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Chapter 1

INTRODUCTION

The problems of linear system synthesis and identification are

closely related. In system synthesis, one tries to synthesize an

input—output relation that will yield a specified behavior. The

first step usually consists of determining either the impulse re-

sponse or transfer function of the system. The impulse response is

then approximated by a sum of exponentiais while the transfer func-

tion Is approximated by a realizable rational function. Since the

physical system does not exist during the synthesis phase, system

synthesis Is characterized by the feature that one deals with ideal-

ized analytical functions.

This is not the case with system identification. Here the system

actually exists and the identification process is based upon measured

data at the system input and output ports. This data is usually con—

taminated by measurement errors, thermal noise, and spurious signals.

In addition , the record lengths are, by necessity, finite.

In system identification, as in system synthesis, complex expo—

nential functions provide a natural basis for the impulse response.

However, in some cases the impulse response cannot be exactly repre-

sented as a sum of exponentials. The identification problem then

becomes an approximation problem.

— - — ~~~~~- - .--- -- . -~~-- -—-~~~ .~~ 
..----
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The intrinsic difference between synthesis and identification is

that the former seeks a system, not yet in existence, to approximate

an operator which relates idealized Inputs and outputs, while the latter

attempts to describe an existing unknown system through measured input—

output records. Since both problems emphasize the input—output behavlcr

of an unknown system, the strategies involved with their solution are

similar. However, they are distinguished on the basis of the type of

data provided . Whereas a synthesis problem is characterized by syn-

thetic data, an identification problem is characterized by measured

data records.

The goal of this dissertation is to develop a general parametric

approximation/ identification technique for linear time—invariant systems .

The technique models the system impulse response as a sum of exponentials.

It is shown that this technique can be extended to slowly time—variant

and weakly nonlinear systems.

Chapter 1 presents some useful definitions and discusses system

classification with respect to input—output relations. Beginning with

the general class of systems, attention i~. first focussed on linear

time—invariant systems and then special ized further to the subset of

rational systems within this class. The suitability of the exponential

family of functions for modeling an impulse response is examined . The

chapter closes with a literature review and an outline of the dissertation.

- - 
- - ... 

~~~~~~~~~~
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1.1 System Classification and Definitions

Before addressing the system identification problem , a brief

discussion about the classification of systems, their pertinent quali-

tative properties , and some definitions are presented.

In general, characterizat .on of the input—output properties of

a system implies an operator H that operates on a class of signals

(functions) 1x} and results in another class of signals ~y}. A system

is relaxed (or at rest) at time t = to if inputs are not applied over
—~~~ < t ( t and/or tue output signal depends solely upon the operation

of H on the input signal over t
o 

< t < ~. In the most general case,

an operator H might involve memory and be nonlinear, time—variant,

anticipative, and ambiguous.

The above properties are defined as follows (1]:

(a) A system is said to involve metn2~~ If the output at time t depends

upon values of the input prior to time t.

(b) A relaxed system is linear if and only if

H 
~ 

ajxi ~ a~ (Hx~) (1—1—1)
i—i i—l

—-----_-“- ----_-“ --- -—-----— - - ~~_ — - - - -- - --_- -- ~~~~~~~~~~~~~~~~~~~~~~~~ 
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for aiiy input signals x ., and for any real numbers c~ i = 1,2 , . . .  ,n .

Otherwise the relaxed system is nonlinear.

(c) Let Q denote the t ime—shif t  operator with sh i f t  c~. A relaxed system

is time invariant (stationary or fixed) if and only if

H Q x  = Q H x  ( 1—1—2)

fo r any input signal x , and for  any real number c~. Ot herwise the

system is time—va riant.

(d) A system is causal (nonanticipatory) if and only if the output

signal y( t )  depends solely upon the operation of H on the p. esent

and past of the incoming signal x(t). If y(t) also depends upon

future values of x(t), the .ystetn is anticipatory.

(e) A system is said to be unique if and only If there exists a single

output signal y(t) for any input signal x(t). Otherwise, the system

is ambiguous.

In this dissertation only physical systems which are causal, unique ,

s1o~i1v time variant , and weakly nonlinear with memory are considered .

In general , the input—output relationship for a weakly nonlinear system

can be characterized in terms of the Volterra representation which is

expressed as [2]

- I
y(t) 

~ 
j ... 

J 

h 1(’r1,. . . ,’t1
) II x(t,T )dT (1—1—3)

i=1 _~ j=l ~

i

This representa~-ion was first utilized by Norbert Wiener [3] in the analy—

sis of nonlinear systems. For physical systems which are initially

relaxed at time t
o, the input—output relation can be written as



_ _ _  _ _ _ _-
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t—t t—t

y(t )  = 
~~~~~ J

...
J 

h1(T 1, . . ., r 1) 
j~~l 

x(t~ T~ )dT~~ t ~ (1~ 1~ 4)

In addition , the infinite sum in (1—1—4) can be adequately approximated

by a finite number of terms for systems which are weakly nonlinear. Also,

for systems which are time—invariant , (1—1—4) becomes

t—t t—t
0 0

y(t) 

~ 

h
1
(T1,...,T.) ll x (t  - T~~)dT .~ t > t

o 
(1 1 5)

Alternatively,  (1—1—5) can be wri t ten as

N ~ I
y(t) 

~ 
f.. . [ h j (t~ T 1,. .., t—T .) II x(T.)dT

1
, t > t (1-1-6)

In practice , there exists a broad class of electronic circuits

which are weakly nonlinear.  Values of N from 3 to 5 are commonly used

when modeling amplifiers in communications receivers [4]. For N 1 ,

(1—1—6) describes the input—output relationship of a linear, time—

invariant, causal system with memory which is relaxed at time to.

1.2 Input—output Stability for Linear Systems

One of the important characteristics of a physical system is its

stability. Since an identification process utilizes information pro—

vided by the input and output signals of the system, it is convenient

to describe a system’s stability in terms of its impulse response.

- _ _ _ _ _ _ _  _ _ _ _ _
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The following useful theorems [1] are referred to in the later

development :

Theorem 1—2—1

A relaxed system at t = to is bounded—input bounded output stable

(BIBO) if and only if there exists a finite number K such that

L

Ih (t
~
T)l dT ~ K < (1-2-1)

for all t < t <~~ .
0~~~~~~ 

—

For the time—invariant case, the theorem becomes stronger.

Theo rem 1—2—2

Consider a linear time—invariant system relaxed at t to , which

is described by the following relation

If 

= h t 1 x t d T  . (1-2-2)

J
Jh(t) l dt < K < (1-2-3)

for some constant K, then we have the following:

(a) If x is a periodic function with period T for all t > to,

then the output y tends to a periodic function with the same

period (not necessarily of the same waveform).

(b) If x is bounded and tends to a constant, then the output y is

bounded and tends to a constant.

4--

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~ •
• 
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(c) If x is of finite energy , that is,

0

t
2
dt)

h/2 < K
1 

<~~ , (1-2-4)

then the output is also of finite energy; that is, there exists a finite

K2 that depends on K , such that

(J I y(t) 2dt )h/2 < K
2 

< (1-2-5)

(d) The system is BIBO stable (This is a corollary of Theorem 1—2—1).

For systems described by proper rational transfer functions the following

theorem applies.

Theorem 1—2—3

A system relaxed at t t
o 

that is described by a proper rational

function H(S) (or equivalently, an ImpuLse response I~. (t )  which is a

sum of complex exponentials) is BIBG stab le if and only if all the poles

of H(S) are in the open left half S—plane (i.e., excluding the imaginary

axis). All the poles of H(S) then have negative real parts.

The only requirement imposed on the kernel h(s) in theorems 1—2—1

and 1—2—2 is that it should be absolutely integrable. This fact does

not imply boundedness or that h(t) approaches zero as t ~~. On the

other hand , the impulse response of theorem 1—2—3 is bounded and ap—

proaches zero as t -
~ ~ . We may write for this case

r k m
i St

h(t) = 1 A
i 

t~~~e ~ ; t > 0 (1—2—6)
i=l j=l

1.0 ; 0 > t  

—~~ - -•- ~—- - - - - - -- - ---~~---- — -~~~~~~ ---~~~ - ~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~— ~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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where A
1 ~ 0, cY~ Real [si] < 0, Si

1 ~ ~2 
for i

1 ~ i2• a1 denotes

the order of the pole at s~. The total number of poles in h(t) is
k

idv en by 1 m
1 

• n. Using (1—2—6) we write
i—i

k 
mi S t  k a

1 a t
Ih(t)) 

~ I Aijt~~
1
~
e 
~ ~ IA~~ t1 1 e ~

1=1 j—1 1=1 j=l

a
1 

-l (1—2-7)

I IA i (1 i)~ e
l_i

k j=l i
1 max
i=l A11

Inequality (1—2—7) shows the boundedness of h(t). It is clear that

lint h(t) 0 since < 0.
t.
~

As a matter of fact, (1—2—6) not only belongs to L
1[O ,00] space

(i.e.,is absolutely integrable over [O ,oo]), but also belongs to L1’[O ,ooJ

where P > 1, since

~~ a P

~ 
A
i 

tj l e
8it

l dt < . (1 2 8)
I

In L2 [O ,oo] (Hu bert space) the infinite sum

(1— 2—9)

1=1 j~ l

provides a complete representation for piecewise continuous square

integrable functions, assuming proper choices of the poles {s~}. As a

matter of fact, many choices of {s~} exist. From Szasz’s form of

Muntz ’s theorem [51, all that is required for the sel ft
i_ l e i } to

be comple te in L 2 [O ,°’J is that



_ 
~~~~~ -~~~~- _ — ~~~~~~~~~~~~~~~~~ - .--
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Real [si]I — 

1 2  (1—2—10)
1=1 1 +  I s j~~ -~!

For example, possible complete sets are

—t — 2t —it(a) {e , e ,...,e ...} m j  = 1
I

~ —(1-h
/ T)t —2(1+VCT)t —i(l+v’T)t I — 1,2,...

(b) te — , e ~..,e —

In practice , when approximating a waveform by (1—2—9), a finite set

is used and an error is involved in the r~presentation which one tries

to minimize by a proper choice of {s~ }.. Hence , representations in

the form of (1—2—6) result.

It can be shown [6] that a funct ion which both belongs to

L1[O ,ooj and is bounded also belongs to L2 [ O ,c.,]. In other words , the

boundedness constraint added to an L’ function is sufficient to

guarantee membership in L2. (In fact , membership is also guaranteed

inL 1’, P > 1).

In physical systems, the bou~dedness requirement is not a severe

constraint (i~e., physical stable systems are inherently bounded .1

It is true that theorem 1—2—1 does allow h(s) to contain a countab ’.~

linear combination of impulses provided their coefficier.cs constitute

an absolutely converging series. However, as is well known, there

is no real system for which the impulse response is an ideal impulse.

Therefore, all transfer functions belonging to physical systems have

a zero at ~ . However , transfer functions cannot be identically zero

over any n...nzero frequency interval. The Paley—Wiener criterion [7]

allows at most a countable number of zeros to exist ~n the imaginary

axis in the s plane for any transfer function related to a causal

• ~~~~~~~~~~~~~ - . — —~~~---~~~~~ ._- ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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impulse response.

1.3 The Rational Linear System

A general rational linear system is described in the time domain

by its impulse response as given in (1—2—6). The Laplace transform of

(1—2—6) yields the rational transfer function

k mi IN iS
i

H(S) — I I A~4 
(J—1)! = 1—0 (1—3—1)

i—i j—l - (S — s1) D S1
.i=0

where a < a. This is a frequency—domain description. Clearly, (1—3—1)

has a countable number of finite zeros (exactly a) and a zero at

infinity.

One way to describe the input—output relations for such a system

is through the convolution integral. Using (1—2—6) in (1—2—2), there

results
a tk i r , S (t- -r)

y (t) = 
~ I A

1 J 
( t — T ) 1

~~~e ~ x(T )d l  (1— 3— 2 )
i— l j —l  ~

where the system is assumed to be relaxed at t — 0. Taking the Laplace

transform of (1—3—2), we obtain

~ N1S
1

Y(S) — H(S)X(S) — 1—0 
— X (S) (1—3— 3)

~ 
D S 1

1—0

Premultiplying (1—3—3) by the denominator polynomial yields

~ D S1Y(S) — ~ N 1S~X(S) (1—3—4)
j — 0 3 i—O

hr.... -— _ —~~~~~~~~~ —~
_
_.~_

_ :_  - - -- . .- .
—_-_- - ~~~~~~~~~
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The inverse Laplace transform of (1—3—4) is

Y D
1
y~

1
~ (t) = ~ N.x~

1
~ (t) (1—3—5)

j = 0  1=0 1

where the ini ial conditions are given by y~~~(0) — 0, k = 0,l,2,...,n—1

x~~~ (O~ — 0, = 0 ,1,2 , . . .  ,m— 1.

Observe that y~~~(t) is the jth derivative of y(t) and x~
1
~ (t)

Is the ith derivative of x(t). Thus, (1—3—5) is a differential equa-

tion which represents the input—output relation of a causal, time—

invariant , linear system. For the more general situation in which the

initial conditions are nonzero (i.e., y
(k)
(0) ~ 0, k = O ,l , ..., n— l and

x~
9
~ (0) ~ 0, 2. = 0,1,2,... ,m—1), the Laplace transform of (1—3—5) is

~ N 1S~ ~~
1

C ~~
Y(S) X(S) 

i 0  
+ g~

O 
q 

, (1—3-6)

I D S 3 I D S 1
j—0 j=0

where

n—l n j—l a i—i
I C

q
S~ — I I D

1
Sky(1k ~~~(O) — I I N1S

2.x~
1 2 .

~~~ (0) ,
q 0  j—l k=0 i—i 2.— 0

and

Cq 
= 

~~ 
D
1

y ( 0) — ~~ N1x~~~~~~~(O).
j—q+1 i.q+l

If (1—3—1) is irreducible , then (1—3—6) is said to represent the Laplace

transform of the differential equation of an observable and controllable

system [lJ,(8]. Only irreducible transfer functions are considered in

this dissertation.

— - 
— ~~~_~:_.: ~: ~~~~~~~~ ~~~~~ 
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1.4 Literature Review and Problem Statement

Many investigators have been involved with various aspects of

the system identification problem since the late 1940’s. The proposed

techniques can be partitioned between those that utilize parametric

versus nonparametric models. Nonparametric models are characterized

by the fact that the linear impulse response and/or transfer function

is presented in either tabular or graphical form. On the other hand ,

parametric models result in a numer ical set of values for parameters

associated with a set of basis functions used to model the impulse

response and/or transfer function. This dissertation Is devoted to

the parametric approach in which the basis functions for the Impulse

response are chosen to be a set of complex exponential time functions

where the coefficients and exponents are the parameters to be deter-

mined.

His tor ica l ly ,  tie f i r s t  a t t empts  at the ident i f ica t ion  problem

were linked to system syn thes i s  where exponential approximations were

generated to represent a prescribed impulse response. The simplest

solutions were obtaine l by first specifying the exponents a priori and

then solving a l inear set of equations for the coefficients based upon

either linear interpolation , the least—square approach, or minimization

of the integrated squared error [9]. By specifying the exponents a

• priori, the difficult part of the problem was avoided. However, even

when the exponents are not specified a priori , the coefficients may

be determined as mentioned above. Appendix A provides a tutorial review

for the case in which the set of basis functions is chosen in advance.

—

~

-

~

• - ~~ 
-
~~---—~~~~
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Other approximations for the impulse response involved known ortho—

normal sets of exponential basis functions [10], [11], [12] .

Since an a priori choice of exponents is uneconomical (i.e., the

number of exponents needed for an adequate approximation may be un-

necessarily large), attention was focused on the nonlinear problem of

obtaining the “best” exponents according to some criterion. One p~ c~

cedure was suggested by Prony [13] as early as 1795. This method uses

a set of 2N equidistant data points to generate 2N nonlinear equa-

tions in the N unknown exponents and their corresponding N unknown

coefficients. In an effort to obtain increased accuracy and noise

immunity, Prony ’s method was extended to make use of more than 2N

data points in the search for the N exponentials [14]. Other forms

of the overdetermined Prc’~y method were used in the areas of speech

analysis [15] and electromagnetic field s [16], [17], [181. All of the

above techniques result in an estimate of the system characteristic

equation which is solved for the unknown exponents.

Other methods, arising from the system synthesis problem , involve

iterative schemes to determine the exponents and residues [19], [20],

[21], [22]. These methods attempt to fit a closed form expression

for the impulse response by a sum of exponentials. The procedure is

optimized by minimizing either the integrated—squared error or least—

squares error.

Whereas Prony’s method uses delay operators to obtain the charac—

teristic equation of a difference equation , other techniques have

used either different ial or integral operators to obtain the charac—

teristic equation of a differential equation [23], [24], [25], [26].



______________ _ _ _  -
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As before, the exponents are determined from the characteristic equa—

tion.

All of the previous techniques can be used in the identification

problem only when the waveform being approximated is the impulse response

of the system. This implies that the input is restricted to be an

impulse. However, other investigators have shown that the identifica-

tion problem can be solved, given the input and output signals, even

when the input has some arbitrary waveform. Gradient iterative tech-

niques using general inputs are discussed in [27] and [28]. An exten-

sion of Prony ’s method for arbitrary inputs is presented in [8].

Finally, the approaches given in [25] and [26] are generalized for

general input signals in [29], [30], and [31].

As is evident from the survey, many different approaches have been

proposed for the linear system identification problem. Each approach

has certain advantages and disadvantages. In addition , the various

techniques have been proposed without insight into how they are related.

In this dissertation , a generalized parametric model is presented which

unifies those techniques that generate the system characteristic equa—

tion. Each of these techniques results by choosing the appropriate

operator in the general model. These techniques all rely upon the

inversion of a Hilbert type of Inner—product matrix which is basically

ill—posed. One advantage of the generalized model is that it enables

the flexibility in a specific problem to select an operator which tends

to diagona..lize the matrix. This is of considerable help when inverting

the matrix. The generalized model also enables the choice of operators

for the purpose of increasing noise immunity. Some of the techniques

- . - -  .— - —  
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pr oposed in the literature required the availability of data over a

semi—infinite interval. In practical applications the data is truncated.

This results in a truncation error. One of the by—products of the

general model is the ability to deal with portions of a data record

without incurring truncation errors . In addition , most of the itera—

tive schemes proposed in the literature suffer from either convergence

pr oblems or the lack of a proof of convergence. The generalized model

• nay be used in conjunction with an iterative scheme by providing a

good f i rst  guess at the solution. This eases the convergence problem.

Finally, the generalized model is readily extended to handle complex

data as opposed to real data.

1.5 Dissertation Outline

Chapter 2 is devoted to the development of the get. ral parametric

model for identification. Since the exponential family of functions

plays a major role in the suggested model , we examine in Section 2.1

the behavior of this family when subjected to linear operators. Also ,

in 2.2, their correlation properties are investigated . In 2.3 the

general parametric model is actually developed , and in 2.4 the identi-

fication procedure is demonstrated through examples where a variety of

operators are used and their properties examined .

Chapter 3 introduces some supplemental cools. First the concept

of the S—plane “growing tree” is introduced , its properties and structure

discussed , and potential benefits when applied to synthesis and Identi—

fication problems pointed out .

The need for a good initial guess in iterative techniques makes

the model discussed in chapter 2 an a tractive candidate as a generator

_~~~~~ -_ _  — ~~~——- ~~~—-—— ._~~ _~~~~ _ —. - • —• 
~~~~~~

-— . . - - - — -  -. -~~~
—
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of such a guess. The use of such a scheme to obtain the initial guess

is demonstrated through an example.

Chapter 4 treats the identification of a weakly nonlinear system .

The system is modeled through a Volterra series representation. An

identification procedure for the higher order impulse responses is

ou tlined and demo nstra ted thro ugh an exan~~le.

A summary of the significant results and conclusions are presented

in chap te r  5.

Append ix A presen ts some tutor ial ma ter ia l  i b o i t  possible approxi-

mation schemes.

--

~

-,— - ~~~~~~~~~~~~~~ - -- - - — ~~~~~~~~~ • . 
‘
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Chap ter 2

PARAMETRIC IDE N TIFICAT I ON SCHEMES

VIA LINEAR OPERATORS

The general parametric identification model is developed in this

chap ter . In this model it is assumed that the data available consists

of input and ou tpu t  records solely (i.e., black box identification) . The

model requires that those records be processed by linear operators. The

exponential family of func tions, being a natural candidate , is the one

chosen to model the iden ti f ied sv st r ~m .  The behavior of that family, when

subjected to linear operations , is first investigated . Also , the correla-

tion properties of this family of functions is examined .

It is shown that  the group of operators that can be used for identi-

fication purposes is large . The ease of use of a certain operator depend s

upon the ease of obtaining the parameter transformation associated with

the particular operator. Different operators will affi~ct differently a

given identification situa tion. In general , one should choose an opera tor

that is “tailored ” for the identification problem at hand . Some operators

are inherently ill—posed when used in any identification sc~ieme outlined

by the general model .

Several examples are presented using a va r i e ty  of o p e r a t o r s  and

d i f f e r e n t  approximation schemes from Appendix A.

- . . • - .

_ _ _ _ _ _ _  - . -- —- -~~~~~~~~~~~ -— —.-.~~~~---
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2.1 Effect of Linear Operator on the Exponential Basis

In gener al , annth_order complex exponential basis , with negat ive

real parts for the complex frequencies , is pr esented by

i 1,2,. . .  , k k
r n — n

S .t j = l ,2 ... m . . i

{t~~~~e 1 ~ i-i (2-1-1)
real [S

1
] < 0

t > 0.

A linear combination representing either a function which belongs

to the space spanned by this basis or the projection onto the space of

a function which does not belong to the space - is given by

g ( t )  = ~~ A1. t~~~ e~~ ; t > 0 (2-1—2)
i=l j=l ~

In th is  section the behav ior of such represent~ t ions when subjected to

certain operators is investigated . The first operator to be considered

is the d i f f e r e n t i a l  opera tor .  Operating upon (2—1—2) with a differen—

tiator (for t�0), there results

g~
1
~~(t) — 

dg(t) 
— ~ ~ A

1 

1_ l
e
S
i
t 

(2—1—3)
1=1 j=l

where
A
111 

— S
1
A 1. + iA j ( j + l )

A = S A ; j 1 ,2,. .. ,(m —1)l im i i m  I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Subjecting (2—1—3) to a second differentiator , we ob tain

dg ( t ) k m . S t
g~

2
~~(t) = _____ = I I’ A

21~~t~~~~e ~ ; t > 0 (2-1-4)
1=1 j=l

where A . .  = S.A . .  + jA . .2 i j  1 lij li(j+l)

A2im i 
= Si

A
iim. ; j 1 ,2,... ,(m

1
—l)

In general , a f t e r  (2—1—2) has been subj ected to £ d i f f e r e n t i a t i o n s,

g~~~ (t) = 
d ( t) 

= ~ ~~ A
9.11

t~~
1
e~~~ ; t > 0 (2-1-5)

i—l  j — l

where A
9.1~ 

S i A (9.1)
.j +

~~~~ 
= S

i
A
(2._l)im ; j=l ,2,... ,(m~-l).

Looking at (2—1—5) , we observe :

(a) Equation (2—1—2) is infinitely differentiable for all t > 0.

(b) g~
2
~~(t) is a linear combination using the original basis (2—1—1)

for any 9. ( i . e. ,  space invariance is experienced under repeated

operation of the differential operator on functions in the space

spanned by (2—1—1)).

(c) For any integer value of 
~
,
l’ 

the basis set

k m S,t
{ 
~ 

A9., .t~~
1
e 

1 

~ 2. 2.
l
,(2.

l
+l),. .. ,(2.

1
+n-l) (2-1-6)

1=1 j =l  ~~

spans exactly the same space as does the set (2—1—1).

(d) Any ii+1 set (i.e., 9. = 2.1,(&1+l),...,(Z1-+ u)) represented by

(2—1—6) is 1ir.~arly dependent .

I. . - . ~~~~~~ ~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~
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It is concluded that the complex exponential n—space spanned by (2—1—1)

is invariant under the differential operator.

The waveform (2—1—2) is now operated upon by the integral operator.

First , an 9.—fold  reverse time integrat ion over [t ,co) is performed where

t > 0. Specifically , it is readily shown that

r
t

r
t
~ ~2 k m . S t 9.

g(9..,(t) = j 
~) 

...) 1 1
1 

A14 t~ 
1
e 

i 1 
~ dt

q/ 1=1 j=l q=1
( 2 — 1 — 7 )

k m~ A .. S T
1 13 f 9.—l i—i I

= I I (9.—I)! J (t—r) T e dT
i=l j=l 

_________

1
1
(t)

where the subscript on g denotes an 9.—fold integration. Concentrating

on I
1
(t) and making use of the binomial expansion ,

1
1

(t)  = ~ (-l)~~( 9. )t 9.
~~

’
~~ f

j +P_l Sj T
dT (2-1-8)

Integrat ing 12
( t )  by par ts  successively j +p t imes y ields ,

2.—i 
~ — l j+R— l j+p—l 

~
i+P—c— l S~ t

11
(t )  = ~ (_ 1)P( )t ~ [ ~ (~ 1)~~q ! ~ q q+i. e ]

p O  q=0 S1 (2—1—9)

9.—i j +~— l + 
2,-i j +p— l ~j+ 9._ q_ 2 Sit— I ~

. 
(_ 1) P ~q ! (  

~ q 
— 

q+l 
e

p O  q 0  S1

Direct integration of the left—hand side of (2—1—7) reveals that it

is not possible for (2—1—9) to contain functions in t involving powers

L. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
___ _— _ ._. ~~~~~~~~~~~~~~~~~ .•-.-— . - ---, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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greater than (j 1) With reference to the expression in (2 1 9), this

implies for  integer values of q less than ( 9 . —i)  that

9.— i
I (_1)P~~{q~ (

9.l) ( i+~~l) = 0 (2-1-10)
p—0 

p q

The net result is that (2—2—9)  can be rewr i t t en  as

1
1
(t) = 

9.-i 

~
r1 (_1)P+~q~~(

2,_l
) ( i+P_l) ~

J+~-~-2 
e

S it 
(2-1-il)

p O  q=Z—l p q

Performing a change in the dumm y var iable  q ,  such that  q = ~ +(~ —1),

9.—i j+ ~~ j—’~— l S .t
1
1
(t) = ~ (_l)P~~*9. (~~ 9._1)!(~~ ’) ( 1+P~~ ) ~~~~~~ e 

1 
(2-1-12)

p— 0 ~
.—O S

i

Finally ,  s u b s t i t u t i n g  ( 2 — 1 — 1 2 )  in to  ( 2 — 1 — 7 )  y ields

g (9.)
( t )  = 

(~-1)! 
~~(~~ l)~~~~~~( 1) P+V+Z-l ( Q ) ( i+P-1) ~~~~~~~~~ e

Sj t
.

(2—1—13)

From (2— i- 1~) ,  it is concluded tha t :

(a) Equat ion ( 2 — 1 — 2 )  is infinitely integrabie over (~ ,O].

(b) g (2,) (t )  is a i inea.~ combination ~sing the original basis in (2—1—1)

for any (i.e., space invariance).

(c) For any integer value of 2,
~~

, {g(9.)(t)},9. 2.1,( 9.,1+l),...,(R,1+n—l),

spans exactly the same space as does the set (2—1—1).

(d) Any n+l set (i.e.,2. =9.
i,

(2.
l+1, ...,(P,

1
+’n)) represented by (2—1—13)

is linearly dependent.

It is concluded that the complex exponential n—space spanned by (2—1—1)

is invariant under the integral operator over [O ,~)(i.e., the results

• —s_s - a - . — — . -- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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for operations over [0,°~) and &,0] are related through the sign operator

(—l)~ for an 2.—fold integration).

The limits of the integral operation are now chosen to obtain a

finite arbitrary interval of integration. Let this interval be [t ,t].

g (9.)
(t )  in (2—1—7) becomes

~ ~ k m S t  9.
g(2.)(t;t ) 1~ 

.. •

~~~ i~ l 
~~ 

A
11 

t~~
1
e ~ 

1 

q
~
1
dtq

° ° ° (2—1—14) -

= 

i~ i ~~~ ~~~~~~ 

t~ T
u l

dT.

