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SECTION 1

INTW)DUCTION

Integral equation methods have been shown to be effective means of

formulating crack problems in linear elastic fracture mechanics. For

s~~ e crack p roblems in unbounded media , explicit evaluation of quadrature

form solutions are possible; however, for problems in finite media,- numeri-

cal evaluation of integral as well as other formulations has been required.

In a previous paper 11], a quadrature form solution to a general ,

bounded , plane problem with an enclosed crack was formulated and a numeri-

cal solution technique developed. A set of coupled equations , involving

integrals over the outer boundary and the line of the crack , were obtained

by the simultaneous solution of a crack problem in an unbounded medium — the

perturbed problem — and a crack problem in the unflawed medium — the

equable problem — having the same bounding con tour as the problem to be

solved — the original problem . The perturbed problem, whose solution was

expressed in quadrature form, corresponded to that of a crack in an infinite

medium with prescribed1 crack surface tractions. The equable problem cor-

responded to that in which boundary tractions and/or displacements were

prescribed 1’ on the outer boundary of the original , unflawed medium and

was formulated by the direct potential or boundary integral equation (BIE)

method. In this report , an analogous perturbed problem, viz . ,  that of a

1’ Regarded as prescribed insofar as the individual problem formulation is
concerned , but remain to be determined by the simultaneous solution process.

1
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semi—infinite crack in an inf in i te  medium , i. employed to solve boundary

value proble ms of a plane body with an f~~~ crack .

SECT I ON II

FORMULATION

Let the linearly elastic , isotropic body occupy the region bounded

by the piecewise smooth curve C. Locate the x~(i — 1,2) coordinate system

at the crack tip such that the undeformed crack surfaces are coincident

with the line segment 0 ~ x
1 ~ a , x

2 
— 0 as shown in Fig. 1. Denote an

arbitra ry field point by x (x1,x2
) and the field variables - displacemen t ,

traction and stress components — at x by u~~(x) 2 , t i (x) and o~~(x). respec-

tively. In addition , let the field point x also have the complex rectilinear

and poiar representations x1 + ix , — re 1
~ .

1. Perturbed Problem

For mode I deformation s, the perturbed p roblem corresponds to that of

a semi—infinite crack in the infinite p lane with  a prescribed d i s t r ibu t ion

of stress on a portion of the crack to be denoted by:

~a(  ) , O~~~x ~~ a
022 x~~O) — 1 o , x1 

) a

The solut ion to this problem is to be constructed by superimposing the

results of a con t inuous distribution of crack opening po in t forces on

the upper and lowet crack surfaces as shown in Fig. 2.

For general mode I problems , solution s may be generated by the complex

stress potential fumction Z(’) of Westergeard 12] through the relations

subindices have the range (1,2) and denote Car tesian components
relative to the x~ reference frame . Repeated subindices imp ly summation
and partial diff erenta tion is indicated by a comma between subindices.

2
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011
(x) — R e [Z J — x

2
Im[Z ] (2a)

u22 (x) — Re [Z ] + x2 ta[Z J (2b)

012 (x) — —x
2Re[Z ) (2c)

2pu 1 (x) — -~Z~e(Z* ] — x2Im (Z] (2d)

21iu
2

(x ) — ~~~~Im[Z *] — x2Re [Z ]  (2e)

where 2 is holomo rphic in the plane cut along the real axis. 2’ denotes

the derivative of Z and Z* the anti—derivative of Z. The material para-

meter ~ has the value of 3—4v for problems of plane strain and (3 - v) / ( l +v )

for plane stress.

The solut ion for the crack open ing poin t forces , F , acting at the

poin t x1 
— F as shown in Fig. 2 is based upon the stress function :

Z(z )  - (3)

with the plane cut along the positive real axis. The branch of ~z -

is taken such that 0 + 0 on the upper crack surface and 0 -
~~ 2i~ on the lower.

In the polar coordinates , 2 , Z’ and Z* have the representations:

z . 
‘ ‘

~~ /‘~ ~ 1sin(@/2+cz) + ~

Z ’ - [sin (~ /2+~~ + I cos (~ /2+a) ] + -~~[sIn (~/2+u)+icos(e/2+c*)]~ (4b )

- 

~~~ ~~~~~~~ 
- I ln(p 1/i ., ) (4c)

4
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whe re z— — ~~~~~~ ‘

~ as shown in Fig. 2 ~nd

— r+ i~.— 2 .r~. cost’/2 (55)

- 
~~~~~~~~ cosO/2 (Sb )

— ~~ c05Q’2_~_v~ ] (S c )• 1 p
1

—l ri~ cosp/2+/~ 1• cos j (Sd)

The st resses an d disp lacements may then be obtained by substitut ing

Eq. (4’ into Eq. (2’ . By superimposing the resu l t s  of a distribution

of such point forces through the process of integration , one can con-

st ruct the solution for the continuous normal stress distribut ion

of Eq. (1) in the forms

O
j j

(X) _ f K jj (~~:x ) 1 ( O d ~ (6a)

u1( x) _ f K j (~~; x) ~~(~~)dc (6b )

where the kernels are given by

~/t [sin (O/2+o)+~~- cos(3~)/2+ci)4-2- cos(3/2c*)] (7a)

K22 — .~~
— ‘) [sin(€ ~/2+ o)— 2

2- cos( 3~/2+ct)--1 cos(t~/2+2~ ) ]  (lb )

K 12 — (sin (~ /2+a) ] (7c)

— — !jie 1_o2 _ .~,/~ cos (O/2+o) ) (7d)
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1 / p 2
) _ i/ ~ sin (O/2+a) J (7e )

The stress intensity factor at the crack ti p is defined in the

usual manner , i. e.

