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SECTION I

INTRODUCTION

Integral equation methods have been shown to be effective means of
formulating crack problems in linear elastic fracture mechanics. For
some crack problems in unbounded media, explicit evaluation of quadrature
form solutions are possible; however, for problems in finite media, numeri-
cal evaluation of integral as well as other formulations has been required.

In a previous paper [1], a quadrature form solution to a general,
bounded, plane problem with an enclosed crack was formulated and a numeri-
cal solution technique developed. A set of coupled equations, involving
integrals over the outer boundary and the line of the crack, were obtained
by the simultaneous solution of a crack problem in an unbounded medium - the
perturbed problem - and a crack problem in the unflawed medium - the
equable problem - having the same bounding contour as the problem to be
solved - the original problem. The perturbed problem, whose solution was
expressed in quadrature form, corresponded to that of a crack in an infinite
medium with prescribed1 crack surface tractions. The equable problem cor-
responded to that in which boundary tractions and/or displacements were
prescribed1 on the outer boundary of the original, unflawed medium and
was formulated by the direct potential or boundary integral equation (BIE)

method. In this report, an analpogous perturbed problem, viz., that of a

. Regarded as prescribed insofar as the individual problem formulation is
concerned, but remain to be determined by the simultaneous solution process.
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semi-infinite crack in an infinite medium, is employed to solve boundary

value problems of a plane body with an edge crack.

SECTION II

FORMULATION

Let the linearly elastic, isotropic body occupy the region bounded
by the pilecewise smooth curve C. Locate the xi(i = 1,2) coordinate system
at the crack tip such that the undeformed crack surfaces are coincident

with the line segment 0 s X <a, x, " 0 as shown in Fig. 1. Denote an

arbitrary field point by x = (xl.xz) and the field variables - displacement,

traction and stress components - at x by ul(x)z. ti(x) and o, , (x), respec-

1)
tively. In addition, let the field point x also have the complex rectilinear

and polar representations » = Xy + 1x2 - reio.

1. Perturbed Problem

For mode I deformations, the perturbed problem corresponds to that of
a semi-infinite crack in the infinite plane with a prescribed distribution

of stress on a portion of the crack to be denoted by:

(xﬁ) Osxlsa
22(x1.0) {0 (1)

v X > a

The solution to this problem is to be constructed by superimposing the
results of a continuous distribution of crack opening point forces on
the upper and lower crack surfaces as shown in Fig. 2.

For general mode I problems, solutions may be generated by the complex

stress potential function 2(*) of Westergaard (2] through the relations

2Lat1n subindices have the range (1,2) and denote Cartesian components

relative to the x reference frame. Repeated subindices imply summation
and partial differentation is indicated by a comma between subindices.

2
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0,,(x) = Relz] - xzx-[z'l (2a)
ozz(x) = Re([Z] + len[Z.] (2b)
olz(x) - -xzke[Z') (2¢)
2uu () = (—‘;;—}Lze[z*] - x,In(z] (2d)
2uu, (x) = (';;1 In[2%] - x,Re[Z] (2¢)

where Z is holomorphic in the plane cut along the real axis. 2' denotes

the derivative of Z and Z* the anti-derivative of Z. The material para-

meter x has the value of 3-4v for problems of plane strain and (3-v)/(1+v)

1| for plane stress.

1 The solution for the crack opening point forces, F, acting at the

point X = € as shown in Fig. 2 is based upon the stress function:

Z(z) = --S- 5-.-;._ (3)

z z-§

with the plane cut along the positive real axis. The branch of vz = 44;18/2
is taken such that 6 + 0 on the upper crack surface and 6 - 27 on the lower.

In the polar coordinates, Z, Z' and Z* have the representations: 1
F 1
s u"e //5 ;[ain(0/2+a) + 1 cos(o/2+a) (4a)

r
Z2' = % /4§{§%F [sin(0/2+a) + 1 cos(0/2+a)] + ;%[sin(0/2+a)+1cos(@/2+a)]g (4b)

: F ;
¢ &= s Hog=ey) =~ & In(p, /o, (4c)




ia as shown in Fig. 2 and

cos0/2

era
o0, = r+i+2vVre cos6/2

| o -1 [/; cos@/2 -Vt ]

= COos
"1

| s B [/; co:ﬁ/2+/§ ]
2

ro

The stresses and displacements may then be obtained by substituting

Eq. (4) into Eq. (2). By superimposing the results of a distribution

of such point forces through the process of integration, one can con-
struct the solution for the continuous normal stress distribution

n(xl) of Eq. (1) in the forms

a
01y = [y 000t (6a)
o
a
ug(x) = j.Ki(g;x)o(E)dC (6b)
o

where the kermels are given by

x X
lf.n = w-:;ﬁr [sin(9/2+a)+2—i cos(30/2+a)+£— cos (6/2q)) (7a)
x x
K22 - ;%—fg-[ain(9/2+u)—i% cos(3®/2+u)-;§ cos (0/242a) ] (7)
L. %—é [sin(8/2+a)) (7¢)
£ v A t-Slns )-,‘3,/5 cos (0/2+a) ] (7d)
1 2wy - Se e R




s i o A, T s s T L T

—

x
R b By 7
; " R ln(ol/oz) ; /,: sin (0/2+a)) (7e)

The stress intensity factor at the crack tip is defined in the

usual manner, i.e.

e i Al S

lim
KI e g ozz(r.e)] (8)

O=n

and which, with the use of Eqs. (6a) and (7b), takes the form
a
lg--\/gf"—“l at )
& x

2. Equable Problem

The equable problem corresponds to a problem of an unflawed body
with the same outer boundary as the original problem and may be formulated
by the BIE method [3]; the basics of which are outlined here for subsequent
usage.

