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In this revision , the TI-59 program has been

modified so that a user may now revise a location estimate

by entering additional bearing data.

An example of the use of this option is given

on Page 16. 
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A PROCEDURE FOR ESTIMATING AN OBJECT’S POSITION

BASED ON TWO OR MORE BEARINGS WITH A

PROGRAM FOR A TI-59 CALCULATOR

I. Introduction

A procedure for estimating an object’s position with

bearings taken on or from two or more stations is developed

in Section IV of this report. In the development of the pro—

cedure,the following things are assumed: The object and the

stations are fixed on the surface of a flat earth and the

position of each station is known. The error in the bearing

taken on or from a station is a normal random variable with

a known standard deviation e and a mean of zero (if bias

exists, it is known and removed); and station bearing errors

are independent. The user instructions for a TI-59 program

to implement the procedure are given in Section II, and the

program listing is given in Section III.

As an example to illustrate a use of the program, suppose

bearings are taken on an object from three stations (1, 2 and 3)

as illustrated in Figure 1. Also, suppose that the assumptions

stated above are satisfied and that an initial estimate of the

object’s position is made and that it is relatively near the

object. This assumption is discussed in Section IV.
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Station 3

• Initial Estimate

Station 1

Station 2

FIGURE 1. Geometry for the Example

Let the measured bearings and bearing errors (standard

deviations) be:

0
1

= 3 50  e1 =4°

02 = 3 5 1° e2 =7°

03 = 1310 e3 = 5° -
.

And let the ranges and bearings of the initial estimate be:

2 
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r1 = 10,000 meters, = 38°

r2 
= 15,000 meters , = 346°

r3 = 12 ,000 meters, = 127°

Use of the position estimation program with this data

gives a final position estimate (fix) determined by:

x = -512 meters

y = - 75 meters

where x is its East-West distance and y is its North-SOuth

distance from the initial position estimate. The East-West,

North-South xy-coordinate system with its origin at the initial

estimate is shown in Figure 2. So the final position estimate

is 512 meters to the West and 75 meters to the South of the

initial position estimate.

North
y

Initial Estimate
x East

• Final Estimate

FIGURE 2. The Location of the Final Position Estimate with

Respect to the Initial Position Estimate.
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Minimum area elliptical confidence regions for an object’ s

position can also be found by using the TI-59 program . The

centers of the regions are at the fix, and their axes lie along

the x’ and y ’ axes of the coordinate system obtained by

rotating the East-West, North—South xy—coordinate system with

origin at the fix through an angle y. The angle y is defined

so that it is positive for a rotation in the counterclockwise

direction.

With the data from the above example , the program gives

= —31° ; so, the x ’ axis is directed 31° South of East . For

a confidence region with minimum area and a confidence level of

.9000 , the ellipse bounding the region has a semi—major axis

of 2064 meters, and a semi—minor axis of 1453 meters. The area

of the region is 9.43 square killometers or 2.75 square nautical

miles. The region is shown in Figure 3.

North

x East

FIGURE 3. A .9000 Confidence Region for an Object’s Position.

4
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In the example discussed above, the position of the

initial estimate is an input to the program. If this is

not desirable, the program can be used to determine a p0-

c~ .tion for the initial estimate. The position is the in—

tersection of the two bearing lines corresponding to the

first two bearings entered in the program. Both options

are illustrated in Section II.

Since, in general , the smaller the bearing errors,

the more likely that the initial estimate will be relatively

near the object; small bearing errors can be considered to

be a condition on the use of the procedure.

Note, if the length of the base line joining the

first two stations is small enough and their bearing errors

are large enough, observed bearing lines from the two

stations may not intersect. If they do not intersect, the

initial estimate determined by the program will be at the

intersection of the reciprocal bearing lines , and a gross

error can result.
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II. User Instructions

The TI—59 program to which the user inst’~uctions in this

section apply can be used to calculate the quantities described

in Section I.

The program requires the following inputs:

1. the observed bearing from or on an object for two or more

stations;

2. station positions relative to a reference position; and

3. the bearing error (standard deviation) for each observed

bearing.

Station positions can be specified in either of two ways.

In the first way, Mode A , each station ’s pos.i. ion is specified

in terms of its bearing a and its range p from a re ference

position . In the second way , Mode B, each station ’s position

is specified in terms of its East—West distance x (plus for

East) and its North-South distance (plus for North) from a

reference position . The reference position can be any convenient

location. For example , if it were at a station , then for

that station a = 0 and p = 0 or x = 0 and y 0.

The program also requires an initial estimate of the object’s

position. The user has two options :

1. Let the program provide an estimate , or

2. provide one with the input data.

For Option l,the initial estimate is at the intersection of the

bearing lines determined by the first two observed bearings entered

into the program. For this reason , if this option is chosen , the6



first and second groups of data entered should correspond to

the two stations estimated to have the smallest products r1e1.