K - 

~~~~~~~~ 
o22 (r ,O) ( 8)

(~ .T T

and which , with the use of Eqs. (6a) and (lb) ,  t akes the form

- _ %fi f2 .~1 d~ (9)

2. ~quable Problem

The equable problem corresponds to a problem of an unflawed body

with the same outer boundary as the original problem and may be formulated

by the BIE method (3]; the basics of which are outlined here for subsequent

usage.

For any two—dimensional problem on a region bounded by the curve C,

the traction and disp lacemen t compon ents on C are not independent; rather,

for an equil ibrated stress state , are re lated by the contour integral

~u~ (P) 

~f j  T
1~~(P;Q)_ ~t~~(Q)U

1~~(P ;Q)]dS (1M

5
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where P and Q denote points on C and dS is the differential  arc length

of C at Q. The tensors and T1~ are singular when P — Q and are known

functions associated with the displacemen t and stress fields due to a

concentrated force at P , respectively. They may be written in the forms

~~~ — 2v(K+l) [6
ij1’nr - ~ ~~~~~~~ (h a)

T
ij 

= 2~~(K+l)r { _ 1
~~ i~

+4r ,ir ,j 1~~ 
- (K_ l) ( r

,inj
_r

~j n j ) }  (lib )

The indicated derivatives are with respect to the coordinates at Q, n~

are the direction cosines of the outward normal to C at Q and now, r is

the distance between P and Q.

In principle, Eq. (10) is sufficient to determine, to within a

rigid body displacemen t , the unspecified portion of the traction and/or

displacement components on the boundary of any well posed problem. For

-

• any but the most simple problems , closed form solutions are unavailable,

but accurate numerical approximations are possible. Algorithms for the

approximate eFaluation of Eq. (10) have been developed [3,4] and success-

fully applied to many problems.

Assuming, for explanatory purposes, that a solution of Eq. (10)

• has been achieved , then a full complemen t of data on the boundary would

be known . This complete set of boundary data may then be used to determine

the elastic field variab les at any interior point of the body acccrdin g

to the relations

u~ (x) ~ (Q) T~~(x;Q)_ ~ t~ (Q)U~~ (x;Q) ]dS (l2a)

I aij
(x) ~~~ ~~~~~~~~~~~~~~~ 

I tk (Q)DkiJ (x;Q ) ]ds  (l2b)

6
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whe re th . tensors and S
kjJ are related to and T1~ via the stress—

diaplac.ment equations of linear elasticity . Explicit fo rms of and

• are given in Reference 1.

3. Simultaneous Solution of the Perturbed and Equable Problems

The equations governing the perturbed and equab le problems can then

be comb ined to give a set of coup led in tegral equations solvable for

certain unknowns from each problem in terms of the specifie d data of the

original problem. Accordingly , if the i—tb traction component t
1 is

specified on that port ion of C denoted by C~ and similarly the i—th

displacemen t component on C~ then , if the sum of the perturbed and

equable prob lems is to produce the original problem , one must require that

u~ (P)+u
i
E(p) — u~ (P) , PcC~ (l3a)

PicC~ (l3b)

— 0o~~i ) 
‘ 

~ ~‘l ~ 
a (13c )

The superscripts P and F denote variables associated with the perturbed

and equab le problems , respectively, and a
0

(x
1
) is the prescribed stress

on the crack in the original problem.

Now , substitut ion of Eqs. (13a) and (l3b) into Eq. (10) leads to a

boundary Integral equation involving variables from both the perturbed

and equable problems in terms of prescribed data in the original problem.

Wit h t he notation

7
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(p), pi(’~ 
(14*)

u(P) — 

~~~~~~ 
(1’).

p
—t 1( P ) ,  I , .~~

* (l.d’~— 

t1
E(P) , r, 

~~

mi’ tesu i t  I ~~~ oquat ton is raad l i v  put tn t  o I he I orm

‘;Q)) t~~~( Q)LI
1 

1t’~ Q) i ds- u~~~~~~ - / ~
‘ 

~“ 
- 

~l
C _

“
I 

~~~~~~ I

The bracket ed tenns in Eq. (L~~ are to be Interpreted as foUows. The

upper var tab l~ s are o tie used when the k — t It ~‘ pon en t t ’ t he bowt d~ tv

var tab to Is cout atned In and the l ower when .on I atn ;’d In

in a s Int l tar fashIon , th e  ova ins? Ion ot the I — — .‘ comp onen t ot

Eq. (12b’t at x — (~ ,0) , 0 L ~*, w h i l e  using Eqs. (~ 1s1 and (1 U~) produces

~
i° ‘ (L .0 _ f . ( Qi~~~~ . (~~,0 ; Q )_  ~ t ~I i\., L .0;Q~ hIS - 0

W i t h  Eqs. I ~“ an.I ( I i  ~ • t I i i  u t . ’ t  . t t  iou is p u t  in t o In’ t o  t m

1
4 t~ t~~Ii ~. L 0 0 )

* 
‘/ ( t ~~ t t ’~ , 0 0 1d~~l Li—

( ( “
k~~~~~~~~

”
b .  .

• Then Eqs.  (ti ) are ev*i nat i’d at s — I’ t o  oti is t i t  , w i t h t he  dot  in It tons in

Eqs. ( 14) :

a

t (P) ~ j~~t~~(~~; P)n
1

( P ) o ( L l t I ! ~ (l~ P~~t~~
a

(P) + K 1 
( L. ;P )o (~.)d~. — 0, Pu t ’~

’ I 181’

