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Abstract. This paper is concerned with thermomechanics of thin shells by a
direct approach based on the theory of a Cosserat surface comprising a two-
dimensional surface and a single director attached to every point of the
surface. In almost all previous developments of the thermo-mechanical theory of
shells by direct approach, only one temperature field has been admitted. This
allows for the characterization of temperature changes along some reference
surface, such as the middle surface, of the (three-dimensional) shell-like
body, but not for temperature changes along the shell thickness. A main
purpose of the present study is to incorporate the latter effect into the
theory; and, in the context of the theory of a Cosserat surface, this is
achieved by a recent approach to thermomechanics (Green and Naghdi 1977) which
provides a natural way of introducing two (or more) temperature fields at each
material point of the surface. Apart from full discussion of thermomechanics
of shells and thermodynamical restrictions arising from the second law of
thermodynamics for shells, attention is given to a discussion of symmetries
(including material symmetries) and thermal effects in the nonlinear theory of
elastic shells with detailed discussion of the linear theory of elastic plates.
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4 Introduction
This paper is concerned with thermomechanics of thin shells by a direct

approach based on the theory of Cosserat (or directed) surfaces. A Cosserat

surface is a body ¢ comprising a two-dimensional surface (embedded in a
Fuclidean 3-space) and a single director (i.e., deformable vector) attached

to every point of the surface: A comprehensive asccount of the thermodynamical
theory of a Cosserat surface -- hereafter designated C -- and its application

to shell theory, together with an historical survey and a large number of

relevant references is contained in an article by Naghdi (1972). For clarity's

sake, we may recall that the material surface of ¢ can be identified with a
particular reference surface (often taken to be an interior surface) in the
three-dimensional shell-like body, e.g., the middle surface of the shell in
some fixed reference configuration; the director at each point is regarded as
representing the material filament across the reference surface; and the
component of the director along the normal of the reference surface can be
taken as a measure of shell thickness.

Throughout our previous developments of the thermo-mechanical theory of
shells by direct approach (Green et al. 1965, Green and Naghdi 1970, Naghdi 1972),
only one temperature field has been admitted and this allows for the characteriza-

tion of temperature changes along the reference surface of the shell-like body.

Some indication of how temperature changes across the reference surface of the

shell-like body could be dealt with has been given in the papers of Naghdi (1964)

and of Green and Naghdi (1970,1971) by using three-dimensional approximations.

One author, Zhilin (1976), has considered two temperature fields in a direct

st et gl i 20

theory and we refer again to this paper below.

'The body C is taken to model some of the properties of a three-dimensional
body of shell-like character. When the director is absent it reflects the
properties of a material surface which can be the bounding surface between
two different bodies or a surface in free space.
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Recently mechanical and thermo-mechanical theories of a membrane, regarded
as a two-dimensional surface in a Euclidean 3-space, have been published by

Gurtin and Murdoch (1974,1975) and by Murdoch (1976a,b), where the surface is

mainly regarded as a bounding surface of a body or as an interface between

ambient media in which diffusion through the interface is neglected. Although

| these authors have placed special emphasis on residual stress and surface

tension in the membrane surface, apart from notation, all their basic egquations

R | are special cases of those given previously. Murdoch (1976a), however, modified
the entropy inequality used in earlier work in order to account for ambient

f{_ temperatures in the suwrrounding media which may be different from each other

and fram the temperature of the interface, but with the temperature being every-

where continuous. In a second paper, Murdoch (1976b) seeks to show that his

inequality is in line with three-dimensional considerations of Green and

Naghdi (1970), but the present authors believe that the new inequality given t
1 by Murdoch is unsatisfactory, especially when only one temperature field is

: allowed for the interface. It appears that there may be confusion between

boundary values of temperature and entropy with those field quantities which

should enter any entropy inequality. We believe that the type of problem con-

sidered by Murdoch can only be discussed satisfactorily on the basis of a two-
dimensional model for the interface if more than one temperature field is

admitted. In the context of a direct approach based on a Cosserat surface,

Zhilin (1976) formulates a theory in which two temperature fields are admitted;
and he postulates two entropy inequalitites, but only one energy equation for
the surface. Eince this provides only one field equation for the two tempera-
tures, Zhilin arbitrarily rewrites the energy field equation as a set of two
differential equations. The physical basis for these two equations, which have

not been obtained from any clearly stated balance laws, is obscure. It is dif-

ficult to see any relation between the work of Zhilin and that discussed in

2.
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the present paper.

Although widespread use of the Clausius-Duhem inequalities has been made
in three, two and one-dimensional continuum thermodymamics, these inequalities
have been subject to the criticism that in some circumstances they do not
reflect adequately ideas associated with the Second Law of Thermodynamics.
Green and Naghdi (1977) have developed a new approach to three-dimensional
continuum thermomechanics which is independent of any particular mathematical
expression of the second law and which imposes some restrictions on the
constitutive assumptions leading to a reduction of a number of independent
response functions (or functionals) in the set of constitutive assumptions.

In the present paper the same approach is used for the Cosserat surface and
this provides a natural way of introducing two (or more) temperature fieldsf
When the director is absent, the theory reduces to that of a material surface
which may be a surface in free space or a material surface between two dif-
ferent media. The contrast between the present theory and that of Murdoch
(1976a) is illustrated by an example in §10. On the other hand, for an elastic
material with one director and only one temperature field, we recover all the
previous two-dimensicnal results. In addition, when we admit two temperature
fields, results for an elastic plate agree with those found previously by

Green and Naghdi (1970) from three-dimensional considerations.

Specifically, the contents of the paper are as follows. Section 2 contains
a concise summary of the various basic results of the purely mechanical theory
of a Cosserat surface with a single director. With reference to thermal
properties, in §3 we admit at each material point of the surface of ¢ a number
of different two-dimensional temperatures and different two-dimensional entropies,

as well as related thermal fields; and, in parallel with two-dimensional

+For the purely mechanical theory, it is already known how to extend the theory
with more than one director; see, e.g., Green and Naghdi (1976).
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conservation laws for balances of mass and momenta, we postulate balances of
entropy. Next, we recall the balance of energy for the Cosserat surface; and,
following the recent approach of Green and Naghdi (1977), after elimination of
the assigned fields -- i.e., assigned force, assigned director force and
external rates of supply of entropy -- regard the resulting equation as an
identity to be satisfied for all thermo-mechanical processes. In {4, we
briefly discuss thermoelastic theory of a Cosserat surface on the basis of the
new procedure in thermomechanics (see §3) and also compare the results with
earlier developments (see Green et al. 1965; Naghdi 1972) involving only a
single temperature.

A new inequality representing the second law of thermodynamics for shells

based on the present authors' earlier work (Green and Naghdi 1977,1978), along

with restrictions on heat flux vectors and the specific internal energy are
obtained in §5 and §8, respectively, while §§6-7 contain a discussion of
relevant results for shells obtained from the three-dimensional theory. The
last two sections (§§9-10) are devoted to a discussion of symmetries (including
material symmetries) for shells and the linear thermoelastic theory of isotropic
plates. The developments in §§9-10 supplement our earlier results by direct
approach (Green and Naghdi 1970,1971) for thermoelastic shells in the presence
of a single temperature.

The general theory given here is immediately available for problems in
which the effect of surface tension and interfacial energies in a membrane
surface are important, but we do not consider such problems in detail. Further
discussion is necessary if there is diffusion across an interface, both in the

context of the membrane theory and the theory of a Cosserat surface.




o Summary of mechanical theory.

We summarize in this section the main kinematics and the basic equations

of the purely mechanical theory of a Cosserat surface C and refer the reader

to Naghdi (1972) for details and additional references on the subject. Let ;
the particles of the material surface of (0 be identified with a system of ;
: convected coordinates eq (=1,2) and let the surface of C in the present |
; configuration at time t, hereafter referred to as o, occupy a two-dimensional
' region of space R bounded by a closed curve dR. Similarly, in the present

configuration, an arbitrary material surface of C occupies a portion of the

two-dimensional region R, which we denote by @ (ER) bounded by a closed

T S T

curve 3P. Let r and g -- each ¢ function of ea and t -- denote, respectively,

the position vector of a typical point of ) relative to a fixed origin and

the director at r. Then, the base vectors along the 8%-curves on J are

defined by

a, = 8 (6%,t) = ar/ae” (2.1)

o sty

and we denote the unit normal to , by 23(e°',t). Also

PR N R T
(2.2)
a = det a (a,a.a,] >0 a%a=axa
as b Nl‘\2~3 ’ ~3 ~1 ’.2 s

o

B

A motion of the Cosserat surface is defined by

where §., is the Kronecker delta and aa are contravariant base vectors.

r=r(e%t) , a-=d(e%¢) (2.3)

~
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and we assume that d is nowhere tangent to g, so that 8.