I 3
( t )

Use of the binomial expansion on 1
3(t) results in

1
3
(t) - ~~ (-l)~~( 9.

~
1)t 9.

~~~~
1[I

2
( t )  - I

2
( t ) ] .  (2-1-15)

It follows that

2.—i 1 j+p—q—i ~~ ~l+P_~
_l ~i~o

I3
( t )  = I (-l)~~( 2.

~~~)t 9 . ’
~~~ ~~~ 

(~ i)~~q ! (i~ P i ) 
e 

q+l 
0 

e

p O  q=0 S .

~ 
j+
~ (-l)~~~q!(

9. ) ( 1~~~~)~ 
~~~~~ -2 

e
S
it 

- 

1 

(2-1-16)

j+p—q—l 1 0
e 

]t
2.
~~~

1-} 
.

Notice that the finite litaits of integration have introduced into

(2—1—16) a polynomial in t of order 9.—i. Again , as for (2—1—9) , the

coefficients for q <  2.— i are identically zero. Hence, following the

____________  

A
________________________ .L_ - 
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steps taken in the development of ~ —i—i3), (2—1—14) becomes

g(2,)(t;t )= 
i~ l 

~~ (9.-1)! 
~ (

Z;l
) l (_l)P+\*9.~

i
(V+9._l)!(i~~~

i
)

s t (2—1—17)

j— v--l ~ . t t1
~~~~

9.
~~ e ~ °

- t 1 o 9.—p—i
-‘ e —

~~~~ 
—Jt- ~\)4.9~ s\*2.

i 1

Examination of (2—1—17) reveals:

(a) g (9.) ( t ; t ) is a linear combination of the functions in the n+9. basis

tj e
S
i
t
,i,... ,t

2.
~~ } for any 9. where i = 1,2,... ,k; j = 1,2 , . . .

k
I m~ = n. (2—1—18)

i=i

(b) The new space consists of the subspace spanned by (2—1—1) plus

the subspace spanned by (1,... ,t
9.1}.

We next consider the operation of passing the wavef’rm g(t), as

given by ( 2 — 1 — 2 ) ,  through 9. cascad ed identical low—pass f i l t e r s .  Let

the impulse response of each filter be given by

l e At 
; t > 0

h ( t)  — (2—1—19)
t < 0

where X is a negative real number. The impulse response of the 2. cas-

caded low—pass filters is

‘ 2.—i XtJ ;
h9.(t) —~ ~ (2—1—20)

~ 0 ; t < 0

Passing g(t) through the cascade, assuming the filtering begins at

_ _ _ _  ~~
_
~~: ~~~~~~~~~~~~~~~~~~~~~ . — ~~~~~~~~~~~~~~~~~~~~~ 

-
— - — -
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t = t
o
, results in

k m A ~
. 

- (S —A )r
= 1 ‘9.—i’’ 

e
At J (t_T)9.lTu i e ~ dT. (2—1—21)

‘. / i—i i— i  ‘-

t
0

By direct comparison of (2—1—21) with (2—1—14) , it follows from

(2—1—17) that

g(2.)(t;t0,A) = 
(9.-i)! 

9.~l 
(
2.;l
) ~~~~~( P~~~~2 . 1( ) I ( i~ P~~~)

i—i 1=1 p=O v=0

(S —A )t ‘~ • _ • --~~

___________ 

s~t t~~~~
9.
~~e 

~ ° 
A~ 2.—~-1

(S1- A ) ~~ 9. e - 

(S
i 

- 

J e t I

Notice that g(~)(t;t05 )~) is a linear combinat ion of the func t ions  in

the i~+~~ basis

I = 1,2 ,. .. ,k r
S . t 9 . — i
i 

, ~ 
1 e

At } — 1,2,... ,m
1 

i—i . (2—1—23)

— 1,2 , . . . , 2.

For A — 0, this basis reduces to that of (2—1—18).

The next operation to be con~ .dered is that of passing g(t) as

given by (2—1—2), through cascaded identical filters having si~~1e

poles. Let the linear transfer function of each filter be given by

n1-l
11 (S — z )

H(S) — 

~f~4’ — j i  
. (2—1—24)

1T~ (S — A )
i—i 

j

It is assumed that the real part of each pole is negative and that

complex poles appear in coajugate pairs. The transfer function of

- ~~~~_ ~~.- _~ —
.
~ - -= _ ir~~ i.Y 
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the 9. cascaded filters is

n
1
—l
11 (S - z

1
)

H
9.

(S) — [H( S) ) 2. 
— ~~~~~~~ . (2— 1—25)

11 ( S — A )
i~.i 

j

Note that each of the n
1 

poles of H
9.(S) is of 9.

th_order . Taking the

inverse Laplace transform of H9.(S), the impulse response of the 9. cas-

caded filters is

h (t )  - 

r~~ 
(9.-i) !  ~~~ 

[(S_A
r
)
9. 
Hf

(S)e St J~ S A  (2-1-26)

n
1 (9. —2. ) —l A t

— 

r~i 
p—i)! ~~~~~~~~~~ 

~ (A ) t  e r

where

R (S) = (S — A ) 9. H
2.

(S) (2—1—27)

( 9 . 9 . )  
hand Rr ~ (Ar) denotes the (2,

_ 9.)t derivative of Rr(S) evaluated

for S = A .  Passing g(t) through the cascade , assuming the filtering

begins at t — t0, results in

k m
1 ~i A 9. (2 ~—l~)

g
(9.)

(t ;t ,A
1
,..., A )  — 

~~~ j~~l r~ l 
( 2 . — 1 ) T  9.

l~
l
~~~

i
~~ 

R
r 

1 (A
r

)

(2—1—28)

J
(t_T )1 T

i_l
e r e d t .

To carry out the integration in (2—1—28) we may use the results

in (2—1—22) which arose from (2—1—21) since the kernels of both integrals

5
— -- ~-~~~~~~~ —— -_-_-.----- - - — 

- .
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have the same form. The result is

k m
1 ~~ A

1 
9. 

~ ~= 

i~ l j~~i r~ i (9.-i)! 
9.
l
=1 9.

i
_l R

r 
(A

r
)

2. -l £ ~ ~~~~~ p+v+2. .-i1
1 ( i

_ 
) I (~~) (u4.9.~~~~) ! (2—1—29)

p ’O  P \)0 1

j +p-9. -u (S
1
-A )t

j — u — i  S t t e 
r 

A t 9. —p—if t 
— ~ _~ 

r
I. e L ~e t

(S1 - A )  (S - A )  ~

Cj 2 .~~~
.

The basis representing (2—1—29) is given by

S t  2 . — i A t  9 . — l An t
( t1

~~~e ~ , t e , ... ,t e ~ } (2—1—30)

where 1 — 1,2,... ,k ~ k
I m

1
n

j = 1,2,... ,m1 
) i].

— 1,2,... ,9.

The new space formed through the 9.—fold operation is n+n
1
2. dimensional

and includes the subsp.we (2—1—1). If we let t
o ~ ~ 

under the condi-

tion Real (S
1 

— X
r l < 0 for all possible values of I and r , then all

of the coefficients C . are identically zero and the 2.—fold reversejp2.
1
vri

time operation is Space invariant.

- - - •

~ 

.- -  —~
- -~~

- .. - —--~~ _ ~~~~~ ~~- = _—=~ 
—
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Another operator that preserves space invariance is the pure dei~y

operator . If we operate repeatedly on (2—1—2) 9. times with a delay

operator of A seconds , t h e r e  r e su l t s

tk m — S i
g(t;IA) = A .1 j ~~( t — 9 . A — i ) t1 1

e ~ dT (2—1—31)
~~~~~ ~~~~~ 0

k m . —S (t— .QA )
~‘ j 1  I

— / A~ Ct—IA ) e
i - ~ 1 j = 1

k rn ~—1 S ,9.A — S t
= 

~ L.’ A~1 
~ (_1)’~( 

l)(9,~)~ e 1 ~~~~~~~ 
I 

, t>2.A>O
i 1  j 1  q=0 

q

Equation (2—1—31) verifies the space invariance under the repeated delay

operation.

2 . 2  Correlat ion_Cons iderat ions Involvthg Comp lex E~p9nent1a1s

In general , i d e n t i f i c a t i o n  of the complex exponential components

of a signal involves solution of a simultaneous set of equations . As

the correlation between the components is Increased , the equations

become more ill conditioned . Consequently , the c:rrelation coefficient

between the two complex exponentials is a measure of the difficulty

by which the two components may be resolved . By way of illustration ,

two signals with unit correlation result in a singular set of equations

whereas two s1,,nals with zero correlatien yield an uncoupled set.

Consider two simple complex exponentiais given by

{e 1 } ; I - 1,2, 0 < t (2-2-1)

where S1 o~ ~~~~ = — i~~ ’ ~~ 
< 0 and j /1. The correlation

- ._. • -,~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~ ._ .-
~ - —- .-- ~~

_
~~~~~~~~~~~~ -- .

~~
_- ———--

~~ 
-
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coefficient between exp [S
1
t] and exp [S

2t1 over the time interval

~~
‘
~~~

‘ T1
+A] is defined to be

T
1

+A 
*

S t S
2
tJ e 1

e

p12
(T
1
,T1

+A) = 
T
1

+A 
* 

T
1+A 

* 
1/2 (2-2-2)

r S t S
1
t 

~
[ J e

l e dt j e e dt)

T1 T1

Performing the integrations and rearranging terms yields

p (T T +A) = ~~ 
4a
1
a~ 

(o
1~~ 2

)Aj 1 2 ~~~ 
~ e~ 

(~ 1~~ 2
)T
1

12 1’ 1 a
1 

+ + j (w -w
2
) 

~~ 2T
1

A 2o
2AV (1 — e ) (1 — e ) (2—2— 3)

In general , the correlation coefficient is a complex quantity. The

in i t 4 ~~i t ime ins tant  T
1 

simply adds a constant to the phase. Since

we are primarily interested in the magnitude , there is no loss in

general i ty  by assuming T1 
= 0. For this special case, the coefficient

is denoted by p
12(A).

Of particular interest is the sinusoidal case for which = 0,

1 1,2. Taking the limit as a 1 approaches zero with T1 — 0, (2—2—3)

becomes

~

~
l2

~~~~i ai a 2 ~~~ 
= e 

j(w
1
-u
2

)A
( 2 — 2 — 4 )

u)
1

W
2sin(• W — w

- 

~i ~2 
A 

/ 1  
2~~~

L
— . .
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The phase and magnit~ide of the correlation coefficient are plotted

in Figure (2—2—1) where it is assumed th -~t ~~ -
~~ ~~~ 

Observe that the

_ _ _ _ _
/
/

_
1-_

_____ _ 

~~~~~~~~~~~~ 
—~~~‘0.00 -It- 2~rr 3~ ( ‘l it-

F ig. 2—2—1. Phase and magnitude of p 
2

(A)~ .~~.1

c o e f f i c ien t is ze ro for

— “ 2 
2~~(f

1 
— f

2
)

2 A = 
2 

— /~ = nil ; n = 1,2 (2—2—5)

Hence , for an observation interval of length •~ . ,  the two componen ts

are uncorrelated for

— f 2 
= -

~~ 
; n 1,2 , . . . (2—2—6)

with n = 1, we obtain the conventlc.ial condition for resolution of two

frequency components which is given by

— — (2—2—7)

For other values of f1 
— f 2 ,  the magnitude of the correlation coeffi—

d ent is bounded by

- -
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I ain 2=0 
1 (2-2-8)

This bound is plotted in Fig. 2—2—1. Uhen = w2, the correlation

coefficient is unity. This is to be expected since the two components

are then identical.

The situation is more complicated when a~ < 0; 1 = 1,2. This

is evident by consideration of the spectra involved . For the infinite

• interval, a~ = 0 y ields a line spectrum whereas 0. < 0 results

in a continuous spectrum. Define

a w - w
2 2 

y = a A  (2-2-9)
1

where , fo r  convenience , it is assumed 0
2 

< 0
1 

< 0. Substitution of

(2—2—9) into (2—2—3), with T
1 

= 0, the co -relation coefficient is ex-

pressed as

p (A) = _________ 
e (’~~~~~e 1 ~ - 1 

— (2-2-10)
12 1 + c z + j~

[1 - e2~ ][l 
- e2~~]

For the infinite observation interval , A = ~ and y = —~~~. Th is y ields

_ _ _  
(2-2-11)

p
l2~~~ 

= - 

~ + ~ + ~~

Observe t~~~
(1+cz)y jBy 

—(A) = 
~~ 

e e (2—2—12)12 12 
V~[l - e

2’
~][1 

- e2~~]

The second factor in (2—2—12) can be interpreted as a “windowing” factor

due to the finite observation interval.

____________________________ -
~~

- -
~ 

-
~~

--
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ..
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The magnitude and phase of (2—2—10) are given by

ø—— —--—- ----—— ) (1+c~)~ ’ 2 (l+cx) y
— 

4c~ ~1 — 2e cos ~y + e- 

\j ~~~+~~)
2 

+ 
~~ \- 1 - (e 2~+e2~~ ) + ~~~~~~~~

(2—2—13)

• / 
~) = 

-1 
~ 
(l+a ) sin 13y —~~~(cos ~y -

/ ~~~~ 
an — ( l+ a ) y

~3 sin ~y + (l+cL)(cos ~3y — e )

• Because th is  is a r a t h e r  complicated expression , a t t e n t i o n  is f i r s t

devoted to the case of the infinite observation interval. The effect

of windowing  ( i . e . ,  f i n i t e  observat ion in t e rva l )  is discussed l a t e r .

As is evident , eithe r from (2—2—11) or (2—2—13), the magnitude and phase

of the correlation coefficient for A = ~~ are

/ 4-~I~12
(
~~ ~~~~I ~~~~~~~~~~~~~~~~~~~~~~v (1+~ ) +

(2—2—14)

—i
fl2~~~ 

= tan [— ~

For a f ixed  value of ~~~ , the maximum value of p
12

(~) l  oc cu rs for

~~ = (2 2 15)

The peak value of Ip 12 (
~~~)I is then g iven by

1p 12&) I 
1 + + . 

(2-2-16)

I t  is Interesting to note that (2—2—10) is unchanged by interchanging

the s u b s c r i p t s  1 and 2 in the d e f i n it i o n s  of ( 2 — 2 — 9 ) .  For this reason ,

L _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~
• 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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it is necessary to consider only values of a greater than or equal to

unity . The value of a = 1 is, there fo re , of special interest because

it serves as the “origin” in our plots. Interestingly enough , for both

large and small values of ~, the peak value in (2—2—16) is approxi-
mately related to the value of the correlation coefficient for i. = 1.

Specifically,

1 P 1)
( ~) I - 

= --- -----
~~ (2-2-17)

- _ 
~~~~~~

For 
~ 

>> 1,

12~~~~ a=a 
~2 (2-2-18)

On the other hand , for  <

1 ~~) - = 
(2-2-19)

Also , for a >> 1 and a >> ~ j ,  observe frori (2—2—14) that

(2-2-20)

Hence , for a fixed value of IB I , the correlation coefficient approaches

zero in the limit as ct approaches infinity .

Equation (2—2—14) is now investigated as a functhn of ~. For a

fixed value ,f a, the maximum value of ~12
(~) I occurs for

‘~ 0. (2—2—21)

It is interesting to note that the correlat ion coefficient peaks when

i 
— 2 but does not necessarily peak when 0

1 
= 

~2 
(i.e., a = 1). For

— 0, the peak value of the correlation coefficient is 

_ _ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ . • 
~~~~~~~~ - ~~~~~~~~~~~~~~~ _ :_ . _ : .
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~12~°°~~ L~~~ 0 
= 

. 
(2-2-22)

For a >> 1, the peak becomes

2I -~~~ (2-2-23)
~~

Assymptotica l ly , for  I~I >> - ,  (2—2—14) reduces to

I~ 
(o

~~~~ 
-
~~~

--
~~ (2-2-24)12

The ref ore , for a fixed value of a, the correla:ion coefficient approaches

zero in the  l imit  as ~I approaches infinity . By comparison of (2—2—20)

with (2—2—24), it is seen that the correlation coefficient asymptotically

approaches zero at a faster rate with respect to H as opposed to c~.

A plot of I~12
(~) I  versus I~~I, with a as a parameter is shown in

Fig. 2—2—2. Recall that the larger is the correlation between signal.

components , the more ill—conditioned are the equations which arise in

the identification problem. Figure 2—2—2 points out that the problem

of resolution is eased under situations of either small a’s and large

or vice versa. Recognizing that a is constrained to be greater

than un ity ,  small a implies 0
1 

O
2~ 

Then a large value of 
~~~~ 

is

desirable so that the difference in w~ and w 2 will aid in discriminating

between the two components. On the other hand , if I~~~ I is small , a

large value of a Is desirable. It is interesting to note that , for large

~, the correlation coefficient is relatively insensitive to 
~ 

(e. g . ,

see curve with a = 100). This is reasonable since a 1-~rge value of a

implies that one component decays much more rapidly than the other .
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~ IP1~ 
(oofl 

—____

0o

0
0
(0 ô.~~IO

~ rJ,,:20

0

~. d. 100

4 .00  ~.C0  ~2.00 16.00 20.00 2LLOO 2e.c0 o t~I
(X l 0-1)

F ig, 2—2—2 . Ip 12 (-)~ as a function of ~I.

Hence , the correlation coefficient is more influenced by the relative

decays as opposed to the  relat ive oscil lat ions.  In the i d e n t i f i c a t i o n

problem a and ~ are speci f ied  and the observation interval is f inite.

Since an infinite observation interval was assumed in obtaining the

curves in Fig. 2—2—2 , they serve as a lower bound on the correla ’ ion

coefficient for the finite interval.

A second way of viewing 1p 12 (°)l is presented in Fig. 2—2—3

where the magnitude is plotted as a function of a with 181 as a parameter.

The conclusions arrived at from the previous figure are still valid . 

•
~~~~~~~~~ •~

—:
~~
-

k -- .-— ------- - - - - —.•- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~~ •~~~~~~ 
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~•

0
0

C

(0

C
C

Ip I~IO

0
C

t~I:~0
D

I~l:Joo
C

4 4 4
0.00 ~i.00 8.00 12.00 16.00 20.00 2q.00 28•00g~q~.(X1 Q~~) U,

Fig. 2—2—3. n12 (a) I as a function of ~ .

However , Fig. 2—2—3 clearly shows that large values for both -~~ and I~ I
are preferable . Also , no te the sequence of peaks at values of aM pre—

d icted by (2—2—15). For large values of 8 1 ,  ~ H The maximum

value of the correlation coefficient then arises when 102 1 — w2 1

where it is assumed 1021 > 1a 1I .

Still another way of presenting the results is to construct

equal correlation magnitude contours as a function of a and 181 . Solu-

tion of (2—2—14) for 18 ! results in

8! = 12a ( 2 
- 1) - (1 + a2). (2-2-25)

V l c~2~~l

• • - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~
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220

The contour plot is shown in FIg. 2—2— 4 where the parameter is Ip 12&)!.

This plot enables the user to determine the various combinations of a

and 18 1 which result in a given value of the correlation coefficient. The

plot also allows one to determine the  sensitivity of the signal parameters

to small changes in the correlation coefficients. For example , assume

C

/ 
— 

I~a(”~
)I Par.

.2/
C

C I .3
C

C Io

0.00 4.00 8.00 12.00 16 .00 20.00 2~ 00 ~.
1.3

FIg. 2—2—4. Equal correlation magnitude contou’s in the
a, 181 plane. a > 1 is assumed in the text.

I-

~ 

.
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O
i 

= —3 and 1 8 1  = 4. For l~l2 (
~~l = 0.4, the allowable value of a

is approximately 23, as read from Fig. 2—2—4. The corresponding value

ef 0
2 

is —69.  When L 1, (~) l  — 0.5 , the allowable values fo r  a are 1.3

and 13. This yields values for o~ of —3.9 and —39 , respect ively. In

this case, the value of 0
2 

is seen to be highly sensitive to changes

in the correlation coefficient .

Our discussion , thus far , has dealt with the infinite

interval. We now consider the effect of a finite observation. The

windowing effect is accounted for in (2—2—13)  by the  second factor

which is

= 

e2Y +e 2a1) ÷ e
2
~
1
~~
T
~~~ 

. (2-2-26)

w ( a , B ,y )  can be shown to approach unity for all possible choi- - e” of

a and 8, as —
~ ~~. Obviously , the e f f e c t  of windowing Is n e g l i g i b l e

when w(a,)3,y) 1. Since a > 1 and y < 0, w(:~,l~,y) is bounded by

1 — e2~ < w(a ,~~,~~) < (1 — 2e
2
~
’)

1 
(2—2—27)

Observe that the bounds are independent of a and 8. The inequality in

(2—2—27) can be used to obtain an estimate for the minimum length of

the observation interval in order that the correlation between the

two components be approximately the same as for the infinite interval.

(In general, windowing tends to increase the correlation). From

(2—2—27) the following table is obtained :

.. . - _ •- . - — ~~~~~~~~~~~~~ 
-_—- -. ~ —
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Table 2—2—1. Lower and Upper Bounds ott w(a,-~,y).

1 - e
2
~ (1 - 2e2~)~~

—1 .864 1.372

-2 .982 1.038

.3 .997 1.005

‘t Is concluded t rom Table 2—2—1 that the record length can be assumed

Lo he t m ite , as far as w(a, ,y) is concerned , provided Y < — 2 .  In

othe r words , when the length of the observation Interval is such that

— -
~~~

-- where < 
~l 

< 0~ 1 2,3, ... , (2 2 28)

t~1er, 
~~

. 
12 (- )l 1p 12 (°°) - I .  Since a finite interval tend ’ to Increa~.e

t he c~~rre1atIon coefficient , it Is desirable that the inequdlitv in

(2—2—28) be satisfied .

The behavior of 
I 2~”~I as a function of Jy l Is illustrated In

Figures 2— 2—5 and 2—2—6 . In Figure 2—2—5 a is constrained to be u n t t —

as the parameter (8! is varied from I to 100. Note that the curves

have settled down to their asymptotic behavior for y f  > 2. It is

interesting to compare the damped case (i.e., a~ ~ 0) to the sinusoidal

case (i.e., a~ — 0). For o
~ 

— — 1 , 181 — 1w 1 — w2 1 . The dashed line

in Fig. 2—2—S corresponds to the sinusoidal case where 1w1 — 10.

Th is serve., as a reference for the damped case where 18 1  — 10 an~ —

—1. In Figure 2—2— 6 18 1 is constrairted to equal the value 3 as the

parameter is varied from 1 to  100. Again asymptotic values have

been “reached ” for 
~~ . I ~ 2. The dashed curve in FIg. 2—2—6 represents

1k ~. - - . . - -  

- •----• -- ---
~
-
~--~~~~~~~ - -- - - - --- -
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IP ~~o

~~~~~~

0.00 4.00 8.00 12.00 16.00 20.00 24.00
(X l0 -lJ

Fig. 2—2—5. 1 c ~2 ( - )  ‘-s . ~~~~~ wi th a = 1 and !81 as a parameter.

