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SECTION 1. INTRODUCTION

Recently studies have been initiated! with the goal of improving the 3
accuracy of free-flight rockets. Although significant reductions in disper- j
sion of free~flight rockets have been accomplished by utilizing modern ;
manufacturing methods, by using various techniques, such as spinning the ;
rocket to minimize the effects of mechanical thrust misalignment,and by using
launchers which provide release of the rocket without producing appreciable
tipoff, further improvement in free-flight rocket accuracy will forseeably
require more detailed analysis of factors which were once considered relatively
insignificant. One such factor is that of transverse flexibility of the rocket.

Since no structure is perfectly rigid, all rockets are flexible to some
extent. In the past, however, most free-flight rockets were designed with
length to diameter (L/D) ratios less than, say, fifteen. Furthermore, the
structures of these rockets tended to be dense. Such rockets are so
relatively rigid that they may be modeled well as variable-mass rigid bodies.?
Advances in materials science have, however, presented the free-rocket
designer with strong, light-weight alloys and composite materials. Free-flight
rockets constructed using such materials will, in general, be lighter
(warhead excluded) than their predecessors and often more flexible. Further-
more, efficiency in terms of aerodynamic design dictates large L/D rockets
which are now structurally possible configurations, but which tend to be
more flexible than the previous rockets with smaller L/D's.

The magnitude of the effect of the flexibility of a spinning free rocket
on dispersion has not been established accurately. In fact, although a good

1




2
deal of work has been expended in the area of determining the effects of
flexibility on the stability and control of rockets of the launch vehicle

3455  relatively little work concerning flexible, spinning rockets

type,
has been done. In this regard, an article by Reis and Sundberg® addresses

| the problem of aeroelastic bending of spinning sounding rockets using a simple
two-rigid-body model similar to one of these discussed in the body of this
report, while Womack, et. 3£.7 discuss the use of a more complex model based
on the use of normal modes for modeling the flexibility of such rockets. A

general approach to the flexible spinning rocket problem is taken by Meriovitch.®

The problem treated here is different from the problem of modeling the

dynamics of a flexible, spinning, sounding rocket, because in the launch of a
free-flight rocket, the rocket passes from a constrained condition to a free
condition. This transition is of utmost importance for free rockets, because
their accuracy is greatly affected by their state at the time of release

from the rocket launcher.

The primary purpose of the effort reported on here is to provide a basis
for determining the effects of transverse flexibility of free-flight rockets
on their motion during the launch phase and during the free-flight phase up to
the time when aerodynamic reactions become significant. A two-pronged

approach was adopted. On one hand, the most simple model which it was felt

would give meaningful results was formulated and results obtained therefrom.
Concurrently, a fairly sophisticated model, based partly on the results of ;

Ref. 9 was developed. |

The simple model of a flexible rocket consists of two rigid bodies
coupled in such a way that only transverse relative rotation is allowed and l

that rotation is resisted by linear torsional springs (with viscous damping

i
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also present). This model is described in Section 2. In that section,

nonlinear equations of motion for the free-flight phase are derived and

5 e RSN e ST e

linear,.constant-coefficient approximations to these obtained. Results

Rirs

E 4 obtained by solving the linear equations in closed form are presented

also. Furthermore, nonlinear equations of motion for launch from a non-

§ i moving, or "rigid," launcher are derived and some results of numerical
solutions to these are presented and discussed.

The more complex model is described in Section 3. This model is that
of a slender, elastic body which has acting on it a thrust force and

gravity (No aerodynamic reactions are considered.). Hybrid differential

equations, i.e., differential equations which contair both partial and
ordinary derivatives, are derived. These are replaced, approximately, with
ordinary differential equations by using the method of assumed modes. 10
Two different types of mode shapes are used. For the launch phase, pinned-

pinned-free mode shapes for a uniform, slender beam are used because of

the desire to model the launcher (considered "rigid") constraints. For the

free-flight phase, free-free mode shapes, also for a uniform, slender beam,

8

are used. Furthermore, since instantaneous principal axes® are used for the

free-flight phase as well as the different mode shapes, the equations needed
to transform the "final conditions' of the launch phase into "initial con-

ditions" for the free-flight phase are given also. Due to the fact that the {
digital computer code which is used to produce numerical solutions in both

sets of equations was not completely debugged by the due date of this report,

no results obtained from it are presented. However, some comments are made

in regard to "anticipated" results.

In Section 4, conclusions reached during the course of this investiga-

tion are stated and recommendations for further study are made.




SECTION 2. TWO-BODY FLEXIBLE ROCKET MODEL

2.1 Description of the Model

The two-body physical model of a free~flight rocket is shown in Fig. 1.
The model is composed of two almost axisymmetric rigid bodies. These bodies
are connected at point R in such a manner that ghe forward body (hereinafter
called Body 2) may rotate relative to the aft body (hereinafter called Body 1)
transversely with respect to the symmetry (if no dynamic imbalance is present)
axis of Body 1. This relative rotation is elastically restrained and viscous
damping is also present.

The point P is located at the aft end of Body 1 and the center of mass of

Body 1, denoted C . The vector

1

1 2 and &2 are directed from R to

C2 (the center of mass of Body 2) and from C2 to Q, respectively. The points P

1’ is located with respect to P by the vector r

L. connects the points P and R and the vectors r
and Q correspond to the points at which the rocket is supported while it is on
the launcher.

During the launch phase, it is assumed that the launcher does not move.

Hence, it is referred to as a '"rigid" launcher. Thus, while on the launcher,

the rocket is constrained so that the points P and Q translate along a fixed

straight line. In addition to the constraint forces acting at P and Q, the ]
rocket is subjected to external forces due to thrust and gravity while it is on
the launcher. However, its mass is assumed constant during this phase.

During the free-flight phase, a free-flight rocket is generally acted on
by gravity, aerodynamic reactions and forces and moments due to the flow internal

to the rocket. At present, it is desired to maintain simplicity in our model.

4
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Hence, the aerodynamic reactions as well as all the forces and moments on the
rocket due to intermal flow, except the thrust, are neglected. These should

be relatively small compared to the thrust and weight during the first two or
three tenths of a second of flight. The thrust force is assumed to act only

on Body 1 and its magnitude and direction relative to the longitudinal axis of
Body 1 are assumed constant. Furthermore, the mass of the rocket is assumed
constant during this phase as in the launch phase. The assumption of constant
mass should be fairly valid for the time period immediately after launch during

which optical lever data is acquired.

