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EVALUATION OF THE RELATIVE IMPORTANCE
OF CIRCUMFERENTIAL OR CREEPING WAVES IN THE

ACOUSTIC SCATTERING FROM RIGID AND
ELASTIC SOLID CYLINDERS AND FROM CYLINDRICAL SHELLS

I. INTRODUCTION

A. Normal mode series solution and experimental verification

Theoretical solutions to the problem of the scattering of sound by rigid , immovable
cylinders, nonrigid cylinders in a fluid medium, and small cylindrical obstacles in a solid
medium were formulated by Rayleigh 111. The solutions he presented described geometries in
which the diameters of the cylinders were small compared to the acoustic wavelength in the
surrounding medium , although he outlined a more general method for finding the solution for
larger diameter cylinders in terms of cylindrical harmonics . This method , called the harmonic
series or the Rayleigh series method of solving acoustic scattering problems is in theory applica-
ble to targets whose shape conforms to any of the eleven separable coordinate systems. In
practice it has been extensively applied only to scattering from spherical and infinite cylindrical
geometries , since cylindrical and spherica l harmonics are readily available. Solutions to the
problems of the scattering from rigid cylinders and rigid spheres which have radii up to the
order of a wavelength (ka — 6) were given by Morse, [21; here ka 2ira/X , a is the radius of
the scatterer, and A is the acoustic wavelength in water. Exact solutions to the scattering of a
plane sound wave by homogeneous, isotropic cylinders and spheres capable of supporting both

• shear and compressional waves (elastic scatterers) were first given by Faran (31, who obtained
expressions in terms of a normal mode series. Faran presented comparisons of computed bis-

• tatic patterns and experimental measurements at ka — 5. Extensions of the normal mode cal-
culations to higher ka (4 ,51 and experimental measurements to determine the degree to which
the normal mode theory and experiment agreed, over a broad ka range , were first made on
solid elastic spheres and spherical shells 16-91. Hickling 141 was the first to make extensive use
of a digital computer to evaluate the normal mode series expressions, although his computa-

• tions were hampered by the slow convergence of the haromonic series solution , which led to
computation difficulties with the computers available at that time. Hickling gave computed
curves that describe the steady state backscattered pressure vs ka, which results when the target
is a solid elastic sphere in water. The computations in his work ranged generally from 0 < ka
~ 30, and he extended the formulation to include the scattering of incident spherical as well as
incident plane waves. He also included both near field and far field formulations. The results
presented by Hickling are given in terms of a normalized , reflected pressure variable called the
form function , 100. This dimensionless quantity is obtained by normalizing the reflected pres-
sure with respect to the radius (a) of the target and the range (r) of the field point from the

• center of the target. Hickling also computed acoustic reflections from elastic spherical shells
(51. Empirical results on solid metal spheres in water were given by Hampton and McKinney• [6), who demonstrated that the reflection from metal spheres immersed in water could not be

Manuscript submitted June 12 , 1978.
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described by purely geometric theory, and by Diercks (71. who demonstrated qualitative agree-
ment between the computations of Hickhn g and measurements made In a lake. Precise quanti-
tative comparisons between normal mode theory and experiment were first carried oul by Neu-
bauer et al , 181, who performed a series of precise steady-slate measurements on solid metal
spheres in a controlled acoustic tank facility. These measurements demonstrated quantitative
agreement between computations based on the normal mode series, and experiment , to within
the known accuracy of the shear velocities of the materials used in the sphere fabrications.
This work ($1 covered the ka range 0 < ka ( 30. Dragonette ci *1. 191 demonstrated empiri-
caily that quantitative steady state results could be obtained from measurements made with
short broadband incident acoustic pulses. This transient technique 191 will be described further
in Chapter II. Comparisons between normal mode theory and experiment for elastic cylinde rs
in water are more recent (101 but again demonstrated excellent agreement between the theory
based on the infinite elastic cylinder and near-real-time experiments performed with finite
length cylinders in a laboratory lank. The preceding theoretical and empirical papers 11-101
established that the normal mode series formulation of the acoustic reflection from elastic metal
targets quantitatively describes measured results up to at least ka — 30, without the necessity of
material absorption being included in the theory.

B. Circumferential Wave Theory and Empirical Observation

Empirical observations by Barnard and McKinney ( I I )  at the Defense Research Labora-
tory (DRL) demonstrated periodic, multiple echo returns when solid and hollow brass cylinders
(ka 40) were illuminated by short acoustic pulses. Subsequent empirical work and analysis
at DRL by Diercks (12), Hor ton (131, and others (14 151 proposed the existence of two types
of circumferential waves which were compared to flexural and longitu dinal modes on infinite
plates. The researchers at DRL recognized a similarity between the circumferential behavior of
the waves they observed and the waves discussed by Franz (161 In his work on the diffraction
of electromagnetic waves by conducting cylinders and spheres. The name given by Franz to
these circumferential waves was translated creeping waves0. The original analogy between the
acoustic waves observed at DRL and the purely geometrically diffracted circumferential waves
considered by Franz broke down , because the speeds of the observed acoustic circumferential
waves were from 33% to 300% higher than the speed of sound in the medium surrounding the
targets , whereas ana logy with the 0creeping waves0 of Franz would have predicted a speed

• slower than that in the surrounding medium.

Uberall and collaborators at Catholic University also noted the similarity between the cir- - •

cumferential behavior of empirically observed acoustic waves and waves studied in electromag-• netic theory . They began an in-depth theoretical program which employed a Watson II? )
transformation in the description of both rigid and elastic scatterers. This technique had been
used in the study of the propagation of radio waves around the earth (181 and , as mentioned
previously, in the studies of the diffraction of electromagnetic waves by cylinders 1161. The
Watson transformation offered certain advantages, namely, the opportunity to isolate the m dlvi-
dual mechanisms responsible for the empirically observed circumferential waves and rapid con-
vergence of the solution. This latter advantage was particularly significant , since the normal
mode series was considered to be practical only at low ka, because of its slow convergence and
the expense of computation. (Advances in computer technology make present high ka Ray.
leigh series computations both possible and economical (191.) The Catholic University group
applied the Watson transformation to cylinders with rigid and :oft boundary conditions and
predicted the existence of true Franz type , or purely geometrically diffracted , circumferential2
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waves 1201. Application of the Watson method Lo solid elastic cylinders (2 11 revealed two
groups of poles corresponding to two types of circumferential waves. The Franz-type or
geometrically diffracted waves were again observed, and , in addition , poles related to elastic cir-
cumferential waves, called R or Rayleigh-typ e waves, whose speed and properties depend pri-
marily on the elastic constants of the target , were found. Grace and Goodman 1221 also
presented theoretical evidence for the existence of R-type waves.

Experimental detection of the acoustic Franz-type or purely geometrically diffracted wave
was accomplished by Neubsuer (23) and by Harbold and Steinberg 1241. The first experiments
designed to demonstrate elastic R-type circumferential waves , that is, those related to R-type
poles, were performed by Bunney et al. 1251 and by Neubauer (261. Both of these researchers
(25 ,261 used short incident pulses and narrow beam sources to observe the scattering from solid
aluminum cylinders . Their results demonstrated the existence of a train of periodic echoes with
a circumferential speed close to the shear wave velocity in aluminum. Neubauer ’s 1261 work
included schlieren visualization of wavefronts resulting from the circumferenlially traveling
waves. These experiments gave mainly high ka results (ka values between 50 and 500) . Origi-
nally the mechanism responsible for the periodic pulse trains observed 125,261 was, in fact ,
considered to be multiple circumnavigations of the cylinder by the Rayl eigh wave (the R 1 pole
of Ref. 21) . Later work by Neubauer and Dragonette 1271 showed that multiple internal
reflections of shear waves could produce the observed effect , and this multiple reflection
analysis was supported by the theoretical work of Brill and Uberal l 1281, who demonstrated the
circumferential behavior of the radiation from multiply internalLy reflected waves. Theoretical
(29) and measured attenuation 1301 of the Rayleigh wave on submerged flat surfaces also gave
att enuations too large to support the conclusion that Rayleigh waves were the source of the
multiple returns observed at high ka in Refs. 25 and 26. In this present work , a predictio n of
the ka range at which an R 1 circumferential wave can be significant and an empirical observa-
tions of the wave are accomplished.

C. Comparison of the two approaches and scope of the present work

The normal mode solutions give a straightforward method of obtaining the scattered
acoustic pressure vs frequency, limited only by the expense involved in summing a slowly con-
vergent series. Experimental results have been obtained which agree with the computation to a
high degree of accuracy. The major disadvantage of this approach is that individual physical
phenomena , such as surface waves, which make up the solution are not immediately obvious;
however, techniques for isolating individual mechanisms are described in Chapter H and used
throughout this work.

The Watson transformation of the normal mode series has the advantage that it isolates
individual circumferential waves and the disadvantage that the poles must be found and
interpreted and their significance judged .

The present work investigates the relationship between the normal mode solutions and
the various propagation modes in cylinders, especially circumferential waves, which contribute
to the steady state solution. A correspondence is demonstrated between the circumferential
waves predicted by the Catholic University researchers and resonances in the normal mode
series solutions. Families of resonances will be identified with the “creeping wave poles” dis-
cussed in Ref. 21. Based on this identification the R1 or Rayleigh circumferential wave is ~ i
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Predicted to be of significance only in the region ka < 20 and the first eaperimetuat observe-
lion of bsckscsttered circumferential radiation from this wave is demonstrated. Individual
mechanisms are also isolated directly from the Rayleigh series formulation by the application of JFourier transform techniques which determine the response of the targets to transient signals.
in this way hypotheses and conluslons concerning the amplitude, velocity, and attenuation of
Predicted phenomena are investigated. Calculations and comparisons of the total form function
and the amplitudes of individual normal modes are made. These comparisons demonstrate that
the reflection from solid metal cylinders is made up of a superposition of generally narrow
resonant responses superimposed on a background attributable to reflection from a cylinder
with rigid boundary conditions. This observation is formalized by applying the resonance for-
malism of nuclear reaction theory.

Circumferential waves on cylindrical shells are investigated by analysis of the calculated
lbrm function for elastic shells, by Fourier analysis of the transient response of a shell, and by• comparison between the properties of the circumferential waves on cylindrical shells and the
characteristics of Lamb waves on flat plates. Much new information concerning the properties
and significance of these waves is obtained , and some misleading or erroneous information
currently existing in the literature is corrected.

L. - -. - .
~~~~~~~
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II .  GENERAL THEORETICAL FOUNDATION

The Rayleigh series expression for the scattered acoustic pressure, p (9) , which results ~

•

whcn a plane wave, p~e’~, illuminates an infinite elastic cylinder , in the geometry described by I -~

Fig. 1, is liven in many publications (3,10,2 1,31,321. The following form is found in ReIs. 3!
and 32:

1 (Z) L — Z 1(Z) 1;
— p~ ~~A ( )  

(H:Z L: — Z H (Z) H,(kr) cos nø. (1)

The time dependence e ”’ is suppressed. In Eq. 1, ~ is the Neumann factor (e ,, — 2, n — 0;
— 1, n > 0), J

~ 
is a Bessel function , H~ is a Hankel function of the first kind , Z ka, and

the LA are the quotients of two 2-by-2 matrices:
O i l  ~u

L~ — ..L _______ — .L. ________ (L a )

O 3~ 033

where the matrix elements ~ are given in Ref. 31. in the far field where r ) a. /I ~(k r ) may
be written in its asymptotic form

• 
• In -•

H
~
(kr ) — (2)

and, defining
1,(Z) LA — Z 4(Z) 

G (Z) (3)
H~(Z) L,— Z H ,(Z) 

— A

the far field pressure scattered by an infinite cylinder illuminated by a plane incident wave may
be written

L/) 
—

p3(O) — —~~. ~~~~~~~~~~~~~~~ 
c ’14 ~ A GA (Z)  cos(nG) . (4)

( V P

For backscsttering, G — w and
• i l/) 

—
p (w) — —p. e’~’ ~~~~~~ c”4 L a ,(—1 ) G,(Z). (5)

.kr

A quantit y called the far field form function , I,.,, is defined to give a nondimensional represen-
tation of the scattered pressure. in keeping with the definition used extensively in the literature
14,5,7-10,31 ,321

2r ~n

Li 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ ~~~~~ ~

. 
. (6) 

~~

~.
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FIg. I - The geometry ti.ed hi the deicriptiun of the icatter-
big of .  plane wayc by an InOnitely Long cyhnder.

This definition is chosen since it results in V1J — 1 for the case of a purely rigid cylinde r in the
high frequency limit. From Eqs. 4 and S the expressions for f, (O) and f.,(w) for ~n elastic
cylinder are given by

2f. (O) — ._ — 
~~~ £ . G (Z) cos (nG) (7a)

(,s Z, .—O

and

f,.(w) 2 
112 L e~(— 1)~ G (Z) . (7b)

(sa’Z) ~~

Using Eq. 7b , the individual normal modes or partial waves which make up the backscattered
form function are defined as

f I — 
— 

~~~~~~~~ 
r 

~~~ ‘7
‘ LIZ •“ ~ A ’  ‘

~swZ )
where

f,, (w) 
A ”-O 

(7d)

Computed plots of 1~. vs ka, obtained from Eq. lb are called reflection function plots, and such
curves give a dimensionless representation of the scattered steady state pressure vs frequency .
This representation can describe the scattering at any combination of radius and frequency
within the ka limits of the calculation. Equations 7a and lb give steady state values of .1.., so
that a continuous wave or very long pulse experiment can be used to obtain a direct comparison
between experimental and calculated results 181. Such an experimental method is tedious and
excessively time consuming, as each experiment at each single frequency gives one point on the
reflection function curve. To overcome this practical difficlency, methods to obtain the steady
state quantity I ., from short broadband incident pulses were developed 19, 10) . 



