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ABSTRACT

A procedure was developed to aid in the testing of a

two—sided composite null hypothesis about the mean of a

normally distributed random variable for situations where

either the population variance is known or unknown . The

procedure was designed to eliminate the requirement for

iterative type solution techniques normally used in deter-

mining the acceptance or rejection region of the subject

hypothesis. This thesis provides guidelines , cu rves , and

tables which will aid in testing a two—sided composite null

hypothesis. Provisions were also incorporated into the

procedure to permit testing of hypotheses about the relative

di splacement of the coefficient  of variation from zero.
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SYMBOLOGY

= Probability of a Type I error.

= Probability of a Type II error .

C = Critical value defining the rejection or acceptance
region centered around (o known case) or zero
(a unknown case).

CL&PC R 
= The lower bound (CL) and upper bound (CR) on the

critical region.

nz
— 1=1
x = 

n

U = The true population expected value (mean).

= A specified value of the true population mean .

= Specified lower (d ) and uppe r (dR) limi ts for
the true popuiatioh mean 

~~~~~~.

= Population variance (a = population standard
deviation).

= Sample variance used to estimate a2 specif ically ;

— 2n (x. - x)
= 

i~~1 
‘

n—i

- 

dL + d R
2

n = sample size.

a —

CV = Coefficient  of variation

CV0 = A specified value of the CV.

Nc, = The null hypothesis of interest.

~ 

—



H = The al ternat ive hypothesis to H0 .

= The tail probability that a value equal to or
more extreme than the observed ~ would have
resulted if H were in fac t  true .

r = Desired maximum allowable variation of the true
mean from some specified value (i~ 

) in terms of a
portion of the population standar~ deviation( i . e . ,  I~~—~i0 I < ro).

r = The stat istic
rn (~-

DF = Degrees of freedom.

= The non—centrality parameter of the non-central
T distribution , A = r . n .

= Normal cumulative distribution function

.8
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I .  INTRODUCTION

A. BACKGROUND AND PURPOSE

A procedure was developed to aid in testing a two—sided

composite null hypothesis about the mean of a normally dis-

tributed random variable. The intent was to eliminate the

need for iterative solution techniques when solving for

critical values manually. In situations where computer

assistance is inappropr iate or unava ilable , there is a tendency

for the analyst to shif t from the interval test requirement

to the computationally easier two-sided simple hypothesis

(i.e., that the mean is equal to the midrange value of the

interval). By employing the procedure proposed in this thesis ,

the time required to test a two-sided composite null hypothesis

by hand can be significantly reduced .

B. SCOPE

Procedures were developed for the followi ng test requirements.

1. For Testing That dL < 
i < dR

For situations where the population variance is known ,

a method was developed for testing that the popula tion mean

is between two values (dL and dR).

2. For Testing That I - 
~c I < ra

For situations where the population variance is unknown ,

a method was developed to test that the absolute value of the

deviation of the population mean from some specified value (~~ )

9
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is less than or equal to a speci f ied  port ion ( r )  of the

population standard deviation. By a slight modification ,

this procedure can be used to test if the coefficient of

var ia t ion is between zero and some specified value .

Each procedure consists of using relevant situation

parameters (i.e., a, n, 5 , .t , etc.) to determine the critical

region us ing either interpolat ion curves or tabula ted data.

The procedure was des igned to be versatile with respect to

using Type I (~~) and Type II (fl error level control , or

using tail probabilities 
~~~ 

for drawing statistical

inference. -

To simpl ify  use of the procedure , the paper is

organized so that the main body contains only 1) minor

theoretical con text, 2) detailed procedural guidelines , and

3) example applications . The detailed derivation of the pro-

cedure is provided in Appendix C for readers so inclined .

Appendices A and B prov ide curves and tables used to f ind the

assoc iated rejection or acceptance regions and the tail area

probability . The curves are provided to simplify critical

value interpolation for what is considered to be the majority

of applicable parameter values. However , the total bread th

of parameter ranges considered in this paper is covered in

the tabulated data of Append ix B. It should be noted that

all explanatory figures in the main body of this paper are

schematic in nature and do not represent scale drawings.

10 
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C. SYMBOL AND HYPOTHESIS TESTING CONVENTIONS PECULIAR
TO THIS THESIS

Whenever possible , symbol and concept conventions which

conform to standard hypothesis testing terminology were

employed . However , because of requirements which are peculiar

to this procedure , it was convenient in some instances to

use terminology that may be new to the reader . The following

symbol and concept conventions apply throughout this Thesis:

1. The Null Hypotheses (H0) will always be bounded

4 intervals such as ~~~~- 5 or - < r:. All alterna—
0~~~ — 0~~~~—

tive hypotheses are the complements of such intervals.

2. The level of significance is customarily a pre-

assigned upper bound on the size of the critical region

(i.e., that subset of the sample space reserved for rejection

of H0). This will hereafter be referred to as .~ error leve l

control.

3. By reversing the role played by the null and alterna—

tive hypotheses , it is possible to define an acceptance

region for the orig inally formulated interval null hypothesis

with a specified preassigned upper bound (fl on the size of

a type II error . This procedure is defined as ~ error level

control.

_ _ _  J



I I .  RESULTS AND DISCUSSION

A. CASE OF KNOWN POPULATION VARIANCE

1. General Remarks

In order to test the null hypothesis that the popu-

lation mean falls between two values (i.e., dL ~ 
- dR),

an iterative solution of equation I is required.