M

~~~ 
_~~~~~~ _~~ S:L_ __ _ - -— - ---- ~- - —
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Equat ions (15), (17) and (18) are a set of integral equations , coupled

* *through the funct ions u1 and t~ on C and a on the lin e of the crack ,

representing the solut ion to the orig inal problem in terms of the pre-

scribed boundary values U
j~ t~ and a~ . If a solution to these equations

were achieved , a would be known and then Eq. (9) could be used to evaluate

the stress intensi ty fac tor .

SECTION I I I

NUMERICAL SOLUTION

1. Reduction to Linear Algebra ic Equations

An approximate solution to the governing equations (15), (17),and (18)

may be obtained as follows. Let the outer boundary C be approximated by

M straight line segments Cm
(m — 1,2 , ... , M) with a segmen t division at

the intersection of the line of the crack and C, i.e. at the point (a,0).

Assume that  the t ractions and disp lacements t~ , u~~, t 1 and u 1 have the

constant values t~~ , u~~, t~ and u~ respectively on Cm and let the boundary

poin t P occupy the M segment midpo ints denoted by P1(l — 1 ,2, ... , M) as

shown in Fig. 3. Under these assumptions, integrals over the outer boundary,

such as the f i r s t  term of Eq. (15), may be rep resented by relations of

the type

— ~~~ u~
1t%
fT~1

(P,Q)ds (19)

The unknown boundary variable has thus been removed from the integral

and the remaining kernel is a known function of the linearised boundary

- I geometry, so that for a given point P and segment C
m 3 the integration

can be performed in closed form or, if necessary , approximated. Note

L.  9

I
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that  once in every comp lete integrat ion ove r C , P w i l l  be on the in tegra t ion

path C , i .e .  P • P ~C , in which case T is singular and must be evaluated
in in in i j

in the sense of a Cauchy pr incipal  value . In the above fashion , a l l

integrals over the outer  boundary in Eqs. ( 15) and ( 17) may be reduced to

algebraic products wi th  coef f ic ien ts  determinable from the l inear ized

boundary geometry.

The integrals  on the l ine of the crack in Eqs. (18) are to he evaluated

by Gaussian quadrature . Likewise, the evaluation of the stress Intensity

b y Eq. (9) is to be approximated by a Gaussian sum. The s i n g u l a r i t y  in

the integral of Eq. (9) is removed by the transformation so that the

stress intensity factor is given by

K 1 
— _ 2~~~~~~fi,~~

2 )d~ (20)

Hen ce, if E~ and w (k— l,2, ..., N) denote the Gaussian modes and weights

of order N, Eq. (20) is approximated by

— 
_
~!

/2
~

•

~~~~
drLa(l+

~
;)2/4Iw (21)

k—l

To evaluate Eq. (21) it is necessary to know the N values of a at

Accordingly , the same transformation, i~-e~
2
, is applied

to the integration parameter of Eqs. (18) so that , for examp le , Eq. (18a)

will hav, the approximate representation

- 

~~~ 
Kjj(~~

;P)n
J
(P)o(c )

~~
w
k (22)

k-i

Note that under th. assumption that P occupy the discrete locations

P (is—l ,2, ... , M) corresponding to the midpoints of the M outer bounda ry

10 
4 . .
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segments and with boundary segments beginning and end ing at the crack

• mouth , the possibility of the kernel R
1~
(F~;P) being singular is precluded.

Consistent, with the above assumpti ons and resulting approximations,

as exemplified by Eqs . (19) and (22), the set of coupled integral

equations (15), (17) and (18) may be reduced to a set of 4M+N linear ,

algebrai c equatio ns whose solution is sufficien t to determine the 4M

*15 *ffldiscrete values of the boundary variables t~ and u~ ( i 1,2; r n 1 ,2 , ... N)

and the N values of a(s) (k — 1 2 , ..., N). Upon evaluation of Eqs. (15)

and (18) at P (m — 12 , ..., 14) and Eq. (17) at the nodes r~~ a(l+~~ ) 2 /4 ,

these equations have the approximate representation

~~~~ (U ~~~ ~~~~ - t~~AU~~
’] - 5..{i;•tj j ~ 

1 (23a)rn—i T~ —u~ ttT1~~]

14 14 l m ~~~m
— ~~~D~~ ] + ~~a (Ciç) 

~~~ [~u~~:~~] 
+ !a 0(y (23b)

+ /
~~~~

I(i j (ck ;Pl)n j (Pl) cY ( c k
) /c’w —0 ,P1cC~ (23c)

k -i

u? + ‘
~EKj(~~

;P
i
) a (ck ) v’cwk 

- 0 P
1cC~ (2 3d)

k 1

where the coefficients are def ined by

(24a)

P ~~~~ 

~/T
u u 1 ;

~~~~~
4ui 6 hn 

(24b)
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( 2 4 c)

AS~~ 

c

Ist22 kb 0

~~~~ 
(24d)

When a solution of Fqs. (23) have been achieved , o(
~k ) wil l  be known

an d the st ress in ten s i ty  facto r can be evaluated by Eq. (21).

A FORTRAN computer program was written (Appendix) to evaluate

the coefficients defined by Eqs. (24), assemble and solve Eqs. (23), for

outer boundary reg ions of arbi t rary shape , including regions of multiple

connec t iv i ty .  The algor ithms for the evaluation of Eqs. (24a) and (24b)

were developed in Reference (5) . The integrals of Eqs. (24c) and (24d)

we re approximated by Simpsons rule. A Gaussian elimination procedu re

was employed for the simultaneous solution of the algebraic equations.

2. Outer Boundary Mode iing

The accu racy of th e solution p rov ided by Eqs. (23) for  the integral

equations they approximate is obviously dependent upon the discretization

of the outer b oundary . In general , when the BIE method is imp lemen ted

un de r the assumptions of linea r boun da ry segments an d constant boundary

variables on the segments , the following two modeling considerat ions are

relevant.

(a) The “best” results are obtained when the ratio of the lengths

of adjacent boundary segments is within the range of 0.5 to 2.0.

(b) The resolution of the stresses at an interior poin t of a body

by Eq. (l2b) deteriorates significantly when the interior

point is within approximately one segment ’s length of the boundary

segment i t se l f .
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Coasideration (b) has an important bearing on the modeling of the

outer boundary of the present formulations since the stress component

022 must be evaluated by Eq. (23b) at points on the crack in the vicinity

of the outer boundary.

The point nearest to the outer boundary at which Eq. (23b ) is to

be evaluated is most likely , but not necessarily , the last mode on the

crack - a( 1+LH
)2 / i . The nearby boundary segments , i.e. those beginning

and ending at the crack mouth , should thus be at least at l+(l+L~)
2 /4 ]

u n i t s  in length . To avoid the usage of very small segments at the crack

mouth , it is thus desirab le to keep N to a min imum , thereby increasing

the distance from the las t node on the crack to the outer boundary.