— --.-

~
- — - • - • -  - — -- • .— - - — - •— -—

NRL REPORT $216

If the incident sound wave in the geometry described by Fig. I is not steady state but a
pulse, p,(T) , with a Fourier transform g (ka ) given by

g( ka)  — 
f 

p(r) e ’~ ’ dr (8)

then from Eqs. 6 and 8, the backscattered pressure has a Fourier transform g,(&a. ir) given by

g,(ka. w) — (-f- J f. (ka . ir) g(ka) (9)

and If.(ka. , )~ can be obtained from

t f_ (ka . .)I — 
2r ‘~~ I g , (k a. ‘~)I (10)a

The quantity i is a dimensionless tu ne parameter
“ P  ( 11) -

a
which is normalized to be zero when the incident pulse is coincident with the position of ‘he
center of the cylinder. Equation 10 is the basis by which a steady state quantity f ~.(k a , ,r)I can
be obtained over a broad frequency range by a single short pulse exper iment. The incident and
reflected pulses are digitized , their transforms computed , and the division indicated in Eq. 10
carried out 191. With present minicomputer technology this entire procedure can be accom-
pli shed in a near real time framework 1101. The experimental system used is discussed in
Appendix B. The ka range over which f,., is obtai ned depends of course on the bandwidth of
th e incident pulse . Theoretical computati ons of the scattered echoes which result when a short
incident pulse with a known spectrum . g(ka )~, is used to insonify a target with a known .f .~(9 .
ka) can be obtained by using Eq. 9. This computation procedure allows the isolation of the
individual mechanisms which contribut e to the steady state scattered pressure. These pulse cal-
culatio ns are of significant value for many reasons, th e most important of which is , that the
theoretically formulated incident pulses used, can be made shorter than any which can be rca-
sonably achieved in the laboratory. This allows isolation of closely spaced echoes which cannot
be accomplished at a resonable cost in the laboratory. In addition theoretical computations can
simulate experimental measurements over a large number of frequencies , target materials , tar -
get sizes, and target shell thickness that would be impossible to duplicate economically in a
laboratory . In the theoretical procedure an incident pulse p, (T) with a k nown spectrum ,
Ig,(ka )I, is used to insonify a targe t whose form function can be computed. Computation of
the form function and the procedure indicated in Eq. 9 are accomplished by the computer , and

• the scattered echo, p,(r), is described by

— 1/2w f g,(ka ) e ’ Jka. ( 12)

Solutions to Eq. 12 are obtained by using fast Fourier transform techniques in the computer .

7
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III. THE RELATIONSHIP BETWEEN CREEPING WAVES AND
THE NORMAL MODES OF VIBRATION OF A CYLINDER

A. The rigid cylinder

The acoustic reflection from a rigid cylinder has been well understood since the prediction
(20) and empirical observation (23,241 of the Franz wave, and only a few ideas relating to the
direct use of the form function curves to derive Franz wave properties can be added. In the
cue of a rigid cylinder, G~(Z) as defined in Eq. 3 reduces to

GJR) (Z) — (13)

and the form function for a rigid cylinder is given by

1R) (Z) — - 

2 
1/2 ~~ c~(— 1)” G( R) (z) . (14)

(nr ka ) n-0

A plot of f,.,(,r) vs ka computed from Eq. 14 is given in Fig. 2. Since by definition the boun-
dary conditions imposed to obtain Fig. 2 preclude penetration into the cylinder , the backscat-
tered reflection function curve can include contributions only from specular reflection and
diffraction.

~~~~~

0.3 1

0.0 I0 2 4 a a io

FIg. 2 — The form func tion for a rIgid cylinder.

In the creeping wave solution Eq. 14 is transformed from an infinite series of n terms into
a series of Acreeping surface wsves by the Watson transformation [18,201. The creeping waves
arise as the residue of poles in the complex v plane determined from the equation

H, (Z) — 0  (15)
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with solutions

— Z +(Z/ 6) ~
3e”3 ~ — (f~J e ”3 

(~~
__ + -j -~jj~ + -j

~
j (16)

where the q, are the zeroes of the first derivates of the Airy function as defined by Franz (171.
The index 1 — 1, 2, 3..., and I increases in the direction of increasing real and imaginary parts
of v 1. The attenuation , af, of the ,ia Franz wave in nepers/radian is given by

a/(Np/rad) — Im v 1 (h a)
and the phase velocity, c~’, is given by 2°

c,F/c — 
Z (17b)R, v1

where c is the velocity of sound in water. Calculations based on Eqs. 16 and 1 7a demonstrate
that only the I — 1 or first Franz wave is of signifi.~.nt magnitude, and Figs. 3 and 4 give corn-
putations of the attenuation and phase velocity of this first Franz wave as a function of ka as

• computed from Eqs. 17b and 17a.

Flg. 3 — The Franz wave phase velocity vs ka for a rigid cylinder.

In the case of the rigid cylinder the connection between the steady state form function
f ~, given in Fig. 2 and the Franz wave with properties described by Figs. 3 and 4 is not difficult
to determine. Sound does not penetrate a rigid cylinder , thus the form function must be made
up entirely of specular reflection plus a pure geometrically diffracted contribution . The back-
scattered return must then be as described by Fig. S. A specular reflection begins at point A of
Fig. 5, and two Franz waves begin at points B and C and take the paths shown. This well
understood result can, however, be taken further. The reflection function given in Fig. 2 is a
steady state function , and the knowledge that this reflection function results from sound waves
taking the circumferential paths shown in Fig. 5 leads to the following analysis. Because the
two diffracted waves BC and CB take the same path and travel at the same speed, they are
always In phase with each other in the backscattered direction. Computations based on Eqs. 16
and 17a demonstrate- that for k a >  I only these first Franz returns need be considered; that is,
the contribution from succeeding circumnavigations of the cylinder are too small in amplitude

10
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• Fig. 4 — The l~ranz wave attenuation vs ka for a rigid cylinder.

I ‘V

Fig. 5 — Source of backscattered echoes from a rigid cylinder.

- to be significant. The difference In the time of arrival , at the field point P between the specu-
lar and diffracted waves is

(18)
C

The difference in path lengths traveled by the bsckscattered specular and Franz wave contribu-
tions at the field point P Is expressed as

M — 2 a +~~~~~. (19)
-• C,

If it Is assumed that the peaks In the reflection function curve (Pig. 2) occur when the specular
and Franz contributions add In phase at P. then peaks occur when

£ d — a ( 2 +~rc/ c~~— n1t — n2 w

11
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r.
which leads to

2., 
— 1. (21)F (ka ),,.4

The notation (ka ),~~ is used to indicate the (ka) values at which a peak in [f~ I as seen In Fig.
2 occurs. A similar expression can be derived by assuming that the nulls in the reflection func-

• tion curve of Fig. 2 occur when M — 
(211

2 
1) A. This expression is

• c/c ’— (2n — I) 
~ (22)

~ (ka) ,,j.g~ ir

A Franz wave velocity can than be calculated directly from the reflection function curve by
determination of ~~~~~~ and (ka )~~1 The normalized phase velocity c,’/c (which Is the
reciprocal of the left-hand side of Eqs. 21 and 22) is computed from these equations and com-
pared to the direct “creeping wave” theory computation , from Eq. 17b, In Fig. 6. Agreement
between the two methods Is excellent , demonstrating the possibility of obtaining Franz wave
velocity directly from the normal mode form function curves. Thus Franz wave velocities can
be obtained for bodies for which no creeping wave analysis exists. Examples are given in Figs .
7 and 8, where computed form functions and derived Franz wave velocities for a rigid sphere
and an aluminum oxide cylinder are given. The rigid sphere shows a much more rapid rise in
Franz wave velocity with Increasing frequency, than is observed for the rigid cylinder. The
velocity for the aluminum oxide cylinder shows only minor deviations from the rigid cylinder
curve.

l’lg. 6 — A comparison between the comput ed Franz velocity for a rigid
cylinder (— ) and values estimated from the for m function curve (ny.

The attenuation of the Franz wave as a funct ion of ka can also be investigated directly
from the normal mode calculation. Here the reduction In amplitude of the successive oscilla-
tions is assumed due to the increase in attentua tl on of the Franz wave as a function of ka. The
reduction in magnitude of the oscillations in Fig. 2 with Increas ing ka should then give a meas-
ure of the Franz wave attenuation vs ka. A comparison of attenuation values obtained from
creeping wave theory for a rigid cylinder and values obtained from the form function curve is

12
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Fig. 7(b) — Franz wave velocity estimated from (7a) for a rigid sphere
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given in Fig. 9a. in Fig. 9b the attenuation is given for an aluminum oxide cylinder for which
no dtrect creeping wave data are available. The rigid cylinder curve is included in Fig. 9b, for
comparison.

Empirical observations of Franz waves on a rigid cylinder were obtained in the acoustic air
facility described in Appendix B A solid 3.1* cm diameter cylinder was used as the target , and
the frequency of the incident pulse was 34.4 kHz. In air the impedance mismatch between the
aluminum and air medium is so great that rigid boundary condition assumptions are success-
fully achieved .

Experimental observations of Franz waves on a rigid cylinde r are given in Fig. 10. The
measurements are made at aspect angles of 45° and 75° so that the changes, both in relative
amplitude and time separation , between the specular reflection and the Franz wave can be
clearly observed. The incident pulse is seen in Fig. 10(a) and the scattered echoes at 45° and
750 are seen in Figs. 10(b) and 10(c) . The time separations between the specular and Franz
waves are measured from the large positive going peak in each echo. The measured time
differences are 81 p .s at 450 and 125 p .s at 75°. The ratio of the Franz wave to specular ampli-
tude is PF/P,pec — 0.56 at 45° and — 0.13 at 750~ Theoretical computations, based on Eqs. 9
and 12, of the echoes from a rigid cylinder are given in Fig. 11. Figure 11(a) shows the
incident pulse, and the echo responses at 9 — 450 and 9 — 75° are given in Figs. 11(b) and
11(c) respectively. The center dimensionless frequency of the pulse is k0a — 10. The compu-
tations were made using Eqs. 9 and 12 as discussed in Chapter II. The theoretical computations
agree closely with experiments in the relative magnitudes and positions of the Franz waves.
The values obtained from Fig. 11 are a time separation of 78 p. s at 450 and 125 p.s at 75°, and a
ratio p~’jp,~ of 0.57 at 45° and 0.14 at 750 W The purpose of Figs. 10 and 11 is to demonstrate
that the echo computation does agree with experimental measurements , and can be used to iso-
late mechanisms Of to supplement measurements when f 0  is known or can be computed.

+ 1 / H
l’— 243 1as ----’l

(a) The Incident pulse, (b) The specular and Franz (C) The specular and Franz
echoes a t S  o 45° , echoes at O 75’~,

FIg. 10 — The experi mental observation of thc Franz wave
radiation from a rigid cylinder.

8. The elastIc cylInder problem

In contrast to the essentially well understood rigid cylinder problem , the relationship
between the normal mode and creeping wave solutions to the elastic cylinder problem were
unknown before this work began. That relationship is established in this work , and as a result ,

16
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(a) The Incident pulse. (b) The specular and l~rmu (c) The specular and ~~~~echoes a t O — 4 5 ° . echoes at g  • 75S H

FIg. I i  — Computation of the scattering of a two cycle
incident pulse by a rigid cylinder.

resonances in the norma’ mode solution can be identified with specific R-type circumferential
waves predicted by creeping wave theory . The ka range over which one such wave, the R 1 or
Rayleigh wave makes a significant backscatter ing contribution has been the subject of much
conjecture 125.28 ,331 in the literature. The results obtained here indicate a limited , low ka,
region of importance of the R , circumferential wave in contrast to previous hypotheses
125 ,26 .331, and the first experimental observation of backscattered circumferential radiation
from the true Rayleigh wave was accomplished in the low ka region where it is predicted.
Computation and analysis of the effects of the normal mode resonances on the b.ckscattered
Li~J demonstrate further that the form function is made up of a rigid background on which nar~row resonances are superimposed. A formalism reflecting the above result is developed based
on an approach suggested by Dr. 1. Flax and Dr. H. Uberall which makes use of the methods
of nuclear reaction theory.

C. Elastic cylinder results

The back scat ter ed form function for an elastic aluminum cylinder in wale; is calculated
from Eq. 7b and given in FIg. 12 over the rang e from 0.2 ~ ka ~ 20. The curve is calculated
in las steps of ~ka — 0.01. A comparison between this theoretical computati on and an experi-
ment using the short pulse experimental technique described in Chapter Il is given in Fig. 13.
In Fig. 13 the theoretical curve is comput ed in intervals of ãka — 0.05 which is compatible
with the a/ca isolation that can be achieved experimentally. Agreement between theory and
experiment is within 2%. The form function curve seen In Fig. 12 , shows that over the range
0.2 ~ ka ( 4.7 the aluminum reflection curve is very similar to that of the rigid cylinde r (Fig.

t 2). This region of similar ity is followed by mar ked irregular oscillations and these oscillations
continue as ka — or , If no absorption is included in the theory. Damping of the oscillations as
ka increases will occur when absorption becomes significant 134J, but for metals such as alumi-
num , experimental results indicate 18-101 that absorption need not be included over the ranges

4 
of ka that wilt be considered here .
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FIg. 12- The form Ainction for an aluminu m cylinder in water.
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FIg. 13- ComparIson of theory (~~ ) and experimental observations (the points) for an aluminum
cylinder In water.

The irregular oscillations in the aluminum form function , which begin at ka — 4.5. are
related to excitation of the Indivi dual normal modes, .1,, as defined in Eq. 7c. Resonances
occur at (ka) values at which

DJ~ f/ca l D’2~ (it, (cal — 0 (23)

with ~~~ In, (as) the matrix introduced in Eq. Ia . Solutions to Eq. 23 give the ka position of
the free modes of vibr ation (resonances ) of the cylinder. The correspondence between the ka
values at which Irregul arit ies In the form function occur and the ka values at which resonances
occur Is indicated in Fl;. 12 . where the resonances are identified by the subscr ipt (a , b. Here it
is the mode number and I Is the elgenfrequency, for example (a . 1) means the fundamental
resonance of the roth normal mode , (a , 2) the first harmonic , etc. The ‘creep ing wave ’ solution
to the problem of the scattering of an incident plane wave by a solid aluminum cylinder was
carried out by Doolittle et at. (2 11, who transformed Eq. 7b using the Watson techniq ue. Doo-
little found poles in the complex v plane at the positions

Dt21 (a., ka) — 0. (24)

He computed a series of R type, or elasticity related , poles and gave a table of the positions of
the first six R type poles in the complex a’ plane as a function of ka. Each pole gives rise to a

18 
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t circumferentlaly traveling wave 1211. The relationship between Eqs. 23 and 24 form the basis
for the corresp ondence between normal mode resonances and the individua l circumferential
waves predicted by the creeping wave t heory. To obtain this relationship, it is necessary to con-
sider the properties of the normal modes individually. Equation 7c describes the ro th normal
mode. The is — 0 term is the breathing mode, a — I the dipole term , it — 2 the quadro pole ,
etc. The individual motions can be represented by a pair of standing waves e ’ ~~~~ tra veling
in the opposite direct ions with phase velocites

— -
~~~~ (25)

and group velocities

c (ka) — c d(ka ) 
(26)4..