For any two-dimensional problem on a region bounded by the curve c,
the traction and displacement components on C are not independent; rather,

for an equilibrated stress state, are related by the contour integral

(Qu, , (P;Q)1ds (10)

i 1 1
| 29 (P "Cf[uj (Q)TIJ(P;Q)— w

3 1)




where P and Q denote points on C and dS is the differential arc length
of C at Q. The tensors Uij and Tij are singular when P = Q and are known
functions associated with the displacement and stress fields due to a

concentrated force at P, respectively. They may be written in the forms

K

il
Uij = m [Gijlnr - ; r,ir,j] (11a)

1 or
T,y = TrerDye (kD8 Hrr, 12 - (D oior, )} )

The indicated derivatives are with respect to the coordinates at Q, n,
are the direction cosines of the outward normal to C at Q and now, r is
the distance between P and Q.

In principle, Eq. (10) is sufficient to determine, to within a
rigid body displacement, the unspecified portion of the traction and/or
displacement components on the boundary of any well posed problem. For
any but the most simple problems, closed form solutions are unavailable,
but accurate numerical approximations are possible. Algorithms for the
approximate evaluation of Eq. (10) have been developed [3,4] and success-
fully applied to many problems.

Assuming, for explanatory purposes, that a solution of Eq. (10)
has been achieved, then a full complement of data on the boundary would

be known. This complete set of boundary data may then be used to determine

the elastic field variables at any interior point of the body acccrding

to the relations

1
uy (%) *C'/‘[uJ (Q)Tij (x;Q)- i (Q)Ui_1 (x;Q) ]ds (12a)
Lo . [ 1, @8y xi02- £ ¢ @by i 108 (12b)
6




where the tensors nkij and sklj are related to U

and 'l'1 via the stress-

\

1
displacement equations of linear elasticity. Explicit forms of Dkij and

sklj are given in Reference 1.

3. Simultaneous Solution of the Perturbed and Equable Problems

The equations govermning the perturbed and equable problems can then
be combined to give a set of coupled integral equations solvable for
certain unknowns from each problem in terms of the specified data of the
original problem. Accordingly, if the i-th traction component ty is
specified on that portion of C denoted by Ci and similarly the {-th

displacement component on C: » then, 1if the sum of the perturbed and

equable problems is to produce the original problem, one must require that

P E

ug (P)+u “(P) = u (P) , pcc;‘ (13a)

P E

LRI+ (P) = & (P) pcc: (13b)
E

u(xl)mu "1-"’ - 00(51) , 0 s X, < a (13¢)

The superscripts P and E denote variables associated with the perturbed
and equable problems, respectively, and oo(xl) is the prescribed stress
on the crack in the original problem.

Now, substitution of Fqs. (13a) and (13b) into Eq. (10) leads to a
boundary integral equation involving variables from both the perturbed

and equable problems in terms of prescribed data in the original problem.

With the notation |




uf (P, PeC

"
u (P) = ~u: (P, PeC

T, eect
3 1 {
e (p) =

(¢ ¢, ), pec)

The resulting equation {8 readily put into the torm

l
Ny

L] M

A r iin 1 ; 210} Tas 1 % P) ‘(\~;\3\ 0
(u‘\(t‘)l”(l "‘)—h tj (Q)l”( 1Q) Jds- auy -3 () (1)
c " '“_1““”\ )

The bracketed terms {n Eq. (15) are to be {nterpreted as follows., The
upper variables ave to be used when the k-th component of the bhoundary

varfable {s contained {n C; and the lower when contatined {n (‘.:: .

In a similar fashion, the evaluation of the { = | = 2 component ot

Eq. (12b) at x = (§,0), 0 = & =a, while using Equ. (13a) and (1) produces

l‘o”E & 0)-]}“(\\\‘ £,0:Q)- 3 QR((H\ L0Q IAs = 0
B &2 (&, \\k Q -k:)\\‘. Q " \] k2o LR s
¢

with Eqs. (13¢) and (14), this velation {8 put into the form

l( QD 4 (£,0:Q)
® 1 1 wok k22
. ) . a * N o la ‘- o ; \ ]\
“‘k“"‘“k:z"“"""‘ utk(())l\u:u.n.mNM . §9) dase n(_ (!
e

¢ -\‘k(l))sk.‘;\(t'(‘;\)‘

Then Eqs. (6) are evaluated at x = P to obhtafn, with the defin{tiona in

Bqa. (14);

a

»
t‘(l‘) + IX

1”(a:v)nj(P‘m(.ahu -0, PrC:

Q0
.
u (r) + fx‘(l_:l‘)n(t)dt_ -0, l‘r(‘.\;

0




Equations (15), (17) and (18) are a set of integral equations, coupled
through the functions u: and t: on C and 0 on the line of the crack,
representing the solution to the original problem in terms of the pre-
scribed boundary values Uiy t1 and Ty If a solution to these equations
were achieved, o would be known and then Eq. (9) could be used to evaluate

the stress intensity factor.

SECTION III

NUMERICAL SOLUTION

1. Reduction to Linear Algebraic Equations

An approximate solution to the goverming equations (15), (17),and (18)
may be obtained as follows. Let the outer boundary C be approximated by
M straight line segments Cm(m = 1,2, ... , M) with a segment division at
the intersection of the line of the crack and C, {.e. at the point (a,0).
Assume that the tractions and displacements t:, u:. t and uy have the
constant values t:m, u:m, tT and UT respectively on Cm and let the boundary
point P occupy the M segment midpoints denoted by Pl(l & 1.2 cviy M) as
shown in Fig. 3. Under these assumptions, integrals over the outer boundary,

such as the first term of Eq. (15), may be represented by relations of

the type

M M
* * *m
f"j(Q)Tu (P,Q)ds = E fuJ(Q)T“(P.Q)ds - E v, {T” (P,Q)ds (19)
m=1 m=1 C
Cm m