Although in this option the reference position cannot be at

the initial estimate , it can be at one of the stations. If

only two stations are involved , the final estimate is at the

intersections of the bearing lines. (If the second option of

either mode is used with an initial estimate which is not at

the intersection of the two bearing lines, the coordinates of

the final estimate will differ from coordinates of the inter-

section to the degree of the approximations involved in the

estimation procedure.)

Two ways of providing confidence (probability) region data

are available. In the first way , Mode C, the confidence

(probability) p is specified. In the second way, Mode D, the

multiplier k is specified where ka~~, and ~~~~ are the

semi-axes of the bounding ellipse.

The values of various quantities calculated by the program

are either stored in registers or appear in the display. If a

PC-b OA printer is used, some of these values will be printed.

The location of calculated values and the printing format is

given after the user instructions. Those quantities which are

not described in Section I are described below in the User In-

structions or in Section IV.

All angles required or calculated by the program are

in decimal degrees.

7
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Step Instructions Enter Press Display

1. If the calculator has been in use and
flags have been set or the memory
repartitioned, turn the calculator off
and then on.

2. Read Side 1 and Side 2 of card 1.

3. Read Sjd~ 3 of Card 2.

MODE A: Station Locations Specified in
Terms of Bearing and Range from
a Reference Point.

4a. If the initial position estimate will
be determined by the program , go to
Step 7a. See the note on Page 10.

5a. Enter the initial estimate’s bearing. A’

6a. Enter the initial estimate’s range. p* R/S

7a. Enter the measured bearing on the O~ A
object from a station or the reciprocal
of the measured bearing on a station
from the object.

Ba. Enter the station ’s bearing. czj R/S

9a. Enter the station ’s range. p
~ R/S

lOa. Enter the bearing error. e
1 R/S

ha. Repeat Steps 7a, Ba , 9a and l0a for all
stations. The number of repetitions i.
appears in the display after Step lOa.

8
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Step Instructions Enter Press Display

MODE B: Station Locations Specified in Terms
of East-West Distance and North-South
Distance from a Reference Point.

4b. If the initial position estimate will
be determined by the program , go to
Step 7b. See the note on Page 10.

5b. Enter the initial estimate ’s East—West x~ B’
distance.

6b. Enter the initial estimate ’s North— y* R/S
South distance.

7b. Enter the measured bearing on the B
object from a station or the
reciprocal of the measured bearing
on a station from the object.

8b. Enter the station ’s East—West R/S
distance.

9b. Enter the station ’s North-South yj R/S
distance.

lOb. Enter the bearing error. e
~ 

R/S

llb. Repeat Steps 7b, 8b, 9b and lOb for all
stations. The number of repetitions i
appears in the display after Step lOb.

BOTH MODES

12. Calculate the East-West distance , R/S
the North—South distance, the
bearing and the range of the
position estimate relative to the
reference position. Also calculate
the rotation angle y, and the
standard deviations c~ and (T ,~, .

X I y

To include additional bearing measure-
inents after this calculation , gc to
Step 18.

9
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Instructions Enter Press Display

13. For confidence (probability) region
calculations , go to Step 14 if the
confidence (probability) for the
region is specified. If k is
specified where ko~ and ko~x y ’
are the semi-axes of the bounding ellipse
with the larger the major axis , go
to Step 16.

14. Enter p, the confidence level p C Area
(probability) and calculate k,
kc~~,, ko .~., and the area of the region.
(The area units correspond to the
distance units used.)

15. For a different value of p, go to
Step 14.

16. Enter k and calculate the confidence k D Area
level (probability) p, ko~~,, ko ., and
the area of the region. (The area
units correspond to the distance units
used.)

17. For a different value of k, go to
Step 16.

18. To include an additional bearing measure-
ment from either a new or old station ,
go to Step 7a if using bbde A or
Step 7b if using Mode B.

NOTE: If a data entry error occurs in either mode,
press RST and then use the following pro-
cedure : For Option 1, return to Step 7
and repeat all data entries. For Option 2,
return to Step 5 and repeat all data entries.

Also , if a position estimate is to be de—
termined for a new object position or i f
a new mode is to be used , follow this
instruction .

10
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NOTES:

a) The program printing format is given below :

For the initial data , ~ = 1, 2, ... , n with one space

between groups :

Mode A Mode B

initial estimate
if provided y*

X
l

y~
e. e.
1 1.

The format for the calculated position data is:

X

y

cx

p

Oç.

11
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For the confidence (probability) region portion of the program

the’ format is after pressing either C or D :

k

semi—axis

ka~~, semi-axis

Area

b) The following data is stored in the indicated registers:

Data Registers

R38

R39

R29

x R30

y R3l

a R32

P R33

Rl6x

R17y

p Rl4

k R15

ka~~, RlS

kaA , R19
12
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Four data tapes for a sample problem are given below.