At a resonance of the rtth mode exactly a wavelengths fit over the circumference of the body ,
and the / th eigenfr equency of the nth mode , ((ca ) , ,  is the / t h  solution to Eq. (23) . A com-
parison of Eqs. (23) and (24) leads to the connection between the creeping wave solution and
the

a’ — v ,(ka ) (27)
related to ft type circumferential waves with phase velocities

c (k a)  — 
kac (28)Re a’,

and group velocities

cf( ka ) — 
dfte /dk~~ 

(29)

If now Re a’,ka — it,, Eqs. 23 and 24 become identical in form and the modal velocities (Eqs.
25, 26) are identical to the creeping wave velocities (Eqs. 28 , 29). Thus, when Re v, — a, the
Rh Rayleigh type circumferential wave coincides with the wave speed, c,(ka), of the nth modal
vibration. This hypothesis is demonstrated below. Table I gives the modal etgenfre quencies
obtained from Eq. 23, and identified In Fig. 12 , and the corresponding modal phase velocities
are computed from Eq. 25. The breathing modes (0, b are not stro ngly excited , as evidenced
from Fig. 12, but are included in Table 1. The (1 , I ) mode is generated in the region where
the Franz wave or rigid reflection predomin ates and is also not observed in Fig. 12. The ka
values at which Re ~~ (las) — a, are extrap olated from the work of Doolittle et al (Table II of
Ref. 21) , and comparisons are made between these extrapolated values and the normal mode
resonances identified in Fig. 12. This comparison is shown in Ta ble H , which also gives the
computed values of the creeping wave phase velocity (21 1. Tables I and H demonstrate that the
Ice values at which resonances occur correspond to ka values at which Re a’, (ka ) — it. They
demonstrate further the equality of the modal and circumferential wa ve velocities c,, ((as ) and
c,(ka ). The relationship is thus established between the (it, ~ normal modes and the elastic or
ft type poles found by the ‘creeping wave’ theory. The (a , b normal mode resonances
correspond to the R , creeping wave For it — 2 (I.e., the (2,1) mode) , the circumference of
the cylinder is 2 wavelengths of the R , type wave, at the (3, 1) resonance, the circumference
of the cylinder Is exactly 3 wavelengths , etc. The R 3 circumferential wave Is similarly related to
the (a , 2) normal mode resonances , and so on , with the (a , ~ normal mode resonances rs~ated
to the lth order Rayleigh or R, Rayleigh type circumferential wave.
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Table I
Modal eignvalue s ((ca ) ,, and

mode speeds c,/ c for an
alum inum cylinder in waler

(kG ,,) c,/c

1 2 3 1 2 3

0 — — 9.43 — — on

I — 5.87 13.44 — 5.87 13.44

2 4,78 9.17 16.31 2.39 4.59 8.16

3 7.38 12.53 19. 12 2.46 4.18 6.37

4 9.65 15.84 — 2.4 1 3.96 —
5 11.78 19.02 — 2.36 3.80 —

Table II
The correspondence between the normal mode resonances and the

ice values at which R ca ’, — a. The target is
and elastic aluminum cylinder in water.
ka) values at which

Normal Rca’1 — a from the Phase velocities c,/ c of the
mode Sommerfeld-Watson R L circumferential wave when

resonances formulation of Rea’, — a
_____________ 

Ref. 21 ____________________________

N l ((as ) ,, I (Ice) ,, R , R, R~ 
— 

R 4 Rç
0 3 09.43 3 09.40 — — on — —4 10.46 4 10.40 — — — on —5 17.14 S 17.08 — — — — on

2 05.87 2 05.80 5.85 — — — —3 13.44 3 13.39 — 13.24 — — —

4 16.02 4 15.90 — — 16.04 — —2 1 04.78 1 04.85 2.37 — — — —2 09.17 2 09.10 — 04.58 — — —
3 16.31 3 16.28 — — 08.16 — —

3 1 07.38 I 07.30 2.45 — — — —

2 12.53 2 12.47 — 04.15 — — —

3 19.12 3 19.05 — — 06.36 — —4 1 09.65 1 09.70 2.40 — — — —2 15.84 2 15.80 — 03.94 — — —S 1 11.78 1 11.80 2.35 — — — —
2 19.02 2 18.90 — 03.79 — — —

20
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The R , circumferential wave is related to the leaky Rayleigh wave (351 on a flat surface .
This is the surface wave which , as ka increases, approaches the phase velocity of the Rayleigh
wave on a flat infinite half space. The higher order R type waves are called ‘whispering gallerY
waves and become lateral waves in the limit as ka on (35). Since the R , or Rayleigh wave is
related to the (a, 1) resonances in the normal mode solution , the influence of the circumferen-
tia lly t raveling Rayleigh wave on the backscattering from an aluminum cylinder can be inferred
from the relative influence of the (a , I) modes on the form function seen in Fig. 12. The (2 ,
1), (3, 1), and (4, 1) resonances are observed to have a marked effect on the form fu nction in
the ka range from 4 ~ ka ( 10. For a > 4 the effects of the (a, 1) resonances on ~f ,J are
small , and in fact for ka > 20 no (a , 1) modes were observed to influence V4 The result of
th e calculations plotted in Fig. 12 and calculations of If..J carried out between 20 ~ ka ~ 40
(not shown) strongly indicate that the Rayleigh wave will not contribute significantly to the
observed backscattering from an aluminim cylinder at Ice values above ka — 20. This is a
sign ificant point, since the possibility of Rayleigh wave generation at high (ka) has been a
matter of dispute in the literature (25-28,33). This point will be explored in more detail below.
Fig. 12 does show, however , that the (2 ,1), (3,1), and (4 ,1) resona nces are major features of
the form function curve for ka < 10. Nulls in th~ form function at the ka positions of these
three resonances should be related to the interference between specular reflection and the
circumferentially traveling Rayleigh wave. Specular reflection and Rayleigh wave radiation are
known to be ISO’ out of phase in the flat surface case [30,36,371. Verificat ion of the above
explanation of the nulls at the (2 ,1) , (3,1) , and (4,1) resonance values should be possible both
by computi ng the low ka echo response of an aluminum cylinder to an incident short acoustic
pulse and by experimentally determining the echo response of an aluminum cylinder at low ka.
Both measurement and computation were done, and thi s experimental observation of the back-
scattered reradiation from a circumferentialy traveling Rayleigh wave was the first observation
of this phenomenon.

The major difficulty in achieving an experimental observation of the Rayleigh wave at low
ka is in obtaining a practical and possible combination of cylinder radius , frequency, and pulse
length that allows the Rayleigh wave to be separated from the specular reflection. The best
available combinations were an aluminum cylinder of radius a — 0.635 cm measured with a
short pulse centered at frequencies 10 — 386 kHz and f ~, — 500 kHz. Commercially available
lead zirconate titinate transducers , with active elements 1.905 cm square were driven with a rec-
ta ngular pulse, and the achieved pulse length was 5 cycles.

Both the small acoustic pool facility in which the measurements were carried out and the
means by which the return echoes were digitized and displayed are discussed in Appendix B.
Figure 14 shows the backscattenng from the 0.625 cm radius aluminum cylinder at 1~, 

— 500
kHz , or k0a — 13.5. The backscattered echo consists of a specular return followed by a Ray-
leigh circumferential wave which is 180° out of phase with the specular return. The digitized
display in Fig. 14 was plotted by the Versatek plotter. Even at this relatively low ka value the
second traversa l of the cylinder by the Rayleigh wave is already almost entirely in the noise 25
dB below specular reflection. The experimental result at 1~, 

— 386 kHz , (k,a) — 10.4 is given
in Fig. IS. Here there is a slight overlap of the final cycle of the specular reflection and the first
cycle of the Rayleigh wave , but the 180° phase shift can still be observed. At this ka, direct
measurement ~an be obtained of the group velocity and att enuation , as th e second transversa l
of the Rayleigh wave is now visible. The path difference between the first and second manifes-
tations of the Rayleigh wave is ~ d — 2,ra. The measured group velocity is cs/c — 1.9, in corn-
parison to the estimated value of cs/c — 2.0 obtained from Ref. 21. It is expected that the

21 
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F*& 14- ExperImental observation of the Raylelah ciicumterentlal wave on an aluminum cylinder at
k0a— *3.5.
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F%L 15 - Experimen tal observation of the Rayleigh circumferential
wave on an aluminum cylinder at k0a 1 0.4.

group velocity would be higher (38 ,391 at these ka values than the infinite half space Rayleigh
wave velocity, which is cs/ c — ~ .8~°. Equality between the group velocities of the flat surface
and circumferential Rayleigh wave does not occur until the ka value of the cylinder reaches at
least ka 30, when the cylinder circumference is greater than tO wavelengths of the Rayleigh
wave 1381.

The fact that the circumferential velocity of the R , wave is a function of frequency, or ka,
means that changes in the pulse shape should occur between the specular reflection and the R 1
circumferential wave. The velocity of sound in water is not a dispersive quantity, i.e. not a
function of frequency, and the specular reflection has the same pulse shape as the incident
wave. The Rayleigh velocity is a function of frequency over the range 0 ~ ka 30 and thus
Is not constant over the range of frequencies represented by the incident pulse. Changes in

H 
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pulse shape between the Rayleigh wave and the incident and specularly reflected waves are
expected. In addition , Figs. 14 and 15 are digital representations of the recovered signal taken
at intervals of 0.02 its, or at about 100 points per cycle of the received pulse . No two digital
representations are exactly alike , but with so many points having been taken. the only
differences that are noticeable occur in the flattening effects at some of the peaks ard valleys.
In amplitude measurements these effects are negated by averaging many measurements. The
phase shift of 180° was determined by comparing the pulse cycles labeled (I) and (P) in Fig.
14. Despite the slight change in pulse shape as discussed above , the beginning of the pulse
labeled (1) and the characteristically large amplitude at the center of the pulse labeled (P) are
present in both the specular and Rayleigh echoes and are 180° out of phase for these two
echoes. The attenuation of the circumferential Rayleigh wave at ka — 10.4 is measured from
Fig. 15 to be I ~ — 1.69 Nplrevolution where one revolution equals a travel path of one cir
cumference. Computations of the response of an aluminum cylinder to an incident pulse
should allow examination of the Rayleigh circumferential wave properties at even tower ka
values than k0o 10.4 (the experimental conditions for Fig. 15). A one-cycle pulse can be
programed as the incident pulse even though it is not readily attainable in a laboratory with nor-• maRy available transducers. The computation of the reflection of a single-cycle pulse centered
at k,a — 8.8 is given in Fig. 16. Again specular and Rayleigh wave echoes are 180° out of
phase. The group velocity obtained from Fig. 16 is cs/c — 2.4, which compares to cs/ c — 2.3
estimated from Ref. 21.

4O~~~~
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Rg~ 16 — Computation of the echoes scattered by an aluminum cylinder
at k 0a 8.8.

