-AD=AOB1 589

UNCLASSIFIED

SYRACUSE UNIV N Y F/6 12/2

PARAMETRIC IDENTIFICATION OF SYSTEMS VIA LINEAR OPERATORS. (U)

SEP 78 J NEBAT F30602-75-C=0121|
RADC=TR=78=199

=



——

B o

“m 10 s g

= rdd 122
o fE e

e -




e~ — . | 7

= RAMETRIC IDENTIFICATION OF éYSTEMS VIA LINEAR
ERATORS,

\@Ehualﬂebgl @ Séf l/ @ﬁ F j

Syracuse Univecesity
:E

|y e
g A,.\/ «

Approved for public release; distribution unlimited.

ROME AIR DEVELOPMENT CENTER
Air Force Systems Command
Griffiss Air Force Base, New York 13441

2329 (60

LA 'wa 111290 0y

.f







UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Data _Enuud)
READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BFFORE COMPLETING FORM
1. REPORT NUMBER / ]Zv GOVY ACCESSION NO.| 3. RECIPIL"'S CATALOG NUMBER
RADC-TR-78-199 l
4. TITLE (and Subtitle) 5 TYPE ' REPORT & PERIOD COV".RED
PARAMETRIC IDENTIFICATION OF SYSTFMS VIA Inter m Technical Repourt
LINEAR OPERATORS Jun 77 - Jul 78
6 PERF DRMING ORG. RFEZORT NUMBER
N/A
7. AUTHOR(s) 8 CO! TRAZT OR GRANT NU ER(s)
Joshua Nebat F30602-75-C-0121
9 PERFORMING ORGANIZATION NAME AND ADDRESS 10 PROGRAM ELEMENT, FROJECT TASK
AREA & WORK UNIT NUMBER
Syracuse University/
Syracuse NY 13201 bl
s 23380321
11, CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
Rome Air Development Center (RBCT) " ‘September 1978
3. NUMBER CF PAGES
Griffiss AFB NY 13441 : 195
4 MONITORING AGENCY NAME & ADDRESS(if different from Ccn”ollln;;)llita) 15. SECURITY CLASS. (of this report)
Same ¢ UNCLASSIFIED
15a. DECLASSIFlCATION DOWNGRADING
SCHEDU
N/A

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, if different from Report)

Same

18. SUPPLEMENTARY NOTES

RADC Project Engineer: John F. Spina (RBCT)

19. KEY WORDS (Continue on reverse side il necessary and identilv by block number)

electromagnetic compatibility basic functions
black box identification linear operators
linear time system approximation model
invarient svstems error criterion

rational transfer functions

. ABSTRACT (Continue on reverse side If necessary and identify by block number)

A general parametric identification/approximation model is developed for the
black box identification of linear time invariant syetems in terms of rational
‘ransfer functions. The identification procedure is shown to consist of two
oasic parts: Y the generation of a set of basic functions through a linear
operation upon the input and output signals of the system, and-2¥"The choice

of an error criterion and its associated approximation scheme, which, when used
along with the basis set, ge~erate the numerator and enominator parameters of
the transfer function. =

DD 5305 W73 comon or gy ) opsanery R T

CURI“Y CLASSIFICATION OF THIS PAGE (When Data Entered)
’

)

§ > A A @ U VAV,

S = . P SIEENEEE CISSIRSE S P SRR T




UNCLASSIFIED
SECURITY CLASSIFICAYION OF THIS PAGE(When Data Entered)

0, Abstract (Cont'd)

’\\
It is demonastrated that some known parametric identification techniques
derive from the general model as special cases associated with a particular

linear operator. Some pcssible operators are discussed on the grounds of theiﬂ

pertormance in an identification procedure. It is shown that certain operator

are inl ntly ill-posed and generate a set of basis functions that is practi- e
cally linearly dependent. In general, the performance of a linear operator

will depend upon the data provided.

lhe extensions of the techniq;jk?h slowly time-varying systems and weakly
nonlinear systems are discussed and demonstratea through examples.

Poles belonging to successive approximations of increasing order form so-
called "growing tree" patterns in the S-plane. The potential benefit of the
"growing tree" in time domain synthesis and in system identification is
pointed out.

UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)




PREFACE
This effort was conducted by Syracuse University under the sponsorship
| of the Rome Air Development Center Post-Doctoral Program for Rome Air
Development Center. Mr. John F. Spina RADC/RBCT was the task proiect
engineer and provided overall technical direction and quidance.

The RADC Post-Doctoral Program is a cooperative venture between RADC
and some sixty-five universities eligible to participate in the program.
Syracuse University (Department of Electrical Engineering), Purdue University
(School of Electrical Engineering), Georgia Institute of Technology (School
of Electrical Engineering). and State Uﬁiversity . “ New York at Buffalo
(Department of Electrical Engineering) act as prime contractor schools with
other schools participating via sub-contracts with the prime schools. The

U.S. Air Force Academy (Department of Electrical Engineering), and the

Institute of Technology (Department of Electrical Engineering), and the
Naval Post Graduate School (Department of Electrical Engineering) also
participate in the program.

The Post-Doctoral Program provides an opportunity for faculty at

participating universities to spend up to one year full time on exploratory
develooment and problem-solving efforts with the post-doctorals splitting
their time between the customer location and their educational institutions.
a The program is totally customer-funded with current projects being undertaken
for Rome Air Development Center (RADC), Space and Missi{e Systems Organiza-
tion (SAMSO, Aeronautical System Division (ASD), Electronics Systems Divi-
sion (ESD), Air Force Avionics Laboratory (AFAL), Foreign Technology Division
(FTD), Air Force Weapons Laboratory (AFWL), Armanment Development and Test
Center (ADTC), Air Force Communications Service (AFSC), Aerospace Defense
Command (ADC), HQ USAF, Defense Communications Agency (DCA), Navy, Army,
Aerospace Medical Division (AMD), and Federal Aviation Administration (FAA).
Further information about the RADC Post-Doctoral Program can be
obtained from Mr. Jacob Scherer, RADC/RBC, Griffiss AFB NY 13441, telephone
Autovon 587-2543, Commercial (315) 330-2543.

PP ——




ii

ACKNOWLEDGMENT

I wish to express my sincere gratitude to my advisor Dr. Donald D. Weiner.
His constant interest in my work and his supportive gaidance during this
effort as well as the many hours he has spent in consultation with me and
reviewing written material are deeply appreciated. I would also like to
thank the many other faculty members of Syracuse University who have
participated in my pursuit of this degree. Special thanks are due to
Dr. Stephen T. Kowel, the reader of this dissertation, whose constructive

comments are deeply appreciated.

To my dear friend and colleague A, Udaya Shankar, I am thankful for
the help given in the final preparation of this dissertation and for the

many hours he spent with me in constructive discussions.

During my entire stay at Syracuse University, financial support was
provided by John Spina of the Compatibility Division at the Rome Air
Development Center, Griffiss AFB, N.Y, through the RADC Post -Doctoral
Program, directed by Jacob Scherer, This support, *:ithout which I could

nct have conducted my studies, is gratefully acknowledged,
A special acknowledgement is due to Louise Naylor, Mary T. Dufel,

and Pamela Bielby for the excellent typing of the manuscript.
Finally, I express my gratitude to my wife, Ruth, and my sons,

Michael and Yoav, who I will be glad to see again.

RS M e G 0 47 R

- T e e



s e ﬁ“‘m

L

P T v 2 T

ACKNOWLEDGEMENT

Chapter 1.
1.1
)
VL
1.4

1.5

Chapter 2.

2.1

2.2

2.3

2.4

Chapter 3.
3.1

3.2

Chapter 4.
4.1

4.2

TABLE OF CONTENTS

INTRODUCTION

System Classification and Definitions

Input-Output Stability for Linear Systems --———————e--

The Rational Linear System --—-

Literature Review and Problem Statement —-———————————-

Dissertation Outline -

PARAMETRIC IDENTIFICATION SCHEMES VIA LINEAR

OPERATORS —
Effect of Linear Operators on the Exponential Basis-—-

Correlation Considerations Involving Complex

Exponentials -==-- -
A General Parametric Identification Approach --------

Comparision of the General Parametric Identification

Approach with Different Operators

USEFUL SUPPLEMENTAL TOOLS

The Growing Tree

Iterative Optimization Techniques

IDENTIFICATION OF WEAKLY NONLINEAR SYSTEMS -=====ee=w

Introduction

Identification of a Transistor Amplifier —=--—-—eeaaa

ii

1-1

1-5

1-10

1-12

=115

2-1

2-2

2-48

3-1

3-20

iii

T 2 Ut S R VIS MR




iv
Chapter 5. SUMMARY 5-1
5.1 Discussion of Results and Conclusions 5-1
5.2 Areas for Future Research 5-2

Appendix A AN INTRODUCTION TO SOME KNOWN APPROXIMATION

TECHNTIQUES A-1

A.1 Methods Involving a Known Set of Basis Functions --- A-1

A.2 Convergence as Rswowith a known exponential basis -- A-34

A.3 General Discussion of Numerical Examples —-—=——————- A-39
Appendix B EXACT SOLUTION TO THE SYNTHESIZED PROBLEM IN [32] --- B-1 i

REFERENCES R-1

BIOGRAPHICAL DATA

e R




Chapter 1

INTRODUCTION

The problems of linear system synthesis and identification are
closely related. In system synthesis, one tries to synthesize an
input-output relation that will yield a specified behavior. The
first step usually consists of determining either the impulse re-
sponse or transfer function of the system. The impulse response is
then approximated by a sum of exponentials while the transfer func-
tion is approximated by a realizable rational function. Since the
physical system does not exist during the synthesis phase, system
synthesis is characterized by the feature that one deals with ideal-
ized analytical functions.

