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COMPUTATION OF THE OPTIMAL AVERAGE COST POLICIES
FOR THE TWO TERMINAL SHUTTLE

*
Rajat K. Deb
Stanford University, Stanford, California

In this paper we consider the problem of determining the optimal
average cost policy for operating a shuttle between two terminals.
The passengers arrive at each of the terminals according to Poisson

processes and are transported by a single carrier with capacity Q L=

operating between the terminals. Under a fairly general cost structure,
we show that the optimal average cost policy is monotone. Bounds are
derived for the optimal control function and computational procedures

for determining the optimal policy for both the finite and infinite

capacity cases are presented.
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COMPUTATTION OF THE OPTIMAL AVERAGE COST POLICY
FOR THE TWO TERMINAL SHUTTLE

1. Introduction

In an earlier paper [2] we have shown that a stationary monotone
policy minimizes the expected total discounted cost of operating a
finite capacity shuttle between two terminals. In this paper we show
that the results of (2] can be used to obtain the optimal average cost
policies for both the finite capacity and the infinite capacity shuttles.
In particular, we present methods by which the optimal policy can actually
be computed. For the infinite capacity shuttle the optimal policy can
be determined by solving a system of linear equations. However, for
the finite capacity case the problem turns out to be much more complex.
In Section 4 we present an approximate method for finding the optimal
policy for the finite capacity case. The problem of finding these
policies is non-trivial because the state space for this problem is
infinite. Since this paper is a natural extension of the earlier paper
[2], we assume thet the reader is familiar with the results of this
paper. In the following we briefly describe the model and the various
assumptions.

We consider a batch service queue comprising of a carrier with
capacity Q <=, operating between two terminals numbered O and 1
respectively. Passengers arrive at these terminals according to inde=-
pendent Poisson processes X(t) and Y(t) with respective intensities
xo and Kl' The carrier can be held at these terminals until either
a new passenger arrives and another decision is made, or the carrier

is dispatched and no decision is made until it arrives at the next

terminal. When x passengers are presént at the terminal, the batch
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size of the passengers boarding the carrier cquals x/\Q = min{x,Q}.
The costs associated with operating the system consists of a carrying
cost and a holding cost. The cost of carrying y passengers is R + cy
and the cost of holding x passengers is hx per unit of time, where
R, ¢ and h are nonnegative constants. Without loss of generality,
we can assume that no holding cost is charged during the interterminal
trave ! time to the passengers who are already aboard the carrier.
The interterminal travel times are assumed to be independent positive
random variables with identical distribution B(®), finite mean p
and finite second moment 02. Our objective is to determine a policy,
that is, a sequence of decision rules which minimizes the long range
expected average cost of operating the system. Throughout this paper
we assume that 2x0u < Q and QLIF < Q. Under this assumption, it
can be shown that the expected queue length at each terminal is finite.
Without loss of generality, we also assume that ¢ = 0, because if
the expected queuc length is finite, then all the arriving customers
will be ultimately dispatched and the contribution of the proportional
carrying cost to the expected average cost will be the same under all
policies. Hence the policy which is optimal for c¢ = O is also optimal
for ¢ > O

There has been relatively little published work in the area of
optimal control of shuttles. In [2] Deb has shown that for the dis-
counted cost case the optimal policy is monotone. He also suggests
methods for approximating the optimal discounted policy by linear
functions. For the infinite capacity case, Ignall et al. [7] consider

the problem of computing the average cost under a simple (not necessarily
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optimal) operating policy. In this paper we show that the optimal
average cost policy has the following form.
Let the state of the system be denoted by the triplet (x,y,5)
where x and y are the respective numbers of passengers at the terminal
0 and L and & 1is either O or 1 according to whether the carrier is
at the terminal O or 1 respectively. Then there arc monotone decreacing
control functions Eb(y) <Q and 61<X) <Q such that if & =0
(5 = 1), then the optimal policy is to dispatch the carrier if and

~

only if x > G.(y) (y > Gl(X)). In Remark 3.8 we show that EO(Y) <

o

mO - y and al(x) S m. - X, Wwhere m0 and m1 are positive constants.

1
In Section 4.1 we present a policy improvement algorithm and a linear
programming formulation for determining the optimal policy for the
infinite capacity case. However, for the finite capacity case, it is
not easy to compute the optimal policy. If Q/2u is considerably

larger than the arrival rates A, and A the results for the infinite

0 12
capacity case can be used as an approximation to the finite capacity
case. However, for small Q the approximation is crude. In Section

4.2 we present a modified policy approximation algorithm for determining

the approximate optimal policy for this case.

2. Preliminaries

The notation introduced in this section is used throughout this
paper. We let x(t) and Y(t) denote the number of arrivals in time
t at the terminal O and 1 respectively. Set 2(t) = X(t) + Y(t),

0 !

denote an arbitrary interterminal travel time and arbitrary interarrival

A= KO A and let the random variables T, €  and §. respectively

times at the terminals O and 1. Let £ = mintgo,gl} and va(x,y,a)
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be the optimal a-discounted cost when the system is in state (x,y,8).
Without loss of clarity we shall often suppress the discount factor a.
For instance, the @-discounted cost of the policy ™ 1is designated by

Vv, (x,y,8). We also let év and $ respectively denote the expected
average cost of the policy m and the optimal expected average cost.

