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1. Introduction

Consider the linear programming problem
T T
minimize c, X, + - + cx *x

subject to All X = bl

A + ook A_X =D XY RIS

s1 1 s s

X, >0 £n i R | 4

where

X, is a vector of n, variables

b \
Ajyr 8 2t is an m X n  matrix | §

e and bs are vectors of dimension n_ and m, respectively,

gt w Lo iy Ke

Let

b )
n= n m= m .
t=1 e’ g=1 °

Such linear programs have a block triangular structure, as can

be readily observed from the m X n detached coefficient matrix

i s Bl it
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Row i1 and col j of A are said to belong to period t if aij

is an element of Att’ where A = (a,.).

ij
This is an important class of problems: it includes all multi-

staged and time-staged linear programs that arise either naturally

as, for example, dynamic economic models of investment and planning in

the energy sector, or, as discretizations of continuous time linear

control problems (Dantzig [7]). Often, sparse general large scale

linear programs can be permuted to block triangular form.

Linear programs of this type are difficult to solve using stan-

dard simplex method techniques because they usually require a dis-

proportionately large number of iterations (Beale [1]). As a result,
several attempts have been made to devise algorithms that exploit this
structure.

As far back as 1955 (Dantzig [5]) a key empirical observation

was made: for dynamic (time-staged) models similar type activi-

ties are likely to persist in the basis for several periods. To take

advantage of this possibility an algorithm for block triangular systems

v 5 T T T T S S R S R A R AT T T RE— .
e e e : : g ‘»; R L S S B T R P T T -



— = S b v v - r

1 A S e A S S0 8 A

AN ¢ AN HOD BTN S i 4550 R A AR (5

was outlined. The central idea was to use a square block triangular
'artificial basis', that is, one with square blocks on the diagonal,
] together with a factor to correct for the off-square diagonal blocks
of the true basis. In essence this correction factor would differ
fromthe m X m identity matrix in as many columns as the true basis
was off-square on the diagonal. The implication of the persistence
observation was that these columns would be small in number and so
require little work in being maintained from one iteration to the next.
Further, to solve equations with the square block triangular factor,
only the diagonal blocks need by factorized. This could yield a
substantial savings in storage requirements, as well as an increase
in speed.

In this paper we shall extend these ideas by examining the
persistence property in detail, by characterizing factorizations in
E which the correction factor has the minimal number of structural

columns, and by showing that only a small submatrix of the correction

factor need be maintained to execute the simplex algorithm. Then we
shall develop in detail the methods of updating the factorization.
In the remaining sections we shall discuss the implementational details,

perform an analysis of the work involved, and present some computational

experience.
In [14] Kallio and Porteus also employ a square block triangular
factorization along the lines suggested in [5]. However their factori-

zation and methods of updating differ substantially from ours. The




factorization we consider always maintains the square block triangular

factor as a submatrix of A; in [14], this factor contains some trans-
formed columns, making it denser than ours and more difficult to store,
but yielding a sparser correction factor. No computational experience
is reported in [14].

Other methods devised specifically for this class of problems
have considered mainly staircase structures, that is, where the matrices
Ast =0 for t < s -1. See for example the nested decomposition
algorithm of Ho and Manne [12] and the block factorization techniques
of Loute [16] and Wollmer [29]. McBride [17] uses a dynamic factoriza-
tion of the basis after inducing a block triangular structure with the
use of Hellerman and Rarick's P“ algorithm [11]. He makes no prior
structural assumptions and allows the block triangular partition to
vary from one iteration to the next.

Bisschop and.Meeraus [3] have proposed a method for very general
L.P.'s that is not based on any triangularization or block triangulari-
zation techniques, but uses an idea that to some extent underlies the
method presented here as well as that of [17]: If we wish to solve
the nonsingular system Dy = d, but have at our disposal a nonsingular
factorized matrix E, where E differs from D in (say) k columns,
then there exists a suitable k X k nonsingular matrix P such that
the solution to Dy = d can be obtained by solving systems involving
only E and P. The method presented in [3] uses this idea to save

substantially on storage costs over the conventional LU methods, by

confining the growth of nonzeros to P.




We shall present empirical results that point to the factoriza-
tion of this paper being superior to both the above methods (i.e.,

(31, 1171).
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2. Persistence in Staircase Models

Time-staged staircase linear programs are often discrete versions
of an underlying continuous process that evolves as the solution to a
differential equation. One such continuous model is the following
linear optimal control problem with mixed constraints on the state and

control variables:

minimize S {bT x(t) + & u(t)}dt + qT x(T)

subject to X = Ax + Bu + a
% equations

0=Cx+Du+b

x(t) >0 u(t) >0 t € [0,T] x(0) =p .

It has been shown in [22] that if (x(:), u(:)) 1is a nondegenerate
extreme point solution of the above (convex) constraint set, and if
u(-) is piecewise continuous, then the interval [0,T] can be parti-
tioned into a collection of open intervals (possibly an infinite number)
such that on each interval, precisely % components of (x,u) are
strictly positive, and the remaining ones are identically zero.

In such cases we would hope that as we make finer and finer the
discrete approximation to the continuous-time problem, the basic solu-

tions will tend to behave more and more in this way, i.e., have the
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same activities basic over several censecutive time periods, and more-

over have precisely & of them do so. That this is often the case

in practice was observed by Dantzig in [5].

In the following we shall investigate this persistence property
by looking at the structural properties of bases in general staircase
E models where each step has the same size,say £ X r. Such models have

constraints of the form

where the coefficient matrices At and Bt are all 2 x r. To any

basis B will correspond matrices Pt and Qt that are submatrices

of At and Bt respectively, so that

i R VLTS NI N AW Y W SN YRS AV S e



Pt and Qt will have the same number of columns (which can vary from

one t to the next); for all t, P, and Qt will have £ rows.

t

For t =3, ... K let kt be such that Pt and Qt are 2 x (R + kt)'

Clearly k_ may be of any sign and is a measure of the "off-squareness"

of period t in this basis. Note that since B is square,

A
t=1 °

The following theorem gives bounds on how far off-square the

basis can be along the diagonal.