Distance units have not been specified, but they could be

meters for example. Angles are in degrees. Option 1 (initial

estimate not provided) for Mode A and Mode B is indicated by

A and by B and Option 2 (initial estimate provided) is indicated

by A ’ and B’.

For each mode and each option , the input data are

indicated. The data determine the relative locations of three

stations as well as the observed bearing of an object from

each station .

For A and B, the reference location is at Station 1

and the initial position estimate (determined by the program)

is at the intersection of the bearing lines for Station 1 and

Station 2.

The intersection has coordina tes x~ = 906.4853528

and y~ = 17296.77092 with respect to Station 1.

For A ’ and B’ , both the initial estimate and the

reference loca tion are at the intersec tion of the bearin g lines ,

so a* = 0 and p~ = 0 and x~ = 0 and y* = 0.

The data for A , B, A ’ and B’ are al l equivalen t,

and each solution gives the same data for a confidence (prob—

ability) region calculation . A tape with confidence (prob-

ability) region results for both Mode C and Mode D which

correspond to A , B, A ’ and B’ is given with the first four

data tapes.

13
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A A’

3. Oi .

0. aj CL p*
0. p1
4. e

‘I. 
~~~1:3 :3. u~:3 :3. 02 17:320. 5:i~:o~: p127:3. a2 4. e

1
1 L’UUU. 

~2e, •-• ‘ -.L 
— 

•~~ •.. ~‘2
~ 1:3. a2

:3fi3~ 03 20000. P2
33. a ~~ e~14000. p 3

1. e3 ~~~~ 03
129. 5867755 a3

~~~~. ‘:3~~3:3 x 8717. 797886 P 3
1’~4t:2.71223 y 8. e3
I. 9~ 54 ’1725 a
~~~~~~~~~~~~~ i Jl .i P _ ::::~~~. :~~74~~.7 x

34. 0586835 y
.:~~~~~ 224~ Y 201. 7584019 a

7,~T.3EE 3755 °~~~, 89:3. 0393111 ~i~.::;:. !j —: U7~~,~ ~~~~

-7. :3253922 59 y
787. 3~ 637~ 7 ~123:3 . 0807 76 a~ ’

y’

TBIS PAGE IS BEST QTJALITYPBLCflC~~I~

L _ _ _  
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B B ’ C o r D

3. 0~, 0. x~ - 
U. 9 P

0. x U. ~~* 1 4~~9~ G02 6 k
0. 1 t 9. t 1 493 ka ~~,

4. ~~~4 149454 ka~ ,
1 

-‘~0t 4E5 :s.~E i4 O’+~~~t4  Q7’ Aria

~~~~~
. _ 17 2 c46. 77092 Y~ - . - .

-5986. 295:348 x2 4. e1 . :t , 4
~~~t 4  ~~~ p

523. 3595624 Y2 2. k
— ~~~~ ~~~~~~~~~~~~~~.3. e.~ ‘

~~~
‘
~

• 8 - 
~- ._• _ I  •_Ii ~_O

~~~~~~~~~~~~~~ 
•

‘-

~~~~~~~ 
2 ~.41’t 1b155 ’iU ,j~~~. , b’J, X2 1~~~nri~~1-’ Aria303. 83 —1677:3.41136 -

~~~~~~
- - .-

7624. 94~ 49 x3 3, a2
11741.38795 y3

B. a3 :3c13. 8 3
6719. 461137 X3

573. 5~ 78927 x -5555. 382969 y
16462. 71223 y ~~ e~1.995471723 a

16472. 70157 p -332. 8974589 x
-834. 0586906 y

-7. 325392245 i 201.7584019 a

787. 3663756 o~~, 898. 0:393184 P
1233. 080777 o~ ,

-7. :3~ 539~~~39 ~7:37. :3663755 0~~ ,
._I •~ , ~~ — — — — — X

~~~~~ UbLJ (

£IIIS }~AGE IS BEST QUALITY PRA~~~~A.~J~IRI)M O0i~’ F J R~1SF~~) TO DDC ... ~~~~~~~~~~~~~~~~
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The following data tape illustrates the effects of

using only the bearings for the f i rs t  two stations. The tape

is for Mode A , Option 1. The values stored in Registers 38

and 39 (the x and y coordinates of the intersection of the

bearing lines from Station 1 and Station 2 with reference ,

in this case , to Station 1) are also listed on the tape (as

well as given above) . And, as can be seen , the initial

estimate and final estimate correspond.

The data tape also illustrates the use of additional

bearing data to revise a position estimate. The data for

Station 3 printed after the first confidence (probability)

region calculation results was entered by again repeating

Step h a , and the remaining results were obtained by next

repeating Step 12 and then Steps 14 and 16. Note , these

results are the same as the corresponding results for Mode A

on page 14.