Torsional Springs
Body 1 & Viscous Dampers

Figure 1. Simple two-body rocket model.

i
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2.2 Nonlinear Equations for the Free-Flight Phase

The equations of motion for the physical model described for the off-the-
launcher, or free-flight phase,# may be obtained by applying Newton's laws of
motion directly, or by using an energy-based method such as Lagrange's. Here
we choose the direct approach in the sense of Ref. 2. Equations of motion
for the system of two bodies are first obtained. Next, the equations of motion
for Body 2 are derived.

Explanation of Notatiom

A dextral, orthogonal, coordinate system, OXYZ, fixed to the earth's
surface is used as the reference for all motion. A Body l-fixed coordinate
» are defined

system, and a corresponding Body 2-fixed system,

Cyx91%0 C%2¥2%;

such that the xj-axis is the longitudinal axis of Body j. The yi- and z,-axes

are arbitrarily oriented and the Yo~ and z,~axes lie in the xly - and x, z_-planes,

1 11

respectively, when the x.- and x -axes are collinear. The system Cxyz is defined

1 2
such that, although its origin is the center of mass of Bodies 1 and 2, its axes

are aligned with the C system (see Fig. 2). The vectors p, and p, shown

1*171% 2

in Fig. 2 are defined by the two equatioms,

1

g “ By T % tI, (1)

and

m oo, +m,p, =0, (2)

where mj is the mass of Body j. Thus,

£y = (%) + 1y (3a)

+The free-flight phase is considered first in this report because it was
considered first in time during this contractual effort.

B . o
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and

py = (1-w) (& +1,) (3b)

where u = mZ/M, with M = oy + m, denoting the total mass of the rocket.

Z

Figure 2. Coordinate systems used in two-body model analysis.

In what follows, the angular velocity of the Cxyz coordinate system (and

also the C.x system) is Q, the angular velocity of the szyzz2 system is

1*171%1

9, and the angular velocity of the szzyzz2 system relative to the cxyz system

is @y/1° Also, the centroidal inertia dyadic of Body j is lj.




In addition to the notation thus far defined, we shall use a dot over a
matrix, or a vector, to denote total differentiation of that quantity with
respect to time, while a small circle over a vector will be used to denote
differentiation - with respect to time of only the components of
that vector as resolved in the Cxyz system. Furthermore, the notation 6V/&t
is used to denote the derivative of the components of a vector quantity V as

resolved in the C,x coordinate frame. A bar (line) under a quantity is

3%
used to indicate that such quantity is either a vector or a column matrix, while
two bars (lines) under a quantity indicate that it is a dyadic or a square matrix.

Finally, a tilde above a 3xl column matrix is used to indicate that a skew-

symmetric 3x3 matrix is to be formed from its elements and zeroes. For example,

given
Ql
a=la, > (4)
%
0 -93 92
f:IA Q; 0 -af . (5)
—92 Ql 0

Equations of Motion for the System

Newton's laws of mction for a particle may be used to show that the time rate
of change of the angular momentum of the system composed of Bodies 1 and 2 about
C is equal to Ic’ the external torque about C. The angular momentum of the system

about C, §c, may be expressed in the form,

e o —

e
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= ) . Q + + 2
P W A T T e
. (6)
e, 1l
By using Eqs. (3), we may rewrite Ec as
TR R L Rty el ) @
where ¢ = mlmZ/M' Since éc‘gc’ it follows from Eq. (7) that
()
T,=I1, - 2+8x1 +a+], -(6Q/st + su, ,/6t)
@ vEn T BVt VR XU V) i

The right-hand side of Eq. (8) is actually more complicated than it might first
appear, because 21 and 22 are rather complicated expressions when expanded out
in full.

It is convenient to convert Eq. (8) into its matrix counterpart at this
point. If we use the unit vectors i, j and 3 (which are parallel to the x-,
y- and z-axes, respectively) as our basis vectors (Body 1 basis) for writing the
matrix equation and want to express 92/1, 32 and I, in the Body 2 basis (unit
vectors iz, iz and gz),we need a transformation matrix to relate the two bases.

A suitable matrix is

c6,ch c6,s6 ~s0

273 2.3 2
A = —363 ce3 0 s 9
c6_s0 -80,80 c

|
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where 62 and 63 (see Fig. 3) are angles of relative rotation of Body 2 with

respect to Body 1 about the ¥y~ and z_ -axes, respectively, and ceé cos 6 and

1
w0t win b, The satzis A thus relates the unit vector triads (i,i,g) and

(¢ ) through the equation,

2’j2

i i
) k
X
2 Y Y,

//////"}

Wiy
II'

ln.~\ >

2y

Figure 3. Relative orientation of bodies 1 and 2.




|
|
|
|
|
|
|
|

11

It can be shown that

i éz/l 4> (11)

and, since (a number under a matrix denotes the basis used)

2=42,
2 1
the matrix counterpart of the vector 62/6t is -92/1 AQ+A é . This fact may
1
be used to get the results,*
. ~ T .- -
L2318+ 8fa+h L4808 40 +u,)
2 2 2
@A 4§ 0 L R
- & w21 =2 ‘= =2/1
2 2 2
- T - . R .
to(k, +A A (-2 a+a0g 13)
2 1
AT E af-a,, AQ+a,,)
Ez-‘- 52/1-- 22/1

where the Body 1 basis is used unless otherwise indicated. Also

b L %
T = - [u(i, +A ©, A) + £, ]F, (14)
ic =1 = 52 é -1 IT

where ET is the thrust.
Equation (13) governs the motion of the system of two bodies about the system
center of mass. It can be considered an equation from which Q may be obtained.

An additional, independent,matrix, differential equation for 92/1 is needed.