This is not the case with system identification. Here the system
actually exists and the identification process is based upon measured
data at the system input and output ports. This data is usually con-
taminated by measurement errors, thermal noise, and spurious signals.
In addition, the record lengths are, by necessity, finite,

In system identification, as in system synthesis, complex expo-
nential functions provide a natural basis for the impulse response.
However, in some cases the impulse response cannot be exactly repre-
sented as a sum of exponentials. The identification problem then

becomes an approximation problem.

1-1
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The intrinsic difference between synthesis and identification is
that the former seeks a system, not yet in existence, to approximate
an operator which relates idealized inputs and outputs, while the latter
attempts to describe an existing unknown system through measured input-
output records. Since both problems emphasize the input-output behavicr
of an unknown system, the strategies involved with their solution are
similar. However, they are distinguished on the basis of the type of

data provided. Whereas a synthesis problem is characterized by syn-

thetic data, an identification problem is characterized by measured
data records.

The goal of this dissertation is to develop a general parametric
@pproximation/identification technique for linear time-invariant systems.
The technique models the system impulse response as a sum of exponentials.
It is shown that this technique can be extended to slowly time-variant
and weakly nonlinear systems.

Chapter 1 presents some useful definitions and discusses system
classification with respect to input—output relations. Beginning with
the general class of systems, attention is first focussed on linear
time-invariant systems and then specialized further to the subset of
rational systems within this class. The suitability of the exponential
family of functions for modeling an impulse response is examined. The

chapter closes with a literature review and an outline of the dissertation.

PR A




1.1 System Classification and Definitions

Before addressing the system identification problem, a brief

| discussion about the classification of systems, their pertinent quali-

tative properties, and some definitions are presented.
i In general, characterizat .on of the input-output properties of
a system implies an operator H that operates on a class of signals
(functions) {x} and results in another class of signals {y}. A system
is relaxed (or at rest) at time t = to if inputs are not applied over
SEE ot and/or tue output signal depends solely upon the operation
of H on the input signal over to < t < ©, In the most general case,
an operator H might involve memory and be nonlinear, time-variant,
anticipative, and ambiguous.
| The above properties are defined as follows [1]:

(a) A system is said to involve memory if the output at time t depends

upon values of the input prior to time t.

(b) A relaxed system is linear if and only if

n n
H )] ax, = ] a (ix,) (=11}
{1 b s 4 1=1 i i

s e b e e o

o

:
P




for any input signals X and for ary real numbers a I LR P S -

1

Otherwise the relaxed system is nonlinear.

(c) Let Qa denote the time-shift operator with shift a., A relaxed system

is time invariant (stationary or fixed) if and only if

o i L [
Han QaHx {1-1-2)

for any input signal x, and for any real number o. Otherwise the

system is time-variant.

(d) A system is causal (nonanticipatory) if and only if the output

signal y(t) depends solely upon the operation of H on the present
and past of the incoming signal x(t). If y(t) also depends upon

future values of x(t), the cystem is anticipatory.

(e) A system is said to be unique if and only if there exists a single

output signal y(t) for any input signal x(t). Otherwise, the system

is ambiguous.

In this dissertation only physical systems which are causal, unique,
slowly time - variant, and weakly nonlinear with memory are considered.
In general, the input-output relationship for a weakly nonlinear system

can be characterized in terms of the Volterra representation which is

expressed as [2]

© 0 0 R i
y(t) = ]} j jh (T, gsonit, )y AdE2TXCEGT AT (1-1-3) ?
i A 1 =1 1. 1
——
i

This representa:rion was first utilized by Norbert Wiener [3] in the analy-

sis of nonlinear systems. For physical systems which are initially

relaxed at time to’ the input-output relation can be written as

oS
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e (;.“to t-to i
y(t) = izl J LI J hi(Tl’...’Ti) j];[l x(t’Tj)de’ t .Z to' (1_1_4)
LA

a |

In addition, the infinite sum in (1-1-4) can be adequately approximated
by a finite number of terms for systems which are weakly nonlinear. Also,

for systems which are time-invariant, (1-1-4) becomes

t=t t—t
N o o g
y(t) = 121 j hi(Tl,...,Ti) j£1X(t = Tj)aTj, t2t : (1-1-5)
T
i
Alternatively, (1-1-5) can be written as
S i
y(t) = Z JJ hi(t—rl,...,t-ri) Il x(rj)drj, t_>_t° (1-1-6)
i=1 j=1 .
t t
2 o
S-S

In practice, there exists a broad class of electronic circuits
which are weakly nonlinear. Values of N from 3 to 5 are commonly used
when modeling amplifiers in communications receivers [4]. For N=1,
(1-1-6) describes the input-output relationship of a linear, time-

invariant, causal system with memory which is relaxed at time to.

1.2 Input-output Stability for Linear Systems

One of the important characteristics of a physical system is its
stability., Since an identification process utilizes information pro-
vided by the input and output signals of the system, it is convenient

to describe a system's stability in terms of its impulse response.
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The following useful theorems [l] are referred to in the later
development :
Theorem 1-2-1
A relaxed system at t = to is bounded-input bounded output stable
(BIBO) if and only if there exists a finite number K such that
t
J [h(t,T)[dT < K < @ (1-2-1)
t
o
for all to Sk <

For the time-invariant case, the theorem becomes stronger.

Theorem 1-2-2

Consider a linear time-invariant system relaxed at t = to’ which

is described by the following relation ﬁ
t
yiE) = J h(t=-T)x(T)dT , (1-2+2)
t
o
1f
oo
j [h(t)|dt < K < = (1-2-3)
t
o

for some constant K, then we have the following:

(a) If x is a periodic function with period T for all t 2.t°.
then the output y tends to a periodic function with the same
period (not necessarily of the same waveform).

(b) If x is bounded and tends to a constant, then the output y is

bounded and tends to a constant,

S
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(¢) If x is of finite energy, that is,

(Jr 'x(t)]zdt)llz i Kl <ite (1'2‘4)
t

o

then the output is also of finite energy; that is, there exists a finite

K2 that depends on K, such that

(J !y(t)izdt)l/z_g K, <® (1-2-5)

t
o

] (d) The system is BIBO stable (This is a corollary of Theorem 1-2-1).

For systems described by proper rational transfer functions the following

] theorem applies.

Theorem 1-2-3
A system relaxed at t = to that is described by a proper rational

| function H(S) (or equivalently, an impulse response h(t) which is a
sum of complex exponentials) is BIBC stable if and only if all the poles
of H(S) are in the open left half S-plane (i.e., excluding the imaginary
axis). All the poles of H(S) then have negative real parts,

The only requirement imposed on the kernel h(+) in theorems 1-2-1
and 1-2-2 is that it should be absolutely integrable. This fact does

not imply boundedness or that h(t) approaches zero as t + ©, On the

other hand, the impulse response of theorem 1-2-3 is bounded and ap-

proaches zero as t + ®, We may write for this case

A j-1 Sit
h(t) = A At ey B0 (1-2-6)
ie] ju1 1

0 - 0>t
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where A # 0, o, = Real [51] <0, s; # s;

= 1 2

g for 11 # 12. m, denotes

i

the order of the pole at s The total number of poles in h(t) is

i.
k
given by Z m, = n. Using (1-2-6) we write
i=1
N s.t % o
el =13 I oAt tet i | OF agled et
i=1 j=1 i=1 j=1
"1 324 (1-2-7)
! IAijl (l—g—i) el
k j=1 i
< z max
i=1
la, |

Inequality (1-2-7) shows the boundedness of h(t). It is clear that

lim h(t) = 0 since o4 < 0,

t—m

As a matter of fact, (1-2-6) not only belongs to Ll[O,w] space

] (i.e.,is absolutely integrable over [0,«]), but also belongs to LP[O,m]

where P > 1, since

“ K Y s.t ;7
Jl P a e ) dwee., (1-2-8)
§ =1 =1 3

In L2[0,w] (Hilbert space) the infinite sum
m
s ¢ =1 %" (1-2-9)
Z z Aijt e
i=1 j=1
provides a complete representation for piecewise continuous square
integrable functions, assuming proper choices of the poles {si}. As a

matter of fact, many choices of {si} exist, From Szasz's form of
s, t
Muntz's theorem [5], all that is required for the set {tj-le . } to

be complete in L2[O,°] is that




ek hctin i e s

—T

0 Real [si]

7
i=1 1+ |8, + 3]

For example, possible complete sets are

(a) {e-t, e—Zt,...,e-it e m, = j=1

i= 1,2,..-

{e-(li/:f)t, 2D e-i(lj-_/-—l)t’ o ;

sy

(b)

In practice, when approximating a waveform by (1-2-9), a finite set
is used and an error is involved in the rapresentation which one tries
to minimize by a proper choice of {ai}, Hence, representations in
the form of (1-2-6) result.