C

The unknown boundary variable has thus been removed from the integral
and the remaining kermel is a known function of the linearized boundary
geometry, so that for a given point P and segment Cm' the integration

can be performed in closed form or, if necessary, approximated. Note

e P e T P S T 35 T




that once in every complete integration over C, P will be on the integration

path Cm’ i.e. P = PmeCm, in which case T,, is singular and must be evaluated

1)

in the sense of a Cauchy principal value. In the above fashion, all

integrals over the outer boundary in Eqs. (15) and (17) may be reduced to

algebraic products with coefficients determinable from the linearized

boundary geometry.

|
g

The integrals on the line of the crack in Eqs. (18) are to be evaluated
by Gaussian quadrature. Likewise, the evaluation of the stress intensity
by Eq. (9) is to be approximated by a Gaussian sum. The singularity in
the integral of Eq. (9) is removed by the transformation C*{z so that the

stress intensity factor is given by

} Va

; 2 2

| Ky = -2 ;b[o(a ) (20)
|

Hence, 1if CK and v (k=1,2, ..., N) denote the Gaussian modes and weights

of order N, Eq. (20) is approximated by

N
2
K- -v Ta Zc[l(“(k)z/ﬂwk 21)

k=1

edtiiekiika o e e o g

To evaluate Eq. (21) it is necessary to know the N values of ¢ at
o F a(l+€k)2/b. Accordingly, the same transformation, E*Cz. is applied
to the integration parameter of Eqs. (18) so that, for example, Eq. (18a)

will have the approximate representation

N
1 % va
1 e (P) = '3 z;lxij(ck;p)nj(P)o(ck)ckvk (22) |

Note that under the assumption that P occupy the discrete locations

5 Pm(n-l.2. +vsy M) corresponding to the midpoints of the M outer boundary

10




v <’.-"""5rx-éf;ﬂ*‘1‘.:“.' 2 S iy

segments and with boundary segments beginning and ending at the crack

mouth, the possibility of the kernel Ki (E;P) being singular is precluded.

3
Consistent with the above ua@tims and resulting approximations,
as exemplified by Eqs. (19) and (22), the set of coupled integral
equations (15), (17) and (18) may be reduced to a set of 4M+N linear,
algebraic equations whose solution is sufficient to determine the 4M
discrete values of the boundary variables t:m
and the N values of O(Ek) (k = 1,2, ..., N). Upon evaluation of Eqs. (15)

*m
and uy (1=1,2; m=1,2, ... M)

and (18) at B (m= 1,2, ..., ¥) and Eq. (17) at the nodes ¢, = a(1+£)%/4,

these equations have the approximate representation

M
*m m 1w dm, M [Lmgle ]
;1[“1 R e T 3 AL R (23a)
m= -uj AT:I.j_
| M [1 m 2ap™™
' *m km *mypkm, 1 4 i 1
i Z[ JteAD ]+ uo(Ck) Z LPagkn co(gk) (23b)
=1 |-Y1%5yg
/Ez:xij(ck,r ny (8o () w =0 plec1 (23c)
N
*1 u
uy + /a_EKi(;k;Pl) o (;k)q‘vk =0 Pleci (23d)
k=1
:f‘ where the coefficients are defined by
i sul™ = [ v, ;Qads 24
C
m

! : 1m
. AT, . (24b)
| ij /Tij (Pl,Q)dS 151

j 1lm




K
AD ;‘ - /"122‘&'0“’)"8 (24¢)
ke b
as' = fsm(ck.o;Q)ds (244d)
c
m

When a solution of Fgs. (23) have been achieved, o(Ek) will be known
and the stress intensity factor can be evaluated by Eq. (21).
A FORTRAN computer program was written (Appendix) to evaluate
} the coefficients defined by Eqs. (24), assemble and solve Eqs. (23), for

outer boundary regions of arbitrary shape, including regions of multiple

connectivity. The algorithms for the evaluation of Eqs. (24a) and (24b)

, were developed in Reference (5). The integrals of Eqs. (24c) and (24d)

; were approximated by Simpsons rule. A Gaussian elimination procedure

|
i was employed for the simultaneous solution of the algebraic equations.

! 2. Outer Boundary Modeling

The accuracy of the solution provided by Eqs. (23) for the integral
equations they approximate is obviously dependent upon the discretization
of the outer boundary. In general, when the BIE method is implemented
under the assumptions of linear boundary segments and constant boundary
variables on the segments, the following two modeling considerations are
relevant.

(a) The "best" results are obtained when the ratio of the lengths

of adjacent boundary segments is within the range of 0.5 to 2.0.

(b) The resolution of the stresses at an interior point of a body

| by Eq. (12b) deteriorates significantly when the interior

point is within approximately one segment's length of the boundary

segment itself.




Cousideration (b) has an important bearing on the modeling of the
outer boundary of the present formulations since the stress component

0,, must be evaluated by Eq. (23b) at points on the crack in the vicinity

22
of the outer boundary.

The point nearest to the outer boundary at which Eq. (23b) is to
be evaluated is most likely, but not necessarily, the last mode on the
crack iy " a(1+£N)2/5. The nearby boundary segments, i.e. those beginning
and ending at the crack mouth, should thus be at least a[1+(1+£N)2/4]
units in length. To avoid the usage of very small segments at the crack
mouth, it is thus desirable to keep N to a minimum, thereby increasing
the distance from the last node on the crack to the outer boundary.
However, retention of a sufficient number of terms in the Gaussian sums
of Eqs. (23c) and (23d) is required to give an accurate evaluation of
these equations. A compromise is required.

Assuming seven to ten terms in the Gaussian quadratures will provide
adequate resolution of the integrals on the crack, the length of the
boundary segments at the crack mouth should correspondingly be about
0.050a to 0.026a units in length for N = 7 and N = 10, respectively.

This and consideration (a) were followed in modeling the subsequent

illustrative example problems.

SECTION IV

ILLUSTRATIVE EXAMPLES

1. Infinite Plate - Pressurized Crack

An analytical solution may be obtained for the problem of a semi-

infinite crack in an infinite plate with a uniform pressure P0 over a




portion of the crack near the tip as shown in Fig. 4. The analytical

solution to this problem is subsequently used to simulate a finite plate

problem from which to gauge the accuracy of the present formulation and

numerical solution.

