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On Selection Procedure for Normal Populations with
Common known Coefficient of Variation with an
Application to Multivariatc Normal Populations‘

by

Shanti S. Gupta and A. K. Singh
Purdue University
1. Introduction.
There are instances in the biological and physical sciences in which
a linear relationship between the sample means and the sample standard
deviations seems to exist. It is not unreésonable in such cases to assume
that the populatioﬁ standard deviation o is proportional to the population

mean 0, i.e. 0 = bl/2

6 where b is a positive constant. The unknown mean

0 is assumed to be positive. Khan (1968) has considered the problem of
estimation of 0 for the normal distribution N(e,bez) and has derived an
unbiased estimator which has the minimum variance among.a subclass of the
class of unbiased estimators. Glesser and Healy (1975) have derived an
estimator of 6 which has the minimum mean square error among a lafkcr class
than that considered by Khan, thus proving the inadmissibility wiéﬁ respect
to the squared error loss of Khan's estimator. However, the two estimators
mentioned above are asymptotically cquivalent, both being best asymptotically
normal (BAN)..‘The purpose of this paper is to investigate some problems of
selection when the underlying populations are normal witﬁ unknown positive

1/2

means 6 .»0, and a common known coefficient of variation b™’' ",

10
In Section 2 three procedures for selecting the normal population
associated with the largest mean are proposed and investigated. In Section
3 pairwise asymptotic comparisons are made between these rules. In Section

4 some operating characteristics of the rule Ry and R3 are computed for a

slippage type configuration of the normal means. Section 5 consists of an

*This research was supported in the Office of Naval Research contract N0001l4-
75-C-0455 at Purdue University. Reproduction in whole or in part is permitted
for any purpose of the United States Government.
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illustration of the use of the proposed rules. In Section 6, an application
of the rules in a problem of selection for multivariate normal population

is given.

2. Procedures for Selecting the Largest Normal Mean.

Let LEERERTLM be k (> 2) independent univariate normal populations

with means 6 ,8, , respectively, and a common known coefficient of

1P
1/2

k
variation b The goal is to selcct, on the basis of a sample xn....,xin
from L for each i, a subset which contains the population corresponding

to the largest ei with probability at least P*, where P* is a preassigned

constant (1/k < P* < 1). For each i =1,...,k let

i jui ij
and
n
s? e ¥ (% ~X)%/n.
i : i)
j=1
Also let B_ = (2b)"Y20((n-1)/2)/T(n/2). Then from Khan (1968) we have
1. T.. =X. and T.. = B nl/zs. are both unbiased estimators of 6,.
1i i 2i n 1 i

2. The estimator

TSi = n*TZi + (l-af)Tli (2.1)

where a* = b/[b + n{(n-1)r2((n-1)/2)/2r%(n/2) - 1}]
is the uniformly minimum variance unbiased estimator (UMVUE) among all

estimators of the type aT,. + (l-a)Tli, 0 <a<1, and is a BAN estimator

2i
with asymptotic variance bez/[n(1+2b)]. In fact, '1‘3i is the UMVUE among

all estimators of the type “TZi + (l-u)Tli, -» < o <= [see Gleser and

Healy (1975)].




For the problem of selcction of a subset containing the largest mean

the following rules will be investigated:

1 R,: Select n, iff T, >7Vc max T,., 2 =1,2,5 (2.2)
| L i 2i [) 1<j<k 2j

i where ¢, (0 < c, < 1) is the smallest constant satisfying the basic P*-

?* condition.

Probability of a Correct Selection.