3" d#0. The velocity

and the director velocity vectors are given by

’ l‘é > (2!*)

 is £

vV =
~

where a superposed dot denotes differentiation with respect to t, holding ea
fixed. Throughout this paper we use standard vector and tensor notations (see
Naghdi 1972), Greek indices take the values 1,2 and the usual summation con-
vention over a Greek superscript and a subscript is employed.

Consider now a reference configuration, which we take to be the initial
configuration, of the Cosserat surface (. Let the reference surface in this
configuration be referred to by 8 with 5 as its position vector; let éa and éa
denote, respectively, the base vectors along the ea—curves on 8 and the unit

normal to 8; and let E be the reference director at E. Then,

R = R(6%) = r(e%,0) , D=D(e” = a(e%0) , A = 3m/20" (2.5)

and

iy TR B .. e af _ o LB
S N R S R o o o

&
A'detAaa 3 [AJAE%]"O 5 Aﬁ3=£\lx£\2 .

We assume that the kinetic energy per unit area of the surface of ¢ in the

present configuration is given by

Tzip(!'-y‘+2klx.z+k2w-w) s (2.7)

~ o~

where p=p(8Y,t) is the mass per unit srem of J and the inertia coefficients

kl,k2 are functions of ey and independent of t. We define momenta corresponding

to v and w as
~ ~
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g—\f = o(v+kiv) , g;r = a(ktv e i) 2.8)

respectively, per unit area of .
With reference to the present configuration at time t, for each part @ of
J> We postulate the equations of mass conservation, momentum, dircctor momentum

and moment of momentum as follows:

1t j Qdc J . Q-Q\
& p(v +k'w)dg = f prdg + f Nds |, (2.10)
\ t J ‘,) ~ ~ J‘) ~ "‘BP ~
_-i f o(k'v + k°w)da - j (pl-m)do+ f Mds |, (e.11)
dt J‘3 ~ ~ ‘) ~ o~ J3') ~

L Jr p{r x (v+ klw\ +dx (klv tkL!‘}da

dt
P
;j. P(x‘xf+dxl.}do*£‘ (rxN+daxMads . (2.12)
In (2.10) to (2.12) \(e 55 3 \ﬂ is the force vector and M- Me iv) the

~ f R
director force vector at the curve 3P, where v is the outward unit normal to

AP and

v oE Y . (2.13)

The vector field m in (2.11) is the internal director force per unit area of s/
and it makes no contribution to the moment of momentum equation. Also
f= f(a 4t) is the assigned force vector and L= L\GY t) is the assigned
director force vector per unit mass. These include contributions which model

the action of forces over the major surfaces of a shell.

*The vector N, which represents force per unit length, has the dimension [ M~ ]
where [M] and [T) stand for the physical dimensions of mass and time. If the
director ¢ has the dimension of length then k1,k? are dimensionless and M has
the same dimension as N. If d is dimemionles'a then M has the dimension “Mur-2)
where (L] is the physical dimension of length. In the latter case, M is some-
times called a director couple.

7.




Under suitable continuity assumptions the curve force vector N and the

director force vector M can be expressed as
N=NV , M=MY (2.1k4)
~ ~ o ~ ~a

where Na,Ma transform as contravariant surface vectors. The local field equations

corresponding to (2.9) to (2.12) are then

pad = A(8") or pe i AL (2.15)
(n%}f},a+ A = x(i+ kli) ¢ (2.16)
(a)“g")’ami = E‘a§+k(kli+kaﬁ) . (2.17)
B XM dxmeg XM -0 (2.28)

where a comma denotes partial differentiation.

In the absence of the director, the field equations for the surface are

reduced to (2.15) together with

(aﬁNa) a+ Af = AV b gqua 3 T (2.19)
Ead ’ ~ ~ -~ ~

These are one form of membrane equations of motion. The component forms of
these equations were noted by Green et al. (1965, §7) and were derived from an
energy equation together with invariance conditions under superposed rigid body
motions. For a more general derivation using invariance conditions and a
further discussion of the membrane theory, see Naghdi (1972, pp. 487-490 snd
pp. 546-547). If an interface between two smbient medis is regarded to be a

membrane surface, then the membrane equations for the interface must be

supplemented of course by appropriate equations for each media.
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Thermal properties. Thermodynamical theory of shells.

T

In most existing works on the theory of a Cosserat surface only one temperature

field is admitted and this is regarded as representing the temperature variation

in some reference surface, such as the middle surface, of the shell-like body.

~lso, the effect of the thermal boundary conditions on the major surfaces of the

chell-like bodyf are incorporated into the theory through the external surface rate

of supply of heat. The variations of the temperature along the shell tuickness

have not been modelled so far by a direct approach (within the scope of the thecry

of Cosserat surfaces), although some indications of how this could be effected is

implicit in some work on thermoelastic shells from the three-dimensional equations

by the present authors (Naghdi 1964, Green and Naghdi 1970) and in the monograph

by Naghdi (1972). As already noted in §1, beceuse of the new approach to thermo-

mechanics of continua introduced recently (Green and Naghdi 1977,1978), it is

now possible to account in a more general manner for the thermal properties of a

shell-like body in the direct formulation of the theory based on a Cosserat surface.
Thus, at each material point of the material surface of @, we introduce the

scalar fields*

9=0(8Y,t) and By = GN(BY,t), (N=1,2,...,K), representing the
effects of the temperature variation in a shell-like body: the surface tempera-
ture 9, which we require to be positive, represents the absolute temperature in
the reference surface of the shell-like body, while the scalars eN account for the
temperature variations along the thickness of the shell. In addition to the
temperatures 9 and eN’ we admit the existence of* external rates of supply of

heet r=r(g¥,t), r ==rN(eY,t) per unit mass of 2 and external rates of curve

N
supply of heat -h, -E& per unit length acting across the boundary aR. Also, we
?

The terminology of major surfaces refers to the upper and lower surfaces of
the body separated by the thickness of the shell.

No confusion should arise from the use of the symbol § in the designation of
the temperature fields by 018185, 4,48g and the notation eY= (91,92\ for the
convected coordinates.

%

»

The external rates of supply of heat r and ry include contributions corresponding to
heat fluxes on the major surfaces of the shell. They are not the same as quantities
defined with a similar notation in Green and Naghdi (1970 or in Neghdi (1972).

9.




assume the existence of internal curve fluxes of heat -h==-h(eY,t; !),
_hN= -hN(eY,t i v) across each curve 3P; the fields h and hN’ called heat fluxes

and measured per unit length per unit tnnef assume the values h and hN

respectively. The total external rate of supply of heat per unit mass of v

on 3R,

is defined as

s s 31

Similarly, the total external rate of supply of heat per unit length per unit
time across 3R and the total internal curve flux of heat across 3P per unit
length per unit time are defined, respectively, by

s K _ K
-h- T hN and ~-h- £ h
N=1 N=1

_— (3.2)

We now define the ratios of the heat supplies r and rN to temperatures §

and eN’ respectively, as s = s(ey,t) and Sy = sN(eY,t) and call these the external

rates of supply of entropy per unit mass of . Further we define the ratios of

h and HN to the temperatures @ and eN’ respectively, as the external rates of

curve supplies of entropy k and Eﬁ per unit length of dR; and, similarly, we
define the ratios of h and hN to the temperatures @ and eN’ respectively, as

the internal curve fluxes of entropy k==k(eY,t ;!) and kN==kN(eV,t; Z) per unit

length of 3P. The above definitions may conveniently be summarized by

s=r/9 , sN=rN/eN , k=h/g , kN=hN/eN .
(3.3)
k=h/g , kN=nN/eN X

We require that the fields sN’kN’kN’ defined by (3‘3)2,h,6 all tend to finite

limits as eN-O for each N=1,2,...K.

$

The sign convention for the internal curve fluxes of heat are such that these
fields -h and -hy represent fluxes entering § across the boundary ~urve Jp.
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In addition to the thermal fields already introduced, throughout ./ we
assume the existence of scalar fields ﬂ=:n(ea,t) and nN==ﬂN(ea,t), called

specific entropies and internal rates of production of entropies

£= §(9Y,t) and £ = gN(eY,t) per unit mass of . The contributions of these
internal rates of production of entropies to the internal rate of production of
heat is
K
8E+ £ 0y, (3.4)
=1
per unit mass.