2.1. Theorem: For all t and s such that 1 <t <t + s <K,

8
- <
zijzo kepg $ 2

Proof: Consider the portion of B between t and t + s:
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Since B is nonsingular, the columns between the two vertical
broken lines are linearly independent. Therefore, since these columns
have only zeros outside the two horizontal solid lines, the number of
these columns may not exceed the number of rows between the two solid

lines, i.e.,

s
20 2+ kt+j) < (s + 2)8
j-
or
8
Jzo ooy 52
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The nonsingularity of B also implies that the rows between

the two horizontal broken lines are linearly indcpendent. A similar

argument yields

S
st < 3-2-0 @+ k)

or

Combining the above inequalities yields the desired result. [:]

This is of interest because it gives the same bound, %, on the
off-square count for any one period as it does on the count for any
grouping of consecutive periods. Therefore, in a staircase model
where the number of time periods, K, is very large relative to £, we
can choose to group together, say, every s periods to obtain a coarser
partition of the matrix in such a way that the ratio of the off-square
count to the number of periods in any partition, &/s, is small. Indeed,
as K becomes arbitrarily large and the number of partitions remains
constant, the off-square ratio for any partition becomes arbitrarily
small.

In many economic applications we can attach a stronger although
more qualitative significance to the result of Theorem 2.1. Activities

like the level of coal production, or the level of an inventory, are

10
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usually positive over intervals of time, rather than at points spread

haphazardly. 1In continuous-time this corresponds to a statement about

the piecewise continuity of optimal solutions. In discrete-time, we
infer that such activities will remain basic over a whole time interval,
irrespective of how many time steps constitute the interval. The

5 implication of this for the {kt} is that they will be constant over

| intervals of time no matter how refined the grid size. Setting

kt+j =k for j=0,1, ..., s in the theorem and noting that k is
an integer, we obtain k = 0 for grid sizes refined enough, that

s > *. Thus in solutions where the activities persist in the basis
over intervals of time, and each such interval contains at least 2 + 1

time steps, the number of activities in each time step is precisely

2. Note though, that this will not hold true at the end points of the

time intervals.

In time-staged models where the matrix structure is block tri-
angular but not staircase, the above discussion and Theorem 1.1 do not
apply. However, in cases where the non-staircase part of the block
triangular structure contains just a sprinkling of nonzeros, and simi-
lar type activities can appear from one period to the next, it seems

reasonable to expect a similar behavior.

i) A e
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3. The Square Block Triangular Factorization of the Basis

Let B denote the m X m basis matrix. Since B is a sub-

matrix of A, it too will have a block triangular structure

11

By By

P N Ay

o

Note that the diagonal blocks Btt need not be square in general, and

that it is possible that there be no contribution to B from one of

the 'periods', i.e., for some i, the submatrix

may be vacuous. Note also that since B 1is nonsingular, it is neces-

sary that the leading submatrices

12
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B cese
11’ ]

B,y1 B2

have full row rank and hence have at least as many columns as rows.

Likewise the submatrices

Bg-1,Kk-1

T 5P
By k-1 Bk,

B

all have full column rank and hence have at least as many rows as
columns. However, very little else may be said about B in general.
We shall factorize B into the product of two m X m nonsingu-

lar matricesl

where

wi
"

Baa Bk 7 Bk

lpantzig [5] works with the (mathematically) equivalent factorization
B = BE where E is F-l,

13
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with the diagonal blocks Ett square and nonsingular. B will be

called the artificial basis.

To understand the structure of F, consider the case when the

th

i™ column of B, b,, is equal to the jth column of B, b Letting

s . ¥

e denote the jth column of the m X m identity matrix, it is

3

clear that

so that the ith column of F must be ej' Thus if B and B have
k columns in common F will contain k wunit columns and m - k
other columns. By suitably permuting the rows and columns of F we

can obtain

where P and Q are permution matrices, G is (m - k) X (m - k)

and nonsingular, and I 1is the identity matrix of crder k.

14
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4., Minimal Factorizations

As we shall emphasize later the usefulness of this factoriza-
tion approach will depend critically on the number of columns that B
and B have in common, or, more directly, the size of the matrix G
in (2). It will be important to know how to obtain a G that is as

small as possible.

4.1. Definition: Given a basis B, a square block triangular factori-
zation of B, B = ﬁf, will be said to be minimal if for any other such
factorization, B = E'F‘, B has at least as many columns in common

with B as does B'.

4.2. Notation: For two matrices C and D with the same number
of rows, let C N D denote the submatrix of columns that are in
both C and D.

Thus a factorization BF is minimal if (number of columns of

B N B) > (number of columns of B N B') for all admissable B'.

We have the following useful characterization of minimal

factorizations.

4.3. Theorem: Let B be a given basis. Then a square block triangu-
lar factorization of B, B = iF, is minimal if and only if for

t =1, ¢eop K4 B ¢ n itt is a basis for the space spanned by the

t

columns of Btt'

15




Proof: Suppose there is a t such that Btt N itt is not a
basis for the column space of Btt' Then there is a column b of B,
i
- -
0
bt
b= |.
b
K
L
3 é such that the augmented matrix
- 3 W *
, W= By OBy o Byl

E | has full column rank.

Since Ett is nonsingular, b, has a representation

t

Btt y = bt v (3)

Since W has full column rank there is a column b of B,

16




such that Et is a column of Ett but not of Btt’ and such that the
coefficient of Bt in the representation of bt in (3) is nonzero.
It follows that the matrix i;t arrived at by interchanging columns
St and b, 1is nonsingular. Since Bt is not in B, b 1is not in i 3
B. Let B' be B with the columns b and b interchanged. Then
B' is again square block triangular with nonsingular diagonal blocks.
Further, B' contains one more column of B than did B. Therefore
the factorization BF is not minimal.

Conversely if the factorization BF 1is not minimal there is a
factorization B'F' such that B N B' has more columns than B N B,

Thus for some t, B,k N ﬁét has more columns than Btt n §tt' Also,

tt

R N R' i
since Btt is nonsingular Bct Btt has full column rank. Hence | 4

ng .
Btt Btt cannot be a basis for the column space of Btt

This completes the proof. []

4.4, Applications of Theorem 4.3 : Theorem 4.3 serves two useful

purposes. Firstly, it provides us with a constructive method fcr

computing a minimal B and F for any B: For each t, find a linearly

independent subset, Mct’ of columns of Btt that is as large as pos-
sible. Augment Mtt with any other convenient columns, e.g., unit

columns, to form a square and nonsingular matrix ([M_,_ * Ntt]’ say.

tt .
Then let B consist of the columns that correspond to the Mtt’ together
with the Ntt’ suitably padded with zeros. B will thus have

[Mtt E Ntt] as its diagonal blocks. The Theorem tells us that this is

a minimal B.