: e
4 Let Yli Tli and Yt(i) represcnt the (unknown) Y-value associated
with i-th largest mean °[i]‘ Then
1
P(CS|R)) = P( max Y Lo Y oe i) (2.3)
L 1<j<k-1 L(3) o 2(k)

;’ Now, since (n/be?j]) 1) has a non-central xz(l,A ) distribution with

1 degree of freedom and non-centrality paramenter X = n/b, we have

N © k-1
e | 2 - 2
P(CS|R1) g j£1 G, (“°[k]/°1°[j])d°x (w) (2.4)

SR —

where GA (+) is the cumulative distribution function of a xZ(l.A ) distribution.
The integrand in (2.4) is clearly an increasing function of e[k]/O[j] and hence

the infimum of P(CSIRI) is attained at 6, = ... = 6,. Hence the equation

T e ———

is

for <

c';'l(u/cl)dcA (u) = P*. (2.5)

o8

Now, from Han (1975), we have

Pa——

1 G, () = (K + ) - 8 (/X - /). (2.6)

P = s P S B b T o S T e
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It follows from (2.5) and (2.6) that ¢, can be determined from

1
2

o8

[¢(T5 + Te)) - (b - AaTe1*

[¢(/n75 + Vu) + ¢(/n/b - Yu)ldu = P*. (2.7)

al”

For selected values of k, P* and VA = /n/b, values of <, satisfying
(2.7) have been computed, and tables of these values are given at the end
of this paper.

Similarly, using the fact that n Y2(j)/ b Bﬁeij] has a central chi-
square distribution with n - 1 degrces of freedom (df) it can be seen that

the smallest <, is given by

g [c“_l(u/cz)]"‘l dG,_ () = p*, (2.8)

where Gn-l denotes the distribution function of a central chi-square random
variable with df n-1.

The constant s for the rule R3 is obtained by using the asymptotic
distribution of TBi' The cquation in this case is the same as (2.7) with

n/b replaced by n(1+2b)/b.

Expected Size of the Selected Subset.

The size of the subset selected by a rule of the form (2.1) is a
random variable and its cxpected value is used as a criteria of efficiency
of a selection procedure [sce, for example, Gupta (1965)]. For a rule R,
let Po(ilkl = Pe(i.k,n,P*IR) denote the probability of selecting the population'

associated with 0 ;, when 9 is the true parameter value. Then

B e
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k
Eg(SIR) = '] P (i,k,n,P*[R). (2.9)
- izl =

Now, for the rule RZ’ we have

o k

Py (i, k,m,PH[R)) = £ & (6, (WO, €207;1146, ). (2.10)
j#i
and for ¢ = 1,3
o Kk 2 5
gg(i,k.n.p-|nl) = £ jfxlc* (“°[i]|°z°[j])]dcx (u) (2.11)
j#i

where A = n/b for R,, and = n(1+2b)/b for R

1 3
Expressions for Ee(SIR) for the rules under consideration can be obtained

from (2.9), (2.10) and (2.11).

It is clear from (2.10) and (2.11) that the selection rules given by (2.2)
are strongly monotone [see Santner (1975)], i.e.
+ o[i] if remaining components of 6

Pe(i.k,n,P'IRl) is

are kept fixed

+ 0[)]' j # 1 if remaining components

of 0 are kept fixed.

Expected Sum of Ranks.

If the population associated with meane[i] is given rank i, then the

expected sum of ranks of the populations selected by a rule R is given by

k
v, (kPHR|R) = § i P(i,k, P40 |RI/K = k¥, (k,P*,n[R). (2.12)
2 i=1

Expected sum of ranks by itself does not tell much, and it is more

meaningful to look at the ratio Volno.
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3. Asymptotic Relative Efficiencies of R, and R2 with Respect to RS‘

1
In this section on asymptotic comparison is made among the three rules
when k = 2 and the parameters are in a slippage-type configuration. Suppose
we are given two normal populations N(e,bez) and N(Ae.bAzez) with 6 > 0,
b >0and A > 1. The population with mean 8 will be referred to as the
non-best population.
Let S* denote the number of non-best populations selected by a rule.
Then small values of S* are desirable and therefore, consistent with the
basic P*-condition, one would like to keep the expected value of S* as small

as possible. For a given € (0<e <1), let NR(c) be the number of observations

nceded so that
E(S*|R) = €. (3.1)

The fbllowing definition of ARE will be used [see Barlow and Gupta

(1969) ]:

1
N (€)
N, (¢) °
Rl .

Definition 3.1: The ARE of a rule R, relative to another rule R is given by

ARE(Rl,R;e) = lim
e+0

Consider first the rules R1 and RS‘ For the sake of convenience we will

suppress the subscript 2 (£ = 1,3). We have
P(CS|R) = P(W < a%/c) (3.2)

where W = AZY )/Y(Z) is approximately distributed as an F random variable

(1

with degrees of freedom (m,m) where m = (1+x)2/(102x). Hence the smallest

- e e
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¢ satisfying the basic P*-condition is given by

Fm’n(c'l) = pr. (3.3)

It follows from Zelen and Severo (1964) that

cwNe » ; (3.4)
where
2
v o= yhew 3
-1
y=¢"(PY)
(3.5)
h = x2/(1+2x)
2
W= (y-31/6.
Next, we have
2 2
E(S*[R) = P(W < 1/(ca™)) = ¥ (1/(ca")). (3.6)
Lquating (3.6) to €, we have
ca® e e-Zw" g , 3.7
where w' is same as w of (3.5) with y replaced by y' = O-I(e). Hence
w-w'= log A, , (3.8)

For R = Rl we have A = n/b and therefore, for n sufficiently large, (3.8)

leads to

NRl(c) « 2b(y-y")%/(log 0)3. (3.9)




Similarly

N, (©) = 2b(y-y') >/ (1+2b) 1og 4)2. (3.10)
3
and therefore
NR (¢)
3 -1

ARE(R, ,R,) = lim ———— = (1+2b) " . (3.11)

| S, N, (¢)

e+0 R1

In a similar way we can show that

Ng () = ((y'-y)/108 8% + 2, (3.12)
2

which, together with (3.10), gives

2b (&= : )2
ARE(R,,R,) = lim —1t2b 108 8
e+0 (_Z:Zlq .2 (3.13)
log A

= 2b/(1+2b),

since y' » -=» as g » 0.

It is clear from (3.11) and (3.13) that RI(RZ) and RS are asymptotically
equivalent if b is small (large) and therefore, for reasons of being simpler
to use, may be preferred over R3 for b small (large). RS’ however, does
provide considerable saving in terms of sample size for intermediate values
of b. This fact is also intuitively appealing, as R3 uses more information
contained in the sample than either of thc other two rules.

The above discussion seems to indicate that R3 should be preferred over

Rl and R2 if b is of moderate size. In the next section we investigate the

rules R, and Rs further by numerically computing the values of the functions

Pe, Eo/k. Yle and ‘I'e/lie of Section 2 associated with these rules.
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4. On the Performance of the Rule Rl and RS'

Let the k population means be 0,40, .. A%

where A > 1 is a known

y = ad=)
constant. Then O[illolj] A and

P(ilk)nbp.lR) " (

1]
O~ 8

k PN A
oe(/x + A IATE) e (A AT AT (4.1)
j=1
j#i
L (B D) s (7 - ) )du.

2/u

where A = n/b for R

Rl’ and A = n(1+2b)/b for R = R3.

The expected subset size EO(SIR), the expected average rank Wle(S|R) and

the ratio Vo/[i0 can now be obtained from (2.8) and (2.11).
/2

For selected values of k,P*, A and Al , the probability

given by (4.1) has been computed and tables are given at the end of this paper.

For example, if k = 4, P* = .90, A = 3.0, Al/z

= 1.5, then R selects the
second best and third best populations with probabilities .788 and .345,
respectively. The probability of sclecting the best population has to be

at least .90, and actually cquals .972 in this case. Tables are also
provided for the expected proportion of populations in the subset U%(Sle)/k).
the expected average rank of the selected subset, and the ratio of expected
sum of ranks to thecxpected subset size. For example, if k = 4, P* = .90,

A= 3.0, 11/2

= 1.5, then the expected sum of ranks is 6.99 which compares
with 7, the sum of ranks of the two best populations since the expected subset

size is 2.16.