Estimates of the expected Rayleigh wave attenuation due to radiation into the water can
be made from the flat surface formula given by Dransfeld (29):

PC (30)

The nonsubscripted variables refer to water, and the subscript R refers to the Rayleigh wave.
Just as the limiting velocity is not achieved until ka> 30 for aluminum , it is not expected that
computations made from Eq. 30 be exact for low ka. For aluminum the flat surface values for
the variables in Eq. 30 are

23

-

~~~~~~~~~~

____



_____ -

L. ft . I)RAGONETTE

pip, — 0.37; c/c , — 0.55. and A~ — L.8 A
yielding

0.113 0.113k— — Cm (3 1a)
A 2~

or
(2ira) ag E — (0.113) (ka ) (3 1b)

where a~ is di mensionless .

Equation 31b gives ag — 1.0 at ka — 8.8 in comparison with the value a g — 1.0
obtained from Fig. 16. At ka — 10.4, Eq. 31b gives a~ — 1.2 compared with a g 1.7
obtained from the measurement in Fig. 15. The results indicate that a reasonable estimate of
a g can be made usin g the flat surface attenuation formula , eve n at low ka. The empirica l
observations given in Figs. 14 and iS are the first observations of the true Rayleigh circum-
ferential wave. Previous observations of circumferential waves on solid elastic cylinders have
been made at ka values in the range 40 ~~ ka ~ 400 125,26) . This high ka range was chosen
because of the ease of pulse separation of any circumferential effects and , also, because
Rayleigh-like circumferential wave properties would have more closely approximated the flat
surface Rayleigh wave at high ka. The circumferential waves that were observed on aluminum
were identified as Rayleigh (25 1 or ‘Rayleigh type ’ (26 1 waves. Further analysis of high ka cir-
cumferentia l results lead to an explanation of the effects seen in Refs . 25 and 26 in terms of
multiple internal reflections of shear waves in the cylinde r (27 1. This view was further sup-
ported by theoretical calculations of the circumferentia lly radiated wavefronts which result from
internal reflections (28L The subject has remained however a matter of some conject ure (2 5-
28.331, but the results seen here show that the Rayl eigh wave has large enough amplitude to
contribute significantly to the backscattering by the cylinder only at ka values below 20.

The excitation of the (2 , 1) resonan ce, which corresponds to the ka value at which the
cyli nder circumference is two wavelengths of the Rayleigh circumferential wave , marks the
highest ka at which the Franz wave contribution can be isolated. A comparison of the form
function curves for the rigid cylinder (Fig. 2) , the al uminum oxide cylinder (Fig. 8a) , and the
alu minum cylinder (Fig. 12) shows that , in all th ese cases, there exists a reg ion whe re the
behavior of the form function is purely rigid. i.e.. dominated by the in terference of specu lar
refl ection and the Franz wave as described in Chapter l i lA. For an aluminum cylinder this
behavior exists up to ka — 4.5, where the (2,1) resonance min ima begins. For aluminum
oxide the specular plus Franz wave behavior persists up to ka 9.90, and the resonance null at
ka — 9.90 in Fig. 8a is the (2 ,1) mode for aluminum oxide. Similar curves were computed for
copper, brass, and tungsten carbide , and in all cases the generat ion of the (2, 1) mode marks
the end of the purely rigid behavior. The ka value at which the purely rigid behavior will end
for a cylinder of a given material can be inferred by using aluminum as a reference. The (2 , 1)
mode will be excited at

Cg (material )
Z2 1(materiat ) — Z~ 1 (A I )  . . (3 1c)

- • . Cg (aluminum )
The Rayleigh velocities used in Eq. 31c are flat surface numbers, and the equation assumes that
th e effect of curvature is the same for all materials , i.e., that the flat surface limit is reached
when the circumference is greater than 10 Rayleigh wavelengths. Using the simple formula
given in Eq. 31c, th e ka position of the (2 ,1) resona nce was predicted to within 1% for the
materials discussed above.
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IV. DEMONSTRATION THAT THE SCATTERING FROM SOLID
ELASTIC CYLINDERS CAN BE SEPARATED INTO

RIGID BACKGROUND AND RESONANCE PORTIONS

A. Preface

lunger and Feit (401 qualitatively considered the resonance features of the acoustic
scattering by elastic bodies. They showed that resonances should appear where the sum of the
mechanical and radiation impedance goes to zero. In part B of this chapter it is demonstrated
that the acoustic scattering from a submerged aluminum cylinder can be described in terms of a
rigid background term , with a resonance contrib ution superimposed on that background. The
observed phenomenon is formalized in part C using the methods of nuclear scattering theory,
so that mathematically explicit forms for the resonances and background , as well as expressions
for the resonance widths , are obtained. It is necessary to establish the nature of the back-
ground before the formalism is developed because a parall el formalism could have been
developed , using a soft or an intermediate backgr ound , wh ich would have had no physical
significance for the problem of the solid metal cylinder. The conclusions and formalism
developed for the scattering from an alun linum cylinder apply to the scattering from any sub-
merged solid cylinder whose density is greater then that of the surrounding fluid and whose
shear and compressional sound speeds are greater than the speed of sound in the fluid.

B. Results

The results described in Chapter I ll demonstrated that the irregular characteristics of the
form function for solid elastic cylinders are related to the normal modes of free vibration of the
body, and these resonances often occur over a narrow frequency range as was seen in Fig. 12.
It will be demonstrated in Figs. 17 through 20 that the resonances are superimposed on a back-
ground of reflection resulting from rigid bounda ry conditions , so that the elastic body can be
rega rded as a rigid body except in the frequency interval over which the resonances occur. In
Fig . 17 , the individual partial waves , VJ, from ri — 0 thrudgh n — 5 are plotted vs ka for alt
a luminum cylin der. The IA are described by Eq. 7c. The curves in Fig. I? show tha t the
amplitude of the individual parti al waves (f ,J have distinctive behavior in regions where the
resonances occur. The eigenvalues I, are labeled along the curve in Fig. 17. The individual
partial waves for both the infinitely rigid and the infinitely soft cylinder have no resonance irre-
gularities , as seen in Fig. 18(a) and 18(b) respectively. The demonstration that the individual
pa rtial waves for a metal elastic cylinder consist of resonances superimposed on a rigid back-
ground is seen in Fig. 19. Here the V~ and V~ i ndividual partial waves for rigid , soft , and elastic
bou ndary conditions are plotted. It is clearly observed in Fig. 19 that the rigid and elastic
curves are the same except in the region where resonances occur. The resonances for 1 ~ 2 are
na rrow resonances; the I — I eigenvalue which corresponds to the R or Rayleigh surface wave
is a broader resonance. A more dramatic exampl e of the relationship between the elastic and
the rigid solutions for a solid cylinder is seen in Fig. 20. Here the quantity ((2 (i ~) ’~~~~_f2(,r)rtI1 is plotted vs ka, and the (2 , 1), (2 ,2), and (2 ,3) resonances are clearly isolated. As

• was noted , the (2 , 1) resonance and in fact the (n , 1) resonances in general are broader than the
narrow resonances which occur for higher order eigenfrequencies , i. e. I > 1. A method of

25
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(a)
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2.5

— 2.0
1.5 (2)

Fig. 19 — A comparison of the rigid (—)~ soft (— . — ) and elastic ( - -  -)
partial wave amplitudes for (a) n — 2 and (b) n • 3.

0.0 2.0 4.0 4.0 8.0 10.0 12.0 14.0 14.0 1$.C *0
ka

FIg. 20 — A plot of lb. difference b~tw,.n the elastic and rigid partial
wave ampl itudes for n • 2. over the range 0.2 ~ ka ~ 20.

computing resonance widths will be described in part C. The results seen in Figs. 17 through
20 are, of course, not restricted to the backscattered direction.

FIg. 21* shows a bistatic form function fr.S(•) ~ curve for a r igid cylinder at kit — 12 .53,
which is the ka value at which the (3 ,2) resonance occurs in the alumin um case. In Fig. 21b
this bistatic rigid form function Is compared to the bistatic form function for an aluminum
cylinder. Here the result s are plotted on a linear rather than polar plot, and due to the sym-
metry apparent In Fig. 21a only the. range 0 ( 9 ~ 180 Is plotted . The rigid and elastic solu-
tions plotted in Fig. 21b were obtaIned with 23 terms (a — 0 through 22 from Eq. 7a), If the
single a — 3 term from the elastic solution Is substituted for the it — 3 term in the rigid solu-
tion , the result seen in Fig. 21c Is obtained. A sImilar procedure was carried out by Vogt and

• Neubauer (411 for a sphere In a monostatic geometry. In Fig. 21c the exact blstatic solution
• for the aluminum cylinder at ka — 12.53 is compared to the hybrid solution formed by taking

29
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22 terms from the rigid solution (it — 0, 1, 2, and a — 4 through 22) and adding the a — 3
term from the elastic solution. The modified-rigid form function vs aspect curve and the elastic
form function curve seen in Fig. 2 Ic have become similar. The differences between Figs. 21 b
and 21c are most noticeable in the backscattered half space, 90° < 9 < 270° (recall that by
symmetry the results seen in Fig. 21c from 90° < 9 < 180° are exactly the same as the results
between 180° < 9 < 270°). Figure 21 again indicates the probability that the scattering from
an aluminum cylinder can be t reated as resulting from a rigid backgound term with resonances
superimposed . It indicates further that this behavior is not limited to the single monostatic an-
gle (0 — 180°) but can be utilized at any bistatic aspect angle.

C. Mathemat ical formalism describing elastic resonance ezeltat ion

The results obtained in part B, indicate that the solution to the scattering from solid elas-
tic bodies as expressed in Eqs. 4, 5, and 7 should be separable into two terms , th e rigid back-
gound term and the resonance term. An analogy between the acoustic scattering problem and
the existing resonance formalism of nuclear scattering theory was suggested by L. Flax and H.
Uberall , leading to the following.

If the scattering function
S~ E exp(21 8~) (32)

is introduced, the solution describing the scattering by an elastic cylinder may be written in the
form familiar to nuclear reaction theory (423 as

— 1/2 ~~ , i ’(S ,, — 1) H (kr) cos nO. (33)

The 8, of Eq. (32) are called scattering phase shifts, and a comparison of Eqs. 1, 3, and 33
shows that

— I — —2G~(ka). (34)

For the case of a rigid cylinder, defining ~ as the scattering phase shift for a rigid cylinder ana
defining

E ezp(21 ~~) (35*)

as the scattering function for a rigid cylinder leads, using Eqs. 34 and 13 , to
— I — —2Gj~~(ka) (35b)

and thus

S~’-~ — ~ - 
‘ ‘ (3k)

H( Z)

If the rigid poritlon of the scatterIng function as given in Eq. 35c is factored out of the
expression for the elastic scattering function Eq. (34) we have using Eqs. 3 and 3Sc

~~ s~ ~ ::~}. (36)

L 
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The L1’s were previously defined in Eq. (1*), and the i’s are defined by

-t 111(Z)
— (Z) 

H(Z) 
(37a)

and
H~~(Z)

— (Z) 
H 2

~(Z) (37b)

the primes In Eqs . 37 and 35c represent derivatives with respect to the argument, and as
defined previously H and H~

2
~ are Hankel function of the first and second kind respectively.

The quantities z,~ of Eq. 37 can be separated into real and Imaginary parts:
z j ~ — A5 * is5 (3$)

with
J5(Z) J1,(Z) + Y5(Z) Ym(Z)

— 11(Z) 
(J.(Z)32 + (Y( E ) 12  

(39)

and 

3A
~~~~i { j 7~~) 12 + t y ( z ) ) 2 J ~ 

(40)

Equation 36 may be rewritten using Eq. 38 as

(41)

The linear approxImation method of nuclear resonance theory Is used In which the reso-
nance frequencies Z5 are defined by the condition

L ’  (Z5) — A5. (42*)
The quantity (L;’ — A )  Is assumed to be linearly varyi ng with frequency so that It can be
expanded in a Taylor series In Z In the vicinity of any one of the resonance frequencies:

(42b)
A resonance width Is defined by

(43)

and the scattering-function S,, may be rewritten in resonance form as

s, m — SJ’~ : ~:; ~ 
(44)

Prom Eq. 44 the 5, are seen to have resonance poles at the complex frequencies Z —

given by

Z,~, — Z5 — 
~~

- iF 5 (45)

32
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and a resonance zero, Z — Z~,, at

(46)

Th. resonance width F , defined In Eq. 43 Is a positive quantIty . Thus Z,~ Is located In the
• lower half of the complex Z.plane a dIstance (1/2)1’, from the real axis, and Z5~,, is located In

the upper half plane at the same distance above the axis.

The quantity S5 — I which appears In Eq. 33 can be written , recalling the definition in Eq.
32, as

S• — i  m 2 1 e’ s1n8 . (46.)

Using Eq. 36 and the expressions for zj ~ given in Eq. 38 (S5 — 1) can be rewritten In the form

S, — I — 2! e’~’ “ + e’1’ sin (46b)
L5 — A ~ — i s~

or, using Eqs. 44 and 46., 55 — I may be written In the resonance form
Si, — I 

— ~2d4 , 1/2 ri, + e~~’ sin ~ (47)
2! Zi,— Z — 1/ 2 F

The Individual partial waves, fi,(O), of Eq. 7c can thus be written, using Eq. 47, as

(iw • ka;113 
~~ 2h1, 

[ Z Z 1 / 2 i F  +e ’t slne.Icos (nG) . (48)

The first term of Eq. 4* represents the resonance contribution , and the second term represents
the rigid boundary contribut ions; thus the results established in part B are expressed In a mean-
IngM formalistic way. The representat ion of f (l) given In Eq. 48 shows that the complex
elgenfrequencles of the scatterers are the locations of the resonance poles In the complex fre-
quency plane, whose real parts determine the resonance frequencies in the scattering ampli-
tudes.