The solution to the problem of Fig. 4 may be obtained by the integra-

tion of Eqs. (6) with o(§) = -Po or, as is done here, from Eqs. (2) using

the stress potential function

Z(z) - [ 1/3 - tan-lif 9
w z z

whose derivative and anti-derivative are
Mia V" 4

2'(z) = n \z z-a

Z*(z) = 2P0a qi + (1-%) +tan-1:lv-z-
vy iVa a a

substituting Eqs. (25) and (26) into Eqs. (2), one obtains

P 3/2
oy _ng IZE sin 0/2 + (91-02) = (%) fp2_cos(39/2+a) ]

P 3/2x
0y * To [ 2@ sin 6/2 + (6,-6,) + (%) -Bg-cos (36/2+a) ]

P 3/2 x
0 (a 2
012 = —1;- (r> —p-sin(39/2+0)

14

(25)

(26a)

(26b)

(27a)

(27b)

(27¢)




TR

P
2uu, = —"2 { % [0(61-92) cosa + p sin aln i 8 2/ar sin 6/2)

(4]

1 p2
a -
—Zy/: cos 8/2 +— 1n — (274)
r P P
Po fh1 oy
2uu, = — {'——- [ p(8, -6,) sina- p cos a In — + 2/ar cos 6/2]
2 m 2 1 2 Py
x, fa .
-272 T sin 6/2-1(2(61-92) } (27e)
ie ia
where again z = re” °, but now, z-a = pe” as shown in Fig. 4 and
012 = r+a+2/ar cos 6/2 (28a)
2 o
P, = r+a-2var cos 6/2 (28b
-1| /v
b= 1[ T cos 8/2 + /aT] s
P
1
o = =
02 g [ r cos 6/2 - Va ] (28d)
¥

The stress intensity factor is determined by Eq. (9) and has the value

a
P
K._\IZ 0 .,IZ_a
I "//Edﬁ 2 m PO
0

(29)

A finite region surrounding the crack tip (dotted line in Fig. 4)

was modeled by the rectangular boundary model shown in Fig. 5. Using,

as input boundary conditions, the traction components at the boundary

segment midpoints as determined by Eqs. (27a), (27b), and (27c), the

numerical solution was performed with the parametric values Po = |

a= 0.5 and N= 7, By the present formulation, the exact solution to

this problem is provided by a perturbed problem with the same tractions
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at the outer boundary as the input values, a pressure PO = u on the crack
and a null equable problem, i.e. the solution is totally accounted for

by the perturbed problem. The numerical solution, along with the input
traction components, are shown in Table 1 and show good agreement between
the input values and the calculated perturbed problem solution. The

most deviation occurs at the segments near the crack mouth, as may be
expected in view of the assumption of constant variation in the boundary
variables over each segment, since the stress components in the perturbed
problem vary rapidly in the vicinity of a loaded crack surface, especially

at a point of discontinuity of the load.

Similarly, the displacements determined by Eqs. (27d) and (27e) and

a unit pressure on the crack were used as input and the numerical solution
performed. The input and calculated solution are presented in Table 2.
Again there is good agreement between the input displacement components

and those determined for the perturbed problem with similar deviation

i from zero of the calculated tractions near the crack mouth.

|

“ The crack surface stresses and stress intensity factors for both the
: traction and displacement problems are shown in Table 3. The stresses

are seen to be accurately determined with again the maximum error near

the crack mouth. For the traction problem, the stress intensity factor
is in error by only 1.01% while for the displacement problem, agreement

to four decimal places is observed.

2. Center Cracked Square Plate ~ Various Boundary Conditions

Again using the rectangular boundary model of Fig. 5, the problem

i9 of a square plate with a center crack under the three loading conditions




(1) uniform tension (Fig. 6), (ii) uniform displacement with no shear,

and (1i1) uniform displacement with clamped ends was solved with the

edge crack program. As shown for case (i) in Fig. (6), one half the
center cracked plate was simulated with the edge crack model by applica-
tion of the above three boundary conditions on the upper and lower
boundaries with zero xl—direction displacements and xz—dirr:tion tractions
on the vertical centerline. The numerical solution was performed for a
half-crack length a = 0.5 and with 022/u = 1 for case (i) and unit normal
displacements and v = 0.3 for cases (ii) and (iii). The resulting stress

intensity factors are shown in Table 4, along with published [6] values

for comparison.

SECTION V

CONCLUSIONS

The coupled integral equation formulation of a crack problem in an
infinite medium with a problem in an unflawed medium has been shown to
be an effective method to solve edge crack problems. This type of formu-
lation allows for a direct and accurate evaluation of stress intensity
factors and may be applied to problems of arbitrary shape. Although
only the mode I problem was addressed here, the method may be easily '
extended to include the mode II and combined mode problems by incorpora-

tion of the mode II perturbed problem equations into the formulation.
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Figure 1. Arbitrary Body with Edge Crack and Coordinate
Svatem.
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, Figure 2. Point Force on Semi-Infinite Crack in an
' Infinite Medium.
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Figure 3. Outer Boundary Modeling Scheme.
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Figure 4. Infinite Plane with Uniform Pressure on the Crack.
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‘ Figure 5. Upper Half of Boundary Model.
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SEGMENT
NUMBER