~~

C

/
-
t 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _I I 4 I0.00 ‘4.00 ~.00 12.00 16 .00 20.00 2(1.00(X 1G - ’ )
Fig . Z_ 2_

~~I O 12
(A)I vs. !YI wIthIB ! 3 and a as a parameter.

L ~
— 

—-.~~ - - : 
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the sinusoidal case with 1w 1 — w2 ( = 3. Since 18 1 3, each curve

in the figure may be compared with the sinusoidal case provided cT
~ 

is

assumed equal to —1. For a > 1, it is interesting to note that there

exist values of ~I where the correlation coefficient is smaller than

that of the sin.~” - i d a l  case. The only exception is for a 1. Notice

tha t the largest asymptote occurs for a = / l  + 8
2 

= /TO~, as predicted

by (2—2—15).

As a final topic , the or thogonal ity of sets of complex exponen—

tials is discussed . In general , two simple complex exponentials ,

as given by (2—2 — 1) , are not orthogonal over any given interval  with-

in [0 ,co) . Since the orthogonal i ty  property  can be u s e f u l  in ce r t a in

si tuat ions, it is desirable to be able to or thogonal ize  a set of

complex exponentials. The Gram—Schmidt orthonormalization procedure

is , of course , applicable. However , a simpler procedure for exoonen—

tial functions was developed by Kautz  [101 and applied In [11]. The

orthonormalizat i.j n is carried out over the semi—inf in i te  interval  and

is based upon the Parseval relat ion for  an inner product  between two

time functions. Specifically , the Parseval relation is

~~ fg *dt = 
J
F(S)G*(_s) -~~~~~~

- . ( 2 — 2 — 2 9 )

It follows that orthogonality itt the time domain is equivalent to

orthogonality in the frequency domain. If f and g are sums of complex

exponentials , ‘hey will he orthogonal provided F(s)G*(_s) is a rational

function which is analytic (i.e., has no poles) either in the left

half or right half of the s—plane . Kautz considered the set of expo-

nent tale
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S t  =I 
, 1,2,... ,n,.. . ,m , t > 0, 0 (2-2—30)

and constructed an orthonormal set where the n~
’ orthonorma l basic

func t ion  is given by
n—i 

*
- - 

TI (S + 
~~~ ~‘2o n-i S + S

Ik

I *~~~~ j . 
_ _ _ _  

n
— 

~~
_S
0
_S
n 

- = i—~
- TI j -—-

~
-- . (2—2—31)

TI (S — s1
) n i—i i

i—i

To verify that (2-2—31) is the ~th representative of an orthonormal

basis , we show that

J~~~~ (s) ~*(_ S) 
~~~~~ 

= 

~~ 

. (2-2-32)

For 2, < q ,  the Integral in (2—2—32) becomes

2. q—1
TI (S÷S~ ) F (S_&(5 F (S_ S

k ~
i~ , — s - —s - — s —S ~ k — l 1 k, — f 2 k =~+l

& 

- 
g ~~~ ~~~~~~~~~~~~ 

- ___ ___ ____ _j  
- ——- — ds

i • q 
* q_j cc TI (S— S 1 ) II (S+S~ ) ( — l )

~il=l 1 12=1 2 ( 2—2—3 3 )

Note  tha t  the Integ rand is ana ly t ic  in the l e f t—ha l f  pla ne and on

the imagina ry axis. Therefore , closing the contour to the left , the

resul t ing integral is zero. For ~ > q ,  th e integral  Is analyt ic  in

the right—half plane and on the imaginary  axis . a .  closing the  contour

to the right , the resulting integral is again zero. For 2. =

(2—2—33) reduces to

-

~ 

- -— 
~- .~~~.2  - --- --. —. - --
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V L ~~vUq q  J -l --~~ dS 
(-1) (_ S

k
_ S

~~
) 

= 1 (2-2-34)

~~ ( S—S 2.) (S + S2.) Sk~
I
~
Sk

where the contour can be closed either to the right or left without

affecting the result . Equation (2—2—31) can be Interpreted in terms

of passing the ~
th 

exponential time function through an all—pass

filter structured from the previous n—i e~~onents. The all—pass filter

interpretation points out that It is the phase which is responsible

for  the o r thogona l i ty .

Thus f a r , or thogonal i ty  has been considered over a s emi - in f i n i t e

interval .  Provided a f i n i t e  interval  is suitably long , or thogonal ity

can still be approximated by the Kautz procedure. From (2—2—31), no te

that -

t~~(t) f~{’Y (S)} = 

~ 
~~~~~~~ (2-2-35)

In the time doma n orthonormality requires

(1

~t )  dt = ( 2 — 2 — 3 6 )q 
~0 . 2,~~~ q~

Subs t i t u t ion  of (2—2—3 5) into (2—2—36)  yields

* 
9, q 

* ta~ (S 1+S~~) t

j ~p~ (t)~p ( t )d t  — 2 ~ AIAk J e dt

0 
q 1—1 k—i 

o

9. A A * ( i  9 . — q
— v — 

I k 
* 

— 
‘ (2—2—37)

i—i k— 1 S
I
+ S

k ~~0 2.~~~q

For a finite interval of length tt, consider

L ~~~~~~~~~~~~~~~~~~~~ ~~~~~~ 
- 

- - - -
- - -
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*(S +s )t~
I ~Q (t)kP (t)dt = ~~ A~ A~ -~~-------- ~

___.LJ (2—2—38)
i=l k= 1 S + S

0 1 k

Clearly, ( 2 — 2 — 3 8 )  reduces to (2—2—37) provl~ ed

*(S +S
k

)A
e << 1. (2—2—39)

Assume < 0~~ for  I = 2 ,3,. . .  ,n. Si!~ce

20 1
$.

< e , (2—2—40)

( 2 — 2 — 3 9 )  can be replaced by the similar inequality

2o~~ 2e = e << 1. (2-2-41)

Provided the interval length is chosen such that ( 2 — 2 — 4 1 )  is satisfied ,

the orthonormal basis generated by (2—2—31) is very clO-t e to being

orthonormal over the finite interval. Interestingly enough , Iii ‘ 2,

which was the condition for p12 (~
) Ip 12(~)H also satisfies the

orthogona 1 lty condition of (2—2—41). In this dissertation ,

> 2 (2—2—42)

is the condition to be satisfied if a finite interval is to be con—

sidered as though it were an infinite interval.

— - - -  - -
~~
=-- ‘

~~~~~ --~~~~~~~~~~~~~~ —.- - — .- ~~~~~~~-
-
~~~--. - --- -~~~ ~~~~~ -= ~~~~~--~~~~ -- - - - - - -
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2.3 A General Parametric Id e n t i f i c a t i o n_~pproach

Consider a linear system with input x(t) and output y(t) as

shown in Fig. 2—3—1. Assuming the system is described by a proper

rat ional transfer function , the impulse response h(t) may be expressed

as
k m . S t
~ ~~ A~ .t~~

1
e ~ ; t > 0

h( t ) = 
i i  

(2-3-1)
0 ; t < 0 .

—~~ -
~~~~ ~i )  j - _

Fig. ~— 3 — 1 . Linear system.

In Section 1.3 it was shot~— that an irreducible representation for

this system is the input—output relat ion given by the differential

equation

n m
D y~~~~ t) = ~ N1x~~~(t). (2-3-2)

j=0 -~ i=0

For a comp lete specification of the equation the initial conditions

at some arbitrary instant of time t
0

y
(k)
(t) ;  k = 0,1,2,... ,n-1

x~~~(t ); ~~ = 0 , 1,2 , . . .  ,m ,

must also be specified . 

--- J_—
__ - —
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Notice that (2—3—2) can be rewritten as

~ D~y~~~ (t) - ~ N . x~~~~( t )  = 0 . (2-3-3)
j=0 1=0

EquatIon (2—3—3) represents a linear comb i nation of the input and output

signals and their derivatives up to t h e  orders rr and n , respective ly .

This implies that the set of functions

(•) ( _ )  j = 0,1,2,... ,n
x 

1 

~ = 0,1,2 ,... ,m (2—3—4)

is linearly dependent. Assuming none of the coefficients in (2—3—3)

is zero , all of the (n+m+2) funct~ ons in (2—3—4) are needed to satisfy

the d i f f e r e n t i a l  equat ion. Linear  independence resul ts  when one of

the  func t i ons  is removed f rom the  set ( 2 — 3 — 4 )  s ince  it is no longer

possIble to express any one function as a linear combination of the

others. This suggests that (2—3—3) is defined on a space having dimen-

sion (n+n+l).

The general solution of the differential equation given by (2—3—2)

is y •t) = y(t) and consists of the homogeneous solution Yh
(t) plus

the particular solution y (t). The impulse response h(t) can be

det ermined from the homogeneous solution alone. Hence , it is desirable

that  any i d e n t i f i c a t i o n  procedure be able to separate Yh
(t) and y ( t)

from y(t) conceptually , if not in prac t ice .

Since a proper ra t ional  t r a n s f e r  funct i on  is assumed , in in

(2—3—2) is s t r i c t ly  smaller than n . In the identification problem both

m and n are unknown. It is possible to simplif y detertninat ’~n of the

values for m and n by first assuming that m equals n. The value of n

:1:_

foi: 

he valU7 of in 

~~~~~ 

that the coefficieru~ 

-



-~~~

e

~—3 0

N .; i = m+1 , . . . , i are then found to be ero. To accomplish this

procedure we consider th e set

j = 1,2 ,... ,n 
(2-3-5)

1 = 0,1 ,2 ,... ,m ,... ,n.

Note that y(~~ has been removed from (2—ii -~~), as mentioned previously ,

this results in linear independence of thi set

{yW ,x (U} 1 
= ~~~

‘

~~~~

“‘

~~~ 
(2-3-6)

Also , observe that th-~ set (2—3—5) contains the function x
(m+

~~ ,. . .  ~~~~~~

which were not originally contained in (2—3—4). The set (2—3—5) will

also be linearly independent provided none of the functions

~
(n) 

can be expressed as a linear combinatico of the functions in

(2—3—6) . The functions in (2—3—5) can then serve as a basis to span

a (2n+l) d imensional space. For those cases where (2—3—5) constitutes

a linearly independent set , the value of n can be determined as ex-

plained next.

For purpose of illustration , we consider an idealizea ident ifi—

-at on problen . As-,ume for all t > 0, that analytical rep~-esent- zit ions

are available for the system input and output. Consider the (2n+2)

functions

(0) (n) (0) (n)x , . . . , x , y  ,

which are generated as shown in Fig. 2—3—2. Assume (2—3—5) consti-

tutes a linearly independent set. The object is to determine n and

then to identif y the system.

, - .  —

_ _ _ _ _ _ _  
— - - - -- - -~~~---- -- -- -~~~~
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j—HIIII~IIIl
(t) _ _  L~ (1)

d~~ J d-t

-I

Fig. 2—3—2. Reconstruct Ion O L  the differential
equation describing the system h.

Because known snalvt I31 expressions are assumed for x(t) and

y(t), this example repre sen ts a highly simplified situation . Neverthe-

less, It serves to Illustrate the point. The procedure begins by

assumIng th. system differential equation Is given by

D ~~~~~~~~~~~~~~~ 
— 

~ N 1x~
’
~~(t ) — 0 (2—3—7)

j — o i—0

Clearly, (2—3—7) remains unchanged when multiplied by a constant. 

~~~~~~~~~~~~~~~~~~~~~~~
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For convenience , assume the equation has been scaled such that D0 = 1.

Equation (2—3—7) may then be written as

= -y(t) = ~~ D.y~~~ (t) 
- 

i~ 0 
N
1
x~
’
~~(t). (2-3-8)

The functions of y~~~ (t) and x~’~~(t) are known for all values of j

and i. For a specified value of r , (2r+l) of these functions serve

as a basis for approximating —y(t). The coefficients can be deter-

mined by means of ~ ny of the approximation techniques discussed in

Appendix A.

One of the problems is to determine a suitable value for r. For

r < n , the basis is inadequate for exactly representing —y(t) and a

nonzero approximation error is involved. When r = n , —v(t) is an

exact linear combination of the basis and the approximation error is

zero. To demonstrate how the order of the system is determined , we

use the simplest approximation technique in Appendix A which is that

of interpolation .

Consider the (2r- --l) equations obtained by evaluat ing (2—3—8) at

(2r+1) different time Inst rnts . This results in

-y~~~ (tk
) = D ~(j) (t

k
) - N

1x~~~ (tk
); (2-3-9)

j=l i—0
k = 1.... ,2r+l

Equation (2—3—9) can he expressed in matrix form as

-

~

_

~

:.--

~

- 



2 — i 3

.y ~~~~(t
1

) 
1 x~
°~ ~~t 1 ) x~~~ ( t )  . . 

~~~~~~~~~~~ (t
1
) [n 1 

-

~ ~~
(0) 

(t
1)

~~
‘
~(~2

) ...Y
(r )
(~2) ~x~

0
~(t 2) ~

‘1’ (t2
) ...x~~~~(t 2)

v~
1
~ (t2~~ 1) 

(r )
(~ X~~~

0

~~~(t 2 +1) xW (t 2~~~[) 
x
~~~

(t 2 + l N 
(t)

(t~~~~~

(2—3—10)

The square matrix is nonsingular provided r < n. Consequently , n can

be de term ined by success i~ elv increasing the value of r by unity until

the matrix becomes singular . This will first occur when r n+l. (The

matrix is then of size 2n+3). Having determined the value of n, (2—3—10)

is solved for the coefficients and N
1 
where r is chosen equal to n.

Under the assumption that (2—3—5) is a linearly independent set the

coefficients N
1 

for i (m+1), . . . ,  n will be found to be identically

zero since the original differential equation (2—3—2) is a linear combi-

nation of the basis in (2—3—6) which spans a subspace of the space

spanned by (2—3—5).

The assumption of linear independence for ~~~~ where (~i+l) < I <

is now relaxed . The simultaneous set of equations in (2—3—10) are

generated as before. However , In addition to checking the singularity

of the square (2r+1) x (2r+1) matrix , the singularity of the submatrix

-

~ 

~~~



--

2 — 3 4

x~
0
~~(t 1) x~~~(t 1 

...  X~~~~~~~~(t
1
)

xW (t
2
) 

(r)~~~~

x~
0
~ (t~~1

) x~
1
~ (t 1

) . . .  x (r )
t~~~~

1 j

is also checked. As long as the submatrix remains nonsingular ,

while the value of r is successively inc reased by unity, the

procedure remains the same as before . The procedure is changed

should the submatrix become singular. Suppose this occurs for

the value of r equal to r
1
. Then both the (2r

1
+l) th column

and row are removed from the square matrix In (2-3—10). The

reduced matrix is checked for singularity. If this matrix

is singular , the order of the reduced matrix is (2n+2) and the

value of n has been found . If the red~iced matrix is nonsingula-
- ,

the procedure proceeds by adding to the reduced matrix an

additional column to the (~~( i)
J submatrix while adding an

additional row to the whole matrix as shown below .

(1) 
(r 1) (r~+1) II (0) (r 1— 1) (0)y (t

1
) . . . y (c.~) y (t

1
) ~ x (t

1
) . . .x (t 1

) y (t
1
)

y~
1> (t 2 ) 

r l~~~
2 ) y 1

~
’(t2) I x ~°~ (~ 2

) . . .x 1 (t 2 ) D
2 

Y U
2

)

~
I
~
1 :::

(r 1) (r 1+1) (r 0
Y ’1

~~(t 2 ÷1) ...v (t 2r +1 ~
. (t 2r +1)

~ p~~~ ~(t 2~~~ 1) . . . x 1 
(t 2r +1

) -N
r i  

~~

-
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ThIs process is continued p times until the resulting (2r
1
+p ) x (2 r

1
+p)

matrix is singular. The order of this matrix is r
1 + n + 1 from which

n can be determined . The coefficients a’~e found by solving the set

of equations which result when the (r~+p)th column and (2r 1+p)
th 

row

are removed from (2—3—11). This proce iure also yields the value of

m since the coefficients N +1’ ..., N —l 
will be identically zero.m r1

The previous discussion utilized a differential equation descrip-

tion of the system. This was not necessary . Many other representa-

tions exist for a dynamical system. Provided each representation is

equivalent , any given input will result in the same output irrespec-

tive of the representa t ion  used . Equivalency between the convolution

integral and differential equation representations was demonstrated

in Chapter 1.

A variety of equivalent representations can be generated from

(2—3—3) by operating on the differential equation with various linear

operators. Assume a particular linear operator is denoted by 
~~~~~

Applying this operator to (2—3—3), there results

~ D~y W (t )  - ~ N1x~~~(t)} = 0 (2-3-12)
i—a i—o

Making use of linearity , as defined In (1—1—1), (2—3—12) can be

written as

~ D ( g y (i)(t)] - ~ Nj[g~x
( l)

(t)] = 0~ (2-3-13)
j—0 1—0

This procedure can be extended to a cascade of such operators.
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Let ~~(t) denote the Impulse response obtained when the unit impulse

is appl ied to the operator 
~~~~~ 

The Laplace transform of ~~~( t)  is

denoted by G~(S). Since convolution in the time domain corresponds

to multiplication in the frequency domain, the process of operating

on (2—3—3)  by the  sequence of operators g1, g2, ..., g~ can lie

described by

t—t t—t

D 
J f ~~~~(T ) ~~~~~~~~~~ (t-r)dr - 

~ J f~ (r)x ~~~(t—T )dT - 0 ; t > t o 
(2-~ - 1 4 )

j~~ ) 1—0

where 
-

t~~(t) = ~~~l 

~k~ l 
Gk ( S ) I .  (2-3-15)

For conventenLe , define

-

(2—3—16)
t

x
1
i~ ~

) — j f (t)x~
1
~ (t— ~)d~.

0

Equation (2—3—14) can be rewritten then as

~ D~~~1
( t ; ~~) — ~ N1 x1

(t Z) — 0 (2—3—17)i— a 1—0

where it is understood that the system is initially relaxed at t ime

t .  The representation in (2—3—17) Is in terms of the new set of

functions

_____ -- ~~~~~~~~~~~~~~~~ ~ T~~~~
_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- — -  _ i_ -~ — ~~~~~~~~~~~~~~~~~~~~~~~~



- —~~~~~~ - — r ~~~~~~~~ -~~~—---— ’ —
~~~~ 

- 
-

2—37

{~ 4 (t;2~
\ ; x

1
(t;i)) ~ = g:~::::~~. (2—3—18)

Provided these functions span an n + + 1 dimensional space , the

representation in (2—3—17) is equivalent to that in (2—3—7). Note

that the coefficients and N~ are identical in the two representa—

tions.

Equation (2—3—17)  has significant implications as far  as the

identification problem is concerned . In general , only finite records

of the  inpu t  an-~ o u t p u t  are available.  The d i f f e r en t i a t i on  scheme

shown In Fig.  2—3—2 for generating a set of n + m + 2 functions to be

used in the identification is , in general , impractical. Differentia-

tion tends to enhance the noise and measurement errors inhere’~t in

experimental data. Alternat ive schemes are suggested by (2—3—17)

which incorporate the n + m + 2 functions of (2—3-18). In other

words, operators othe r than differentlators can be utilized to generate

a suitable set of n + m + 2 functions from the Input—output data.

A practical difficulty yet remains with use of (2—3—17). The

functions in (2—3—16) are generated from deriva ’ilves of the input and

output. In practice , only the input , x~~~, and ou’put , r
iO)

, are

given. The question then arises , “Is It possible to generate an

equation similar to (2—3—17), where the coefficients D
1 
and N1 are

preserved , but the functions involved are generated only from the

given input and output?”

To answer this quest ~on, consider the frequency—domain input—

output relation for a nonrelaxed , linear , time—invariant , causal system

- -- ~~~~~~~~~~~~~~~ 
_z_ — —=--—— -

- ‘- =~~ -:_~__ ~__~__-~ — -‘~~~~~~~~~ ---—— -—---- -———
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which is given by (1—3—6). Recall that the coefficients C
q arise from

the nonzero initial conditions at time t 0. Rewriting (1—3—6) , there

results

n in n—i

~ D
1
S1Y( S) — 

~~ N 1S~~~(s) — c 5
q 

— 0 (2—3—19)
j=0 1—0 q—0 q

Let the transfer function of a linear cascad~.~ of 2~ filters be denoted

by

F (S) = ~ II G (s)]. (2—3—20)
£ k—i 

k

Mult ip lication of (2—3— 19) by Fe (S) yields

n . m n—i

~ D.S3F~ (S)Y(S)  — ~~ N
1
S
i
F~(S)%(S) — C SC

~F~ (S) — 0. (2—3—21)
j=0 ~ 1=0 q”O 

q

The inverse Laplace transform of F
e

(S) , as pointed out in (2 3 15),

is f1 (t). Hence ,

~ {S~F~ (S)} = 

~~~~~ 

{f ~~(t)} - f~~~ (t), (2-3-22)

Converting (2—3—21) to the time domain , we obtain

~~~ 

D
1 J

Y (T ) f~~~~(t-t)dr - 

~ 
N
i J

0 0 (2—3—23)

- 

:~: 
C
qf~~

)(t) • 0

where It is understood that differentiation is with respect to the

variable t. For convenience , define the functions

— - - S — - -  . - — - -- ---c
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y
1
(t;~~) =

(2—3—24)

x 1 (t ;~~) x( T)f~~~(t-T)dT

Notice the reversed roles of the functions in (2—3—16) and (2—3—24),

Equation (2-~~-23) now becomes

~~~~~~~ 

- 

q~ O 
~~ ‘ ( t )  0. (2-3-25)

For the relaxed case the coeffici lnt s C are idemti callv zero and
q

(2—3—25) is identical in form t o ( 2 — 3 — 1 7 ) .  F r  the system repre~~ nta—

tion in (2—3—25) to be equi.alent the ori lnal ‘ifferentia l equa-

tion , f ( t) should be ~ d i f f e r e n t iahli~ - t n tn~ qet

( f ~~~~(t ) )  ; p = 0,1,..., n (2-3-26)

should span an (n+1)—dimensjonal function space. A block diagram of

(2—3—25) is given in Figure 2—3—3.

In general , arbitrary inputs and nonzero initial conditions

must be considered. For simplicity, a relaxed system whose Input is

a unit impulse is first discussed . For a system with Impulse response

given by (2—3—1) , the output is

k m S t( ~ A
1 

t1 1 e ; t > 0
y(t) - ~ i=1 j = l  

(2—3-27)

0 ; t < 0

Noti :e that y(t) Is a linear combination of the n basis functions in
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Input Output Initial Conditions

x (t)

_ F 1

/ 
I’ 

/ 

I
,
” 

~~~~~~ + 
‘ ~/

~~~~~~~~~~~~~~~~~

-

~~~

-

~~~~~

-

+
~~ ~~~~~~~~~~~~~~~~~~~

-

~~~~~~~~~~~

---
--

Fig. 2—3—3 . Block diagram of (2—3—25).

(2—1—1). Because the output is the impulse response , we are dealing

with the homogeneous case. Hence, it is necessary to treat only the

output signal. Any space—invariant linear operators which generate

a suItable function ¶e (t)  may be used . The coefficients D
1 

can be

determined by using one of the techniques in Appendix A to construct

from the (r+l)—basis set

(y
1
(t L)} — 0, . .. ,  r

- -— —

~

—

~

S -— --
~~~~~~~~~~~

--
~~

-
~~

- 
- -

~~~~

S
- -— -

~~~~~~~~~ - -S—~~~~~~~~~~~~~~~~~~~~~~~~~
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a set of (r+i) homogeneous linear equations in the unknowns D . . The

next step is to determine the value of n, as discussed earlier in

this section . The linear equations can then be reduced to n non-

homogeneous equations by selecting D0 equal to unity. The coefficients

are used to write the characteristic equation of the system from

which the poles are extracted . The resul t ing n complex exponential

time functions are then used to fit the output record y(t) to deter-

mine the residues A
11 

in (2—3—27). Knowledge of the residues and poles

is sufficient to determine the coefficients N
1.

Previous techniques described in the literature can be inter-

preted itt this context . For examp le , the different ial operator is

used in [23), [24]. This procedure is usually applied to idealized

synthesis problems and is impractical for the identification rasp where

measured records are involved . References [25], [26J make use of the

time—reverse integral operator given in (2—1—7). For finite records

truncation errors are incurred . This error can be reduced by using

a suitably long interval , as shown in Section 2.2.

A nonrelaxed system with a general input x(t) is now considered .

The time response is the inverse Laplace transform of (1-3-6). This

reaul ts  in

k in S t  k m S t
y(t) ~ ~~ B

i 
t1 1 e ~ + j x(t—t) [ ~j ’ ~~ A

1 
T11e ]dT (2— 3—28 )

i=l 1= 1 0 
1=1 i—I

where the coefficients B~1 
are functions of the coefficients Cq i which

are , in turn , functions of the initial conditions and the coefficients

and N .. From the point of view of (2—3—i9), It is of interest to

S .  
— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~
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identif y the 2n + in + 1 parameters

{D ;N
1

;C } ; i = 0,..., m (2—3—29)
q 

q = 0,..., n—i

The response in (2—3—28) can be interpreted as the sum of two responses.