It can be shown [6] that a function which both belongs to
Ll[O,WI and is bounded also belongs to L2[0,w]. In other words, the
boundedness constraint added to an L1 function is sufficient to

guarantee membership in LZ. (In fact, membership is also guaranteed

in LP, P > 1),

In physical systems, the boundedness requirement is not a severe
constraint (i.e., physical stable systems are inherently bounded.)
It is true that theorem 1-2-1 does allow h(*) to contain a countab’e
linear combination of impulses provided their coefficients constitute
an absolutely converging series, However, as is well known, there
is no real system for which the impulse response is an ideal impulse.
Therefore, all transfer functions belonging to physical systems have
a zero at o, However, transfer functions cannot be identically zero
over any nonzero frequency interval. The Paley-Wiener criterion [7]

allows at most a countable number of zeros to exist on the imaginary

axis in the s plane for any transfer function related to a causal

(1-2-10)
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impulse response.

1.3 The Rational Linear System

A general rational linear system is described in the time domain
by its impulse response as given in (1-2-6). The Laplace transform of

(1-2-6) yields the rational transfer functionm

i
o I NS
e = 1 I A, Lzl g ino (1-3-1)
i=1 j=1 - (s - S,) § D]
]

where m < n. This is a frequency-domain description. Clearly, (1-3-1)
has a countable number of finite zeros (exactly m) and a zero at

! infinity.

One way to describe the input-output relations for such a system

is through the convolution integral. Using (1-2-6) in (1-2-2), there

results
BN Y ke Bl
ye) = I I A J (t-1)3 " %e x(1)d1 (1-3-2)
=1 5=1 )

where the system is assumed to be relaxed at t = 0. Taking the Laplace

transform of (1-3-2), we obtain

m
) Nisi

Y(S) = H(SX(S) = E2—— x(5) (1-3-3)
) o8
3=0

Premultiplying (1-3-3) by the denominator polynomial yields

n m
I sy = ] ns'xe) (1-3-4)
J-O j i=0
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The inverse Laplace transform of (1-3~4) is

[ rt=]

m
Djy(j)(t) « T NP (1-3-5)

§=0 i=0 !

where the ini:ial conditions are given by y(k)(O) =0 k=10,1,2,00,0"L
x® oy w'd) 2w 0,1, e,

(G

Observe that y )(t) is the jth derivative of y(t) and x(i)(:)

is the ith derivative of x(t). Thus, (1-3-5) is a differential equa-
tion which represents the input-output relation of a causal, time-

invariant, linear system. For the more general situation in which the

(k)

initial conditions are nonzero (i.e., y ' (0) # 0, k = 0,1,...,n-1 and

x(l)(O) #0, 2 =0,1,2,...,m~1), the Laplace transform of (1-3-5) is
m -1
J Nisi cqsq
1(s) = X(8) T— + L
y nsd ) bl
=0 3 gm0

(1-3-6)

where
n-1 n j-1 A m i-1 -
q=0 j=1 k=0 i=1 =0
and
n m
j=q+1 i=q+l

If (1-3-1) is irreducible, then (1-3-6) is said to represent the Laplace
transform of the differential equation of an observable and controllable
system [1],(8]. Only irreducible transfer functions are considered in

this dissertation,

e —————————
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1.4 Literature Review and Problem Statement

Many investigators have been involved with various aspects of
the system identification problem since the late 1940's. The proposed
techniques can be partitioned between those that utilize parametric
versus nonparametric models. Nonparametric models are characterized
by the fact that the linear impulse response and/or transfer function
is presented in either tabular or graphical form. On the other hand,
parametric models result in a numerical set of values for parameters
associated with a set of basis functions used to model the impulse
response and/or transfer function. This dissertation is devoted to
the parametric approach in which the basis functions for the impulse
response are chosen to be a set of complex exponential time functions
where the coefficients and exponents are the parameters to be deter-
mined.

Historically, the first attempts at the identification problem
were linked to system synthesis where exponential approximations were
generated to represent a prescribed impulse response. The simplest
solutions were obtained by first specifying the exponents a priori and
then solving a linear set of equations for the coefficients based upon
either linear interpolation, the least-square approach, or minimization
of the integrated squared error [9]. By specifying the exponents a
priori, the difficult part of the problcm was avoided. However, even
when the exponents are not specified a priori, the coefficients may
be determined as mentioned above. Appendix A provides a tutorial review

for the case in which the set of basis functions is chosen in advance.
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Other approximations for the impulse response involved known ortho-
normal sets of exponential basis functions [10], [11], [12].

Since an a priori choice of exponents is uneconomical (i.e., the
number of exponents needed for an adequate approximation may be un-
necessarily large), attention was focused on the nonlinear problem of
obtaining the "best" exponents according to some criterion. One pro-
cedure was suggested by Prony [13] as early as 1795. This method uses
a set of 2N equidistant data points to generate 2N nonlinear equa-
tions in the N unknown exponents and their corresponding N unknown
coefficients. In an effort to obtain increased accuracy and noise
immunity, Prony's method was extended to make use of more than 2N
data points in the search for the N exponentials [14]. Other forms
of the overdetermined Pror~y method were used in the areas of speech
analysis [15] and electromagnetic fields [16], [17], [18]. All of the
above techniques result in an estimate of the system characteristic
equation which is solved for the unknown exponents.

Other methods, arising from the system synthesis problem, involve
iterative schemes to determine the exponents and residues [19], [20],
[21], [22]. These methods attempt to fit a closed form expression
for the impulse response by a sum of exponentials. The procedure is
optimized by minimizing either the integrated-squared error or least-
squares error.

Whereas Prony's method uses delay operators to obtain the charac-
teristic equation of a difference equation, other techniques have

used either differential or integral operators to obtain the charac-

teristic equation of a differential equation [23], [24], [25], [26].
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As before, the exponents are determined from the characteristic equa-
tion.

All of the previous techniques can be used in the identification
problem only when the waveform being approximated is the impulse response
of the system, This implies that the input is restricted to be an
impulse. However, other investigators have shown that the identifica-
tion problem can be solved, given the input and output signals, even
when the input has some arbitrary waveform. Gradient iterative tech-
niques using general inputs are discussed in [27] and [28]. An exten-
sion of Prony's method for arbitrary inputs is presented in [8].
Finally, the approaches given in [25] and [26] are generalized for
general input signals in [29], [30], and [31].

As is evident from the survey, many different approaches have been

proposed for the linear system identification problem. Each approach

T

j has certain advantages and disadvantages. In addition, the various
techniques have been proposed without insight into how they are related.
i In this dissertation, a generalized parametric model is presented which
! unifies those techniques that generate the system characteristic equa-

3 tion. Each of these techniques results by choosing the appropriate
operator in the general model. These techniques all rely upon the
inversion of a Hilbert type of inner-product matrix which is basically
ill-posed. One advantage of the generalized model is that it enables
the flexibility in a specific problem to select an operator which tends

to diagonalize the matrix. This is of considerable help when inverting

the matrix. The generalized model also enables the choice of operators

for the purpose of increasing noise immunity. Some of the techniques




proposed in the literature required the availability of data over a

semi-infinite interval. In practical applications the data is truncated.
This results in a truncation error. One of the by-products of the
general model is the ability to deal with portions of a data record
without incurring truncation errors. In addition, most of the itera-
tive schemes proposed in the literature suffer from either convergence
problems or the lack of a proof of convergence. The generalized model
may be used in conjunction with an iterative scheme by providing a

good first guess at the solution. This eases the convergence problem.
Finally, the generalized model is readily extended to handle complex

data as opposed to real data.

1.5 Dissertation Outline

Chapter 2 is devoted to the development of the gei-ral parametric
model for identification. Since the exponential family of functions
plays a major role in the suggested model, we examine in Section 2.1
the behavior of this family when subjected to linear operators. Also,
in 2.2, their correlation properties are investigated. In 2.3 the
general parametric model is actually developed, and in 2.4 the identi-
fication procedure is demonstrated through examples where a variety of
operators are used and their properties examined.