It can be shown that the optimal d-discounted cost satisfies the following

functional equation.
(2.1) Vd(X,y,S) = min{f(x,y,&), G(XJY:5)} ’

where f is the cost of holding the carrier until the next arrival and

g 1is the cost of dispatching the carrier immediately. Letting

H(x) = hx/(a+\), a = Elexp(=<at)} = A/(a\) ,

p = P(Xx(&) =1, Y(¢) = 0] = xo/x y
¥ o

a = P[X(&) = 0,Y(E) = 1] = 1=p = \,/, H(x) = Ef e 'n(x + z(t))at ,
0

and

gy Y(t) = i~jlaB(t) ,

1}

(o]
a. =j e *pix(t)
1]
0
we can write

(2.2) f(x,y,8)

H(x+y) + apV (x+1,y,8) + aqV (x,y+1,8)

£(x,,0) = R + Hlxsy-x /\Q) + T 4 3V, (x=x/\ Q+3,y+i-3,1)
(2.3)

8(x,¥,1) = R + (xty-yAQ) + 3 dijva(ﬁj,y-y/\ Q+i=j,1) .

The summation on dij is taken over the set (i >0, 0<J< i}




These equations are the same as those derived in {2]. Since we are
intercsted in the average cost in this paper, we can set o = Q0 in

evaluating H(x) and H(x) (see p. 161 of [8]). Then for & = O
(2.4) H(x) = hx/Nn, H(x) = hux + hmg/e %

In [2] we have shown that (2.1) is well-defined in the sense Wa < o
and the stationary policy which satisfies (2.1) is optimal. 1In a
fashion similar to equation (2.10) of {2] we define the n-period problem

as follows. Let

(2.5) L(x,¥,8) = R + f(x+y-8y /\ @=(1-8)x A Q) .
Set

vO(x,y,8) = (xtyn/a)h/a
(2.6)

Vn(x,Y)S) min(fn(x,y,é), Rn(X)Y:a)}

1l

and for n 2 £ |

(2.7) " Nx,y,8) = H(x+y) + apv”(x+1,y,5) + aqv(x,y+1,8)

i

(2.8) 8n+l(K:Y:83

i

L(x,¥,8) + T dy Vv (x=(1-8)x /\ Q+J,y-8y /\ Q#i-j,1-8) .

Note that we have suppressed the influence of  on the n-period cost.
The function f° and " are the same as defined in (2.2) and (2.3)

except that Yo in the rignt side of (2.2) and (2.3) has been replaced
by V"' ia (2.7) and (2.8). 1In [2] we have shown that V' -V, f = f

and gn - g. In addition, for any function w(x,y,z) and y € [O,l},

we define the difference operator A as follows:

(2.9) AwY(x,y.z) = w(xX,y,2) = w(x-1+y,y=-v,2).




-6 =

As before, we sometines suppress 7. For instance, the statement Af >
Ag means Afo > Ago and Afl Z_Agl.

In Section 3 we show that there is a discount factor 5 such that
the optimal (stationary) Q-discounted policy is also optimal for the
average cost case. Call this policy W*. In the remark following Lemma
3.5 we show that v* exists and is finite. Furthermore, under the
policy W*, the semi-Markov process is positive recurrent. Therefore
using arguments similar to those used in the Theorem 7.6 of [8], we

can show that é satisfies the following system of equations.
A ~

(2010) V(X,y,&) = min[f(x)Y)s)’ g(x,y,&)] ’

where

(2.11)  £(x,y,5) = W F(x+y) + py(x+l,y,8) + av(x,y+1,8) - A"14

and
g(x,y,0) = rO(X;Y) - uf + E Pijv(x'x/\Q"‘i)Y"'j:l)
i>0,§>0
(2.12)
8(x,¥,1) = r (x,y) - ug + i piJV(X’fi,y-y/\Qﬁj,O)
1D 0,§ >0

pyy = PIX(%) = 1, ¥(7) = 5] »,P

2

J

(2.13) { »; = PIX(7) = 1], B = PI¥(7) = §]

LTS(X’Y) =R +hulx +y - sy/\a - (-8)x \a} + m®/2 .

Note that equations (2.10)-(2.13) can be obtained directly from equations

(2.1)=(2.3) by setting o = 0 and subtracting x‘ld and ug




respectively from f and g. The fact that optimal average cost %
satisfies (2.10)=(2.1%) can be casily checked. Let @ be a stationary
policy with stationary probabilities Wv(x,y,ﬁ) [ note that the optimal
policy 'nl is of the same typel. Let Sv be the set of states such
that the carrier is dispatched whenever (x,y,8) c SW, Then the average

cost

= m

S

?‘.”. = [(‘E \1’77.(‘\:3’)8‘)7'5("1,.V) . ; W_lr(xryyﬁ)h)\--l(x"Y)}/{\-l D ‘l’7r Gl g_,‘ v .
» S L'ﬂ'
T m

o

Now, suppose ¢ satisfies (2.10); then from (2.10), we have

flx,y,8) for Ax,¥7,8] ¢ §W

>

v(x,y,5) &

E(X;y’a) for (X:Y)é) = S‘IT

Now pre-multiplying both sides of the above inequalities by WW(X:Y:S)
and summing over all (x,y,8), we can show that 4 E'ﬁv. In particular,
if W* satisfies (Q.lO), then the inequalities in thc above are replaced
by equalities and ¢ = é*. Also note that the function v inherite
the behavior of V.. 1In fact, subtracting {a(0,0,0) from both sides
of (2.1) and taking limit as « - 0, we can show that
(2.14) Vv(%,y,3) = 1lim [Va(x,y,é) - va(o,o,o)} s

a-0
This limit exists because the embedded Markov chain for the optimal

a=-discounted cost is positive recurrent for small «.