However , retention of a su f f i c i en t  number of terms in the Gaussian sums

of Eqs. (23c) and (23d) is required to give an accurate evaluation of

these equations. A compromise is required.

Assuming seven to ten terms in the Gaussian quadratures will provide

adequate resolution of the integrals  on the crack , the length of the

• boundary segments at the crack mouth should correspondingly be abou t

0.050a to O.026a units in length for N 7 and N — 10, respectively.

This and conside ration (a) were followe d in mo deling the subsequent

i l l u s t r a t i v e  example problems .

SECTION IV

ILLUSTRATIVE EXAMPLESr
I. I n f i n i t e  Plate — Pressurized Crack

An analyt ical  solution may be obtained for  the problem of a semi—

infinite crack in an infinite plate with a uniform pressure P
0 
over a

13 
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portion of the crack near the tip as shown in Fig. 4. The analytical

solution to this problem is subsequently used to simulate a finite plate

problem from which to gauge the accuracy of the present formulation and

numerical solution.

The solution to the problem of Fig. 4 may be obtained by the integra-

tion of Eqs. (6) with a(~ ) — —P0 or , as is done here, from Eqs. (2) using

the stress potential funct ion

Z( z ) —~~~~~~~~ — — tan
_ h
ij ~

’ 
1 (25)

whose derivative and anti—derivative are

• ~~~(a\
312 i

Z ’ ( a )  — iv (26a)

Z*(z) - 2P0a 

[ 

1~T~ 
(l— ~~ ) + t80 ’i%/T (26b)

substituting Eqs. (25) and (26) into Eqs. (2) ,  one obtains

011 
- 
~~ (2~~~~sin 8/2 + (O 1

_ 0
2 ) - 

(~)

312

~~~ cos 30/2+a I (27a)

022 
- I 2/~~ sin 8/2 + (O

l
_O
2) + 

( )

3/2 X2 
(30/2+a) 3 (27b )

~‘o /a\3/’2x 2 
•

012 
— 

~r) 
—sin(30/2+cz) (27c)
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{ ~j-1- [ p ( O 1— 0~ ) coscv + p sin cz in ._! — 2/ sin 0/2 1

_2 yj~
’
cos 0/2 +-~~ ln ~~ } (27d)

2~iu 2 
—

~~~ 

{ -
~~ 

[ p ( 0 1 ~°2~ 
sin ci— p cos ci in + 2/~~ cos 0/2 ]

_2 X
2r S~~fl O/2

.
( O O )  } (27e)

where again z — re
1
~~, but now, z—a — pein as shown in Fig. 4 and

p 1
2 

r+a+2,’~~ cos 8/2 (28a)

p
2
2 

— r+a—2,’ cos 0/2 (28b

~~~~~ {“
~ 

cos ~~2 + 
(28c)

cos~~ [vc cos 9/ 2 - 

(28d)

The stress intensity factor is determined by Eq. (9) and has the value

a

K ~~~ —~~ dF~ — 2 p
0 (29)

A f ini te region surrounding the crack tip (dotted line in Fig. 4)

was modeled by the rectangular boundary model shown in Fig. 5. Using,

as input boundary conditions , the traction components at the boundary

segmen t midpoints as determined by Eqs. (27a) , (27b) , and (27c) , the

numerical solution was performed with the parametric values P — p ,

a — 0.5 and N — 7. By the present formulation, the exact solution to

this p roblem is provided by a perturbed problem with the same tractions

15
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at the outer boundary as the input values, a pressure p
0 

- ~i on the crack

and a null equable problem, i.e. the solution is totally accounted for

by the perturbed problem . The numerical solution , along with the input

- • traction components, are shown in Table 1 and show good agreemen t between

the input  values and the calculated perturbed problem solution . The

most deviation occurs at the segments near the crack mouth , as may be

expected in view of the assumption of constant variation in the boundary

variables over each segment, since the stress components in the perturbed

prob lem vary rapidly in the vicinity of a loaded crack surface, especially

at a point of discontinuity of the load.

Similarly, the displacements determined by Eqs. (27d) and (27e) and

a unit pressure on the crack were used as input and the numerical solution

performed. The input and calculated solution are presented in Table 2.

Again there is good agreement between the input displacement components

and those determined for the perturbed problem with similar deviation

from zero of the calculated traetions near the crack mouth.

The crack surface stresses and stress intensity factors for both the

traction and displacement problems are shown in Table 3. The stresses

are seen to be accurately determined with again the maximum error near

the crack mouth. For the traction problem, the stress intensity factor

is in error by only 1.O1Z while for the displacement problem . agreement

to four decimal places is observed.

2. Center Cracked Square Plate — Various Boundary Conditions

Again using the rectangular boundary mo del of Fig. 5 , the problem

of a square plate with a center crack under the three loadin g conditions

16
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(1) un i f o rm tension (Fig. 6), (ii. ) un i form displacement with no shear ,

and (iii) uni form displacement with clamped ends was solved with  the

edge cra ck program . As shown for case (i)  in Fig. ( 6 ) ,  one half  the

center  cracked plate was simulated with  the edge crack model by applica-

tion of the above three boundary conditions on the upper an d lower

boun da r ies wi th  ze ro x 1—d i rection disp lacements and x2 —di rc :t i on t rac t ions

on the vertical centerline . The numerical solution was performed for a

half—crack length a • 0.5 and wi th  ~‘ .~~~/ p  — 1 for  case ( i )  and unit  normal

displacements and v 0.3 for cases (ii) and (iii). The resulting stress

intensity factors are shown in Table 4, along with published [6] values

for comparison .

SECTiON V

CON CLUSIONS

The coup led integral equation formulation of a crack p roblem in an

infinite medium with a problem in an unflawed medium has been shown to

be an effective method to solve edge crack prob lems. This type of formu—

latiort allows for a direct and accurate evaluation of stress intensity

factors and may be applied to problems of arbitrary shape. Al though

only the mode I problem was addressed here , the method may be easily

extended to include the mode II and combined mode problems by incorpora-

tion of the mode II perturbed problem equations into the formulation .

17 • -~~~I
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Figure 2. Poin t Force on Semi—Infinite Crack in an

Infinite Medium.
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Figure 3. Outer Boundary Modeling Scheme.
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Figure 4. Infinite Plane with Uniform Pressure on the Crack.
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TABLE I. - BOUNDARY VALUES FOR TRACTION PROBU24

SEGMENT PRESCRIBED DATA CALCULATED BOUNDARY VALUES
NUMBER P E E

‘2 
t
l 

t
2 

U
1 

U
2

1 —0.476 —0.318 —0.640 —0.285 0.006 0.001
2 —0.405 —0.312 —0.402 —0.376 0.003 0.003
3 —0.275 —0.284 —0.278 —0.288 0.001 0.002
4 —0.090 —0.190 —0.090 —0.193 —0.001 0.003
5 0.020 —0.064 0.021 —0.064 —0.004 0.003
6 0.034 —0.003 0.035 —0.002 —0.007 0.004
7 0.046 —0. 151 0.048 —0 .154 —0 .009 0.003
8 * —0.066 * —0.067 * 0.000
9 0.074 0.026 0.075 0.02 7 —0 .008 —0 .002
10 0.044 —0.045 0.045 —0.045 —0.007 —0.003
11 0.02 1 0.004 0.02 1 0.004 —0 .003 —0 .003
12 —0.075 0.040 —0.077 0.041 —0.001 —0.002
13 —0.137 * —0.139 * 0.000 *

* Disp lacements prescribed for the removal of rigid body motion

TABLE 2 - BOUNDARY VALUES FOR DISPLA CEM EN T PROBLEM

SEGMENT PRESCRIBED DATA CALCULATED BOUNDARY VALUES
NUMBER

u
1 U

2 ~~1
1’ t

1
E

1 0.009 0.222 0.010 0.221 —0 .013 0.128
2 0.022 0.217 0.022 0.218 0.003 —0.033
3 0.031 0.208 0.031 0.208 0.001 0.006
4 0 .028 0.187 0.02 8 0.187 0.000 0.000
5 0.017 0.154 0.017 0.154
6 0.008 0.125 0.008 0. 125
7 0.000 0.108 0.000 0.108
8 —0.008 0.083 -0.008 0.083
9 —0.007 0.053 —0.007 0.053
10 0.000 0.035 0.000 0.035
11 0.014 0.019 0.014 0.019
12 0.030 0.007 0.030 0.007
13 0.036 0.000 0.036 0.000
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TABLE 3 — STRESS ON CRA CK SURFACES IN PERTURBED PROBLEM

AND STRESS INTENSI TY FACTORS

NODE GAUSSIAN CRACK STRESS ON CRACK SURFACE
n NODE COORDINATE2 TRACTION DISPLACEMENT