Chapter 3 introduces some supplemental tools. First the concept
of the S-plane "growing tree" is introduced, its properties and structure
discussed, and potential benefits when applied to synthesis and identi-
fication problems pointed out.

The need for a good initial guess in iterative techniques makes

the model discussed in chapter 2 an attractive candidate as a generator
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of such a guess. The use of such a scheme to obtain the initial guess
is demonstrated through an example.

Chapter 4 treats the identification of a weakly nonlinear system.
The system is modeled through a Volterra series representation. An
identification procedure for the higher order impulse responses is
outlined and demonstrated through an example.

A summary of the significant results and conclusions are presented
in chapter 5.

Appendix A presents some tutorial material about possible approxi-

mation schemes.




Chapter 2

PARAMETRIC IDENTIFICATION SCHEMES
VIA LINEAR OPERATORS

The general parametric identification model is developed in this
chapter. In this model it is assumed that the data available consists
of input and output records solely (i.e., black box identification). The
model requires that those records be processed by linear operators. The
exponential family of functions, being a natural candidate, is the one
chosen to model the identified system. The behavior of that family, when
subjected to linear operations, is first investigated. Also, the correla-

tion properties of this family of functions is examined.

It is shown that the group of operators that can be used for identi-
fication purposes is large. The ease of use of a certain operator depends
upon the ease of obtaining the parameter transformation associated with
the particular operator. Different operators will affect differently a
given identification situation. In general, one should choose an operator
that is "tailored" for the identification problem at hand. Some operators
are inherently ill-posed when used in any identification scheme outlined
by the general model.

Several examples are presented using a variety of operators and

different approximation schemes from Appendix A.
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2.1 Effect of Linear Operator on the Exponential Basis

th - ; : .
In general, ann -order complex exponential basis, with negative

real parts for the complex frequencies, is presented by

s S [ R R E
m, = 1
S Yot im 2™
{tJ 1.1 }; i i=1 (2-1-1)
real [Si] <0

t > 0.

A linear combination representing either a function which belongs
to the space spanned by this basis or the projection onto the space of
a function which does not belong to the space-is given by

S t

|
atey = b Pttt sinz 0, (2-1-2)
i=1 j=1 H

In this section the behavior of such representations when subjected to
certain operators is investigated. The first operator to be considered
is the differential operator. Operating upon (2-1-2) with a differen-

tiator (for t20), there results

k m S.t
| g (e) = 183%_1 N An_:j b (2-1-3)
! i=1 j=1 J
i
f where
Ay = Sihyg * A g
g Alimi = SiAimi : j-1,2,...,(m1—1)‘




Subjecting (2-1-3) to a second differentiator, we obtain

dg, (t) e~ Frmy s R
g2 () = éi o R A, edle i 50 (2-1-4)
1=1 y=1 21
= + 3
Nietre Aoty ™ Sihay T Migen
AZimi = SiAlimi s j=1,2,...,(mi-l)_

In general, after (2-1-2) has been subjected to 2 differentiations,

(2-1) k- 3 S.E
ey §&.&_E_(El wind T Aujtj el t20 @15
i=1 j=1 ;
where Alij ] SiA(Q—l)ij ! jA(Q—l)i(j+l)
Aximi : SiA(l-l)imi ; o Sl

Looking at (2-1-5), we observe:

(a) Equation (2-1-2) is infinitely differentiable for all t > 0.
(b) g(g)(t) is a linear combination using the original basis (2-1-1)
for any 2 (i.e., space invariance is experienced under repeated
operation of the differential operator on functions in the space

spanned by (2-1-1)).

(c) For any integer value of El, the basis set

k m St
EY Pty

s Lm R (R, (RF2-1)  (2-1-6)
153 4 A 1

213t

spans exactly the same space as does the set (2-1-1).
(d) Any ntl set (i.e., £ = 21,(21+1),...,(21+n)) represented by

(2-1-6) is lin-arly dependent.
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It is concluded that the complex exponential n-space spanned by (2-1-1)
is invariant under the differential operator.

The waveform (2-1-2) is now operated upon by the integral operator.
First, an 2-fold reverse time integration over [t,®) is performed where

t > 0. Specifically, it is readily shown that

ot tZIZc Ifl .lsitlsl
g (t)=j[ J At I dt
(’Q) 0 ©o c & = q=1 ¥
(2-1-7)
t
< 'fi_Ai.j_f(t -1 3-1 547,
i=1 j=1 41!
Il(t)

where the subscript on g denotes an 2-fold integration. Concentrating

on Il(t) and making use of the binomial expansion,

2-1 ¢ 9T
L@~ | l)p(z 1, f-p-1 J -l idt (2-1-8)
p=0 =

;_.—y._*_u.,.g
I,(®)

Integrating Iz(t) by parts successively j+p times yields,

2-1 -1 j4p-1  j+p-q-1 S.t
1,(8) = Z (-1)P (4 T +§ (-1 %! ( g ? E—aij““ e’
P= qO Si
(2-1-9)
2-1 j+p-1 2~1 j+p~1 _j+R-q-2 S,t
T (-1)"*“'<p>< g )t———(;q—ei.
p=0 q=0 54

Direct integration of the left-hand side of (2-1-7) reveals that it

is not possible for (2-1-9) to contain functions in t involving powers
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greater than (j-1). With reference to the expression in (2-1-9), this
implies for integer values of q less than (£-1) that

-1
ptq_, -1, ,j+q-
I P dthd*tly .o (2-1-10)
o P q
The net result is that (2-2-9) can be rewritten as
2-1 j+p-1 : o j+l-q-2 S.t
1 s &
1,(t) = 1P Sqr (7 yFPThH E—— .t (2-1-11)
p=0 q=0-1 * 5
Performing a change in the dummy variable q, such that q =v +(#-1),
-1 j+p-2 j=v-1 S.t
+ o - -—
e = 3 0§ DM ey ELHATL £t
i . p = VEE-1 VL X
p=0 v=0 Si
Finally, substituting (2-1-12) into (2-1-7) yields |
A. - J+ -2 1=v=1 B. & |
+u+ +
i=1 j=1 p= o P v=0 Sy
(2-1-13)

From (2-1-1%), it is concluded that:
(a) Equation (2-1-2) is infinitely integrable over («,0].

(b) (t) is a linear combination using the original basis in (2-1-1)

B

for any 2 (i.e., space invariance).

(¢c) For any integer value of 2 {g(l)(t)},i =205 (441) 5000, (R +0-1),
spans exactly the same space as does the set (2-1-1).

(d) Any ntl set (i.e.,? -11,(21+1, ...,(Zl+n)) represented by (2-1-13)

is linearly dependent.

It is concluded that the complex exponential n-space spanned by (2-1-1)

is invariant under the integral operator over [0,®)(i.e., the results

, ' e




for operations over [0,*) and (®,0] are related through the sign operator
(-1)2 for an 2-fold integration).
The limits of the integral operation are now chosen to obtain a

finite arbitrary interval of integration. Let this interval be [to,t].

; 8(2)(t) in (2-1-7) becomes
: t t t
g 2 K m S t [)
i =1 1%
B4+ (538 ) =I J ...J o F bl B 1 dt
_ L) o . i1 g5 5 1 o1 8
i o o (2-1-14)
| k m A t G
: SR Tfli ] I (-0 13 e 1 ge
i=1 j=1
t
| o
L >
R g
13(t)

Use of the binomial expansion on 13(t) results in

-1
() = | (-1)p(“‘1)c2‘9‘1[12(c) - 1506 3] (2-1-15) *
p=0 P 2 ©

It follows that
8.t g.t
Jia-l 1 __%+P—q-1e io

-1 8 o Ldp=k 3
1) = T 0Pt () 1%t P

|
p=0 P q=0 Sg+1
” 9-1 j+p-1 " jH-4-2 s.e
’ R T o g s > [
} ge0  qu0 P q Sg+l (2-1-16)
] §.t
i tJ+P-q-1 & i’o
: (- : e
sj?l i

Notice that the finite limits of integration have introduced into
(2-1-16) a polynomial in t of order &-1. Again, as for (2-1-9), the

coefficients for 9 < 2-1 are identically zero. Hence, following the

£
‘
£
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steps taken in the development of (-:-1-13), (2-1-14) becomes

k m A Rl , . jép-2 E g
=0

$u 1o (2-1)! " P By V-1
jtp-2-v Sito s
j=v=1 S.t t e
A 5 2-p-1
A o S e e
S. S
i i

Examination of (2-1-17) reveals:
(a) g(z)(t;to) is a linear combination of the functions in the nt+{ basis
S. t

{3l 1 ,1,...,t2_1} for any £ where 1 = 1,2,...,k; j = 1,2, 00,m;

k
} m, =n. (2-1-18)