( 1)  = 1— 
~ + 

cv~~1 + 
~~ [

O Y f l  
— 

C/~~1

where ,

a is the known population standard dev iation ,

C is the value of the statist ic x wh ich def ines
the cr itical region cen tered around

+ dR
= 2

~ is the probability of a Type I error ,
d - d

S is equal to R 
2 

L 
, and

~ is the in tegral of the standar d normal probab ility
density .

To determine a re jection region for the subject

hypothesis , an initial val ue of C would be guessed and the

right side cf equa tion 1 calculated . A new C would then be

used iteratively until the desired accuracy in the value of

H. -~~ had been obtained . This solution process is not d if f i c u l t

or time consuming with the assistance of a computer. However ,

when perfor med manually , such a process may require more e f fo r t

than is warranted by the scope of the pro jec t .

12
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the hypothesis wi th  a probabil i ty equal to ~ of rejecting

when in fact the hypothesis is true.

(a + K ) o  (a + K )a
(3) C = - 

E and C = ~.i + E
L 0 R 0

b. For Controlling The ~ Error Level

First  calculate a ~~~~~~~~~~ If “ a ” is less than or

equal to 3 , the associated C* value is obtained from Figure

A-2 (.2 a ~- 1.6) or Figure A-3 (1.6 < a < 3) of Appendix A.

The lower (CL) and upper (CR) bounds of the acceptance

region are then defined using equation 2.

If “a” is greater than 3, the relationship

between a and C* becomes linear and equation 4 is used to

define the ~ error level acceptance region . If CL I X < CR1

the hypothesis that the mean is between dL and dR is accepted

with a probabil i ty of fa lse ly  accepting equal to 3.

( a — K ) o  ( a_ K
E
)a

(4) C =~~~~ 
— 

E and C ~ +L o 
,,~~ R 0

c. For Estimating Tail Probability 
~~~

The exact value of the tail probability 
~~~ 

can-

not be calculated since it depends on the actual value of the

population mean ( p ) .  However, the procedure depicted in

Figure 2 will provide an estimate of the maximum possible

value of for a corresponding value of ~ equal to or more

extreme than that observed. The procedure for estimating 
~T

consists of first calculating the values a = —s-— and

14
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Calcula te a

(for control~~~~~~~~ ~~~~f~or 8 contro~

Y

[
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NO N~~~~~~j~~~~~~~~~~

s

I [Go to Append .A [C’o to Append .A (Fig.2
I lFig .l . jfor .2~a~1.6 or Fig .3I _______________ Lfor l.6~a~3).

_ _+___ 
‘

~

. •1’

Calc ulate CL & CR
: Calculate C at desired error Calculate CL & CR :

I K level curve and intersection 
- K

— ~a 
+

n 

E,~ of vert ical line projected CL~ uo
_ ~a 

‘n0 upward from calcu lated value ‘a

C~~ 
~~~~÷

KE~~ 1 C —
R ~o 

/n R~~o

~~~lculate C and CR : 1
For ~ controlj~ ~

CL~
uO- ~~~~~~~ 

; C~~u.~0+ ~._~Z_ 
~ ~jF or ~ controi]

~ f ~<C~ or ~~
CR th~~

’
) JIf C~ ~ 

CR then accep?)

re)ect Ho(dL
.
~ ~

. 
~ 

dR) Ho(dL~
u < d~) with an ~

with an .1 probability probability of falsel y

~~_~~lsely rejecting ptirig

[APPROPR IATE Kf V ALUES SYMBOLS
~.o ra Level K

.001 3.09025 dL& dR~
Lower and upper test interval

.01 2.32635 vA ues.

.025 1.95996 5 = .5(d~— d

.05 1.64485 ~ L

.075 1.43953 u .5(d + d~ )

.1 1.28155 L ~

.15 1.03643 C1 = Defines lower bound of critical

.2 .84162 ‘ region.

.25 .67449 CR= Defines upper bound of crit ical
region .

Figure 1: Algorithm For Determining cz or 8 Critical Regions
for Known a
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Calculate a and C
a I 0

Yes re 
* 

No
.~ 2.8 and C ~ 5

Yes s an No No S Yes
P t b J  r—~’-...~a 

+ C 3.5’

Go to Append . A Calc u la te P1 as : Calcula te P1 from :
1

~ ;g~ 
~o~~O4a~ l .5  P1= l - .~(a+C~~+~~a-C~~, P1= ~Ca—C~J

l.S~a~2,3 ) and deter- where ~ is the integral
mine point where of the standard normal
vert ical line from Idensity .

‘a val ue and
horizontal l ine
through C* i ntersect.

_ _ _ _ _

In terpolate between
curves to determine
P (Note: these curves
a~e plotted log
and should be inter-
polated acco rd ini.il v ) .

Figure 2: Algorithm For Determining The Tail Probability
For a Known

16
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C* = 

~ ~~

. These values are then used to estimate

~T 
by employing the interpolation curves of Appendix A or

by direct calculation using the equations provided in Figure 2.

3. Range of Parameter Values Considered

The procedure itself is suitable for all possible

parameter values. However , a restriction on the range of

parameters covered by the curves and tabulated data was

necessary . The range of parameter values was selected in a

manner which would provide adequate coverage for the majority

of conceivable real-world situations.

a. Curves

1. For ~ Error Level Control. Parameter ranges

covered are ci (.O1 , .025 , .05, .075 , .1, .15, .2 , and .25 )

and a (O to 1.7).