We now postulate balances of entropy for every material surface of ¢ occupying

*
a part § in the present configuration and write

3 dH
id ¢ = = | p(s+g)do -
1 dt ‘[P

Uy
at

kds , H=Ip'ﬂdc’ ’ {3.5)
P P

= | pla te Jdo=-1 k. ds (N=1,2,...;K) , = ! gll.d8 . (3.6)
Jpewear- [ wy = J e

By usual procedures, it can be shown from (3.5) and (3.6) that k and ky are

i linear functions of Vs i.e.,
— . — a — . = @
k = g x P \’a 5 kN E‘N ! PN VQ b (3 7)
= PR Py = Py 2 .
2 ~ 7 AN N g °
where are called entro flux vectors. Then, from . nd .
RsPy e Py s (3 3)5,6 a (3 7)1’2
h=6p-y , hy=@pe. -y (no sum on N) (3.8)
and we may define heat flux vectors 9Ly by
Q=0 , Iy = 8Dy (no sum on N)

' (3.9)

h:g-z s hN=q‘Noz.

*A motivation for postulating equations (3.5) and (3.6) for balances of entropy
is provided by consideration of derivations from three-dimensional equations
in §7.
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Under suitable continuity assumptions and with the use of (3.7), the field

equations resulting from (3.5) and (3.6) are

ol = p(s+€) - div )
{3.10)
pﬁN = p(sN+§N)-diV EN 3

where

S TR X
gN—a (apN)a .

-4 4
div p = a g(a‘pa) , div
L ' ’
We now introduce the first law of thermodynamics or the balance of energy
for the Cosserat surface C. This states that heat and mechanical energy are

equivalent and that together they are conserved for every material surface of (.

Thus, with reference to the present configuration, the balance of enecrgy may be

stated in the t‘ormf

%I {é(x-V+2klv.w+k2w.w)+c}pdo
P ~ ~ ~ ~ ~

K
:I(r+ N rN+£'x+£'W)pd°
P N=1 e
K
+ (N*ve¢Mew=-h=- ¢ hN)ds R (3.12)
g T N=1

where ¢ = ‘(e‘i’t) is the internal energy per unit mass of 2. With the help of
(2.12) to (2.15), (3.9) and (3.10) and under suitable continuity assumptions,
the field equation resulting from (3.12) is
S 2 K 5
s ple-mn- T Gyy)-olegt T Gy R8T B’

+¥. v +n.weM.w =0 3 £3.13)
~ ~ ~

where the temperature gradients g and are detined by

Y

fSee Green and Naghdi (1977) for further remarks on this in the context of
the three-dimensional theory.

12.




prad 8 9 oy (3.14)

Q
grad o 8 a , N N,ai

3 Ol S

1%

Introducing the Helmholtz free energy - *\0\(.1\ per unit mass of g by

N
v c-BT\-N‘;l 8y (3.1%)
the energy equation (3.15) may be written in the alternative form
N elial K K
~ply t Mo Nr,l N8y = PLOE + le oy8y) "R i-Nj\jl Bt
Ny tmeweM W o (3.10)
- S T~ TR

For a given Cosserat surface having a reference density pokea‘, the field
equations obtained from the integral form of the conservation laws, involve a
set of 5K+15H functions. ‘These consist of the deformation functions r,d and the

~ o~

temperatures 9, eN s La®s
{i)ise;eN] ’ (3.17)
the various mechanical and the thermal fields, nu.mvly*
o Qo N 3]
{E aﬁ ;{Q;Q:QNW)H;T\N;{,EN] Y (.\-‘\“
and
[£’£’S‘SN} . (3.19)

We assume that the fields (3.18) are specified by constitutive equations which
may depend on the variables (3.17), their space and time derivatives, as well as
the whole history of deformation and temperature. We then adopt the tollowing

procedure in utilizing the conservation laws:

1.'l‘ho mass density p ls not included in (3.18) and (3.19) since, given (3.17),
p can be caleulated from (2.15).

e ) it it b




(1) The field equations are assumed to hold for arbitrary choice of the
functions (3.17) including, if required, an arbitrary choice of the space and
time derivatives of these functions;

(2) The fields (3.18) are calculated from their respective constitutive
equations:

(3) The values of the variables (3.19) can then be found from the balances
of momenta (2.16) and (2.17) and balances of entropy (3.10):

(&) The equation (2.18) resulting from the balance of moment of momentum,
and the equation (3.16) resulting from the energy equation, will be regarded as
identities for every choice of (3.17). This will place restrictions on the
constitutive equations.

We note that the quantities g,gN,n,nN,t may be arbitrary to the extent of
-of - g eNfN’ respectively, where f,f are

N N=1 N
arbitrary functions of the variables (3.17), their space and time derivatives

additive functions f,fN,f,f

and functionals of their histories. The additive functions have the property
that they make no contribution to the differential equations for ﬂ’g’e’eu and
the boundary and initial conditions. They also make no contribution to the
energy identity (3.10) and no contribution to the internal energy €. We remove

this arbitrariness by setting*

A A S .
£ = £(sY) , £y = rN(eY) y £=0 , £,=0 ., (3.20)

Then, the functions g,gN are determined uniquely and n,nN are only arbitrary to the
A
I‘N
thus be determined by specifying values for n,nN in some reference state.

A
extent of additive functions of dﬂ independent of t. The functions f, in (3.20) can

S0 far no mention has been made of restrictiors on constitutive equulions

which may arise from some form of second law of thermodynamics, usually

tFor a more elaborate parallel discussion in the context of the three-dimensional
theory, see Green and Naghdi (1977,§2).

1k,
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interpreted in terms of an "entropy inequality." Before considering this and
in order to gain some insight into the nature of our procedure described above,
we study in the next section the relatively simple case of an elastic shell.

For later use, we record the expressionsg for the external work and the
external heat supplied to any part P2 of the surface 2 during the time interval
'1 st at:. First, however, gulded by the results of §4 we observe that in the
case Oof an elastic Cosserat surface the regponse functions V'“-‘]N" depend only
on the vectors a ,d,d and the temperatures 9,8, (N« 1,2,...,K) and are

Y~ Y N

independent of their rates and the temperature gradlents VL Such an elastic
material will be regarded as nondissipative in a sense that will be made precise
later: and in conjunction with an expression for the external mechanical work
supplied to any part @, will be used as a basis for establishing in §5 an
inequality representing the second law of thermodynamics for dissipative
materials. Keeping this background in mind, we assume that the constitutive
response functions for ¢,7 include also dependence on the list of variables

ﬂq’é‘é.a'é‘éx’ﬁ'ﬂv and their higher space and time derivatives and refler to

this list colleetlvely as Y. Further, let ¢',N’ denote the respective values of

¢, when the list | is put equal to zero in the response functions. Thus, for

example,
¢ - C(QO\S&W.S.BN,‘U) ,
€ gt 0 - el ) (3.2
¢ (%’Q»L‘Y.G.BN-Q‘L{N-H-\ ’

where the dots in (!.?l\‘ refler to the higher space and time derivatives of

90’}1'}'.5'6' 6:‘.5,2'“. Then, with the help of (2.15) to (2.17) and the integral

of (3.12) with respect to time, we obtain

15.
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b = External mechanical work supplied to a part @ of the shell during the

time interval tl sts t2

t
IZ[I (£-v+a-wlp da+J' (N+v+M.w)dsldt
t, e ' ® -

- AK+AE+E+\&2 (3.22)
and
B = External heat supplied to a part P of the shell during the time
interval tl sts t2
t2 K K
. I [l (re L ryle ao - | (@+ T gq) -y daslat
ty o Ne=1 ‘AP N=1 )
--G-uz ’ (3.23)
where
. t, RS P ty
B=-] %[ o(el'+ & gii)ao at w, = [ 2 pwaoat , (3.24)
tl e Ne=1 t’l P

K and E stand for the kinetic and internal energies defined by
K= I HePeady w1k ae , B - J pedo (3.25)
e 3 (¢

respectively, and where the prefix A denotes the difference operation on functions
and fields during the time interval [tl,tal, e.g., AE= E(ta) - E(tl). Also, w in

(3.214)2 is given by

. K .
pw==p(e-e)-p(¥' +1'0+ £ My ) + N v +m.weM¥. v

N=1 ~yQ @
. . K . .
gl o[(n-n')e+Nzl(nN-n1;)eNJ
( K ) K
+ p(eg+ ¥ *Rg* TRyt o
g N-leNgN an,_N &N (3.26)
K
'we’a@’~ I A v
y E oy (3.27)

The foregoing discussion of thermodynamics of shells includes, of course,
the thermodynamics of a memdbrane surface or an interface. Results of this

kind can be recovered by deleting the terms which involve the director.




4.  Thermoelastic theory of a Cosserat surface.

Previous work on the thermoelastic theory of a Cosserat surface made use
of a two dimensional Clausius-Duhem inequality and only one temperature field

was considered, which corresponds to the surface temperature @ of the presont

=
e TN B T TN b

paper (see Naghdi 1972). We consider now constitutive equations for a thermo-
elastic Cosserat surface which admits K+1 temperature fields and we examine
the restrictions imposed on these equations by the procedure described at the
end of §3.