3. Average Cost Policy

In this section we extend the results of discounted cost case [2]

and show how one can obtain bounds on the control function 60 and
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El' I'irst we show that the optimal average cost is bounded. Consider

the policy 6 wunder which the carrier is always dispatched. The
resulting queueing system can be analyzed as two separate queues, one
at cach terminal with mean service time 2y and respective arrival

rates XO and xl. Let Tl and 12 be arbitrary interterminal travel

times. 8Set P =T. + T

1 ~3 then the random variable T can be viewed
[s

as the service time for ecach of the queues. Note that T has the mean

2 2
+ u7). Suppose W, is the expected queue

2u  and second moment (o 5

length at the terminal 6. Since Pu}\5 < Q, the queue length w(S

-1

is finite and the average cost de = Ri - h(wO + W.). 1In particular,

i |
5 B
if Q=®, then W, rW, = ém(fr“}/n[T} and de = . hx(cemz)/eu.
And if Q < ®, then using (6.1)=(6.8) of [3], the expected queue length

00
is Wy = )\6(02 +u7)/en + z: (i—Q)ﬂ?, where [w?} are the stationary
i=0)

probabilities of the Markov chain with the transiticn matrix

(D? for d.% Q@
B.. = 4 o for Q< i K GH
i B+j-i : 2o
0 otherwise

whore uﬁ = P[X(T) = j] and a% = P(Y(T) = j]. Since 2ux6 <Q,

e 3

theretore WE < o ( See 57 of [9) and §4 of [11]). But ¢
bl

is the optimal average cost and hence
(3.1) p<dg<e.

We summarize the main results of the discounted cost case [2] in
Theorems 3.1 and 5.2. These results are then used to show that the
optimal average cost policy and the optimal discounted cost policy have

the same form a@s that of the discounted cost case.




R
Theorem 3.1. If h > o0R/Q, then

(1) A‘\In}: Agn, A" EAf“, Af“zAgn

(1i1) av’>o0 .

This is essentially a rcstatement of the Theorem 3.3 of [2]. Note
chat the Theorem 5.1 (i) and (ii) also holds for the inl'inite time

horizon problem (Corollary 4.1 of [2]) and hence

(3.2) & >Dp, AVLSAF, Af>05 and &V >0 .

Furthermore, in view of Equation (2.14), the function v inherits

the structure of W} and therefore

A A ~ ~
(3.3) Av > Ag, Av<Af, Af>Ag and 4Av >0 .
Also note that if wv(x,y,8) = f(x.,y,d), then f(x,y,5) < g(x,y,8).

In sidition, either vy(x+l,y,0) = f(x+l,y,0) or v(x+l,y,0) = g(x+l,y,0).

i

In the first case Avo(x+l,y,o) = Afo(x+l,y,0) > 0 and in the second

case Ay (x+1l,y,0) > Ag(x+l,y,0) > 0. Similarly one can show that

*0
Ay, (x,y+1,1) > 0. We use this fact in Thecrem 3.7.

Theorem J.2. If hW > aR/Q, then there are monotone decreasing functions
Cé(-) <Q, & =0, 1, such that following is an optimal O=-discounted
policy. Suppose the state of the system is (x,y,5) and & =0

(& = 1), then the optimal policy is to dispatch the carrier if and

only if x> Gy(¥) (¥ 2 Gy(x)).

This is Theorem 4.2 of [2]. Note that G, depends on the discount

o}
factor . In Lemma 3.5 we show that for some a > O, Ga(') is
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also an optimal average cost policy. Before doing so we need the
followiny: additional lemma and thcorem.

Rer @6 2> @, Lot v*(oz) be the optimal discounted cost policy.
Define  JI(B) - [Tr* (01): 0 < o i B} to be the set of a=optimal policy

for cach « s B
Lemma 3.%. TIf h > QR/Q, then N(B) is finite for some B > O.

Proof: Note that h > oR/Q for all 0<q 362 Now let 6 be the
policy under which the carrier is never held at the terminals and lct
Vo be the corresponding a-discounted cost. Then ONe(x,y,E)) - 199 as
a - 0 and hence for any e > 0, we can choose @(x,y,8) such that
for all 0 <a < a(x,y,d), ozve(x,y,B) < ﬁe + e. Now, set m=1 +
integer part of ((;69 + ¢)/n}, B = minla(x,y,8): x +y =m, & =0, 1}

and B = min(g,&). Clearly for all 0<a<@B, x>0, y2>20 and

Xty = m
(3.4) Olva(x,y,8) _<_aV9(X,y,5) < ¢§9 € .

Furthermorc, h(x+y) = hm > de + ¢. Now,

i

t"(X)Y:?)) H(x"'Y) u apVa(x+l,y,5) + aan(X,y*'l,S)

Va(xiy':ﬁ) ar H(X+Y) &t aP{Va(X+l’Y:5) - Va(X,Y;S)}

i aq{Va(x)Y*'l)S) - Va(x.'Y)5)] o (l‘a)va(x)y.vs) .