2. For ~ Error Level Control. Parameter ranges

covered are £( .Ol, .025, .05, .075 , .1 , .15, .2 , and .25)

and a(.2to 3 ) .

3. For Estimating 
~
T• Parameter ranges covered

are a(0 to 2.8) and C*(.04 to 5.2).

b . Tables

1. For ct Error Level Control. Parameter ranges

covered are ct (.0O1 , .01, .025, .05, .075, .1, .15, .2, and

.25) and a(O to 3).

2. For 8 Error Level Control. Parameter ranges

covered are 8(.O01 , .01, .025 , .05, .075, .1, .15, .2, and

.2 5 )  and a ( O  to 5 ) .

17
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4. Example Applicat ions

a. Example 1

In the production of a cer tain s t ruc tura l  element ,

a new size has been established as marketable . The expected

size of the new element is to be between 16.5 and 17 cm in

order to sa t i s fy  engineering and management requirements.

For example , if the expected size is below 16.5 cm the

rejection rate of unacceptable elements will be too high.

If the expected size exceeds 17 cm , more mater ial is used

than is necessary .

For the first 25 units produced , the average

size is 17.03 cm. It is known from previous experience that

the element size is normally distributed with a standard

deviation equal to .2. In addition , no functional relation-

ship between the mean and standard deviation of the element

size has been observed in the range of 10 to 20 cm.

The decision maker is interested in determining

if the hypothesis that the expected size is between 16.5 and

17 cm can be rejected with a Type I error equal to .05. The

test is conducted with S equal to .25, u
0 
equal to 16.75 , and

a equal to (.25~~(5) or 6.25. Since a is greater than 1.7,

the rejection region is def ined using equation 3, specif ically :

CL = 16.75 - 
(6.25 + 1.645) (.2) 

= 16.434

and

- 
..:

~~~~~~~~~~~~~~~
: 

.
~~~~~~~~~~~~~ 

_______ 
I.



___

CR = 16.75 + .3158 = 17.066.

Since ~ is neither greater than CR or less than CL~ 
the

hypothesis cannot be rejected with a Type I error equal to

.05.

b. Example 2

From a sample size of 81 shipping containers

selected at random , it is necessary to know if the expectE d

container weight (which appears to be normally distr ibuted)

is between 75 and 75.5 kg. The sample average weight and

variance are 75.22 and 1.44, respectively . A Type II error

equal to .01 is desired . Since the sample size is relatively

large, a reasonable estimate of the population variance can

be obtained using the sample variance . The test is conducted

with S equal to .25 , ~.i0 
equal to 75.25, and a equal to

( . 2 5 ) ( 9)  or 1.875. Since the value of a is less than 3,

a C* value equal to .0726  is obtained from Figure A-3 of

Appendix A. Using this value of C*, the values of CL and

CR obtained from equation 4 are

CL = 75 .25  - 
( . 0 7 2 6 3 )  ( 1 . 2 )  

= 7.25 — .00975 = 7 5 . 2 4

and

CR = 75.25 + .00975 = 75.26.

Since x is not between CL and CR, the hypothesis that the mean

19
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1
is between ~5 and 75 .5  cannot be accepted with a Type II

error equal to .01. However , it may be possible to accept

the hypothesis at a somewhat higher risk (~ ) of falsely

accepting. Trying ~ = .05 , the new CA obtained from Figure

A-3 of Appendix A is .35 and accordingly CL = 75.2 and CR 
75.3.

Since x is between CL and CR, the hypothesis could be accepted

with a probability equal to .05 of falsely accepting .

c. Example 3

For the situation of Example 1, the decision

maker wants to know for what values of t the hypothesis

16.5 < ~ 17 could be rejected . The answer can be found by

estimating the maximum tail probability associated with the

observed ~ using the procedure descr ibed in f igure 2 wi th
(x— ~ )V~a = 6.25 and C* = = 7. Since a + C* > 3.5 ,

the estimate of would be 
~T = ~ ( . 2 5 -  7] = . 2 2 7 .  Therefore ,

an ct probability greater or equal to .23 would be required

before the hypothesis could be rejected .

B. CASE OF UNKNOWN POPULATION VARIANCE

1. General Remarks

A procedure for situations of unknown population

variance which would parallel that of the previously dis-

cussed variance known procedure cannot be developed without

several stage samplinq such as Stein ’s Procedure (reference 1).

However , the previously developed methods can be extended

directly to the case of unknown variance provided the null

hypothesis is scaled by the standard deviation (see below)

2 0

i~M~:~ ~~~~~~~~~~~~~~~
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and the noncentral t distribution is used in place of the

normal. Details follow.