Remarks: It is clear from (4.1) that

1. For fixed k, A, P* and i = 1(k), the probability fo selecting the i-th

population strictly decreases (increases) to 0(l) as A is increased.

e
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O LN VRS %
2 v Sl [ o(n (e A T /e -e (- A YAZe)D
£ % i y
= [0/ VA) + ¢(/A- V) ]du
2/u
> LE%ll. [ [o(/x+ A’°k/h/c3)-¢(/i; Al-k/h/cs)]k-l
0

o A fgi /T AN+ SO ) Tu.
2/u

S. An Example
In this section we illustrate the use of the proposed selection rules.
Using the IMSL subroutine GGNOR, 8 pseudo-random numbers were generated from

each of 5 normal populations with means 0, = 1.0, 6, = 2.5, 8, = .25, 8, = 4.5,

1 2 3 4
eg = 1.5 and common cocfficient of variation b = .5. Values of the statistics

T and T

TR 3i’ i=1,...,5 of Section 2 computed from these samples are

given below:

J 1 2 3 4 5
Ty .805 2.417 .217 5.396 1.015
T2 .602 2.648 .251 3.787 1.554
Ty 712 2.523 .232  4.661 1.261

For the rule R, we have /X = 4.0. For P* = .95, the tabulated value of

the constant c1 is .2038. llence Rl reduces to

Rl: select LA iff Tli > 5.396v.2038 = 2.436 .




11

Thus using R, we select the best population m,.

Similarly, for P* = .95, Cz = .2401 and the rule R3 reduces to

R,: select LA iff T

& > 2.284,

3i

resulting in the selection of w_, and Tye

2
For the rule R2’ the constant <, is .242 [see Table IB of Gupta (1963)],

so that in this case we have

Rz: select n. iff T,. > 1.863,
i . 21 —

which again results in the selection of ", and Ty

6. Selection of the Largest Characteristic Root of a Multivariate Population.
Suppose that n independent observation vectors XyoeeenXy are recorded on

a k-dimensional random vector which is distributed according to the multi-

variate normal law with mean vector py and non-singular covariance matrix I.

Assume that I has distinct characteristic roots 0 < A, < ... < A The

1 k’
largest characteristic root Ay is of interest in many practical situations
and one may wish to select a subset of {xi: i=1,...,k} which contains
Ak.

Let S denote the sample covariance matrix

N - s
S = jzl(gj -0 -3

where x is the vector of the sample means. Let 0 < %) < ... < & denote the

characteristic roots of S. It has been shown by Anderson (1951) that, for

large n, /n/Z(!.i--Ai)/A1 is approximately a standard normal variate and is

s o e e = v e = —
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12
independent of Aj. j #1i. 1t follows that the problem of selection of the
largest root Ak is equivalent to that considered in Section 2 with
ei = /n Ai and b = 2/n. Moreover, since b is small in this case, it follows

’3 from (3.11) that the rule Rl may be preferred to R2 or R, for reasons of
g: simplicity. |
g
b
1
| B
b
i
; -!
i | ‘!
L
i

;
|

7 TN 40 Py L S i e et




Table showing the values of ¢ = c(k,P*,vA) for the rules R, and Ry.

P* = .90

; /A | 1.s 2.0 2.5 3.0 4.0 5.6789 ;
2 .0533  .1144  .1943 2691 3873 .4536 i
3 .0311  .0764  .1429 .2090 .3203 . 3986 ;
, 4 .0230 .0634  .1234 .1847 .2913 .3729 il
; 5 .0191 ,0566  .1125 .1751 .2740 .3570
} 8 .0143  .0465  .0959 .1491 .2462 .3304
i 11 .0123  ,0418  .0876 .1381 .2318 .3159
i 14 .0111  ,0388  .0823 .1310 .2223 .3063
4
i

For given k and n, the entries in this table are the values of ¢
which satisfy

k-1 %

GA (u/c)dcl(u) =P

o8

n/b for Rl

where G(+) is the cdf of non-central xz(l.x). and )\ = { é
" n(1+2b)/b for R3

P Y sy e ot S Ry S




Table showing the values of ¢ = c(k,P*,/A) for the rules R, and R;.