NESCE P




Secondly, from the proof of the Theorem, we have a means of

constructing a minimal factorization from any gi&en square block

triangular factorization, B = BF, as follows. Suppose that the jth

column of B, say bj’ is not in B. For some t we can write

The jth column of F say fj' is the representation of b in terms

of B. Since bj has zero in the first t - 1 periods, it follows

by square block triangularity of B, that fJ has the form

Thus

e ¢ s
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and if ft has a nonzero component corresponding to any colummn that

is in B but not in B, we can replace this column by bj’ and so
obtain a 'better' factorization. Repeating this must yield a minimal

factorization. E

Remark: As a final remark regarding the structure of F in relation
(2), note that G is simply that submatrix of F whose columns are
indexed by the columns of B that are not in E, and whose rows are
indexed by those columns of B that are not in B.

We shall say that a column (row) of G 1is in period t if
the corresponding column of B(B) is in period t.

From the above, it is then clear that a factorization BF is
minimal iff whenever a column of G is in period t (some t), it
has zeros in all the rows in period t.

To conclude this section we shall illustrate with the following

3 period example.

4.5. Example:

g4 3
—;_—011 2
SR S Be ol R ’
E k: e —o-:- e : 9y
;J R T “*
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To construct a minimal factorization we find

M, 1 My, = Myy =

Mll is already square and invertible, thus requiring no augmentation.

However, we augment H22 and M33 with unit vectors to yield

Thus

1
r.--.l
2'1 0
5-3:01
4:1 0:10
s'o C JE.0 Vb
1 1

To find F we solve BF = B, one column at a time, to yield

20
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1 ) 0 0-1 i
0 -2 1 0
F F= |0 -2 0 0
Q -2 Q -1 1
0 -3 0 1 0
k- d

Note that columns 1, 3, 5 of B are columns 1, 2, 4 of B

respectively, and their columns 1, 3, 5 of F are unit vectors with |
ones in rows 1, 2, 4.
Also columns 3 and 5 of B are not in B and columns 2 and 4

of B are not in B. The elements in rows 3 and 5 and in columns 2 1

and 4 of F yield {4

The rows of G correspond to columns 3 and 5 of B which in turn
are in periods 2 and 3 respectively, while the columns of G correspond
to columns 2 and 4 of B which in turn are in periods 1 and 2 respec-

tively, as indicated below.

Period Row of F
-2 0 2 3
ikl 5 S 3 5
Period 1 2
Col of F 2 4

WAEVEST: S

21




For a factorization to be minimal it is necessary and sufficient
that gij =0 if row i and column j belong to the same period,

where G = (g,.). In this case row 1 and column 2 both belong to
ij

period 2, and 812 = 0. Therefore the factorization is minimal.
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5. Solving Linear Equations

Two major steps in the revised simplex method (Beale [2]) are

to solve the equations

By = a

where y 1is the representation of the entering colummn, a, and

BT ™ =c

where 7 1s the vector of prices used to determine the next entering

column.

5.1. Solving Against General Right Hand Sides

Using the factorization B = BF to solve for example, the

system By = a, we would, respectively, solve the systems

Bz = a

Fy =2z .

The system Bz = a 1is easy to solve since B 1is square block

triangular.

Partition z and a to conform with the partition of B:

23

(4)

(5)
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Z |
z= zt as= 8t .
b A a
K K
Mg )

We would solve respectively

AT TR ST T Yaa

As we shall show later on, it will always be possible to have
B be a submatrix of A, the original detached coefficient matrix.
Thus, finding the terms Bst z., s > t, in the above right hand side

would usually involve little work, since the matrices Bst are usually

very sparse, and in fact often zero.

24
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The system Fy = z, however, is more troublesome. From (2)

we must solve

P Qy =z .

Both G and H are computed matrices, and are typically between
20% and 40% dense. Further, if G is k X k, then H is (m - k) X k,
and for m much larger than k, the storage requirements for H and
the work involved in maintaining H could become prohibitive.

In the following we shall show however that it is possible to
solve the system By = a without knowledge of H.

To simplify matters we shall assume that we have suitably reordered
the columns of B to be BQ'r and the columns of B to be EP, and

refer to these reordered matrices as B and ﬁ, so that

e

(For now we are disregarding the original block triangular structure
we had an B and B.) Partitioning B and B according to the par-

tition of F, we may write

B = (8l 32) B = (B

25 ‘f




where
B2 eBni
: Thus
[Bl B2] 2 [51 52]
;
Note that
3
G -
-5 1pl,
H
To solve By = a, partition
1
y
) 2
so that
1
5 y
1
(B B”] 2 g
y
26
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(8)
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Since B2 = BZ this is equivalent to solving ]

Blyl e (B B | | ~a - (10)

G 0 z1
1
¥ *ia0h *f g a1
H y z
where : .
1
z
z = 2
z
satisfies
ﬁz-a |

From (11), yl must satisfy the relation

G yl -y (12)

y2 may then be obtained by solving (10) with yl

determined in (12).




In short, to solve By = a, we solve three sets of equations

Gy =z (13)

Bw =a - Bl y

where w is

There is a similar procedure for the system BT ™ = c, again

with three sets of equations:

0
=T
Ba= |,

[
& pmer= 9T (14)
i u
BTw-

2
[

28




To verify this notice that the first and last relations in (14) yield

b
i gmiionl - . ) & R e R
2 2
C c
T T 2
B r= FL B e PO [”2][G“+ZH°:|
Cc (o]

Therefore the second relation in (14) yields

and

GT u + HT c2 = c1

so that

as required.

In sum, the equations (13) and (14) show that in order to solve
the systems (4) and (5) we need only be able to solve systems involv-
ing B and G. This means that to execute the simplex method the
storage and running costs are now localized to the factorizations of
the K diagonal blocks of B as well as the factorization of G (that

is, apart from the pricing and minimum ratio operationms).

5.2. Solving Against Structured Right Hand Sides

Section 4.1 dealt with the case when the right hand sides of
equations (4) and (5) are general vectors. However, most of the time,

these right hand sides are structured, and taking advantage of this

can cut down considerably on the work involved.