*A superscript T is used to denote the transpose of a matrix.

by diid . o
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Relative Motion of Body 2

A differential equation governing the motion of Body 2 with respect to
Body 1 may be obtained by using the fact that the time rate of change of the
angular momentum of Body 2 about R, minus the mass of Body 2 times the cross
.product of I, and the acceleration of the point R,is equal to the torque about
R. To see that this is the case, we write gdmz’ the acceleration of dm2

(an element of mass of Body 2) in the form,

o i - "
édmz _Rp+£l 11 r + p 3 » (15)

where g; is a generic position vector from C2 to dmz. By forming the cross

product of I, + 9:2 with each side of Eq. (15) and integrating over the mass

of Body 2, we get*

m, £ X (R +r + 2 ) +m r xr

-2 -1 2 - -2
* o = %
+ | e} x p% dm, H (r; +03) xa, dm, . (16)
m, m, 2
But,
i () + e3) x gdmz dm, = T., the torque on Body 2 about R, 6%))
2

and the sum of the second and third terms on the left-hand side of Eq. (16) is
the time rate of change of the angular momentum of Body 2 due to its rotation
about the point R. Also, the acceleration of R is Rp + rl + 11

Now, we first introduce the centroidal inertia dyadic of Body 2 and the

equation for translational motion of my,

"Note that [ o 2 0, by virtue of the definition of p¥.

=2’
m2




R +r
-p -

where F is the external force on the rocket, into Eq. (16).

13

(18)

Next, using Mg as

the force due to gravity on the two-body system and FT as the thrust, E-ET + Mg

il % Sl
get

Gn"v&uh*

x F

Fr where T

2/1

R Tl T

+1, - (/s + 692/1/6t)
PR th R T

The Body l-basis, matrix counterpart of Eq. (18) is

where ET’ 51

expressed in the Body 2 basis.

T .: s -~ -~ L ]
g AF +A(I, -0, AL -or, r,]AQ
o i, r2] w2/1

a2 +r, Wy & a

T ~ P T ~ x
& 9 MA@+ 4 ©2/1 M)A 1,]

G AO+EA T RO+ Aw ., 1. AG
-2,1-- -= =) = - - -2/1 2 = =
I, w +ATJ) I, w

22 =2/1 = =2/1 =2 =2/1°

and Q are expressed in the Body 1 basis and Iy ;2 and 92/1 a

is the torque on Body 2 due to Body 1, we

(19)

(20)

re

Equation (20) is the desired matrix equation

which, along with Eq. (13), governs the attitude motion of the rocket's two parts.
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We can rewrite Eq. (20) in the form,

it nnth e
where the definitions of JZZ’ £12 and 22 follow from Eq. (19). Then*

- —1 -l L]

Qn"dnl-dpdnt- i

In a similar manner, Eq. (13) can be rewritten in the form,

dn 2*tdp et L )

Thus, by using Eq. (22) to eliminate éZ/l from Eq. (23), we get

-1 . -1
(1) ~d12dpp 3531 8= 1) - 315 350 Ty - (24)

Similarly, by solving Eq. (23) for é and using that solution in Eq. (21), we

obtain

_1 . = > -1
oy = dpp 311 2121 91 =T -0 31 Ty - (25)

The derivatives é and é2/l can be obtained from Eqs. (24) and (25) by simply
inverting the 3x3 matrices in square brackets and premultiplying each equation
by the proper inverse matrix.
Kinematic Equations for Rotation

The orientation of the Cxyz coordinate frame is defined by the Euler angles

¥, ©, and ¢. As shown in Fig. 4, a 3-2-1 rotation sequence is used. The

kinematic equations for these angles are

¥ = (2, sin ¢ + Q, cos ¢)/cos 0, (26a)

+A superscript -1 is used to denote the inverse of a square matrix.

e g

e —— e ——— et .
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Q= 2, cos ¢ - 2, sin ¢ (26b)
and :
% = Ql-+ (92 sin ¢ + 93 cos ¢)tam O, (26¢)
where the Qj, j=1,2,3, are the elements of Q.
1
x i |
o
° 1l y
C 4 i
v/, :
s

Figure 4. Orientation of body 1.

P ——

The orientation of Body 2 relative to Body 1 is defined by the previously

introduced angles 92 and 93. These angles are used in a 3-2 rotation sequence,

as shown in Fig. 3. From the geometry on Fig. 3, one may deduce the kinematic

equations,

%
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63 = m3/cos 0, (27a)

(27v)

De

=W

from which these angles may be determined. Here, w, and ws are elements of
T

32/1’ i.e., gZ/l = (0 w2 w3) .

Translational Motion

Although it is of secondary importance in this investigation, for the sake
of completeness, we shall set out differential equations for the translational
motion of the two-body rocket's center of mass. In point of fact, the equation
governing translational motions of C is Eq. (18). However, we chose to write
it in the less complicated vector form,

V= - GXVeE/M (28)

where V is the velocity of C. A matrix form of Eq. (28)(Body 1 basis) is
V=0V+cg+E /M, (29
where g = (O o g)T. Also, in Eq. (29) the matrix C is a transformation

matrix which relates the fixed OXYZ basis and the Body 1 basis. Explicitly,

cOcY cOsY -s0
g = -cds¥Y+sdc¥sO codc¥+sds¥sO sdc0O 5 (30)
sds¥+cdcY sind -sdcY+cds¥sO cdcO

Furthermore, o (u v W)T. Notice that, although the values of ép’ il’

and é at the instant of release of the rocket from the launcher are

- 2

1

- IR e D T g R M
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needed to define u, v and w at that point in time, thereafter, they may be
determined by solving Eq. (29).

The matrix kinematic equation for translational motion is simply

H d
| = ¢|v| . (31)
LZ_ w

The nonlinear equations for motion of the two-body rocket model during
the free-flight phase consist of Eqs. (24), (25), (26), (27), (29), and (31).
These equations are complicated and a closed-form,general solution to them
does not appear attainable. However, several reasonable assumptions may be
made which allow us to simplify the equations greatly, thereby obtaining
equations to which closed-form solutions may be obtained. The next subsec-

tion contains the details of these simplificationms.

2.3 Linear Equations for the Free-Flight Phase

The equations derived in the previous subsection may be greatly simplified
by making several assumptions which, generally, are reasonable ones. The first

of these is that the angles 6, and 03, which in effect are measures of the amount

2

the rocket bends, are small enough that. sin 92 =8 =1, sin 6, = 6

s COS 6 3 3

2 2

and cos 63 = 1. By adopting this assumption, we may use the approximationmn,




93 = Wy - (33)

Our second assumption is that the angles © and Y are also small enough that

the sines of these angles are approximately equal to the angles in radians and

i
§
|
i
that the cosines of the angles are each approximately unity. The assumption f
that © is small limits the launcher elevation to small angles. However, at small i

1
values of O, the effects of bending of the rocket due to its weight will be i

|
greatest, so that this is a conservative assumption. ;

!