A consIderatIon of the field within the elastic cylinder can also be made in light of the
above results. The displacement u within the cylinder is represented by a scalar potential ‘I’
and a vector potential A, and Is written

(49)
with solutIons (203

— 
~~~~~~I ~ C0 15(kL r)cos nO (SO.)

and

A z — ii, i 8~ .15 (k ,. r)sln nO. (SOb)
5—0

• The subscripts L and T are longItudInal and shear respectively. The coefficients C5 and Hi, are
given by

2! i 033Ci, — 
2 • — t 

(Sla)
wp .  ZHi,(Z) Di, z~’ — Li,

33
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and
2! 1 0 32ai, — 

~~~~ 
~~~~ ZH~(Z) f)i,(I) ~~~~~ 

— . 1 Sib)

The expansion of L;’ in Eq. 42 leads in to the resonance expressions for ~P and ~~~ which are
2 ai, i~ a33 J.(k L r) cos n~‘I’ — 

I~ p P Z!4(Z) Di,~° Z — Zi, + 1/2 1F i, 
(52a)

2 ,, I~ a 32 J.(k rr) sin n~
iw’ p.a2 , P, ZH(Z) D’~ Z — Zi, + I/2 ii’ ,,. (52b)

Equations S2a and 52b show that the internal solutions are of a pure resonance form only.
This is as expected, since by definition a rigid body is impenetrable; thus no rigid backgro und
term is expected for the internal solution.

I
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V. CIRCUMflRZNTIAL WAVES ON CYLINDRICAL SHELLS

• A. Prstacs

Numerous (11.13,25-271 empIrical observations of circumferential radiation from cylindri-
cal shells exist In the literature, but thess have left many serious voids In the understandIng el
circumferential waves as well as erroneous Information concerning the properties of the waves.
This chapter wIll establish the connection between circumferential waves and the exact Rayleigh
series solution. Ii will demonstrate that the Lamb wave dispersion curves on plates predict the
range of possible excitation of circumferential waves and that the velocity of circumferential
waves may be obtained directly (rain the farm function vi km curves. It Is shown that these
Lamb curves also give immediate knowledge of the km region over which a particular circum-
ferential mode Is significant. Calculations of the b.ckscsuered echoes from shells will be used
to obtain curves relating the amplitude of the specular and circumferential contributIons as a
function of k., and, contrary to the prevalent belief expressed In the literature, the circum-
ferential waves will be shown to be of mess importance In the low ha region generally avoided
In past work. A target classification scheme was proposed In the literature which relied on the
assumption that a hollow shell acts as a soft body, in that Its specular refle~tlon Is I SO’ out of
phase with an Incident wave (431. By consideration of the Interference between specular and
circumferential radiation, the actual ha range over which such a hypothesis Ii valid Is deter-
mined.

Most of the pertinent references on the suWect of circumferential waves on cylindrical
shells have been mentioned In Chapter 1. They and others are discussed In more detail below,
where they are considered , generally. In chronological order. Barnard and McKinney III) were
the first to observe backicattered acoustic echoes with circumferent ial properties. This observa .
don was a significant contribution . They attempted to link the observed acoustic phenomenon
to the geometric diffraction phenomenon observed by Franz 11$) in the electromagnetic
domain; however, the analogy broke down, since the acoustic phenomenon was a predom-
inately elastic effect , the geometry serving in the capacity of a wavegulde. Horton, King, and
Diercks (13) made the Initial attem pt to relate circumferentIal waves on cylIndrical shells to the
elastic properties of flat plates. They compared their observation of a circumferential wave on
an aluminum shell to a theoretically computed flexursl plate mode and found a 10% difference
between measured and predicted velocities. A similar comparison was attempted with a brass
shell (13), but the circumferential wave could not be excited . The km range considered was 21
< km < 3$, with b/a — 0.96, where b and a are the Inner and outer shell ridius respectively.
The circumferential wave observed by Horton et at. wltl be re lated in this work to the first
antisymmetric Lamb mode, whose properties and ha region of possible excitation are discussed
later. Dlerdcs, Ooldubeny, and Horton (121 made empirical observations of circumferential
waves on both brass and aluminum shells near ha ~ SO, with Wa — 0.96. They established the
existence of circumferential waves with two different group velocities, The faster velocity wave

• was called a longitudinal mode, and the lower velocity wave was called the flezural mode. This
• paper by Dieteks .t at. (12) was significant In that it was the first to clearly state tha t more than

one circumferential mode existed. Their conclusions, concerning which mode is dominant and
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whether both modes can be simultaneously excited , were tho ught to be general but are limited
strictly to the conditions of the observations. ft will be demonstrated in part C of this chapter
that the so-called longitudinal mode is actually many different modes, and herein lies much of
the confusion about the frequency range of excitation and/or dominance of a particular mode-
Goldsberry (14) demonstrated that the circumferential waves observed previously at DRI (11-
131 would reflect from slits cut in the shell. He called the wave with lower group velocity a low
frequency wave, and the faster wave a high frequency wave. Again these generalizations do not
survive beyond the experimental conditions. The ranges he considered were 32 < ka < 38
(lexural, slow, low frequency wave) and 70 < ka < 76 (compressional , fast, high frequency
wave). The b/a was 0.96. Uberall and collaborators at Catholic University predicted ci.~c~m-
ferential waves of different types on rigid (20) and elastic cylinders (211 and shells (441. These
predicted wave types were Franz-type waves (201 with properties similar to the electromagnetic
case of Franz (161, and R-type or Rayleigh-type (21 ,441 waves, which depend on the elastic
properties of the target. Neubauer (231 empirically isolated the Franz-type wave on a solid elas-
tic cylinder in water , and Harbold and Steinberg (243 isolated the wave on a rigid cylinder in air.

Bunney, Goodman, and Marshall (251 used narrow beam sources to illuminate cylindrical
shells over narrow ranges of incidence angles and directional receivers to observe
circumferential-wave radiation. The ha range they considered was between 50 < ka < 320
with b/a — 0.95. Many observations of a low velocity circumferential wave were compared to
the antisymmetric Lamb mode, and the single observation of a higher velocity mode was
related to the symmetric plate mode.

Neubsuer and Dra gonette (271 and Dragonette 145) empirically demonstrated that the
velocity of the observed circumferential waves on cylindrical shells [27) and the velocity of
Lamb waves on plates (45) could be predicted by considering guided wave propagation within
cylindrical shells and plates. Dragonette (451 also established that Lamb modes were most
easily excited in the frequency thickness regions where the phase velocity reached a constant
plateau. This result is significant in a consideration of the so-called fast circumferential wave
on cylindrical shells, as will be seen in part C, and is the basis for correcting some erroneous
conclusions in the literature.

Shirley and biercks (46) compared measured and predicted values of the steady state
response of spherical shells over the range 25 < ka < 65 with b/a — .95. Differences of the
order of 10 dB, or a factor of 300% in pressure amplitude , were found between theory and
prediction , but similarities in shape between the theoretical and empirical curves were observed .

Horton and Mechler (15) attempted to measure phase velocity of circumferential waves
on aluminum cylindrical shells by setting up a long pulse or steady state interference pattern
between the successive circumferential pulses. The significance of their paper was that it
offered a possible approach to phase velocity determination which, as will be discussed later , is
a difficult parameter to obtain when waves are excited on a curved surface.

I. Exper imental observation and analys is of the properties of circumferential waves on
shells

Figure 22 shows the geometry of the cylindrical shell problem. It is similar to Fig. I
except that the target now has a finite thickness h given by h — a — b, where b is the inner
radius and a is the outer radius. The shell is air filled . An experimental observation of circum-

36
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F1. 22 — The geometry used In the soluuon to the re~flectton from a cylindrical shell.

ferential waves is seen in Fig. 23. Here the target is a stainless steel cylindrical shell with b/a • 
-

— 0.96. The radius of the shell is 1.27 cm, and the center frequency of the pulses seen in Fig.
23 is 1.5 MHz , leading to k, a — 80. The specular reflection is not shown, as it is 40 dH
greater than the largest echo seen in Fig. 23, and was gated out of the return so that the echoes
seen in the figure could be amplified to the maximum extent before display. The backscattered
echo seen in Fig. 23 was obtained using the experimental system described in Appendix B. The
source/receiver Is located 15 diameters from the target. The backscatiered echo seen in Fig. 23
was digitized at the rate of 13 points per cycle and stored on magnetic tape . The representation
seen in FIg. 23 was obtained with a Versatec plotter. The first , third , and all successive echoes
in Fig. 23 result fro m a circumferential wave which circumnavigates the cylinder , with little
attenuation , continually radiating into the water as it travels. The second echo in Fig. 23 is the
result of a second type of circumferential wave so highly attenuated at the ka and/or k* value
of this experiment that only its firs t traversal around the cylinder is observed before it attenu-
ates into the noise. (Observation of Fig. 23 alone would not allow identification of the second
echo as a circumferential wave. This identification was based on many experimental meast~re-
ments, some of which will be seen below.) Measurements of the circumferential velocity of
the persistent series of equally spaced echoes (1-7) In Fig. 23 are straightforwa rd . The circum-
ferential group velocity c is obtained from Fig. 23 by

- 2w.• C ——R A:
where A: is the time between echoes and 2w. is the circumference of the shell. The measured
value from Fig. 23 is ~; — 5.48 x iO~ cm/s or c,7c — 3.7. This value for c identifies this wave
as that previously called the “fast’, ‘high frequency’, or ‘compressional ’ wave by previous
observers (13-15). As will be discussed, these names can be misleadIng or in error. Attenua-
tion measurements from FIg. 23 are also straightforward. The successive amplitudes from Fig.
23 are plotted on semilog paper In Fig. 24, yielding an attenuation of

a ”- 0.14 Np/revolution,
The use of the digitizing procedure and display makes possible observation of the individual
cycles of the successive echoes In FIg. 23. The empirical observations which follow in Figs. 25
through 28 are simply photographs of scope t races, and the time scale needed to show many
successive echoes does not allow observation of the indiv idual cycles within the echo.
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FIg. 23 — Experimental observation of circumferential waves on a stainless steel at k0a 80.

REVOLUTIONS

Fig. 24 - The amplitude of the circumferential
waves seen in Fig. 23 plotted onhssmIlos paper.
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FIg. 25 — Experimental observation of a “fast” circumferential wave
at k0a .  11, on a stainless steel shell. The time scale is 2~~s/division;
the amplitude scale Is S mv/division.

38

--—~~~~~~~~~~ -~~~~~~~~
- -

~ - - - -~~~



w., 
~~~~~~~~ ~,tr— 

~~~~~~~~~~~~~~~~~~~~~ 
— .—,-

~~~ 
—

• - _—;--—
~~ 
—

~.-

1. It. I)ltM;oNl~rrl

=
Fig. 26 Experimental observation of a “fast ” circumferential Wave
at k0a = 69, on a stainless steel shell. The time scale is 2O~.isIdi vi-
stu n ; the amplitude scale is 2 mv/div is ion .

Fig. 27 - Expeflmcntal observation of a “slow cir ~unrterc nhlal wav e
at = 17 , on a stainless sit-li shell. The time scale is 20~s/divlsion .
the am plitude scale is 200 mv/division.

= 1
Fig. 28 — Fspcrinrental ohscrvatim,n of a “slow” circumfe m iii;,) wave

at k0a — 43 . on ii stainless steel shell. The (h ue s .ik is ~ l ‘,j s/,(I%icIuii

the a,npli it itle scale is 2 nw/division -
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Figures 25 , 26, 27 , and 2$ show further results of reflection measurements on s~eel shells,
and the experimental conditions and results are summarized in Table ill , which also includes
the results described for Fig. 23.

Table 111 - •

Summary of cylindrical shell observations

F Radius (5
iu re (cm) ~~ g b/ a  c~~c N~p/revotution
23 1.27 80.8 .96 3.7 0.142
25 L 5 9  113.0 .97 3.5 0.209
26 0.9525 69.0 .95 3.6 0.126
27 0.9525 17.0 .95 1.35 1 .000
28 1.905 43.0 .97 1.35 0.600

The hydrophone measurements seen in Figs. 23 and 2~ through 28 show the acoustic reflection
in the backscatt ercd direction . 9 — 180’. Observation of the entire scattered field. 0 ~ A ~ 2vr
can be obt ined simultaneously by schliere n visualization. Figure 29 shows a schlierc n visua1ii~a-
tion or the scattered field of a stainless steel cylindr ical shell of rad ius 09 S2S cm with h / a  —
0.95. The A ,,a of the experiment is 202. The incident pulse is seen in Fig 29~i . and the time
sequence of photographs shows the scattered field at later times. The specular reflection and
th e beginning of the radiation from a circumferential wave are seen in Fig. 2%. and Fig. �~c
shows th e reradiation from the first complete traversal of the circumferent ial wa% c into the
backscattered di rection. At the bottom of Fig, 29c the diffraction around the shell can also be
observed. The group velocity of the wave seen in Fig. 29 is (‘% ~ — 3.6. In Fig. 29 the incident
pulse insonitled the entire cylinder , so that th e same effect was generated on both the upper l e ft
and upper right quad rants of the cylinder.