P

iR i fn i il it




(1) In equation (4) the right hand side, a, is almost always
an incoming column. Thus if the column a is from period ¢t, it

will have the form :

and to solve the first equation in (13) i.e., Bz = a, we need only

solve the reduced system

i
N
"

-]

tt ¢t t

L T i T G (15)

Bk %k = At Mg By T2 Lt N ey

since we know that

z, = Oy ovey z2,, " 0 .




On the average, we would then solve [%] small systems, where

[*] denotes "the smallest integer greater than." Note that this would

not apply to the third step in (13) since the right hand side there has §
no structure in general. Nevertheless the total number of small systems
to be solved in (4) is now on the average K + [%] for B and 1 for
G.

The only time when we are not able to take advantage of the ‘

structure of a 1is when solving for the current basic solution

Bx = b

where b 1is the right hand side of the original L.P. formulation.

However, this is only done once every, say, 50 - 100 iterations.

(11) In equation (5) the right hand side, c, is always during
Phase II, the same unit vector
1 i
T i 3
ey (0 ¢¢c 1 ¢+« 0) s

- t
2th |

oy

where the objective row appears in row £ of the A matrix. In

modern implementations of the simplex method (Beale [2]), this will 3

1He have assumed here that the cost row (c3, ¢2, ..., cg) in the i
initial formulation has been imbedded as one of the rows of the A §
matrix, as is customary.
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not be the case during Phase I since ¢ 1is set equal to a vector of

-1's, 0's and 1's depending on which variables are currently outside

their bounds.

For the case c¢ = ey .we shall show that by suitably enlarging
G, we can solve for u in (14) without first computing A. Recall

that from the derivation of equations (14) we had

1
i c
T
F 2 = 2 . z
c c |
e th T, -1 | 3
However with ¢ = € ch is simply the £ column of (F) . |

! Now since the objective variable associated with the lth row of A,

the cost row, is unrestricted in sign, the basis B will always con-
tain its column, which is also the unit column ep- Further we can

always ensure that the factor B contains this column. This ; 1

means that its corresponding column in F will also be a unit vector,

and so not make any contribution to G. By augmenting [g] with this

i e i,

unit vector we can obtain an enlarged G' with

s e Nt e ..

Y
where h 1is the corresponding row of H. Then the last row of (G')-1 i
will contain all the nonzeros of the lth row of F'l and will moreover
32 |
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be precisely the u required in the third equation of (14). Indeed

4 : if we partition ¢ = ey into (cl, cz), then cy = 0 and c, = ' 5 (LRI | T

Thus in (14), X = 0 during phase II. We can therefore compute

j ¥ the simplex multipliers, m, by solving two systems of equations

S———

o
0
| e b
! (G") u=
: 0
1
; e
{ and (16)
H
£ =T 5 1
s BT

; and so achieve a substantial savings over the three systems in (14).

1 ! We conclude this section by tabulating the methods used to solve i
the systems (4) and (5), and also the work involved in terms of the

number of smaller systems to be solved.

T




P ————— P— — ;
Table 1
# small systems
System Method of Solution =
| B G
}
| Bz a
: G y1 - z1
Bw =43 - B1 y1 K &
By = c [-2-] + K 1
where i
[F 3l
0 E
w = y2
s ]
<
_T 01
B A= 2
T c
B mm=c¢ R
SR T | e 2K 1
Phase 1 =
u
=T
B " m 2
c
L
£ ‘i
0 :
!
GT u=1. i
BT T =c 0 g
1 2
[ ? ; |
Phase II |
et
u | 3
—T K - o
B m 0 ’
*
On the average.
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6. Updating the Factorization

Suppose that we begin an iteration of the simplex method with
a basis B and a minimal factorization BF of B. At the end of
this iteration we obtain a new basis B' by replacing a column bi
of B with a column a of A. We then need to obtain a minimal

factorization B'F' of B' with as little work as possible.

While we only use the submatrix G of F, it will be convenient

here to first determine how to update f and then induce the update
on G.

The two major steps of the update will be as follows:

(1) try to bring the column a into B without disturbing
square block triangularity;

(i1) restore the factorization to minimality by seeing if
there are any other columns of B, not currently in B, that can be

brought into B.

As we shall show, the update on B can be accomplished by up-
dating at most two of the factorizations of its diagonal blocks.
These updates take the form of an exchange of columns. The update on
G will consist of a possible change in size, up or down by one, and
the addition of at most two rank 1 matrices, each of the form uvT

T
where u 1is a column vector and v is a row vector.
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6.1. Review of Updating an Inverse Representation of a Matrix When

| an Exchange of Columns has Taken Place

]

i Consider a square nonsingular matrix M, and suppose that we
wish to modify M by replacing one of its columns with some given
column d. Suppose further that the columns we allow to be replaced

by d are restricted to some submatrix N of M.

A 4 bR IR, TR o

Compute the representation y of d by solving

My =d .

If an exchange of columns is at all possible there will be a non-zero
element A in y corresponding to some column my of M that is

in the restricted submatrix N. Usually, by 'non-zero' we would mean

that

Iyilllylw > TOL

- ‘i
where TOL 1s a preassigned tolerance, typically of the order 10 4. |

The modified M may then be written as

T
' - -
M M+ (d mi)e1 ’

i.e.,

M' = M[I + (y - ei)e:1 "




The inverse of the elementary matrix I + (y - ei)eI is another ele-

so that the modified inverse of

mentary matrix I- —i(y - ei)eT
Yyq i

M may be written as

1

M) " = [I- ;LA(y - ei)e'f]M-1 d

i
When the update is actually implemented in this form, it is
called 'updating in product form' (see e.g., Dantzig [6]). However,
there are today several other methods available to accomplish this
update. These depend on the representation of M-l as well as the
degree to which one wishes to preserve sparsity and/or numerical stabi-

lity. See for example Forrest and Tomlin [9], and Saunders [23].

6.2. Updating B

Let the entering column a replace the ith column bi of B.

Let a be in period t i.e., a has the form
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We wish to determine whether a can replace a column of Et where

)

tt

w1
nw>

Kt

From the calculation of the representation of a in terms of B

(see equations (13)) we already have z,, the representation of a,

in terms of Ett' Thus a_ can replace any column of itt having a

t

nonzero coefficient in z,. At this point the following are possible.