With small © and ¥, we get the following approximation to c:

1 y -0
C = |-Yco +0s0 co 0. (34)
¥Ys® + Ocd -sd cd
We also may simplify Eqs. (26) to get
¥ = 92 st + 03 cd, (35a)
5 0 35b 1
- -
©=Q,ct-0a,s (35b)
i and %
’ 6=nl+~ie. (35¢) ’

Now, if ¥ and O are to remain small, ¥ and 0 must be small. Furthermore,

for a "good" launch, Y and O are small compared to one radian per second. It

. asiassn -
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then follows, from Eqs. (35), that Qz and 93 are of the same magnitude as

0 and ¥ and hence are '"small."

We shall further assume that Ql >> ¥ 0. Thus, Eq. (35c) can be further

simplified to get the approximate equation,
¢ =Q . (36)
The assumption that ¥ and 6 are small compared to unity makes it possible
for us to simplify the equations of rotational motion significantly. First of

all, we can discard any products of @, and Q_, and also any squares of these

2 3!
variables, from the equations. Furthermore, it generally is possible to assume

that w, and w, are also less than unity, although for large-amplitude, high-
frequency vibration they may have magnitudes near unity at times.+ Thus, any
products of wy and wg or of wy and wy and 92 or 93 may be discarded as being
higher order.

The terms which contain Qi and ﬁl are retained for the present. These may
be very large compared to unity if the rocket is spinning.

Although more generality could be maintained with additional effort, it is

assumed here that the following geometric equations hold:

T

E e (r1 0 @)% (37a)
5
T
%1 = (11 0 0) (37b)
and
5= (x, 0 ' il (37¢)
2

where r» 21 and r, are constants. These equations imply that the centers of

mass of the bodies both lie on the x-axis when the rocket is not "bent." .

1.Gemu'alj.y, lower amplitudes are associated with higher frequencies.
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The inertia matrices are assumed to have the forms,

3

0
Al 0
1 10 Az 0 (38)
1
} 0 0 A2
and
Bl 0 0 k
;2 =10 B2 o1, (39)
2 !
0 0 32 |
|
which of course imply that the bodies are axisymmetric and dynamically balanced.
The torque 22/1 is considered to be a linear function of 52, 63, 62 and 63 and
T
%T (FT azFT -ayFT) , where ay and a are spall mechanical thrust misalignment
angles as shown in Fig. 5.
\ s
Y
R £

Figure 5. Mechanical thrust misalignment angles.

After a good deal of algebra and the use of the above stated assumptions, the

equations of rotational motion may be reduced to the forms, 1

Ql = T’/IA (40)
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and

I1Xe

Ix=gx+T, 1)

where Ts is the x-component of the torque Ic and IA = Al + B1 is the moment of

inertia about the x-axis when there is no deformation of the rocket. In Eq. (41),

Iis a 6x6 matrix, the nonzero elements of which are I.. = A _+B, + o(£1+rz)2,

11 2 2

= - = - = = = 2
I3 = By +or,(Ry¥r,), Ty = Ipys Ijp = I = I3y = Iygs I35 = Iy = B, * o1y

and 155 = 166 = 1. Furthermore, x = (Qz 93 wy Wg 8, 93)T and the nonzero elements

of the 6x6 matrix B are

= 20T s
BlZ Ql[A2 + B2 + 0(£1+rz) Al Bl] 5

314 = 31[232-31 +2g¢g rz(zl+r2)],

(2,+r,)]

= 2 3
B ur F_+Q [B2 Bl + or 117,

15 2T 1 2

B = 91[32 - B

16 + or, (44r))]

1

Byy = = Bype

Bys = = By

Bys ® = Bige (42)

By6 = B1s

532 = 91[32-31 + Or2(21+r2)]

333 = -c,

B,, = 91[2 BZ-B

2
% + Zorz | B

1

= 2 = 21 o
335 "rZFT + 91 [B2 Bl + or, ] -k,

- g - 2
B 01[32 Bl + or, ]

36
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41 32’
By3 = = Byye
0. ®=c .
44 ’
845 = - B36’ (42 cont.)
Bss = B3s

and

By " By Ls

where c and k are damping and stiffness coefficients which appear in the internal *

torque.

The term T in Eq. (41) is due to the mechanical thrust misalignment and has

the form

["“y I-',r zc - a, F'r zc 0 0 0 o]" , (43)

where lc = [ﬂ.lm1 + (21 + rl

The complete set of linearized, rotational motion equations consists of

+ rz)mZ]/M.

Eqs. (35a), (35b), (36), (40) and (41). These equations, although linear, have

variable coefficients if Ql is not constant. In the next section, the additional

assumption that 91 is constant is made and closed-form solutions for 92, 93,

N

Wys Wqs 92, 63, © and Y are obtained.

2.4 Solution to the Linear Equations when Spin Rate is Constant and Nonzero
When spin rate, ¢ = 91, is constant, the matrix B of Eq. (41) is constant.

In this case, the linear equations are time invariant and may be solved exactly

by elementary methods. Once the solution for E(t) is obt;ined, the elements

x " Q, and x, = Q_ may be inserted into Eqs. (35a) and (35b) and solutions for

2 2 3
Y and © obtained by directly integrating with respect to time.

TR T
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We first consider the homogeneous equation Eé = Bx and let
-1
d=2 R

when 91 is constant. Hence, the system of equations to be solved is

X

=ax, (44)

- where A is a constant 6x6 matrix. It is well known that the general solution to

Eq. (44) is composed of six linearly independent solutions of the form,

At
where gj is an eigenvector of A and Aj is the corresponding eigenvalue. The

eigenvalues are zeros of the function,

£ = [AL =4l , (46)

where I is the 6x6 identity matrix and | | denotes the determinant. The eigen-

vectors e, are such that

3
BO ey =0 (3=1,2,3,...,6) (47)

where g(k ) = A I-4.

B 3

For the particular problem of interest, when Ql # 0, the eigenvalues and
eigenvectors generally occur in complex conjugate pairs. From this fact we
conclude that the homogeneous solution for each element of x is the super-
position of six trigonometric terms, each of which is multiplied by an exponential
function of time.

We define E to be a 6x6 matrix, the odd columns of which are composed the

real parts of eigenvectors corresponding to three eigenvalues, none of which are

complex conjugates of another and each of which has a positive imaginary part.