WoONIOTULD>EWN M~

1 SEGMENT
NUMBER

O3V WLWN -~

TABLE 1 - BOUNDARY VALUES FOR TRACTION PROBLEM

PRESCRIBED DATA

%

-0.476
-0.405
-0.275
-0.090
0.020
0.034
0.046
*
0.074
0.044
0.021
-0.075
-0.137

(3

2

-0.318
-0.312
-0.284
-0.190
-0.064
-0.003
-0.151
-0.066

0.026
-0.045

0.004

0.040
*

* Displacements prescribed for the

-0.640
-0.402
-0.278
-0.090
0.021
0.035
0.048
*
0.075
0.045
0.021
-0.077
-0.139

% P
-

-0.285
-0.376
-0.288
-0.193
-0.064
-0.002
-0.154
-0.067

0.027
-0.045

0.004

0.041
*

CALCULATED BOUNDARY VALUES

E
u

1

0.006
0.003
0.001
-0.001
-0.004
-0.007
-0.009
*
-0.008
-0.007
-0.003
-0.001
0.000

removal of rigid body motion

TABLE 2 - BOUNDARY VALUES FOR DISPLACEMENT PROBLEM

PRESCRIBED DATA

u

1

0.009
0.022
0.031
0.028
0.017
0.008
0.000
-0.008
-0.007
0.000
0.014
0.030
0.036

e

0.222
0.217
0.208
0.187
0.154
0.125
0.108
0.083
0.053
0.035
0.019
0.007
0.000

0.010
0.022
0.031
0.028
0.017
0.008
0.000
-0.008
-0.007
0.000
0.014
0.030
0.036

CALCULATED BOUNDARY VALUES

P
u
2

0.221
0.218
0.208
0.187
0.154
0.125
0.108
0.083
0.053
0.035
0.019
0.007
0.000

" E
1

-0.013

0.003

0.001
0.000

1

0.001
0.003
0.002
0.003
0.003
0.004
0.003
0.000
-0.002
-0.003
-0.003
-0.002

0.128
-0.033
0.006
0.000

l

ki e ss s
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TABLE 3 - STRESS ON CRACK SURFACES IN PERTURBED PROBLEM

AND STRESS INTENSITY FACTORS

NODE GAUSSIAN CRACK STRESS ON CRACK
n NODE COORDINATEZ TRACTION
& cn-o.5(1+&:n) /4 EXACT PROBLEM

1 -0.9491 0.0003 -1.0 -0.9995
2 -0.7415 0.0084 -1.0 -0.9997
3 -0.4058 0.0441 -1.0 -1.0007
4 0.0000 0.1250 -1.0 -1.0030
5 0.4058 0.2471 -1.0 -1.0071
6 0.7415 0.3791 -1.0 -1.0162
7 0.9491 0.4749 -1.0 -1.0900
STRESS INTENSITY FACTOR 1.1284 1.1398

SURFACE
DISPLACEMENT
PROBLEM

-1.0001
-1.0001
-1.0001
-1.0001
-1.0003
-1.0011
-0.9961

1.1284

TABLE 4 - STRESS INTENSITY FACTORS FOR A SQUARE

PLATE UNDER VARIOUS BOUNDARY CONDITIONS

PUBLISHED PERCENT

BIE [6] DIFFERENCE
TENSION 1.605 1.672 4.01
DISP. (NO SHEAR) 2.844 2.883 1.35
DISP. (CLAMPED) 2.925 3.067 4.63

o
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APPENDIX
PROGRA TUEWEC (INPUT qOUTPUTGTAPES=INPUT «TAPS6=01TPIT)
Cc
¢ THE ARRAYS A(I) AND T(I) ™MIUST 3€ DIMTNSTINGD &S
¢
C A(2UM** 28 10MNEN**2+18MeSN) o T (HEMEN+NI) 1
c
¢ WHERE ¢ M = NO UF QUTES BNDY SEGMENTS
c N = NO OF GAUSSIAN INTEGRATION PIINTS ON “0ACK
- N3 = NO OF RUJNDORIFS
c
QIMENSION A(17284)41(153)
OIMENSION LA3EL(20)
c
c INPUT AND JUTPUT FROBLEM LAREL
\ e
41 READ(541000) LABEL
{ WRITE(641001) LASEL
i c
== c INPUT M(NeNR
1 o
i READ(541002) MeNoN3
M2=2*M
\ NOEQA=4L* M &N
§ T1=1
4 [2=T1+NJOEQ*NJEN
1 I3=I2¢NJE1*N2
I4=I3¢NJEQ
I15=T4heM2
I6=15e¢M*3
I7=16¢mM*3
IA=T7¢N
I19=18+N
L [10=T0+y : & 8 BEST qQuAL.tmY
§ I11=2T104M BN Ut X F R i Y PRAC L i vy
4 112=T11+NOEQ COGSHRD ropoe '
i I13=1
: I14=T13eM2 |
4 I16=2T14¢NOE]
CALL PRGA(MeNeH2¢NI¢HNEQeA(TL1) ¢A(I2)qA(II)qATIIW) ¢A(IG) eR(TR)IQALTI?)
1 1oACTIR) dA(TI) GA(IL0) ¢AIIL1)eA(I12)¢T(I13) eI(I16)T(ILS))
' 6
1000 FORPMAT (20A4) | %
1001 FORMAT (1H14//7e¢T35420A4477) 1
1002 FOOMAT(315)
sTopP THIS PAGE IS 551 ouar 1o
END I‘R(\M C-\’PY FURNI &1 iy ‘ “\ I‘RACT-[CLM
- LIS Uc .

25
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SURBROUTINE OXGM(MeNeM2 ¢NI¢NOEQoA ¢BoeRHS e ToXgYoXCoWoePHAT 4 DELSyCCoSCo
13DTYPELITI.LNB)

REAL KAPPAGN1¢N2¢K1ogK24K11eK124K22

DIMENSION A(NUEQeNDEN) ¢ BINOEQeM2) ¢PHSINIEQ) ¢ TIM2) ¢ X 49 3) qY(Me3) o
IXCUINY g WIN) oPHI (M) qDELS(4) 4C2 (NOEQ) 4SZ(N)
2e0(3)4THETA(3) «SNI(3) 4CS(X)

INTEGER BNDTYYPE (Me2) o TI(NJEQ) ¢ LNR(NR)

O1=3,141592653590

MI=M*3

M4i=M* L

INPUT CRACK LENGTH AND MAT:ZRIAL PROPFRTY

OO

READ(541000) AA,KAPPA
WRITE(641001) MoNeNBAALKAPDA
C=1.0/(2,90%PI* (KAPPA¢1,.1]))