(b) The new space consists of the subspace spanned by (2-1-1) plus
2=
the subspace spanned by {1,...,t 1}.
We next consider the operation of passing the waveform g(t), as

given by (2-1-2), through % cascaded identical low-pass filters. Let

the impulse response of each filter be given by

e)‘t g >y
h(t) = (2-1-19)
0 > t<o0

where A is a negative real number. The impulse response of the % cas-

caded low-pass filters is

tz—l ekt
£, £ >0
Bgie) o) VRN (2-1-20)
0 H £ <O

Passing g(t) through the cascade, assuming the filtering begins at




t = to, results in

t
ARY e (s,-M)1
: % S | T [ _\R-13-1 T L
8(g) (t5t5s0) 121 321 DT © (t-1)" "1 e dr. (2-1-21)

t
o

By direct comparison of (2-1-21) with (2-1-14), it follows from

(2-1-17) that

k m A, -1 j+p-2
A i -1 o+ 2-1 =
By Estg = 1 1 =0T 26 :zo OV e D
£3m)e 2-1-22)
j-v-1 S.t " " 3
{ E G i 2 [ o] T ] e)xttl—p-l}
T s, -0

Notice that g(é)(c;to,x) is a linear combination of the functions in

the w4 basis

k
33 Sit 11_1 g3 = 12 sk Z mi_n
e = . & e 1, BT . S i=1 g (2-1-23)

i
W S |

. |
For » = 0, this basis reduces to that of (2-1-18).

The next operation to be con: .dered is that of passing g(t) as
given by (2-1-2), through % cascaded identical filters having simple

poles. Let the linear transfer function of each filter be given by

nl-l
n (s - zj)
Y £+ B o | k-
H(S) q(s) n, . (2-1-24)
n (s - Aj)
j=1

It is assumed that the real part of each pole is negative and that

complex poles appear in coajugate pairs. The transfer function of

AR s s~
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the £ cascaded filters is
n -1
ln (s - zj)l
H(5) = [H()]" = — ; (2-1-25)
it (s - A )Y
! s
Note that each of the ny poles of Hi(s) is of lth—order. Taking the
inverse Laplace transform of HR(S), the impulse response of the £ cas-
caded filters is
-1
l 1 ar. St
r=1 4
- % (2-2.) £.-2 )k
1 1 A 1 r
=l o Z(g 3% T O " .
r=1 CR=
1
where
2
Rr(S) (s - Ar) HQ(S) (2-1-27)
a1 th
and Rr (kr) denotes the (l-ll) derivative of Rr(S) evaluated
for S = kr. Passing g(t) through the cascade, assuming the filtering
begins at t = to’ results in
Ry bl O | 2 (2-4.) i
Sy @itgtypes A e L1 T sy (§ 0 SRS L ‘
| i=1 j=1 r=1 ; 1 1 ;
(2-1-28) :
2
y 871,y A=) e :
f (t-1) ™ e

(23
o
. M%«xmw:;.-(

To carry out the integration in (2-1-28) we may use the results

in (2-1-22) which arose from (2-1-21) since the kernels of both integrals
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have the same form. The result is (

n
s Y | $ho (2-2,)
Byl )= L T I iy T Yoy
1 i=1 j=1 r=1 i S
=1L g Jp= 2 pHu+L_~1 -
Z L o -1 (2-1-29)
p=0 p v=0 1
j+p-2.-v (S.,-X )t
J=v=1 st t Rg MR ey
t e i = [ o ]e r t 1
v+21 v+£l .
(Si Fy Ar) (Si T >‘r)
N N
ijllvri
The basis representing (2-1-29) is given by
S.E - L=1 At 2.-1 An_t
{tj-lei,tl 8 e el (2-1-30)

where % Rodzcangk } k
j= 1,2,...,mi

o= 1,2,..0,0

The new space formed through the 2-fold operation is n+n12 dimensional

and includes the subspace (2-1-1). If we let to + © under the condi-

tion Real [S1 - Ar] < 0 for all possible values of i and r, then all

of the coefficients C . are identically zero and the %2-fold reverse
jpzlvrx

time operation is space invariant.

o

BRI BT st
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Another operator that preserves space invariance is the pure delay

operator. If we operate repeatedly on (2-1-2) £ times with a delay

operator of A seconds, there results

kK m P §o1 =S4T
g(tze8) = §J  J A §(e-2A-T)T" e  dT (2-1-31)
i=1 =1 )
K m 1 =S, (t-2A)
- 1 a eyt
i=1 j=1 1
k m i-1 S S.RA =5t
- § 7 s ol (~1)q(Jql)(lA)qe b B
i=1 j=1 1 q=0

Equation (2-1-31) verifies the space invariance under the repeated delay

operation.

2.2 Correlation Considerations Involving Complex Exponentials

In general, identification of the complex exponential components
of a signal involves solution of a simultaneous set of equations. As
the correlation between the components is increased, the equations
become more ill conditioned. Consequently, the c-orrelation coefficient
between the two complex exponentials is a measure of the difficulty
by which the two components may be resolved. By way of illustration,
two signals with unit correlation result in a singular set of equations
whereas two si;nals with zero correlaticn yield an uncoupled set.

Consider two simple complex exponentials given by

St
el i=1,2,' 08¢y (2-2-1)

’ 1
*
where S1 "0, +jwi, Si oy jwi, L 0 and j = V~1. The correlation

O e

i
i

e T




coefficient between exp [Slt] and exp [Szt] over the time interval

[Ti, T1+A] is defined to be

T A T +4 172 e

St S ¢ S E S ¢t
[ j e 1 e 1 dt J e 2 e 2 dt ]

Performing the integrations and rearranging terms yields

\/ 40,0, (0,%9,08 J(w,~u,)A § (o, -0, )T
. ki e e =1 i GEESdie |
TR e e j (0. -w.) 8
I : L ZTlA ZOZA
¥i-e Lia-e %)  (2-2-3)

In general, the correlation coefficient is a complex quantity. The

initial time instant T1 simply adds a constant to the phase. Since

we are primarily interested in the magnitude, there is no loss in

generality by assuming T1 = 0. For this special case, the coefficient

is denoted by plZ(A)'

Of particular interest is the sinusoidal case for which o, = 0, '
i = 1,2, Taking the limit as Gi approaches zero with T1 =0, (2-2-3)
becomes
j(ml"wz)l}.
-1
P, (B) =<
127 |5y 0300 (@B
(2-2-4)
Wy = W
sin(—l—i——g 4)
= e P
ml - w2 ———3————-A -

3 A
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The phase and magnitude of the correlation coefficient are plotted

in Figure (2-2-1) where it is assumed that Wy 2 Wy Observe that the

w 3
g3
af
©
o
B o
S PHASE
o ©
° o i 4 X
c o v
OUN
MAe.” s
o)
o
t o. : / \/ v "')1-“‘:)
' '9.00 w 2w 3w ¥ kA v
Fig. 2-2-1. Phase and magnitude of p

W |
12 0192 3

coefficient is zero for

w, - w ) e
B B e A Baww i m= 1,200 (2-2-5)
2 2
Hence, for an observation interval of length /A, the two components
are uncorrelated for
n
fl - f2 y e Ry e ’ (2-2-6)

with n = 1, we obtain the conventicaal condition for resolution of two

frequency components wkich is given by

(2-2-7)

For other values of fl - 52’ the magnitude of the correlation coeffi-

cient is bounded by

B it ey

NP




(2-2-8)

{0308 s s 0 S TS CTR
[

1

This bound is plotted in Fig. 2-2-1. Vhen W, = Wy, the correlation

coefficient is unity. This is to be expected since the two components
are then identical.

The situation is more complicated when oy L Wk This
is evident by consideration of the spectra involved. For the infinite
interval, Oi =0 yields a line spectrum whereas oi < 0 results
in a continuous spectrum. Define
?_2_ wl - w2
k)

o = 'Y =0 A (2"2"9)

where, for convenience, it is assumed 0, < 0. < 0. Substitution of

2 1
(2-2-9) into (2-2-3), with T1 = 0, the co relation coefficient is ex-
pressed as
. Jia o ()Y IBY _ 4
P4 (B) = - (2-2-10)
12 1+a+ 3B 3 o
\/[l—eY][l—e 1]
For the infinite observation interval, A = ® and Yy = -, This yields
() e (2-2-11)
P12 I+a+ 38
Observe that
(1+a)y _jBy
e - 1
P, (8) = =p ,(®) [ - I - (2-2-12)

12
Vi1 - 211 - ¢2)

The second factor in (2-2-12) can be interpreted as a 'windowing" factor

due to the finite observation intervrval.
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The magnitude and phase of (2-2-10) are given by

bl i [ & B 90 s g gt DY
12 V(l+a)2 + BZ 1 - (e2Y+e2aY) + e2(1+0L)Y

(2-2-13)

s ; 4 =ty
Z{plz(A) 2 1 [(l+a) sin By B(cos By e-(1+a)y)] ;
——— B sin By + (1+a)(cos By - e )

Because this is a rather complicated expression, attention is first
devoted to the case of the infinite observation interval. The effect
of windowing (i.e., finite observation interval) is discussed later.