(a) The column b, leaving B is in it’ and has a nonzero

i
coefficient in z,. Column a then replaces bi in B by an exchange
of their tth period components in itt' (b) Notice that we have

changed itt n Btt’ the basis for Btt’ and 1t.is now possible that

§;t N B;t is no longer a basis for Bét' Thus to restore the factori-
zation to minimality we scan the columns of Bét that are not in iét
for a candidate to replace some column of iét that is not in Bét'
This can be done as indicated in Section 4.4.

If 6.2.1 is not the case then:
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6.2.2.

Assuming that the column a 1is not already in 5, we try to
introduce it into Et in place of a column that is not in B. If
there is no suitable nonzero in z, to permit this, the column a

i cannot enter B.

6.2.3.

The column bi leaving B may be in B. Suppose it is in period

s (it is possible that s = t). We then scan the columns of B in

i

period s that are not in B for a candidate to replace b, in i
Es' This can be done by generating the corresponding row of B

and then picking the column corresponding to a suitable nonzero in ;#

this row. Thus if b, 1is the kth column of ﬁs’ we solve

3

=T
Bss w ek

and the required row is then vT = wT Bss' If we succeed in finding

a suitable nonzero in vT corresponding to column bj’ say of B,

we then represent b, in terms of B by solving Br= bj'

3

From 6.2.1, 6.2.2 and 6.2.3 we see that the update on B thus
takes the form of an exchange of columns in either Stt or iss or
both, where t and s respectively are the periods to which the enter- }

ing and leaving columns belong.
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6.3. Updating G
In updating G we must consider the effect on F of the

column interchanges in B and in B. It is best to treat the cases
in 6.2 jointly with several subcases. Combinations of the following

are possible:

I: a 1is column 52 in B,

* =
I : a 1is not a column of B,

2L bi is column bk of B,

* £
EE:: bi is not a column of B,

III: a replaces b1 (= Ek) in B,
III*: a replaces Sl in B where Sz is not a column of B,
IIT : a does not enter i,

IV: bi (= Bk) is replaced in B by column bj of B, where
bj is not a column of ﬁ.
IV*: column bi (= Sk) is not replaced in B,

V: b,, not in B, is replaced by bj’ not in B.

L

* *
These can occur as follows: (I , I1I, III), (I , II, III, V),
* * * * % * *k * *

G, 1L IS IR G .0, 5,1 .0),0 .1,
% * * *k * * * * *
B 5 I, MR e B, Y (R ilh s BBE Dockl, X330, £2:.25. W),

(1, 11, IV).
We shall treat them individually.

h

* -
I, II, III: a replaces the :l.t column of B, bi’ b1 = bk' Note that

the 1th column of F 1is unit vector e Using the approach of sec-

tion 6.1 we may write




. L e

S e s i

B' = B[I + (y - ei)eI]

and

i -B-' = E[I + (z - ek)eil

where the vectors y and 2z are the representations of a in terms
of B and B respectively. Since B = BF and B' = B'F' it follows

that
) AR zik(z - e)e) FIL+ (y - eell .

Multiplying F into the third factor and noting that Fy = z and

Fe, = e

1 K Ve get

' ol s T > T
F' = [I - zk(z ek)ek] [F + (z ek)ei] .

This may be conveniently written as

Voa i oL T ¥ T ) T A T
F F 2, z e F ek(ei e F) + 2 ze .

We now determine the update on G by examining the correspond-
ing rows and columns of the terms on the right hand side of this rela-
tion. Firstly, note that since the entering column a has replaced ]
the same column in both B and B, the columns and rows used by G' :

are the same as those used by G. Secondly, since row k and column




¥ orey

i of F are not used by G, the unit vectors er and ez

zeros in the rows and columns used by G. Therefore the last two

have only

terms play no part in the update of G, and we may write

G' =G+ uvT

where u and vT are the corresponding subvectors of -;}-z and
k
e: F, respectively.

Since =z 1is already available to us from an intermediate step
in the solution of By = a, we have u immediately at hand. However,
eT

k

computed from scratch. To do this we solve

F, the kth row of F, has no components in G and needs to be

=T
B w ek

for w, the kth row of B 1, and then set

where 31 consists of those columns of B that are not in B.

* *
1, II, 111, V: Having performed the first update in (I , 1I, III) we

have found column b, of B' to replace column Sz of B' where

]

both bj and Sz are in period t and are not common to B' and

B'. Let r satisfy

B'r=b, .
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Then we obtain

" o Sl Tice
F [1 r’L(r ez)ele

i.e.,

PIRNE T R T T o
F* =F rl(r ez)e2 F

Since the introduction of bj into B' increases the number

of common columns, the size of G' will decrease by 1. Partition

| G' as
] L] 1]
b S R
G' =
81 82
j
where
3
Yy
821, ;
E
85,

is the appropriate subvector of r and [8i2 gézl is the appropriate

subvector of e: F' 1

PETSRREF RGeS p—

. Then

o T
it 1 r, 21 %12 i

lnere 352 -r,.
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T

T
' = -
B' = B[I + (y - e)e,]
so that
F' =F[I+ (y-e )eT]
178
b i
T
' = -
F F + (z fi)ei
where fi is the ith column of F. Since bi is not a column of
B, f, is not a unit column and the above statement simply tells us to

i

replace columm i of F with 2z. The same applies to G, i.e.,
G' =G+ uv

where u and v are the appropriate subvectors of 2z - fi and ey
respectively. Note that the portion of fi corresponding to G is
a column of G and can thus be found from the representation of G.

* * *
I, I1, III : Proceeding as in before we see that

F' = [I --f;(z - el)eil [F + (z - fi)eI] T A

44
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This may be written as

T

RPN - T =
F F - (z ez)(el F fli ei) + (em fi)e1

L

where fi is the ith column of F and fli is the (2,1)th element

of F. Since we have added column a to the common columns of B
and B, the size of G will be reduced by 1. This is born out by

i)eT in the above relation. It says that f, is to

the term (el - f {

i
be replaced by unit vector eg- Note also that the second term in
the above right hand side makes no contribution to the 1th column of

F' since the ith component of ei F - fli ez is zero.

Partition G as

617 &n
6=
821 822
where
821
822

is the subvector of fi corresponding to G, and [ggl 322] is

the subvector of e: F corresponding to G.1 Then

1Note that 8y = fli'




T
' =
G G11 +u 321

where u 1is the subvector of - > z corresponding to G,,. gT
Z, 11 21
can be easily found from the representation of G.