16
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A

3.’ Oj, -7. :~:25392245 y
0. cxj, 7~:7. 364 .3755 a

12:33. 080777 a9,

. 0~ o~ p
~~~~~~~ a~ 2. 145946026 k

1 LIIJUU. 
~2 1689. 64 149 2 ka A,

~~~ e2 ~~~~ 149455 ka~ ,
14C’4 E36~1. 98 Area

906. 4:35:3528 x
17296. 77092 y

:3. a
17:320. 50808 ~ . :3~ 4 654 7 1 tic. p

k

~~ :~~~~‘1i ~ c 
1574.732751 ka~ ,
2466. 161554 ka~”

~~~~ ::::::t,:::~~~~ 
a l~~~ I~~~17 .

~ 
I

3092. ~ 53:343 a~ , ‘I  . t. Area
y

CI. 9 
~2. 145966026 k

1757. :30:3299 kO A,
6636. 751549 ka~,
366397 20.91 Ar~a

8646647168 p
2. k 9Ub . ~~35:~~ 2~: R38

1637. 773644 ka~, 
-

:3~~7b9 i~: i4 17296. 77092 R39
~— ~— Are a

14000. P3
0. e

57:3. 587893:3 x
16462. 71223 y
1. 99547 1725 cx
14 472. 70157 p

17
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To obtain the results given in Section I , use A’

and take the reference position at the initial estimate
(a * = 0, p~ = 0). Then = 2180 , a2 = 1660 and

= 3070 . The data tape for the calculation is given below.

18
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A ’

Ci. a*
0.

01, 1~:. a1
i ci i:i U U. p1

4. e~

:351. 02
1 66.

15000. P2
e2

1:31. 63
307. a3

12000.
5. e3

— 5 1 1.9 5 18 56  x
~~~~, . J .  r _  ._I._.........,_. 

~~261.5 17789 a
517. 4898687 P

-:3 1. 23492683
677. 2632:305
961. 6688632

y’

0.9 p
2. 145966 026 k
1453. 3:3:3883 ko.
2063. 751628 ka~
~~~~ 381 Aria

. 8~
.1E.64T 168

2. k
1:354. 526461 ka .
192:3 . 377726 ka~~’
~:i84684 . 605 Ari a

19
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III. Program Listing

Bef ore entering the program , press 2nd and then cP or

turn the calculator off and then on. Next enter 5 in the display ,

press 2nd and then Op 17. This repartitions the calculator ’s

memory so that the complete program can be entered.

Before recording the program , enter 6 in the display ,

press 2nd and then Op 17. This returns the calculator’s memory

to the normal partition (479.59). Returning the calculator to

the normal partition allows the two program cards to be read

in the normal partition without forcing. When the program

is used , it repartitions the calculator so that Bank 3

registers are program registers.

20
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000 76 LE:L CIS C’ 47 CliS 100 65
001 15 E 051 15 E 101 32 :<:T
002 09 I~~ 052 02 2 102 Q5 =

003 4~ STO 053 42 810 103 43 E~ C
004 i:ici 00 054 09 09 104 19 1 ~
005 42 STO ‘:‘ss 69 OP 105 22 IH ’i
006 01 U i 056 28 28 106 97 t’SZ
007 92 RTN 057 86 ST E 107 09 09
008 76 LE:L 058 00 ‘JO 108 Ui i: 1
009 18 C’  059 32 :.::T 109 15 15
0 10 69 OP 060 99 PRT 11 0 01 1
011 20 20 061 18 C’  111 69 OP
012 72 ST~ 062 91 P/S 11 2 2 1 21
013 00 00 063 99 PRT 113 9:3 HD’/
014 92 PIN 064 18 C’  114 91 R.’S
015 FE. LE:L 065 91 P/S 115 42 STO
016 1~ ti ’ 066 99 PRT 116 18 18
017 69 OP 067 18 C’  117 65
018 21 21 068 91 P’S 118 43 R,::L
019 73 RC* 069 99 PPT 119 14 14
020 01 01 070 10 E’ 120 42 STO
021 92 RTN 071 18 L. ’ 1.21 20 .:.0
022 76 LBL 072 37 1FF 122 38 SIt-I
023 10 E ’  07:3 03 :3 123 75 —

024 65 ::< 074 01 01 124 43 RCL

~025 F:’~ ~ 075 67 67 125 10 10
026 55 ÷ 076 1’9 D’ 126 22 INV
027 01 1 U7 :::, 1FF 127 44 SLIM
028 08 :: 078 01 Cii 128 20 20
029 00 I) 079 00 1)1) 129 3:3 S I N
030 95 = 080 91 91 130 65
031 92 RT N 081 75 — 13 1 43 PCL
032 76 LE:L 082 19 LI’ 132 19 19
032, 12’ B 083 95 = 12.3 95 =
034 ~:6 STE 084 ‘94 ÷ / —  134 55
035 01 01 085 38 SIN 135 43 RCL
036 76 LE:L 086 65 ::•:: 136 20 20
037 11 A 087 19 Li ’ 137 38 S I N
038 32 :~< :T  088 61 GT O 138 ‘3~ =

0:39 :37 1FF 089 0 1 01 139 42 810
040 00 0’) 090 02 02 140 38
04 1 00 00 091 85 + 141 43 F’CL
042 59 59 092 19 II’ 142 14 14
043 87 1FF 093 32 X T  143 39 COS
044 0:3 03 094 19 B’ 144 65
045 00 00 095 22 IN”.~’ 145 43 RCL
04 6 5~ ~~ ‘‘ 096 37 P.’R 146 18 18
047 05 5 097 24 CE 147 75 -

048 69 OF’ 098 95 = 148 43 F:CL
049 17 17 09 9 3.3 COS 149 10 10
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150 39 COS 200 37 ~~~ 250 26 ~~151 65 ::.:: 201 42 310 251 49 PPDis: 4~ FCL :0: 1~ 1~ :s: Z7 27153 19 19 203 10 E ’  25:3 :~~ ‘154 ‘95 . = 204 75 - 254 49 PRI’155 55 205 4:3 PCL .
~~~~~~~~ 