11

14

1.5

.0170
.0123
.01006
.0100
.0083
.0076

.0071

¢ which satisfy

where G(-) is the cdf of non-central yx>(1,)), and A ={

2.0

.0407
.0247
. 0185
.0155
.0116
.0100

.0091

p* =

2.5

. 0984
L0717
.0612
.0557
. 0466
.0419

.0389

.95

3.0

. 1664
. 1296
.1146
. 1060
.0927
.0860

.0819

g G, (u/c)dGA(u) = P

4.0

.2845
.2372
.2164
.2038
.1836
.1730

.1661

5.6789

.2995
. 2662
.2502
.2401
.2231
.2137

.2074

For given k and n, the entries in this table are the values of

n/b for R1

n(1+2b)/b for R3 :
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For the rules R, and Ry, and the configuration (6,40,...,4%716) this tables gives the

probability of selecting the normal population with rank i when the population

i-1

with mean A~ "6 has rank i, i =1,...,k; the constant A > 1 and the

common coefficient of variation b are known.

P* = .90, /A = 3.0

A 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

Do & b

to
—

.700 .469 .293 .183 .119 .080 .057 .043 | 4
2 . 968 .984 .990 .993 .995 .995 .996 .997 ‘
¥ .3 .440 .093 .019 .005 .002 .001 .000 .000
2 .780 .575 . 389 .256 .170 .116 .083 .061
3 .976 .988 .992 .994 .995 . 996 .997 .997
4 1 .162 .004 .000 .000 .000 .000 .000 .000
2 .497 117 .025 .007 .002 .001 .001 .000
3 .814 .625 .440 . 297 .201 .139 .099 .073 ]
4 .979 .989 .993 .995 .996 .996 .997 .998
12 SEN . 027 .000 .000 .000 .000 .000 .000 .000
2 .179 .005 .000 .000 .000 .000 .000 .000
i | 3 .521 .128 .028 .008 .003 .001 .001 .000
4 .827 .646 .462 317 .216 .150 .107 .079

S .981 .990 993 .995 .996 . 996 .997 .998

n/b for R
Here )\ = {
! n(l1+2b)/b for R

1
3
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For the rules Rl and Rs, and the configuration (e,Ae,...,Ak'lo). this tables gives
the expected average rank of the selected subset (top), the expected

proportion of the populations selected in the subset (middle) and the ratio

of expected sum of ranks to cxpected subset size when the population with

mean Ai'IO has rank i; the constant A > 1 and the common coefficient of

variance b are known.

LS g0 fiias 3.0 Tigs Pliyg @y g Tigg
2 1.318 1.219 1.137 1.085 1.054 1.03 1.025 1.018
R i T R S N B

1.580 1.677 1.771 1.845 1.892 1.926 1.945 1.958

3 1.643 1.402 1.258 1.167 1.109 1.074 1.052 1.038
JI32 552 6T LAIN. 380 YR 360 . 553

2.245 © 2.540  2.694 2.792 2.851 2.895 2.922  2.941
4 1.879 1.518 1.335 1,221 1.148 1.101 1.072 1.0S3
S AN NS e a0 EMe TR a6

3.065 3.498 3.658 3.757  3.827 3.877 3.912 3.929

5 2,032 1.586 1.380 1.253 1.170 1.117 1.083 1.061

.507 .354 .297 .2064 .243 .230 «821 .215

4.008 4.480 4.646 4.746 4.815 4.857 4.900 4.935

n/b
Here A = {
n(1+2b)/b for R
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For the rules R1 and RS’ and the configuration (O,Ae.....Ak'le). this table gives
probability of selecting the normal population with rank i when the population

i-1

with mean A™ "6 has rank i, i = 1,...,k; the constant A > 1 and the common

coefficient of variation b are known.