~~~O.S(l+~~) /4 EXACT PROBLEM PROBLEM

1 —0.9491 0.0003 —1.0 —0.9995 —1.0001
2 —0.7415 0.0084 —1.0 —0.9997 —1.0001
3 —0.4058 0.0441 —1.0 —1.0007 —1.0001
4 0.0000 0.1250 -1.0 —1.0030 —1.0001
5 0.4058 0.2471 —1.0 —1.0071 —1.0003
6 0.7415 0.3791 —1.0 —1.0162 —1.0011
7 0.9491 0.4749 —1.0 —1.0900 —0.9961

k STRESS INTENSITY FACTOR 1.1284 1.1398 1.1284

TABLE 4 — STRESS INTENSIT Y FACTORS FOR A SQUARE

PLATE UNDER VARIOUS BOUNDARY CONDITI ONS

PUBLISHED PERCENT
BIE (6] DIFFERENCE

TENSION 1.605 1.672 4.01

DISP . (NO SHEAR) 2.844 2.883 1.35

DISP. (CLAMPED) 2.925 3.067 4.63

- 
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APPENDIX

PROGRAi~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C
C THE A RRAYS 4(1) AN n 1 (1) MiS T -

~~ ~~~~~~~~~~~~~~~~~~~ AS
C
C A (2 4 M ’~~~? .i O M N4N ’ ’ 2 + j 8 M . 5 N ) ,I ( 6 1.N + i 3 )

C M ~4O uF QU TE~~
’ 