The properties of the circumferential waves seen in Figs. 23 and 25 through 29 arc similar
to circumferential wave properties previously reported in the literature t I L - I  ~. 2 S -27 1
Specifically, ci rcumferential waves with group velocities ~~~ 3.6 (Figs. 23. 2~ , and 26) and
(‘c/C I .3 (Figs. 27 and 28) are observed , with th e faster group veloc ity observed at the higher
frequency (or higher I.a) and the slower group velocity wave at the sower frequency. This sini-
pie interpretation of the results is, however , misleading and demonstrates same of the practical
difficulties in a predominantly empirical approach to this problem , where broad generali zati ons
are made , based on limited measurements. The experimenta l measurements here , and reported
previously , are generally made -at high ka values. At very low frequencies, or Aa values below
ka — 20, it is a practical impossibility to achieve short enough pulse lengths to separate circum-
ferential waves with transducers generally availab le~ hence , high ka measuremen t s are made as
a matter of necessity. This low-ka limitation on the isolation of separate echoes is especially
true of high speed circumferential waves. In addition , most empirical measurements are made
on sh ells with h/a ~ 0.96, since thinner shells are more difficult to fabricate and maintain.
Fina lly, as a practical matter it is not possible to measure enough combinations of shells and
freqencies to do a complete empirica l study. This latter statement is true not only because of
th e low ka separation difficulty mentioned above but also becau se in the case of a curved shell
there are two frequency variables. For a fiat plate , frequency times thickness, fit may be con-
sidcred a single variable. The radiation from a given plate may be examined as a function of

40
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I ig 29 — Schl.e ren vistili ,jfii ’ n ol .i “tact ” i.i rcu ,nfert -nti al

wave it It,,,a 2t )2 on a sta inless stee l shell.
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ft simply by varying the frequency of the incident pulse or continuous wave. A similar experi-
ment on a curv ed shell Is not as unamb iguous. As the frequency of the incom ing wave is
varied, the ft or kit of the shell changes accordingly, but in addit ion the ka value chang es. As
will be seen , there are certain effects which are strong functions of ka, and others which depend
almost ent-frely on kit . These had not previously been differentiated successfully in the litera-
ture~ and this could not have been reasonably accomplished empirically. Because previous work
has been limited to the high ka region , where the flat surface limit Is approached , the kh vari-
able has genera lly been considered moat significant in all empirical observations of isolated cir-
cumferential waves. in fact the low ka region which has been avoided is the only ka region
where a high velocity circumferentia l wave plays a significant role In the acoustic scattering by a
cylindrical shell , as will be demonstrated .

C. Theoretical normal mode formulation of th. shell prsblens

Analysis of circumferential waves on cylindrical shells can best be accomplished by deter-
mining the relationsh ip between the circumfe rential waves and exact stead y state theory. In
addition , as will be seen In part D, Lamb theo ry for plates can be used to predict the possible
ranges of excitation of circumferential waves on shells.

The geometry of the cylindrical shell problem was given In Fig. 22. The formulation of
the exact normal mode solution to the scatteri ng of sound by an elastic cylindrical shell exists in
the literature arid can be presented in a form similar to that of Eq. I,  which descri bed the
scattering from solid elastic cylinders I32~:

p5(O) — ~ Lu i)
~ f~~~~~ :~ = ~ 11 (Z) } H,

(kr) cos nA (53)

This expression differs from Eq. (1) only in the replacement of L,, which involved the division
of two 2-by-2 matrices, by Q,, which involves the division of two 4-by-4 matrices. The larger
matrix results from the extra boundary condition on the surface r b, and the expression for
Q, is