R ——

24

The even columns of E are composed of the negatives of the imaginary parts of

5’ and wj
of the previous subsections) the imaginary part

the chosen eigenvectors. We also let nj denote the real part of A

(not to be confused with wy OF wy

of A,. The homogeneous solution for x may then be written as

3

Eh(t) - E-l D Ex , (48)

= =0

where x = x(t ) and, with © = t-t ,
=0 o o

B Y
P ol 49
Q 9 233
In Eq. (49),
peo -
nTt n,t
e 3 cos W,T e 3 sin ij
gjj - (j-l’293) . (50)
n,Tt n,Tt
-e i sin w,T e 3 cos w,T
§ h| ] d

Equation (48) can also be written as
§h(t) L 2(t.to)§b ’

where § is the state transition matrix.

Solution for Y and ©

To integrate Eqs. (35a) and (35b), we need to replace 92 and 93 by their

explicit solutions, ¢ by Q2,1 and integrate each equation term by term. Dropping

1

the subscript h for the present, we write the solutions for the x, in the explicit

b
forms,
3 nit
x, = 121. (Ayy c08 w;t + B, sin 0,0 (471,2,..,6) , (51)
R ——— 3
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where, if Ejk is an element of E and Cj is an element of C = E'l x

Aoy = B5.o0e1 Coaer * By % (52a)
and

Rey * By.20-1 O30 = B2 21 ¢ (52b)

Since 92 = x) and 93 z X5 the desired expressions for these variables are
available and, upon inserting them into Eqs. (35a) and (35b), we obtain

(assuming oo s o(to) = 0)

nT

. 1 3 i
it | 121 e ™ {(a;)-B;,)cos p<

+ (Ag;+B,,) cos qt

- 12 ) sin Pyt (53a)
= (Agp- 11) o
and
2 1 3 n T
Y = 3.121 {(A12 il) cos p, + (Aiz-Bil)cos 9T
+ (A11°312) sin PyT + (Ail 12)sin qir}, (53b)

where Py " nl-mi and q = 91 + w, . Equations (53) may also be written in the

matrix form,
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- .

- -
cos pir sin p1T A11'°12 .k

Y fin pir cos piE LA12+-Bil_

= 5 — =
cos qit sin qir Ail+-B12 & %

3
+3 1 & 155 (54)
i=]1

[8in q,7 cos q 7| |A B,

from which the orthogonality of 6 and ¥ may be seen.

The integration of Eq. (54) is straightforward and the result we obtain is

-

C] " 3 nT Ail-B12
e
e 1Y
1=1 0 +p?
Y -A12+Bil‘
- =
¥ 3 enir Ail+812
e W ] (55)
i-1 n2+q?
i i A -B
L 12 i1d
where
ni(cpit-l)'+pispit -[nispit-pi(cpit-l)]
B(1)=

n, [sp; t-p, (cp, T-1)] n, (ep,T=1)+p sp, T (56)

and Q(t) has the same form as P(1), but in Q(t) the q take the place of the Py

Equations (51) and (55) along with ¢ =Q_t constitute the complete solution

1
for the rotation motion of the two parts of the rocket model when there is
no mechanical thrust misalignment. To use the solutions it is only necessary to

(1) determine the eigenvalues and eigenvectors of the matrix A, (2) form E,

e
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(3) invert E, (4) form ¢ = E-l X (5) determine Aij and B,,, (6) determine Py

ij
and 9y (7) substitute the time at which the solution is to be evaluated into

the equations, and (8) calculate the values of the variables.

Thrust Misalignment Effects

f |
é Because the solution to the linearized equations for the case when the |

thrust vector is not aligned with the xl-axis will be needed in the next sub-

section, we consider here the problem of obtaining such a solution. This

2 requires that we find the general solution to the nonhomogeneous equation (41), %

or equivalently, the equation,

x=Ax+f, (57)

where

i

=1 T
! i [-ayFTlc,—azFTﬂ.c,O,O,O.O]. (58)

The solution for §(t) in this case is composed of the solution to

, e
14

= Ax, i.e., the homogeneous solution Eh’ plus a particular solution. Since

< f is constant, a particular solution is
2 = a7l (59)
1: The solution z" Eh + fp is subject to the initial conditions 50 = 5(0). Thus,
i §h(0) = 50-5 P and the constants which appear in the homogeneous part of the solution
é are determined from Eq. (48) with x (0) in place of x .
i When thrust misalignﬁent effects are present, the solutions for QZExl and
Q3Ex2 have the extra terms xlp and x2p and those for © and Y have the additional 5
i terms (xlplnl) sin +(x2p/91)(cos¢ =1) and (xlplnl)(l-coc¢) +(x2p/91) sin ¢, ?

respectively. The effects of these terms will be discussed in the next subsection, |
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but, generally speaking, their inclusion results in periodic variations in
© and ¥ at the spin frequency. Furthermore, the.inclusion of the effects of
thrust misalignment in this form (i.e., constant thrust) results in changes

in the bending amplitudes and rates because §h(0) and not X is used to obtain

N——

these.

For all cases considered to date, one of the complex pairs of eigenvalues

has a very small magnitude real part and an imaginary part very nearly equal

to the spin frequency. Numerically, this small magnitude real part is sometimes

R
i

e e B w

negative. The other two are always negative if damping is present. That the
small magnitude real part was sometimes found to be positive was at first
surprising, because it implies that the motion is asymptotically stable,
although the spin is nominally about the axis of minimum moment of inertia. At

first sight, this result appears inconsistent with the popular "maximum moment

of inertia spin criterion" of spacecraft attitude dynamics, which states that
torque-free spin of a quasi-rigid+ body about its axis of moment of inertia is
unstable when there is inertial dissipation.!! The key difference in the space-
craft case and the two-body rocket is that the spacecraft must be quasi-rigid
for the criterion to apply to the two-body rocket is not quasi rigid, since the
parts which move relative to each other are of essentially equal mass. To

verify that this is, in fact, a reason for the different results, the second

body of the two-body rocket model was replaced by a small point mass attached
to a massless rigid rod hinged to Body 1 at point R. The eigenvalues for this
"spacecraft" model were calculated and one of the three complex conjugate pairs
possesses a positive real part. Hence, it appears that the relative size of

the two bodies and/or lack of sufficient numerical precision causes this anomaly.