a. A procedure was developed to test the hypothesis

I
~~~~~

-

~~~~~~~~
I ~~rc or equivalently ~ 

0 1 r where

i.i is the true population mean ,

is some specified value of interest near
which the mean is to be tested, and

r is the portion of the population a for which
the test is to determine if the true mean
is within ra units of 

~~~~~~~

.

b. The procedure can be used to conduct tests about

the displacement of the coefficient  of variation (CV =

from zero.

2.  Procedure Description

The procedure for testing that i.i - I I ro is

provided in figure 3. For testing that CV I CV0, figure 4

should be used. Finally , the method for estimating 
~T 

is

provided in f igure 5.

As the sample size gets large, the ratio -
~~
- converges

to the test value of r. To take advantage of this result ,

the curves for ci error level control are presented in terms

of the value -s.- instead of just C. This provides an indica-

tion of the value of r and the sample size n for which the

a2 unknown curves become close to those of the a2 known case.

However, since the method of estimating 
~T 

requires repeated

table entry and interpolation , the critical values presented

in the tables of Appendix B are in terms of C directly. A

summary of the procedure follows.
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a. For Testing That .~~. - ‘- r~’

Select the desired .-t or 3 error level. Consult

the corresponding curves of Appendix A or tables of Appendix

B. If the curves are used , mul tiply the value obtained for

by the sample s ize ( n )  . If the tables are used , determine

the corresponding value of C directly for the subject values

of r and DF . Calcula te  the s t a t i s t i c

r~~~~~~~~~~~~~~~~~~.

If the test is to control the ~~ error level then relect the

hypothesis , wi th  a Type I error equal to ~~, i f  the value of

r is greater  than the C value determined f rom the .~ curves

or tables. For a test to control the 3 error level accept

the hypothesis with a Type II error equal to 3 if the value

of r is less than or equal to the C value obtained from the

1— 3 tables.

b. For Testing That CV ‘. CV0

To test the null hypothesis that the coefficient

of variation does not exceed CV0 at the .~~ level of significance,

one need on ly apply a role reversal technique to the above

procedure. The set equivalences

(CV~~~ CV0
l = (— -.-~~~CV )  = (i~~~~~~~~~l

illus trate the fac t that the hypothesis of interes t is one

of the alternate hypothesis treated previously , and can be

managed by reversing the role and interpretation of .i and

I

~tT1~~~C~IIT TTiT,r .:... ~~~~~~~~~~~ ~~ -. - . 

. 

. . ~. . . . .
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3 error level control from the previous test for

‘. r~’.

1. For Control l ing  The .~ Error Level. Obtain

the C value corresponding to the subjec t values of r (equal

to ~~~~~—) and DF from the table of Appendix B associated wi th

the value 1-~~. Calcula te  the s ta t i s t ic

x~
’nr =

If r ~- C , reject the hypothesis that CV ~- CV0 with a Type I

error equal to ,~~~.

2. For Controlling The 3 Error Level. Obtain

the C value corresponding to the test values of r and DF

from the curves of Appendix A associated with the value 3

(i.e., for  3 = .01, consult the curves for an ct = .01).

Calculate the statistic r. If r C, accept the hypothes is

with a Type II error =

c. For Estimating 
~T

The actual val ue of 
~T 

associated with the observed

value of r will depend upon the true value of

—

To obtain an es timate of the range of poss ible values for

the procedure detailed in figure 5 is used to calculate a

value for 
~T 

corresponding to r set at zero and r set at the

test value (r). The actual value of will be between these

two extremes. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~.
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i ~rror ~on_~~~j  For .~rror c ontrol

1 _ _

[~o to t~ie apDropr iate figure Go to the appropr iate a b le
of A ppend. A for the associ ated I of Append. B associated w i th

level ( F i g .  6 ~ 15) or tables the desired level (i .e. forr of Append. 3 ~or parameter ~ ~.l ,go to the C value table
F values not covered by curves assoc iated with ~~~~~~ = . ) .

~f A ppend . A . Pr o ject  ve r t i ca l l y Proj ect down the correspond ing~‘CrTl the r sca’e to the appro - r value column and across the
3r late  ~F . urv e then hori~cn ta l l y respect ive ~F row to deter iline
to the ~ , n sca le. Mu lt ipl y by the c orrec t C va lue 4c t ~_____________________________________ the r value being tested ~s

between two of the table s
co ll.mln s ,interpolat ion is
necessary .) 

—~

r ~ C. reject the ~ypoth esis I ~f ~ C accept the ypothe~~~
wi th a probabi l ity ~ of with a probability of

rejecting when in act i is :rue acce ptin g when in fact  i~~

___________________________________ Lfalse .

Figure 3: Algorithm For Testing The Hypothesis 
~~~

-
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El 
a te r

For contro l l ing error level  [For contro l l ing ~ error level

Go to the appropriate tab le  Go to the appropriat e ‘igure
of Append . B (~ ab les 3 —...4 1) of Append . A ( F i q . 6 — ~ i5)  which
which correspo ndsto ~~ correspond s t o  ~ value equal
equal to the desired level to the desired ~ value (i .e. for
(i.e. for ~~~ • go to the C ~ ~.Ol , go to the .01 curves
critical value .able associated of figure 6 or 7). Project
wit h l-~ ~.9). °roject down vertically from the r scale to
the correspond ing r value the appropriate F curve_then
column and across the respec- horizontall y to the C .n
tive ~F row to deter”iine the scale. Nl u ltip lv by •n to get C
correc t C value. ~ :‘~ote : [ ~iote : For parameter values
the r value be ing tested is not covered by the curves •go
between two of the tab le s to the tables of Append . B
colu mns , interpol ate for C by: which provide C directl y

instead of C/.nJ
- - Test Left )tC -C~ L Le ct ‘ High~~Low

thesis

~of rejecting when in fact i~ is probabi l i ty of accept ing

tru e. ______________________________

Figure 4: Algorithm For Testing The Hypothesis CV ‘- CV0

:iI~~~T~~~~~~~
-
~ .

~~~~~~~



than is warranted by the scope of the pro jec t .

I 12

Calc u la te r ~~rj  j
.4.

[ s t calcula te the estimate of P1 
for r set equal to zero as follo w~~ j

[Go to Tables 3.47.Pick a P1(i .e..5) and go to the associate d tab l~~]~

I Project across the respect ive DF row and down the appropriate
I r column to obtain the correct C value .(Note: If the r beino

~ tested falls between two col umns ,inter~ola tiofl is necessary .) b
~~~~