031 a~ o~ ~~
03% 032 0)3 034

~~~ 042 043 044

.2.. a61 05~~O~~~Q44

Pt O t t  0~3 013

O3~ •32 033 034

04% ~42 043 044 (54)
061 062 a~ a~

with the matrix elements a,, given in Ref. 32. Computations are given in FIg. 30 of the form
function vs ka for stainless steel shells wit h b/a 099 (FIg. 30a) and b/a — 0.98 (Fig. 30b).
The curves cover the Ira range 0.2 ~ ka ~ SO. A similar set of curves for aluminum are given
in FIg. 31 , and the two figures demonstrate the similarity of results obtained on metals quite
different in density, but with shear and longitudinal speeds approx imately twice and four times
the water speed, respectively. The elastic constants used In obtaining the curves seen in Figs.
30 and 31 are given In App endix C.
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FIg. 30- Th. f orm functios for stalnicsa itesi shells over the rsn.~e 0.2 ~ ka ~ SO for
thcll thlckness of (a) O.99 and (b) O,95.
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FIg. 31 - The form function for aluminum sheSs over the range 0.2 � ka � SO los shell

thickness., or (a) 099 and (b) 0.9$.
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The form function curves seen in Figs. 30 and 31 are made up of the steady state interfe r-
ence of specular reflection and a single circumferential mode which makes many circumnaviga -
tions of the cylinder before attenuating into the noise . The above explanat ion of Figs. 30 and
31 can be demonstrated analytically by computing the reponse of the shell to an incident pulse.
The computation is made using Eqs. 9 and 12 with the procedures described in Chapter Il. Fig-
ure 32 shows the response of an aluminum shell , with b/a — 0.99, to an incident acoustic
pulse. The pulse is centered at a dimensionless frequency k0a — 10. The backscattered echoes
are seen in Fig. 32(a), and the incident wave is seen in Fig. 32b. The backscattered return is
made up of the specular reflection followed by a series of equally spaced echoes which result
from multiple circumnavigations of a circumferential wave. The ratio of the circumferenti al-
wave group velocity ç~ to the water velocity c is given by

— .!. (55)

where AT is the dimensionless time between successive circumferent ial echoes. The result
obtained from Eqs. 1 and 55 is ~;i~ — 3.7. The deviations from If.J — i in Figs . 30 and 31
occur when the circumference, 2,a, is an integral number of circumferential wavelengths. For
ka values at which 2~ a — n X ’, where X • is the wavelength of the circumferential wave and n is
an integer , the long pulse or steady state interference of the circumferential waves gives a max-
imum contribution , since all add in phase with one another. At these ka va lues peaks will
occur in the form function if the specular reflection and circumferential waves are in phase and
nulls will occur if they are out of phase. The ka difference , Aka, between the successive
fluctuations in the ~f , J vs ka function are directly related to the circumferential wave phase
velocity ~; by

— Aka (56)
which for Figs. 30 and 31 gives c,/c — 3.7. The nearly constant spacing of the fluctuation s Aka

3.7 indicates a constant or slowly varying phase velocity, so that the approximation ~;is valid over the ka range 0 < ka < 50 seen in Figs. 30 and 31. The phase velocity of the cir-
cumferential wave on an aluminum cylindrical shell with b/a — 0.99, is obtained from Fig. 31a
and Eq. 56 as c,/c — 3.7, which is identica l to the group velocity obtained from Fig. 32 and Eq.
55.

The previous paragraphs demonstrated the significance of the Aka spacing between the
deviations in the form function for cylindrical shells. The direction of the deviations from LIJ
— I in the form function curves, as seen in Figs. 30 and 31, is also significant. The hypothesis
of Tucker and Barnickle (43~ mentioned in the first paragraph of this chapter was based on the
assumption that a hollow air-fi lled shell will act as a soft body in that its specular reflection will
be 180’ out of phase with an incident wave. This would then distinguish hollow body echoes
from echoes scattered by solid bodies, which would act rigidly, th at is, give a specular return in
phase with the incident wave. The results of Chapter IV demonstrate that , in fact , the return
from solid bodies whose density is greater than the density of water and whose shear and
compressional speeds are greater than the speed of sound in water can be described in terms of
a rigid background ten~t plus a resonance term over all Ira > 0. Thus , for solid bodies with
these elastic properties , the rigid background portion of the hypothesis of Turker and Barnickle
would be correct. With regard to the ~soft ’ scattering by a hollow shell , however , the
hypothesis breaks down, as can be determined form he work described in the previous para-
graph. FIgures 30 and 31 demonstrate that the ka range over which cylindrical shells will act as
a soft body is a function of frequency. As frequency is increased , the thickness it of a given 
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~ R(C~ - , ) / a  T
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FIg. 32 — Computations of the edioes (seen In (a)) scattered when a short incident
e(seen In (b)) implnges on aluminum shell wlth b/a 0.99. Th. pulse Is centered

atk 0a lO.

shell becomes greater with respect to a wavelength, and whether a shell acts as a °soft ° body
(specular reflection 1800 out of phase with the incident wave) or a °rigid° body (specular
reflection in phase with the incident wave) depends both on the frequency and shell thickness.
For example , as was discussed, the fluctuations in ~~~ for the shell described in Fig. 31b occur
at intervals Aka — 3.7. The deviations from Ii. 1 — 1 are, however, not uniform in direction
either in Fig. 31b or in any of the other form function curves shown in Figs. 30 and 31. Three
separate background regions exist.

The shell acts as a soft body over the ka range where the fluctuations in Ii~4, at Aka —

3.7, are in the negative direction. Here the specular and incident wave are 180° out of phase.
Recall that the incident wave and the circumferential wave are in phase (as seen in Fig. 32),
and further pulse calculations such as that in Fig. 32 show that they remain in phase over the
ko range from 0.2 ~~ ka ~ 50. For an aluminum shell with b/a — 0.98 the ka region over
which the shell acts as a °soft° body (specular reflection and the incident wave 180° out of
phase) is seen from Fig. 31 b to be 0 ~~ ka ~ 23.

As ka increases, the shell passes through a transition region during which a single fluctua-
tion has both positive and negative aspects. This occurs over the range 23 ~ ka ~ 37 for the
0.98 aluminum shell. Finally for Ira > 40 the deviations from I f..f — I are positive and the
shell is a rigid reflector with respect to its specular reflection. The extent in ka of the three
background regions will vary with thickness and with material. Later in this section the advent I -

of higher order modes will be discussed, but it can generally be said that if the product of fre-
quency and thickness is large enough to allow more than one circumferential mode to be
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excited, the shell has already reached the rigid background region. Development of the formal-
ism for the resonance scattering from hollow shells with intermediate background is the subject
of an ongoing program at the Catholic Unive rsity (471.

The generation of a single circumferential wave under the conditions present in the corn-
putation of the results seen in Figs. 30 through 32 are consistent with the dispersion curves for
Lamb waves on plates. Figure 33 shows dispersion curves for the firs t four symmetric and
antisymmetric Lamb (481 waves for aluminum plates. The symmetric Lamb modes satisfy the
frequency equation 145,48,491

ta nh ( ( i rf h/ V)  f( c~ —
tanh((sJ7,/V) ((c? •— Vl) / c1J ) t~2

4 ( ( ( c ~ — V2)/CL21112 1C~ — V2)/c~
1”2) (57)— 

((2c~ — V2) / c11 2
and the antisymmetric mode satisfies the equation

tanh ((, rfh / V) ((c # 
—

tanh ((iJ 7,/ V) 1( V) —

1(2c1 — V7)/c112
— 

4fl(cl V2)/c L~1”2 . ((c# — V2) / c.~j ”2) 
(58)

In Eqs . 57 and 58, V is the Lam b phase velocity. The group velocity of the Lamb wave , V~, isrelated to the phase velocity by

v1— V i i - I —~~~) dV/d~~~) J~
It has been demonstrated that Eqs. 57 through 59 describing Lamb waves on plates in vacuo
ire not strongly modified when the plate is immersed in water (45 ,49,501 and that Lamb waves
can be generated by illuminating a plat e in water by an incident pulse (45,491. Radiation of the
Lamb wave into the water can be observed either with a hydrophone (491 or by schlieren visu-
alization (451.

254 505 7*2 lO IS It?
FNtOUENC Y x PLAT E THICKNESS * IO5CM CYCLES/SEC

Fig. 33 — The Lamb dispersion cu rves for the first four symmetric (—) and antlsymmet~( - -  -) Lamb waves on alumInum plates.
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Grlgsby and Taj chman 1511 gave dimensionless curves for the phase and group velocities
of Lamb waves on a plate whose ratio of longitudinal to shear speeds is 1.8. Their curves are
seen in Fig. 34. Special attention is directed to the group velocity curves in Fig. 34b, where all
the modes show a flat peak in the group velocity at V~, 1.8. In Fig. 34 the ordinate V, is
Lamb phase velocity divided by shear velocity i.e. V. — V/Cr, and the abscissa (17,) , is fh/C~.
In Fig. 34b the ordinate V1, —

_ _ _ _ _ _ _ _ _ _ _ _

a
(fh)~~

(a)

$
(fh)~

(b)

FIg. 34 — Dimensionless curves of (a) Lamb phase velocity and (b) Lamb ve-
locity curves for materials with cL/c~l. -‘ 1.8.

Dragonette (451 demonstrated that strong generation of a Lamb mode takes place in th,..
region where the phase velocity curves reach a flat plateau (at approximately F’, — 1.8 in Fig.
34*). This plateau region corresponds to the frequency thickness region where the group velo-
city curve for a particular mode reaches a fiat maximum (at approximately V1, — 1.8 in Fig.
34b) . Dragonette (451 demonstrated further that this stong generation of a Lamb mode, in the
fit region where phase velocity Is approximately equal to the group velocity, persisted as the
plate was curved.
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in FIg. 35 the Lamb phase velocity curves describing the first symmetric and first anti-
symmetric curves for an aluminum plate are isolated. The ordinate Is given in terms of the
Lamb phase velocity P and also in terms of the angle of incidence ø~ at which a Lamb wave,
with thai phase velocity, can be generated by a plane wave incident from water on to the plate
surface. This angle ~~, satisfies the equation

s i n 8 — c / V, (60)
and a Lamb mode cannot be generated by an acoustic wave incident from water to the plate
unless V )  c. The frequency thickness variable , f it, which is the abscissa of the Lamb curves
seen In Fig. 35 may be written In terms of Ira for a specific cylindrical shell by a simple alge-
braic manipulation:

— 
2wf7. 

— ka(1 — (b/a )1 (61a)

— 
(ka ) c( i —  b/a ) (61b)

Using Eq. 61b the abscissa, jh, for the flat plate case may be transformed from f i, into ka for
shells with various b/a values. Figur e 35 shows the abscissa written in equivalent ka values for
an aluminum shell with b/a — 0.98 (see Fig. 31b) . The results seen in Fig. 35 predict that the
first symmetric mode can be generated at any Ira value, and in fact since the flat platea u in
group velocity occurs at the low end of the frequency thickness or ka scale, this wave should be
strongly generated at low ka. The arrow in Fig. 35 points to the place where V — c for the first
antisymmetric mode. For the shell with b/a — 0.98 , this curve predicts that the antisymmetric
mode cannot be excited at ka values below ka ~ 50. The phase and group velocity of the sym-
metric mode is predicted to be V/c — 3.7 by the curves in Fig. 35, in excellent agreement with
the circumferential wave observed for the cylindrical shell (Fig. 32) . The circumferential wave
related to the first symmetric Lamb mode has died out by ka ~ SO, as seen in Fig. 31b, and , as
seen above, the results in Fig. 35 predict that the onset of a circumferential wave related to the
first antisymmetric mode cannot occur at a value lower than ka — SO. Such a wave would have
a lower group velocity; i.e., oscillations in [f.J vs ka would occur at closer intervals than those
observed in Fig. 3ib. Recall that c,/c — ~ ka.

A plot of V.J vs ka for an aluminum shell with b/a — 0.98 is given over the range 50 ~ka ~ 90 in Fig. 36. This is then a continuation of the curve given in Fig. 31b , and it shows the
onset of a circumferential wave with the properties related to the first antisymmetric mode.
The oscillation in the -form function curve predict a circumferential wave with c,~ic — ~ ka —
1.3.

In general , then , a circumferential wave related to the first symmetric mode should always
be generated for a shell of any thickness . Its influence is restricted to the low ka region over
which the phase velocity has a flat plateau. This region is a function of thickness, as will be
described below. A circumferential wave related to the first antisymmetric mode can only be
generated at ka values higher than the coincidence frequency Ira — (ka ) ~, where V — c. Thus
the thicker the shell , the lower the Ira value at which this mode can be generated .

These conclusions should be reflected in the form function curves for aluminum cylindri-
cal shells of various thicknesses. Differences from ~/‘~J — I should occur at intervals &tka ~ 3.7
for all thin shells, and these differences should die out more quickly with ka as thickness
increases, since the plateau region in Fig. 35 corresponds to a smaller ka range for thicker
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0.2 0~4 0.6 0.8 1.0 12 1.4 16 1.8 2,0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 38 4.0
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Fig. 35 - me an le of inci4once at Which the firs t symmetric and antlaymnietric Lamb
modes may be generated.

aHU S1ST#
~

I& N
VTTT 

-
:

FIg. 36 The form t~ncdon vs ka over the range SD ~ Ira < 90 b r  an
lo, an aluminum shell with b/a • 0.98.

r shells. Differences at AIm ~ 1.3 should begin to occur at lower km vaLues as thickness is
increased. FIg. 37 shows the form funct ion curves for aluminum cylindrical shells with b/a —

0.99, 0.98, 0.96, 0.94, 0.92, 0.90, and 0.83. The above conclusions are verified in Fig. 37.

As thickness increases, the antisymmetric mode is seen to qccur at k~ver km values. The
tow velocity circumferentIal wave observed here in Figs. 27 and 28, and by the many others
referenced earl ier (12- 13 ,25-271, Is related to the first ant isymmetr ic Lamb mode for a plate.
The Ira range over which It is generated depends on the thickness of the shell. The first sym-
metric mode is strongly generated on aluminum plates in the thickness region where it has a
phase and group velocity ratio of V/c — 3.7. ThIs Is carried over to the shell case, where a cir-
cumferential wave having the properties of the first symmetric mode are observed at low km on
all th icknesses of shells from 0.85 ( b/a ( 0,99. Closer spaced oscillations in IJ•.J V% Ira are
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also seen to occur at relativel y lower Ira values as shell thickness is increased. These oscilla-
tions are related to a circumferential wave with c,/ c 1.3. If one returns now to the Grigsby-
T*hman group velocity curves seen in Fig. 34b, the reason for the association of low fre-
quency with low velocity and high frequency with high velocity In the literature becomes
apparent. All the higher order Lamb modes in Fig . 34b are most strongly generated when their
group velocity is V~. 1.8. This is also the group velocity of the first symmetric mode at its
region of strong excitat ion. Moreo ver , the same is true of all higher order antisymmetric
modes (see Fig. 33). Thus the first symmetric mode and all higher order symmetric and
antisymme tric modes cannot be distinguished from one another by measurement of group veto-
city alone, and these wives colLectively have been identifIed as the fast circumferential wave.
The particular mode generated depends on the shell thickness and frequency , but , as discussed
earlier, practical considerations generally preclude isolation of the first symmetric mode. All of
the measurements of a low velocity wave are related to the first antisymmetric mode, which for
thin shells is generated at a higher frequency than the first symmetric mode but at a lower fre-
quency than any of the higher order modes. In the empirical observations of circumferential
waves, the wave related to the first antisymmetric mode is obtained at a frequency which
depends on the th ickness as described in Fig. 37.

Because of the slow speed of this wave, there is a greater time difference between succes-
sive traversals of the circumferential wave (a factor of 3 as compared to the faster waves);
hence, this mode when present can be isolated at lower Ira values than a mode traveling with a
velocity 3 times higher. Thus in past pulse hydrophone measurements (12-15 ,27] low velocity
corresponded to low frequency in the experimental observations. As frequency was increased it

4 became possible to isolate higher velocity modes, all of which were strongly generated with the
same group velocity; hence, high velocity corresponded experimentally to high frequency.

The circumferential wave related to the first symmetric mode is the only one of the ufast~
circumferential waves whose amplitude approaches the amplitude of the specular reflection ,
and , while it is not practical to isolate it experimentally, its contribution to the steady state pies-
sure or form function at low Ira is apparent. As demonstrated in Fig. 33, ii is possible to isolate
the first symmetric mode by computation of the response of a shell to a short incident pulse.
Computations similar to that seen in Fig. 33 are given in Figs. 38 and 39 for various shell
thicknesses at various center frequencies. The purpose of these calculations is to demonstrate
that th e relative amplitude of the circumferential and specular contributions is a function of Ir a.
In Figs. 38 the responses of three aluminum shells with thickness b/a — 0.99, 0.96, and 0.9 are - :presented. The center dimensionless frequency of the calculation is & ,,a — 10. A circumferen-
tial wave related to the first symmetric mode is seen in Fig. 38a (b/a — 0.99) and Fig. 38b - -

-(b/a — 0.96). The measured attenuation in these two cases is 0.50 Np/revolution (Fig. 38b)
and 0.43 Np/revolution (Fig. 38a). In Fig. 38c the firs t ant isymmetric mode is generated
simultaneously with the symmetric mode. This figure demonstrates that the antisymmetric
mode is in fact generated at lower frequency as thickness is increased , as predicted in the dis-
cussion of Fig. 37. It also shows that at the same k ,,a the attenuation of the symmetric mode
increases with increasing thickness, and finally it demonstrates that the large oscillations in
L/ .,(w)t which appear with increasing thickness in Fig. 37 are due to the larger magnitude with
which the antisymmetric mode is generated. The attenuation of the antisymmetric mode in
Fig. 38c is 1.0 Np/revolution , which is much larger then that of the symmetric mode, but the
magnitude of the first antisymmeiric echo is more than 6 dB larger than that of the first
symmetric echo.
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• Pig. 31(a) - Cosspiitatlon of the echoes acatterell by an ulumumun shell

atk 0a 10; the shell thidinsas is b/a N O.99.
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PIg. 3S(b) - Computation of the echoes scattered by an aluminu m uiwit
at Ir 0s’ 1O; the ubel1 thickness iWa~~O.96.
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list (1A) (48) (2A)
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1~

FIg. 38(c) -- Computation or the echoes scattered by an aluminu m shell at k 0a 10; the
shell thickness is bfs • 0.90.

IL 0.6 fl~ 
.2 . 1 0 1  2 3 4 5  .2 . 1 0 1 2 3 4 5

1’ 1

l ’lg. 39(a) — Computation or the echoes Fl$. 39(b) — Computat ion or the echoes
scattered by an Iron shell b/a • 0.99 at scattered by an iron shell b/a - 0.99 it
s k 0. value of I t .  s k 0a value of 20.

The responses of an Iron shell with b/a — 0,99 at k5a values of I I  and 20 are seen in
Figs. 39(a) and 39(b) respectively. Here the attenuation is 0.46 Np/revolution ii & ,a — I I  and
0.23 Np/revolution at k ,,a — 20. Thus the attenuation decreases with higher frequency.
an observation similar to that of Horton and Mech ler (15), who observed this phenom enon at
Ira — 30 for the wave Ident ified here as the antisymmetr ic wave.

As may be observed In Fig. 38c, the attenuation of a circumferential wave is not neces-
sarily a measure of its relative importance . If the ratio of the ampl itude of the first circum-
ferential echo, Pi~ to the specular echo, p,~~, is taken from Figs. 39(a) and 39(b), the result
obtained is P~/p,~~ — 0.2 at k,,a — I I  and P i/P~~ 

— 0.1 at k , a 20. These ratios show hat
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a particular circumferential wave Is mor e strongly generated and gives a larger contribution to
the steady state scattering at low ko, as was observed in Figs. 30, 31 , and 37. The ratio Pt/P .9~is directly related to the relative contribution or importance of the wave to the steady state solu-
tion. Figure 40 shows a plot of p ~~~~ for various thicknesses of stainless steel shells as a
function of ka. The points were obtained from pulse computations such as those in Figs. 38-
39. In general for shells with b/a ( 0.99 the circumferential wave related to the first sym-
metric mode has a backscattcr.d amplitude more than 20 dB down irom specular for k a >  20.

I0 20~~0 10 20 10 2O~~O 10 20 20
(a) (b) (C) (d)

FIg. 40 — The ratio (p~/p,~~ ) vs ka for stainless steel shells of thicknesses
(a) 0.99, (b) 0.98, (c) 0.95, and (d) 0.90.

For higher order modes generated above ka — 20, the ratio p l/p.p.c is more than 20 dBdown from specular. This is consistent with the observations made here of a Nfast circum-ferential wave (Figs. 23, 25, 26), where Pt is greater than 30 dB below specular, and with allreported observations in the literature (12-15 ,26).

The circumferential wave related to the fundamental antisymmetric mode also has its larg-
est influence on fr,4 at low Ira. It can , however , be generated only at low Ira for thick shells.
The general observation In the literature that the uslowN circumferential wave is more strongly
generated in thicker shells, is simply because of the results discussed in connection with Fig.
37, namely that as shells become thicker , it is possible to excite the first antisymmetric mode at
lower ka.

The results considered here were for thin shells. Figures 33 and 34 show that as f ir
becomes larg er , all the Lamb modes tend toward a final velocity V 2.Oc. Since the phase
velocity curves again level off for large fit , the Lamb modes are again strongly excited. Each
higher order mode Is first strongly excited at V/c 3.7 and then in the limit of a thick shell at
V/c 2.0. Therefore it should be possible to find an intermediate frequency range at which a
Lamb type mode Ii generated with V/c -~ 3.7 sImultaneously with a lower order mode which
has reached its high frequency limit V/c 2.0. Such a situation Is seen In FIg. 41. Here a
chlerlen visualization Is made at an fit value of 11.2. The ta rget Is a 3.4 cm diameter alumi-

num cylinder with b/a — 0.9. ThIs corresp onds to ka — 476 and kh — 47.6. SImultaneous
observation of circumferentials waves with ~;i~ — 3.7 and c;/c — 2.0 are seen. Figures 37 and
43 expLain what has been referred to in the literature 1121 as rare occurrances when slow and
fast circumferential waves are observed simultaneously.
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Fig 4 1 - Schlieren visualizalion of circumferential wives
generated on an aluminum shell , with b/a • 0.9 at
k0s ~ 476.
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VI. SUMMARY

The steady state acoustic response of infinitely long solid elastic cylinders and cylindrical
shells can be exactly computed in terms of a normal mode series. For rigid cylinders the back-
scattered form function can be described in terms of the interference of a specularly reflected
wave and a Franz type circumferential wave whose velocity and attenuation are related to the
peaks and nulls in the form function . Solid metal cylinders in water exhibit this purely rigid
behavior in the low ka region , after which region the form function is dominated by minima
related to resonances in the individual normal modes. For cylinders made of metals whose
shear and compressional wave speeds are greater than the wave speed of sound in water , the
first resonance minimum observed is the (2,1) resonance. This occurs at ka — 4.78 for alumi-
num , and the ka value at which it occurs for other metals can be computed using aluminum as
a reference.

The normal mode resonances are related to circumferential waves predicted by creeping
wave theory . A mode resonates when its modal velocity is matched by the velocity of a cir-
cumferential wave. A single circumferential wave generates a given eigenfrequ ency in succes-
sive modes. The (it , 1) resonances are related to the Rayleigh wave, and the (2 ,1) , (3,1), and
(4,1) modes are generated at ka values at which the cylinder circumference is 2, 3, or 4 Ray-
leigh wavelengths. Similarly the (it, 2) resonances are related to the R 

~~~tYPC whispering gallery
mode and so on. The predominant circumferential waves in a given Ira region can be predicted
from the dominant resonance minima in If..(,r )~ The NRa yleigh wave was experimentally
observed on aluminum in the predicted region.

The region of oscillations in ~~~,r tI which begins at the position of the (2 ,1) resonance
persists as ka —. on; however, in reality a frequency will be reached after which absorption must
be included in the theory . In the -resonance region (ka > 4.78 for aluminum) the scattering
from the cylinder is made up of a rigid background part , on which the numerous resonances are
superimposed . The resonance formalism of nuclear reaction theory is used to separate the
exact normal mode series solution into rigid background and resonance terms, and resonance
widths can be calculated.