P* = .90, /A = 4.0

A 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

2 ') .577 . 270 .114 .051 .025 .013 .007 .005
2  .985 .996 .998 .999 .999 .999 1.000 1.000
350k .219 .qQ13 .001 .000 .000 .000 .000 .000
2 .677 .363 .169 .078 .038 .020 .012 .007
3 .99 .997 .999 . 999 .999 .999 1.000 1.000
4 1 .029 .000 .000 .000 .000 .000 .000 .000
2 .264 .017 .001 . 000 .000 .000 .000 .000
3 723 .414 .203 .096 .048 .026 .015 .009
4 .992 .997 .999 .999 .999 1.000 1.000 1.000
5 1 .00l .000 .000 .000 .000 .000 .000 .000
2  .036 .000 .000 . 000 .000 .000 .000 .000
3 .296 .021 .002 .000 .000 .000 .000 .000
4 .750 .448 .227 .110 .055 .030 .017 .010

S5 .993 .998 . 999 .999 .999 1.000 1.000 1.000

n/b for R1

Here A= { ¢
3

n(l1+2b)/b for R




For the rules R, and RS' and the configuration (e,Ae,...,Ak'le). this tables gives

1
the expected average rank of the selected subset (top), the expected
proportion of the populations selected in the subset (middle) and the ratio
of expected sum of ranks to expected subset size when the population with

mean Ai'le has rank i; the constant A > 1 and the common cocfficillt of

variance b are known.

P* = .90, VX = 4.0

P 2.5 3.0 3.5 4.0 4.5 5.0

k
2 1.273 1.130 1.055 1.024 1.012 1.006 1.003 1.002
.781 .633 .556 .525 .512 .506 .504 .502
1.630 1.785 1.897 1.950 1.977 1.988 1.990 1.996
3 1.514 1.243 1.111 1.051 1.025 1.013 1.008 1.005
.629 .458 .389 .359 . 346 . 340 .337 .336
2.407 2,714 2.856 2.928 2.962 2.979 2.991 2.991
4 1.673 1.317 1.151 1,072 1.035 1.00% 1.011 1.006
502 +387 .301 .274 .262 . 256 . 254 .252
3.333 3.689 3.824 3.912 3.950 3.980 3.980 3.992
5 1.785 1.369 1.181 1.087 1.044 1.023 1.013 1.008
.415 .293 . 245 222 .211 . 206 .203 .202
4.301 4.672 4.820 4.896 4,948 4,966 4.990 4.990
n/b for R1
Here ) = { .

n(1+2b)/b for R

3
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For the rules R} and RS' and the configuration (e.AO.....Ak'lo). this tables gives

probability of selecting the normal population with rank i when the population

with mean Ai'le has rank i, i =1,...,k; the constant A > 1 and the common

coefficient of variation b are known,

pP*

.95, /A = 3.0 *

a4 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

i
2 1 .840  .666  .483 .33  .231  .161  .115  .085 ;
2 .983  .991  .994  .995  .996  .997  .997  .998 :
31, .651 . A0R . .US1 .. .01 . . 088 ... 003 .. 0L . .00
2 .887 .752  .588  .435 .}14 226 .164  .122
3 .98  .992  .995  .996  .997  .997  .998  .999

4 1 .343 .016 .001 000 .000  .000 .000 .000
2 .698 .249 .064 .019 .007 .003 .001 .001

3 .906 .789 .638 .487  .360 . 264 .194 .145 .
4 .988 .993 .995 .996 .997 .998 .998 .999
5 1 .096 .000 .000 .000 .000 .000 .000 .000

2 .378 .019 .001 .000 .000 .000 .000 .000
3 .726 .276 .074 .022 .008 .003 .002 .001
4 .916 .810 .667 .520 .391 «290 .216 .162
5 .989 . 994 .995 .996 .997 .998 .999 .999

n/b for Rl
Here )\ = { .
n(1+2b)/b for RS




For the rules R, and R
the expected average rank of the selected subset (top), the expected
nroportion of the populations selected in the subset (middle) and the ratio
of expected sum of ranks to expected subset size when the population with

