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PROPERTIES OF CONJUGATE GRADIENT METHODS WITH INEXACT LINEAR SEARCHES

by

L. Nazareth and J. Nocedal

1. Introduction

Conjugate gradient methods are extremely economical in their
use of computer storage and yet surprisingly effective. They thus
enjoy widespread popularity, in particular for optimizing non-linear
objective functions involving a large number of variables, since the
storage requirements of other methods may exceed that available. For
example, in the MINOS code of Murtagh and Saunders [1], for optimizing
a non-linear objective function subject to linear constraints (where
the number of variables and constraints can both be very large), a
suitable approximation to the optimum of an unconstrained non-linear
objective function must be found during each iteration of the algorithm.
When these unconstrained optimizations involve a sufficiently large
number of variables, it is impractical to use a Quasi-Newton method.
MINOS then switches to a conjugate gradient method.

Conjugate Gradient Methods were originally developed for solving
systems of linear equations by Hestenes and Steifel [2] and subsequently
applied to non-linear optimization by Fletcher and Reeves [3]. Many
variants of the basic algorithm have since been suggested, e.g., [4],
(51, (61, (7], (8], [9], [10], [11], [12], and extensive analysis car-

ried out, e.g., [13], [14], [15], [16], and [17].
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It is well known that when used to solve the linear system Ax = b,
or equivalently to minimize the function ¢(x) = a + th + 1/2 xTAx,
where A 1is an nXn positive definite symmetric matrix, the method of
conjugate gradients can be looked upon as being a particular specializa-
tion of Gram-Schmidt orthogonalization of a given set of vectors in the
inner product defined by A. Thus when used to minimize ¢(x), succes-
sive approximations to the point where y(x) attains its minimum are
obtained by minimizing ¢(x) 1in turn along each of a set of n search
directions mutually orthogonal in the inner product defined by A i.e.,
mutually conjugate w.r.t. A. The search directions are not known be-
forehand. Instead, the search direction dj at the current approxima-
tion to the minimum is developed from the gradient gj at xj and from
conjugate search directions and gradients at previous iterations. Ini~-
tially d1 = -8 It can be shown that gj is itself conjugate to

d Any vector in the subspace spanned by g, and d

3 j-1
Thus we can simplify the

o 4y

is therefore conjugate to dl’ 3l dj-2'

Gram-Schmidt process for choosing a vector in the space spanned by gj,

dl’ ey dj-l which 1s conjugate to dl’ ' dj-l’ since the coeffi-
cients of components of this vector along dl’ wiley dj-2 are zero, i.e.,
the Gram-Schmidt process specializes to choosing a dj in the space
spanned by dj-l and gj which is conjugate to dj-l' Note that these

statements, which underpin the method of conjugate gradients, require

that line searches be exact.
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In this paper we present some simple but fundamental results
for the case when line searches are inexact. (Sections 4 and 5). These
results again suggest methods of the conjugate gradient type which use
very limited storage and which can be regarded as alternative speciali-
zations of the Gram-Schmidt orthogonalization process to the one dis-
cussed above (Section 6). These sections of the paper are preceeded by

some introductory material in Sections 2 and 3.

2. Notation
(a) Search directions are denoted by dj'
(b) Given a function ¢(x) we shall denote its gradient at the point
Xy by gi.
(c) 4 "
i % 8441 T 84
(d) v(x) =a+ bTx + 1/2 x?Ax denotes a quadratic function. A 1is an

nXn positive definite symmetric matrix.

(e) 1if eys ..., €  area set of t n-vectors, (cl, ieiey ct) will
denote the nXt matrix whose i-th column is cy-
(f) Xin is the point where y(x) attains its minimum.