Using the fact that 4V > 0, Va(x,y,ﬁ) < Ve(x,y,b), avy = ée and

h(x+y) > ée + €, we have
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- 1] -
- a
£(x,5,8) 2V (x,5,8) + 1(xty) = o= V(x,y,8)
= 0GB + {h(x+y) = av,(x,y,5)
= Vg\XaY> am Y 9 Y

\%

- ¢} > Va(X:Y:B) .

1
Va(x,y,8) * {(h(x+y) - ﬁe

Therefore, using (2.1) we have Va(x,y,ﬁ) = g(x,y,8) and from Theorem
3.2 we obtain Vd(x',y',&) = g(x',y',8) for all x'>x and y'>y.

As a result, for all a<B, x>0 and y >0, Go(y) < (ﬁe + s)h-l -y
and Gl(x) < (ée + T - % Klso note that there are only a finite
number of these functions GO and Gl because 76 is a nonnegative
integer valued function defined for nonnegative integer values of its
argument. Furthermore, a policy is completely specified by the pair

(GO,Gl) and there are only a finitc number of such pairs. Therecfore,

n(g) is finite.

Lemma 3.4, For each T ¢ II{B), the underlying Markov chain is irre-

ducible.

P
Proof. In the following we use the notation x - y to indicate that
the probability of transition from state x to state y is at least
Pe Let T be a policy described in Theorem 3.2 and B be the discount

factor defined in Lemma 3.3. Using (2.11), (2.12), Theorem 3.2, Lemna

3.3 and the fact G, <Q, wec have

)
GO(O)

D, .
(0,0,0) 2—= (a.(0),0,0) Pij, (1,4,1) and (0,@,1) = (4,3,0) .
: 0

Therefore, (0,0,0) communicates with all other. Now suppose the

cystem is in state (x,y,8), x<Q, Q<y<2Q and & =0, then
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G (y-Q)-x
Poo B2 Poo
(x,¥,1) == (x,y-Q,0) =———> (G,(¥-Q),y-Q,0) — (0,y~Q,1)

qu(O)-Y"Q Poy

~———> (0,G,(0),1) —> (0,0,0) .

In a similar fashion, we can show that for all x>0 and y > 0,
(x,y,8) communicates with (0,0,0). Therefore, the embedded Markov
chain is irreducible.

Under each 1 ¢ M(B), the resulting queueing process can be
analyzed by the embedded Markov chain or semi-Markov process. Since
the embedded Markov chain is irreducible, the semi-Markov process is
either positive recurrent or null recurrent (transient). In the first
case, by the strong law of large numbers for these processes, the
average queue length is finite and the average cost év < o, In the
second case the expected queue length is infinite and so is the average
cost dﬁ. In either case by abelian theorem v - dw as o = 0,
where +© can be included as a possible limit (Lemma 5.1 of [3]).

Furthermore, since T(B) is finite, there is a T e n(g) and
a sequence of discount factors [an], an -+ 0, such that v* is

an-optlmal.
¥
Lemma 3.5. If h >0, then T is an optimal average cost policy.

Proof. Since h > 0, we can find a G such that h > &h/Q and the
hypothesis of Lemma 3.3 is satisfied. Now, for any policy T (not

necessarily in T(B)), using Theorem 1 on p. 181 of [12], we get




Y,

$_> Tim av._> Tim « V, = lim aV
b = x
4 a -+ 0 n - w l'n(an) B+ N

14 o
= im oV = }5 .
@& 0 T

This completes the proof.

Remark:  From (3.1) we know & x S ®. Since the embedded Markov chain
m
is irreducible, therefore the resulting semi-Markov process is positive

recurrent.

Theorem 3.6. If h > 0, then there arc monotone decreasing functions
F‘a <Q, &=0, 1, such that if & = 0 (5 = 1) and the state of the
system is  (x,y,8), then it is optimal to dispatch if and only if

x> E

7} (7 2 '51(><)).

* *
Proof. Clearly T as defined in Lemma 3.5 is optimal. But T is
also an Otn-opti_'nal policy and hence using Theorem 3.2 we obtain the

desired result.

The following theorem sharpens the bounds on GO and Gl developed

in the Lemma 3.3.

Theorem 3.7. For any & ¢ (0,1}, 1let

il

=X 5 : .
So(¥) = W7 = {y + A + 07N ‘_/pijAVl(l,yi-l*'J,l)}

(3.5)

1)

) - o ;
h$-(x+Ap+h lxo ;,pijéwo(x+l+i,a,l)] 5

8(x) 0

Then

(3.6) 65(') = min(ss('),Q] ;
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Proof. Suppose & = 0 and x < ao(y), then it suffices to show that
v(x,y,0) = t(x,y,0). Suppose the assertion is false and v(x,y,0) =
g(x,y,o). Then from (3.6) and Theorem 3.6, we have x < Q-1 and
v(x',y*,0) = g(x',y',o) for all x" >x, y'>y. Now using (2.10)-
(2.12), we obtain