.
~~~~~1St. 4.~ ReL 

~~~ 18 18 256 49 PR B157 20 20 207 95 = 257 26 2~.158 39 S I N  208 94 +./ —  258 :~7. ‘:.~a159 95 = 2’09 32 :.:T 259 44 SUM160 42’ 810 210 69 OF’ 260 21 21161 39 :39 211 21 21 26 1 43 Ri:L162 86 ST F 212 64 PD* 262 28 2’81 ~~: 03 03 2’ 13 01 01 263 44 SUM1~~4 02 2 2 14 42 STO 264 22 22165 42 810 2 15 18 18 265 43 RCLle.6 u~ U9 216 :39 i~ 266 26 2A16 7 15 E 217 :32 X 1  267 44 SLIM168 19 B’  218 22 IN’~/ 268 2’4 24169 10 E’ 2 19 77 GE 269 4:3 RCL170 42’ 810 220 02 02’ 270 2’? 2?171 18 18 221 26 26 271 44 SUM172 19D ’ 222 75 - 272 2’S 25173 87 1FF 223 32 V~~~~ 273 22’ INY174 01 01 224 65 
~74 ‘~7 BR?1(5 UI Lii 225 02 2’ 275 09 09176 :31 81 226 95 = 276 02 021,~7 :::~ ~~T 2’27 49 PPD 277 81 :3117:3 19 B’ 228 18 18 278 61 d O179 32 >:~~T 229 73 RC* 279 111 01180 2.7 P”R 230 01 01 280 68 ~~:181 75 — 22.1 :35 1..•~ 281 69 OP182 43 PCL 232 42’ STO 282 28 2’183 35 38 233 2? 27 283 43 R CL1~:4 ‘~5 = 2:34 42 STO 2’84 08 08185 ‘94 +.‘- 235 26 26 285 98 ALlYi~~ ~2 :;~ :: 1 ,
~~ t ~1 F1 ~? :: iu ’’  ::7 4 F C L  
~~7 4: FCL188 87 1FF 238 19 19 288 2’i 2’l1~:9 01 01 2:3’9 37 P..”P 28’3 42 STO190 0 1 01 240 42 510 290 41 41191 93. 93 241 2’S 28 291 43 RCL192’ 19 B’ 242 49 PRD 292 22’ ;.:.

193 75 - 2’43 27 2’? 293 42 STO194 43 RCL 244 33 X~ 2’94 42’ 42195 39 :39 2’45 44 SLIM 295 43 RCL196 95 = 246 23 23 296 23 ~~~~~197 94 +‘- 247 43 RCL 297 42’ 510198 32 X~ T 248 18 18 298 43 4:~199 22 tHY 249 49 PRD 299 43 RCL
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~~~~~~. .  —~~~~~~~~~~~~~~~~~~~~~~ - .

300 23 23 350 3~3 :3 :3 400 33
301 42 810 :351 95 = 401 42 ST O
302 10 10 352 42’ 810 402 14 14
303 65 :< 353 30 30 403 42 810
3.04 43 Ri::L 354 ‘99 PRT 404 15 tS
305 21 21 355 :32 :..:::T 405 43 RC: L
306 22 IN”.” 356 43 RCL 406 41 41
307 44 SUM 357 42 42 407 49 PRB
308 10 10 356’ 65 ::< 408 12’ 12
309 75 - 359 43 RCL 409 49 P R D
3 10 4 :3 RCL 360 24 24 4 10 14 14
311 2’2’ 22 361 75 — 41.1 43 Rc:L
312’ 22 IN”.” 362’ 43 RCL 412 42’ 42
2.13 49 PRB :343 41 41 41:3 65
314 10 10 :344 65 :: :: 414 02’ 2
315 33 X~ 365 43 RCL 415 95 =