~ N0Y SEGP4 M T S  
I 

-

C N O OF ~~A U S S IA N  IN TE G ~
’
~~~’I1 J  I J I N T S  ( ‘ J  ‘.‘ ‘

~~
‘.

~

C = ~ J JF J N O ~~~I~~
C

)IHENSION A (i?~’84),I(1’5’~)
~1IM !NS10N LA ~~ F L ( ?O )

C
C INPUT A ND JUT °UT ~-“~0~ LE M L fl r~EL
C

R E A~H c , i t ) I ) o ) L AB E L

WR IT F (h,1001) LABEL
C
C rNPur ~~~~~~~~~~~~~~~~

C

~
E4)(5,1032) 1,N,N3

M2$2 P1
NOEI 1.Pi+N
! it
122 Ii. N3EO N3E0
I3’I2’ N3Ei~ P12

15=T1.+M2
162154MP3
I 7 : 16 ,M P 3
I~~= 17 + N
I9xt~ .W
110=T94’l
111zti0+M ~~~~~~~~ ‘:~~~~~~~~~~~; .

1122111 1JE~
11~~~l111.211 ‘+P1!
Ii62Ii4*NOE~
CALL 0RG 1(H,P4,tt2,N3,~1flEQ,A (Ti ) ,A (12),A (13),4 (14) ,A( I~~ e 4 ( t f ~

) .AU ’)

C
1000 FOPrIAT (2044)
1001 FO PPIAT (iHt,~~/,T35,.!O4k,//)

1002 F0 Q MAT (~~I5)
STOP V j l ~, r , i
EN~ .~~ ~ _______
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SUI~R0UT IPIE 0
~~G M I M , N , H2 ,N3,NOEQ ,A ,B,R’ IS,T ,X,Y,XC ,  W , P1!,O ELS,CC,SC,

i~ DTY PE,I I ,LN8)
REA L KAPPA ,N1 ,N2,K1 , (2, 1(11 ,<12,K22
DI.4ENSION A (NUEQ,NOE~)),~3 (NOEQ,~~2),PPIS (N3E Q),T (M?),X(l, ’),y(M,3),

1XC (N),W(N),PHI (M),DELS (l),C~~(40EQ),S~~(N)
2,0(3),THETA (3),SN (3),CS (~~

)
INTEGER ~3r)TYPE (‘1,2) ,TI (NDEQ) ,~~NF3 ( N~~)
012 3.1 41 5)2653 590
M~~~ l~~3
M4z1~ 4

C I NPU T  CRACK LENGT H ANO IAT ER IAL PR0~ r~~TYC
R E A ) ( 5 , 1 0 0 0 )  A A ,KA DDA
WRITF(6,100t) ,N, ,AA,K A F~~A
C 1.0/(!.0~ PIP (1 (APDA,i.J)

C
C INPUT ~OUN)ASV COORD INATES AND GA U S 3TAN ‘~DDES
C

CALL ROUNJ (M ,M2,NI~.X,Y,L MP3 )
R E A D  (6 ,1002) (XC(I ) ,W  (I) ,T 1,N)

C
C CALCULA TE ‘lID AND END SEGM ENT CO0)~DTM A T~~

~1SEG20
N8X 1
DO 130 1 1,M
IF (I.NE.LNr~(N~~X ) )  30 tO 110
X C 1,3) = X ( I—NSLG , 1)
Y ( I,~~) Y ( I— NSE G ,1)

~I1cABI~N S E G Z O  THIS FAGE 1~ BEST ~~~
GO TO 120 ~~~~~ c~~i ~iC’ LL’L _~~~~~~~

110 NSEG NSFG+ 1
X ( I ,3 ) = X  (1+1,1)
V ( I,3) Y ( I+ 1, i)

•1 120 X ( I , 2 ) : ( X ( I , j ) , X ( I , f l ) / 2 . 3
1~~0 Y (I,?):(Y(I,j)+Y(I,~~))/2.0

C CALCW..ATE )~ LS (I) A ND ~Pl i (1)
C

00 140 1:1,1
OFLS(I)2OICT (X (I,1),Y (I,1) ,X(I,1) ,Y(I,3))

140 ~HI (I)zAI .1GL (Y (I,j),X (I,3),Y(I,3),X(I,j))
C
C INPUT 3OUN OA~ S V CONDITIONS A~ D DUTOU T ~~ )1L~~M QA TA
C

CA LL 4DATA (l,M2,1 (A~ PA, 4A,X,Y,PHI ,l3DTYPr .T)
wc~ITr (c,1~~06
DO t45 I:1,M

146 Wp~ITE (6,jJQ7) I,X(I,t) ,X (I,2),X(I,3I,PHI (I)’j80.~~/~ I,~~~LS (I),

C 
13OTY (I,t),~~D1 YPECI,2 ),TC1),1(I+M ),Y (I,j),Y(I,’),Y (t,~~)

C ZERO A ( t , J )  A N D t H T , J )
C

DO 155 1 1,NOtQ
DO 151) J:j,~~~~E Q
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150 A (1,J)~~0.)
DL) 165 J=t ,i2

156 3( T . J )~~0 . )

C CA L C U L A T E  ~‘o c ~
. : I r r ~~.Te DF ‘T~c

30 tdo I= l, •l
DL) 180 J f l , ’i
DO 1*~0 < t .S
)(1() 1 ST t ~~(I,?),’v(I.2).X (J,K ).v (J,O )
IF (1.~~i.J.AN D.K .t~~.2) ~J 1) 11,0
T H E T A  (~~) ,. IX (I. ‘) ,‘r ( L  , 2) , X C  J, K ,  , Y t  J , W Z )
SN (<) SIN (’.O ’TU 4,T A( 1 ())

160 CO IITIN UE

OS~~D~ L 5 (  J )
OT~~TI41TA ( S _ I H r T A I
A (T,J )C (((A~~PA.1.0 )4DT,SN(3)—SN(1))

• A (I,J+M ) C~~((KA’’~~— 1.0 )’AL~~T,(D (3),0(t)).CS (1)—C~~(’))
A ( 4 11, J I C • ((1 • 0 — KA P °A ) • ‘ IL) ,  (

~ (.5 ) /‘~‘ (1)) +~) (1) —~~c ( 
~

~(I.’1,J.-1
)
~~~’((KA°’A .i .O ) 1T— S P ,(~~~.;\1u )

IF (I.E~.. ii GO T”~ 1.70
A(I,J,M?) =C S (KA A AL3G(D (1) ~ D(2) ‘~~~ ‘3 (3) ~~~~~~~~~~~~~~~~~

1ICS(3) )/2.0)/6.0

I S ( 2 )  — S (  3) ) / 2 .  0) ‘6.0
IF (A ’~S(DT ).LE.OI) 0-) ID 180
DTI=THET A (2 ) -THETA (1)

OT’=T HETA (3 )—T P4ETA( 2 )
IF (ABS (OTt).GT . PI) 0T=DT—2.O4PI .SIGN1ID TI)
IF (ARS (0T2).uT. ’I) DT OT— 2 .0~ PI’SIGN1 (~~T2)
A (I,J):.~’((KAPPA +1.0~~~DT4SN (3)~~SN (j))
A (I+M,J.M) ... ((KAP 3A ,i .fl) 01—SN (3),SN (1))

~o ro i~~o
170 TEMP= 0 (1 )* (AL 0G (3 (t ))—t. 0 ).D3 .A LO30 3~~ —1 .0

A (I,I+ M2):Cl (1 (APPAlTEHP~ DS4(2.Q,~~5(j).c5(i))/4.fl p

A (I,M,I+cl 3 )= l (KA P~~~lTEl~ —DSe (2.0_CS (j)_CS (3),,4,U)
A (I,I):A(I,I)—ClOIl (KA PPA+1.Q)~~SIGN i (OT)_O.S
A (I.M.I+M) A( I+H,I+M )~~Cl~~Ie (KA ~~PA,j.Q)4SIGNj(DT)_0.6