Let
k in . S t
~ B . .t

1 1 e ~ ; t > 0
1=1 j=l 13

h1(t) 
= (2—3—30)

0 ; t < O .

Hence , one of the responses is the response of a relaxed system with

impulse response h 1
( t)  to a unit  impulse.  The second response is the

response of a relax~d system with impulse response h(t), as given in

(2—3—1), to the input x(t). This interpretation IS illustrated in

Fig. 2—3—4. Notice that both h1(t) and h(t) utilize the same basis

functions given in (2—1—1) .

I 
-~ 

-

- --
~~ ~ (t)

Fig.  2 — 3 — 4 .  I n t e r p r e t a t i o n  of ( 2 — 3 — 2 8 ) .

_ _ _ _  
S 
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~~~~
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Identification of the system requires generation of the s*~t of

functions

q 0, . ..  r
{f~~~~(t); y.(t;~~) ;  x~~(t;~~)} ; j = 0, . . . ,  r (2-3-31)

- i = O . ..., r.

The coefficients in (2—3—29) can be determined by using one of the

techniques in .-\ppend ix A to construct from the (3r+3)—basis set of

(2—3—31) a ~ot of (3r + 3) homogeneous linear equat ions in the unknown

coef~~c i e n t s .  The next step is to determine the value of n , as dis-

cussed earlier in this section. It is unnecessary to check the func—

~ ‘ns f~~~~ t) for linear independence because they are chosen to be

l i n e a r ly  independent , as explained in conjunction with (2—3—26). In

general , ~~~ ~~efficie nt s C a r y  not ~‘f interest because they depend

on initial conditions which ,ire input dependent. If desirable , the

(3r 3) equations can be reduced to a set of (2r + 2) equa t i ons  by

means of a systematic elimination. The remaining equations can then

be solved for the coefficients D . and N . .
3 i

Thus f ar , the identification approach has utilized operators

which preserve the numerator and denominator polynomial coef1icients

of the linear s~ ste ’ rational transfer function (i.e., ihe coefficients

and N
i 

of the differential equation). This is not neces~ ary . Opera-

tors which do not preserve these coefficients can be used provHed a

transformation can be determined which enables the original differen-

tial equation coefficients to be obtained from the new coeff ft ’~~nts .

This results in a much larger class of operators than those previously

discussed.

--



In analogy with Fig. 2—3—3 , consider the block diagram of

Fig. 2-3—5. The impulse response of the filters in the filter banks of

Fig. 2—3—5 arL no longer required to be successive derivatives of each

other as was the case in Fig. 2— 3—3. In fact , it  is not even required

that f
k(t); k 

= 0, .. .  ,n be differentiable. The coefficients

j = 0 ,
D . ; N ,; C ) ; i = , . . . , ci (2—3—32)j q

are chosen to s a t i s f y  the constraint

n m n—i
~ F , ( S ) Y ( S )  — V N . F .( S)X (S)  — C F (5) = 0 (2—3—33)

j=O i 0
h 1  

q=O 
q q

where F
k
(S) is the Laplace transform of f

k
(t). The s\-stem identifica-

tion can be based upon (2—3—33) provided a transformation can be

developeu between the “hatted” coefficients of (2—3—32) and the “unhatted ”

corfflcients of (2~ 3~ 2)). Of course , the block d iagram of Fig. 2—3—5

reduces to that in Fi g.  2—3—3 when f
k
(t) = f(k)(t)

For this purpose , con sider the mappi ng of vari ables

F
k(S) 

= 
k 

where S= F
k
1
(
~~
) (2-3-34)

and a unique inverse is assumed to exist. (Multiple—valued inverses

are permitted provided a m e a n i n g f u l  unique inverse can be defined.)

Use of (2—3—34 )  in (2—3—33) results in

n m n—i
Y D

1
v1~~~[F~~~(v 1 )] — ‘ N

1
v~X[F~~ (v’) )  — 

~ 
C

q
u~ — 0. (2—3—34)

j0 i~-d q=0 

:_ . . - —  ~~~~~~~~~~~ --— -- -— - —  —
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~~ t ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~(f)
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Fig. 2—3—5. Block diagram of (2—3-33) where F
k

(S)
is the Laplace transform 0 F

In gener al , the desired transformation between the coefficients is diffi-

cult to obtain. The situation is simplified for the particular class

of mappings

F
k(S) = [G(S)]

k 
= 

k 
where S = G

1
( \) .  ( 2- 3 - 15 )

Substltution of (2—3—35) ~nto (2—3—33) yields

D iy[(; 1
( ) ]  - ~ N

1
y G~~ (v)] - 

n~ l 
~ ~q = ~ (2-3-36)

j=0 -~ i=0 q 0  q



I
I

Finally, define

Y(~) = Y [G~~ (v)) and X(v) = X [C~~ (v)]. (2-3-37).

Equation (2—3—36) can then be writren as

n , in n—l

~ D .v1Y(v) — 
~ N

1
X( ) — C 0 . (2—3—38)

j=0 ~ i 0  q=0 q

X(v) and Y Cv ) can be interpreted a5 Ihe input and output , respectively ,

of a system whose transfer functiofl in the ‘~—p 1ane is

.~~~ ~i
’J
i

11(v) = 
i—0 

, ( 2—3— 3 9 )

~ ~~~
j —

j=0 ~

Having determined H(\), the poles and zeros of H(S) can be obtained

from the poles and zeros of H(v) through the transformation

S = G 1(v). (2—3—40)

Knowledge of the poles and zeros of H(S) is, of course , sufficient

to construct the numerator and denominator polynomials and , therefore ,

the coefficients N1 and D~ .

As a final point , the mapping of (2—3—35) suggests that the

block diagram realization of (2—3—33) is more efficiently realized

th roug h the cascade connections shown in Fig. 2—3—6.
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-

~~~ _

~~

. 

~~~~~ -

~~ + ~—~o

Fig. 2—3—6. Preferred block dia~ ram of (2—3—33)
when F

k
(S) [C(S)]
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2.4 Compar ison of the General Parametric Identif ication

Appro ach wi th Dif fe ren t ~ p~~ ators

As discussed in Sec tion 2 . 3 .  a varier~- of ope . ar .rs ~~~ be used

in the general parametric approach to system id ’ntlfication . Since

the system impulse response is is~ unm f to ~~ t -  a l in&a r comb ination of

complex exponent ials , as in (2—1—1), use- i~ in~de of the r pe rty

that art exponential subspace is pi ‘ -~t~dti repedted perat ions of

linear operators. Under idi,iUzed cond~ t t ’,ls , toe resu]t~- obtained

should be independent of the operator -‘t’d. In pract i e the choice of

an operator can affect the solutions ,. -~~ - d it terent operators result

in different sensitivity to noise , different degrees of ill—conditioning

of the matrices involved , etc. Therefore , a suitable operator should be

chosen for a given situation . Also , a proper approximation scheme from

Append ix A should be chosen. Althoug h a trade-off between “quality ” of

the identification and ease of imp lementation of the approximation

scheme usually exists , in general , an increase in computational complexity

does not guarantee an increase in quality .

We start by first introducing a noiseless ideal example where

the operations are performed ana1 ytically . The system is assumed to be

nonrelaxed (i.e., art unknown excitation is assumed to exist before the

iden ti f ication proced ure beg ins). In the initial p -oblem the input is

assumed to be exponential. Later, an input of a non—exponential type

is employed. Also , no ise is introduced at which time the identifica-

tion is carried out entirely numerically.

L - ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 

-

~~~~~~~~~~ 

- 
-

~~~~~

-

~~
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Example 2—4—i

The system to be identified is shown in Fig. 2—4—1 . Let its

impulse response be given by

( 2e~~ cos t ; t 0 
( 
e
(_ h1+.~

)t 
+ e

(_1_1)t 
t >

h(t) = (2—4— 1)

1 0  t < 0  10 ; t < o

The probing signal for the identification is cit -t n i be

/ —2t
j e  ; t O

x(t) = ( 2- h

0 ; t < 0

If the system had been relaxed at t — 0. tL~- output wts,]d .

(e
t
(cos t + sin t) —

y (t) =
x 

t 0

f-
~ 
[(l_j)e 

+j)t 
+ (l ~~~)e~ 

J)t
1 -

I P

However , the system is assumed ‘o be n —r e L,x’- -.~ a t  t — 0 . As~.im u 1t~

response due to the non—zero initial conditions r esi l  s i n

(e
t 

(cos t — sin t) ; t > 0
y1(t) =

I? t < 0
(2—4—4)

- 
f1 [(141 ) ( -l+j ) t  

+ (l_j)e~~~~
1)t ]; t > 0

1?  ; t < 0

Hence , the overall output as a result of the response to x(t) and the

--
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initial conditions is given by

I —t —2t2e c o s t — e  ; t > 0
v(t) — y (t) + v~~(~ ) =x t < 0

(2—4—5)

f e~~~~~
j ) t  

+ e~~~~~
)t 

— e
_2t 

; t > 0

unknown inpu t  ? ; t < 0.

f i r t < 0

-
~ ~~ ~~~~(t)+ ~~,

Fig. 2-4-1. A non—relaxed system to be Identified .

Several different operators are used to solve this example. In

each case the input and output are given as in (2—4—2) and (2—4—5),

respectively. With the information provided , th problem is to iden-

tify the system .

F.r purpose of illustration , we beg in by taking advantage of

the fact that x(t) is exponential. Hence , it can be included within

a m o d i f i e d  system which is excited by a~’ impulse as presented in

Fig. 2—4—2. The object now is to determin-? the modified impulse

response hn(t) from which h(t) can be developed. The solution is

checked by noting tha b (t )  should be identical to y(t).

— ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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)

~~~~
-1

~(f) I

L~ t) (
~T.) 

f ~(t)

~~~~~~~~
Fig. 2-4—2. The modified svc am h C t ) .

m

Case 1 — The or ig inal  Pron~ method

First we evaluate the signal at several points as given in

Table ~—4-l. This implies that a sampled version of the given data

is used. The sampling increment has been chosen properly to omit

the occurrence of multiple Riemann surfaces. The sampled version of

the general linear combination of exponentials , as given in (2—1-2) ,

is
k m ST ’~

Yq — y(t ) ~ ~:
i 
A~~ (Tcp~~

1
e 

i
q 

~~~~ ~~~~
(2—4—6)

k m1 Z—l q
~ 8

1~
q z~

i—i R.— l

where q = 0 , l, 2,

B
1~ 

A1~T~~
1 (2—4—7)

S
z — e

L. ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
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q Yg 
(T = .5)

0 1

1 .6966820193

2 .2621969375

3 — .01821986209

4 — . 13095433b9

5 — .1382616922

6 — .1010564004

7 — .05746896525

8 — .02427926367

9 — . 00480686941€

10 .003777201613

Table 2—4—i

With reference to (2—3—33) and (2—3—35), a cascade of shift operators

I~ th e  sampled data is equivalent to the mapping

C(S) = eST and F
k
(S) [eST]

k 
= 

k (2’4’8)

(the variable z is used in place of v, to conform with the usual

notat ion for this particular mapping.) The equivalent system of

Fig. 2-4-2 is then characterized by the homogeneous equation

Ii e5~
1y(s) — 0. (2—4 9)

j=0

However ,

£ 
_l
~e

STiy(S) } - y(t + jT) .

This results in the time—domain equation

~ y(t + jT) = 0. (2-4-10)
j=0 

- —-~~~~~~~~~~~ --~~~~~~~~~~~~~~~~ - -- 
. - - -  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.
-~~~~~~
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Let y(jT) = y . . For t 0 , the above equation becomes

n
y = 0. (2 4 11)

.1=0 ~

Equation (2-4—11) may be rewr itt en as

n
V $y

j  j  = —y
1~ 

where D0 
= 1. (2—4—12)

It is interesting to note that

n-i
y = — ~ D

1
y4 wI~ere D

n 
— 1 (2—4—13)

j=0 ~

serves as an extrapolation sch~’”~ .

The first step is t. determine the value of n. To start we set

r = 1 and check the singularit ’- of

y
0 

y
1 

1 .6966820193

M 1 — — ( : - - . — I . )

“ 1 
v , .69oo820l93 .‘62l969375

The computed value ~ e ‘-rminant is

det. M 1 — .2231688985. (2—4—1 5)

Since M
1 

is nonsingular , we set r = 2. The corresponding matrix Is

‘0 y1 y2 1 .6966820193 .2621969375

M2 
Y1 y2 

I y3 
= .6966820193 .2621969375 .01821986209

Y2 Y3 y
4 

.2621969375 .0l821986209 .1309543389

(2—4—16)

Checking the singularity of M
2
, it is found that

det. M
2 

— .004211290373. (2—4—17) 

.
- - - .

- . . . .:: - .~~ . .:~~~~~~~~~~~~~~~~~
- - - - : .-.
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is also non—singular . Hence M
3 
is checked for singularity. This

time

y
0 

y
1

i y
2~ 

y
3

I I
y
1 

y
21 

y3 1 y
4

det .  M
3 

= det. 
—

~~~~ 

— — - 
= 0 (2—4—18)

y2 l~’3 Y4~ Y5

.
y3 y 4 

y5 y6~~

Having determined that M
3 

is singular , the order of the system Is

established at n = 3. We now set D
0 
equal to unity and solve for D

1
,

D2 ,  D3 using the following set of equations:
_

y
l l

~
’2 Y3

l
~2 ~~ 

y
4 

D2 
= — y

1 
. (2—4—19)

y3 y4 y5 D3

The solution to (7—4— 19) is

- 

D
i 

Th.612059902

= 10. 58438618 (2—4—20)

D
3 

7.389056099

Knowledge of the coefficients Is adequate to obtain the characteriatic

equation of the difference equation in (2—4—il) . In particular , the

characteristic equation is

A - - 2 ‘ 3D0 + D1z + D
2z + D

3
z = 0 (2—4—21)

L. - ----- - - -- .  — -- — - -—-- -—--~---—- — - - ---
~

---—--— —---
~~~~

----
~~
-- - -

~~
-
~~~~ 

— —- —-
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The roots of the characteristic equation in the z—phase are

z
1 

.3678794412 + 1.0

z
2 

= .53228 07302 + j .2907862882 (2—4—22)

z
3 

.5322807302 — j.2907862882

Using the inverse of the mapping in (2—4—8), we have

S = G 1( z)  = ~n z. (2—4-23)

Hence , the poles of the system in the S—plane are

S
1 

z. — 2 + jO

s2 - ~n z
2 

- -1 + j i  (2-4 -2 .~)

S3 2
3 

_ l _ i l

The natural frequen Les in (2—4—24) ar~ identical to those in

y(t) = h (t) given by (2~ 4-5). Observe that (2n+i) = 7 samples were

needed (i.e., y
0 

through y
6
) in order to establish the order of tH ~

system at n = 3. On the other hand , 2n = 6 samples were needed (I.e.,

y
0 

through y
5
) in order to determine the coefficients D1, D2, D3 ~~

om

which the system poles were computed .

In connection with Prony ’s method , two questions arise: (1) What

should be the sampling rate? , (2) How long a data record is needed?

The following observations are pertinent :

a) Closely spaced samples give rise to highly dependent sets

of linear equations. A measure of the dependence is the magnitude of

the determinant of the set of equations. For this example , the



fl— 
~

-
~

- - -- -
~~

_.-- -—
~~~~~

--— .

~~~~~~~~~~

---  . -

~~~~

- - . -- -- - --.- .-

~~~~

--

~~~

2—56

magn itudes of the determin ants correspond ing to r = 1 and 2 are pl otted

in Fig. 2-4—3 as a function of the sampling interval T. Note the small

magnitudes which occur for small values of T . This is reasonable

because the variation in the signal is small for closely spaced samples.

A column dependence occurs even if one is willing to use (n+l)
2

different samples in the form

r
yn

1
~n1 

‘n
1
+l ~n1

+2 . ..  y~~~~ ; n~ > . . .  > n~ > n1 > n.

y +1n~ 
~n2

+2

~n + l  ~
‘n + 2  ~~~~~ ~n + nn n n n

b) Widely spaced samples also give rise to highly ill—conditioved

sets of linear equations . Note the small magnitudes which occur for

large values of T in Fig. 2—4—3. This arises when dealing with transient

waveforms due to the large dynamic range associated wi th the initial

and final samples of the signal. Hence , the final rows and columns are

numerically small with the result that the magnitude of the determinant

is also small.

c) An optimum sampling interval exists. For example , the

curves in Fig. 2—4-3 peak for T 0.7. By maxlm lz ~ Idet . M 1 1 with

respect to T, an estimate of the optimum value of the sampling interval

can be obtained. Knowledge of this value can also be used to obtain

a rough estimate of the system order n. From Section 2.2 it is known
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that the length of the observa tion interval ,A, should be chosen such

that

= < —2. (2—4—25)

In general , for a known value of n , 2n samples are needed to determine

the system poles. This requires an observation interval of length

= (2n — l )T .  Subs t i tu t ing  fo r  i~ in (2—4—25), there results

n > - ~- [-~4~+ 1]. (2—4-26)
1

The inequali ty in ( 2 — 4 — 2 6 )  can be used to o b ta i n  n , a f i r s t  guess for

the value of n. This is done in the following way. The value of T

is chosen to be that whicn maximizes Idet. M
1 1 . The value of a

1 
equ als

the largest real part of the system poles (recall cr~ < 0) and is no t

known. However , for transient waveforms , the over—all rate of decay

is governed by the slowest sign i f ican t  decaying component . Hence , a

guess of can be obtained from the rate of decay of the response

envelope. For our example , with T = 0.7 and = —1, n is estimated

to equal 2. This is close to the true value of 3. Having made an

estimate of n , it is )ossible to estimate a suitable value for

Since (2n+l) samples are needed to determine system order , an interval

of length 2nT should be used. Therefore , a suitable value of ~ is

= 2nT. (2—4—27)

For our example , E~ 2.8. 

~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~
— -  

~~~~ -~~~~~~— — - -~~~~~-
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Case 2 — The Overde term ined Prony Me thod

The basic difference between the overdetermined Prony method

[16], [17], [181 and the or iginal  Prony method [13] is in the type of

approximation scheme utili ed . While the former utilizes a pseudo—

inverse technique, which is equivalent to the least—square technique ,

the latter uses an interpolation scheme . (See Appendix A ) .  Let

be gre ater than n , the order of the system. With reference to (2—4—11),

an overdeterinined set of equations is g iven by

y0 l
~
’i ~“n 

- 

0

~n+l 
0

= (2—4—28)

D
n

~“n1 
“n + l  n

1
+2 ~

‘n
1
+n 0

wher e (n 1 + n + 1) different samples are used . To solve for the

we premultiply (2—4—28) by the t ranspose  of the  rectangular  m . tt r ix .

This yields

- . - . ----

~ 

---  . -.
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~~~ 
Y~ Y;Y~~~ i!O ~ i~~i+2 •

~~~~~i~ i4~ 

1 
~

i=0 •~~0~
’i+l~ i±2 

~~~~~~~~~~ 

2 0

(2—4—29 )

n
l 

t
~l 

ni 2

i~
o -

~~~
” ~~~~~~~~~~~ i~o~~~~~

+2 y1+~ 
-

Equation (2—4—29) cart be rewritten as

X +k~~+~~ Q = 0 ; k = 0,1,2, . . .  ,n. (2-4-30)
1=0 ~=O

With arbitrarily set to unity, (2—4—30) can be rewritten as

n — i  n n - i

~~ ~ i+k~~9+i~~ 
— 

•~~~ ~ i+k~ i k = 0,1 ,2,... , n—i . (2-4-31)
i=0 ~=l

This is of the same form as the least—squares equat ion (A—1-7). As

w i t h  the o r igina l  Prony method , the square matrix in (2—4—29) has a very

sm a l l  d e t e r m i n a n t  for closely spaced samples (i.e., a highly linearly

dependen t set of equat io~-.; results) . For instance , a record of y( t)

of 1e’~gth 5 with T — .05 (i.e. , 101 samples) yields the following

determinant for r = 2:
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- 98 98

‘~ 
‘ I ~ ~

‘ j~~1+1 ~
i = )  i=O i=0

de t .  
1~0~ i+l~ i ~~~~i+l

~~0
Yi+2~

’
i ~~

Yj+2Y~+1 
~~0~

1+2 
-

11.49921692 10. 97923768 10.42420972

de t .  10.97923768 10.4992277 9.984006238

10.42420972 9.984006238 9.508731645

= 2.029682836 (2—4—32)

This is an extremely small value . In general , oversampl ing resu lts in

small determinant values.

Oversamp ling does not offer any advantage even with more widely

spaced sanr ’les. In the or iginal  Prony method , previously discussed ,

it was pointed out tha t  a sampling interval of T = 0.7 is desirable.

For a modes t over sampl ing ra tio of R = n1/ ( r  + 1) = 5 , n1 = 15 when

r = 2. The corresponding record length is ~ 2n
1
T 21. As pointed out

in Section 2.2, a record leng th of 2 is adequate for  a1 —1. Hence ,

the record leng th of 5 used in conjunction wi th  (2—4—32) already repre-

sented a very long record. The record length of 21 offers negligibly

more information than was contained in the record lergth of 5 due to
210

1 501 0the exponential nature of the signal (i.e., e << e <<  e ). Hence ,

negl igible impr ovemen t results from overdetermining the problem in

t h i s  way. Since the lower rows in the rectangular matrix of (2—4—28)

- -
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a re e x t r e m e l y  small , they  cont : ibu te  n e g l i g i b l y  to the  inner p roduc t s

in ( 1— -.- ..‘~~~~
) .  Thus , the inner  products obtained for the oversampled

~~~~ are approximately the same as those obtained by using the least—

~qu ~~rea t i~& h n i q u e  w i t h  the  square m a t r i x  of the or iginal  Prony method .

~ ~
. ‘ t ~~~~t t , the usual overdetermined Prony does not offer any advantage

- - t s &  ~ r ig 1na 1  Prony method .

By introducing a delay , it is possible to achieve an advantage

over the rig inal Prony method . This newly proposed approach is dis-

cussed next .

Case 3 — The De ~~ er at or Method

Once again , ~.et n
1 
be greater than the system order n. Consider

the  overde te rmined  set of equations in (2—4-33).

~ 0 
y 2j  ~‘nj  

- 0

y1 y~ ÷1 ~2~~+ :  1 0

y 2 
y
1~~2 Y , ~~÷ . 

Y flj~~ 2 ~2 
= : (2-4-33)

Dn

3’n
1 

Yj+~ ~
‘2~ -f-n

1 
\~~j +fl • 0

Observe that the original data record must be of length tx = (n
1 
+ nj)T

d

where T
d 

denotes the samp lirtg interval. Each column of the rectangular

matrix is composed of (n
1 

+ i )  ..o1.jecutive time samples . However , the

significant difference from (2-4—28) is that consecutive columns in

(2—4—33) are advanced by j time samples. When j = 1, (2—4—33)  reduces

to (2—4—28). Each column can be interp - eted as a basis function . The
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matrix equations can then be viewed as a linear combination of the

basis functions . Whereas the basis functions in ( 2 — 4 — 2 8 )  do not change

very much from one to the next , they are dras tically d if feren t in

(2—4-33). In this approach , Td is chosen to be as small as desired.

the value of j is then de term ined f ro m the rel ation

j Td 
= T (2—4—34)

wh s re T 4 5 the prefe r red  samp ling interval  of the ori ginal Prony method.

.~ot e tha t  n 1 
= (

~~/Td ) — n j .