~

-3 -
£(x,¥,0) = IA"H(x4y) + pW(x+1,¥,0) + av(x,y+1,0) - A"
= V(X:YJO) + }D\-l(x"'Y) + P[V(x"’l’Y:O) = V(X,Y:O)}
-1
+ a{v(x,y+1,0) - v(x,y,0)} - é\
-1 < = " -1
= V(x,y,0) + I (xay) + albaw + p v(1,y445,1))- N6
-1 -1 - < :
v(x,y,0) + W\~ {x=[h " p-y- L H-h 17»1 EpijV(l,y+l+J,l)]}
-1
= v(x,y,0) +hn [x = So(y)] < 9x,7,0)
But this contradicts (2.10) and hence v(x,y,0) = %(x,y,o). Now to
prove the converse, suppose that v(x,y,0) = %(x,y,o). Then clearly
x € Q-1 and
£(x,,0) = I\ "(x4y) + pv(x+1,¥,0) + qV(x,y+1,0)
V(X)Y:o) + h}\-l(xﬂf) + P{V(x*l:Y;O) = V(xly’o)}
-1
-+ q{V(X,y*'l,O) . V(x,y,O)] - }\ d .

But from the remark following Theorem 3.1, we know that Avo(x,y+l,0) >

A&O(x,y+l,0) and ANO(x+l,y,0) > 0. Therefore

£(x,¥,0) = V(%,¥,0) > B\ "H(x+y) + aliw + L Py V(1,¥4143,1) ) T

= m ™ x - s,(v)] .
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= A5

A~
Bt  f(x,y,0) = v(x,y,0) = 0 and hence x < So(y). This completes

the proof for & = 0. For & = 1 the proof is essentially the same

as in the above.

Also note that the above theorem could be obtained directly from |

Equations (2.1)-(2.%). 1In this case the proof is similar to that of

Lemma 5.5,

Remark 3.8: For any policy T, Ilet mﬁ(i) = h-lﬁv - (i+kl_8u), then

\~
m6 > GB'
and (3.6),we obtain

~ _,l -
- = - ; LI R
m& GB h (éan— ¢) o S PijAV( ¥ e 6) Z O .

This follows from the fact that Ay > 0 and hence using (3.5)

The following lemma is valid for the special case Q = o,
Lemma 5.9, Let Q = ©, then

(i) A?VO(x,y,O)

1]

AVO(X’Y.-O) = AVO(x-l,y,O) s 0

IA

e 2 5
(11) AVl(X,.V,l) 0

Proof. The proof is by induction using the finite period problem defined
in (2.6). First we show that if Azl‘g(x,y,ﬁ) <0 and Azg}g(x,y,b) = 0,
then ‘Agvi(x,y,ﬁ) < 0. Suppose & = 0, then from (2.6) we know that
either vk(x-l,y,o) = fk(x-l,y,o), or Vk(x-l,y,o) = gk(x-l,y,o).

In the first case

Avg(x,y,o) < Afg(x,y,o) and Avg(x-l,y,o) ?_Afg(x-l,y,o)

and hence
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AzVﬁ(x,y,O) S,Afg(x,y,O) - Afg(X-l,y,o) = A?fg(x,y,o) <0.
In the second casc
AV (%,¥,0) < A€S(X,¥,0), AVS(x=1,¥,0) > Agi(x-1,5,0)
and hence
(3.7) Agvg(x,y,o) S_Agag(X:y,O) =0 .
Similarly we can show that
(3.8) /.\QV}_.I(x,y,l) <o0.

Furthermore from (2.6)-(2.8) we have for all k > 1, Aag}g(x,y,o) = )

and for k = I,
2 1 it
(3.9) 22E5(%,¥,8) = DEG(%,¥,8) = OTH(X,¥,8) = O .

We now show that A f}g(x,y,ﬁ) <0 for all k> 1. Assume (3.9) to be
true for all k < n. Then (3.7) and (3.8) are true for all k < n.

Then from the definition of f(x,y,8), we have

A

2 2 L
fn+l(x).Y)5) aIAZVg(X’“l,y,S) + agh Vg(X,y'+l,8) SO .

Therefore, /.\Evg(x,y,6) <0 for all n2> 1. Since vi+ v as n - o,

n

2 2
we get A V6 »L\gv and A Vs(x,y,s) S 0.

&

Remark 5.10: As a consequence of Lemma 3.9, we immediately conclude
2
A vs(x,y,s) < 0. Now using (3.5) and (3.6) one can show that So(y-l) -

So(y) <1 and Sl(x-l) - Sl(x) < 1. Therefore if Wv(x,y,0) = ’é(x,y,o)

A ~
(v(x,¥,1) = g(x,¥,1)), then w(x+l,y-1,0) = g(x+1l,y=1,0) (v(x=~1,y+1,1)

= g(x=1,y+1,1)).
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4,  Computation of Optimal Average Cost Policy

In this scction we develop algorithms for computing the control

functions EO and El' We treat the cases Q = and Q <« geparately.
Our main tool for developing thesc algorithm is the system of equations

(2.10)-(2.13).

l. Case Q = 9.