N

~~~
±

~~~~

es
a highe _____ 

-. ___________ 
______ to a lo wer 

~T 
val~~~

va l ue tabi 1ta ble (i.e . .2).
I(i .e. .8).

bee 
tnat tab

n checked~~~~~
ous ste

~~~~~~~

O

~~~~~~~~~

{The P1 for this r is between the current table P1 value and the

previous table. For a closer approximatio n in ter po late as follows :

Chl 9h~
r

~ 
(P1 - P 1

~T~~T ~~low ~~igh~~low high low I

process to get
_______ an estimate ________

~~~~~~~~~~~~~~:~~S
e

O f P T fO No 
~~ ~~ repea t the

P1 for r = r.~~Hboth and r=

Yes 

ulated ? 
_______________

~he true P
1 lies between th~ two estimates for r 0  and r=r

Figure 5: Algorithm For Estimating 
~T 

For a Unknown
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3. Range of Parameter Values Considered

H Two general levels of r values , along with selected

incrementation, were chosen to parallel the range considered

app licable in the major ity of s ituat ions . For example , in

roost cases where the test of interest is that I - I < ra ,

- 
I r would range between zero and 1. Conversely, most tests

concerning the coefficient of variation would require that

.143 < CV~ < 1 (or equivalently, 7 > r > 1). However , the

critical values (C) for the total range of r (i.e., o to 7)

provided in the curves and tables can be used for either

test. The specific parameter ranges covered were :

a. Curves

Curves are provided for a error leve l control

for both low and high values of r.

1. For Low r Values (0 < r < 1). Curves are

provided for  ci. equal to .01 , .025 , .05 , .1, and .2 .

2. For High r Values ( 1 < r < 7 ) .  Curves are

provided for ci. equal to .01 , .025, .05, .1 , and .2.

b. Tabulated Data

The same tables are used to present critical

values for both ~ and ~ error level control and for estima-

ting 
~~~ 

To obtain C values for i3 error control , the tables

associated with ci and 
~T 

equal to l-i3 are used . The values

covered by the tables are ci., 
~T’ 

or l-~ equal to .01, .025 ,

.05 ,.1 , .2 ,.3 ,.4 ,.5 , . 6, .7 ,.8 ,.9 , . 95 , .  975, and .99.

For each value of 
~~ ~T’ and 1-B, three tables are provided

to cover the range of r from 0 to 7.
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4.  Example Applicat ions

a. To Test That I~ -~~ I ‘. ra

It is necessary to determine if the output of a

new system is between 11.75 and 12 units. The standard

deviation in the output  of the new system is believed (with

confidence) to be between 2/3 and 3/4 of that of the old

system (~ 1.5). Using the conservative estimate of the

improvement in the system deviation (i.e., 3/ 4 ) ,  the test

parameter r would be set equal to ~
(7

~~~~~5)~~ or .111 .

For the f i r s t  15 un i t s , the values of the sample mean and

deviation were 11.68 and .3 , respectively . The desired level

of significance (ct ) is .05.

The test is conducted with 
~

I
O 
equal to 11.875 and

r equal to 2.517. Using figure A-b of Appendix A , -~~-- is

determined to be .6, and accordingly, the critical value

equals (.6) (~~ T~~ ) or 2.324. Since r is greater than C , the

hypothesis is rejected with a Type I error equal to .05.

b. ,ro Test That CV ‘. CV0

A relationship is known to exist between the mean

and standard deviation of the purity of a certain chemical

produc t . A new method of processing is being considered to

improve the expected purity of the product. The decision maker

is interested in determining if the same degree of quality

control would be obtained with the new process as with the

current method which provide a standard deviation equal to

.18 of the mean (i.e., a coeff icien t of v.~r i a t ion  equal to

18)

28 
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Since a re lat ionship between the mean and standard

deviation is know~n to exist, and only 15 batches of the pro-

duct have been produced by the new process , the population

variance is considered unknown . The mean purity of the first

15 batches was 4.6 parts per million with a sample variance

equal to .25. The decision maker is concerned that if he

does not convert to the new method , he will be rejecting , with

a probability ( t )  equal to .05, an opportunity for a better

product. The rejection region associated wi th a value of r

equal to 5.56 (i.e., —s) is found by consulting the critical

value table with l—~ equal .95. In terpola t ing  between the

table columns for r equal to 5 and 6, a value of C equal to

17.69 is obtained . The value of r is calculated to be 35.63.

Since r is greater than C , the hypothesis that the new process

provides a quality control equal to or greater than the

method cannot be rejected with a Type I error equal

29
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APPEND IX A

CURVES FOR DETERMINING ci OR B CRITICAL VALUES AND TAIL PROBABILITY

- 
I I. GENERAL

The curves provided within were developed to simplify

procedural calculations in lieu of the tabulated data of

Appendix B. They do not cover the total parameter ranges of

the data in Appendix B but were designed to maximize interpo—

lation precision while covering what is felt to be the majority

of applicable situations. For those cases which are subject

to parameter values outside the range of the curves, Appendix

B should be used. Figures A-i through A-5 are relevant to

the ~
2 known procedure. Figures A-6 through A-l5 deal with

the c2 unknown situation .

II. ACCU RACY

The accuracy achievable in using the curves vs. using the

associated tables depends on the interpolation prowess of

the individual user . However , to provide a general idea of

the accuracy which may be expected , the following statements

are considered germane .

A. ~ 2 UNKNO WN PROCEDUR E CU RVES

a. C* Values For ci or 8 Error Level Control

Accurate interpolation to the third digit is possible

(i.e., C*true equals C*interpolated ± . 0 0 5 ) .

30 
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b. 
~T Values

Because of the semi log scale and interpolation

between curves, the accuracy in the interpolated 
~T 

values

is expected to be z ± .02 for .1 < ~
. .9 , and ± .005 for

~T
< .lor PT

> .9.

~ ~2 UNKNOWN PROCEDURE CURVES

a. Curves For The Range of r From 0 to 1

Interpolat ion accurate to the third dig it is

possible.

b. Curves For The Range of r From 1 to 7

Interpolat ion accurate to the second d ig i t  is

possible.