As be fo re , the D ’s are obtained by premult iplying (2-4— 13) by

the transpose of the rectangular matrix. With 6 = 1, we obtain the n
0

n - i  n n — l

i~ 0 £— l i+k ij+i i 
= - 

~ i+k~
’i ; k = 0 ,1,2 , . . . ,n — l . (2—4 --35)

We now illustrate the advantage of this approach. As in cases 1 and

2 , let the record l eng th  be ,~ = 5. Let the sampling interval T
d 

equal

.05 (this was also the sampling interval used in Case 2). Hence , 101

samples are available as i.- •‘sse 2. From Case 1 it is known that the

preferred value of T is 0.7. Hence , j 14 and n
1 

58. For r 2, the

follow ing determinant is obtained when checking for  the system order ;

58 2 58 58 -

~~Y 1Y i4+j

d e t .  
i~ o~

14”
~~ i o

14+i I~o
y i4+i y 28+1

58 58 58 2
1~ 0~’28+i~’i ~~0 ”28+i~” l4+i 1~ 0

’~28+i 
(2—3—36)

11.40028809 3. 418188405 ~l. 116650923

det . 3.418188405 1.731065907 .1945935105 — .06549016746

1.1l6650923 .1945935105 .5143890218

— - - -~~~~~~~~~~~~~ —-- - - . --- - ..- - - a-
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From Fig. 2—4—3 , the value of the de terminant fo r the original

Prony method (r 2) is calculated to be approximately .0039. From

(2—4—32), the value for the overdetermined Prony method (r = 2) is

app~oxlmate iy .000002 . These values are one order of magnitude and

four orders of magnitude smaller , respectively , than the value in

‘~ —4—36). A definite improvement is noted for this case without having

expended any more computat ional  effort than in Case 2. A plot of the

continuous basis functions (i.e. , y(t), y(t + 0.7), y(t + 1.4), and

y(t + 2.10) is given in F~ g.  2 -4 — 4  f o r  t > 0. Note  t ha t  these basis

func t ions  correspond to successive columns of the square matrix in

( 2 — 4 — 3 3 )  where y
~~~~1 

= y (t  + (kj +I)T
d ) is evaluated at t = 0. These

bas is funct ions involve the advance operator exp [ST] of ( 2 — 4 — 8 ) .

Solution of (2—4—35) for the coefficients yields

Di 7.135606018

D2 
= 16.54686248 (2—4—37)

D
3 

16.44464677

The cha rac te r i s t i c  equation of the corresponding difference equation is

Solving for the roots in the z—plane , performing the transformation

to the S—plane results in

S1 z 1 — 2 + j O

S2 
- (JT~)~~~n z 2 

= -l + j l  (2-4-38)

S
3 z

3 — l — j l

Once again, the poles of H(S) have been found .
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Fig, 2—4—4. Continuous basis functions structured through the delay operator.
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Prony ’s me thod , and variations thereof , deal with samples of the

observed waveform . One could just as well work with the continuous

t ime response , as appears in (2—4—lu .,. In addition , it is not necessary

to u t i l i z e  advances (i.e., negative delays) to generate a set of basis

funct ions . For variety , consider the delay operator

C(S)  = e
_ ST

. (2—4—39)

The corresponding time—domain equation , an~’logous to (2—4—10) , is

~ fi~ y ( t  - jT)  = 0. (2- 4-40)
j  =0

The set of basis funct ions  generated from the  delay ~perator is also

shown in Fi g. 2—4—4 where it is understood that y ( t  — J T)  equals zero

for  t < j T .  With reference to the integrated—squared— errc~r approach

in Appendix A (see ( A — i — i l ) ) ,  the a equat ions  fo r  the coef i cie n t s  are

given by

An 
~
. 

I

~ [ J y ( t — k T ) y ( t — i T ) d t ] D  = — J y(t—kT)y(t)dt; k 0,1,2,... ,n—1
1=1~~~ .1

nT (2—4—4 1)

where the k th  basis f u n c t i o n  is

= y ( t  — kT). (2—4—42)

Since the  largest delay is nT and because we do not want to use the

zero por t  ~~~ of a basis  funct ion in the inner products , the integration

is over the inteval (nT ,A).

L . • -~~~
-
~~~~~~

-- - - - - - -r
~~

--
~
- - -  

~~~~~~~~~~~~~
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Case 4 — The Reverse Time Integral Operator

The parameters of h (t) are now identified using the reverse

time integral operator introduced in (2—1—7) to generate a set of basis

func t ions .  This operator was first utilized by Cz’rr [25] and then by

Jam [26 1 who developed their  approaches from d i f f e r e n t  points of

view. The results of this dissertation , however , make clear that the

two approaches are essentially the same.

The simp lest development of the i den t i f i ca t i on  scheme w i t h  the

reverse time Integral operator proceeds from the time—domain version

of (2—3—21). Let the operator f~ f~ ) consist of an n—fold reverse

t ime in tegra t ion  from to t .  In pa r t i cu la r ,

L f~~••f ~ {~} q~ 1
dt q

(2—4—4 3)
t 2.—l

a I ( t — r )  { .) d
~, 

( i—l) ! 
—

Carrying out an i—fold in tegrat ion , where t�n, the time—domain version

of (2—3—21) is then given by

n m

~~~~ 1
~ (t t )

2
~~

1 

~~~~~~(1)d 1  -

~~~~~ 

N~ £ ~~~
(2—4 — 44)

- 

n~ i 

Cq I ~~~ ~(~)(1)~~ - 0

cr0 - .

where 6~~~(t) is the singularity function which is the derivative of

the unit impulse , d(t). Since the singularity functions occur at the

origin , they are not wi thin  the interval of integration and each term
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in the summation over the index q is Identicaily zero. Let the i—fold

(i’ ( j—i )
in tegrat ions  of y ’~~’( t )  and x ‘C t )  f rom to t be deonted by y (t)

and x~~~~~ t)~respectively. Equation (2—4—44) can then be written as

~~~~ ~~~~~~~~~ 
- 

~ 

N~ x~~~~~ (t) 0. (2-4-45)

Making a change of variables involving the indices, (2—4—45) becomes

- ~~N~~~x
(m
~~~~~ (t) = 0. (2-4-46)

For e n , (2—4—46) y ields

~~D . y ~~~~ (t) 
- ~~N ~x

(m_n_i)
(t) 0. (2-4-47)

Hence, under the reverse time integral operation the coefficients of

the differential equation description of the system are preserved in

reversed order. Notice that, for a case where only exponential signals

are involved , one could arrive at the same conclusion directly from

properties (c) and Cd) of (2— 1—13).

For variety, the generalized integrated—squared—error approach is

utilized as the approximation scheme for generating the siinultameous

equations involving the coefficients (see Appendix A , (A—i—34)). The

values of L and K are chosen to be 2 and 1 respec.ively (i.e., the

coefficients D~ are computed such as to minimize the sum of integrated—

squarcd—errors between the signal and its approximation and the first
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t ime reverse integral  of the s ign a l  and i t s  approximation) . Assuming

a syste-n of order r , we may w r i t e

0 r

~ [j 
2
y
(
~~
)
(t)V

(
~~
)
(t)dt ] 0r j

=0
~ 

k 0 ,l,2,...,r. (2-4-48)

~=—l j=O 
L
i

In matrix notation , (2—4—48) yields for r l

(-1) (-1) (-1) (-1) 1 (0) (0) (0) (0)
<y
0
(t), y

0
(t)> .:y

0
(t), y

1
(t)> D

~
J y0

(t), y
0
(t)> <y

0
(t), y

1
(t)> D

1 
0

+ =

(—1) (—1) (—1) (— 1) (0) (0) (0) (0)
<y
1

(t), y
0
(t)> <y

1
(t), y

1
(t)> D

0 
<y

1
(t), y

0
(t)> <y

1
(t), y

1
(t)> D

0 
0

(2—4—4 9)

where 
~~~~~ 

(€) 
= ~~

2 Y (
~

) (t )y (€ ) (t ) at

and

= 
€
~

k)
(t, = f

t (t :T)
k_

~
_l 

y~
0
~~(t ) dr .

The function ~~~
“

~~( t )  is , of course , identical  to y ( t )  of ( 2 — 4 — 5 ) .

For r=l , the basis set needed is given by

~v~
0
~ (t), ~~~~~~~~ y~~

2
~~(t)}. (2-4-50)

Hence , applying a t ime rt~’verse in tegra l  operator successively to

y( t) in ~2—4—5) yields the basis functionsp 
—t

12e cost—t ; t�0
y’ ‘(t) = y(t) =~~~

t.zO

y
(_ l)

(t )  = f
t

y (0) (T )d T = (_e
_t

(cost_sint)~~e
_2t

; t�O
(2—4—51)

t<0
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y~~
2
~ (t )  = j

r
y (_ 1) (T) d T = (_e

_t
sint — l/4e~~

t
; t�O

1? ; t<0

Let the approximation interval [T
1, 

T
2J be [0,5]. Substituting

(2—4—51) into ( 2 — 4 — 4 9 )  y ields

N
1 

D
1 

.1126700914 — .03122914547 
+ 

.5499617419 — .l25l73677~ D
1 0 1

D
0 

1.03122914547 .1905598834 -.1251736779 .l12 6~ O(J~~14 D
O

(2—4—52)

Computing the deteminant of M
1 

results in

det. M
1 

= .1764679909. (2—4—53)

Hence , N
1 

is nonsingular. For r=2 , it  is determined from (2—4—48) that

the basis needed is given by

~~~~~~ 
(-1) ~~(-2) ~(3)~~ (2-4-54)

The new basis function is

y
~~ 3)

(t) J

t
y
(_2)

(t)dT={
~~

_t
~~~ 5t + sint) + ~~~ 2t ; t�O

= 
? ; t<0. (2—4—54)

For r=2 , the d terut inant of M ) is

~~~~~~~~~~~~~~ :y~~~l )
,y~~~~)

> l <y~~~l) ,y~~~1) >

de t .  M de t .  (— 1) (— 1) (—1 ) (— i )  I (—1) (—1) +2 <y1 ,y
0 

> <y
1 

,y
1 

>
~
<y1 ,y

2 ‘

<y~
_l)

,y
(_l)

> <~~
(—l)~~~(—l)> <~~

(—l)~~~(—l)>

(0) (0) (0) (0) (0) (0)
<y0 ,y

0 
> <y0 ,y

1 
>
~
<y
0 ~

y2 
>

<~~
(O)

~~~
(O)

> <~ (°)~~(°) > I < ~ (°)~~(°) >
(0) (0) (0) (0) (0) (0)

<> ‘2 ~YO 
> <Y2 ,Y

1 
> <Y2 ,Y2 

> 

~~i _ _ .  _ _  .-_-_---_
.

_-- - - 
.
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.1126700914 — .03122914547 — .03453295368

= det. — .03122914547 .1905598834 — .1952578315

— .03453295368 — .1952578315 .241469618 (2—4—56)

.5499617419 -.1251736779 -.2374113928

+ — .1251736779 .1126700914 — .03122914547 = .0005575l68764.

— .2374113928 — .03122914547 .1905598834

Hence , M.) is nonsingular . For r=3, ~~~
4) has to be added to the

basis set. Applying the t ime reverse operator to y(3) y ields

t (~~~~—t 
cost — ~ e~~~ ; t�O(—4) ~ (—3) 1 2 16y ( t )  a j y ( r ) d r  

(2—4—57)
t<O.

The determinant of N is computed to be det . M O. Hence , the system order3 3
is established at ~~~~ The basis functions utilized for the GISE approxim-

at ion are shown in Fig. 2—4—5 over the time interval 10,5].

It is of interest to compare the magnitudes of the determinants which

arise in the three separate cases of 1) an ISE approximation to y(t), 2) an

ISE approximation to y~~~~ ( t) ,  and 3) a GISE approx ima t ion  to both v(t)

and y~~~~ (t). In the context of the GISE formulation , these cases arise

with 1) L=l , K=0, 2) L—l , K=l , and 3) L=2 , K=l , respec tively . The magnitudes

of the determinants for r l  and 2 are t abu l a t ed  in Table 2—4—2 for these

three cases. Note that case 3 results in larger values of the  determinants

fo r  the nonsingular ma tr ices and is, therefore , superior to cases 1 and 2.

. .-. -- 
- -

~~~~~~~ 

_ . _
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0 _______________ -

0
o i tt)

(0

~~

0 (- I)

~~~(t)

0
_____

o

C-) (-2)
~~~~~~~~~~~~ 

(t)

-4

C
C
)
~
o.

I — .-

° r°~’io-Ii ~~~~~~~~~ 16.0 0 2t~.00 32.00 ~~~~
‘ 
~0

Fig. 2—4—5. Basis functions generated by the reverse Ia. 1r ~~ . ,
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Table 2—4—2

CISE

case 1 case 2 case 3

— 

L 1 , IC—O L—1 , K—]. L—2 ,

1 Idet. M11 .0463 .0205 .1765

2 (det. M2 1 .0000791 .00000494 .000558

Both Carr ’s method [25] and Jam ’s method [26] employ the

reverse time integrator to generate the basis functions and ISE approx—

tmation to generate the simultaneous equations for the coefficients.

However , different solution methods are used on the equations .

Consequently , the poles converge to their true values along different

trajectories as the value of r is increased from 1 to 3. By way

of illustration, the equations resulting for Case 3 (i.e., L—2 ,

K—i ) are solved using the two solution methods ~ Carr and Jam .

Equa t ion (2—4 —48) may be r ewritten as

O r  5 0 (~ (p)
~ ~j  

~,(2~) (t)y~~~ (t)dt ] D — 

~ 
f y (t )y  (t )y  ( t )dt  (2—4 —58)

t—— 1 j~ l 0 k j  ~ ~ 9~.—— l 0 k k 0
; k’0 , 2 , . . . ,r—l

where D has arbitrar~.ly been set equal to unity.  With Carr i method , (2—4—58 )

is solved directly for the coefficients. The results for r ., 2 , 3 are shown

in Table 2—4—3 .

_____ ___________ 
Table 2— 4—3 ________

r D D D D
r r— 1 r—2 r

1 1 4.236699946 
________________ ________

2 1 1.49695 1865 1.633885061 ________

3 1 4 6 4

-
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Solution of the corresponding equations for r l ,2,3, respectively yields the

poles presented in Table 2—4—4.

_______ 
Table 2—4—4 

_________________

r real imaginary

1 —4.236699946 0 
a

2 — .7484759325 1.036179926
_______ 

— .7484759325 —1.036179926

3 —l 1

—1 —1

_______ 
—2 0

In Jam ’s method the r+l coefficients -for the characteristic equations are

given by the square roots of the r+l diagonal co—factors of M .  In particular,

Dr_i 
= (2-4—59)

where is the determinant of M
r 
after removing the 1

th 
row and column.

For a specified value of r, the characteristic equation in terms of the

diagonal co—factors is given by

~ 
~~ r—j 

— 0 (2—4—60)

The resulting coefficients for r—1 2,3 are found in Table 2—4— 5 .

______ ________________ Table 2—4—5 
_________________ _____________

r D — D — D - D —r ~ 00 r—l ~/ 11 r—2 ~q/ 22 r—3 ~ 33

1 .5506632136 .8140220103 
__________________ ______________

- 2 .282325953~S 
— 

.460784953 .4200809338 
_____________

3 .00590294882 .02361179528 .03541769292 .02361179528

Solution of the corresponding characteristic equations for r 1 ,2,3 respectively

yields the poles presented in Table 2—4—6.

- - -- u~~~~~~~ - ’ -~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~.~~~~~~~~ -— - -
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TakIe 2-4-6

r real imaginary

1 —1.47825473 0

2 — .8160513533 .9066361161

_______ 
— .8160513533 — .9066361161

3 —l 1

—1 —1

—2 0

I ,
Figure 2—4—6 presents t1~ S—plane poles obtained for the two methods with

r=l,2,3. The value of r for which the two different sets of trajectories

converge to the same poles provides another way for determining system

order.

imaginary E S]

-i CaC~j~ ®~ I.

‘1

-
, p p i
S CL ~ C

~)3l ]~4 
-t real (S]

C.~)j~

Fig. 2—4—6. Poles of Carr’s and Jam ’s methods for r 1 ,2,3. The poles for

a specified value of r are denoted by C
r 

and J , respectively.

— ~~~~~• • .•~~ -—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ -- 
- .- -~~~~~~~~ . .- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ - -~~~ --
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Case 5 — The Simple Integral Operator

A representation of h( t )  through h (t)  is possible , in the identi-

f ication process , only for exponential inputs . In general , it is not

required , and in this case the identification will be carried out directly

on the system as represented in Fig. 2—4— 1 . This will serve as an intro— •

duction to the case of arbitrary (i.e., nonexponential) inputs.

The integral operator was utilized by [31] and introduced in (2— 1—14).

In particular

f {.} f t ft~ ... f t~ { }  dt
t t t q=l q

0 0 0

(2—4—61)
= f~ (~_.~~ •••l{.} dT.

(2.—l)~

Substitution of (2—4 —61) in (2—3—23 ) for L>n yields

~ D~ f ~ y(r) di -j0 N~ f~ (~ :T)~~~~~~~ x(i) di

(2—4 —62)

C ft  (t~—i di - o
— 

q—O q to (~—q—l )

From (2—4—62) it is understood that the simple integral operator preserves

the coefficients. Let
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F y~
1’

~~ (t) — f ~ {~~)~~ ‘ y ( r )  di
0 (2—4 —63)

x
U_P

~ (t) — 

~ 
(~:j_] )~ 

x( r) di

(t—t ~
j t (t—r~~~~~ dT 

~~~~ —q—l du = 

~~~~~~ 

0

o (2.—q—l ) ! 0 (2.—q— 1) I q

Substituting (2—4—63) into (2—4—62) yields

a rn n—i ( t—t 3)

~ D y~
1
~~~~(t)  — ~ N

1 
x~~~

’
~~(t) — 

~ C 0 
• 
(2—4—64)

j—0 i—0 q—0 q

With a change of variables involving the indices , (2—4-64) becomes

£+q+l-n
(t—t )

n m n—i 0
v (n— L—j ) 

— 
~~ N — ~~ c

n—i (t) rn—i ( t)  q 0 n—cl—i (L+q+l—n) I
• 

. (2—4—65)

For £ — n and t
0 

— 0, (2—4 —65) yields

~~~ 
D5_1 ~~~~~ - 

i~o 
Nm i  X (m f h ) ( ~ ) - 

~~~ 

~~~~~~ ~~~~~~~. - 0. (2-4-66)

Equation (2—4—66) suggests that the coefficients of the differential equation

are preserved in reversed order . While the block d iagram representing

(2—4—62) is given in Fig. 2—3—3 , the block diagram representing (2—4—66) is
A A A

given in Fig . 2—3—6 , where D — D , and N — N , and C — Cn—r r m—r r n—r—l r

• 
-—-- ~~••~~~~~~ —~~~ -~~~~~~~~~~~~~~~~

- - -
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From (2—4—66) , the basis functions involved are

(y
(O
~~~), y~~~~ (t), ~~~~~~~~~~~~ X

(m
~~~ (~ ) ,  X (m n 1)

(~),..,X
( n )
(~ ), 

-

.

~ t
2 

t
u

1~ ’ 2’’ n ’
(2—4—67)

For r = n = 2 and m = 1, (2—4—67) becomes
1 2

{y~
0
~ (t), y~~~~ (t), y~~

2
~ (t), x~~~~ (t), x~~

2
~ (t), t, -

~~~
-- } (2—4—68)

Then , the basis functions are computed to be

0 ( 2e
_t
Cos t — e

2t 
; t > 0

y ~(~) y( t) =

; t < 0

(1) (0) 1 ~ 
- e

_t
(Cos t - Sin t) + ~ e 2

~ ; t > 0
y (t) = f y (t)di =

O ; t < 0

t (i~t + i _ e~~sin t _~~e
2t 

; t > o
y 

~~0 y (t)di = ’
~

; t < 0

x~~~~ (t) = f x~~~ (i) di = -
~~~~~~ 

- 

2 > 0

0 10 ; t < 0

x~~
2
~(t) ..fx~~~~ (t)dt ’. 

f.~~t _ 1 + ~~
.e 2t : ::: • H

(2—4—69)

• along with the polynomial components t and -
~~-- .
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The ISE appro~~mation scheme yield& the following set of linear

equations :

<~~(O) 
,

(0) > <, (0) ~ (-i) > <~~(0) 
7

(~~2) > i
<7

(O) ~ (—1 ) 
<,

(O) 
~

(— 2) 
I(,

(0) 
~ > < ~ (0) ~~~ > 

• - 

0

~,
(-l) 

,
(0) , (~~(~~l) 

y
(~~1) > <~~(-l) ~ (-2)

> <~~(-1) 
~~~—‘~ > <~,

(-~~) ~~~~~~ 
~ > < ~~~~~~ ~~~> 0

<~~(— 2 )  
,

(0)
> <,

(— 2 )  ~, (— 1)
> <~~(— Z )  ~ (—2 ) > < ~~(—2 )  ~ (—i)

> <~~(—2) 
~~

(
~~

2)
> <~, (— 2 ) . 

~ > < ~, (—2)  
~~

_ >  0o 0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ (-1) , ~~~~~~ ~~(-2)
> 

1
<

1) 
~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~ 

• - 

-

~~~~~~~~ ~ (O) > <~~~
-2

~ 
~ (-i) > <~~

(_ 2) 
~

(_ 2) > I<~
(_2) , ~ (-1)

> (X~~~
2
~ ~~

( _ )
> < ~~

(_ 2)
. ~ > ~~~~~~~~~~ ~~~> N0 0

(0) (— 1) ( — 2 )  ‘—1’ 2
<t . y > ~t , y > <t . y > <t . x > Q, x~ 

‘ > < 
~~, t> < t , -s—- > C 0

— 

< -

~~~ 

y( O )>  ~, (— 1) 
> <~~ _~~ (— 2 )

>~ 
~~~~~~~ x~~’~> <-~~~ 

(_ 2)
>~ <~~~~, ~ > 

~ 2 ~2 

[c

(2—4—70)

Equation (2—4—70) can be solved direc tly by Jam ’s method . Or, by Cart’s

method after setting D2 
— 1, moving the first column to the right hand side

of the equation, and removing the last row.

In general this is an insensitive operator. As was pointed out in

section 2.1 , and as is evident from (2—4—69) , an additional -‘lynornial

apace is structured via the simple integral operator. Since polynomials

are ever-growing functions , even over short records they become the

dominant contributors to the set of basis functions . This contribution

is further magnified if the input is a decaying exponential. Thus, the

main contribution of the basis functions of (2—4—69) to the inner products

of (2—4—70) will be obtained from the polynomial part of the basis functions.

~ 

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~•— .  
_
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Since these particular basis functions include only a constant and a

linear term, one should expect that the set (2—4—70) will be highly ill—

conditioned. Hence, as in Case 2, the simple integral operator is another

operator that generates a highly linearly dependent set of basis functions.

Next we consider an example where a nonexponential input is applied

to the system and additive noise is present at the output.

Example 2—4—2

The system to be identified is shown in Fig. 2—4—7. Let its impulse

response be given by

, _ _ t_

I e 
27r 

sin t + Ze cos .5t ; t > 0
h(t)=~~

; t < O

(~ ~~~+ j)t ~ (— A — j ) t  (— ~~+ .5j)t (— -
~~ — .5j)t

-~~~ e + e  + e  ; t > 0

; t < 0

(2—4—7 1)

~~~~ 

-•--

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

÷

Fig. 2—4—7. A system to be identified .
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From (2—4—71), the system ’s transfer function is

1. 1 1. 1 1 1H ( S ) — 1  1 2 1 + 1 + 1[5— f.2
—
~
+j)] [5— 

~~~~~~ 
[S— (— ~ + .5j)] [S—(— — .5j)]

S3 
+ (4+ a)S 2 + (l+~~~+~~~2 )S+ (~~~

+
~~~+ ~~;~~

2 +

(S +
~~ 

— j) (S +~~ + j)  (S + — .5j) (S + + .5j)

= 2. (S + .4411) (S + . 3 4 7 8  — ll.0086) (S + .3478 + j1.00 86)
(S +~~~~ - j) (S +~~~ + j )  (S + - .5j) (S + + .5j)

(2-4-72)

The probing sIgnal for the identification is chosen to be

(sin t ; t > o
x (t)  =

~~ (2—4—73)

; t < O

The system is assumed to be relaxed at t0. The output

t
y( t) — f x ( r ) h ( t  — T)dT (2—4—74)

0

was calculated numerically o~~r the time interval [O ,6x] using 601 samples

spaced .0t rr second s apart for each of x ( t )  and h ( t ) .  Figure 2— 4—8 presents

the input , the output , and the system ’s impulse response over the time in-

terval (0 ,6-if] .
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Fig. 2—4—8. Input x(t), impulse response h(t), and the resulting output y(t). -
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The noise n(t) is pseudo—rand~ . and uniformly distributed between

—A and A. A noise sample function of 101 samp 1es over the interval [0,6ir]

is plotted in Fig. 2—4—9. The value of A is chosen such that the signal to

noise ratio for the noise corrupted output is given by

101

~ 
y
iS/N = 10 log

10 
:1CcU~ , (2—4—75)

where 101 samples of each of y(t) and n(t) were considered over the interval

[0,6-It] . The samples are .06i seconds apart. Figure 2—2—10 shows the noise

corrupted output , y(t) + n(t), for 10dB.

Th.~ system is first identified for n(t) 0. The operator generating

the set of basis functions is chosen to be the advance operator discussed

earlier.

Case 1 — Zero Additive Noise (n(t) = 0)

The input and output basis functions generated for an advance of 10

time samples (i.e., .6if seconds) are plotted in Figures 2—4—11 and 2—4—12

respectively.

When a least—squares approximation scheme is used , the homogeneous

set of equations is represented in matrix form by

A - -

A
T D 0

EM] (Ml ~~~~~~~~~ = - - - (2—4—76)

A
N 0m

- !.- - ..~ ‘ .. —...__.~~. -. L 5 S. ..L. ._. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I $ I I
0 00 2 3 L$ C~~ 6 . 0 0  8 . 0 0  1 0 . 0 0  1 2. 0 0  2 4 . 0 0  1 6 . 0 0  1 6 . 0 0  2 0 . 0 0

Fig. 2—4—9. Pseudo-random uniformly distributed noise sample, n(t). 
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~ 
~ ~~(t)

:7 -

S/N = 10 dB

~~~y~~ = l39.7~

~ n~ = 13.97

Mean of y = .2243~- 

1/ Mean of n~~-~~ 39~

I I I I I I I I‘ 0. 00 2 . 0 0  ~ . C 0  6 . 0 0  9 . 0 0  10 .0 0  12 .0 0  1 4 . 0 0  16 . 0 0  I 9 . C C  2 0 . i 2

Fig. 2—4—10. System ’s output y(t), corrupted by additive noise n(t). 
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C.
a
0 _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _

o ~ (t~~4.~~ )

90
tI p —‘0. 00 1 .2 0  2 . 4 0  3 . 6 0  ‘4 , 8 0  6 . 0 0  7 . 2 0  6 .10 9 . 6 0  10.80 12.00

Fig. 2—4—11. Basis set for the input.
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I I I I I
0 . 00 1 . 20  2 . .$0 3.~~0 11. 9 0  6 .00  7 . 2 0  6 . 4 0  9 . 6 0  10.30 12 .0 0

Fig. 2—4—12. Basis set for the output.
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The first n+l columns of [Mi represent the y(.) basis functions, and the last

m+l columns of (Mi represent the x ( . )  basis functions.