180 CONTINUE
C
C CALCULATF C3~~FFICIENT5 FD~ THE INTE~~ 1A _ 3’~~ESSFS
C

DO 200 I 1,’1
X12 0 . 2 5 1A A (i. O S X C ( 1 ) ) ’ 2

• N 1 .C O S( P HI(J ) )  THISFAGE i~~~~~ -r i~UALITY P
T10

~~4~~
N2 S T N P H I (J ) )
0S2 DE L S C J )
X 8 2 X ( J . 1 )
Y B Z Y ( J . 1 )
X E = X ( J , 3 )
Y E a Y ( J , 3 )
R 8 Z D I S T (  X I , 0 . 0 , X 1 3 , Y 1 )
R E : D I S T ( X I , 0 . 0 , X E , Y E )
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DL ( A ~~c (  C Y ~~— Y i ~ )1X I 4XI . Y ~— X  ~~~~

IF (X1. T.uS .ANC ,X ’.LT, )) .~MTN flL
4S1115 ’ (t#INT (6.C’)S/RMTN ))

~ 2F~~Y F/~~E

S2=S2?’(C ,KAPPA,~~tI ,~~1O,~~2h1,N1,~~2) +S?’Z ( ,P~A ’PA,~ ~,c-t :~~~
-
~~~‘ ~~~~~~~~

12: J2~ .’( C, ~ A~~P A, -~
), ~~~~~~~~~ +02.’? (C.1(A PPA,~~E,~~jE, ~2

.41 2

15:1
DO 1~)0 ~~ 2,NSU~

THI SPAGE IS BEST QUA L I TY 1 IlU~~~~
~~~~~~~~~~~~~~~~~~~~~~~~

P )  (X I, J. 0, XX , Y Y )

.4T~ 4 1 — 2 .  U~~ISi: Si. W T S  t2~’( C ,KAP~~A ,’~, 5l,R.2. N1,N2)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
t~~~I) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

AU .i’.,J ):Dc451/(3,0 N~~Uq)
4 ( I + 1 4 , J + 1  ):0S S~V (~~•0lNSU-1)

• 
100 A (I#1~~,J,1Z):~~S*02/(~~.0 4SIt~~)

C A L C U L A T E  <E~~NELS FQ~ PEcTjS~ F) P~~flL’’~
C

D~ ~~ o t~~t ,M

‘ fy :Y ( I , ’)
RzD 1S T ( 0 .  0 , 1 3 . 0 , X X , Y Y )
T Pl=AN ~, L C f l . 0 , 0 , 0 , X X , Y Y )

Ni :~~O s ( 3 H I ( I ) )
N22STN (PHI(I))
10 250 J’t ,N

J X 1 :0 . ? 5 1A A 4 ( 1 .0 ,Y C (J ) )~~~2
RXT~~SQRT (~~~XI)
RH3:OI~~T (X1,O.O ,XX ,YY)
~)4OM :S-i~~T (~~~XI—2.3’RXtlCSTI.4D2)
l~HO)2 S D Q T ( R +X I# 2 . 0 l k X I * C S T H D 2 )
AL. DnA : AN CL (XI, 0. 0,XX, VY )
THETAN :ACuS ( SQRT P~~ CST HD2.S~~~TuII),c.1ON )
THrTAD :AC0S ((SQ~ T(~~)4CST 11D2,SQ~~T (XA ))/?lOD )
A RC 1’ T H/ 2 . 0 e A L P I4 A
ARG’:3.0*T H/2.0,ALPI4A
ARG~ 2TH/2.0~ 2.0lAL0HA
S R X T D~~z S t ) , I T ( X I / R )
1F(~~O T Y P E ( I , t ) .~~).1) Go T~) 210
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Kt -1(t 1 ’ M t — K 1 2 4 M 2
~O TO 215

210 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
T (I):_T (t)

215 IFNDTYP~~(I,2).EQ,j) 60 10 220

K2=—K12 e Ni-<~ 2+’l2
GO TO 21.5

220 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I( I+M) :—1(I, ,l )
?‘.c A (IiH2,J,M1.) :(O.c~ AA/ pI)l<jl (XC (J),j.0).W (J)