We assume that the set of variables

~

anﬂaax ;E:E‘NSW’T\’HNag:gN

are functions of the set

angsg’ » 0, eN :g:gﬂ ’

as well as the reference values

p,n ,®
LA ’

and in addition may depend also on the particle @*. 1In the set of reference
values (4.3), ® is the constant reference value of @ and we have assumed the
reference values of eN (N=1,2,...,K) to be zero. Postponing the restrictions
to be imposed by the invariance requirements under superposed rigid-body motions
and recalling the procedure outlined in §3, the energy equation (3.160) is

identically satisfied for all thermo-mechanical processes provided

dy/3g = 0 , dw/dgy =0




g sl o

(4.6)
(&.7)
K K
p(eg+ £ 8. )*P g+ L P & =0 , (4.8)
o Uyt ET S Bt

: A
where as indicated in (4.5) the function v is independent of the temperature
gradients g and gy Formulae (4.6) and (h.?)l, with 8, absent from (k.5),
were obtained by Naghdi (1972, Sec. 13) with the help of the Clausius-Duhem

inequality and he also showed how to obtain alternative forms with the help of

invariance conditions under superposed rigid body motions. In this connection,
it may be recalled that in the discussion of some forms of the constitutive
equations for an elastic Cosserat surface, Naghdi (1972, Sec. 13) at first
indicated the dependence of the response functions on the properties of a
physically preferred reference state and material inhomogeneity through the
argument 8" and subsequently specified a more explicit dependence on the
reference values such as (4.3) in order to obtain other forms of constitutive
2quations in terms of relative kinematic measures? Results for an elastic
membrane or an interface (regarded as = membrane) follow from (4.5) to (4.8)
by suppressing the directors 2,2 end omitting the response functions for ﬂ?,g.
It is now convenient to introduce the component form of the kinematic
variables d,d relative to the base vectors ﬂd or 2}, and the component form

~ o~y

of D,D " relative to Ai or Ai. Thus, we write
~~’ ~ ~

*The influence of the reference geometry on the rosponse of elastic shells has
been examined also by Carroll and Naghdi (1972) who assumed the existence of a
local preferred state of the body and then stipulated that the influence of the
reference geometry, as in (4.5), occurs through the values of the constitutive

variables in the preferred state.
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where
. 41 ij 2
d, =d.a, , d =a dj 'y Ng i,a'ii
3! - S o y
Di =D. Ay o D™ = A DJ 3 Aia R,a ﬂi
nl% = a)i w O 833 A A13 = A31
and
= d -b _d =d
Mg = dalp " %up™3 0 Mo " BLa
=D -B D = D
Mg = Pallp ™ Pap’s Mo Pasa
In the above formulae, a single vertical bar stands
using Christoffel symbols formed from a _, a double

ap

covariant differentiation using Christoffel symbols

%t ® N Lp P

= A

~3 ; éq,a

A b e S, e e i, o s AR SR

fl
>

(4.9)

(4.10)

B
+bada ;
(k.11)

8
+EaDS

for covariant differentiation
vertical line denotes

formed from A and
af

(4.12)

are the coefficients of the second fundamental form of the surfaces o and 8,

respectively.

With the help of invariance conditions under superposed rigid body motions

the constitutive equations (4.5) to (4.7) may be expressed in an alternative

form which will be utilized later in the paper?

a ,d,d Dbecome a d d
~0’~’~’y % ﬁ\q, % ~’ Q ~,Y

~

Under such motions the vectors

s Where Q is a proper orthogonal function of
~

A
the time, and the value V+ of the response function y in (4.5) is given by

YSee Naghdi (1972, Sect. 13).

19.




Mot wrh o h il o 4L e N ahadid

Q4,94 0 8, AL DD L0508 . (4.13)

Y

We assume that the value of the free energy is unaltered by superposed rigid

body motions so that ¢+= y or

y Q ’gg ')=¢(

A
vQa,Q o sl _piva) (k.14)

for all proper orthogonal tensors % At this point it should be mentioned
that those who prefer the concept of objectivity will make the statement (4.14)
for the full orthogonal group.

Assuming first that (4.14) holds only for the proper orthogonal group for
Q then from Cauchy's representation theorem cmay be expressed as a different

function of the inner products and scalar triple products of »d,d , namely

a
~x 'Y

Sq.g_a:aaa ’ Eq.g:da ’ Ea.g’a=)\aa »
. " 5 (4.15)
d-q =44 . =d
grg-aley , geg =l g g e
and
. -
(4.16)
3 Y 3 Y
dd = + d .
[20~~,e] vat gt Mgt oy
In view of (2. 2)5, [al~2 3] -a%>0, so that a% can be expressed as a single-

A
valued function of a It then follows from (4.15) and (4.16) that § may be

o8’

expressed as a single-valued function of a ’di’kia’ the remaining contributions

ap
in (4.16) being redundant. Similarly, if we make the other choice of the ncrmal

8, in (2.2) so that [~1~2~3] =-a°, we may again reduce Q to be a single-valued

function of aaa’di’)‘i Moreover, when (A A.A ]>0 or<0, we may express A

~l~2 ~3
a single-valued function of A Ay and replace the dependence of ' on

~3 °

ByD . B
,~,~,B Y




5a’Di’Aia' Hence (4.5) is replaced by the different single-valued f‘unction‘r

y = ;(nas,di,xia,e,eN; Al sh 058 (4.17)

i Bt .
Let N¥ ,Ma ,m denote, respectively, the components of Na,Ma and m referred to

the base vectors T i.e.,

N - .. L iy L o aeata . (4.18)

Then, with the help of (2.2) and (4.10), it follows from (4.5), (4.6), (4.7) and

(.17) that

p s = n :
adi akia 2
N ’GB - NQB o mada - MYQKB O(£L o Sgl_) -
ab Bor (4.19)
N3 . %3 - MW’)\3Y +m2a®+MP2\* =0 ,
__a LY
Lt AL Ao 7

Apart from the last formula in (4.19), the above results are equivalent to those
4% given by Green, Naghdi and Wainwright (1965). The moment of momentum equation
(2.18) is satisfied by (h.19)3 L

b

In order to complete the discussion of invariance under superposed rigid

body motions it remains to consider R’EN’g’gN’ For example, recalling (3.7)3,

we have the constitutive relation

o Aﬁ(

pi=m p E‘B’S)S’Y’Q,Qngygﬂ 5 %’E’R)Y’g; eu)

subject to the condition

! ] "he response function T in (4.17) exhibits explicitly dependence on the basis
' A, in the reference configuration of the surface of C. Since T is a scalar-

lued function, its d ndence on A will be thr h & . =& «A_.
value ’ ependence Ay e oug P

2l.
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for all proper orthogonal tensors Q. By a discussion similar to that used for

~

E, it follows that pa can be expressed in the different functional form

36
a N 38 N, . ol
P =Pp (aaB,di,)\ia,e, SN, aeu, aeu ) '{\Q’Dl’[\(Y,® v 9 ) .

Similar results follow for pg,g,gN.

Although we adopt the representation (4.17) in the rest of this paper, we

note that if (4.13) is to hold for the full orthogonal group, then ; becomes a
function of the inner products (4.15). Moreover, since as - d=(i3¥<), we may

reject redundant elements in (4.15), and reduce § to a function of

2 .3 . "
aassda:lasa(dB) ,d \3a ’éa’Di’Aka’g’ 9“

as found by Naghdi (1972, Eq. (13.36)). On the other hand, the component d3

(since it is nonzero) can either be chosen to be always >0 or always <0. 1In

each case d, may be expressed as a single-valued function of (d

3 3
a function of the variables (4.20a) can be expressed in the form (4.17) and

)2 so that y as

conversely. This means that there is no difference in results if we use the
orthogonal group instead of the proper orthogonal group for our invariance 1
conditions. Moreover, there are different, but equivalent, representations

for .

Returning to our main objective, with the help of (4.8) and (3.22)-
(3.24), for an elastic Cosserat surface we record below the expressions
representing (i) work by assigned force and assigned director force and by con-
tact force and contact director force acting on any part @ and (ii) supply of
energy arising from the total external rate of supply of heat and the total

stst_:

curve flux of heat to @, both over a finite time interval tl o

a2.
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t
w=j2[I (£-1+£-y)pdo+f (N«v+M.w)ds)at
= AK+AE’ +1p (%.21)
and
t K K
N=felf(r+ er)pdc-I (g+ = gN)-yvds]dt
(k.22)

:E,

where Ip and K are given by (3.22&)1 and (3.25)1, respectively, and E’ is defined
by

E! = J. pe’do . (4.23)
P
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5. The second law of thermodynamics.