mean Ai°le has rank i; the constant A > 1 and the common coefficient of

1

and the configuration (6,46,...,A" "8), this tables gives

k-1
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variance b are known.
P* = .95, /A = 3.0
4 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
k
e 1.402 3328 1285 1168 " 1.111 .077 1.055 1.040
.911 .828 739 .66S .613 .579 .556 .541
1.539 1.598 1.671 1.749 1.812 .860 1.897 1.922
3 1.795 1.563 1.404 1.291 1.208 .149 1.108 1.080
.841 .651 . 545 .482 .439 .409 .388 374
2.134 2.401 2:576 -2,678  2.752 .809 2.856 2,888
4 2.102 © 1.713 1.506 1.371 1.271 .197  1.145 1.108
.734 .512 .425 .376 . 341 .316 .299 .286
2.864 3.346  3.544 3.646 3.727 .788 3.829 3.874
S 2.328 1.815 1.574 1.426 1.315 43¢ 1,172 1.139
.621 .420 .348 .308 .279 .258 .243 w232
3.749 4.321 4.523 4.630 4.713 .775 4.823 4.866
n/b for R1
Here A = { .

n(1+2b)/b for R

3




For the rules Rl and Rs, and the configuration (O.Ao.....Ak'le). this tables gives
probability of selecting the normal population with rank i when the population

i-1

with mean A~ "6 has rank j,. i = 1,...,k; the constant 4 > 1 and the common

coefficient of variation b are known.

P* = .95, /A = 4.0

& LS 2.0 2.5 3.0 3.5 4.0 4.5 5.0

2 1 750 AT 3 0k 081 037 .016 .00
2 .992 .998  .999  .999  .999 1.000 1.000 1.000
3 1 .37  .033  .003  .000 .000 .000 .000  .000
7 908 - 839" .90 .40 677 .43 .04 .08
3 .995 .998  .999  .999 1.000 1.000 1.000 1.000
a 1 .077 .000 .000 .000 .000 .000 .000 .000
2 .428  .043  .004  .000 .000 .000 .000  .000
3 .89 .581 .35 .178  .094 .051 .0%0 .08
4 .996  .998  .999  .999 1.000 1.000 1.000 1.000
5 1 .004 .000 .000 .000 .000 .000 .000  .000
2 .091 .000 .000 .000 .000 .000 .000  .000
3 .464 .051 .005  .001  .000 .000 .000  .000
4 .857 .613  .366  .200 .107 .089  .034 .02l
5 .996  .999  .999  .999 1.000 1.000 1.000 1.000

n/b for Rl
Here A = { .
n(1+2b)/b for R3

s 1 o T e S T I S TN T, PN 2w e doreagm 2 9



22

RS

and the configuzation (O,Ao,...,Ak'1

o

S o R B e

For the rules R1 and RS'

the expected average rank of the selected subset (top), the expected

8), this tables gives

proportion of the populations selected in the subset (middle) and the ratio

of expected sum of ranks to expected subset size when the population with ! |
mean Ai'le has rank i; the constant A > 1 and the common coefficient of

variance b are known.

P* = .95, VX = 4.0

A 1.5¢ 2.0 2.5 3.0 3.5 4.0 4.5 5.0

2 1.359 1.211 1.108 1.050 1.025 1.013 1.007 1.004
.863 <712 .605 +550 .525 .513 .508 .505

1.57§ 1.701 1.826 1.909 1,952 1.975 1.982 1.988

3 1.658 1.362 1.393 1.099 1.051 1.027 1.016 1.009
726 520 .431 .383 .359 .347 .341 .338

2.284 2.619 2.768 2.869 2,928 2.960 2.979 2.985
4 1.858 1.455 1.252 1.133 1.070 1.038 1.022 1.013

.585 .406 .335 .295 278 .263 « 257 .254

3.176  3.584 3.737 3.841 3.919 3.947 3,977 3.988

) 1.998 1.520 1.295 1.160 1.085 1.047 1.027 1.016
.483 .333 .274 .240 221 .212 . 207 .204
4.137 4.565 4.726 4.833 4,910 4.939 4.961 4.980

n/b for R1
Here A = { .
n(1+2b)/b for R3

\
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