INPUT 3JOUNDARY CUORDINATES AND GAUS3TAN NIDJES

OO0

CALL BOUND(MeM2NRgX oY sLNR)
READ(541002) (XCUID)oWII)oT=1eN)

CALCULATE MIO AND END SEGMINT COORDINATES

QOO

' NSEG=0
i NBX=1

; D0 130 I=14M

q IF (IJNECLNS(N3X)) 30 TO 110
& X(T¢e3)=X(I=-NSEGe1)
Y(Ie3)=Y(I=-NSEGe1)

NX=N3X e 1 : —
o NSEG=0 THIS PAGE 1§ BEST QUAL IT’f ‘rm.,nu&m
§ GO T0 120 FROM COPY FURNLSHED 70 DDC —r

i 110 NSEG=NSEG+1
X(I43)=X(I¢1,41)
Y(Ie3)=¥Y(I+141)

120 X(Ie2)=(X(TIel)¢X(Ia3))/2.0

130 Y(Ie?)=(Y(Iel)+Y(Ia3))/2.0

~
c CALCULATE JZLS(I) AND PHI(])
C

DO 140 I=1,M
DELSCIN=DISTUIX(Tel)aY(Tel)eX(1e3)aY(Io2))
4o PHI (I) =ANGL(Y(I41) ¢X(T93)eV(Ia3)X(Ial))

1
¢
c INPUT 30UNNARY CONDITIONS AwWD JUTPUT PRIILIM QATA
C

CALL 3DATA(MeM2¢KAPPAGAAGX oY ¢PHI 4B0TYPELT)
| WRITE(He1905)
| : 00 145 I=14M
i 145 WRITE(D501007) T aX(Iol) o X(Ia2)aX(Ia3)gPHI(IN*180,0/2T4)°LS(I),
130TYPE(I L) oBDTYPE(T 42)aTUT) T (I#M) oY (Tal)oY(Ia2)a¥Y(Ta3)

ZERD A(IeJ) AND B(TeJ)

OO0

20 155 I=1,N0€EQ
DO 150 J=14NJEQ




150

1565

OO

160

170

180

AT J)=0.0
D0 155 J=14M2
T eJ)=0.10

CALCULATE CIOFFFICTENTS JF RIS

00 130 I=1.4

00 180 J=1.M

00 160 <=1,43

J(()zjlsr(‘(to?)QV(IQZ)Ql(JQ()QV(JQ<))

IF (TeEDeJeANDKeEQ2) 52 TI 160

THETA(K) =ANGL (X (I e2) oY (L[ e2) e X(JeKioY(JaK))
SN(K)=SIN(?2.0*THETA (X))

CSIKI=COS (2., 0*THFETA (X))

CONTINUE

0S=DELS())

DY=THETA(3)=-THTTAC(1)

A(T o) =C* ((KAFPA#L1,0)*DT+SN(3)=-SNI(1))

A(IeJ#M) =C*((KAPPA=1,0)*ALOS(D(3)/D(1)) +CS(L)=CS(2))
A(I®MeJ) =C*((1.0=-KAPPAI*ALOS(U(3) /7 (1)) +C3(1)=CS ()
AlIeMeJ o) =C" ((KAPPA+1,0)*DT=-SMN(3)+5N(1))

IF (I.EQ.)) GO TN 170

A(T ¢ JeM2) =CPOS®(KAPIARALIG(I(L)*D(2)**4 D (3) ) =(HNe335(1) ¢4 0*2S ()

1#CS(3))/72.0) /6.0

ACLoJeMeM2)=A(TeMeJeM2) ==C®OS* (SN(1)¢L,0*SN(2) SN 712,u
A(T+MeJeM+M2) =C*OS* (KAPPA®ALOG(N (1) *D(2)**¥4*% )(3))=(A41=3S(1) =4 0¥

1S(2)=CS(3))/2.0)76.0

IF (ABS(OT)«LE.PI) GJ TO 180

DTL1=THETA(2)-THETA(1)

DT2=THETA(3)-THETA(2)

IF (ABS(OT1).GT.PI) OT=0T=2.0*PI*SIGN1(IT1)

IF (ARS(DT2)«GT4PI) DT=0T=2,0*PI*SIGNL1(DT2)
A(IoJ)=C* ((KAPPA®L1.0F*DT+SN(3)=-SN(1))

ACT+MeJeM) =C® ((KAPPA®1,0)*0T=SN(3)+SN(1))

50 TO 130

TEMP=D (1) * (ALOG(I(1))=1.0)+D(3)*(ALOG(O(3))=-1.D)
A(ToI+M2)=C*(KAPPA®TEMP=DS*(2,0¢CS(1)¢CS(IN)/L.N)
ACToI¢MI)=A(I+MeI+M2)==C%0S® (SN(1)¢SN(3)) /4.0
A(I#¢MeI+M3)=C% (KAPPA®TEAP=DS*(2,0=CS(1)=CS(3))/4.0)
A(IeI)=A(I4I)=C*PI*(KAPPA+1,0)*SIGNL1(OT)=0.5
A(IeMeI®M)=A(I+MeI¢M)=C*PI*(KAFPA+1.0)*SIGNL(DT)=0.5
CONTINUE

CALCULATE COFEFFICIENTS FJOR THE INTERNA. 3TRRESSES

D0 200 I=1,N
XI=0,25%AA%(1.0¢XC(T))**2

00 200 J=1,M

N1=COS (PHI(J)) THIS PAGE IS BEST QUALITY PRACTICABLS
N2=SIN(PHI(J)) FROM COPY FURNLSHED 10 DDQ e
0S=0ELS(J)

XB=X(Je1)

¥B=Y(Je1)

XE=X(Je3)

YE=Y (Je3)

RB=DIST(XI¢0s0¢XBeYI)