The poles and zeros resulting from the identification are presented in

Table 2—4—7 along with the exact poles and zeros. Clearly the discrepancy

between the exact and identified values is due to the numerical convolution that

generated y ( t ) .

Table 2—4—7

Poles Zeros

Exact Identified Exact Identified

real imaginary real imaginary real imaginary real imaginary

— .3183 .5 — .3173 .5027 — .4411 0 — .4305 0

— .3183 — .5 — .3173 — .5027 — .3478 1.0086 — .38l~ 1.013

— .1592 1 — .1602 1.001 — .3478 —1.0086 — .38l( — 1.013

— .1592 —l — .1602 —1.001 — — —
Case 2 — Nonzero Additive Noise

When the output is corrupted by additive noise the set of basis functions

generated by the advance operator of Case 1 is given by

(y(t + .61rk) + n(t + .6irk)); ~~~~~~~~~~~~ (2—4—77)

The set of basis functions of (2—4—7 7) is plotted in Figure 2—4—13 . Since the

output y ( t )  is a decaying signal and the noise n (t )  is uniformly distributed,

the is time dependent . The S/N associated with each basis function is

presented in Figure 2—4—13. 

~~~~~~~ 
• . . - .- . .. .- :.5- • - ‘  - - ____________
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/ (S~1.t2.t~)

— (S/,4~~1t. ?~)
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~~~~ ~~~~~
(~j,4$’~~~.I$q) (S/,~.~~~?)

I —-4-- I -4—- p
0.00 1 .20 2.10 3.80 ~~~~ 6.00 7.20 i..’40 9.60 10.80 12. 3..

.Fig . 2—4—13. Output basis set corrupted by noise .
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It is clear that in practice the output y ( t ) + n ( t )  cannot be separated

into y(t)  and n(t) . But , for the given synthesized example we will define

their contribution through separate matrices in order to gain insight into the

noise effect .  Define the noise matrix (N] such that its first n+l columns

are the advanced versions of the noise sample n( t ) , and the last m+l columns

are zero entries ( i .e. ,  no noise associated with the input) . In particular

I p I l o t
I I . 1  I.
I p I 1 . g

[N] — n(t 1) I n(t  + .6 ) p . . .In(t + 2.4  ) I  I . (2—4—78)
i 

i 
I I . 1

p 
I ~~~~~~~~~

- I 0 1  10
- -- 

n+i ~

‘

For the noisy case , (2—4—76) becomes

~~0

((MI
T 
+ (NI

T } { [ i . i]  + [N] } —
~~~~~ 

— ——- - (2—4—79)

A
. 14 . 0m

From (2—4—7 9) it is found out that the noise contribution is manifested by

defined by

- ( [MI T EN] + [N] T (M] + (14] T (14] } (2-4-80)

_______ ~~~~-~~~~~~~~~~~~~~~ -— —  ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~ 
- -
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Carrying out the matrix operations in (2—4—80) results in

n+1 m+1

I ~~~~~n+1 ç 2 < n ( . ) ,y ( . )~ + <n ( .) , n ( .) >

[N
L] 

— ~~~~~~~~~ 
(2—4—81)

m+1 <n(.), x(.)> 0

The inner product matrix for Case 1 (without noise) is given by

130.3 21.09 70.95 1 . 4 1 8  2 6 . 4 3  18.6 6.466 2.288 4.992
21. 08 99.16 12 . 1 2  52.55 2 0 . 19  24.78 6.454 7 .374  0 .734
70.95 12.12 43.07 1.225 19.04 9.61 4.498 1.59 3.251

T 1.418 52.55 1.225 32.77 7.307 13.42 ~4.95 4.001 0.4388EM) EM) — 26.43 21.19 19.04 ?.307 12.62 6.506 1.087 9.902 1.542
18.6 24.78 9.61 13.42 6.506 8.553 4.254 4.963 0.5065

6.466 6.454 4.498 4.9~ 1.0B7 1,254 1,248 0.4067 0.4057
2.288 7.374 1.59 4.001 1.902 1.963 0,4067 0.5829 0.09747
4.992 0.734 3.251 0.4388 1.542 0.5065 0.4051 0.09747 0.2655

(2—4—82 )

For ~~ — 10 dB , the contribution due to the noise is

— ~ ~~~~~~~;63 f!
4
~I! :!~ ~i~iii~ 

:1~L; :1°~ 
:~~
:
~~~~~~~~

5

0.4994 0 .368  0 .49 12  0.6522 0.2575 0 0 0 00 . 16 4 7  0.2664 0.21~~2 0.4182 0.4491 0 0 0 00.2172 0.0~355 0.3601 0.i~8B 0.07427 0 0 0 0

(2—4—83)

Then , solving the equation

0
{(M] T [MJ + (N1)) 

-

~~~~

- - -- (2—4—84)

N 0

- 5--.. —- 5-—
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yields the hatted coefficients for the characteristic equation, whose roots,

after the proper transformation result in the identified poles given by

— .0464 ± jO.689
(2—4—85)

— .165 ± j  1.24

From Figure 2—4—13 , it is clear that there exists a trade—off between

the amount of advance used and the given S/N . In this respect, the present

example does not represent any effort to optimize the advance used .

To improve the solution obtained in (2—4—85) , one should 1) increase

the number of samples used over the given record (the basis functions of the

example utilized just 61 samples), 2) properly choose a usable portion of the

record , and 3) choose a ‘good ’ value for the amount of advance. In addition,

the approximation scheme can be improved by taking advantage of the noise

properties. For instance, in a least—squares scheme we premultiply the

equation by the - transpose of the rectangular matrix representing the noisy

basis functions (see(2—4—79)). Define the matrix operation 0 as first

reversing the order of the matrix rows, and then taking the transpose.

Utilizing this operator in (2—4—79) instead of the regular transpose might

reduce the effect -of noise. This operation takes advantage of the small

correlation between noise samples separated by large time intervals. In

particular , one contributer to [N
L
] in (2—4—80) is [N]T[N]. Concentrating

on the nonzero submatrix of [N]T [N] of Case 2 , we have

13 .266 1.~~66 1.832 2.401 0.6318
T 4.13 3.327 1,45 2.36 0.5546

[N] (N]- 4.924 1.989 4.062 0.06135 2.535
3.778 3.078 1.714 3.675 0.3168
2.959 6.018 1.139 3.034 1,264 

-

(2—4—86)

i_S 5-—5-S5--5--5’S~ - ----——5---- ‘ ‘  5-5-5-” ’ ‘ 
- _____________________________
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The same matrix with a 0 operation results in

0.2258 0.1271 0.1849 0.1706 1.824 
-

0 0.1271 0.4922 0.8318 0.9663 1.309(N] (N] = 0.1849 0.8318 0.2702 2.058 0.023680.1706 0.9663 2.O%8 O.70F11 0.2852
1 .824 1 • 309 0.02368 0. 28~ 2 0. 1~ 29

(2-4-87)

Notice that 21 out of 25 entries of (2—4—87) are smaller in magnitude than

the corresponding entries in (2—4—86). This reduces the effect of the noise.

-- - 5 -  ‘ —
. 
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Chapter 3

USEFUL SUPPLEMENTAL TOOLS

Two supplemental tools are discussed in this chapter. The first

is the concept of the “growing tree.” The “growing tree” describes

the movement of poles in the S—plane as the order of the approximation

is increased. The tree behaves in a distinct, but highly structured

manner for each signal. Consequently, the tree is useful for extra-

polating the poles of a lower—order approximation to t~ose of higher

order. Also, the tree is useful in separating signal poles from

extraneous poles in a noisy problem.

The se cond topic deals with the problem of obtaining a “good”

first guess for iterative schemes which utilize highly nonlinear

• equations.

3.1 The Growing Tree

Assume an rtl~_order approximation is to be used to approximate a

function which is composed of a sum of n exponentials. If the order

of approximation is increased from r l  to r—n , a trajectory of the pole

locations can be drawn in the S—plane (see Fig. 2—4—6). Clearly, for

r>n, the set of equations for determining the coefficients becomes

singular. Hence, once the exact solution has been reached, corre—

sponding to r n , the “growth” of the trajectory is stopped.

Now assume that a nonexponenti.al function is to be approximated

by a sum of exponentials. From Chapter 1, it is known that an infinite

set of exponential basis functions spans the space L2 (O,x) .  Hence , if
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the nonexponential function belongs to L2 [O ,°°] , the function can be

approximated arbitrarily closely by the exponential basis. Since it

is impractical to use an infinite set as a representation, an approx-

imation of order r Is utilized. A trajectory of the pole locations is

structured in the S—plane as r Is increased successively from unity.

This “growing” t rajectory is called a “growing ” tree . Clea rly , the

tree of a nonexponential function continues to grow with ever—increasing

r.

When discussing the behavior of the growing tree , it is convenient

to divide the nonexponentlal functions into two subgroups. A natural

division consists of 1) functions which have a f a s t e r  than exponential

decay, and 2) functions which have a slower than exponential decay. The

first group is considered to be composed of time—limited functions

(in some wide sense) while the second group is considered to be com-

posed of nontime—linoited functions.

On the basis of many worked examples , it is noticed that the

growth of a tree belonging to a time—limited function expands in the

general direction of the negative real axis of the S—plane . Also, if

r
2
>r
1, the poles representing r2 

are positioned on a contour of

greater extent than the contour of poles representing r
1
. The two

contours do not intersect. For real time signals, the tree is symmet-

rical about the negative real axis. As r is increased, the tree

spreads out in the positive and negative directions of the imaginary

axis as It grows along the negative real axis.

For nontime—limited functions, the base of the tree is localized

in a narrow regthn of the negative real axis with the branches extending

towards the imaginary axis. Since the functions being approximated

_____ -5-5S~~~~~~~~~ _ 5 - _ S _- 5  5- .-~~~~~~~ -
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are assumed to decay with increasing time , the poles do not cross over

into the right—half plane as r Is increased in value. Instead the

branches stop growing just short of the imaginary axis. For real

signals the tree is again symmetrical about the negative real axis.

However, because nontime—limited functions are bandlimited , the tree

branches are confined within a finite region of the Imaginary axis.

For r
2
>r
1, 

the contour formed for r2 grows inside that for r1 
by

interleaving with all of the contours corresponding to r<r
2
. Hence ,

the branches of the tree tend to bend inwards (as though they were

heavily laden with fruit).

Some examples are now presented to illustrate the behavior of the

two types of growing trees.

Example 3—1—1

Consider a strictly time—limited sine pulse , denott-d by SI N P , which

is given by

(sinir t ; O�t�l
SINP = (3—1—1)

~. 0 ; elsewhere.

The SINP tree with r = 1, 2, . . ., 8 is presented in Fig. 3—1—1. The

SINP function and its approximations for odd and even values of r,

respectively, are presented in Figures 3—1—5 and 3—1—6. The integrated

squared error , as a function of r, is plotied in Fig. 3—1—11.
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Example 3—1—2

Consider a strictly time—limited square pulse , denoted by SQP , which is

given by

SQP f 

1; 0�t�l (~ -t -2 )
(
~ 0; elsewhere

The SQP tree with r = 1, 2, . . ., 8 is presented in rig. 3—1—2 . The

SQP function and its approximations for odd and even values of r ,

respectively, are presented in Figures 3—1—7 and 3—1—8. The integrated

squared error , as a function of r, is plotted in Fig. 3—1—11.

Example 3—1—3

Consider a wide sense time—limited gaussian pulse , denoted by GP , which

is given by

(e 4(t /2fl
2 

; t�ci
GP = -~~ (

~~
_ t _ 3J)

(~0 ; t<0~

The GP tree with r — 1, 2, . . ., 8 Is presented in Fig. 3—1—3. The

GP function and its approximations for odd and even values of r ,

respectively, are presented in Figures 3—1—9 and 3—1—10. The integrated

squared error, as a function of r, is plotted in Fig. 3—1—11.

In carrying out the approximations for the above three examples,

the reverse time integral operator (see (2—4—43) ) was used along with

the ISE approximation scheme (see (A—l—ll) ). For the final example

the differential operator is utilized along with the ISE approximation

scheme .

- - - - ------ - ----—- ---—- —---—-- - — - - -  
--  

— —-— - - - —~~~~~~ . - — ~~~~~~~~, ~~~~_ _ 2~~~~~~ —
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Example 3—1—4

Consider the nontime—limited function, denoted by SINC , which is given by

Isin t

SINC 
~~~~ ; t~O (~ -t -k)

0 ; t<O .

T~ (T CONTIN1JED FOR THIS EXANPLE ON PACE 3—15. 

~~~~~~~~~ .~~~~~~~~~~~~
- . . -—---- ~~------ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Fig . 3—1—5. Odd order approximations of SINP.
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Although this function exists for all positive time, only that portion

over the interval [0, 4t] was approximated (i.e., the integrations in

the inner products extended from 0 to 41~). The SINC tree with

r = 1, 2, . . ., 8 is presented in Fig. 3—1—4. The SINC function and

its approximations for odd and even values of r, respectively, are

presented in Figures 3—1—12 and 3—1—13. The integrated squared error ,

as a function of r, is plotted in Fig. 3—1—14.

Notice that the “time—limited” trees in Figures 3—1—1 through

3—1—3 grow to the left whereas the “nontime—limited” tree in Fig. 3—1—4

grows to the right. The trees demonstrate that a priority exists for

the manner In which a waveform is approximated as the number of poles

Is increased . Given a small value of r, the poles are chosen so as

to give a “best” fit to that portion of the waveform where most of the

energy is concentrated . Additional poles are then used to refine the

approximation to the remaining portion of the signal. For a time—

limited signal the additional poles add terms to the approximation

which have successively larger rates of decay in an effort to accoun t

for the faster—than—exponential decay of the signal at later instantc

of time. Conversely, for a nontime—ilmited signal the additional

poles add terms to the approximation which have successively slower

rates of decay in an effort to account for the slower—than—exponential

decay of the signal at later instants of time.

For smooth time functions the tree branches cc~r1sist of r e l a t i ve ly

smooth contours which are U—shaped about the real axis. The faster the

rate of growth along the real axis, the faster is the decrease in the

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - . 5 -  - 5 - -
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ISE. On the other hand , piecewise—continuous functions have tree

branches which tend to wiggle to the right and left during the growth

of the tree. Since these branches do not progress very rapidly along

the real axis , their ISE decreases more slowly. This is illustrated

by the ISE curves of Figures 3—1—11 and 3—1—14. This behavior is

manifes ted in the time waveform approximations as a Gibb’s phenomenon

(see Figures 3—1—5 through 3—1—8).

The growth of the trees is seen to be highly structured . Therefore,

given a tree up to order r, it is possible to obtain a reasonably good

guess of the (r ÷ 1)th trajectory by simply extrapolating each tree

branch. In Fig. 3—1—2 for the SQP tree , the ex trapolated po le positions

for r IC 9 are shown along with the actual approximation .

It is interesting to observe that the rth order trajectory for

both time—limited and nontime—limited functions is U—shaped to the

righ.t about the real axis. The only difference is that , for time—

lim ited functions , the dominant poles are at the tips of the U while ,

f.r nontime—limited functions , the dominan t poles are at the base of

the Ii. It is also interesting to note that, although the trees in

Figures 3—1—1 , 3—1—2 , and 3—1—3 are for three different pulses having

approximately the same pulse width , the trees span roughly the same

region of the S—plane.

The growing tree is a useful tool for discriminating against noise.

For a signal composed of n exponentials the tree stops growing at r = n.

When noise is Present , the tree continues to grow beyond r = 11. However,

the actual poles tend to be perturbed only slightly while the additional

poles, due to the noise , move significantly. This behavior can be used

to determine both the system order and system poles under noisy conditions.

IL - - _ _ _ _ _  _ _
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3.2 Iterative Optimization Techn~~,~~~

The approximation/identification technique discussed previously are

linear in the sense that a linear set of equations are solved for the

numerator and denominator coefficients of the transfer function . These

equations are generated by selecting the coefficients to minimize an

error cri ter ion such as least squares , integrated squared—error , etc.

The system poles and zeros are nonlinearly related to the denominator ar~~~

numerator coefficients, respectively, by means of polynomial equations .

Some approxima tion/identification techniques solve directly for the poles

and residues. The equations are now generated by selecting the poles and

residues to minimize some suitable error criterion . These equations are

highly nonlinear and are usually solved through some iterative scheme.

Different iterative methods , mainly designed for  the synthesis probl em,

are presented in [19], [20], [21], [22], [27], [28]. A good initial

guess is highly desirable in order to minimize the number of iterations .

In some cases , a good initial gues s ii~ required i f the correc t solu tion

is to be achieved due to the presence of multiple local minima (i.e., the

iteration should begin near the correct local minimum) . It should be

noted that minimizing an error criterion with respect to the transfer

func tion coefficients is not equivalent to  minimizing an error criterion

with respect to the poles and residues. However , both approaches tend

to be equivalent when the errors are small.

Although any one of the identification techniques discussed in

chapter 2 could be used to provide the initial guess, not all of the

operators and approximation techniques perform the same for a given pro-

blem. Hence, the identification technique chosen for a specific problem

- ‘ --5--— - .  — - - -- - --—-- - -—-—— ~~~~~~~~~~~~~~~~~~ .5-— ~~~~~~~~~~~~~~~~~~~
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should be selected with care. This is illustrated by the example dis—

cussed next.

Example 3—2—1

This example is one of the problems given at the RADC Spectral Es-

timation Workshop held May 24—26, 1978. It is interesting because it

involves an FM signal which can be interpreted in terms of a slowly

varying linear single—tuned circuit.

This problem concerns identifying emitters by their signal character-

istics.

Problem: Determine the instantaneous frequency of the largesl am-

plitude sinusoid within the portion of the spectrum of interest. The

instantaneous frequency is defined as

2ir dt

where ~ — argument of the sinusoid .

it is required to determine the instantaneous frequency every 0.04 sec.

from t
1 

through t16 where

t
1 
‘ 0.04 sec.

t
2 

0.08 sec.

— 0.64 sec.

The data i~~del is

x(t) 
i~l 

A
1 
cos (~~) + n(t) (where P < 5)

The sui~nation consists of a single large—amplitude sinusoid (the “signal”)

- -  

,. 
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— -



-- _-5-5-5- __-5_ __ . _ .  
~L

___ —5-5--— -~~ - --—— --5—---- --5---—

3—22

plus a number of smaller—amplitude sinusoids (the “interference”). There

are “p” sinusoids in all.

The “noise” waveform is n(t). The resulting data waveform, x(t),

has been sampled at an 800 samples/sec. rate, and the total duration of

the data waveform is 0.64 sec. The sampled noise waveform is actually

a sequence of pseudo—uniformly distributed random numbers.

The spectrum of interest is from 130 to 270 Hertz. The sampling

rate was chosen to be at least four (4) times greater than the instan-

taneous frequency of any sinusoid in the summation above.

Some statistics concerning the data are:

1. The rate of frequency drift of any sinusoid is not greater than

190 Hertz/sec .

2. An estimate of the signal—to—noise ratio is:

N 2

~ S
ii—l

10 10g., N 2 — 20 dB
.LO 

~
1—1

where N — 512 the total number of data samples,

S~ denotes the sampled value of the largest amplitude sinusoid,

without noise, at the time point

denotes the sampled value, at time point t~ , of the noise waveform,

n(t).

3. An estimate of the signal—to—noise—plus—interference ratio is

- -  5- 
.
—.—~~~~~~--  

.
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N 2

~
_____ 

i=l 
_____10 log

10 
— — -— —————_____  = 17 dB

N P—l 2

~ (n~~+ ~ X.~~)
i=l K=l i

where S
1 
and n

i have already been defined in (2) and where

P—l

~ X.~ denotes the sum of the sampled values, at time point t~ , of all
K=l i

of the P—l weaker sinusoids, the “interference”.

The first thing to be noted in this problem is the low sampling

rate which may produce as few as four samples per cycle. In addition,

the frequency drift causes the problem to be time variant. If the pro-

blem is to be interpreted in terms of a sequence of time—invariant sys-

tems, only a limited number of samples can be used to estimate the fre-

quency drift rate of 190 Hz/sec., the maximum frequency drift in .04

seconds in 7.6 Hz. Since this is less than 6% of the lowest frequency

in the spectrum of interest (i.e., 130 Hz), the instantaneous frequency

is assumed to be approximately constant over this interval. Hence, 32

samples, spaced about the data point, were used to determine the instan-

taneous frequency at each instant t
i,
. The slow sampling rate dictates

the use of a discrete time operator for the identification procedure

(i.e., it is difficult to visualize the time waveform from the data).

In addition, the small number of samples which can be used at a time ,

discourages the use of a delay operator. Consequently, it was decided

to use an overdetermined Prony approach. Because no exponential decays

are involved in this problem, ill conditioning due to extremely small

sample values is not a concern.
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Since complex poles in a real system appear in conjugate pairs, the

overdetermined Prony method was used to solve for two poles . (The inter-

ference and noise were assumed to be negligible since the signal—to—noise—

plus—interference ratio was given to be approximately 17 dB). These

poles provided the initial guess for a least squares direct search

iterative scheme which varied the poles and residues in a systematic

manner in order to minimize the error between the approximation and the

sample values in the .04 second interval being considered .

The exact solution to the synthesized problem , as provided by RADC ,

is p resen ted in Appendi~c B. The initial guess by means of the Prony

technique and the solution obtained via the direct search iteration are

shown in Figure 3—2—1 along with the exact solution (solid line). Fig.

3—2—2 is a plot ol. the instantaneous error for both the initial guess

and the direc t search. The initial guesses are seen to be quite good .

However , the iteration scheme does result in an improvement at 13 of the

16 points. This solution was the best of all those submitted at the

workshop and was considerably better than those obtained by conventional

spec tral estimation techn iques such as Burg ’s maximum entropy , FiT , and

ARMA (autoregressive moving average filter) approaches. A technique,

based upon zero—crossing FM demodulation [33], provided a solution which

was practically as good . Results for this approach are also plotted on

Fig. 3—2— 1 and compared in Fig. 3—2—3 where the zero—crossing method is seen to

provide closeranswe s in 6 of the 16 points. The sum of squared errors

for the iterative approach is 2.34 whereas that for the zero—crossing

approach is 4.19.

V. - - - 
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Chapter 4

IDENTIFICATION OF WEAKLY NONLINEAR SYSTEM S

4.]. Introduction

The Volterra series representation for a weakly nonlinear system was

introduced in Chapter 1. The series is most useful in applications where

a finite nuother of terms N is adequate for modeling the system response

(see (l—l’-6)). It has been shown [34 ] that  the n th_order impulse response

h ( :
1
1...,t )  is a sum of exponen tials when the linear imp ulse response

h
1
(t) is a sum of exponentials. Also , the natural frequencies of the

higher order transfer functions can be determined a priori from the natural

frequencies of h
1
(t).

In par ticular , if the linear impulse response is given by

/ K

~ R~ e
X
i
t

11 ; t > O

h
1
(t) = (4—1—1)

0 ; t < 0 ,

then the second—order impulse response is

M K a t  + a  tk l  k2 2

h
2
(t
1
,t
2
) - k1-1 k2

1 1 2  

t + a ~ 

1 
(4—1—2)

~ 
Ak k e i 2 1(2 1

k1 l k
2—l 1 2  ‘ 2 —  1

— - • - - -~~~~~- 5- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - 
- -~~~~~—



-5 — — -

3—2

The terms for the third—order impulse response are of the same form as in

(4—1—2) . However , now a triple summation is involved over the indices

k
1
, k

2
, and k .11 and the exponen ts of each term are of the form

(a
k
. t

1 
+ a

1(
• t

2 
+ a

k
. t

3
) where 1, j, L = 1, 2 , or 3, 1 # j # 9., and there

i j 9.
are six terms, one for each condition t

1 
> t . > t

9. 
(See (7—5) of [34]).

The relation between the natural frequencies of (4—1—2) and those of

(4—1—1) is given by

a t (4— 1—3)
k1 ~ A—X . i ,j  = l , .. . , K J

a
k 

E {x . I = l , . .. , K }
In addi tion , the parameter M in (4—1—2) is

N = K2 + 1. (4-l~~)

Hence, given h
1
(t), the only unknowns in (4—1—2) are the residues A

k k

These are determined using an appropriate sum of exponentials for the

input to the weakly nonlinear system. The response is a sum of exponentials.

This response is assumed to be the output of an equivalent linear system.

The unknowns A are uniq ut -tv related to the residues of the equivalent

linear impulse response . Hence , by applying one of the approximation

schemes to the equivalent impulse response, .3 set of linear equations can

be written from which the coefficients A1( k can be determined .
1 2

The procedure begins by first determining h
1
(t). For this purpose,

the input amplitude is maintained small enough such that nonlinear effects

are negligible. The next step is to determine h
2
(t
1
,t
2
). The input 

— .5- -
-- - --5- 
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amplitude is now chosen such that second—order effects are noticeable

but third—and higher—order effects are still negligible. The response due

to the second—order portion of the system can be isolated by subtracting

out a suitably weighted replica of the linear response. The procedure

con tinues for  h
3
(t
1
,-t
2
,t
3
) and so on. To determine the appropriate signal

amplitude at each step, a single sinusoid is used as the input and the

harmonic content of the output is checked .