Previously (Green and Naghdi 1977,1978), in the context of the three-

dimensional theory we have discussed the nature of thermodynamic irreversibility
sarising trom a mathematical interpretation of a statement of the second law of
thermodynamics that "it is impossible completely to reverse a process in which

i

snergy is transformed into heat by friction." Here we follow the same procedure

and reconsider a mathematical interpretation of a second law appropriate for

a2 Cosserat surface which admits more than one temperature field. Esrlier work
f@ on the subject made use of a Clausius-Duhem inequality when only one temperature
J field is admitted (Green, Naghdi and Wainwright 1965, Naghdi 1972).

f

W

w For the sake of clarity, we first dispose of some definitions. A stat

& | the Cosserat surface C at time t, regarded as representing a thin shell-like body,

is described by the position vector r and the director g, the velocities (2.&)1’2,
the temperatures 9 and eN (N=1,2,...,K) throughout the surface  of ¢, together
with the constitutive response functions for the fields (3.18). Once the response
functions are given, we then know the values of H and HN in (3.5)2 and (3.6\2,

as well as K and E in (3.25)l o° A thermo-mechanical process or simply a process
b

is a time sequence of states; it is a continuous oriented curve in the space of

states, i.e., the (e,eN,a )-space. Thus, a process may be defined by a

a8’ i Ma

sequence of values of
(8,8)>x,d) (5.1)

throughout o in the time interval 0sStSc¢. Similarly, the reverse process is a

process defined by a sequence of values of (5.1) throughout o in the time

interval g=t =20 subject to the conditions

a(t)

9(20-t) ’ BN(t) = QN(?U't) ’
(5.2)
r(t)

r(20-t) , d(t) = g(eo-t)

ok, - |
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Returning to our main objective, we observe that in any process the work
done by the external mechanical forces acting on @ is positive or negative
depending on whether the external work is supplied to, or is withdrawn from, @.
In general, some of the work done results in a change of the kinetic and internal
energies represented by the first two terms on the right-hand side of (3.22)3,
each of which may be positive, negative or zero. Also, part of the work done
may be positive with a corresponding extraction from f as heat or negative with
a corresponding absorption of heat by . We note that in the case of an elastic
material, the different contributions to W will vary in sign depending on the
process and will not be restricted to be either positive or negative for all
processes. Consider any smooth process in the time interval OSt=g and its
reverse process in the time interval g=t=20. If the process is reversed in
the (e,eN,aaB,di,xia)—space in such a way that at the end of the process and
its reverse process the shell has returned to its original state with A§=0,
A9N=O, AaaB=O, Adi=0, A)\ia=0, A1=g, Avi=g and, hence, Ae =0, AT=0, AT\N=O,
85 =0, ASy=0, Ay"”:g, Apg“:g, BL=0, Ap=0, APy =0 and AK=0, AE=0, then all
the work done in the process is recovered as work in the reverse processT This
recovery of work would not be possible if in every arbitrary process part of W
always has a positive sign. With this motivation in mind, we assume that for
any arbitrary process in a dissipative shell only part of the work done is
recoverable as work in a reverse process, the rest being transformed into heat.
We therefore assume that in every process part of the work done is always
nonnegative. Then, if at the end of any process and its reverse process the
shell has returned to the same state, some of the work done is always trans-
formed into heat. Recalling that ub==0 in (3.2&)2 in the case of an elastic

shell for all processes, we interpret the above assumption for a dissipative

fIt‘ work is extracted in the process, then it is absorbed by the medium in the
reverse process.

25.
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shell by requiring that

% 2 0 ('\.3)

for all parts P and all processges, where W, is given by (R.Dh\q. Since 11,tq

are arbitrary and pw has already been assumed to be continuous, it follows
that
. - - . K
ow == p(e-¢’) -p(y'+N'0+ ¥ n'eNHN-v tmow+M¥ow 20 (5.4)
N’—=] ~ ,v,a ~ ~ ~ ~’a
for all thermo-mechanical processes. Also, from (3.23) and (5.4), we have
K

t‘r) . .
Hs ]‘ _[ p(en’ + © eNnrg)do dt (5.5)
Ts
t,°e N=1

50 that the external heat supplied to a part P of the surface of ¢ is bounded

above in any process.
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[ Summary of results from three-dimensional mechanical theory.

Consider a three-dimensional body, embedded in a Fuclidean 3-space, and
. g X
let its particles be identified by a convected coordinate 8 (i=1,2,3). let r
~
denote the position vector, relative to a fixed origin, of a typical particle
of the three-limensional body in the present configuration at time t. Then,

X X

. l ‘V P X i .
r r (8,0 )ejst\ ’ '%i = a{’/ael ’ ’\L i E‘ ’

(6.1)
r > v vi 4 = 61 1k = vi . vk oy 1\t x
o Sl B CHEEE T Rl UENR s T T R R T
where &4 and 51 are covariant and contravariant base vectors, respectively,
81k and gik are covariant and contravariant metric tensors, respectively, and

6& is the Kronecker delta. Also, a superposed dot denotes material time deriva-
X
tive holding ei fixed and v 1is the velocity vector.
The stress vector t across a surface in the present configuration whose

unit outward normal is n is given by

n = nigi = nig. 5 (6.2)

t=nTg* = niT &

~ i~

where Tik are the contravariant components of the symmetric stress tensor. We
do not recall here the consequences of the conservation laws of the three-
dimensional theory since they will not be used explicitly in the present paper.
The parametric equation e3==0 defines a surface in space at time t, which
we assume to be smooth and non-intersecting. Any point of this surface is
specified by the position vector r, relative to the same fixed origin to which

X
r 1is referred, whore*
L ol o :
r=r(e,8,t)=r(8,8,0,t) . (6.3)

Let the boundary of the three-dimensional continuum be specified by the material

surfaces

For convenience, we adopt the notation for r in (2.3); also for the surface (6.3).
This permits an easy identification of the two surfaces.

27.




3

= a(e',6%) , o =p(e',6%) , (a<0<p) , (6.4)
with the surface 93==O lying entirely between (6.&)l o and a material surface

b
£(6°,6°) = 0 (6.5)

which is such that e3==const. are closed smooth curves on the surface (6.5).
Since later we identify the surface described by (6.3) with the surface (2.3)1,

it is convenient to adopt the notations for 8,%08° ete. defined by (2.1) and

af
(2.2) also for the surface (6.3).

*
; We may now consider a general representation for r in (6.1)l as a

3

polynomial in @~ but in what follows we restriction attention to the

approximation

4, d=a(e%t) (6.6)
in the bounded region a s 9315. Recalling (6.1), the velocity vector is
then given by

* 3 .
LAEAEN 5 Rug W12

Given the approximation (6.6)1, it is known (see, e.g., Naghdi 1972: Secs. 11,
12) that the field equations of the forms (2.15) to (2.18) can be derived from
the three-dimensional field equations provided we identify d in (6.6) with (2.3),

and adopt the definitions

B _ B
pa = ) = | o'ddae , wa [ e (6.8)
o ‘a
] g ]
o o o

*
where p 1is the three-dimensional mass density. Also the assigned force f and

28.
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the assigned director force g are related to the three-dimensional body force

x
f per unit mass and to the effects of the stress vector (6.2)l over the

boundary surfaces (6.1&)l . by

,(—
g 8 L 1
A= [ oo'glefaed e letr (e 5 rleer e, (6.10)
5% 0" = 07 =8
g g 3 3
AL = ) pkgks‘?ejde%[3&36310(93)] 3 +[£g‘°6315(63)] B L (6.11)
va e = e :s
where
: 2
70(93) = [gll(_a_%)e + g 2(-3%)2 + g3
30 30
1 1
+ 2(g2 _é% _595 - g3 .égi. - g3 2‘32_)]= (6.12)
30 98 36 1)

and 13(63) is obtained from (6.9) by replacing o by B.
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i Thermodynamical results from three-dimensional theory.