316 ‘95 = :346 2’S 25 416 49 PRB
31 7 :35 1.’X 367 85 + 417 11 11
318 49 PRD 368 43 RCL 418 43 F.:CL
319 41 41 369 39 39 4 19 43 43
320 49 PR B 370 95 = 42 0 49 PPD
32 1 42 42 371 42’ 810 421 13 13
322 49 PRB :372 31 31 422 49 F’RB
:323 43 43 373 99 P RT 423 15 15
324 43 RCL 374 32 : < T  424 43 RCL
325 10 10 375 2’2 IN’ ...’ 425 15 15
‘324 35 i .s:~< 376 2.7 P/P 426 85 +

327 45 ::< 377 99 PRI 42? 43 PCL
328 02 2 :378 42’ 810 428 11 11
::~ ~s = :‘~ :: :: 42~ ~s +
33iJ 2’2’ I N” 38’) 01 1 430 43 Rf : L
331 313 TAN 3 8 1  32 ’ Y~~~~~ 431 12 12
332’ 55 ÷ 382 99 PF:T 432 95 =

333 02 2 383 42 ’ 510 43:3 34 f :.:
334 95 = 384 33 33 434 99 FRT
335 42 810 :385 95 AD’S..’ 435 42 STO
33E. 29 2’9 386 43 RCL 436 15 16
3?7 4: FCL :E7 :~ ~~ 43 7 4: FCL
?:E 4: 4~ FF1 43~ i
339 65 >:: 3:39 37 P . R  439 75 —

340 43 RCL 390 42 810 440 42. RCL
34 1 24 24 391 11 11 44 1 11 11
3.42’ 75 - 392 33 :<~ 442 95 +

343 43 RCL 393 42’ STO 443 43 RCL
2.44 42 42’ 394 12 12 444 14 14
345 45 ::•:: 395 42 510 445 95 =

346 4:3 RCL :396 1:3 1:3 446 34 rx
34 7 2’S 25 397 32 X T  447 99 PRI
348 85 + :399 49 ppB 448 42’ STO
349 43 RCL :399 11 11 449 17 17
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-~~~~

450 ~8 At’V 500 2’3 LN: 550 14 14
451 91 P/ S 501 65 :< 551 99 PRT
452 76 LE: L 502’ 02’ 2 552 43 R CL
453 17 E:’ 502. 95 = 553 15 15
454 86 ST F 504 94 4 / -  554 61 GTO
455 02’ 02 505 34 1:•:: 555 05 05
456 76 LBL 506 42 ST O 556 08 iJ8
457 16 A ’  507 15 15 557 00 C’
459 99 PRT 508 99 F R I  558 Of’ C’
459 32’ ::.:::T 509 65 >: 559 00 0
460 05 5 510 43 RCL
461 69 OP 511 16 16
462 17 1? 512 95 =

463 47 CMS 513 99 P R T
464 15 E 514 42 810
465 91 R/5 515 18 18
466 99 F’RT 516 65 x
46? :37 1FF 517 53 (
468 02 02 518 43 RCL
469 04 04 519 15 15
470 7:3 73 520 65
471 32 X T  521 43 RCL
.1 ~~ ~~ • ,  ‘ r. .• r. .

~~ 
. j  i ‘ i

~_ .~ i r r’ . ~~ ~~
. ~ , ~

473 42’ 810 523 54
474 38 38 524 99 P R T
475 32 X~ T 525 42 310
476 42’ 510 526 19 19
477 39 39 52’? 65
47 8 96 ST E 528 89 i~

479 03 03 529 95 =

480 98 ALlY 530 99 PRI
4:3 1. 91 R.’S 531 98 A LlY
482 76 LBL 532 22 IN’ ..’
483 14 B 52.3 85 STE
484 86 STE 534 04 04
485 04 04 535 9 1 P — S
486 76 LE:L 536 42 ST0
487 13 C 537 15 15
488 98 A B’~.~’ 538 33 :•::2

489 87 1FF 5:39 55
490 04 04 540 02 2
491 05 05 541 95 =

49 2 :36 35 542’ 94 +...
~
• -

493 42 STO 543 22 IN ” /
494 14 14 544 23 LMX
495 99 PRT 545 75 -

496 75 - . 546 01 1
49? 01 1 547 95 =

498 95 = 549 94 +, -
499 94 +..... - 549 42 810
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IV. A Development for the Procedure

In the development for the estimation procedure given here ,

all angles are in radians and the assumptions stated in Section I

apply.

Figure 4 shows three bearing lines from the ith of n stations.

One is the observed bearing line of an object. One of length k~ goes

to the orig in of an xy-coordinate

Initial system located at the object’s un-
Estimate

known position . And one of length
,(x,y)

r1 goes to an initial estimate
r .

3. with known position but unknown
Object

X coordinates (x ,y ) . Note , esti-

mates for -x and -y estimate

North the object ’s position. To find

estimates —x and -y, consider

the arc coordinates u1 
=

Observed of the observed bearing line and
Bearing

Line v~, = k
~~
(
~~j.