1-'I'he moving parts of the spacecraft have small mass compared to the total
spacecraft mass.
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Actually, for our purposes, it is not very important if the small magni-
tude real part is positive, or negative, as long as its magnitude is small
{ compared to those of the other real parts and small compared to the reciprocal
of the time period of interest. For, if this is the case, the other two
modes will rapidly die out leaving the lightly damped mode as the dominant
motion.
The lightly damped mode is of special iﬁterest because, generally, it is

essentially a "rigid-body" mode in which very little relative motion between

the two parts of the rocket exists. If the two parts of the rocket are
identical, it is exactly a rigid-body mode. Furthermore, the frequency of the
lightly damped mode is essentially the rigid-body nutation frequency so that
when 9 and @ are formed their parts due to their mode are long-period, lightly-
damped oscillations. In a plot covering a time period much smaller than the
long-period of these oscillations, they appear as straight lines. Hence, we
are led to define a "steady-state transverse rate" éss as the square root of

the sum of the squares of the coefficients of the sine and cosine terms of

lightly damped parts of 92 = xl. The square root of the sum of the squares of
the corresponding coefficients in the Q_, = x, solution is the same, i.e., Q

3 2 2

and 93 are orthogonal.

The quantity éss is felt to be a good measure of the adverse transverse

PP —

rate caused by bending and thrust misalignment, the effects of which are

ST

incorporated in it through Eh(o) =x - fp'

2.5 Results from the Solution to the Linear Equations

Although the solution given in subsection 2.4 is in closed form, it is

not explicit enough that the effects of changes of system parameters can be

S R e S e e, ___h
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determined without numerical computations. Hence, a digital computer code
(FORTRAN IV) for evaluating the solution was developed. It is completely
"gelf-contained" in that no system subroutines are needed (except for plotting), F
For the most part, it is a linear system analysis code which takes given
values of the system constants and (1) generates the matrices I, B and T,
(2) forms A= 5-1,1; and f = é‘l T, (3) determines the eigenvalues and eigenvectors
of A, and (4) prints out the explicit numerical form of the solution for §(t)
and those for O(t), ¥Y(t), @N(t) and WN(t) at various time points and (6) stores
these values for plotting. A working version of this code has been made
available to U.S. Army personnel.
The code was used to obtain the results presented in this subsection.
These results include '"general" parametric results and some results for a
specific rocket model which are compared with test data. The '"general"
parametric results were obtained by adopting a baseline rocket model,determining
its nominal behavior and then varying one of the system parameters. The
~.characteristics of the baseline,or nominal (N),rocket model are given in
Table 1. The rocket model's two parts were assumed to be homogeneous, right
circular cylinders of equal radius and their moments of inertia were computed
from standard formulas. This method of computing the moments of inertia
results values for the overall moments of inertias which are approximately
the same as those of an actual free-flight rocket . The length Il.l+r1 was chosen so
that the center cf mass of the rocket model is at the hinge point. This was
i done so the first bending mode should be well approximated when the two bodies ‘

are identical. It is not a necessary requirement.

¢

s e et
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Physical characteristics of the baseline mogel.

Table 1.

Body 1
m 50.466 kg
2 0.938 m
r, 0.938 m
Radius 0.095 m
A 0.228 kg-m?
A, 14.91 kg-m?

44482 Nt

Body 2
m, 64.286 kg
2, -0.335 m
r, 0.739 m

Radius 0.095 m
0.290 kg-m?

11.86 kg-m?

106.29 kg-m?

0.518 kg-m?

AP
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The initial conditions used to obtain all the results given in this sub-
section were determined by specifying the initial transverse angular deflections
and rates of the nose of the rocket and requiring that the line segment
P& bé nonrotating initially as it would be in a launch from an ideally rigid
launéher. Also, a zero initial roll angle is assumed. These conditions are

sufficient to obtain the initial conditions ij' Explicitly,

Xp9 =[Gy + 1)/ + ) T¥ R + 0y

%50 = -[(22 + rz)/(zl + tl)](-eNon + WNO) 5

1

X0 ™ -[(d/(z2 + rz)] X0 °
Xeq = [d/(!.1 + rl)] o0 ° (60)

’

P [d/(l1 #* rl)] Yno

v =-lG, +r,)/d] x

o 50

and
- S L s r2)/d] L
= + + .
where d 21 rl + 22 r2
The initial conditions for the nominal case were obtained using the above

equations and Y 0 = 0.0001 rad., O __ = Y =0 =0. The time history of WN

N NO NO NO

is shown in Fig. 6. The mean value of VN is very slightly decreasing and

the damping is apparent in that the amplitude of the bending oscillations is
noticeably decreasing with time. The primary effect of non-zero VN initially

is seen in the plot of ON as a function of time in Fig. 7. It is a secular change
in @N of -1.213x10~3 rad/sec. There are no bending oscillations apparent in

the eN curve until the Coriolis coupling terms transfer some of the bending

present in WN into the pitch plane.
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Figure 6. Time history of yaw angle of rocket's nose.
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Because the spin rate influences the 'steady-state' rate greatly, values
of éss were determined for various spin rates in addition to those listed
in Table 2. For the case of only bending of magnitude 0.0001 radians, the results
are shown in Fig. 8. The variation of éss as a function of spin rate is
linear. When "additive" mechanical thrust misalignment (Case 1) is also
present, the variation of éss with spin rate has a minimum at about 9 Hz
(see Fig. 9).

A Specific Example

Optical lever data are available for several rockets flight tested

12 gome of these rockets apparently bent

during an experimental program.
transversely a good deal if the data is assumed to be accurate to say

*0.0001 rad. Hence, it was decided to test the adequacy of the two~body
rocket model by trying to match the optical lever data of one rocket with

GN and WN time histories generated using the solution.

The rocket chosen to be modeled was the GEM #7. That rocket was spun up
using an eroding spin turbine, so its spin rate was not constant. A mean rate
of 47 rad/sec was therefore chosen because the two-body solution requires a
constant spin rate. The other characteristics of GEM {#7 are given in Table 3.

The optical lever data obtained during the flight of GEM #7 were used to
determine the "mean" rates of the yaw and pitch angles of that rocket's nose.
These were taken as -0.0097 and 0.036 rad/sec, respectively. Also, from the

data, the values of Y., O, iN and éN due to bending at the end of guidance

were estimated. These values are as follows:

= -0.00025 radians, wNO

¥ = 0.00025 radians, O

NO NO = 0.0 rad/sec and

GNO = 0.364 rad/sec.
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Table 3. Characteristics of GEM #7

Length (m) 3.348

Radius at aft end (m) 0.1575

F Mass (kg) 114.76
I, (kg-w?) 99.705
. (kg-m2?) 0.40636
Thrust (Nt) 44482

Frequency of first

bending mode (Hz) o
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The model characteristics given in Table 4 were developed from the
actual characteristics of the rocket. Note that IT and Ix for the model
are not exactly those of the actual rocket because of the use of right
circular cylinders to model the two parts of the rocket.