3. Preliminaries

We shall appeal to the following two lemmas in subsequent sectionms.

|
|
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Lemma 2. Suppose that d

Lemma 1. Suppose that dl’ L dn are a given set of n 1linearly

independent directions. Given X1» let Xy x3, S xn+1 be the
sequence of points generated by
Reay T ¥ ¥ A8y iy il

Suppose further that for some t<{n, the gradients Byr cvcs 8,
are linearly independent but Betl is linearly dependent upon Bys cvs Bp-

Then the minimum X of ¢(x) 1lies in the affine space

in

t
V=1{2:2z= x; + kgl akdk for some o € R} (3.1)

Proof. See Appendix 1.

d and Xys eoey X are given as

12 o0 G

in Lemma 1. Also let Xps woes X0

n+l

be the sequence of points generated

by exact line searches along dl’ » wog dn starting from X1 i.e., il =x

and x

41 =%t Aid Ay being chosen to minimize ¢(x) along d

i i
starting from ii. Finally, let x

i'
= Xy o xidi where )\ 1is chosen

to minimize y(x) along d1 starting from «x

i+1

T
Define e, and ¢, by e 4 X, = X, € 2 W (3.2)
1 R R el Tt R T TS W i
Then
dihe,
€41 "¢~ T )9t eydy 3.3
d,Ad
13
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and

T T
€ = -Ai (g1+1 di/yi di) P (3.4)
When di’ sty dn are mutually conjugate, then
i
€41 = ng ejdj and X+l = *min (3.5)

Proof. See Nazareth [6].

4. Basic Relations

Our results can be proved in different ways. We shall use the
matrix formulation of Nazareth [15].

Suppose that the linearly independent search directions of Lemma
1 are not presented beforehand but instead developed by some algorithm,

so that dj+1 lies in the subspace spanned by —8j+1 and dl’ swisty 4

Also d1 = -8 This can be stated alternatively as dj+1 lies in

j°

the subspace spanned by Bys v gj+1. Linearly independent directions

d veey d can be developed provided Bps oo gj+1 are linearly

3" §+1
independent. By Lemma 1, if Be41 becomes linearly dependent upon

B1r ces Bys then Xoin lies in the affine space V (3.1). Let

D 3 (dl, g dt) and G 8 (gl, s iy gt) be nxt matrices. Then -G = DR

where R 1is a tXt upper triangular matrix. We shall take rgy " 1.




Assume further that the algorithm develops mutually conjugate
directions. By Lemma 2, the step from X4l to X in is determined
by (3.5). Also from conjugacy DTAD = a, where o 1s a nonsingular
txt diagonal matrix.

Finally, since we are dealing with a quadratic, g, , - 8; =
t
i xi) = A dixi, i =1, 2, «.o5 t. Since Be+l Zj=1 ujgj for
suitable Mys we can write these relations in the form ADA = GH, where

A(x

H is a txt matrix of the form

o iy | 1
1 -1
- 4
H = 1. ¥ (4.1)
; B ‘
1 M -1
L t -t

and ) 1s the txt diagonal matrix diag(Al, sisee At). In summary

-G = DR )

Y&ap)=cH ) (4.2)

D'AD = a )
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5.

Implications

Lemma 3. Matrices G, D, R, H, A and a which satisfy (4.2) have

the following properties:

(1) RH and YTY are tridiagonal.
(i1) r1j = rik' 1+1<j<k<n, where rij denotes the 1,j-th
element of R.
Proof.
(1) AD) = GH
AD) = -D(RH)

using - G = DR,

D"ADA = -(D'D) (RH)

premultiplying by DT.

Thus (D)7 = (RH)(an) ™}

using DTAD = a and the non-singularity of o and A.

But (O'D)) is symmetric and ®H) ()"t s upper Hessenberg.
Thus (RH)(or.)\)-1 is tridiagonal. Since (al) 1s diagonal, this
implies that (RH) 1s a tridiagonal matrix.

T

From (4.3) and (4.4), Y'Y = (DRH)T(DRH) = (RH)(D'D)(RH)

= - (RH) (o))

thus YTY is also tridiagonal.

(4.3)

(4.4)
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(11) Using the special form of H given by (4.1) we see that

(RH)1j = rij - ri,j+1 for i +1<j<n

= 0 using (1) above.
Thus

=r for 1 +1<j<k<n.