As is evident, either from (2-2-11) or (2-2-13), the magnitude and phase

of the correlation coefficient for A = ® are

o, = [ —52—
R (1+)? + g2

(2-2-14)

AP, B -
/blz(“) = tan = [- 1+ o .

For a fixed value of B, the maximum value of Iplz(w)l occurs for

a =/ 1+ g° . (2-2-15)

The peak value of Iplz(w)l is then given by

2
|°12(“)||a=au e (2-2-16)

14 A+ 88

It 1s interesting to note that (2-2-10) is unchanged by interchanging

.

the subscripts 1 and 2 in the definitions of (2-2-9). For this reason,
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it is necessary to consider only values of @ greater than or equal to
unity. The value of a = 1 is, therefore, of special interest because
it serves as the "origin" in our plots. Interestingly enough, for both
large and small values of |B|, the peak value in (2-2-16) is approxi-
mately related to the value of the correlation coefficient for o = 1.

Specifically,

[pg € o, = \JF“ (2-2-17)
4

=+ Bz

For [B| >> 1,

el g - 2 .
101 M gay = === Lo g 17 (2-2-18)
8] M
On the other hand, for |B| < 1,
1120 lgey = 1 = log@ |1, (2-2-19)

N .

Also, for a >> 1 and a >> |ﬁ|, observe from (2-2-14) that

2
lo, )| = = (2-2-20)
e /A .

a

Hence, for a fixed value of IBI, the correlation coefficient approaches
zero in the limit as o approaches infinity.

Equation (2-2-14) is now investigated as a function of B. For a
fixed value of %, the maximum value of |plz(w)| occurs for

B, = 0, (2-2-21)

It is interesting to note that the correlation coefficient peaks when

w; = W, but does not necessarily peak when 0, = 9y (1.8., &= 1), For

1

BM = 0, the peak value of the correlation coefficient is




o
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2V
"’12("")”3=3M=0 o (2-2-22)
For a »>> 1, the peak becomes
boy, (3| =L (2-2-23)
12 a5
Assymptotically, for |B]| >> a, (2-2-14) reduces to
lo1,(=)| = 2/ (2-2-24)
; 8]

Therefore, for a fixed value of a, the correlation coefficient approaches
zero in the limit as IB] approaches infinity. By comparison of (2-2-20)
with (2-2-24), it is seen that the correlation coefficient asymptotically

approaches zero at a faster rate with respect to |R

as opposed to «.
A plot of [olz(w)[ versus IBl,with 0 as a parameter is shown in
Fig. 2-2-2. Recall that the larger is the correlation between signal
components, the more ill-conditioned are the equations which arise in
the identification problem. Figure 2-2-2 points out that the problem
of resolution is eased under situations of either small a's and large
B's or vice versa. Recognizing that a is constrained to be greater
than unity, small a implies 01 = 0,. Then a large value of ]B] is

2

desirable so that the difference in wl and w2

between the two components. On the other hand, if |6| is small, a

will aid in discriminating

large value of o is desirable. It is interesting to note that, for large

o, the correlation coefficient is relatively insensitive to [8[ (&.fs

see curve with o = 100). This is reasonable since a large value of «o

implies that one component decays much more rapidly than the other.



2-18
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Fig, 2-2-2. (w)| as a function of |R].

1012
Hence, the correlation coefficient is more influenced by the relative
decays as opposed to the relative oscillations. In the identification
problem o and B are specified and the observation interval is finite.
Since an infinite observation interval was assumed in obtaining the
curves in Fig. 2-2-2, they serve as a lower bound on the correlation
coefficient for the finite interval.

A second way of viewing ]plz(w)l is presented in Fig., 2-2-3

where the magnitude is plotted as a function of a with IBI as a parameter.

The conclusions arrived at from the previous figure are still valid.

w
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Fig. 2-2-3. ]plz(a)l as a function of a.
However, Fig. 2-2-3 clearly shows that large values for both a and lBl
are preferable. Also, note the sequence of peaks at values of Oy Pre-
dicted by (2-2-15). For large values of (8], Oy . The maximum
value of the correlation coefficient then arises when Iozl - lwl - w2|
where it is assumed lczl > loll.
Still another way of presenting the results is to construct
equal correlation magnitude contours as a function of a and [B|. Solu-
, tion of (2-2-14) for |B| results in
¢
2 2
IB] =  [2a P = 1 - %R (2-2-25)

|012(°°) I
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The contour plot is shown in Fig. 2-2-4 where the parameter is lplz(m)l.
This plot enables the user to determine the various combinations of «

and |B| which result in a given value of the correlation coefficient. The
plot also allows one to determine the sensitivity of the signal parameters

to small changes in the correlation coefficients. For example, assume

iy

24.0

£, Par,

20.00

16.00

12.00

8.00

A d s

16,00 20.00 26 .00 o
33

8.00 12300
13

Fig. 2-2-4. Equal correlation magnitude contours in the
o, |B| plane. a > 1 is assumed in the text.

i
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0; = -3 and |B] = 4. For Iolz(m)] = 0.4, the allowable value of «

is approximately 23, as read from Fig. 2-2-4. The corresponding value

of 02 is -69. When lolz(m)] = 0.5, the ailowable values for a are 1.3

and 13. This yields values for 9, of -3.9 and -39, respectively. In

this case, the value of 02 is seen to be highly sensitive to changes

in the correlation coefficient.

Our discussion, thus far, has dealt with the infinite
interval. We now consider the effect of a finite observation. The
windowing effect is accounted for in (2-2-13) by the second factor

which is

ﬁ - 260N og g 4 S2OFDY il
\/1 % (eZY 4 e2ay 2(1+a)yY

w(a,B,Y) =
) + e
w(a,B,Y) can be shown to approach unity for all possible choices of

o and B, as [y[ + ©, Obviously, the effect of windowing is negligible
when w(a,B,Y) ~ 1. Since o > 1 and Yy < 0, w{a,BR,Y) is bounded by
2y, -1

Y) )

1- e2Y < w(a,B,y) < (1 - 2e (2-2-27)

Observe that the bounds are independent of a and B. The inequality in
(2-2-27) can be used to obtain an estimate for the minimum length of
the observation interval in order that the correlation between the

two components be approximately the same as for the infinite interval.
(In general, windowing tends to increase the correlation). From

(2-2-27) the following table is obtained:




Table 2-2-1. Lower and Upper Bounds on w(a,R,Y).

Y 1- e2Y (-~ 2€2Y)-1
-1 . 864 1.372

-2 .982 1.038

-3 <997 1.005

‘t is concluded from Table 2-2-1 that the record length can be assumed
ro be .finite, as far as w(Q,d,Y) is concerned, provided Y < =2, 1In

other words, when the length of the observation interval is such that

8> = é% where Uy & % Sy X w28 wseg (2-2-28)
then ]plZ(A)] > Iplz(w)l. Since a finite interval tends to increase

the correlation coefficient, it is desirable that the inequality in
(2-2-28) be satisfied.

The behavior oflOlZ(A)las a function of IYI is illustrated in
Figures 2-2-5 and 2-2-6. In Figure 2-2-5 o is constrained to be unit
as the parameter [8| is varied from 1 to 100. Note that the curves
have settled down to their asymptotic behavior for lyl > 2. It 1
interesting to compare the damped case (i.e., 0i # 0) to the sinusoidal
case (i.e., o, = ). For g, = -1, |8] = le - wzl. The dashed line

in Fig. 2-2-5 corresponds to the sinusoidal case where |w1 - Ww.| = 10,

)|
This serves as a reference for the damped case where [B| = 10 and Cy "
-1. 1In Figure 2-2-6 |@3| is constrained to equal the value 3 as the
parameter o is varied from 1 to 100. Again asymptotic values have

been "reached" for | | > 2. The dashed curve in rFig. 2-2-6 represents
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the sinusoidal case with [w, - wy| = 3. Since |8] = 3, each curve
in the figure may be compared with the sinusoidal case provided 9 is
assumed equal to -1. For a > 1, it is interesting to note that there
exist values of |y| where the correlation coefficient is smaller than
that of the sinue~:dal case. The only exception is for a = 1. Notice
that the largest asymptote occurs for a=v1 + BZ = /TG, as predicted
by (2-2-15).