In this section we obtain some thermodynamical results for a shell-like
body on the basis of the recent thermodynamical theory of Green and Naghdi
(1977). Thus, along with the (three-dimensional) temperature field ¥
6* - 9*(ei,t) > 0, we admit the existence of an external rate of supply
of heat -K* per unit area acting across the boundary BR‘ of a region of space
R‘ occupied by the body in the present configuration at time t. Also, we assume
the existence of an internal surface flux of heat -h* == h*(ei,t: 2) per unit
area across each surface ap' which is the boundary of an arbitrary part P‘ of
R‘. We define the ratio of the heat supply r' to temperature e* as s*::s*(ei,t)
and call this the external rate of supply of entropy per unit mass. Similarly
we define the ratios of h* and h* to temperature, respectively, as the external
rate of surface supply of entropy E* per unit area of an* and the internal surface

* *
flux of entropy k =k (ei,t 3 2) per unit area of BP*. Thus ,
F =88 4 B =% ; B =% . (T4}

In addition, throughout R* we assume the existence of a scalar field n‘-=n‘(ei,t)
per unit mass, called the specific entropy and an internal rate of production of
entropy §*= g*(ei,t) per unit mass. The contribution of the latter to the internal
rate of production of heat is simply e*g* per unit mass.
We recall the balance of entropy in the torm

(—% f 2 o M dv = I : p*(s\g*)dv-}; . K da (7.2
P P P
for every material volume occupying a part P* in the present configuration. It

follows that k* is linear in n, i.e.,

* % »* *1
"R R s L *v g o (7.3)

* * X X
where p is the entropy flux vector. Then, from (7.1) and (7.3), h =9 p*- n

¥

Ly
No confusion should arise from the notation ei= (el,e“,e3) for the convected
coordinates and the use of the symbol § in designation of the (three-dimensional)
temperature field @* and the surface temperatures 8:8;58,50 04,8, in (7.17).
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*
and we may define the heat flux vector q by

L3 L

g™ %] P . (7.4)

With the help of (7.3), the field equation correspending to (7.2) is

b e %, % X x ;.
i~' pN =p (s +g )~adivp , (7.5) |
where
R ™ P T :
’ div p = g 3(p"g?)/230 . (7.6)
i
4 T 3\N : . *
Now multiply (7.5) by (8”) and integrate over an arbitrary part § in the

present configuration. After using (7.3) and some straightforward manipulation,

we obtain

: at [ o ar = T p'" g6 av s [ L weh) ey
p P

E [a (9% e (w=1,2,..0) (7.7)
Jayp

Let an arbitrary material surface e3= 0 occupy a region P at time t and
let 3f denote the closed boundary of . Further, let an refer to a part of aP‘
specified by the surface (6.5) so that ap:=ap =3P on 93_ 0, and let
aq:°==ap*-aci stand for the complement of BFi in BP'. Then, for a shell-like
region bounded by the surfaces (b.l&)l,2 and (6.5), from (7.2) and (7.7) with
N=1,2,...,K, we can derive the balance equations (3.5) and (3.6) without

introducing any approximations* provided we make the following identifications: f

B B x 1 C!
AN = j YT My = | emereh e (7.8)
o
- S 1 3 v L 3 *d 3
As = | psgde - [k g7t (87)] - [k go1,(07)] , (7.9)

"The details parallel similar developments in Naghdi (1972, Sec. 11).
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g * * x *
Asy, = ja o's"e? (63)Vag3 - [x gé(e3)"1a(e3)]e3=a- [k g§<e3)”ta(e3)l

B »
\§=j‘ pgs%de3

o

87 =P

’

We also recall the three-dimensional equation for the conservation of
energy, namely
a f * * e * * * L * x *
It j *(5 voev o te Jp dv = j *(s 8 +f v )p dvi-j *(E' v -k ® you o 1{7.16)
P P AP
»
where ¢ 1is the internal energy density. Suppose in addition to the approxima-
tion (6.6) and (6.7) for the displacement and velocity vectors, we adopt the
approximation
* o L e
o =6(e,t)+ £ (87) gyl(e,t) , >0 (7.17)
N=1
for the temperature field. Then, for a shell-like region bounded by the surfaces

(6.1&)l , and (6.5), from the energy equation (7.16) we can derive the equation

’

of balance of energy (3.12) for a Cosserat surface provided we make the

identification

B
\e = I p*c*g§d93
a




8. Heat flux vectors and internal energy.

Suppose the three-dimensional shell-like body is in equilibrium with
x
v =0 and all functions are independent of the time. As a part of their thermo-

dynamic restrictions on constitutive equations, Green and Naghdi (1977) have

adopted the classical inequalityf

* x * *x
-q ‘g E 0 or £ ‘B & [ S
(8.1)
* *x
g = grad ©
for all time-independent temperature fields. It follows from (8.1)2 that
8 3
pR K . %
- J 822 g d93 & O . (8.2)
o

*
With the approximation (7.17) for @ and the help of (7.12). and (7.13), it

2
is seen from (8.2) that

K
T pE. 0 +D.g+
o e L

M=

. =0 ..
B S :

for all equilibrium displacement and temperature fields. With the above
motivation, we add the inequality (8.3) for all equilibrium states to the
thermodynamic inequality (5.4) which was derived directly from two-dimensional
postulates.

Now suppose that the Cosserat surface C is at rest with
Yol , ¥v=sp (8.4)

for all time and with the deformation gradient, director and director gradient
each constant for all time. Then, by (2.15), p is independent of t. In addition

we restrict the temperature fields to be spatially homogeneous so that ¢= 9(t),

fPreviously (Green and Naghdi 1970) in the case of an elastic shell, an inequality
was derived using (8.1),. Because of the different thermodynamic restrictions
employed here, it is more convenient to start with (8.152.
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eN= 0 (N=1,...,K). Keeping these conditions in mind, from a combination of

(3.10) and (3.13) we have

K K
p(r+ ¢ !‘N)-div(q+ gn) =pg . (8.5)
N=1 N=1

In view of (8.4), no mechanical work is supplied to the Cosserat surface C.
Hence, using (8.5), the heat supplied to a part P of the surface during the
time interval tl§t§t2 is

t

.t2 K K o
M= [I (r+ Zre d°'I (q+ EgN)-zds]dt=J.pc . (8.6)
Ty P N=1 R N=1 e |t
& 1
Suppose the shell is in thermal equilibrium during some period up to time t’l
with constant internal energy L and constant temperature 9. We assume that
whenever heat is supplied to the part P of the shell under the above conditions,
the temperature §(t) throughout the part will be increased, i.e.,

(8] 2 50 whenever N3>0 . (8.7)
s 5

Provided that pe is continuous and remembering that p, which is independent of

t, is positive and P is arbitrary, it follows from (8.6) and (8.7) that

o(t) -9 > 0O whenever ¢(t)- € >0 (8.8)

for all t >tl.
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9. Symmetries

In the rest of this paper we restrict attention to the situation where

K=1 in the earlier part of the paper, and for convenience we set
e =9 (9.1)

The inclusion of a second temperature field ¢ allows us to take some account of
temperature variations across the shell thickness but the more general situation
in which K>1 can be dealt with in a similar way. We also use relative kinematic

measures e

s 3. instead of a d : where
QB’YI, la’ as) i))\la)

© - Eh

as e =d,~D ’

A L)
st L R R T

We consider the form of the Helmholtz free energy function in (4%.17) which is

such that the Cosserat surface models the main features of a three-dimensional
thin elastic shell which has the following properties in its reflerence configura-
tion: (i) it is of uniform thickness and normals to the middle surface meet

the major surfaces of the shell at points which are equidistant from the middle
surface, (ii) it possesses isotropy with a center of symmetry and (iii) it is
homogeneous and of constant temperature.

We choose the initial director D to be specified by

2‘%3 >

where D is a nonzero constant in line with (i) above. Then, from (4.11),

A =-DB
o

aB g’

The Helmholtz function (4.17) may now be replaced by the different function

(9.5)

= V(e ga¥; 2K yqs8:0 5 D,DB

anhy!

which by virtue of (1ii) does not depend explicitly on ea_ Moreover, recalling

i T TP T AN g
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(6.6), our Cosserat surface C models a three-dimensional body which in its

*
reference state has a position vector R specified by

R = R+ 63DA3 . (9.6)

At this stage we relax the condition (ii) slightly and assume that the three-

dimensional body is transversely isotropic at each point with respect to the !
*

normals A, to the surface’ §3=0 (R"=R). Then, the three-dimensional energy

function is form-invariant under the coordinate transformation

B0 , =00

b ,9 s (0-7)

where 31 any other set of three-dimensional curvilinear coordinates with

-

8" on the middle surface. Corresponding to the first of the transformations in

(9.7), we assume that the response function ; in (9.5) is unaltered in form

when

DwsD S"“S s @ ==9 (0-8)
the other variables remaining unchanged. Thus

T(eae"Yi"Kia’ 6,-0 ; -D,-DBaﬂ’é‘Y)

= ;(edﬂ’Yi’Kia,e’¢ sy D,DB

X 9.9)
QB,Q,Y) (9.9

Since D#0, 7 may be reduced to a different functional form and we have
¥ = V(e osDV, DK, ,8,D85 0°,B ,A ) (9.10)
M S aB’~y ]

if redundant elements are omitted. To complete the specification that the
three-dimensional shell is transversely isotropic, we suppose that § is an

isotropic function with a center of symmetry. Moreover, in view of the second

TComplete isotropy is considered in §10, where constitutive coefficients in

the linear theory are identified.
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part of the condition (i), we assume that the major surfaces of the shell in
. : 3 1 . \ .
its reference configuration are specified by ¢ =13 h in (9.6), where h is a

constant and §° = O is its middle surface. We identify the .urface of ¢ in the

~
reference configuration by R =R and we then require that y is unaltered in form

under the transformation

A -‘-53 y 8, ==, . (9.11)

3 ) ~3

The transformation (9.11) implies that

-] - - Y - - K
D D , Y3 v3 % = (Sa Ko *

X - K ’ » B == B ’ (9'l‘?)

e - B
aB ~ “ap

B~Q , @ =9 .