* k& * * * *%
I, II, III , IV : This is similar to the case (I , II , III )

except that fi is now unit vector e: Thus

T
L = -
F F + (z ek)ei .
| and the size of G will increase by 1. Letting g denote the sub-
vector of 2z corresponding to G, and hT the subvector of the kth

row of F corresponding to G, we get

*
To obtain hT we proceed as in (I , II, III).

* *k =
| I, II, III , IV: Following 6.2.3 suppose that r satisfies B r = bj'

Then an analysis similar to that of 6.3.1 yields

F'=[I- rlk(r - ek)e{] [F + (z - ek)e'il .
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We can best view this as a two step update. Let

*
F =F + (z - ek)eI -
Then
e mis Pl T %
F' =F rk(r ek)ek F i
1

*
F is simply F with its ith column, ey replaced by 2z, and reflects

column a replacing bi in B. Since r 1is the representation of

= *
bj in terms of B, r is the jth column of both F and F . Thus

* =
the transition from F to F reflects bj replacing bi (= bk)

= th T _* th
in B. Note that the j element of e, F is T, SO that the j

k
column of F' becomes e -

Partition G as [G1 g] where g 1s the corresponding
subvector of r. Let u denote the subvector of z corresponding

to G, and let kT denote the subvector of e: F corresponding to

G Then

1

¢ =[c, ul -;1; g, z] .

From the update on B we have both r and 2z so that g, U, rk, and zk

are immediately available. However, hT needs to be computed as in §
*
(r, 11, 11I).

* * *
I, II, III , IV : Here we obtain

F' = [I --f;(z - ez)e:] [F + (z - ek)eI]

47
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which simplifies to

T L§ T i ey e T
F F + (ez ek)ei zjz‘(z el)el B

reflects the fact that after the update, column

TR G SRR IIre Ty pare s

T
K1

2 of B 1is a common column and column k is not, whereas before the

The term (eg -e

update, the reverse was the case. Let hT denote the row of G cor-

responding to the kth row of F, and let QT denote the subvector

of the lth row of F corresponding to G. Then the above statement
means that we need to exchange \;r and hT in G before continuing

with the rank one modification. Thus if we partition G as

2 G = - |
hT
f we get
G1 N
G' = + uv
T
v :
:
where u 1s the subvector of —;}-z corresponding to the rows of
L
“
T .
v
48
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%
We compute vT as in (I , II, III) and obtain hT from the
representation of G.

* *
I , IT, IIT , IV: We can think of this case as a continuation of the

previous case, viz. perform the update on G as described above, and
then introduce bj into B' 1in place of bi (= Bk)’ This can be
accomplished in the same way as the case (I*, 11, III, V) with %
replaced by k.

1, IL, IV*: This is the same as the case (I*, TT, III*, IV*) with =z
specialized to s and the resulting u therefore being zero.

I, II, IV: Proceed exactly as in (I*, T, III*, 1v).

i II*: We may regard this as a special case of (I*, II*, III*) with
z replaced by ey and the resulting u being zero.

6.4. Discussion and Summary of the Fundamental Updating Operations

In Sections 6.2 and 6.3 we enumerated the (many) possible up-
dates that can occur. That these are the only possibilities and that
minimality is indeed preserved at each iteration has been claimed but
perhaps not established with full rigor. However these statements
can be easily verified with the use of Theorem 4.3.

Presenting the update -- and for that matter, implementing it --
has been a laborious task. However, it is very much this aspect of an
implementation of the simplex method that determines its performance
relative to that of other implementations. The updating procedure

usually requires a significant time slice, and determines the stability

49
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and speed of the remaining iterations. Reliable estimates of these
effects can only be obtained by an in depth analysis.

A glance at the updates of the previcus sections shows that
there are several operations that many of them have in common. These

are:

(i) INVUPD -- updating the factorization of a ﬁtt’

(ii) FROW -- solving the system of equations ET w = ek, and then
125 th

computing w B to yield the structural part of the k

row of F,

(iii) FCOL -- solving the system of equations Br=>b to obtain
the representation r of some column b in terms of B,
(iv) GROW -- finding a row of G,
(v) GCOL -- finding a column of G,
(vi) RSWAP -- replacing a row of G,
(vii) CSWAP -- replacing a column of G,
(viii) ADD -- increasing the dimension of G by 1,
(ix) DEL -- decreasing the dimension of G by 1,

(x) RANK1 -- performing a general rank one update on G, that is

T
G' =G+ uv where u and v are arbitrary vectors,

(xi) FINDB -- seeks a column of B that is not in B to replace

Sensn—

column b1 in B,

(xii) FIND2 -- seeks two columns, one in B that is not in B to

replace one in B that is not in B.

We may now use these operations to depict the whole updating
process in the accompanying flow diagram in Figure 1.
Note that the GCOL and GROW operations do not appear in the

flow diagram since they are used implicitly in the ADD and DEL opera-

3 e

tions.
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Figure 1
The Update Flow Diagram
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From the flow diagram, we obtain the following cross reference
table for the 11 update combinations (indicated by the circled num-
bers) and 10 operations. The entries in the table are the number of

times an operation is used in an update combination.

Table 2

Cross Reference of Update Operations and Update Combinations

Update
Combination 1 P43 14 t5FEedzletbe 1ol ar
Operation
INVUPD HERES R 12 1
FROW SENERSTERENE )
FCOL 1 1|1 .
RSWAP 1 {1 111
CSWAP B :
ADD 1
DEL 1 1 t A :
RANK1 1121311 2 1
FINDB 1|1 1 11141
FIND2 111

Estimating how much work is done in the individual operations can
only be done for a specific implementation. To obtain an estimate of
the total work per iteration we need to estimate the probability
distribution of the 11 possible update combinations. While this is
dependent on the specific problem being solved, a reasonable degree

of uniformity has been observed.
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In the sections following we shall address these questions by
describing a specific implementation and by analyzing the statistics

of a number of test runs.
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7. Implementation

The foregoing details of the factorization were all implemented
in an in-core Fortran program LPBLK on the IBM 370/168 at the Stanford
Linear Accelerator Center. Suitable existing software was adapted
wherever possible, with the remainder of the program being written in
Mortran [4]1. Mortran was chosen for two reasons: Firstly, it allows
one to do structured programming, a key ingredient of any developmental
work in this area. Secondly, it retains all the important features of
Fortran: fast run times, ability to use the Watfiv compiler, and
comparability with other implementations, few of which are written
in any language other than Fortran.

