compute its output and letting every output be propagated to the
inputs w ith which it is connected. The construction uses only two-input ~~~ and ~ vert ices , but
assumes that every SPSG always contains exactly one pebble. We will now add an epilogue to
guarantee tha t this is the case.

It is a consequence of (a) above that If a $P$C ever has no pebbles on it , it can never again
contain a pebble. (The problem of getting a pebble on it in the first place will be discussed
presently. )

The boolean circuit we will construct will have one gate output which is the “answer” In the
sense that if that output Is ever true , we will accept, that is, we will be able to pebble the
dist ingu ished sink I of the graph. If we can force the presence of a pebble on each SPSC at some
time between the time the “answer” output becomes true and the time vertex t is pebbled , there will
have to have been a pebble on each SPSO during the whole com putation of the boclean circuit. If
in addition we choose A , the number of pebbles, equal to the number of SPSG’s, then no SPSG can
ever have contained more than one pebble. Therefore the structure shown In Figure 8 is added to
the graph. Vertices l~ and to are the true and false vertices of the output of the “ answer” gate.
When this gate first computes a true output the clock pebble will be on vertex b, so the pebble on t~
(or the pebble on b) can be moved to & Vertices t1, . . . . I,, and)’, .  . if,,, are respectively the true
and false vertices of all the other inputs and outputs . The pebble on e can be moved all the way to
1 if one of (t~ Ii) is pebbled for all 1, and conversely no pebble can reach I unless for all I one of
(t~ f~

) is pebbled at some time after l~ is pebbled. Thus every SPSO has to have contained a
pebble between the computat ion of t0 and the pebbling of I

Finally we will address the problem of getting a pebble onto each SPSG in the first place.
We would like to be able to spec ify an initial value for each logic line and let the computation
proceed from there. Thus we would like to be able to pebble a specified one of (t~ f~) for each 1,
and also to pebble clock vertex a. Suppose that we have A SPSG’s, namely one clock subgraph and
A-I inputs and outpu ts, so we have A pebbles, Notice that in each SPSG the vertex which we wish
to pebbl, initial ly is an ~~ vertex . If in the i’th SPSG this vertex is e~, then the situation is as in
Figure 9a, recalling (a), except that the narrow edge from as, to v1 may riot be presen t . We replace
th is with the subgraph in Figure 9b. Here p is a single vertex which is a predecessor of all the v,’s.

IS 
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We have now violated (a) because an ~ vertex in each SPSO has an enter ing narrow edge, Iv., an
edge from outside the SPSG. This means that the pebble can be removed from the SPSG at any
time and later replaced at Its init ial vertex. To keep this from fouling everything up we add to p a
graph w hic h requires that all A pebbles be used to pebble p. so removing a pebble from a SPSG
will require the whole pebbling to be started over again to replace It. The added graph Is the
pyramid S~ which Cook (C) has proved to require A pebbles Figure $0 shows 84,

The only thing remaining to check is that the initialization must be complete before the
computation can begin. This is the case because the clock pebble cannot move to b until every
input and output SP$C contains a pebble, no Input SPSG can chang e Its value until the clock
pebble has moved all the way to c and we don’t care whether the output SPSG’s change their
values because moving the clock pebble 10 b will ensure that they are correct.

This completes the main constructi on . Suppose we are trying to simulate a boolean circuit
with n gates, each having at most ~i inputs. The total number of vertices in all gates is at most
Sn(ia+ I) since each input and output SPSG finally has three vertices. The epilogue has at most
another S(n-IXwi+ I) + I vertices. The prologue has exactly (n+IXn+2)12 vertices since the pyramid
is A • n + I  wide.

The clock SPSG had four vertices init ial ly. In the modifications to remove com plex edges,
each lime one of the symbols [J or was eliminated the number of vertices added to the
clock SPSG W53 linear in the number of lines Into the symbol . Each gate was originally connected
to clock vertex b by a networ k which may have had size exponential in the number of gate inputs.
Thus the contribution from all gates Is at most c(in)n vertices , where c(’ii) is exponential in ~t but
independent of a. The size of the network connecting a logic line to clock vertex d was or igina lly
linear in the number of Inputs connected to the line. Each input is connected to only one logic line,
so the total contribution of clock vertices from all the logic lines is linear In sin. Thus the total
number of vertices in the graph is at most a~I2 + c’(si)n , and the total number of edges is at most
twice that.

An informal way to show that the pebbling problem is polynomial-space hard is to observe
that the gate In Figure Il acts as a one-bit memory. With these registers and ordinar y and. or, and
not gates, any modern computer with storage a can be built with at most 0(nt) devices. Therefo re
a Turing machine with a tape bound p(n) can be simulated with O(fr (n)t) dev ices, or a graph of
size O(p(n)4). A more formal simulation of a p(n)-space bounded Turing machine is given below.

Suppose machine M has a space bound of p(ia) and has s states and I tap. symbols. Suppose
an input word a’ of length a is given. Define in array of 2p(x)+n squares, each of which can hold
a value from I to (s+ 1)1. The value in a square encod es the tape symbol in that cell and either the
fact that the head does not point to that cell , or the state of the machine ii the head does point to
that cell. Each square can be represented by r~ Ik’g,Us+ 1)1)1 logic lines, wh ich are Initialized to
the machine ’s initial configuration reading a’ with p(*) cells of blank tape on each side. The v alue
of one of these logic lines after the machine makes a single move is a boolean function ci the Sr
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inputs which give the value of this square and the two adjacent ones, so a gate which computes
this function can be built for each logic line If the output from each gate is applied to the
corresponding logic line, we have a simulation which will run exactly like the Tur ing machine ,
making one transition at each clock tick.

Another gate can be built which takes the r lines for one tape cell and decides whether the
machine is in a final state at that cell. These values can be combined by 2p(n)+n—I two—Input or
gates in a binary tree, yIelding a final answer which is true momentarily if (and only if) the
machine ever accepts.

The number of gates is O(p(n)) and the .maximu m number of Inputs per gate Is Sr, which Is
Independent of it. Thus the size of the graph to simulate M on a’ is 0(p(n)t). The graph can be
constructed using scratch space proport ional to the log of its size, or to log a.

To see that the pebbling problem can be solved in polynomial space, simply note that a
supposed pebbling can be checked in space equal to the size of the graph, so the problem takes
linear space non-determlnistlcally. Therefore it can be done deterministically in quadratic space.

4. ConclusIon.

Theorem I gives an n/log a lower bound on the number of pebbles required in the
black-white pebble game in the worst case. Therefore in the worst case black -white pebbling Is
only a constant factor more efficient than black pebbl ing. It is not known whether there exist
classes of graphs for which black-white pebbling saves more than a constant factor. For example,
the pyramid graph 8k (with (k2+k)12 vertices) requ ires he I pebbles in the black pebble game. Cook
and Seth [CS) prove that 8k requires fl (A lit) pebbles in the black-white pebble game, but the most
efficient black-white pebbling strat egy known for 8k uses Lk/2J + 2 pebbles.

Section S shows that a considerably modified version of the black pebbling problem is
complete in polynomial space. It seems quite likely that the black pebbling problem is
polynomial-space complete even without the introduction of ~ vertices and cyclic graphs, but we
have so far been unable to prove this .
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