250 CON1IN UE
00 265 I 1,N

265 A (14114,I,M4):1.O
00 280 1:1,11
I1:12—ti24

~~
DTYPE (I,j,

12= 1 12 — 1 1 2 0 3 O T Y P E ( T , 2 )
• A(II.112,IiIj):j.0

A (I+143 ,I,Il+12) 21.0
00 260 J 1 ,r12

260 B (J,I+M)=A (j,I+M.I2) 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

8( J a .r i 1 . , I ) Z A ( J 1 P 1 4, I , I 1 )  ?ROM 1)~OF~~FURN1S1~~~
1’O

~~~
C 

~~~~~~~~~~~~

270 9(J IM1.,I.M)=A(J ,M4,I+M+12)
280 CONTINUE
C
C MULTIPLY ‘3(M0ED,2t1 )~~T (2M)
C

DO 300 tz1,NOEQ
RHS (I) =0.0
00 300 Jzj,’12

300 RHS(I)~~~
l4S(I)+B(!,J) 0T(J)

C
C INPUT T HE ST R~ SS ON THE CRICK SUR FA~~
C

CALL CSTRES (N,XC,SC)
00 305 1 1,N

305 RHS (T+~44)2~ PlS(I,M4),SC(I)
C
C SOLV E THE SIMU LTANEOUS EOUAT !O NS AN~ O’JT ’ UT THE SOL t J TIOU S

C
CALL SIPIEQ(A, PHS,CC,t I ,N3E’) ,Ko)
WRITE (6, 1008)
00 1.10 121,Pl

• .: I 1 ’q O T y ’E U , l )
~2zqOTYPE (I,2)
IF (I1.EQ.0.AND.12.EQ.0 GO TO 402

- 
- IF (I1.EQ.0.ANO.12.Et).1) GO TO 404

IF (Ii.EQ.1.ANO.12.EQ.t) GO TO 1.08
- ‘.02 WRITE (6,j1J1j) I,RHS(I),~ HS(11.1),RHS(12.1),R’4S (M~~+fl

GO TO 1.10

• ~~~ IF (I1.EQ.t.ANO.12.E1.0) CO TO 1.06

29



—----~~ --~~~~~~~~~~~~~~~~“

1.04 WPITE (6,10j7) I,—RHS(P~+I ),°HS(I),RI4S(r1?,I),—RHS(i’+T )
GO TO 1.10

1.06 WRITE (6,1013) I,—R HS (I).RHS (Pl~ I),R HS(Pl~~*I),—R HS (i?+I )
CO TO 1.10

4~~8 WPIT!(6,llj’.) I,—R HS (I),—R HS (M,I),—R’4S (M2.I) ,—R HS(~~~+t)1.10 CONTINUE
C
C CALCULATE THE ST°FSS INTENSITY FACT)O
C

SIF 0.0 I~A (~2 IS BEST QU W00 1.1’O Iz1,~ ThIS’~a~ •

1.20 SIF:SIF,RHS (M1.,1) W (T)
S I F :— S c ~~T ( 2 . O 4 A / P I J  •sr F
WRITE (6,1015)
WRITE (6, 1016) (I,XC (t) ,W(II ,0.2S’AA~~(j.0~~XC (I) )~~~?,~AS (I~~M1.) ,I:1,N)WR I TE (6 ,1017 )  SIF

C
1000 FO~ ’lAT(2F10.0)
tool FO~ rlAT(jH ,TkO ,~~NO. OF 3JTE~ !3OUNDARY SEGMEMTS” ,T8D,Ii ,~~,Tk0,

l~ NO. 3~ GAUSSIAN IIITrGR4TION ~~~~~~~~~~~~~~~~~~~~~~
2’NO. Oc dOU’40ARIES”,T80,I5,~~,T40,
3 LE N GT H JF C~ ACK” ,T~~Q,F5.3,l,T~~O,
4 MATE RIAL PROPERTY — KAD~~A~ ,T75,~~l0.5,//)

100 2 FOR MAT C2 F20 .6 )
1006 FORMAT (//,T22,~’5EGMEMT~~,T40,”CO0RDINATFS” ,TDj,”NDP ’1AL SEGMENT

1 .C. 3OUNDARY C3NOITIONS~~,/,T33,”3EG’,T1.3,”Mt~~”, T53,~~END ’, 171,
2~ L E N G T H~~.T82,~~TVPE~~,T94,”X” ,T101.,”Y”,//10 0 7  ~O RMA T ( 1X .T 2 1, I k .T ? 7 ,5 F t 0 . 4,T 8 2 ,2 I2 ,T 9 0 , 2 P 1 0. 6,/ ,T ’7 ,’F10,1.)

t0O~ FO~~1AT (111 ,,// .T47, IS’LACEMENTS’ ,T~~2,~~TRA;TIOr~S,MJ~~
,,, ,T37,’~°~ D~

ItEM 1~~,T 59,~ PRO€~LEM 2’s , T~~3,”PRO9LEM 1” . 110 5,’PRO-IL H 2 ’ ,/ , 122,
2~ 5FGME NT’ ,T35, ~‘X” ,T46 , ”Y” , 157, ~~~ ,T6 8 ,‘~v” ,T~ j,~~X , T~ 2, ~‘Y” ,Tj03, 

‘.X.,

2,T i14, Y~~,/ )10 11 FO Rr IAT (20X , I4,5X ,22X,2F11 .6 ,2X ,2 Fl l . 5)
1012 FO~ MAT (20X,I’.,5X,j1X,2Fjj.6,ltX,2X,Fjl,6,22X,Flt .~~)101 3 FO~ MAT (2QX,I 4,5X,F11.6,22x,Clj .6,j3x,2Fjj.5)
1014 FORMAT (20X,14,5X,2r11.5,46X,2F11.6)
1015 FORMAT (/// ,T43,”NODE AUSSIAN WEIG HT CRA~~’( STRESS ON

1 “,/.T50 ,~’COORDINATE” ,T1Q,”C0OROI NAI~ CRACK” ,/)
1016 FORMAT T40,I5,T1.8,~ Fj0.6,r12.6)
1317 FORlAT (///,T50,~~STRESS INT FNSITY FA~ TOp.. “,F10.6,~~/~ )

RETUR N
END
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F UN t~T I O N  S IG N 1 (X )
SIr,N1=1. ~)
IF (X .LT.0.0) SIGN1 — 1 .l
RE I U C N
END

FUNCTION DIST (X1,Y1,X2 ,v?)

RET U7N
END

FU~9~~TIOi ANGL(X j,Yt,X2,Y2)
A NG L=A T A t 4 2 ( Y 2 — Y 1 , X 2 — X 1 )
IF (A NGL .LT.0.  0) A N3L A N G L + 6 . 2 A 3 1~353 07l~~0
RETU°4
END

FUNC TION 0122 (C,1 (A°PA,~~,°1.~~2)
REAL KAPPA

RE I IJON

EN)

FU NCTION J222CC,1(A~~~A,~~,~~1,~~2J
REAL KA ’PA

O2!’:C((1.0~~KAP °A )~~R2— 1..01~~
214 3)/P

RFT ’JQN
END

FUNCTION S122 (C,KA ~ PA,R ,~~t,~~2,Nj,N2)
REAL 1(A~~0A ,N1,N2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 N2) /R ’2
RET ‘JR N
END

~U~4CTION 32?2 (C,KAP~~A ,R,R1,~~2,Nj ,N2)
It REAL KAPPA,Nl,N2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
4

RETURN ?NIS p4~

P 

END ~~~ ~~~S BEST QUALmm . ,
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