_q
i.) of the bearing line

to the point (x,y). They are de-
8i fined by the three bearing lines

0~. and the circle of radius k .  which

goes through the object ’s position

and which is centered on the station

as shown in Figure 4.

Station i

FIGURE 4. Problem Geometry .
25
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By defining w1 
= )L

i (O
~
_
~~
) (all angles in radians),

u. = v. + w.. Note , ~~~~~ 
is known , but ~.-4. 

is not.
1 i. i. 1 3. 3. 3-

However , v1 can be expressed in terms of x and y,  and, to first

or der , v1 = x cos — y sin 8i~ 
so, if tan (B1—~~

) = (8 j~~~j) for

i. = 1,2,... ,n , that is, if (x,y) is relatively near the object’s

position , u.~~ ~~~~~~~~~ + x cos — y sin for i = l ,2,...,n.

In this development , the initial estimate is assumed to be

relatively close enough to the object’s position so that the above

approximation for u
~ 

can be used and so that can be taken

equal to r~ . With this assumption, u~ is a function of :

the observed value of a random quantity; the known parameters r1
and B~ ; and the unknown parameters x and y.

If a distribution for the can be specified, then a

distribution for the U1 can be determined and standard estimates

x and y for x and y can be considered. Maximum likelihood

estimates are discussed in this section . Each e~ is taken to

be a normal random variable with mean and variance e2. And

the n random variables O~~, i = l ,2,...,n (one for each station)

are taken to be independent.

The likelihood for a sample 01, e2, ~~~~~ e is then

L(81, 029...,e )  = n (1  
ej) 

exp [_ 
~ 
~ (O~ _q~ )2/efl

and the likelihood for a corresponding sample u1, u2,..., u~ is

26 
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‘ 1 1 ~ r i~~ 2 2L(u1,u,.~,...,u ) = II I ~exp ~~~
- 

~~

- / u./G .
.1. L i=l \V~~~a. / 

L 
~~~~~~~ 

~~ 3.
1.

where a. = r.e. (with e. in radians) since u. = r .(O .—~~.).1 i i  3. 3. 3. 1

By definition , the maximum likelihood estimates of x

and y are the estimates ~ and y which make L(u1~u2~ ...1 u~)

a maximum . In this case , making L(u1i U2s •~~~i
un) a maximum is

equivalent to making ~(u~/a~ ) a minimum. So, to fin d x

and y, solve the following two equations for x and y:

a(in L) 
= 0 and ~~~~ L) = 0

The solutions are x = x and y = ~~~, and ~ and ~ are the

maximum likelihood estimates. With w.  = r, (O ,-~ .) and
1 1 1 3.

the conditions assumed above these two equations are linear

equations in x and y. And,

~ [w~ + cos 
~~~~

. — y sin 8~ ] (cos 
~~
)/a

~ 
= 0

and

~ [w. + cos 8. — y sin (sin 8.)/a~ = 0

And , in terms of the fol lowing quantities :

A = E(cos 2 
81)/a~ , B = E (sin 8. cos 8

~
)/a

~

C = E (sin2 B.)/a~ , D = E ( w .  cos 8 .) / a ~

E = E (w~ sin B~)/a~

27
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the equations are:

Ax - By = -D

Bx - C~ = -E

So the solutions are :

x = (BE - CD)/ (AC - B2)

y = (AE - B D)/ (AC - B2)

A conf idence region can be constructed about an estimated

position. In order to indicate how this is done , a probability

region about the true position will be considered first.

Note, x and y are values of random variables. If a

new set of bearings el,e21...len is observed (for a fixed initial

estimate and object), in general , a new pair of values ~ and ~

will be obtained.

If X and Y represent these random variables , then

— 1 2X = 2 ~ ( W, / o . )  (B sin 8. — C cOS 8.)
(AC—B)l ~ 1

= 
1 

2 ~ (W~/cY~ ) (A sin — B cos
(AC-B ) 1

with W1 = r
~~
(O
~
— 8
~
). (W

~ 
is the random distance intercepted

along the ith arc between the bearing lines defined by O~ and

8k .)
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Note , X and Y have a bivariate normal distribution,

since they are a linear combination of the n normal random

variables W1,W2,...,W~ , or equivalently of the n normal

random variables 01’02’~~~~’
0
n” Also E(W1) = r

~
($
~
—8
~
).

If = for i = l,2,...,n, that is, if the initial

estimate of the object ’s position is at the object ’s position ,

E(W1) = 0 for i = l,2,...,n. And, therefore , E(~ ) = 0 and

E(Y) = 0. So, in this case , the “location” of the bivariate

normal distribution of a point (X , Y), the random

coordinates of the object’s estimated position , is the same as

that for the point (—x , —Y) and both are centered on the

object ’s position. However, the “location” of the distribution

of (-X,—Y) is independent of the location of the initial

estimate when the coordinates (—X,-Y) refer to a coordinate

system with origin at the initial estimate. This fact simplifies

the establishment of a confidence region about the location of

an estimated position.