As a final topic, the orthogonality of sets of complex exponen-
tials is discussed. In general, two simple complex exponentials,
as given by (2-2-1), are not orthogonal over any given interval with-
in [0,®). Since the orthogonality property can be useful in certain
situations, it is desirable to be able to orthogonalize a set of
complex exponentials. The Gram-Schmidt orthonormalization procedure
is, of course, applicable. However, a simpler procedure for exponen-
tial functions was developed by Kautz [10] and applied in [11]. The
orthonormalization is carried out over the semi-infinite interval and
is based upon the Parseval relation for an inner product between two
time functions. Specifically, the Parseval relation is

_ds

[wfg*dt = J F(s)G*(-s) Zﬁf . (2-2-29)

=00 c
It follows that orthogonality in the time domain is equivalent to
orthogonality in the frequency domain. If f and g are sums of complex

exponentials, they will be orthogonal provided F(s)G*(-s) is a rational

function which is analytic (i.e., has no poles) either in the left
half or right half of the s-plane. Kautz considered the set of expo- |

nentials
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Bg RN Som g R o SR it >0, o, <0 (2-2-30)
and constructed an orthonormal set where the ntk orthonormal basis
function is given by
n-1 *
S S
% o OV FIE a184 8]
‘Pn(S) = \.,-Sn—Sn = = g ifl ?TE; . (2-2-31)
m (s -s,) =
i=1
To verify that (2-2-31) is the nth representative of an orthonormal
basis, we show that
joo 3 L =q
Y (s) ¥ (-sy I . (2-2-32)
2 q 21j i
—-jo 0 N q
For 2 < q, the integral in (2-2-32) becomes
-1 " & q-1 -1
TR TR ge D048 ) W B8y N (88, )(-1)
/| =S,-8,\'=8 = - =i 3
V. =Sg=Sp\ SCqu k =1 1 ,k;f 2 k3 £+l o
213 L L q * .
~jo T (s-S, ) T (s+s; ) -12
" t 11 2 (2-2-33)

Note that the integrand is analytic in the left-half plane and on

the imaginary axis. Therefore, closing the contour to the left, the
resulting integral is zero. For & > q, the integral is analytic in

the right-half plane and on the imaginary axis. By closing the contour
to the right, the resulting integral is again zero. For & = q,

(2-2-33) reduces to
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\/—s -s) V[;w:;:‘ 3 (1) (-5, 5.
2 Zij 9.9 =3 _ ds = k -1 (2-2-30)
3w (55 (5 + 5p) 5,5,

where the contour can be closed either to the right or left without
affecting the result. Equation (2-2-31) can be interpreted in terms

of passing the nth exponential time function through an all-pass

filter structured from the previous n-1 exnonents. The all-pass filter
interpretation points out that it is the phase which is responsible

for the orthogonality.

Thus far, orthogonality has been considered over a semi-infinite
interval. Provided a finite interval is suitably long, orthogonality

can still be approximated by the Kautz procedure. From (2-2-31), note

that
S, t

n

| o " i .

; b (e) =Y (80} = ] Aw ™. (2-2-35) 1
i i=1

1 In the time doma'n orthonormality requires

(e}

* 1 $ 2=q
i J wz(t)wq(t) dt = ' (2-2-36)
! 0 g s EAE, 1
Substitution of (2-2-35) into (2-2-36) yields
= R (5.48)¢t |
* *
J by (B)y, (B)de = L | AA jwe S L
0 q i=1 k=1 0
g1 L A: 1 )
4 Y s ]
-7 J-Lik_. (2-2-37) |
=1 k=1 S +5_ ¢ . L

R e pea

For a finite interval of length A, consider
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*
: . - § T aa oUW 1 2-2-38
f wﬂ(t)wq(t)dt AA ; (2-2-38)

= = +
0 i=1 k=1 Si Sk

Clearly, (2-2-38) reduces to (2-2-37) provided

+57)A
R

<< X, (2-2-39)

Assume |01| < |o for.d = 2.8 ... Since

il

*
+S )A
e(Si Sk)

20 4
T Bk (2-2-40)

(2-2-39) can be replaced by the similar inequality

20,40
e b e e, (2-2-41)

Provided the interval length is chosen such that (2-2-41) is satisfied,
the orthonormal basis generated by (2-2-31) is very close to being
orthonormal over the finite interval. Interestingly enough, Iy] > 2,
which was the condition for Iplz(A)| = lplz(w)[, also satisfies the
orthogona'ity condition of (2-2-41). 1In this dissertation,

[v| > 2 (2-2-42)
is the condition to be satisfied if a finite interval is to be con-

sidered as though it were an infinite interval.

A I 17N o 7
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2.3 A General Parametric Identification Approach

Consider a linear system with input x(t) and output y(t) as
shown in Fig. 2-3-1. Assuming the system is described by a proper

rational transfer function, the impulse response h(t) may be expressed

as

- IfiA t:j-]‘eSit : £2>0
121 y=1 | g

h(t) = (2-3-1)

0 O
#

Ylt) o——] (k) ———M—‘MU

P R I

Fig. 2-3-1. Linear system.

In Section 1.3 it was showr that an irreducible representation for

this system is the input-output relation given by the differential

equation

n m
! Djy(j)(t) =3 Nix(i)(t). (2-3-2)
3=0 i=0 *

For a complete specification of the equation the initial conditions
at some arbitrary instant of time ty

k

y( )

<D

(to); k=0,1,2,...,n~1
(to); ﬁ" 0,1,2,...,m,

must also be specified.

[N SREAATRAS S 2 — e & ot
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Notice that (2-3-2) can be rewritten as .
: i

¥ () (i)
y D,y V) - T nx"ey =0, (2-3-3)
§=0

i=0

Equation (2-3-3) represents a linear combination of the input and output
signals and their derivatives up to the orders m and n, respectively.

This implies that the set of functions
F =05102 0c. . B

G n
- bl B i = 0,1,2,.0.,m

(2-3-4)

is linearly dependent. Assuming none of the coefficients in (2-3-3)

is zero, all of the (ntmt+2) functtons in (2-3-4) are needed to satisfy
the differential equation. Linear independence results when one of

the functions is removed from the set (2-3-4) since it is no longer
possible to express any one function as a linear combination of the
others. This suggests that (2-3-3) is defined on a space having dimen-
sion (ntmtl). .

The general solution of the differential equation given by (2-3-2)
is y(o'(t) = y(t) and consists of the homogeneous soluton yh(t) plus
the particular solution yp(t). The impulse response h(t) can be
determined from the homogeneous solution alone. Hence, it is desirable
that any identification procedure be able to separate yh(t) and yp(t)
from y(t) conceptually, if not in practice.

Since a proper rational transfer function is assumed, m in

(2-3-2) is strictly smaller than n. In the identification problem both

m and n are unknown. It is possible to simplify determinatinn of the
values for m and n by first assuming that m equals n. The value of n

is then found. The value of m follows from the fact that the coefficients
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A

% Ni; i = mtl,...,n are then found to be -ero. To accomplish this

procedure we consider the set

(o 4 ol

;: 9
j

(0)

R S
1 (2-3-5)

B R
Note that y has been removed from (2-3-4), as mentioned previously,

) this results in linear independence of the set

G) {) J=2,2,.5.4m s
- il LS 1= 0,1,2000 5% rzdeh
3
Also, observe that the set (2-3-5) contains the function x(m+1) x(n)

ye ey
which were not originally contained in (2-3-4). The set (2-3-5) will
also be linearly independent provided none of the functions §m+l),."’
x(n) can be expressed as a linear combinatica of the functioms in
(2-3-6). The functions in (2-3-5) can then serve as a basis to span
a (2n+l) dimensional space. For those cases where (2-3-5) constitutes
a linearly independent set, the value of n can be determined as ex-
plained next.

For purpose of illustration, we consider an idealized identifi-
cation problem. Assume for all t > 0, th;t analytical representations
are available for the system input and output. Consider the (2n+2)

functions

0) (n) _(0) (n)

X 3 whvy X 5. SR RN E

which are generated as shown in Fig. 2-3-2. Assume (2-3-5) consti-

tutes a linearly independent set. The object is to determine n and

then to identify the system.
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(0) (0)
A=K =
A® L j
d_ d
dt dt
1L(l) ‘d“)
B — e by iy
|
m | : )

-

-
5

n) )
- Bianic
/ |
Fig., 2-3-2. Reconstruction of the differential

equation describing the system h.
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Because known analytical expressions are assumed for x(t) and

y(t), this example represents a highly simplified situation. Neverthe-

less, it serves to illustrate the point. The procedure begins by

assuming the system differential equation is given by
r K

) Djy(J)(t) -1 Nix(i)(t) =0

=0 i=0

Clearly, (2-3-7) remains unchanged when multiplied by a constant.

(2-3-7)

S




[3%]

o

For convenience, assume the equation has been scaled such that DO = 1.

Equation (2-3-7) may then be written as

r < r .
v =y = § yPo - ] xPw. @9
y=1 7 i=0

2
J

()

The functions of y (t) and x(i)(t) are known for all values of j
and i. For a specified value of r, (2r+l) of these functions serve
as a basis for approximating -y(t). The coefficients can be deter-
mined by means of any of the approximation techniques discussed in
Appendix A.