RE=DIST(XI¢0e0eXESYE)




120

200

o BT NP

DL=(ARS((YE=YH)®XIeXELY=XI® V) ) /Ny

X1=SOART(AIS(xR*e2a) *22) )

X2=SOPT(AIS(RE**2=-NL**2))

PMIN=AMINL (B 4RE)

IF (X1 LToUSeANCX2,0LT,)5) RMIN=NL

NSUR=2* (1L+INT(6H.C*IS/RMIN))

R13=(X3=X])/8

R1E=(XF=XI)/RE

QR23I=Y/73

RE=YE/RE
S1ZS122(CWKAPPAGRBeAIBeR2\GNT NI +S122 (0 oKAPPAGRTqR1E4R2E 4NL N D)
S2=2S222(C o XAPPARBeR1BeR2TeNL1oN2) #5222 (0 eKAPPAGI TR 19928 il e N2)
0120122 (C4KAPPAWRBR1IB 2 +0122(CoKANMDPAGREGRLIF«22T)
D2=D222(CoeKAPPAGRTG1T¢22)+0222(CeKAPPAGREGRLIE22T)

WT=2,0

I1S=1

00 190 <=2 N5Uun

IS=-1S

XX=X+ (XE=XB)* (K=1) /NSUR
YY2Y3+ (YE=Y3)* (K=1)/NSU3
P=)ISYIXIedelaXXqYY)
RI=(XX=XI) /R

R2=YVY/Y

WT=NT=2,0%I35

S1=S1eNT S22 (CoKAPPAGReR1 4RI eNL ¢ND)
S2=32¢WNT*S222(CoeKAPPAGReIL1eR24NL W N2)
I1=71¢WT*0122(CoeKAPPA R «R2)
N2=20280T2*)222(CeKATDPAGRGUL 4R D)
A(TeMueY Y=0S*S1/(3.0%*NSUR)
A(T¢MbedM )=0S*S27(3.0%NSU3)
A(I¢MLJ+M2) =0S*01 /7 (2, 0"NSUR)
Q(I¢M44 U1 =DS*027(3,0%NSUA)

THIS PAGE IS BEST QUALITY PRACTLCABLE
FROM COPY FURNISHED TODRC -

CALCULATE <ERNELS FOR PERTUR3E) PRI3LEM

DO 250 I=1eM

XX=X(T42)

YY=Y(]42)
R=DIST(040¢0.0eXXqYY)
TH=ANSL(OD 0o la0oeXXoYY)
CSTHO2=20S(TH/2.0)
N1=CO0S(2HI(I))

N2=SIN(PHI(I))

N0 250 J=1N
XI=0.25%AA*(1.0eXC(J)) "2
RXT=SQRT (R*XI)
RHO=NIST(XT40e0eXXqYY)
RHON=SQART (YT =2, 0*RXT*CSTHD2)
RHOI=SOPT (ReXT ¢2,0%INI*CSTHI2)
ALPHA=ANGL (XTI 4 0e0eXXaYY)
THETAN=ACOS((SQRT(R) *CSTHD2=SART (XI)) /RHON)
THETAD=ACOS((SQRT(R) *CSTHD2+SART (X1) ) /RH00D)
ARGL1=TH/ 2. 0¢ALPHA
ARG?2=3,0°*TH/2,0¢ALPHA
GRGYI=TH/2.0¢2,0%ALPHA
SRXIDR=SQRT(XI/R)

IFCIOTYPE (T141)ENQsL) Gu TO 210
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25¢C

265

260

270
280

K11=SAXIDR*(SIN(ARGL) +(0.5*YY/R)*COS(ARG2Y+(YY/RH4AN)* IS (ARS3)) /240
K12=SRXIOR*((0.5*YY/R)*SIN(ARG2) +(YY/RHD)*SIN(ARS32)) /24D
Ki==K11*N1-X12%N2

G0 TO 215

K1==0425* (KAPPA=1,0) *(THETAN-THETAN) =0, 5*SRXI0OR®* (YY/OH4N) *20S(ALGL)
T(I)==T(1)

IF(30TYPE(I42)«€Qe1) GO TO 220

K12=SXIDR* (L0 5*YY/R)*SIN(ARG?2) +{YY/RHI)*SIN(AR532)) /24)
K22=SRXIDOR*(SIN(ARG1)=(0.5*YY/R)*COS(ARG2)=(YY/PHD)*TOS(ARG3) ) /HD
K2==K12*N1-KX22*N2

GO TO 245

K2=0¢25% (KAPPA+1.,0) *ALOG(RHION/RHON) =0 5*SRAXIDR*(YY/4))*SIN(ASGL)
T(I+M)==T(I¢M)

A(I®M24J¢MUL)=(0.5%AA/PI)*1*(XC(J)*1.0)*W(J)

ACI+M3I UML) =(0.5%AA/PT) *K2* (XC(J)*1.0)*W(Y)

CONTINUE

00 265 I=14N

A(TeML I #MUI=1.0

DO 280 I=14M

11=42-M2*30TYPE(I41)

I2=M2-M2*30TYPE(TI42)

A(TeM2,1+I1)=1,0

ACI+M3II+MeI2)=1.0

D0 260 J=1,M2

QI I)=A(JeI*I )

+M) = +Me s ST
85J550N3=::d'1 gk THISPAGEISBEerumumyrnAuLuABLE
BIJ*MU I ) SA(J¢ MU T¢I 1) FROM COPY FURNISHED TO DDC ™
BIJEMLGT#MI=A(JeMby T4N4T2)
CONTINUE

MULTIPLY B(NOEQ,2M)*T(24)

DO 300 I=1,NOEQ
RHS(I)=0.0

00 300 J=1,4M2
RHS(I)=RHS(I)+B(I4J)*T(I)