Data is input in MPS/360 format [18]) including simple upper
and lower bounds on any of the variables. The code also has the
capability of starting the simplex algorithm from any prespecified
basis, input either in MPS/360 format or in the form of a bitmap, which
is a vector of n elements, each indicating whether a variable is
basic or nonbasic at its upper or lower bound. Such a capability
allows one to make detailed comparisons with other codes, especially
on large problems where running the problem from cold start to opti-

mality is both less instructive and of prohibitively large cost.

1Morttan was developed at the Stanford Linear Accelerator Center by
J. Cook and L. Shustek. It is a structured language together with
a Macro processor to translate the language into Fortran. Any
Fortran statement is a Mortran statement.

-
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Several of the important routines in LPBLK are adpatations of
routines written by John Tomlin. Indeed, LPBLK is modeled on his
experimental code LPM1 [28], which is an implementation of the revised
simplex algorithm using an LU decomposition of the basis with standard
product form update.

As a standard for comparison, we chose another in-core Fortran

code, MINOS [20] developed by B. Murtagh and M. Saunders. The linear

programming part of MINOS is a fast and stable implementation of the
revised, simplex method, taking no advantage of any structure other i f
than sparsity. It was easy to implement in LPBLK the CHUZR (choose

i pivot row) and PRICE (choose entering column) routines of MINOS so

that any differences in storage and run time could be accounted for by
the different methods of representing the basis inverse. For the 1
main basis factorization and updating details of MINOS, see [23]. The

routines of MINOS are all described in [24].

7.1. Factorizing and Updating the Ett

Since the Ett are sparse and are updated by an exchange of

columns, it was natural to treat them as one would the whole basis of
a general sparse linear program. Accordingly we chose to do an LU
factorization of itt and to update it using the method of Forrest

é and Tomlin [9].

For a given Ett’ the LU factorization is computed as follows.

Permute Ett to the form

e e e g - e . - e b e - -

o . " e e




o o

] "

where Ll and L2 are lower triangular and D 1is the smallest such

matrix. D 1is called the "bump." In order to prevent fill-in occurring

in F, reorder the rows and columns to obtain

by
E e
c D

where Ul is L2 permuted to form an upper triangular matrix. The
problem is thus reduced to finding an LU decomposition of D. This
can be done in a sparse manner by preordering the columns of D in

ascending order of "merit," i.e., compute

where ry is the number of non-zeros in row i, and reorder the columns

of D so that
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Each M, 1is an estimate of the potential number of nonzeros that can

3

be created by pivoting somewhere in column j of D. Further details

of this method may be found in [25].

Forrest and Tomlin updating is aimed at preserving the sparsity
of the LU factors. Although its stability properties are not ideal,
there is a convenient accuracy test (see [26]) that can be used to

decide whether or not reinversion is necessary.

7.2. Factorizing and Updating G

From Section 6, we see that whichever factorization we choose
for G, it will have to be such that rank one updates and changes in size

can be easily and stably accomplished. Unlike the B G 1is a com-

tt’
puted matrix so that the need for stable methods is even greater for
G than for the Ett'

In the light of these considerations, a QR factorization of G
seemed to be the logical choice. Since G turns out to be typically
between 30% and 50% dense there would be little need for sparsity
considerations, thus allowing the implementation to be relatively
straight forward.

For a detailed analysis of the QR factorization and methods of |

modifying the Q and R factors, see [15]. We shall provide only an

ki

outline of the main procedures.

The factors Q and R are defined to be those orthogonal and

upper triangular matrices respectively that satisfy

QG =R .
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If G is nonsingular then Q and R are uniqué up to some signs.

One method of computing these factors is to apply a sequence of ele-
mentary Householder transformations to G to reduce it to the matrix
R. The jth Householder transformation is an orthogonal matrix of the

form

T }
Pj I-2 uj uj

where u, 1s a vector satisfying u

3

formations have been applied we obtain

§ uj =1, After r of these trans-

=

X X X X X xw
X X X X X r
X X x X
P ¢« P. PG =
r P 5

X X x

X X X p-r
X x x_J

where G is p X p and the remaining (p - r) X (p - r) bottom
right hand matrix has yet to be reduced to upper-triangular form.
Thus the vectors uj have p - j + 1 nonzero components. After
p - 1 applications we obtain the desired R on the right hand side

and may form Q by evaluating the product

L2nt s g g

from left to right.
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The routines to perform this factorization were written by
Margaret Wright [30]. One of the features of her routines is that

one has the option to specify one of several column interchange strat-

egies, e.g., to choose as the next column to be reduced, the column

of largest Euclidean length in the remaining matrix. Having several

interchange strategies at one's disposal is important when dealing

with ill-conditioned systems. Further, using the abovementioned strat-

egy ensures that the diagonal elements of R are in descending order

of magnitude and in addition that {

This enables one to use the ratio
P = Irlll/lrppl

as a lower bound on the condition number K(G) (see [15]). The condi-
tion number of G is such that if perturbations of order € are ,

made in the data (G, g) of the system

the exact solution x will be perturbed by at most K(G) €. Thus

excessively large values of p may be taken as an indication that G




is ill-conditioned and that it or the whole factorization should be

recomputed perhaps with a different choice of B. (See Section 9.3.)

When G is modified by a matrix of rank one, the factors Q
and R may be updated by applying a sequence of plane rotations.

These are orthogonal matrices of the form

i th

3 th

where for a given vector x the numbers c¢ and s are chosen so
that T applied to x annihilates one of Xy xj and leaves elements
Xy k # i,j unaltered.

Suppose that G' =G + u vT and Q G = R. Then
Q(;‘-R+GvT

where u = Q u. Diagramatically we have

N &

&

QG' =

| €]
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We now apply rotations in the planes (p -1, p), (p -2, p),

cevy

-

(1, p) respectively to annihilate the elements Gp—l’ ceesyy in

this order. This yields

&

This operation is called a backward sweep. Adding the elements of

the second term on the right to the bottom row of R yields

A forward sweep is now performed to annihilate the last row of R

to restore it to upper-triangularity. This is accomplished by means

of rotations in the planes (1, p), (2, p), ..., (p - 1, p) respectively.