4 . 2  Identification of a Transis tor Ainj~ 4f ier

The iden ti f ication approach discussed above was applied in [34] to

identification of a transistor amplifier. The example is repeated here

where the resul ts of this d isser ta tion are u tilized to give add itional

insight into the problem. The amplifier , with the transistor replaced by

its nonlinear incremental equivalent circuit , is shown in Fig. 4—2—1 .
—4 +~5V

0.01 414

F- 1 H FH’
KSIJ6

2 
~ 

iOU) lOOKS $400 04

II

I 
_ _ _ _ _ _
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~2wtq50 
- 
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PiObti .

vi (
~
) k I~~ I 1 , v

*
I

Fig. 4—2—1 . Transistor Amplifier
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I

The circuit and model parameters are given in [34] and are not repeated

here. From [34] it is known that the system behaves linearly for input

amplitudes less than IO~~ volts. With an input amplitude of 10
2 
volts ,

a second-order response is noted while higher—orckr responses remain

negl igible.

In [34] the first-order impulse response was identified using as an

input

( .001 e — lO 7 t ; t > 0

v .(t) — (4—2—1)

0 ; t < 0

Identification of the second-order impulse response utilized the input

/ 7
(.Ol e~~° 

t ; t > O

v~~(t) (4-2-2)

0 ; t < 0

The second—order portion of the response was separated from the total

response (i.e., the sum of first—and second-order) by subtracting from the

total response 10 times the linear response.

The identification procedure used in [34] is Jam ’s pencil of functions

technique [31]. The operator in this approach is the simple integral

operator , f (-S ) di. lot order to obtain meaningful results with this

operator , it was necessary to use 2400 samples closely spaced at intervals

of l0~~ seconds. The system order was established to be n — 2. (This

L -- -~~-- - - - -—-~~~~~ -..- 5- . 5 - .



4—5

value is correct, as is obvious by inspection of Fig. 4—2—1). The poles

and residues found in [34] for h
1
(t) are given in Table 4—2—1.

Table 4—2—1

Pole residue

6 k

A
1 

IC — .Oll55l(2~lO i) .2807(10 )

A
2 

—lO.6l69(2~ lO6i) 273.684(106)

As pointed out in case 5 of example 2—4—1, the simpl e in tegral oper ator

is a poor choice because it results in a highly linearly dependent set of

basis functions. Consequently, the example was repea ted using the advance

(negative delay) operator of (2—4—39). Only 151 samples spaced at intervals

of iO 8 
seconds were used (i.e., many fewer samples and a sligh tly shor ter

data record than in [34]). The advance T was set equal to lO~~ seconds

(i.e., every 10 samples). The poles and residues determined in this

manner are presented in Table 4—2—2 .

Table 4—2—2

residue

A~~ = — .0l1454(2 l0
6
i) .27502(10

6
)

IC — lO.8O7l (2 ~ lO6ir) 279.107(10 6)

Figure 4—2—2 presents the true output and the two responses generated by

the poles and residues of Tables 4—2—1 and 4—2—2.

From (4—1—2) notice that h
2
(t
1
,t
2
) ,  evaluated for IC 

~~, becor..es

M K (a +a )t

h
2
(t,t) IC h

1 
equiv . (t) 

~~~ k~
’1 

A
1 

e ~~ 
k2 (4-2—s)

From (4—1—4) and table 4—2—1 , it follows that

M — K 2
+ 1 = 2

2
+ l = 5  .

-5--— ---~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Fig. 4—2—2. True output and responses generated by the identified poles
and residues.
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Henc e, the natural frequencies of (4—2—3) ar~a tabulated in Table 4—2—3.

Ta~~1e ‘s -2-~
# M K Natural frequency in terms of 

~1,X2 C~ iiments— — — of (4 — 2—3) ______________________ 
______________

1 1 1 a
1 + a

1 2A
1 

_ _ _ _ _ _ _ _ _

2 2 1. a + a

3 3 1 
- 

a~ + a1 2A
1 

— X 2 Not allowed
4 4 1 a, + a A

-+ 1 — 2 
_ _ _ _ _ _ _ _5 5 1 a

5 
+ a

1 ___________________ ____________6 1 
- 

2 a
1 
+ a A

1 
+ A

2 
Same as 2

7 2 2 a
2

+ a
2 

2A
2 

_ _ _ _ _ _ _ _ _

8 3 2 a~~+ a A
l 

Same as ~
9 4 2 a

4 
+ a

2 
2A
2 

— A
1 

Not allowed

5 2 a +a Same as 4
~ 

2 2

Therefore , the allowable natural frequencies of (4—2—3) are given by

~A
1
, A

2
, 2A

1
, 2A

2
, A

1 
+ A

2
} . (4—2—5)

A procedure for determining the coefficients A,
Klk2 is outlined in [34].

It should be mentioned that the set of equations for A.K 
becomes

hi~~ly flnearly dependen t when the dynamic range in the natural frequencies

of the linear response is large . F~r example , if A
2 

>> A
1
, then

A
2 

+ A
1 ~ 

A
2
. The natural frequencies of (4—2—5) then give rise to an

almost linearly dependent set of basis functions , In our example ,

A

~ lO~ (4—24 )
1

- -5
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Conseq uen tly, the equations in [34] for A.K 1( were extremely difficult1 2
to solve . A remedy for this situation is to consider A~ + A

1 
to be the

same natural frequency as A
2
. As a result, the set of (4—2—5) is reduced

to

{A
1
, A 2, 2A

1
, 2A 2

} (4 — 2— v )

Removal of the natural frequency (A
1 
+ A

2
) eliminates the ill—conditioned

nature of the equations without severely affecting the identification . 
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Chapter 5

SUMMARY

5.1 Discussion of Results and Conclusions

A general parametric model for the black box identification of

linear time invariant systems, in terms of rational transfer functions ,

was developed. The parameters obtained from the identification

procedure are, in general, the coefficients of the numerator and

denominator polynomials of the transfer function transformed to a

V—plane . A transform associated with each operator used was defined

such that the transfer function can be transformed back from the

V—plane to the S—plane. From the general class of operators used , two

subgroups of operators were emphasized. One group is represented by

all the operators preserving the S—plane coefficients. The other is

the group of operators defined in the discretc, z—domain .

It was demonstrated that parametric techniques from the published

literature , are special cases of the general model associated with a

particul..r approximation technique. It is emphasized in this disser-

tation that ~.here are two separate stages at which the identification

is carried out. One is the generation of the basis set via the

chosen linear operator. The other is the choice of an approximation

scheme.

The use of different operators and different approximation schemes

was demonstrated through a variety of examples. It was pointed out

that some operator.s might perform E2Lter than others in a given problem.

In general, the performance of an operator is dependent upon the data

provided , although some operators are shown to be inherently “bad

_ _ _  
21
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performers “.

Having in mind line models of spectral estimates, there is a

tendency to require very long records of data such that high fre-

quency “resolution” be obtained. This is true for line spectra and is

attributed to the Sinc function behavior of the correlation coefficient

between two sinusoids (i.e., the correlation function decays as t~~ ).

For decaying signals like exponen tials , this conclusion is false. It

was shown that for exponentials the correlation coefficient asymptotes

to a value defined by the exponentials ’ parameters. Hence, the magni-

tude of the correlation coefficient cannot be made arbitrarily small

by increasing the record length. A “long—record” was developed based

upon the decaying signal parameters. This “long—record” is of finite

length and any increase of that record will add negligible improve-

ment to the identification . Also , on the basis of the “long record” a

rough estimate for the sys~ em~s order was developed .

The “growing tree” was introduced as another aid in determining

the system’s order. The potential benefit of the “growing tree” when

applied to time domain synthesis problems was also pointed out.

Application of the identification model to slowly time—variant

systems and weakly nonlinear systems was discussed and demonstrated

through numerical examples.

5.2 Areas for Future Research

The vast bank of operators should be investigated and classified

on the basis of their performance when applied to different types of

identification problems.

The applicability of the identification model to the extended class

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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of slowly time—varian t systems and weakly nonlinear systems should be

further investigated.

The “growing tree” concept appears to be a promising tool. Its

behavior should be analyzed on firmer mathematical grounds. From

the different examples worked out , it seems that a signal’s rate of

decay and its bandwidth are strongly rela ted to the region in the

S—p lane occupied by the tree. This relation should be examined.

a

_ _ _ _ _  
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Appendix A

AN INTRODUCTION TO SOME KNOWN APPROXIMATION TECHNIQUES

A—i. Methods Involving a Known Set of Basis Functions

Let {g
1
(t)}, i = 1,2, ...,N, denote a given set of basis functions.

Assume that the real time function x(t) is to be approximated over the

closed time interval [T1,T2
] by the finite sum

N

x(t) ~ K~g~(t). (A—l—l)
i—i

The problem is to determine the N coefficients Ki, i = 1,2,... ,N, so

as to obtain a reasonable approximation. Different approaches to the

approximation will , of course , result in different sets of coefficients.

Basically, what is needed is a set of N linearly independent

equations involving the N unknown expansion coefficients. One approach

is to require the approximation to equal x(t) at N different instants

of time ~~~~~~ j IC l,2,...,N, where T1 < t~ < T2. The resulting approxi-

mation is written as

A N
x1(t )  = ~ D~g1

(t) (A 12)
i—l

where the coefficients are determined from the N linear equations

• x(t
1
) , j • 1,2,... ,N. (A—l—3)

The subscript I in (A—l—2) is used to indicate that the approximation

can be intevp,eted as an interpolation scheme for obtaining approximate

values of x(t) at instants different from t~ . This approach has the

serious disadvantage that all time funct..ons having the same sample

L -
- 
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. 
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values at the N instants of time result in the same approximation. There-

fore , there is no control over the interpolation error at the rtonsampling

instants.

The approximation may be improved by utilizing M sample points

where M > N. We can no longer require zero error at the sampling in-

stants. Nevertheless, a “better” overall fit can be obtained according

to some specified criterion. Using a least—square approach, we write

the approximation as

N
XLS(t) 

= ~ L.g~ (t) 
(A—l—4)

i=l

where the coefficients Li, ~ IC 1,2,... ,N are found by minimizing the sum

of the squared errors.

M
c ~ [x(t~) — xLS(tj)J . (A—l—5)=

LS j  =1

Carrying out the minimization with respect to the coefficients results

in the N linear equations

aELS M N
—2 ~ [x(t~) — 

~~ L1~1(t~)]~~ (tJ
) IC 0, k l,2,...,N.

J=l i=l
(A-l-6)

Rearranging terms, we obtain

M N M

~ ~~~~~~~~~~~~~ — 2 ~~ (t~ )x( t ~ ) . k 1,2 ,...,N. (A— 1—7)
i—i 1=1

When M • N, (A—l—7) reduces to (A—1—3).

__________________ 
-5 - ~_ - 5~-5-5 ___ - . . .~~~~~~~~~~~ - - 5  5— 
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The sampling ratio is defined to be

R = 
~~~. (A—1—8)

When this ratio is greater than unity, the problem is said to be over—

deteri~ined. Clearly, the average distance between the sampling instants

is reduced by a factor of R in the overdetermined case. In this sense,

better control of the interpolated values is obtained due to the

higher density of sampling points. However, as before , all time func-

tions having the same sample values at the M time instant result in the

same approximation. Ideally , the larger the value of R, the better.

On the other hand , the computation becomes excessive when R is made

too large. Also, the equa tions become linearly dependen t due to

numerical roundoff as the sampling instants become too close.

Instead of restricting attention to discrete instants of time,

we now generate approximations by considering the continuous interval

[T1,T2]. The integrated—squared—error is defined to be

T2

t
ISE J [ x ( t )  — XISE(t)] dt (A—l—9)

T1

where

XISE (t) 
IC 

1—1 
A~g~(t) (A-i—b )

The coefficients A
1, i l,2,...,N, are obtained by minimizing CISE~

The minimization results in

N 
T
2 T2

2 [J ~~(t)gf(t)dtJA 1 j g~(t)x(t)dt, k l ,2,...,N (A—i-li)

L -5--—-- ——-5- ~~~~~~~~~~~~~~~~ . - .  _
~r.. 
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In general , it is not possible to solve for each coefficient indi-

vidually because (A—i—li) represents N simultaneous linear equations.

The situation is greatly simplified when the basis functions are

orthonormal.

For emphasis, we denote a set of basis functions which are ortho—

normal over the interval [T
1,
T
2

] by {
~~.} and write th: approximation as

XOISE (t) 
IC 

~~ ~~~1(t). (A-1-l2)

To simplify matters, the basis functions are assumed to be real. The

orthonormal relationship is then written as

T
2

<
~ i’~~

> 
~ 

f 
~i
(t)

~~~
(t)d t = 

~i j  
(A-l-i3)

where

(1
= (A—l—14)

J 

~.O i~~~j

Minimizing the integrated—squared—error for the orthonormal basis

representation , the equation for the coefficients become

T
2

f ~~~~~~~~~~ I = 1,2,... ,N (A-l-15)

The solutions for the coefficients are seen to be uncoupled for this

special Case.

As with the previous methods, several different time functions

can result in the same approximation. For example, let n(t) be

______ _ _ — _ - --—- — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ._~~~_ : S - .’ - 
- — - -:- - —_~~~~~ -— -——---— - -
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orthogonal to {g
1
} over the interval [T

1
,T
2
]. It then follows that

the integrated—squared—error approximations of x(t) and y(t) IC 
x ( t )  ÷ n( t )

are identical. However , the integrated—squared—errors t
IsE

(x) and

c1~~(y) will be different for the two waveforms .

Another approach to the approximation problem involv-~s , onsidera—

tion of the derivatives and/or integrals of x(t). Let the n~
1’ der iva tive

of x(t) be denoted by

x (n)(t) IC 
d~x(t) (A-l-l6)
dt

where n is a nonnegative integer . The first N terms of a Taylor series

expansion about the point ~ 
IC T results in the approximation

IC 

~ 

x~~~(T) 
(t T) 

(A-l-17)

where the subscript p indicates that the basis functions consist of

polynomials in t , the error is given by the remainder

~~(t) 
IC x ( t )  - ~~~~(t) = 

(N-b)! J(
t_T)

N_l
x~~~ (T)dT (A-l-l8)

Proof of this follows directly by evaluating the integral in (A—l—18)

through N successive integrations by parts.

To obtain an accurate approximation of x(t) in the vicinity about

= T when using a general set of basis functions {g1}, we require that

the approximation and its first N—b derivatives equal thz~ function and

its first N-i derivatives , respectively , at t • T. Denote the approxi-

mation by

_ _ _ _ _ _  ________ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _  —-4
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xED (t) 
IC 

~ 
E~g.(t) (A-l-19)

whert - the ~uhsc ript ED represents equality of derivatives at time T.

Hen~-e , t~~w N c,e~ f iciet r s E1 , ~ 
IC 1,2 ,... ,N , are determined from the

t ol l - - . n~ set ~‘f N Linear equations :

- x~~~ ( T) , = 0,1,... ,N-1 (A—l-20)

I t  t i  - ~~~ - - - -~ - ma~ .- exp~essed as

I !  
~~‘ 4~ 

(I) ~~~_4~~ T~L (A-1-21)

w L i , - h is re - ‘ ~ ntzed as t h e  t i r - ~t \ terms in the Taylor series expan-

s ion t c ’ r  K I t). Rv analogy with (A— 1—18) ,

x ED ( t )  - x (L) ~~~~~~~~~~~~~~ f ( t ~~r)
N_

~~~~~~(T)d T  . (A-i-22)

Sub t r ac ti on  of ( A — 1— 2 2 )  f r om (A—i—iS) yields the instantaneous error

expression

E
E

( t )  IC x ( t )  - 
~ED (t) (N-i)! J (t_T)

N_i
[x~~~~(T) -~~~~~~~~~~~~ (T ) Jd T

T 
(A—l—23)

Let the interval [T
3
,T
41 be contained within the interval ET

1
,T
2
].

An approximation to x(t) can also be obtained by requiring that the

approximation and its first (N—i) Integrals equal th e function and

its first (N—b) integrals, respectively , over [T3,T4]. The n~’—order

integral of x(t) f~ given by

-. 
~~~~~~~ ~~~~~~~_ ~~~~~~~~~~~~~~~~~~~~~~~~~~ --
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A

x~~~~( t)  = J ... ~~x (~ 1)d~ 1dA 2 ... dA

T3 T~ ~- - —~~--- -5-,

( A — l — 2 4 )

t

=1 ~:i
~~~

_i

T
3

The approximation is denoted by

N

xEI (t) 
IC 

~ F.g.(t) (A—l—25)
iICi 

1 1

where the subscript El indicates equality of integrals over [T3, T4].

The coeff icients F . ,  i = 1,2 , . . . ,N, are determined from the N linear

equations

) IC x~~
’
~ (T4), 

= 0,1 , . . .  ,N-l. (A-l-26)
El

The two previous approx imations may be combined to y ield ye t

another approximation. This is accomplished by requiring the first K

integrals from (A—l—26) and the first N—K derivatives from (A—l—20) to

be equal. The approximation is now denoted by

N

XEID (t) = ~ H~g~~(t) (A—i—27)
i i

where the subscript EID indicates equality of both integrals and deriva-

tives. For simplicity we set T4 
= T. The coefficients H

1
, i = 1,2,... ,N,

are then determined from the N linear equations

A (~~~ ) (~
)

xEID (T) IC x (T) , R. = —K , ...,—J ,0,l,...,N—K—i . (A—l—28)

- ---5- - - ---5-- - - - - -  5- _ - - _  5-- -~~~~~~~~~- ---- -------_---- --
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The approximation in (A—l—27) can be further generalized by over—

det ermining the problem. Assume the number of sampling points is

g iven by M and that a total of L derivatives and/or integrals of x(t)

are to be considered . Let the approximation be expressed as

XGLs(t) 
IC 

~ 

Q.g .(t) (A-1-29)

where the subscr ipt CLS indicates that the coefficients Q1 are to be

determined from a generalized least—square approach. Taking into con-

sideration the first K integrals and the first L—K derivatives of

x(t) (includ ing the zero—order derivat ive), the sum of the sq uared

errors becomes

L-K-1 M

~GLS 
=—K j=l 

~~~ — ~~ ct~ )J
2 

(A—i—30)

where the product of L and M is chosen to be grea ter  than or equal to N.

Notice that (A—i—30) reduces to (A—l—5) when L IC 1 and K = 0. Also ,

for L IC N and M = 1, the problem is no longer overdetermined and determi—

na tion of the coeff ic iencs by the generalized least—squares approach

reduces to (A—1—28) with the result that the error CGLS is iden tically

zero. Minimization of the error in (A—l—30) with respect to the coeffi-

cients Q1, i = 1,2,... ,N, resul ts in the N linear equations

L-K—i M N L-K-l M

~ ~~~~~~~~~~~~~~~~ = ~ ~~~~~~~~~~~~~~~ k IC l,2,...,N ,
2~=—K j=l 1=1 9~=_K J ICi

(A—i—31)

For L — 1, K 0 and M = N, the problem becomes the interpolation prob—

len considered in (A—1—2) and (A—1—3i) reduces to (A—l—3). 

~~-- —



A-9

Similar ly ,  the integrated squared error approach can be generalized

by involving the first K integrals and L—K derivatives of x(t). The

approximation is now denoted by

N

XGI SE (t) 
IC 

~ B~~~ (t) (A—l—32)
1=1

where the subscript CISE stanus for generalized integrated—squared—error .

The generalized integrated—squared—error is defined .o be
T

2
L-K-l

cCISE 
~~~~ 

J [x~~~~(t) - x~~~ (t)j
2
dt (A-l-33)

Performing the minimization of (A—i—33) with respect to the coefficients

Bi,  ~ IC 1,2,... ,N , yields the N linear equations

L-K-l N 
T

2 L—K— l

~~ j  [ J g~~~~(t ) g ~~~~( t ) d t ] B
1 

~ J g~~~ (t )x~~~ (t)dt , k =

2~— K i—l
T1 T

1 (A—l—34)

The derivatives and/or integrals of x(t) are no longer involved when

L IC 1, K 0 and (A—l—34) becomes (A—i—il).

As a fi.-ial remark , we point out that the sampling instants

appearing in the set of N equations of (A—l—20) can be allowed to vary

from one equation to another. The same statement applies to the sets

of N linear equations appearing in (A—l—26), (A—l—28), and (A—i—31).

This allows for greater flexibility in generating the approximations .

At this point we illustrate the previous discussion with a simple

example. The objective is to demonstrate the varying amounts of compu-

tational effort required and the different waveforms which result using

-- —-5 - 5 - - —~~~~~~~~~-
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the various methods of approximation. Following the example , we discuss

how the different approximations are related and show that a natural

criteria for their comparison is the integrated square error.

Example A—i— i

Given the finite set of basis functions

{g . }  = {l , t ,t
2 } (A-i-35)

approximate the function

x(t) = cos 2ir t (A— 1—36)

over the  in te rva l  [T 1, T2 } = [O , j J .

Case 1 ( in terpola t ion  scheme)

The approximat ion is g iven by (A—l — ~ ) where the c o e f f ic i e n t s  are

obtained from (A—l—3) .  The sampling instants , which  are equal in

number to the number of coef f ic ients  to be de te rm.ned , are  arbitrarily

c~~ en to be t .  = 0 , 1/2 , 1. Sample values of both x ( t )  and the basis

func t ions  are g iven in Table A- t — i .  In mat r ix  form , (A— 1— 3) become s

Table A—l—l

x (t ~~) g
1 

- 

g
2 

g
3

0 1 1 0 0

1/2 — i 1 1/2 1/4

1 1 1 1 1
__________ ~1 ___________ __________

1 0 o D1 1
1 1/2 1/4 D2 

IC —l (A—l— ~ :)

1 1 1 D
3 

1

IL —-5— - - ---- --—- -- --- ---- - . 
~~~~~~~~~~~~~

. :~~~~~
— 
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Solution of (A—l—37) for the coefficients yields the approximation

= 1 - 8t + 8t
2 

(A-i-38)

x(t) and ~ 1
(t)  are shown in Fig. A—b—i.

-5 
-— - - 5 -  -5 -5 -

/

1

’ 

/

i56~

0.00 2~ 5O 5.00 7.50 10.00
( X i O - ~ )

Fig. A—i—i. The functiofl x(t) and its approximation

Case 2 (least—squares approach)

The approximation is given by (A—l—4) where the coefficients are

determined from (A—i—7). We arbitrarily choose a sampling ratio of

3 so that H IC 9 and N 3. The 9 sampling instants and the corresponding

sample values of both x(t) and the basis functions are shown in

— - - . - --.------ - - - - -— — --- -.——---- --- - -.-- .-5--— - - - -—-- --5— - - - --5 - - — - — - -  — —-5- —
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‘ able A—i—2. Let the 9x3 matrix formed from the columns g1 in Table

A—1-2 be denoted by [C). In terms of matrices , (A—l—7) may be expressed

as 
L
1 

x(t
1
)

[CI
T 
[C] L

2 
IC [GI

T 
(A— l—39)

L
3 

- 

x(t9)

Table A— l—2

:~ 

x(:~ ) 
— 

~~~~~~~~~ 

:2 

:~~

1/6 1/2 1 1/6 1/36

1/4 0 1 1/4 1/16

1/3 —1/2 1 1/3 1/9
1/ 2. —i 1 1/2 1/4

2/3 —1/2 1 2/3 4/9

3/4 0 1 3/4 9/16

5/6 1/2 1 5/6 25/36

1 1 1 1 1

Solution of (A—l—39) for the coefficlent~ results in the approximation

xLS (t) 
= 1.1668 — 7.0524t + 7.’h524t

2
, (A—l—40)

x(t) and x
Ls
(t) are shown in Fig. A—l—2 .

C8s~ 3 (integrated squared error appr~ aJ)

The set of basis functions {g
1j, given by (A—1—35), does not con-

stitute an orthonorma]. set. To simplify evaluation of the coefficients ,

the Cram—Schmidt orthonormalizatjon procedure was applied to {g
1
}

-5- - - -- - —-5- - - --5- __- ---_ -~ .L~ 
- - 
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E= .06268

0.00 2.50 5.00 7.50 10.00
1. X 1 O - ~ )

Fig. A—l—2. The function x(t) and its approximation

resulting in the orthonormal set where

q tp
1
(t) IC

IC /3 (2t — 1) (A—l—4l)

~p3
(t) IC /5~ (6t

2 
- 6t + 1)

The approximation to x(t) is given by (A—l—l2) where the coefficients

are obtained from (A-l—15). It is found that cz~ 
IC a

2 
— 0 and a

3 
=

3f5/i~
2 Hence ,

XO S E (t) 
— 0~’1

(t) + 0~’2
(t) + 2!~. 

~J
3

( t )  — .9. (6t
2 

— 6t + 1). (A—l—42) 

-- — - -
~~~~~~~~
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x(t) and x0ISE(t) are shown in Fig. A— l—3.

fc

7
/ /

I

o \ X 
/ 1

~~~~~OISE 

_ _  

////
---------4 - - - - -5

~~~~~~~~~
-

~~~~~~~~
--

C E .0380308
C

I —f
000 2,50 5.00 7 .50  10 .0 0

(X 10 11

Fig, A—i—3. The function x(t) and its approximation XOISE (t).

Case 4 (equality of derivatives approach)

The approximation is given by (A—l—b9) where the coefficients are

obtained from (A—l—Z0) . As Is apparent from (A—b—20), the basis func-

tions and their derivatives are needed for evaluation of the coeff i—

d ents. Since three basis functions are included in {g
1
}, N3.