Let © be the policy described in Lemma 3.3; then using the dis-
cussion at the beginning of Section 5, the average cost of the policy

2
¢9 = {2R + hk(02 + 1 )}/2u. From Remark 3.8, we know

(4.1)

- al - ad
Go(y) <h "¢, - Aju =~y and G(x) <h bg = AW = X

Set M = [h_l¢e - Alp] and N = [h—1¢e - Aou], where the closed brackets
denote the integer larger than or equal to the number within the brackets.
Then from (4.1), it follows that for & =0 (8 = 1) and x+y > M

(x+y > N), w(x,y,8) = ;(x,y,s). Furthermore, we assume that M > N,
otherwise we renumber the terminals accordingly. Using (2.10)=(2.13)

and writing & = (1-8) and r =R + hx02/2, the optimal average ¢

satisfies the following functional equation

V(x,y,8) = min{hk_l(X+y) + pv(x+l,y,8) + qv(x,y+1,8) - K-l¢ ’
(&.2)

r - up + hu{xs+dy] + b piB-V(i+x5,J+¥g,'5)] .
iEpmgaa "

~
Now, using definition M, N and g and Theorem 3.7, we obtain the

i following equalities
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|
} ((V6¥50) = V(Mmy,y,0) for x+y > M >yl
.l = v(0,y,0) for y>M
ﬂ (4.3)
‘ v(x,y,1) = v(x,N-x,1) for x+y > N> x+l1

= v(x,0,1) for x> N

v(x,y,0) = (y=-N)hp + v(x,N,0) for y >N

(4.%) (y-N)bp + v(M=N,N,0) for y > N, x > M-N

1}

v(x,y,1) = (x-M)hp + v(M,0,1) for x> M. ‘

Using (4.3) and (4.4), we reduce the infinite state minimization problem

(4.2) into a finite state problem. Let

(%.5) R(x) =
i

iras
ise

(] (o]
p;P.V(x+1,j,0) and R(y) = 2 2 p.p.v(i,y+,1) .
i J 1=0 j=0 * ¢

Then by rcpeated use of (4.3) and (4.4) and lengthy algebraic manipu-

lation, we have for x < M-1

M-x-1 = M-x-j-1 M=-x-1 _
(4.6) R(x) = 2 D, 3 Pv(x+,3,0) + F PP(M-x=3)V(M=j,3,0)
=0 ¢ =0 = =0 ¢

M © s
+ 3 p.v(M=3,3,0) + ¥, p.(j=M)hp + B(M+1)v(0,M,0)
3 J j=M+l J

where
00

(20
b2 p, and P(i) = E Sk "
k=1 k=i

(3.7) P(i)

i

And for x > M

(+.8)  R(x) =

J J

SJV(M-J,J,O) + El P.(j=M)hu + B(M+1)v(0,M,0) .
j=M+

]
M=




- 1Y =

Similarly for y < N-1, we obtain

Ney-1  N-y-i-1 _ N-y-1

“.9 Ry)= » », % BVE,¥,0) + Y pP(N-y-i)v(i,N-1,1)
1=0 j=0 4 i=0
N M
+ ) pyV(i,N-1,1) + 3 p,v(i,0,1)
i=N-y i=N+1

+ Y pi(i-M)hu + P(M+1)v(M,0,1) ,
i=M+1

and for y 2 N

N M %
(4.10) R(Y) = 2 in(i,N-i,l) a7 E in(i,O,l) * D Pi(i“M)hu
i=0 i=N+1l i=M+1

+ P(M+1)v(M,0,1) .

Note that the infinite sums R(x) and R(y) depend on w(i,J,0),
i+j <M; ¥(i,3,1), i+j < N and ¥(i,0,1) for i = N+l, N2, ... , M.
Furthermore, the value of R(x) and ﬁ(y) are respectively independent
of x and y for x =M and y > N. We can also express §(y) in
terms of R(x) as follows. First note that

= 5 M-1
(4.11) R(y) = r + hu |t ug + / piR(i) + P(M)R(M) for y > N.

L=

Then using (4.9), we have

Ney=-i-1 N-y-1
PJ-V(i,y’fJ',O) + f} P, P(N-y-1)(1,N-1,1)

& N-y=1
(4.12) R(y) = Z pi
i=0 i=0

J=0

R pi[r + phi - pug + R(1)) .
i=N-y
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In (4.11) and (4.12) ﬁ(y) depend on ¥(i,j,1), i+j < N, a reduction
of (M=N) variables from (4%.9) and (4.10). The minimization problem
(M.Q) is then clearly equivalent to the following linear programming

problem

Maximize ¢

subject to
=1 -
(4.13) V(x,¥,8) = pv(x+1,y,8) ~ qu(x,y+1,8) + A H < ha xsy)

for 3 ¢ (0,1}, x+y < M3 + N& - 1

(4.14) V(X,y,8) - Z)pigjv(i+x5,j+yg) +u g Lp* hu(xsﬁfg)

for & e {0,1}, x+y < M5 + N& - 1

(4.15) V(x,y,8) - Epi“ﬁjv(i+xa,j+y5) +ud = r + hp(xdHyd)
for & ¢ (0,1), x+y = M5 + N&
v(x,y,8) >0 .