Hence, § in (9.10) is subject to the further condition

A )

¥(eggeDY B

® on
GB 3’-DYG,DK3G’-DKQB’6’-M 5 D !-ba

= V(e ggoDY3sDY 2Dk oDK 058,08 s D=,B guh ) . (9.13)

af

After imposing the restriction (9.13) it is convenient to make the special
choice D=1 for D which implies that h is the thickness of the shell. Thus,

(9.10) reduces to the different form

V= 7(%5”’3’%"‘30’%5’9"” ! Bas’i"«) N (9.14)

which is isotropic with a center of symmetry and which is also subject to the

restriction

*(eaa’Y3»‘Ya)K3a>‘KaB’ea‘¢ 5 -BUB"“\’Y)

sh.) (9.15)

S ne 8~y

dﬁ’Y3 ’YU’K3G’KGﬁ’ 0,9 Ba
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A similar discussion may be carried out for the entropy flux vectors Eo’Ea
and the internal production of entropies g,gl, except that all of these func-
tions also depend on 38/3¢", 3¢/3e". In view of (9.3) and (9.4), the entropy
flux vectors may be reduced to functional forms of the type exhibited by v in

(9.5), including dependence also on 39/38" and >/20". Thus

T o N T )
po = pO(eaﬂ’vi’Kia’e’w 5 H" 5 5 D’DBGB,é'Y/ ’ A
Ll (9.16)
pg » 5‘1’( B)Y !K )9,@ 5 ae _al ; D,DB B,é"(}
ag*  ae
Under the transformations (9.8) and (9.12), we require that
@ "
p- g =Dp338/Re% , p, g = plw/3e”, g0, £ (9.17)
be unaltered in form. After setting D=1, it follows that pg,pg reduce to the
different forms
a_ ~a 20 ¢
Po pO(eQB’Y3,Y 30 a’9’¢s u’ " B Baa,é'Y) s
36" 236 (9.18)
o _ ~a 28 3 .
= K K A
Pl pl(edﬁ’Y3’Ya’ 3a’ aa,9:¢: 59“' aeu’ H QB,“'Y) s

which are isotropic with a center of symmetry and which are also subject to the

restrictions

~,

- - . » > B..p A
P50 0g2¥33™Yg K3gr " g2 0570520/28,-3p/20M s =B 1A )

~

= Do (e ogaVyrVy Ky oK g20:9,20/30%,30/30% 3 B 8 ) (9.19)

af ~y
[ i 5 'Nab - . .
pl(eGB,Y3’ Ya"(3a) '(09,9,‘@,39/39 »-3p/30% 3 Baﬁ’é«()
== D1 (e g7 Y3 Vg K3y Kogr ©52,30/20% ,20/08" s B W ) (9.20)

with similar forms for §,g1, respectively. Finally, each function is also a
hemihedral isotropic function of its arguments.

In order to make the above conditions explicit, we limit our attention to
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the linear theory of a thermoelastic Cosserat surface which is unstressed and

1
at uniform temperature in its reference configuration. Then, for this theory,

the position vector r and the director d assume the forms

TRty » 4=DA3ts
(9.21)
i i i
W=ud =wh , §=8A =84

where u,$ and their space and time derivatives are smell. We also limit our
attention to a Cosserat surface which models the main features of a three-
dimensional thin elastic shell as described in (i)-(iii) above; and, hence, we
set D=1 throughout the rest of the discussion. The linearized relative kine-

matic measures are

eaB’Yi’pia ’ (Q~22)
where
= & = o . ;
S T E Rt Mgl B B R R )
Pag = Kop ¥ Bag P3g = K3q~ BV
ap ap ap'3 ’ "3« R
(9.23)

Y3 = 53 ) Yd = 9§ +u3,a+B\l Iy

o a A e~ 3,0

= u +B)\| +B)\1 + B

“Pag T "3lap TalBA aA|B Bkla-BakBgu3-YalB’

and where a vertical line now denotes covariant differentiation with respect to

the reference surface using Christoffel symbols calculated from AaB'
We assume henceforth that the reference configuration of the Cosserat

surface € coincides with its initial undeformed configuration and thus the

vector fields representing the force, the director force and the internal

director force are all zero in the reference configuration. To avoid the

introduction of additional notations, we now regard the force vector E and

*At this point some differences will occur in the developments if we wish to
include the effects of surface tension or initial stress in n membrane theory
of a surface, but this is straightforward.
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? the director force vector M as infinitesimal quantities measured per unit length

of curves in the surface 8 in the reference configuration of (, so that v is

now the outward unit normal to curves in 8 and

0 o
! = V@Av > E = ’I:]' va ’ ﬂ = Ea\)a . (*).2“)
Moreover*
a i o i i ,
et T m = mA (9.25)
3 and the equations of motion in tensor components become

NGB‘ o Bzvd+pfa = p(i+ klv:!‘) % AB :

. 1% ~
; (9.20)
‘ o B . S LI
1 v |a+BaaN°’ tof” = p(v+kw) fl}“ ;
1
i and
A
A
” 1\4"’E’|m-v°+m¢.'3 = o(k'v k%) AP
3 (9.27)
'e, 3 3 i SR
4 -V + = + .
] T I s AL S RV
where

(9.28)

and p denotes the reference density.

Turning to the temperature variables we replace @ by 6*’9, where @ = @ is

- *The order o1 indices Nni,Mai has been used by Naghdi (1972) and in many earlier
? papers in order to correspond to a usual notation in shell theory. 1n the first
paper by Green, Naghdi and Wainwright (1965) the opposite order NI¥ M wag used
and this yould be more in line with the cooruinate free notations of the form
N=N v=ﬁx°'ool~\‘i sometimes employed in the current literature.

~N o~ o~
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constant, and assume that @ and ¢ and their derivatives are small. Then, with

(o'} &
= = o Q
p=0p Aa » Py plAa s (9.29)

the equations of balance of entropy can be expressed as

Tl

i

pls+8) -0%,
(9.30)
ol = sy +&) -ph|, -

Also, from (3.3) and (3.9), retaining only first order terms we have
g=eg,gﬂ=0,r=es,rl:o. (9.31)

We recall from the development of §4 that most of the constitutive response
functions in the (nonlinear) thermoelastic theory of a Cosserat surface can be
expressed in terms of the Helmholtz free energy response function and that this
is mainly due to the use of the energy equation as an identity for all thermo-
mechanical processes. A similar situation exists, of course, in the linearized

theory and leads to

V= ;(eaa,vi»om,e,cs ; Bae’fq) (9.32)
and
o = g (9.33)
1 ='g; y W "g; ,
where

noob _ B naB pByha (9.34)
A




i
.

NI = . IO A TR VTR S AU )

Further, if the various forces, director forces and the entropies all vanish
in the reference configuration, the response function ? in (9.26) is a
quadratic function of eaa,yi,pia,e,(a. This function is to be a hemihedal
isotropic function which satisfies the condition (9.15).

In order to obtain an explicit form for ';, it is convenient to introduce

the invariant surface tensors

- oo ,B & PN
E=e A'®A° , B=B A"3A" ,
J=p A%2aP = A% 2P
L= 008 ¢ B= ngpyh o8 (9.35)
e ao B & X B
e rg L « R L

where E,g,}g and E are symmetric. Then,
¥ = V(B KPR, v5,0,058) (9.36)

where ; is an isotropic scalar invariant function of its arguments, such that

it is a quadratic form in the variables e »8,¢ and

aﬂ’Yi’pia
;(E"iyﬁs'g’E,Y3,9,‘¢ 5 'E) - ;(E,}l,gszyg"Y3,9;¢ 5 E) . (9.37)

Tt follows (Rivlin 1955) that ¢ is a linear function of the following 39

invariants

Y§ ity R ('crg)2 ’ (trg)z,trf ,trf s
(9.38)

triiT,trK,trg ’




92 ’9Y3)9trE’

2
$ , otrJd ,

Yy trdB, v, trEBtr B, yytr Jtr B,
tr EtrJB , tr Etr J tr B, tr E trEB tr B

’

(brJB)® , tr JB tr J tr B, trEB trJB tr B

~

b

trEB tr J , (trEB)° , trEJ tr B ,

etrig,etritrg,etmggtrg,e¢trg >
¢Y3tr£,¢tr5trg,¢tr£gtrg,¢tr§g ’

with coefficients which depend on

(tr g)e s B 22 .