The three frequencies of the two-body model are 82.8 Hz, 68 Hz, and
7.44 Hz. The characteristics of the solution are such that the 'bending’
frequency of the model is 68 Hz and the lowest frequency is the model's
nutation frequency.

To determine the amount of thrust misalignment (an equivalent amount of
mass imbalance could be substituted) which results in the mean rate cited
above, the two-body computer code was run six times with Y__., © y .

NO’ “NO’ WNO’ 9
ay and az successively equal numerically to 0.001. From the six rums,

NO’

"sensitivity" coefficients were determined. These, when multiplied by the
given values of the initial values of yaw and pitch angles and their time
rates of change, and the appropriate thrust misalignment angles, result in
the desired mean rates. The values of ay and o, thus obtained are
0.0006765 and -0.004598 radians, respectively. These values are within the
realm of physical possibility.

By running the two-body model computer program with the values given
above, plots of ON and ?N versus time were generated. These plots were time-
shifted to match the phase of the experimental data. A shifting was also
made to eliminate the bias of the data. The resulting theoretical time
histories are shown as the solid curves in Fig. 10. The dashed curves were

obtained from Ref. 12 and represent smoothed optical lever data. The time

0.15 seconds on the plots corresponds to the end of guidance time of
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Figure 10. Comparison of flight test data and theoretical results.




0.1901 seconds. Very good agreement is apparent, although the model is a

simple one. In particular, only the first bending mode is modeled and,
since a constant spin rate is used in generating the analytical solution,
the variable spin rate of the actual rocket is not precisely modeled.

We conclude that the simple two-body model can be used to analyze optical
lever data which contains evidence of rocket transverse bending.

An important observation which may be made concerning these results is
that, on the basis of the model, the bending of the rocket contributed a
transverse rigid body rate at launch of magnitude 0.115 rad/sec. The
thrust misalignment was, in this particular case, such that it opposed the
effect of bending so that the observed transverse rate at launch was less

than that due solely to bending.

Table 4. Characteristics of two-body model of GEM #7

Body 1 Body 2
oy (kg) 50.466 m, (kg) 64.286
21 (m) 0.9376 22 (m) -0.3354
T, (m) 0.9376 T, (m) 0.7393
Radius (m) 0.095 Radius (m) 0.095
- it
A (kg-m<) 0.2279 Bl (kg-m<) 0.2903
A, (kg-m2) 14.909 B, (kg-m2) 11.857

k (Nt-m) 1.491x108
F,r (Nt) 44482
L, (kg-m?) 106.29

X (kg-m2) 0.5182
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2.6 Nonlinear Equations for Motion on a Rigid Launcher

As stated in Section 1, the equations for motion on a rigid launcher
were not developed until near the end of this study. Because of this, they
were not used to obtain initial conditions for the free-flight phase equations given
supra. This is not considered to detract from the results given in the pre-
ceding section, however, because the initial conditions used to obtain those
results are representative of those measured during flight tests.

The launch-phase equations are given here for the purposes of (1) "com-
pleting" the model and (2) providing a means of studying the motion of a two-
body rocket ideally constrained on a rigid launcher. An obvious, and probably
needed, extension of the equations given in this subsection would be to include
a launcher model with three or more degrees of freedom.

Constraints

While on the launcher, the points P and Q are constrained to travel along
the xL-axis of the launcher coordinate frame OxLyLzL shown in Fig. 11. The
two bodies therefore have four degrees of freedom during the launch
phase. These may be chosen to be:(1l) the displacement of the point P along
the xL-axis, Xp3 (2) the yaw angle of Body 1 relative to the xL-axis, vs
(3) the pitch angle of Body 1 relative to the OxLyLzL frame, 6; (4) the roll
angle of Body 1 about the xl-axis.

The orientations of the unit vector triads (iL’ iL’ EL)’ (il’ il’ El) and
(iz, iZ’ Ez) relative to each other and to the inertial reference frame unit

vector triad (i. é, g) are defined by the following equations:

S — w———-—“-—J




Figure 11. Two-body rocket model geometry during launch phase.
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i) = A 11 ’ (61)
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i cO 0 -s0 I

(63)

[ N
(]
o
-
o

1>

o
1=<>

EL sGL cGL
where GL is the launcher elevation angle.

The requirement that P and Q translate along the xL-axis is fulfilled if

P translates along that axis,

+ + c 3, =

(r S =1 32) =0 (64a)
and

¢ Rt il TR R Tl S : (64b)

e T T
Now, assuming that r, = (r, 0 07, 2, = (&, 0 0)', r, = (r, 0 0) and
il 1 =1 1 §2 2

&2 = (12 0 O)Tand that 62, 63, Y and 6 are small angles (which certainly
2

should be the case), Eqs. (61), (62) and (64) can be used to obtain the

following result:

cé s¢ 8

= - R 3 (65)
9 -8¢ cod (]

where R = (r; + &, + 1, + 12)/(r2 * 22)-+ By differentiating Eq. (65) with

1

respect to time and using the approximate equations,

2 = b s : (66a)

92 = éc¢ + $s¢ (66b)
and

Q= Z88 + Uch, (66¢c)

Tie %, < 0, then r, must not be equal to |12|.

2
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we obtain
e2 Q e3 Q2
5 = 1 -R . (67)
63 -02 93

The total angular velocity of Body 2 in the Body 2 basis is denoted w. Since
2

L] . T
; = A + §2/1 and ;2/1 = (0 62 83), we find that

10

n

(2, (-R)g, (1—R>n3)T : (68)

3 1
Equations (65) and (68) are the main constraint equations used in the
derivation of equations of motion which follows. Although they are approximate,

the small angle approximations on which they are based are very good approxi-

mations.

Equations of Motion

Free-body diagrams of Bodies 1 and 2 are shown in Fig. 12. The forces EP

and F_ are forces of constraint exerted by the launcher on the rocket, while

Q

is the force exerted on Body 1 by Body 2. By letting H,, and m R_ denote
R -j,Cj j-Cj

the rotational angular momentum and linear momentum, respectively, of Body j i

E

and referring to Fig. 12, we may write

él/cl =4 xF - xE + 31/2 pit (69a)

% éz/cz - e EQ R VR Rl SV P (69b)

| m B EtmEthtE (69¢)
and

m, i_a'.c2 ol At AL W (694)

P
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Figure 12. Free-body diagrams of bodies 1 and 2.