If we replace Zpisjv(i+x5,J+yg) in (4.14) and (%.15) by right-hand

side of (4.6)=(4.10), the above linear program has at most M(M+l) +

N(N+1) + (N-N) variables. The fact that this linear program (4.13)-(4.15)
indeed gives the optimal average cost follows from remarks at the end

of Equations (2.10)~(2.13). The optimal policy Eo(y) (El(x)) is given

by the smallest value of x(y) for given values of y(x), for which

cquality holds in the above inequality (4.14) and (4.15). Since M

and N depend on 59, the number of variables in (4.6)=(4.10) can

e 5 A,




be reduced by choosing a policy 7 such that ﬁ",< ¢0 and using AW

in (#.1) for computing M and N. However, .t may be difficult to find

a policy m such that ﬁw < ﬁs. Moreover, the computation of A"
for a given policy T is itself a non-trivial task. In the following
we describe a policy improvement algorithm, which takes advantage of
the structure of v(x,y,d) and the value of @ at cach iteration of
the algorithm. TLet (m(i)} be a sequence of policies and let S"(i)
be the set of states under the policy (i) such that the carrier is
dispatched whenever (x,y,8) € Sv(i)' In addition, we assume that for
all x>0 and y > 0, such that x+y > MENS, (x,y,8) € Sw(i)'

*
Clearly the sequence {m(i)} contains the optimal policy T . Then

the policy improvement algorithm consists of the following steps.
i Behe N = () Sw(i)= g . {(x,y): x>0,y>0},compute R(x) and R(y)

2. Solve (4.16) for ¢§,‘r and V(x,y,8)

hk_l(x\*y) + pv(x+1,y,8) + qv(x,y+1,8)

#

(V(X)Y:E’) + )\.-lé-"-

for (x,y,s) € S,n_(i)

(4.16) "
v(x,y,0) + up_ =1 + huy + R(y) for (x,y,0) € Sr(1)

\ v(x,y,1) + udw =r + hux + R(x) for (x,y,0) € Sw(i)

where g%_ is the eompliment of the set Sw'

Note that the system of equations (4.16) is over-determined and hence
we can choose onec of the variable v arbitrarily (set v(0,0,0) = 0).
The total number of unknown variables is -;-{M(M+l) + N(N+1)} which is

half of the number of variables in the linear programming formulation.




e

3. Compute Sn » M, and N using the following relationship.

(4.17) M= [h—l¢"- Xlu], N = [h_l¢" —Aou] and § = flx,w, Y x+yzﬂg + N6} .

4. Yor all (x,y,8) ¢ EW, compute the test quantitics t, and

b7 using

1
p~r + nuy + R(y) - v(x,y,8)] for &=0
(%.18) tg = %
p o lr + hux + R(x) - v(x,y,8)] for & =1
(b.19) ¢, = NI (x4y) + pY(x41,Y,8) + qu(x,y+1,8) = v(x,y,8)] .

Tf t,<t, for some (x,y,d8), then set Sy = S”_k)(x,y,S).

5. 1f Sw(i) = S, then stcp and the optimal action is determined by S".

Otherwise, set i=i+l, Sﬂ(i)g S, » recompute R(x) and R(y) for the
new values of M and N. Then go to step 2 of this algorithm.

Note that at each iteration the vulue of M and N decreases and
hence the number of unknown variables in (4.16) reduces. Furthermore,
in Step 4 of the algorithm, we have to compute only one of the test
quantities tO and tl,
otherwise t, = 95"_.

because if (x,y,d) ¢ STr(i)’ then t, = ;671_,
Also considerable computational savings can be achieved by taking
A
advantage of the structure of v. For instance, if Av > Ag, then
one can show that if t, <t, for some (x,y,8), then for all x"' > x |
and y' >y, Sy =8, U(x',y',8). It seems that for the policy improve-

ment algorithm the assertion that Av > Ag at each iteration is true.

However, we are unable to prove this.
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2, Case Q < =,

The computation of the optimal policy for the case Q < ® ig

more complex than the infinite capacity case. When @ <®, it is not
posaible to obtain cqualities of the form (k.3) and (4.4) and hence
the system of Liquations (2.10)-(2.13) cannot be expressed as a system
finitce number of equations. However, one could use the solution of
the case Q = ® as an approximation. Another altcrnative would be to
allow {inite waiting space at each terminal. In the following we
suggest yeot another approximate method.

It 6 Dbe the policy described at the beginning of Section 3,

then the average cost of the policy 6 is

(4.20) By =t ma(0® + W)/ + 0 Y (@ei)(r) + )
i=Q S
Sct
!
(h.21) |

M= [n7leg - Al and w=[nTleg - apl .

From the Remark 3.8, it follows that if x+y > Mg + N6, then for all
x'>x and y'>y, V(xy,0) = g(x,y,8). Now using Theorem 3.7,

5,
Remark 3.8, (2.10)-(2.13) and writing r = R + hao" /2, the optimal 1

. o 3 s . |
average ¢ satisfies the following system of equations. |

V(X,y,8) = min{hk-l(x+y)+pv(x+l,y,8)+qv(x,y+l,8)-h-l£ -

r-pf+u(xcry-y/\a-3x\a) + Epijv(x—ax/\wi,y-gy/\wj,g)l

0]

x+ty < M=1, x < Q-1 if &
(4.22) for all

I

- = "

lx+y < Nel, y<Q-1l if 8 =1

V(x,¥,8) = repftu(xsy-dy Q-8x Q) + Tp, V(x-8x QH,y-By Q+j,8)

otherwise .
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Note that (4.22) has infinitely many variables. We shall now reduce

the number of variables by approximating v(x,y,&) for large values

of x and y. Suppose ® = 0, X >>Q and y >> Q; then using Theorem
5.7, we know that the carrier will not wait at any terminal until the
number of waiting passengers at cach terminal is less than Q. Let the
random variablces TO and Tl be the instants at which the number

of passengers at terminals 0 and 1 respectively fall below Q for

the first time given that initially the system is in state (x,y,0).