~~~~~~~~ ~~~~~~~- . . ~~~~..  .
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Figure A—i: C* Values For ci Error Level Control With a Known ;
( 0< a < l . 7 )
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Figure A-4: Tail Probability for c Known with .2 a ~ 1.5
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Figure A—5: Tail Probability For .~ Known With 1.5 a ‘- 2.8

36



~~~~st~ T. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 
. - ,  - .

IIJ~~~1E~~~~~~Ij~~
8- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

7~~~~~~~~~~~~~
- ~_LL _ 

~~~
6 _ _ _

~~~~~~~~~~ 
_

5.— —~~~ 
_ 

~~~~~~~~~~~~~~ 1.. 1

~ 
T ‘ ( I ( I I 1

0 .1 .2 .3 .4 .5 .6 .7 .8 .9
r

Figure A-6: C/in Values For ~ Unknown With t , P , or l-~ .01;
(r~~~ 1) 

T

37



24

I ~ 
-— -- -- —-- - —

~~~~
. ~~~~~~~~~~~~~~~~ L .

-. DF3 OF=4 DF5. 1 . . .  / -
. -..

/

18 e / ~i:~:j~~~/ 7
- - .1 / / / /7

16 . 

~~~~~~~~~~~~~
-/  

/ / /- ~~8

/ / / / /~~~
14 - - / / / / /~~~~~

C/fn . . .  - -  / / ///~ 12

1 2 - -  / / --. / / / / / / //~~4

/ / / / / / / //~~~~~~~6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I / / / / / / /,‘ 24
1 0 -  -- I - - -/ - - 1  / / / / // 30

~~~~~~~~

/i - ./ // / / / / /  -60

8 /7 //j////
6—  — - - - -

2 - -~~~~-H— , H 
1 ~~~~~~~~~~~~~~~~~~ H

1 —  i ‘ I I I 1 I I 1

1 2 3 5 6
r
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APPENDIX C

PROCEDURE DERIVATION

I .  KNOWN POPULATION VARIANCE

A. ERROR LEVEL CONTROL

The ‘.‘~ rejection region associated with the hypothesis

that the mean is between dL and dR is defined by

P [x < C~) + P [ x  > CR]

where the rejection region is chosen to be syrrlrnetric around

(see figure C-i) . Since the suprema will occur when

C C

/

/

N

UO ’5S_d L u0 d~—~0
+~ CR

_u
o

F i g u re C-i : Density of ~ w i t h  u a t  d L ~

~.i equals dL or dR I the critical region for the specified upper

bound on the Type I error (~~~
) can be written as

= Pix < C~~~ iven ~ = p~ -6] + P [~~ > C~~lgiven ‘ii = ~~ — 5]
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Since the sample mean (x) will be normally distributed ,

this can be expressed in the form of equation (C-i)

~
CL (u o 

5)}j~ {C~~(~ 
)~~

‘
~
‘

(C- i ) ~ 
= z < ] + p~ z > ~

where z ~~

‘‘

~~ ~~~~~~~~~~~~~~~~~~~~~ 
~~ N(O ,1)

Substituting CL 
= ~0-C and CR 

= p + C , equation C-i becomes

(C-2) ~ =P[ ~ < + ~~ >

or

~
[ i_~ - +1 - ~[~~L_ + c_

~j

By reparameterizing , the number of parameters necessary

for solving equation C-2 can be reduced from five to three .

C5n
Letting a = —~-- and C* = ~~~~~~ equation C-2 becomes

(C-3 ) ~ 1~ ~[a - C~~ - + C )

Using the result that CL 
= ~~~~~~ C

R 
= ~~~+ C , and

C = — , equation C-4 is obtained and is used to define the

rejection region. The hypothesis is then rejected , wi th a

probability of falsely rejecting equal to .~, if the sample

mean is less than CL or greater than CR
.

(C-4) CL 
= - and CR 

= U0 
+

k.::: .
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For each value of a there is a value of “a” such that

the relationship between “a” and C* in equation C-8 is nearly

linear (i.e., C~ = KE+a). For a > 1.7 the relationship is

approximately linear (starting with 5 significant digits

for the worst case with a = .25, and improving as “a” in-

creases) with slope one for all values of a < .25. The value

of KE can be obtained by considering that if ~~a+C*] 1,

then equation C-3 simplifies to equation C-5. This can be
—1rewritten to provide KE = ~ [1-a] . When this linear relation-

ship occurs, CL and CR can be obtained using equation C-6.

(C-5) a = 1 + •[a - C~] — 1 or a sCa — C*]

(K~+a)pi (K E+a)
~
pi

(C- 6) CL UO~~ 
and CR =

~~o +

B. 8 ERROR LEVEL CONTROL

In order to determine an acceptance region for the

hypothesis dL ~ ~ 
d~ , with a probability no greater than

8 of falsely accepting, the alternative hypothesis ki.-~i0I 6

is tested. The a rejection region of the alternative hypothe-

sis will be the ~ acceptance region of the null hypothesis

(i.e., dL < < dR) and will be defined by CL < < CR

(see figure C-2).

The suprema will occur where ~ = dL or dR. Thus, the

upper bound on the Type II error (8) for the hypothesis

< dR can be written as
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dL CL~~~
CR dR

F igure C-2: Density of ~ with ~ at d L 
( ~ sh ap ed area)

sup — 6(u) — P(CL 
< x < C~ lgiven that u - - cS )

ucHa 
0

This can be expressed in the form of equation C-7.

(C-7) (Ha ) • P(z 
(CR-uo+6)J~ - 

(C~-~0+~)j~

(~ — ( i i  -6) ]j~where z~~ 
0
a

By substituting CL - 
p
0-C and CR 

- U + C , and noting

that z will be normally distributed (i.e.N (O ,l)), equation

C-7 reduces to equations C-8.

(C—B) Q(H ) •~ ~ c) f9 ] ,
~ 

(~s-C )j~

Q(H ) •[a + C*] - a - C~)

Equation C-B can be reformulated to resemble equation C-3

which will permit use of the same solution technique as was