Therefore , (A—l-20) consists of three simultaneous equations for which

R. IC 0,1,2. The corresponding basis functions are given in Table A—l—3 .

A 

~~

- - 
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Table A—l—3

( f)  ( 2 )  ( i)

2 0 0 2

In addition , the signal to be approximated and its first two derivatives

are

(0)x ( t )  IC cos 2irt

x~~~~(t) 
IC -2r sin 2irt (A—1-43)

x~
2
~~(t ) = 4 2 

cos 2vt.

Applying (A—l—20) at the time instant ~ 
IC T 1/2, solving for the co-

efficients Ei, and substituting into (A—l—l9) results in

xED(t) 
2 

2 
- 2r2t ÷ 2~

2t 2
~ (A-i— 44)

x(t) and XED(t) are shown in Fig. A—i—A. Note the close fit of xED(t)

to x(t) around ~ 
IC 1/2.

Case 5 (equality of integrals approach)

The approximation is now given by (A—i—25) where the coeff I -ienta

F
1 
are determined from (A—l—26). As in Case 4, three simultaneot s equa~

tions are needed since N — 3. Integrating over the interval (1,.). the

basis functions corresponding to R. 0,1,2 are shown In Table A- 1-4.

-5— —
.
~~~-

-. ‘.~
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~ 7 Z

\ \ I
i /

‘

~~~~C

~~~~~~~~~~~~~~~~~~
C)

0

______ ______ _________- -5

‘0.00 2.50 b.00 7.50 1 0 . 0 0
( X l  Q 1 )

Fig. A—l—4. The function x(t) and its approximation XED (t).

_______ ___________ 
Table A—l—4

(—~) (—2.)2. g
1 

g
2

20 1 t t

i (t—l)(t+l) (t—l)(t
2
+t+l)1 t— 2 3

2 (t-i)
2 

— 

(p-1)
2
(t+2) (t-l)2(t

2
+2t+3) 

-

_______ 

[ 2 6 12

Also, the function being approximated and its first two integrals over

the interval (i,t) are:

x~
0
~(t) cos 2irt

x~~~~ (t)  ~~ sIn 2irt (A-1-45)

= [1 - cos 2vtJ
4it

________ -

--- ---_— — _- --—-—- - -5- ---- --
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Solving (A—i-26) with T
3 

= I and T
4 

IC 0, the approx imation becomes

XEI (t) - 1 — 6t + 6t
2
. (A-l-46)

x(t) and x EI (t) are shown in Fig. A—i—5.

s Q

C
C

0 _________________

E .  09207

‘0.00 2.50 5.00 7.50 10.00
( X I 0 - ’ J

Fig. A—i—S. The function x(t) and its approximation XEI
(t).

Case 6 (equality of integrals and derivatives approach)

For this case the approximation is given by (A—b—27) where the co-

efficients are evaluated from (A—l—28) . Once again , N = 3. To obtain

these three simultaneous equations , we let K 1 in (A—l—28) . Choosing

T = 1/2 and evaluating the integr~.l over the interval (1,1/ 2 ) ,  the

I. - - - - _ _— - - - --—----  __
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basis functions evaluated at T 1/2 are given in Table A— l—5.

Table A—i—5

2. g~°) (1/2) g~
2.) (1/2) g~

2.) (1/2)

—1 —1/2 —3/8 —7/24

0 1 1/2 1/4

1 0 1 1

Similarly ,

• 
,~(~

l)
(l,2) IC 0, x~

0
~ (l/2) = -1, xW (l/2) IC 0 (A-l-47)

This results in the approximation

XEID (t) IC 2 — i2t + l2 t
2
~ (A—l-48)

x(t) and XEID(t) are shown in Fig. A—i— 6.
_  -

C x -
- A I

C

~EID
C
C

C - -

/

C €= .084150. t — ~~I I
‘0.00 2.50 5.00 7.50 10.00

CX 10-1)
Fig. A—l—6 . The function x(t) and its approximation

S . - - - - . - S 
~~~~~~~~~ —-5—-
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G ase 7 (generalIzed ieast—square approach)

The approximation to x(t) is given by (A—b—29) where the coefficients

are obtained from (A—l-31). We present two d i f ferent  illustrations.

In the first a single sampling point (M— 1) is utilized whereas 9 dif-

ferent sampling points (}IIC 9) are used in the second . In both illus-

tra t ions , we consider the function and 4 of its integrals over the

interval (1,t).

Part A: In this illustration , N IC 3, M IC 
~~~, K 4 , and L IC 5~ The bas is

functions for 9~ 
IC 0,—l ,—2 and ~ 1,2,3 are given in Table A—l—4 .

The functions correspond ing to 2. —3 ,—A are listed in Table A—l—6. The

function being approximated and its first two integrals are given in

______ _________ 
Table A—i-- 6

2. ( 2 .) (9 .) ( 9 —)
g3

(t-i)
3 

- 
(t-i)

3
(t+3) (t-i)

3
(t
2+3t+6)

6 24 60

(t-1)~ 

- - 

(t-1)4(t+4) (t—1)
4
(t
2+4t+10)

$ _ _  _ _  

360

(A—1—45). In add ition , x ’
3
~(t) and x~~~

’
~(t ) are

x~~
3
~ (t) ~~ (t—1) — — sin 2irt

4ir 8r 
(A—l—49)

x~~
4
~~(t = —s (t-l)

2 
- —

~~~ (1 - cos 2vt)
8n 1671

The sampling instant and the corresponding sample values of

and g~
2.
~~(t) are shown in Table A—i— 7 .

- - 5  -m~~
-
~~~~ 

- - --=--

L — -- -5- —~~~~~~
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For a specific value of £ , let the 1x3 matrices formed from the columns

g~
i) 

be denoted by [G~
9.
~ J . In terms of matrices , (A—l—3l) may be ex-

pressed as

0 0
{ ~ [G

( 2.)
J

T
[C

(Z) ]} Q 
IC ~ [C (9.)]Tx (9.)(t) (A—1-50)2 

9.IC_4Q 3

Solution of (A—1—50) for the coefficients results in the approximation

xGLS (t) 
IC 1.00013 - 6.12286t + 6.18055t2 . (A-l-51)

x(t ) and x
cLs

(t) are shown in Fig. A—l—7.

fo  
_ _ _

~~~
r— —----

~
---- --

\\ ///
C 

x — --5-— 

/

C e . 08628
C) /

/
-—1---- —

‘0 .00  2.50 5 .00 7 .50 10.00
( X 1 0 — ’ )

Fig. A—l—7. The function x(t) and its approximation xGLS(t),( =1). 
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Part B: Once again , N IC 3, K IC 4 , and L IC 5~ However , now I I I C  9 since

we sample at 9 different time instants. The sampling instants and the

(2.) (9..)corresponding sample values of x (t) and g~ 
(t) are shown in Table

A—1—8. For a specific value of~ , let the 9x3 matrices formed from the

columns g~
Z) 

be denoted by [G~
9.
~ J . In terms of matrices , (A—1—3l)

be cone s

(9.)
0 - 0 x (t1)

I [G( )
I
T
[G~~~ ]} 

~2 
= I [c (9.) }T : (A-l- 52 )

Q3 x (t
9
)

Solution of (A—1—52) for the coefficients results in the approximation

XGLS (t) 
= 1.17 - 7 . lOl4 t  + 7.l089t

2 
. (A-l—53)

x(t) and x
GLs

(t) are shown in Fig. A—l—8 .

-~ ~~~~~~~~ 
- t

~ /

- - ~~~~~~ 

E= .0 6O6O

0.00 2.50 5,00 7.50 10.00
t X 1 0 - ~

)
Fig. A—1—8. The function x(t) and its approximation 2

cLs
(t), (~~9).

~
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lie a p p r o x i m a t i o n  to x ( t )  i g g i v e n  by ( A — 1 — L ’ )  where the coeffi-

cients B . are obtained from (A—1—34). Since t he  c o e f f i c i e n t s  in the
1

CISE Ipproach are determined by minimizing t h e  sum of errors indicated

by (A—1--33), it is ci interest to invest ~~ - .tte the m a g n i t u d e  of the

individual errors in the sum. The values of the coefficients B are

most i n f l u e n c e d  by the need to m i n i m i z e  the l a rge r  e r ro r s .

For this case the approximation is generated by considering the

ori ginal f u n c t i o n , its derivative , and its n t c c r i I  ( i . e .,  L = 1 , K = 1).

To assess the size of the errors likely to be encountered in (A— l—33),

we first carry out ISE approximations to (1) x
(U (t) in terms of

{g
( 1) ( t ) }  (2) x ( t ) in terms of (g.(t)} , and (I) x~~~(t) in terms of

As pothted out ea r l i e r , t h e  (‘5TSE approach can he specialized

— to the ISE approach = . i t l i  t h e  p r o p e r  cho i ce  of L and K in (A—l—34).

(1) approxim~ tion o x~~~~~(t) in rerms of ~g~~~~~(t)} (L1 , K 1 )

The inner pr - duct for this caSe is defined to be

1
- _

v , z > v ( t ) z ( t ) d t  (A-l-54)

0

l e n U c , t he  ~cn&- r produ t s  r e q u i r e d  by (A— 1—34)  a re :

(—1 ) (—1 ) - (—1) (—1) (—1) (—1) 1 5 3 144 g
1 

,g
1 

> i~~~~, .g., > <g
1 ,1L

1 ~~ ~~ 
-

~~

-

~~

g~
_l)

,g~
_l)

> ~g(~ l) g(~ l) - <g (~l) g(~ l)>~= ~~~ 
-
~~ ~~~

~g ( 1 )  g (~~l)  - ~(-l) g (~ l) > <g (~ l )  g ( s - l ) >~ ~~ ~~
I 3 ‘ 1 ‘ 2 3 ‘ 3 20 72 1- ~a

~g
(_l)

x
(_l)

> 1 1 (-~-1-35 )

i< l) ,
~~

1)>i = L~g
(
~
l)x(~

l)) = 
~~~ 

~ J_~)

- —I 12—i 2 
-

L - . - - — - - ---~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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U-

In terms of the matrices of (A—l—55), (A—l—34) becomes

B
1

~~ 
>

~~ 
B 2 

IC 

— 

>] . (A—l—56)

B3

The approximation is given by

“(—1) 1 ~ 1 3X ISE (t) 
= L787(t—l) — l0 .332 [-~-(t~ — l ) ]  + l0.2ll[-~ (t —1)]

IC - .02427 + l .787t  - 5.l66 t
2 
+ 3.404t

3 
(A-1-57)

and x
~~~~

t) are shown In Fig. A—l--9. 

J

7 -;

I
_ I ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~

0 . 0 0  2 .50  5 .00  7.~~0 10 .00

~ 1 0

Fig. A— l—9. The function x~~~~ (t) and its approximation
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2) approximation of x(t) i-i terms of ~g .(t)} (L=l , KICO)

The Inner products required by (A—l—34) are now given by :

1 1
~g1,g 1

> <g1,g2
> <g1,g3

> 1 ~ 
-
~~

- — 1  1 1= <g2,g 1
> <g2,g 2- <g21g 3

> — 
~~

<g3,g 1
) <g3,g 7 -. <g3,g 3

> 4 ~
(A— 1—57)

0

= <g
2
,x IC (-~

.i
~ ) 0

The matrix equation for the coefficients B . is similar in form to

(A—l—56) and results in the approximation

15 90 9 0 2x (t )  = —i- — — t + —~~ tISE 
~ tr2 (A—l—58)

= 1.51982 - 9.11891t + 9.1l891t 2.

This is ident ica l  to the approximation that resulted In Case 3. (See

Fig. A—l—3).

3) approximation of xW(t) in terms of tg~
1
~ (t)} (LICI,K _1)

The inner products required by (A—1—34) are now given by 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
TI~~1~_
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<g
(1)

g
(l) > <g(l) g

(l)> <g
(l)

g
(l) > 0 0 0

~<g(l) g
(l~ j = <g (l) g

(l)> <g (l) g
(l)> <g (1) g

(l)
> = 0 1 1

<g~li g
(l)> <g (l) g

(l) > <g(1) g~l)> 0 1

(A—l—59)

<g (1) x
(l)> 0

<g (l) x(l)> IC 0

<g(1) x(l)> 2

The matrix equation for the coefficients B~ is similar in form to (A—l—56)

and results in the approxima tion

= c(0) — 6(1) + 6(2t) (A—l—60)
= ~~, + 12t

where c is an arbitrary constant . xU)(t) and x~~~(t) are shown In

Fig. A-l—l0.

~/ /
/
/

I 
- / -~~ ,~~A(1)

C 
~/ - x -

c ISE
_ _ _

C
44, -

/~
~~I / =

~~
Y__—~ 1

0 . 0 0  2.50 5,00 7.5~ 10.00
( X 10-1~

Fig. A—i— b . The function x U)(t) and its approximation 
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Having obtained these three approx imations , note that the error becomes

progressively larger as one proceeds from x~~~~ (t) to

We now approximate x(t) by means of the GISE approach. However ,

to emphasize the importance of the various terms in (A—l—33), we f i r st

cons ider the situa tion for wh ich L IC 2 , K IC 1. With these values of

L and K only x( t ) and x~~~~ (t) are involved in the approximation. We

F 
then repeat I- he proced ure for  L = 3 , K IC 1. Then x( t) ,  x~~~~~(t ) ,  and

x C1
~~(tj are all involved .

Equation (A—l—34) may be expressed in mat r ix form as

L-~-1 
[<g~

2.) 
,g~

2.)
>J 

~ 

~

i] 
= 

L-K-i 

[<g~~~ ,~~
(2.)

>i . (A-l-61)

For ~, 
IC , K IC 

~~, the approximat ion is

X(:ISE (t) 
IC 1.522113 - 9.l32479t + 9.l32466t

2 
. (A-l-62)

Note t l l , I t  the coefficients in (A—l—62) fall between those in (A—l—57)

and (A—1—58). 14u.evc r , sinc e the error associated with x
tsE

(t) is

greater than that associated with x
~ s~~~

(t ) ,  the coeff icien ts f all closer

to those in (A—i—58) . For L IC 3, K = 1, the approximation is

)c
cisi (t) — 1.022 — 6.0523t + 6.0525t2 (A—l—63)

The coeff icients in (A—l— 63) now fall between those in (A—l—57) and

(A—l—60) . However , since the error associated with x~~~ (t) is much

larger than either of the errors associated with ~~~~~~ t) and

the coefficients fall very close to those in (A—i—60). Plots of x (t),

xGIsE
(t)

~ L=2 ,K=l, 
and xGIsE (t)I L..3,K..l are shown in Fig. A—i— il.

- --5— — -5— - 
~
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-- - — -  ~~~~ —- --— - ---S----—
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~~~~~~~~~~~~~~~~ 71
\~~~~GJ L=2~K=1

C \~~
\

GI SE I L2 ~K 1 
////

ci
U-U-)

E .O3BO31B2
— (L=2)

C \ ~= .09045
(L=3) t ~

0 1 0  2. i0 5 .00 7.50 ~0 .00
t X l U l )

Fig. A—l—11 . The function x(t) and its approxinatlons

XGISE (t) L=2 ,K=l ‘ XGISE(t) I L=3 ,K=1~

The relationships between the various approximations are indicated

by the block diagram presented in Fig. A—i— l2. The equation used

to solve for the coefficients is refer ed to in each block. The directed

paths between the blocks serve to indicat how one approach may be

transfoL’med into another.

Note that the block diagram in Fig. A—l—l2 subdivides the various

approximations into those that process continuous waveforms versus

numerical data. In general , as the number of sampling instants is

increased (i.e., R -
~ 

co) , the solution for the discrete case converges

to that of the continuous case. This is illustrated in Fig. A—l—13 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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where L
1
(R) denotes the i~

r
~ least—squares coefficient of (A—l—7) for

a specified value of R and A
i 

deno tes the i~~’ integrated—squared—error

coefficient of (A—i—li). In our example , as R was increased wi th a

f ixed value of N IC 3, the smallest magnitudes of the coefficients L
1
,

L
2
, and L

3 
all occurred for M = 4. As a result , L .(R) was normalized

by L
1

(4/3 ) in order to compress the plot. The LSE coefficients nicely

asymptote to the ISE coefficients. The convergence is even more

drama tically illustrated by examining the errors. Because the wave-

form being approximated is known in - our example , it is possible to

compute the integrated—squared error for both the discrete and continuous

cases. These are shown in Fig. A—l—l4. The asymptote is determined

from EISE~ the integrated—squared error for the continuous case. The

integrated—squared error for the discrete case , for a specif ied value

of 1~, is deno ted by ~~~~~ For convenience , all errors are normal ized

by that occurring for the interpolation case (i.e., M IC N IC 3)~ Note

the abrupt convergence. The plot reveals that a value of R equal to 10

is more than adequate for the discrete case to approximate the continuous

case.

A summary of the waveforms resulting from the various approximations

is given in Fig. A—l—15. The associated integrated—squared error is in-

d icated on each plot. By examination of Case 4, it is obvious that an

“interval type” of error criterion , such as 615E ’ is inappropriate for

“Taylor type” of approximation.

L - - - 

-
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A
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- 

A2

~
L
~

(4 /3 ) ~~_~-.~-
- - ;-- L

3
(4 13)  L 2

(4 13) 

-~~~~~~~ - 

S

Th .o o  40 .0 0 80.00 120.00 160.00 200.00 2 1~0 .00
R-M/N -

Fi g. A—1 — 13. Normalized approximation coef f i c i en ts Vs. sampling

ratio.

C
I C

C ISE~1O ~

~ISE~~~

D

C

CD

0
C

-j.

~1SE

— 

EISE(I~~~~
’
N

~‘b.CJQ 40.00 80.00 120.00 160.00 200.00 2 q IJ .00
R-M/N

Fig. A—i—14. Normalized integrated squared error Vs. sampling ratio.
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Fig. A—I—is. Summary of waveforms resulting from example 2—1—1 and
their respect ive Integrated Squared errors (~ )
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A. 2 Convergence asR °° lth ~~~~~~~~~~~~~~~~~~~~~~~~~~

As a second example , the rate of convergence of the coeff icients

and error in the discrete problem to those of the continuous problem

is investigated when the chosen basis is of an exponential type. For

simplicity, the coefficients are restricted to be real. This con-

straint is met by combining complex exponentials with their conjugates

in order to obtain decay ing sinusoids.

Example A—2—l

Given the finite set of basis functions

(g.} = {e
_ _  

e
_ + i f f ) t  

~~~~~ 
3r r ) t  

~~~~~~ 
3rr)t 

,e
_ (3 j55h1)t 

e
(3+

~
51T)t

(A-2-l)

where , j ~ V 1 , approximate the function

(1; 0 < t < 1

x(t) IC (A—2—2)

0 , otherwise

over the interval [T
1
, T

2J IC [0 ,2].

Since the coefficients L 5 in (A—l—7) are constrained to have a
1

zero imaginary part and since x(t) is real, the complex conjugate basis

functions represented in (A—2—l) can be combined into a new set of real

basis functions composed of decaying sinusoids. Consequently an equi-

valent set of basis functions is given by

(g } u ’  {e
_t
cos lit , e

_t
sin itt , e

2tcoS 3irt ,e 
2
~sin 3rr t ,e 3t cos 5lTt }

S
1 (A—2—3)

where e 3tsin Sirt has been intentionally omitted in order to increase
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the approximation error .

As in example A—i—i , the waveform being approximated is known.

Hence , computation of £IsE(R) is possible for the discrete case. The

normalized least—square coefficients L
i

(R) , I = 1,2,3,4,5 are plotted

in Figures A—2— l through A—2— 5 , along with the asymptotes which are

given by the integrated—squared—error coefficients A
1
. The integrated—

squared error for the discrete case , as a func tion of the samp ling

ratio , is shown in Fig. A—2—6 where the asymptote i- ~ the ISE of the

continuous case. As in example A—l—l , notice that R = 10 is more than

adequate for the discrete case to approximate the continuous case.

Plots of x(t) and its integrated—squared—error approximation are shown

in Fig. A—2-7.

To provide additional insight into the convergence of the least—

squares approximation of x(t), as given in (A—2-.2), the approximation

is repeated five times as the number of basis functions is gradually

increased from one to five. In particular , the follow ing sets of basis

func tions were used :

(a) {g 1
}

(b)

(c) g
51

,g
52

,g
53
} (A—2—4)

(d) {g
1

,g 2 ,g 3
,g

4
}

(e) fg
81
}

The corresponding integrated—squared errors versus the sampling ratio

are plotted in Fig. A—2—8 . Note that the knee occurs for values of R

---
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L
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R

Fig. A—2—5. Normalized L5 coefficient Vs. sampling ratio.
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1 0
(
~J - —

>2Ai~~i
(t) X(t)

~1IIIII.~/’ :
0 .00 3 .00  6 . 0 0  9 .00  12.00 15.00 18.00

t X 1 O ~1)

Fig. A—2—7. x(t) and its MISE approximation.

between 3 and 5 and is insensitive to the number of basis functions used

(i.e., insensitive to the quality of thc approximation).

A.3 General Discussion of Numerical Examples

p 
From the theory of band—limited signals, it is well—known that one

has to sample a given signal at least at the Nyquist rate in order to

achieve a meaningful reconstruction. If a signal i.e sampled below this

rate, an aliasing error occurs. This type of error can be interpreted

in terms of Riemanheurfaces. It is clear that a phase variation of

larger than i~ radians between consecutive time samples for any of the

complex exponential waveform components will locate the phase of that

component on a R1eman,~surface different from the 
first. If no informa-

tion is supplied about the true Riemaim surface on which the phase is

• .-,-~,.
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Fig. A—2—8. Integrated squared error Vs. sampling ratio for the basis

I 

sets in (A—2—4).
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located, then an error will occur in determination of that ~Ø~pofl5fl ~s

argument . In practise, an aliasing error always occurs since physical

signals can never be strictly band limited . For such signals the

Nyquist rate is usually determined by specifying a frequency above which

the energy content is assumed to be negligible. The aliasing error

is then a function of the energy ratio between the in—band and out—of—

band components.

Hence, having chosen a suitable set of basis functions, one must

assure in the interpolation case that the sampling rate is chosen to be

at least the Nyquist rate if a meaningful reconstruction is to be ob-

tained. In the preceding examples, it was shown that a sampling ratio

of about 10 yields discrete approximations having an approximation error

almost as small as that of the continuous MISE approximation. In the

interpolation problem the minimum number of samples required equals

the number of known basis functions. For a band—limited signal, the

Nyquist rate determines the minimum number of samples over a given

interval. This implies that, in general, the minimum number of basis

functions for a band—limited signal should equal the Nyquist rate times

the length of the sampling interval if a meaningful reconstruction is

to be obtained in the interpolation problem. To obtain an ISE(R) error

which is close to the MISE with such a set of basis functions, the

waveform should be overseapled at 10 times the Nyquist rate. Hence,

20 samples per cycle of the highest frequency component of significance,

speaking energywise, are required. If the ratio of highest to lowest

frequency is 100 and the approximation is carried over a full cycle of

the lowest frequency, 2000 samples are needed. Although this is ~
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extremely large number of samples, one should remember that such a

ratio of frequencies describes a wide band signal. Also, the value

of 10 is a conservative choice for R. For such wide—band signals , it

may be desirable to pick R as low as 3 to 5 (i.e. 600 to 1000 samples).

I 
_  _  
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_ _ _ _  _ _ _ _ _  
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Appendix B [32]

1 Exact solution to the synthesized problem of Example 3—2—1 .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _  
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B— 2
ANSWERS TO fl~STANTAUEOUS FREQUENCY PROBLEM

DATA: x(t) :l000 cos( e ,) + 100 cos ( e ,) + n(t)
.1 - ____________________

SIGNAL INT ERFERENCE NOISE

1 SIGNAL: 8
~~340~ f.24 cos (%~ t4)+2

INSTANTANEOUS FREQUENCY :170+30 sin (1~~t.~~~) ( GRAPHED )

2 INTERFERENCE : O,~ 320n’t~40 cos ( 2 w t ) .2

INSTANTANEOUS FREQUENCY 
~~r 4J~

’ =160+40 sin (~wt) ( GRAPHED )

3 NOISE : PSEUDO-UNIFORMLY DESTRIBUTED SEQUENCE OF NUMBERS

‘ii, ‘~~~‘ WITH RANGE -100’n~ 100, THE MULTIPLICATIVE
LINEAR CONGRUENTIAL METHOD WAS USED TO GENERATE THE nj

n~~~200 ~~~ .100: (i:0,1,2 511)
WHERE F,, :FRACTIONAL PART OF (997 Fl)

AND F.z0 5284163

INSTANTANEOUS FREQUENCY OF SIGNAL & INTERFERENCE
27th

$ 
_______ ______ _______ _______ _______________ ______ _______200

I j ~..SIGN .1
190 _  _ _ _ —- _

_ _  
/ _ 7 _  _  \ _  _  _

(Hz)

: 
/
1 \

\
• INT RFER EI CE\

150 /
140~~~~~~

_ _  _

130 —- I -• 0.08 0.16 0.24 0.32 0.40 0.48 0.56 0.64 TIME
(sEcoNDs )

- - • ~~ _• ~~— t .  -k — —~-~-!•-.•- -~~~~ . . - ..~ .4 ~~s -4e
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- 1
I SAMPI.E TIME (SEC) INSTANTANEOUS FREQ (Hz)

F .04 141.47
• t 2 .08 145.73

t~ .12 152.37
.16 160.73
.20 170.00
.24 179.27
.28 187.83

t• .32 19427
36 198.53
.40 200.00
.44 198.53

t,, .48 194.27
.52 187.63
.56 179.27
.60 170.00
.64 160.73

I,

[ Ip .
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