Then the policy € is optimal for the duration min(TO,Tl) and under

this policy

n

(v(%,5,0) = W(x-1,y,0) = hE(T}

(4.23)

iH

W(,¥,0) = ¥(x,y=1,0) = hE(T,]} .

Now, suppose no and nl are the respective number of dispatches in

time TO and Tl. Since Q ©passengers are removed from each terminal

at each dispatch, hence

~<E(n } + A E(T} +x ~Q !
(4.2h)
-QE{n,} + M El(r,) +y ~Q.

Also note that

it

E(T,) 2uE{no} i

(4.25)

i

E{Tl} B+ EuE(nl} .

Then from (4.24) and (4.25) we have




(Elng} ~ (x=Q)/(Q-24n)
(l! .:1'())

\E{nl] ~ (v + g - @)/ (@=2un) .

Using (%.23), (4.26) and (4.25), we obtain

I’ V(XJ.y)O) - V(X-l,y,O) : hpo(x-())
(%.27)

[V(x,5,0) = v(x,¥y-1,0) ~ hp, (y-Q/2)
where
(4.28) Py = ﬂu/(c;,-zuxa) for =0, 1.

In a similar fashion, we can show that

[ WVo(x5¥,1) > hp,(x~/2)
(4.29) 1
Avl(x,y,l) = hpl(y-Q) .

Suppose D >> Q, then using the approximation (k.27), (4.28), (4.7)

and (2.13), we have

D=x=1 D=y-1
L % i P v(x+i,y+j,0)
i=0 j=0 Y

(4.30) + hp B(D-y) T By ,,i(D-a+(i+1)/2)
i=0

+ hp P(D-x) ;D-ytj'j (p+(j+1Q)/2}
J=0

+ B(D=y)P(D=x)¥(D,D,0)




- "() -

and

Rl(x:y) = Z;Pi Epjv(x+i,y+j,l)

Dex-1  D=y-1 _
E Pi J?O ij(x+i,y+J,l)

il

i=0

(%.31) + hpo’f;(D_y) ié%) pD_x+ii(D+(i+l-Q)/2]

+ hplP(D-x) '

49 (Da+(141)/2)
J=0

pD-y

+ ;(D—y)P(D-x)v(D,D,l) .
Note that both R, and R, depend on v(x,y,8), x<D and y <D.

As before, the first term in R8 vanishes for x =D and y = D.

Now, using (4.30) and (4.31), we can rewrite the system of equations

(4.22) as follows. Set

~

= {(x,¥,0): x#y < M-1, x < Q-2}U{(x,y,1): x+y < N-1, y < Q-1}

42}

-
(4.32)
B, = {(x,¥,8): x <D, y <D and (x,y,3) "{gv} .
Then
r v(X,y,8) = min(m-l(xw) - k-ltf + py(x+l,y,8) + qv(x,y+1,8) ,
R o (x4y-8y/\@~8x/\Q) + Ry (x-8x\@,¥-8y/\Q)}
(4.33) for (x,y,8) € §1r

V(x,¥,6) = T - uf + hu(xry-8y/\Q-8x/\Q) + Ry(x-8x/\Q,y-8y/\Q)

\ for (x,y,8) € 5_ .
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(b}

Note that the minimization problem (4.%3) has D° + 1 unknown variables.
This problem can be solved by the linear programming method previously
outlined for the case Q = ®. We nced only to replace the system of
linear inequalities (4.13)~(4.15) with the inequalities (4.33). We
could also use the policy improvement algorithm to solve (h.}}). The
policy improvement algorithm for this case is similar to that of the
infinite capacity case. In the following we simply state the changes

necessary to accomplish this.

Step 2: Replace (4.16) with the following system of equality:

V(x,¥,8) = WA T(xty) = AT+ PU(x+1,¥,8) + av(x,¥+1,8)
for (x,y,d) € S
(5.34) ¢ >
V(x,¥,8) = r = ph+ hu(xty-8y/\Q@-ex/\Q) + Ry(x-8x/\a,y-8y/\Q)
\ for (5,3,8) < g -

Step 4: In (4.17) compute new values of S” and gv using (4.32).

Step 5: Compute to and tl using

L wH e+ a(xey-sy/\a-8x/AQ)
(4.35) + RS(X-SX/\Q,y-gy/\Q) - v(x,y,8)}
tl = }‘-[h’\..l(x““y') + pv(x+l,y,5) n qv(x,y+l,6) - V(")Y;s)] .

All other steps remain the same as in the case of Q = =,
We conclude with the remark that both the linear program and policy

improvement algorithm for the case Q < ® will give approximate results.

However, if we make D very large, then the resulting error will be
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small. Onc can also solve (4.34) for a sequence of increasing values
of D and terminate the algorithm when further increase in D does
not change the optimal policy. Some insight about the error in this
procedure may be obtained by checking whether the last three terms of
RS(O,O) in (4.30) and (4.31) is small compared to the first term of

Ra(0,0).
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