used for a. error control. Specifically , by multiply ing

equation C-B by -1, adding 1. to both sides , and setting
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l~
c i ( Ha ) equal to ci’, equation C-B reduces to equation C-3.

The solution of this equation with ci ’ — l~
c t ( Ha ) will also

be the solution for ci ’ — 1-8(H0).

For each value of B there is a value of “a” such that

the relationship between “a” and C* in equation C-B is nearly

linear (i.e., C* — KE+A). For a > 3 the relationship is

approximately linear (starting with 3 significant digits

for the worst case of B — .01, and improving as a increases)

with slope one for all values of B > .01. The value for the

constant (KE) can be determined by noting that when

~(a+ C*J 1, equation C-8 reduces to equation C-9.

* * -1(C—9) ~ • 1- $ —~~[ a-C ]  or a - C  a $  C1 -e )

and C • a - KE where K
~ 

•
_1
~ j -8 ]

The value of KE for j3 error control will be the negative of

the value of KE for a. error control. To allow the same K!

value to be used for both a. and ~3 error control, equation C-l0

would be used for B error control when this linear relation-

ship holds (i.e., a > 3 for this procedure).

(a - K  )~c (a-K E)vi
~(C-tO) CL — u0 

- and CR u0 +
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C. ESTIMATING TAIL PROBABILITY

The actual value of for an observed value of ~ will

depend upon the true location of p within the interval

to dR (see figure C-3). Since p is unknown, the exact value

of 
~T 

cannot be calculated. By setting ~ = the maximum

possible value of can be obtained from equation C-3 by
( X -p

substituting 
~T 

for ci, and for C*. For large

values of a+C* , this reduces to equation C—il.

t (C—li) 
~T 

= ~[a
_ C*] for a+C* > 3 5

PT wi~~ uau0

H
R L Uo u +(u -~)
P1 with u 

• u0- 6 • dL

Figure C-3: Dependence of P1 on Location of True u Va~ue
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II. UNKNOWN POPULATION VARIANCE

A. TO TEST THAT ~P - u~ I ~
1. ci Error Level Control

The statistic

— _ _ _ _ _ _ _ _

is used to perform this test and has the density of the

absolute value of a non-central T, as depicted schematically

in figure C-4. The associated ci error level critical region

is defined when the non-central location is at r, resulting

in a non-centrality parameter (A) equal to r/~?. The corres-

ponding critical value (C) is obtained from equation C-12

and the hypothesis is rejected , with a Type I error equal

to ci, if r is greater than C.

0 X”r/n C

Figure C— 4: Density of the Non —central T(Abso lute Value)
Dist r ibuted -

~~

(c—1 2) P[ P C/ given 
~ 

r/~]

2. 8 Error Level Control

The suprema for the value of B will occur when

A - r/ i~. Equation C-l3 is used to determine the value of C
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which will define the acceptance region with a B probability

of falsely accepting.

(C—l3) P( I I C] •

By a slight reformulation, the same solution technique

employed in solving for a critical values can be used here.

Substituting ci’ — 1-B into equation C-l2 and solving for C

will provide the critical value associated with the desired

level of a Type II error — B. This equivalence is shown in

equation C-l4.

(C—l4) B • Pt IT t <C] • 1— ~C IT~ ~C] or P[ IT~ ‘C] 1 B  ~

Because of the equivalence between the C values for

a. and for 1—B, the critical values for a, 
~T’ 

and B can be

presented in the same table pro’ided that for a desired

value of a Type II error equal to B, the table corresponding

to ci — 1—B is used .

B. TO TEST THAT CV < CV0
1. $ Error Level Control

To formulate the procedure for testing CV < CV0 ,

first consider testing the hypothesis r or equivalently

I 
~ ~I r. By setting p

0 
equal to zero , the null hypothesis

can be rewritten as < r. Solvi ng equation C-l2 with

— 0 and t~ — ~~~ will provide the rejection region with a

ti 
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Type I error equal to a. However , rejecting the hypothesis

that < r , when r is greater than C , is equivalent to

rejecting that CV > ~~~. This in turn is equivalent to

accepting that CV < CV0 with a Type II error equal to the

value of ci. As a result, it is possible to test the hypothe-

sis that the coefficient of variation is less than some speci-

fied value (CV0) by using the previous test procedure for

testing that ( p -  i.~~f < re, provided the following differences

are observed :

a. Obtain the critical value (C) from the a tables

(or curves) associated with a value of ci equal to

the desired value of a Type II error (B) and

with r equal to

b. If ~ is greater than or equal to this value of C,

accept the hypothesis CV < CV~ with a Type II

error —

2 .  i Error Level Control

The same general formulation philosophy applies for

ci error control of the test CV < CV0 as for B error control.

Again, first consider accepting the hypothesis < r with a