Constitutive equations for N'aa,Mai :Vi"no’ﬂl (and hence NOIS) may be obtained
from (9.33), (9.34) and (9.38) to (9.41).
It remains to consider the constitutive equations for go,g‘l,g,gl,gl. In

determining these we must also use the identity (4.8) which here becomes

p(e+0)E+po €, tD 8*D "8 =0

and the inequality (8.3) which here reduces to
POE R g+p + g SO .

L3.

(9.39)

(9.40)

(9.41)

(9.42)

(9.43)

(9. k)




In the linearized theory, we assume that PRy and g,gl are linear hemihedral

isotropic functions of degree one in eas’Yi’°1¢’9'¢’39/39u»5ﬁ/39u with

coefficients which depend on Adﬂ’Bdﬁ such that 2’2& and g,gl are subject to
the conditions (9.19) and (9.20), respectively. If we retain only linear terms
in (9.43), we see that*
gE=0 . (9.45)

Moreover, with the help of (9.4l4), it follows that

Bo ““ "R %2 » B "%2g-%he -

(9.46)
P8y =-B@ , pE) =-ajetrB-bg-ctrBE-ditrd
where
g = (30/20MA% , g = (3/36MA% , (9.47)
ao,...,d3 are scalar functions of the invariants (9.42) and
b2 20, ao 20, bl 20, a°§ . E. + (al-bbo)gg- §l+bl§1.§l 20 (9.&8)

for all 8,8, -

1'Equation (9.43) then determines the second order terms in €, but these are
not required here.

b,

; \i SARig s S g g e s i it
. o don (55 e i o o e o B S b 3 0

e -




ik, o P e : g ] o 3 NS T 8

10. Thermoelastic plate

When the reference surface 8 is a plane so that B=0, the results of tne

previous section simplify. In particular, we have

2py = [alAaBAvb + az(AdYAab + AQGABY)]eaaeYG + "u(Y3)2

aB, Y6 ay, B6 ab, By
+ [chA A +a6A A +a7A A ]depYG

aB op ap
tagh TNt agh TRy Pag T 2aA e vy

+ 28,0+ 2slA°’5ed o+ 232A°’Bpaa¢

B
2 2
+ 536 +Bl¢¢ 5 (10.2.)
and

o == (Byvg * B A% g +B10) 5 oMy =-[8,A%p v pyo]

p=-ag E.l=-bl§.1 % (10.2)

~

€E=0 , p§l=-b2¢ > P§) =-bgg-ditrd

where the coefficients in (10.1)-(10.2) are constants.

We now suppose that the Cosserat plate characterized by (10.1) and (10.2)
and other relevant linear constitutive equations models the small deformation of
a (three-dimensional) plate of initial constant thickness h and of an elastic
material with the following properties: Young's modulus E, Poisson's ratio vy,
conductivity K, specific heat at constant volume c, uniform density p*, coef-
ficient of linear expansion a* and initial constant temperature 9. Let 5* be
the position vector of any point of the (three-dimensional) plate in its

reference state given by
*
R =R+&°A; (10.3)

where R is the position vector to the middle plane (93 =0)of the plate, and let

the major surfaces of the plate be specified by 63 =% %h . In these circumstances,

5. '




e —

e

specific values have been suggested for most of the constitutive coefficients

occurring in (10.1) and (10.2) [see, e.g., Naghdi 1972]. These values are

al=a9=¥-£-]_'—;%lc L a2=%(l-v)c p °'h=:lL:;v2C Z
(10.4)
a5 = VB , o = @, = 3(1-v)B , a = g'ph » og = Igs-uh3 .

where

s B R (10.5)
l-y 12(l-v2) it
and
* 3 %

B N - T LR lé?;f;v5 ; "

In order to obtain suitable values for the remaining coefficients we make

use of the results in §7 where all quantities now refer to the reference state

(10.3) and we choose

a=-%h , p=3%n (10.7)

For a linear elastic solid it follows from previous papers of Green and Naghdi
(1970,1977) that if only linear terms are retained, then

* * — *
€ =0 , p =-(k/0)grad 8 ,
* * % (10.8)
*

»*
where u is the three-dimensional displacement vector. We use the formulae
*
(7.9), (7.12), (7.13), (7.14), (10.8) and the approximation (7.17) for @ to

obtain the following values for the coefficients 53’31&’(13’& ,bl,ba,b3:

SR II Y5 R s A AR, &

7 R




We adopt these values for the Cosserat surface.

To complete the theory, we need to specify values for the assigned force,
the assigned director force and the assigned supplies of entropy, and to this
end we consider two problems below. For a discussion of values of the assigned
force and assigned director force in the case of either problem, the reader is

referred to Naghdi (1972, Ch. E). For the purpose of specifying the assigned

entropy supplies, we suppose in the first problem that our direct theory models
a (three-dimensional) plate in free space with the ambient temperature of the

surroundings at the major surfaces of the plate having the values

* x
® =9, at 63 =3h+0 , @ = o_ at 93 =-%h-0 . (10.10)

The temperature across the faces is discontinuous and we assume a radiation

type surface condition of the form

-
1}

*
K(e -9,) at gy =1lh ,
(10.11)

=
L}

x
K(e -0 ) at g, =-3n ,

3

x
where K is a constant. There are no entropy sources in the plate so that s =0.

With the help of (6.8), (7.10), (7.11), (10.3), (10.7) and (10.11), we find that
. o1, 2
ps =-l\(20-e+-e_) N = - K[}h ¢-v}‘-h(g+- e.)] . (10.12)

Collecting together values of n,nl,so,sl,g,gl,pa,p?, from (10.2), (10.6),
(10.9) and (10.12) and substituting these into (9.30) yields the following

differential equations for temperatures @ and &:

W7,




)+9-—-]+nhve H(2e-9,-9_) =0 (10.13)

*
: .3 2 rEha |

e 3

* 3 3
Ehda aB p ch”p Kh® 2 2 i iy \
A + —=] + = v"p - H[3n"p - 3n(e, - 8 )] - khp = 0 , (10.14)
2(1 2v) e 12 +

where H= KE and v2 is the two-dimensional lLaplacian. Apart from notation these

results agree with those obtained from a three-dimensional approximation by

s

Green and Naghdi (1970,1971)f The inequality (9.48) merely yields the condition

K20 which is already known from three-dimensional theory. If, from the outset,

we had restricted the discussion to a theory with one temperature field §, we |
would only have the one temperature equation (10.13) and we would obtain no

% information about the temperature variation across the plate.

In the second problem we assume that the region - 3hs 93_5_3»}1 is a material

3

interface between two other media in the regions ¢ E%h and é3§§h. The tempera-

ture and heat flux (and hence also the entropy flux) are continuous across the

boundaries. We again suppose that the temperatures in the surroundings of the
; interface at its boundaries have the values (10.10) and we now suppose that the i

entropy fluxes at these boundaries are

*

K =k, at 0 =3+0 , k =k_ at g =-3n-0 . (10.15)

g, e e

Because of the continuity of temperature and in view of the representation

(7.17) in the interface with K=1, we choose

=9+ , 8 =o0-1inp . (10.16)

3

* o ’
i Since k is continuous at §° =1 3h, it follows from (6.8), (7.9), (7.10), (10.3)

and (10.15) that

-r

Except for a misprint in Eq. (9.27) in 1970 and (4.5) in 1971. The value
of B in these papers should read: 8, = - Eh a/lZ(l-’n) with 1) being Poisson's
ratio.

L8.
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=v g 5
o ps, =-3zh(k, -k_) (10.17)

when s*==0. The values of k+ and k_ will depend on the solutions of the field
equations for each region surrounding the plate and will be expressible as func-
tions of 9, and 8_, respectively, and can then be written in terms of 9 and ¢
by (10.16). If the bounding regions are elastic the heat conduction vectors
for each will be subject to the usual restrictions which will affect the values
of k+,k_ but these restrictions do not arise from any inequality associated
with the interface. Equations for the temperatures 9,p are then given by
(9.30), (10.2), (20.9) and (10.17) and only differ from (10.13) and (10.1k) as
far as the terms in ps and ps, are concerned.

It is clear that results for a membrane interface in which the director is
omitted from the kinematic variasbles can be obtained as a special case. If two
temperature fields are admitted we still have two equations for the temperatures

which for the second problem discussed above reduce to

[ﬁ A%, orB+ p*cne] - knvPe+k +k_=0 , (10.18)

%h_g) Tv¢+k -k_+2Kgp = (10.19)

for a membrane interface. There is a considerable difference between such
equations and those of Murdoch (1976). If ¢ is taken to be zero then, from
(10.16) and (10.19', we see that the theory only applies to problems for which
8,=06 =6, k, =k .

* Ve + -
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