Equations (69c) and (69d) may be solved for —F and- F.,-iceecy-

“Q
-g = - mlgc + g + ml g+ FR
and
EQ-mZRC2+F 2-8-'

(70a)

(70b)

Equations (70) may then be used to eliminate F_ and F. from the first two of

=p -Q
Eqs. (69), viz.,

§1/c1'(4"1"51)"511'”1‘“‘11‘1'”1"“15
_1/2 + T + rl x F
and
Bgye, = +l")""'R*"'z”‘z-cz 2% 8" L4

(71a)

(71b)

-t
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Also, by adding the last two of Eqs. (69), we obtain

B A i
MBL ET M§+£P F

3 (72)

where as before M-ml'!-mz and EC is the acceleration of the system center of mass.

If we neglect the frictional forces which act parallel to the xL-axis at P and

Q, then
M ch = ET . EL + Mg 1L (73)
= i + i & K -
Letting ER FRl il FR2 11 FR3 k. and using the small angle approxima
tion to A to get
i s it e 4 24 K. i

we may combine Eqs. (71) to get
e R I T S e e Yy

B, " R

’ + (ay+r )Fp (8, §, + 65 k)

1

-[1/(®-1)][%, x(m, Ecz- m, )]

£ & " %
r, (m, §C1 m gl + [R/GR-DIT, , + T (75)
At this point, we begin the change to matrix notation and express EC and
1
Rc in their Body l-basis forms,+
=c, :

1"rhe brackets with subscripts indicate that the inertial, or total, vector
derivative bracketed is evaluated in the basis corresponding to the subscript.
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<o . GO .
R. 1, = B( 0 0" +Q0r, - r, Q (76a)
B8 R 5 4 il ol
and
[ 1, = 3G, 0 OF + B ) -y x )i |
2 11 1
+pl T, - p Ep 0 (76b) g
22 2 272
Now, from Newton's second law, still using vectors,
R.=F /M +g 77)
! - - -
and,from kinematics and the definition of the center of mass,
M I_lc = M(l_t.P + El) + tllz(&1 + 52). (78)
Thus, by expressing the derivatives of the vectors in Eq. (78) in the launcher
basis using Eqs. (76), we get
(xp 0 O)E =2 B" {Ep/M - QGr, + 51 Q (
1 b AR e 1 !
§
~ul(@ 2y - 2 D+ gon I, + (R-1)r, @] %
111 T 22 2 1 §
+c o T, : (79) !

where we have used the constraint equation (68) to write é = ( él (1-R) 52 ‘
o 2 i
(1—3)93)T and ; = (r2 0 0)T has been assumed, also




PRy

¢
‘*.'
o
)
H
I3

We next use Eqs. (76) and Eq. (79) in Eq. (78), expressed in matrix form,

to obtain the equation which governs the rotational motion of Body 1,

bic Q+ A" [1/(R-1)]

NIE

I,
2

-u(21+r1) (F'r - M g sin eL) (0 o

NIE @

{1

=10
[ bk

2

T ~
- m,[1/(R-1)]1A" , (4[B E

T
=] 2 (ET/M &

=i

- (nnzl + ww rz) +C(0 0 g)
111 22 2

+QQ(2+r)]+wwr -AC( O s)T}
-1—1 5'2'7 = =

- r BE B [F/M - 08 r

- u(@@ g, +a" G5 r) +cO 0 '
111 33

r. O T
= gy 98 £y =y G40 -0, 8)7]
1 l1 i1 l1 1
ST o L
+ [R/(R-1)]A(O klez +coe, k 93 +c 93)

+ (Ts g 0): (80)
where

- T =
Loy = L1 +4 ILa-mI[5f - % BE B L]

- (/R-D] my {147 &, 4G 4]

-4 L ABE Bl +uG -4 5 /@DD
~(n /) E BE, BT(E, - AT 5, (U/R-DIP (81)

and the axial component of ER’ F, , is approximated by u(!‘,r - M 8 sin GL).

e

L T

s
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Numerical integrations of Eqs. (66), (79) and (80) can be accomplished

via digital computer, using Eqs. (65) and (67) to compute 92, 03 and their

time derivatives when required.
2.7 Results for Motion on a Rigid Launcher

As an example of the results which may be obtained by numerically
integrating the on-launcher equations of motion, the solutions for @N and WN
as functions of time for the GEM #7 model are given in Figs. 13 and 14. To

be noted is that the initial value of GN, which is due to the bending of the

rocket caused by its weight, is small in magnitude. As the thrust is
applied and the rocket spins up (an eroding spin turbine is simply modeled
by using Ts = 0.02 FT)’ the pitch angle of the nose oscillates about a mean
value of about 8.8x10~° radians with damping apparent. The transfer of
bending into the yaw plane through the Coriolis and Euler acceleration terms
is also apparent in Fig. 14.

An important fact that requires further study is that the bending due to
gravity and thrust is not as large in magnitude as that observed in certain

flight tests; for example, those of GEM 7.
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Figure 13. Theoretical attitude of rocket's nose during
launch - pitch angle.
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Figure 14. Theoretical attitude of rocket's nose
during launch - yaw angle.




SECTION 3. CONTINUOUS ROCKET MODEL

3.1 Description of the Model

The continuous rocket model developed during this study is an
extension of that described in Ref. 9.' The Ref. 9 model is that of
a pinned-pinned-free slender beam, which has its points of support
constrained to move in a fixed straight line during launch and free

to move during free-flight. The results obtained using this pinned-

pinned-free model did not agree very well with optical lever data.

Hence, the present model was conceived.

The continuous model actually is two models in the sense that during
on-the-launcher motions of the rocket, its bending deformations are
described using mode shapes for a pinned-pinned-free, uniform, slender
beam, as in the previous model. However, during free-flight motion of
the rocket, its bending is modeled using free-free mode shapes for a
uniform, slender beam. The use of these mode shapes in tﬁe equations of

motion presented here is not necessary, since mode shapes obtained

experimentally, or, for example, by using finite element computer codes,

could be used. In the absence of such mode shapes, however, these

approximate ones were used to obtain results given later in this section.
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