Type II error — 5. This is equivalent to accepting that

CV > ~~(or CV0). However, accepting the hypothesis CV >

with Type II error — B is equivalent to rejecting that

CV < (or CV0) with a Type I error equal to the value 3.

Thus, the desired test that CV CV~ can be conducted for

controlling the Type I error level by using the test procedure

102 
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for I u - u 0 1 ‘~ ra and observing the followi ng differences:

a. Obtain the critical value (C) from the B tables

(i . e. ,  the table associated with the value 1-B) ,

where the value of B is set equal to the desired

value of a Type I error (ci) kind r is set equal

tO~~~~~~.

b. If ~ is less than this value of C, reject the

hypothesis that CV CV0 with a Type I error

equal to a..
I

B. ESTIMATING TAIL PROBABILITY

The true value of will depend on the actual value of

I °j which, under the null hypothesis , may vary from zero

to r (see figure C-5). The range of possible values for

can be estimated by calculating the associated wi th the

observed value of r with \ set at the two extremes zero and

r p ~ in the solution of equation C-12.

P1(X at O) — VIl//21

>ç~~~~~~~~~~~~~~~~~~~~~
t rmn 1

x”O x”rVn r

Figure C-5: Dependence of P1 on the True Non-centrality Location
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APPENDIX D

SOLUTION TECHNIQUES AND COMPUTER PROGRAMS

I. GENERAL

The same general techniques were used in solving for the

critical values in both the known and unknown variance

situations. This consisted of a combined proximity interval

search and Newton-Raphson technique . A master program was

used to monitor and control solutions for C values at various

selected combinations of the respective parameter values.

Solution accuracy was controlled by stopping the iterative

procedure when the desired accuracy in the ~ or B error

~.eve1 was obtained. The specified accuracy for the case of

known a2 was .000001. In the case of unknown ~2, the

specified accuracy was .00001 for all parameter values

except the following :

1. ~ ~ .01 with 125 degrees of freedom and r — .9

2. a. a .1 with 90 degrees of freedom and r — .9

3. a. — .3 with 125 degrees of freedom and r = 1

4. a. - .3 with 60 degrees of freedom and r — 5 and 6

5. a. — .4 with 50 degrees of freedom and r 2.5

The specified accuracy for these latter parameter values

was .00005.
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~ ~,2 KNOWN SITUATION

The programs used for this case were SIGMAKWN , CINCR ,

CINCRNEWRAPS, NEWTONRAPS, and NORMPROB. SIGMAKWN was the

master problem which stepped solutions along the selected

a or ~ values for each specified “a” value. Controls for

switching solution subprograms were necessary for parameter

values whose respective C~ were too distant to permit solution

solely by the Newton-Rapshon method. Equation D-l was used

during proximity interval searching (CINCR and CINCRNEWRAPS).

(D—l) - F(~ ,a,C*) = 1 — 

~D (a + C*] + ~(a 
— C*]

Equation D-2 was employed when the Newton-Rapshon method was

used.

* * F * 
2.50663{l—~[a+C

’
~ 1 ]+s[a—C ~]-~~(D—2) C — C  - - c  + 

-

~~ ~~ Exp[- .5(a+C _ 1 )
2 ]+Exp(- .5(a-C ~ ~ 

)2]

iii. a2 UNKNOWN SITUATION

The programs used for solving for critical values when

o was unknown were MHUSIGRATIO, MHUSIGRATIOSOLENR, CINCR2,

CINCRNEWRAP2, NCT, IB, and TRUNERR. MHUSIGRATIO was the

i’~aster program stepping solutions along the selected r values

for each specified DF. This permitted sole Newton-Raphson

solution once the C for the first r value was determined.
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To solve for critical values associated with testing the

unknown two-sided composite null hypothesis , the equation

P(r > C) = ci (where r has a non-central T distribution) was

solved for values of r between 0 and 1 using the method

discussed in referenc’e ~~~. This method requires use of

equation D-3.

x2 A2

(D-3) P[IT!>c] ~~~{e
2 ~ 2 )

fl 

1 
(~~-l) 2( n l )

where x C  (D F + C 2)

To solve the infinite series of the product of a Poisson and

Beta distribution, the length to which the series must be

summed in order to maintain a truncation error less than a

specified amount (~~) was determined using the conservative

estimate provided by equation D-4. Equation D—4 is solved

by iterating in (the length of the series) until the left hand

side is less than ~ (this task is performed by TRUNERR) .

(e —a—) m+l
‘ ‘ C m+1

This method of solving the non—central T is quite adequate

for small degrees of freedom (DF 30) and non-centrality
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values (\ 3) but becomes lethargic for nigher values. As

a result , a second program was written in FORTRAN which used

the non—central  T subroutine of the IMSL packages.
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