INPUT THE STRESS ON THE CRACK SURFAZS

CALL CSTRES(N¢XC,4SC)
00 305 I=1,N
RHS (I¢M4) 3RHS (T¢M4) ¢SC(I) |

SOLVE THE STIMULTANEOUS EQUATIONS ANY OUT?UT THE SOLUTION

CALL SIMEQU(A4PHSCCeITIWNIENGKD)
WRITE(641008)
00 10 I=1M
I1=3DTYPE(I,1) |
I2=30TYPE(I,2)
IF (I1.EQe0.AND«I2.EQe0) GO TO 402
IF (I1.EQe0.AND.I2.ENel) GO TO 4O |
IF (I1.EQ.1.AND.I2.EQ.0) GO TO 406 :
IF (I1.EQs1.AND.I2:.EQe1) GO TO 408
WRITE(691011) IsRHSU(I) oRHS(ME]) qRHSIM2+]) ¢RHS(MT+T)
GO TO 410
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4ou

406

%978

OO0

20

c
1000
1001

1002
1006

1007
1008

i011
1012
1013
1014
1015

1016
1017

WRITE(641012) T e=RHS(M+I) ¢PHS(I) ¢RHS(M2+I) ¢=RHS(MT+T)
GO TO 410

WRITE(641013) I¢=RHS(I)¢RHSIMEI) ¢qRHS(MI+I)=-RHS(412+1)
GO TO 410

WRITE(691014) Te=RHS(I)¢=RHS(M*I) ¢=RHS(U2¢I) ¢=RHS(H43+])
CONTINUE

CALCULATE THE STRESS INTENSITY FACTOP

SIF=0.0
D0 420 I=1,N THIS PAGE IS BEST gu.u.nv PRACTICABLE
SIF=SIF#RHS(ML+T)*WI(T) FBOM COEY EURNISHED IV

SIF==SQT(2.0*AA/PI) *SIF

WRITE(641015)

WRITE(6¢1016) (I eXC(I) «W(I) o0 e25%AA*(1.0¢XC(II)**2,RAS(IEMU) qI=14N)
WRITE(641017) SIF

FORMAT (2F10,0)

FORMAT (LH «T40 4"NOs OF QUTER BOUNDARY SEGMENTS™¢T87¢I%5¢7+T40
1*NOe OF GAUSSIAN INTFEGRATION POINTS™eTRGeISe/eTUL I,
2"NO. OF OOUNDARIES™¢T80¢I5474T&0,
I*LENGTH OF CRACK™eTS80eF5e3e74TLO,
Q"MATERIAL PROPERTY = KAPIA"T75¢F10.5477)

FORMAT (2F20.6)

FORMAT (/7 o T22 4" SEGMENT g TU0o*"COORDINATES™¢TH14"NIPMAL SEGMENT
1 9.0C. SO0UNDARY CIONDITIONS™ e/ aT339"3EG " qTUIe"MIN"qTS5I¢ END"9T71
2 LENGTH" aT824 " TYPE™ ¢ TAL¢" X" o T10bL ¢*'Y"e7/)

FORMAT (1 XeT21 0l WeT27¢5F10eLoTB82¢212¢T9042P10e60/eT2742F10.4)
FORMAT (LM o//7 «TUT " DISPLACEMENTS™¢TI24"TRAZTIONS/MI™e// ¢T37,"°07
L1LEM 1" ¢T53¢"PROBLEM 2" ¢T33¢"PROBLEM 1" eT105¢"™PROILIM 2%¢/4T22

2 S GMENT g T35 e X e TUh e Y aTo 7 g X g THB8 e Y q T8¢ X qTI2¢"Y " qT103I4"X"
2eT114e"Y "o/

FORMAT (20X ¢TlogS5X 922X ¢2F11.692Xe2F11.5)

FORIMAT (20X eTheSX 911X e2F11.6011Xe2XeF11.6922X4F11,.6)

FORMAT (20X T4 oe5X9F11:6022X9F11.6913Xe2F11.6)

FORMAT (20X ¢TI 4a5Xe2511:H5¢4bXe2F11.6)

FORMAT (/77 ¢T434*NODE GAUSSIAN WEIGHT CRAZSK STRESS ON

1 “e/eT50 4" "COORDINATE™«T704*COORDINATF CRACK™"™4/7)

FORMAT (TG0 4IS¢TUB¢3F10s60F1246)

FORMAT (7 /7 4T50 ¢ STRESS INTENSITY FACTOR ="4F10.Hh4777)

RETURN

ENO
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FUNCTION SIGN1(X)
SIGN1=1,0

IF (XeLTe0e0) SIGN1==-1,1
RETURN

£N9

FUNCTION DIST(X14Y14X2,Y2)
DIST=SQAT((X2=X1)**22+(VY2=-Y1)*%2)
RETURN

END

FUNCTION ANGL(X14Y1eX2,4Y2)
ANGL=ATAN2(Y2=-Y14X2=-X1)

i IF (ANGL «LTe0.0) ANGL=ANGL#6,2R31853071°0
3 RETU®N

END

FUNCTION D122(CoeKAPPAGR¢P1422)

REAL KAPPA

2122=C* ( (KAPPA=-1,0)*R1=-4L,0%1*F2*%2)/
A RETYRPN

4 END

|
1 FUNCTION 0222 (C+KAPPA4R431432)
! ICAL KAdPA

02272C%( (1.0-KAPOA) $32=4,0%22%*3) /F
RETUON

N7

FUNCTION S122(CoKAPPAGR4?142¢N14N2)

REAL KAPDAGN14N2
S122=440*C*((=1.0+8,N%*°1*¥2¥R2%%82) ¥N1+(=2.0%R1¥R2+ 3, )*1¥R2%%3)
1¥N2)/R%*2

RETURN

END

FUNCTION 5222 (CeKAPPA44R142¢N14N2)

REAL KAPPA4N14N2

S222=440%C*((=2.N*R1*R2+8,0%¥R1*R2**3T)*N1+(=1.0-L,0*2%%2402,0%5D
3 1%%4) #N2) /R**2

RETURN

AGE S B > 4 - ('A-BLE
|
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