A region of ‘minimum area for a given probability of con-

tainment of an estimated position can be determined . The region

is bounded by an ellipse which is centered on the object’s position

and whose axes lie along the axes of an x’y ’-coordinate system

obtained by rotating the xy-coordinate system centered on the

object’s position through an angle y . In this system, a = 0,
A A xy

that is , X ’ and Y’ are independent normal random variables.
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The two coordinate systems are illustrated in Figure 5.

The coordinates of a point in the two systems are related by

y ’ Y. x’ = x cos 
~ 
+ y sin ~

y’ = - x sin y + y C O S Y

These relations, along with

a,, A = 0, imply:

\ x ’y ’

FIGURE 5. Rotation Geometry .

a~ = ci ~~cos2 y + 2a,,,, cos y sin ’y+ a 2 sin2 y
x ’ x xy y

2 2 2 2 2a,, =c i ,, sin y — 2 a ,,,, cos y s i n y + a ,, cos y
x xy y

and 2a,,,,
— xy

‘ 2 2
a,, —

x y

where y, the angle of rotation of the coordinate axes, is

positive in the counterclockwise direction .

With the initial estimate of the object ’s position at

the object ’s position 
~~ 

= 
~~~~~

, i = l ,2,...,n), so E(W~) = 0

and Var (W
~
) =
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~

1 
2 2 ~ (l/c~)(B sin 8~ — C cos

x (AC-B ) 1

1
2 2 ~ (]./ci~ )(A sin 8.  — B cos 8 j ) 2

y (AC-B ) 1 1

and

a,,,, = 2 ~ (l/a~ ) ( B  sin 8. — C cos 8.)(A sin B. — B c~ % 8J 1 .
xy (AC—B ) 1 1 1

Using the definition for A , B and C , the above become’ .

2 C —
0,,

x (AC-i

2 A
0 =  2y (AC-B )

and

= 
B

A A  2xy (AC-B )

So, tan 2y = 2B/ (C—A) for B~ = •~ , i = 1,2 ,. . ., n.

Wi th the object ’s position known and, hence , q~ known

for i = l,2,...,n, the above equations for ~
2, ~

2, ,,, and y
x y xy

can be used , since the initial estimate of the object’s position

can be taken as the object ’s position.

With values for a,,, a,~, a,,,, and y , values for a ,,
x y xy x ’

and a,, can be found by using the equations in the middle of

Page 30. And then, the probability that an estimated

position will be within an ellipse of semiaxes ko ,, and ka,,
x’ y’

31



which is centered on the object’ s position can be found . It is

1 - exp ( —k 2/ 2 ) .  (This result follows from integrating the bi-

variate normal density over the ellipse.) And the area of the

ellipse is ‘nk
2a,, 0,,
x’ y’

Given estimates x and y found by using the relations

on Page 28, an ellipse with semi-axes k0,, and ka ,, centered
x ’ y ’

on the point with coordinates (-~,4) in a coordinate system

with origin at the initial estimate and oriented as indicated

by y is a 1 - exp (-k2/2) confidence region. This follows

from the bivariate normal distribution of -X and -Y which

in this system is centered on the object ’s position . The ellipse

is defined if a~ , a~ and a,,,, are known (the covariance matrix
x y xy

is known). And to the degree of the approximations involved ,

this can be assumed to be the case. In particular, by assuming

the initial estimate of the object ’s position is at the object’s

position , which is consistent with assuming (8
~
-
~~
) is small,

values for a~ , a~ , a,,,, and Y can be obtained by using
x y xy

the relations on Page 31. These values can then be used to

determine and a~ by using the relations on Page 30.
x ’ y ’

And , then , with a value for k , a confidence region can be

constructed. To the degree of the approximations involved, the

shape of the confidence region is independent of both the object ’s

position and of the initial estimate of the object’s position.
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For the case where bearings are taken from the object

on two or more stations, e .  is the reciprocal of the

bearing taken from the object.

A discussion for this and for other bearings only
-
‘ position estimation procedures for situations similar to the

one considered here is given in Reference 1 listed below.

Reference 2 gives an equivalent bearings only procedure. It

also gives a range only procedure, a range and bearing procedure

and HP-9830A programs with which to implement the procedures.

Using the fix determined by two lines of bearing as the initial

estimate was suggested by this reference.

The equations used in the program to determine (x*, y*),

the coordinates of the fix, are :

x~ sin (O 2~
Ol) = ~

p1 sin (a1—e 1)J sin 02

— 
~~2 

sin (
~2~

02) 1  sin

y* ~jy~ (02~
01) = [p

1 
sin (a1—01)] cos 82

— ~~~~~~~~ ~~~~~~~~~~~~ 
cos 01
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