¥gi ik

(]
Finally we note that relations -G = DR and DTAD are equivalent
to Gram-Schmidt orthogonalization of the gradients G in the inner

product defined by A. It is easy to see that

gy " -y'igj/yfd1 (4.5)

N.B. The results of Sections 4 and 5 can be proved in a more conventional
matter by showing that y}yj =0 for j > 1+ 1 and using induction

to prove (ii) above.
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6. Algorithms

We have seen that the matrix R above is of the special form

Where elements denoted by
equal. When we impose the
be exact, all such element

gives search directions d

and exact linear searches

of expressions equivalent

a a [s 1 (s 1
r23 B B B

BBy ¥ s (6.1)
1

the same letter of the Greek alphabet are
additional requirement that all line searches

s are zero. The conjugate gradient method then

j+1 %8
-8,
yT 4
1 Tl
-gj-l'l + ( T ) d:1 (6.2)

¥y 4

imply that X 41 ™ *nin’ (There are a number

to (6.2) for quadratics.)
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Our results show that with inexact line searches we get a very
natural extension of the conjugate gradient method. The main idea is
based upon Lemma 3 which shows that not all the coefficients of the Gram-
Schmidt process have to be computed at every iteration. At the j + 1'th

the coefficients for d

step, when computing dj+1’ 10 dj—Z

are
already known. Thus only two new coefficients have to be computed and
only two previous search directions stored. The contribution of com-

ponents along d oig G to the new direction d can be accumu-

1’ §-2 j+1

lated in a single vector Ege Similarly the connection to the

“3

current iterate can also be accumulated in a single vector as described

in Lemma 2. This then suggests the following algorithm

Pi+1 =

41 " Pyar T Gy

where T } (6.

A
c, = Cj-l + (~%rl——1tl) dj-l for j>1 with ¢, = 0
Ye1 %44

e, = e +e,d, for 3§71 with e, = 0

0

and

min

10

3)
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For arbitrary functions the linear search can ensure that xj+l

T
gj+1 dj+1 > 0 then the cor-

rection term can be dropped and the algorithm restarted. The algorithm

is chosen to satisfy g§+l Q. 1€

Pye €
has some flavor of the method proposed by Dixon [10], but it is a dif-
ferent formulation and will behave differently on non-quadratics.

A potential disadvantage of the above algorithm is that the recur-
rence relations (6.3) require that d1 = -8 It is possible to extend
the results to permit an arbitrary starting direction, in an analogous
way to the extension of the conjugate gradient method with exact line
searches to this case, as described by Beale [11]. This is still not
entirely satisfactory, since it means defining each search direction
in terms of what may be a very out of date starting direction. The
three term recurrence relation, see Nazareth [6], does not require that
d1 = -8 This method has recently been combined with the conjugate

gradient method in a hybrid implementation and the numerical results

have been encouraging, Gill and Murray [19].
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APPENDIX 1

Proof of Lemma 1

Suppose

Now for a quadratic

where

Thus substituting in (A.l) we have

(k-1)

gy * g A, Ad, = g ue (8, + )
R - R R S SR

Ssince A 1is invertible

=1 -1
A gy - g A, dy o= i e (=& T8y) = %
- G - 1

But x(min) - x(l) = -A-l g(l) for a quadratic

14

k=1

(k-1)

u
5 i=1

v(x) .

A

i

d

i

(A.1)

?
5
-




Thus

(k-1)

(1 % ) (x -X) = g A, d, = u § N, 8
N s e e N G B e S T S

-g(1-§u)kd
i=1 pefay = A4

with the convention Zg He = 0 1if p>q.
Now if 1 - Zi_l W = 0 then since d;, ..., dj are linearly independent,
this would imply that AJ = 0, which contradicts the assumption inher-

ent in the search.

Thus
b o g §, d (A.2)
T B S S
with
6, = A, (1 - % u)/u-%u) (A.3)
S . SO yuy  *

and thus Xoin lies in the affine space V.
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