For a thin cylindrical shell , the Franz wave does not measurably affect (f .. (w) ~ even at low
ka. This is consistent with soft rather than rigid scattering behavior , and it is demonstrated that
as ka increases thin shells pass through three background regions. In the soft-background
region at low ka the specular reflection is 1$O° out of phase with an incident pulse. This is fol-
lowed by a region of intermediate background, and then a rigid-background region at which the
specular and incident pulses are in phase and remain in phase as ka is further increased. Cir-
cumferential waves are isolated theoretically by applying fast Fourier transform techniques to
the Fourier integral representing the echoes scattered , when a short acoustic pulse is incident
on a shell. The relationship between the observed circumferential waves and the steady state
form function shows that , for thin shells, the number of circumferential waves present , their
velocity, and their relative significance can be obtained directly from the form function.
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Lamb theory for plates is utilized to predict the Ira range of possible excitation of specific
circumferential waves. A circumferential wave related to the first symmetric mode is generated
for ka > 0, for all thin shells. A circumf erential wave related to the first antisymm etric mode
is generated at Ira values which vary with thickness in a predictable way. As shell thickness is
increased, circumferential waves related to all high order Lamb modes are strongly generated
with the same group velocity. This accounts for observations reported previously In the litera-
ture and thought to be the observation of a single circumferential wave. •

I— .
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Appendix A

LIST OF SYMBOLS

a - the radius of the target
a,, - matrix elements defined in Ref. 32
A - the vector potential
b - the inner radius of a cylindrical shell
BA - a coefficient in Eq. SOb
c - the velocity of sound in water
~ . the phase velocity of the Fran z wave

- the grou p velocity of the Franz wave
cN (ka ) - the modal phase velocity for the n~ normal mode
c’(ka ) . the modal group velocity for the ~ 

ik normal mode
c,(ka ) - the phase velocity of the I” R-type circumferential wave
cf(ka ) - the group velocity of the l ’~ R-type circumferential wave
CR the phase velocity of the Rayleigh or R 1 circumferential
ci - the group velocity of the Rayleigh or R 1 circumferential wave
CL - the longitudinal wave velocity in a material
CT - the shear wave velocity in a material

the phase velocity of a circumferential wave ~n a cylindrical shell
- the group velocity of a circu mferential wave in a cylindrical shell

C~ - a coefficient in Eq. SOa
d distance
D,,”~(ka ) A 2-by-2 matrix defined in Eq. Ia
D~

2
~(ka ) - A 2-by-2 matrix defined in Eq. Ia

I,, - the far field form function
- the far field form function for a rigid cylinder

IA - the n ’~ partial wave or n ’~ modal contribution to the form function
/ - frequency
I. - the center frequency of an incident pulse
ft - the frequency thickness product
(fit ) ,, - the dimensionless frequency thickness parameter , (f t) . — f i t / c1
g,(ka) - the spectrum of an incIdent pulse
g,(ka ) - the spectrum of a scattered echo
G,,(Z) - defined in Eq. 3
G~(Z) the expression to which G,,(Z) reduces when the target is a rigid cylinde r
It - the thickness of a cylindrical shell
H,,(Z) - the Hank el function of the first kind (order it, ar gument 2)
H 2 ~(Z) the Hanke l function of the second kind (order it, argument 2)
H~(Z) - the derivative of the Hankel function of the first kind

with respect to its argument
H,,~2~(Z) - the derivative of the Hankel function of the second kind

with respect to its argument
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J,(Z) - the Bessel function (order it, argument 2)
J,,(Z) the derivative of the Bessel function with respect to its argument
k - the wavenumber in water given by k — 2w/A
kL - the longitudinal wavenumber in a material

- the shear wavenumber in a material
ka - the dimensionless frequency variable, ka — 2ir a/A
(ka ) ,, - the center dimensionless frequency of a pulse in water
~~~~~ - the ka value at which a peak in Ii.~1 occurs
I - an integer, 1 1, 2 used to number the eigenfrequencies of a given mode
L,, - defined in Eq. (la)
it - an integer, it — 1, 2 used to number the normal modes
p~(v) - an incident acoustic pulse
p0 - the incident plane-wave amplitude
Pt - the pressure amplitude of the first backscattered

circumferential echo
p,(0) - the steady state scattered acoustic pressure’

at the bistatic angle 0
p,,,, - the pressure amplitude of the specular refiec~

- the zeroes of the first derivatives of the Airy
function

- defined in Eq. 54
r - the range or distance between the scatterer and the field point
R, - the I’~ order Rayleigh-type circumferential wave

- defined in Eq. 40
S,, - the elastic scattering function defined by S,, exp (21 8,)
S,~

R) - the rigid body scattering function defined as SI~~ exp (2 a i,,)
I - time
u - the particle displacement
V - the phase velocity of a Lamb wave
V, - the group velocity of a Lamb wave

- dimensionless Lamb phase velocity given by V,, — V/c T
- dimensionless Lamb group velocity givey by VR,, —

Y,(Z) - the Neumann function (argument Z, order it)
Ya (Z) - the derivative of the Neumann function with respect to its argument
Z • short-hand form for the dimensionless frequency variable Z ka
2,, - the dimensionless frequency at a resonance, Z (ka ) ,,

- the Z value at which a resonance pole in the scattering function S,, occurs
- the 2 value at which a resonance zero in the scattering function 5,, occurs
- defined in Eq. 37a
- defined in Eq. 37b
- the attenuation coefficient for the Franz wave

a N - the attenuation coefficient for the Rayleigh or R 1 circumferential wave
- the dimensionless attenuation coefficient for the R 1 circumferential wave
- the attenuation coefficient for a circumferential wave in a shell
- coefficient in the Taylor series expansion (Eq . 42b)
- the width of a resonance, given by r ,, —

6,, - scattering phase shift for the elastic scattering function
- change in distance

~ka - change in ka
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As - change in time
Ar change in the dimensionless time parameter
An - defined in Eq. 39
a ,, - the Neumann factor a ,, — 2 .  it — 0 , ~ ,, — I . it > 0
0 - the polar angle
9, the incidence of angle of a plane wave
A the wavelength of sound In water
A - the wavelength of the Rayleigh wave on a fiat

surface
• the wavelength of a circumferential wave
- a complex variable
- the phase shifts for the rigid scattering function

p - the density of water
p~ - the density of the ta rget material
r - the dimensionless time parameter r 0

0 - the azimuthal angle
- a scalar potential
- the angular frequency , ~ — 2w!

I
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Appendix B

THE MEASUREMENT SYSTEMS

I. P..l facility measurement system

Pulse hydrophone measurements were obtained with the system described in Fig. 51.
The source/receiver transducers are lead-zirconate -titanate immersion search units, with active
elements 3.175 cm square and resonant frequencies of from 400 kHz to l.S Mhz. The water
tank is an aquarium 76 cm by 183 cm by 76 cm deep. The targets were 30-cm-long solid
cylinders and cylindrica l shells made of aluminum and stainless steel. A Panametrics model
5055 PR pulse/receiver allowed a single transducer to act as both source and receiver, so that a
monostatic geometry was exactly maintained. External triggering was generated by a Hewlett
Packard model 2 14A pulse generator. A pulse repetition rate of 10 ms was chosen , so that all
reverberation from the tank boundaries would decay beneath the system sensitivity before the
pulser generated the next acoustic pulse. The driving pulse produced by the Model 5055 PR
pulser/receiver is a rectangular pulse , which causes the tra nsducers to ring at their fundamental
and overtone frequencies. The pulser/receiver unit internally separates the driving pulse and
received acoustic echoes (acts as a transmit/receive switch) so that a monostatic geometry can
be exactly maintained by having a single transducer perform both tasks. The received signal is
filte red by a Krohn-Hite model 3202 electronic filter so that either the fundamental or the har-
monic f requencies may be isolated. The filtered signal is then displayed on a model 545A
Tektronix oscilloscope, from which a photographic representation can be obtained. The filtered
signal may also be digitized using a Biomation model 8100 analog-to-digital converter, and
analyized and stored using a Digital Equipment PDP-l 1 computer. Digital signals are stored on

ANAMETRIC
KROIIN.HITE MODEL

MODE L 5055PR
3202 FILTER SUPPORT

SOURCE/
~.4 RECEIVER

BIOMATION 1-1 CYLW4DERTEKTRONIX MODEL 8100 
POOL

SC~LOSCOPE 
ANALOG TO 

_ _ _ _ _ _ _ _ _ _ _

CONVERTER

DIGITAL EQUIPMENT
PDP.II

COMPUTER

Fig. Bi — The acoustic poot mea~nement facility.

64



— - - - -~ -~ ----— 
_ _

~~~ ~~~~~~~~~~~~~~~~~~~~~ 
- --- -- -- . - -  —

NRL REPORT 8216

magnetic tape for future analysi s or may be analized in near real time. The digitized signal is
displayed on a Tektronix 4010 graphic terminal , and a hard copy (such as that seen in Fig. 15)
can be obtained from the copy unit or the digitized signal can be plotted on a Versatic plotting
unit (such as seen in FIg. 14).

Amplitude measurements are made directly with the oscilloscope by using a Tektronix
type-W plug-in unit; they may also be made by using the computer software in which the com-
puter seeks out peaks in the digital representation of the pulse. Amplitude measurements by
either means were demonstrated accurate to within 2 percent of exact calculation where such
computations were possible t8-10,32L

2. Schlloren visual ization system

Schlieren visualization gives an immediate look in one plane at the entire scattered field
around the acoustic target. It is especially useful in the case of beam aspect illumination of
long cylindrical targets, which is a two dimensional problem. The schileren system used here is
described schematically in Fig. B2. The light source, lenses, and tank are mounted on a 183-
cm-long Gaertner optical bench. Special carriages allow continuously variable motion in three
dimensions for the light source and the stop. A General Radio Stroboslave model 1539A is the
light source. A condensing lens focuses the light from the source, to a small aperture at A in
Fig. B2. This aperture is an effective point source. The lens at B is one focal length from A
and forms a parallel beam which trav els through the water tank to the lens at C. The tank has
specially constructed plate-glass sides to avoid any distortion of the parallel beam. The critical
parameter in the placing of the lens at point C is the focal length of this lens. The lens is
placed one focal length from the plane of the acoustic experiment to be visualized. In the case
described here the focal length of the lens is 25 cm. The final steps in the creation of the
schlieren system described in Fig. B2 ar e the mounting of a 0.05-cm-diameter stop at a distance
of 25 cm (one focal length) beyond the lens at C. The position of the stop is labeled D in the
figure. A Fairchild model TC-177 television camera is mounted directly beyond the stop.

_ _ _

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
STR~~~]..... 1 COUSTIC SOURCE

REFLECTOR

~9:I
WAT ER TANK

FIg. 82 - The schileren visualization system.
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In the system described in Fig. B2 all the light passing through the aperture is intercepted
by the stop, at position D, in the absence of an acoustic experiment. When , however , an
acoustic field exists, the parallel light rays passing through the acoustic field are diffracted, m iss
the stop, and are detected by the television camera. The camera is connected to a Panasonic
videotape unit on which observations may be stored and to a televison monitor from which the
schlieren images (Figs. 41 and 29) were obtained with a Polaroid camera. The acoustic trans-
ducers are as described above for the pulse hydrophone measurements , with resonant frequen-
cies of from 1 MHz to 8 MHz suitable for schlieren studies in this system. The driving signal
is a gated sine wave produced by a model PG650-C Arenberg pulsed oscillator. The external
trigger and time delay are provided by a Hewlett Packard model 2 14A pulse generator. This
u nit triggers the light source and the pulsed oscillator , all owing delays of from 0 to 100 ms -

between the triggering of the light and sound sources. This delay makes possible the time
sequence pictures seen in Fig. 29.

3 Air system

The air acoustics system is seen schematically in Fig. B3. The experimental technique in
ai r is similar to that in water, but the sources, receivers , and frequencies are different. The air
acoustics system allows the simulation of rigid boundary conditions. The acoustic system
employs LTV electrostatic sources 5.08 cm and 15.24 cm in diameter to produce the incident
acoustic pulses. The receivers are Bruel and Kjaer 0.635-cm-diameter microphones. The tar-
gets are hung in a large room 9 m by 30 m by 15 m high. Variable length gated sine wave
pulses are produced by using a Hewlett Packard model 2 14A pulse generator and Sanders switch
to gate the continuous sine wave output of a Hewlett Packard model 5110 frequency syn-

- -
~ thesiser. The gated sine wave output is amplified by a Krohn -Hite model DCA 50 ampli fier

whose output drives the electrostatic speaker. The signal received by the 0.635-cm-diameter
microphone is filtered by a Krohn-Hite model 312 bandbass filter and amplified with a Bruel
anJ Kjaer type 2107 frequency analyzer. The microphone is mounted on a stand and placed by
hand at the desired aspect angle. A positioning of ± 20 is possible in the air measurements.
The received signal is amplified and analyzed by the same equipment as described for the pool
facility in section 1.

SPEAKER MICROPHOrk:
I HP HP MODE L I
I MODEL 51IO 214A I
[~~ EOUENCY PULS~Q8JSYNTHESIZER NE7AT CYL*IDER

I ROHN.H.TE1

L~~
E
~

S OCA ~~ 1B11 DEL TEKTRONIX
OATED ~~~~~~~~ IEI~ -I MODEL 545A

SINE WAVE 
[~~~PUFIER OSCN.LOSCOPE

FIg 83 - The air acoustic measurement facility.
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Appendix C

TABLE OF CONSTANTS

CL CT PMaterial
________________ (i0~ cm/s) (i0~ cm/s) (g/cc)
air 00.343 0.000 0.00
aluminum 06.370 3.120 2.17
aluminum oxide 10.700 6.300 3.92
iron 05.950 3.240 7.70
stainless steel 05.5940 3.106 7.90
water_________ 01.493 0.000 1.00
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