We obtain

T « T

. DR '. 1
2p2 p p-1 T1 Q6 "
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so that

Q'-T ese T T- cee TlQ N

Note that the order in which the rotations are applied is crucial.
Adding or deleting a row and column may be done similarly, with certain
simplifications.

At this point we need to decide how to handle Q. We can either
evaluate the product of the rotations and Householder transformations
and store Q as an explicit dense square matrix, or maintain Q in
product form. There are significant drawbacks and advantages associated

with both methods, and we shall analyze them in detail in Section 8.

7.3. Recomputing the Factorization B = BF

The ability of a simplex ccde to recompute the representation
of the basis in an efficient, sparse and stable manner is often what
distinguishes it from codes employing different basis representations.
In a typical run, one would refactorize the basis say every 50-100
iterations in order to reduce the number of nonzeros currently in the
representation and also to retain numerical accuracy. When starting
the run from a prespecified basis, the initial step is to refactorize
this basis before proceeding.

In Section 4 we sketched a method of finding a minimal factori-
zation for any given B. This involved finding a maximal linearly

independent subset of columns of each Btt and then augmenting them

B




appropriately with unit columns to obtain the corresponding itt' It

turns out that the method of computing the LU factors of a sparse non-
singular matrix outlined in Section 7.1 can be easily adapted for
this task.

We begin by permuting Btt to the form

- -
L
g &
e Eoy

as before, the only difference being that D is now rectangular. DI
may have more or fewer rows than columns, and may be of any rank.
Proceeding exactly as before we compute the "merit" counts of each
column of D and rearrange them so as to be in ascending order of
merit.

We now simply pivot in this order, skipping a column when there
is no nonzero of some suitable magnitude available as a pivotal element.
After one such pass, a second pass can be made through the set of
rejected columns in case some of them are now suitable for pivoting.
Finally, we insert unit columns in those rows in which no pivoting
has yet taken place.

The "merit" counts used in this manner are still reasonably

good estimates of the potential number of ronzeros that can be created
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by pivoting in a column. This is because like the matrices Btt’
D 1is usually not very far from being square, and is close to being of
full rank.

It is usually difficult to answer the question, what is the
rank of a matrix, or more precisely in our context, what is our

threshold for determining whether or not the next column is linearly

dependent on the current set. Observe that in our case, stopping a
few columns short of obtaining a maximal independent set is of little

consequence since it only implies that we shall be working with a

factorization that is slightly off from being minimal. Thus in the ]

rrTaprn

interests of stability it would pay us to use stricter tolerances
than in the case when we know what the rank of a matrix should be.

Once we have found our factor B we represent, in terms of B,

each column of B that was rejected in the above process. Thus if

p columns were rejected, we solve p sets of equations of the type ?

By = bi (some 1)

and form G by extracting from each y those components corresponding

to the augmented unit vectors.

7.4. Looking at the Fundamental Operations

We are now in a position to reconsider the factorization algorithm
with respect to the fundamental operations outlined in Section 6.4.

From the above implementation, it can be seen that each of these operations




can be broken down into combinations of the following basic operations:

TRANB -- a transformation involving one of the Ett’

TRANQ -- a transformation involving Q,

TRANR -- a transformation involving R,

SWEEP -- applying a sequence of rotations to annihilate a vector

of nonzeros.
By considering the specific details of the implementation

we arrive at the following table.

Table 3

Cross Reference of Operations in the Update

TRANQ TRANQ
TRANB | (@ EXPLICIT) | (Q PRODUCT) | SWEEP
INVUPD .5
K
FROW 5 |
FCOL (3]




Each entry is the average number of times that the operation
heading its column is used by the operation heading its row. For
example, the RSWAP operation uses 1.5 TRANQ operations when Q is
stored explicitly.

Note that the TRANR operation is not used during the update. It
is used only twice per iteration, in the solution of equations (4) and
(5). Also from Table 1 we see that the TRANB operation is in addi-
tion used 3K + [%] times during Phase I and 2K + [g] times during

Phase II.




8. Estimating the Work per Simplex Iteration Accounted for by the

Factorization

Obtaining a good estimate of how much work is involved in any
implementation is difficult if not impossible. Factors such as the
machine and compiler in question, array accesses, the characteristics
of the problem being run and the like, all have an important bearing
on the ultimate runtime. However, a criterion that is often used by
numerical analysts is the tcotal number of multiplications. While it
is far from adequate, it is usually instructive to analyze an algorithm
from this point of view.

We shall now do this by estimating how many multiplications per
simplex iteration are accounted for by each of the two factors B and
G. Closely related to estimating this quantity for G is the question

of G in product form versus G stored explicitly.

8.1. Q Stored in Product form Versus Q Stored Explicitly

A priori we see that storing Q in product form saves us
evaluating the product of the householder matrices as well as applying
each rotation explicitly to Q. However transformations involving Q
become more expensive, and in cases where a row or column of Q is
desired it now has to be computed by transforming an appropriate unit
vector. Further, as the factors accumulate, the need may arise for a

more frequent refactorization of G.
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In the following we shall assume that the size of G remains
roughly constant at p X p and that G and its QR factorization are

recomputed every q iterations. We shall also require the following

statistics
(i) a : the average number of sweeps per iteration,
(ii) p : the average proportion of rotations per sweep,

(iii) Yy : the average number of transformations involving Q, i.e.,
TRANQ operations,
(iv) n : the average number of nonzeros in the representation of

a Btt'

Note that in working with n, we are assuming that the itt's
are all comparable in size and further that the frequency for recomput-
ing the factorization B = BF has been fixed beforehand, so as to
keep n constant.

Let us begin by estimating the number of multiplications required
to generate the p columns of F of which G is a submatrix. Solv-

ing a system of the type
By = bi

requires on the average the solution of [%] 5 small systems involving

the Btt'

lwhen the number of periods is small this is a low estimate since most
of the columns determining G arise in the initial periods.




Solving systems of the type

will require at most 1N multiplications. For sparse right hand sides
one would usually require significantly fewer multiplications. How-
ever the right hand sides become progressively more dense as t
increases. On the other hand [%] underestimates the nuwber of small
systems to be solved, so that we may reasonably hope that the two
estimates off-set each other and conclude that, on the average, the

number of multiplications to generate G is
K
pn 351 .

8.1.1. Q Explicit

It is straightforward to show that recomputing the QR factori-
zation and forming the product of the Householder transformations both
require 2/3 P3 + O(pz) miltiplications. Thus if we recompute and
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