One of the problems is to determine a suitable value for r. For
r < n, the basis is inadequate for exactly representing -y(t) and a
nonzero approximation error is involved. When r = n, -y(t) is an
exact linear combination of the basis and the approximation error is
zero. To demonstrate how the order of the system is determined, we
use the simplest approximation technique in Appendix A which is that
of interpolation.

Consider the (2r+1) equations obtained by evaluating (2-3-8) at

(2r+l) different time instants. This results in

~

) 3
(0) 3 (i) .
=y ) =g P e e T N R
" j=1 J % i=0

Equation (2-3-9) can be expressed in matrix form as
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¢ i I
y(l)(tl) ...y(r)(tl) i ) Ve ...v(r)(tl) | le ‘y(o)(tl) 1
; g s ,
y(l)(tz) ---y(r)(cz) :i"(m(tz) a“' (ty) x(r)(tz) i D, {y(o)(:z)
l f . "
:' D
. | 1P |
| T 1 s
, i ol | f
5 i N | ‘
g 5 : : AN s
. . . i i b |
) (x) ' (0) 1) (r) () |
17 Carenyee ¥ T Copeny [F Copany * 7 Corpyye ™ Corpplin | P Core)
(2-3-10)

The square matrix is nonsingular provided r < n. Consequently, n can
be determined by successively increasing the value of r by unity until
the matrix becomes singular. This will first occur when r = n+l. (The
matrix is then of size 2n+3). Having determined the value of n, (2-3-10)
is solved for the coefficients Dj and Ni where r is chosen equal to n.
Under the assumption that (2-3-5) is a linearly independent set the
coefficients Ni for i = (m*l), ..., n will be found to be identically
zero since the original differential equation (2-3-2) is a linear combi-
nation of the basis in (2-3-6) which spans a subspace of the space
spanned by (2-3-5).

(1)

The assumption of linear independence for x , where fa+l) < i < n,

~is now relaxed. The simultaneous set of equations in (2-3-10) are

generated as before. However, in addition to checking the singularity

of the square (2r+l) x (2r+l) matrix, the singularity of the submatrix




‘ B
| BTN SRR el 3 SRR L
T R e T (e
(0) o)) (r)
Lx (tr+1) (tr+l) . (tr+1)J

is also checked. As long as the submatrix remains nonsingular,
while the value of r is successively increased by unity, the

procedure remains the same as before. The procedure is changed
should the submatrix become singular. Suppose this occurs for

the value of r equal to rl. Then both the (2r1+1)th column

and row are removed from the square matrix in {2-3-10). The
reduced matrix is checked for singularity. If this matrix |
is singular, the order of the reduced matrix is (2n+2) and the |
value of n has been found. 1If the redyced matrix is nonsingula+,

the procedure proceeds by adding to the reduced matrix an

additional column to the [y(j)] submatrix while adding an

additional row to the whole matrix as shown below.

) (r,+1) (r,~1) 1 . I & -
1 1 0
[y( )(:l) suw Y (Ll) y ) (tl) ::x( )(:1) - . (tl) rD1 y(O)(tl)
() % (r.+1) Il (r.~-1)
P oy Tl v T ey “x(o)(tz) o e b, | [Py
: I : .
” Drl*l .
: il P
I %
. 1 -Ny
) I \
; f
() (r,+1) ly (r,~1)
) 1 1 0) 1 0)
i1 - y (& Iy (t ) I St YousX (t )| |-N y e )
sy 2r) +1) 2,41 2r 41 il 2r 41 2e 4] | -y | 2r1+14
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This process is continued p times until the resulting (2r1+p) X (2rl+p)
matrix is singular. The order of this matrix is r + n+ 1 from which
n can be determined. The coefficients are found by solving the set

of equations which result when the (rl+p)th column and (2r1+p)th row

E are removed from (2-3-11). This procedure also yields the value of

) m since the coefficients N

Lttt er-l will be identically zero.

The previous discussion utilized a differential equation descrip-
tion of the system. This was not necessary. Many other representa-
tions exist for a dynamical system. Provided each representation is

equivalent, any given input will result in the same output irrespec-

tive of the representation used. Equivalency between the convolution
integral and differential equation representations was demonstrated
in Chapter 1.

A variety of equivalent representations can be generated from
(2-3-3) by operating on the differential equation with various linear
operators. Assume a particular linear operator is denoted by gk.

Applying this operator to (2-3-3), there results

i=0

n m |
gk{jgo by Py - T wx®wy-o, (2-3-12) |

Making use of linearity, as defined in (1-1-1), (2-3-12) can be

written as

m
Doy - § wiexP =0, (2-3-13)

)
D [gy
37K 1=0

3=0

This procedure can be extended to a cascade of % such operators.
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Let gk(t) denote the impulse response obtaired when the unit impulse
is applied to the operator gk. The Laplace transform of gk(t) is
denoted by Gk(S). Since convolution in the time domain corresponds
to multiplication in the frequency domain, the process of operating
on (2-3-3) by the sequence of ope«rators By» 82’ S 82 can be

described by

n e @ n e
Z Dj [ fg(r)y Gt=1)dT - Z J fk(r)x (t=~T)dT =0 ; ¢t > to (2-5-14)
j=0 0 i=0 9
where
')
£, (t) = 4% o8 G, ($)]. (2-3-15)
) k=1
For convenience, define
, <
y,(t;R) = j fq(r)y(j)(t—T)dT
(
. (2-3-16)
t-t
P()
: - (1)
x, (t° L) = ; fo(Dx"7 (t-1)dT.
0
Equation (2-3-14) can be rewritten then as
} R
Dy, (t;R) - N, 2,(E:8) = 0 (2-3-17)
i=0 373 i=0 s

where it is understood that the system is initially relaxed at time

to. The representation in (2-3-17) is in terms of the new set of

functions




Gty B v F0GI0R (2-3-18) A

Provided these functions span an n + u + 1 dimensional space, the
representation in (2-3-17) is equivalent to that in (2-3-7). Note
that the coefficients Dj and Ni are identical in the two representa-
tions.

Equation (2-3-17) has significant implications as far as the

identification problem is concerned. In general, only finite records

of the input ans output are available. The differentiation scheme

shown in Fig. 2-3-2 for generating & set of n + m + 2 functions to be
used in the identification is, in general, impractical. Differentia-
tion tends to enhance the noise and measurement errors inherent in
experimental data. Alternative schemes are suggested by (2-3-17)
which incorporate the n + m + 2 functions of (2-3-18). In other
words, operators other than differentiators can be utilized to generate

a suitable set of n + m + 2 functions from the input-output data.

A practical difficulty yet remains with use of (2-3-17). The |
functions in (2-3-16) are generated from derivatives of the input and

output. In practice, only the input, x(o) y(o)

, and output, , are
given. The question then arises, "Is it possible to generate an
equation similar to (2-3-17), where the coefficients DJ and Ni are
preserved, but the functions involved are generated only from the
given input and output?"

To answer this quest ion, consider the frequency-domain input-

output relation for a nonrelaxed, linear, time-invariant, causal system




which is given by (1-3-6). Recall that the coefficients Cq arise from

the nonzero initial conditions at time t = 0. Rewriting (1-3-6), there

results
n-1

m
p,slves) - ] ws'ke) - ] cst =0 (2-3-19)
1=0

q=0 :

o~ P
o

Let the transfer function of a linear cascade of £ filters be denoted

by
2
F (8) = §{ B G (5)). (2-3-20)
£ k=1 &

Multiplication of (2-3-19) by FQ(S) yields

n 3 m i n-1 q
J D.S Fo(S)Y(S) - | N.STF (SIX(GS) - [ cSF (s) = 0. (2-3-21)
j=0 3 Am o 5% =0 9 %

The inverse Laplace transform of Fe(s), as pointed out in (2-3-15),
is fj(t). Hence,
) P
£ 1 Sl ) e gy, (2-3-22)
') P 9 L
dt
Converting (2-3-21) to the time domain, we obtain
n ; m .
P o, [yt P e-vyar - T n, | 20D e-tyar
J L i L
j=0 O 1-0 0
(2-3-23)
n-1
-5 e £ =0
q=0 1
where it is understood that differentiation is with respect to the

variable t. For convenience, define the functions
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&
yj(t;k) = f y(r)féj)(t—r)dr
Q
(2-3-24)

t
x, (£52) = j x(r)féi)(c—r)dr ,
4]

Notice the reversed roles of the functions in (2-3-16) and (2-3-24).
Equation (2-2-23) now becomes
m P
Z Dy, (e30) - 120 N x, (e58) - q.o qqff (+) = 0. (2-3-25)
For the relaxed case the coefficients Cq are identically zero and
(2-3-25) is identical in form o (2-3-17). For the system represanta-

tion in (2-3-25) to be equi.alent to the original differential equa-

tion, fl(t) should be " differentiable and the set

{fép)(:)} ; p=0,1,..., n (2-3-26)

should span an (n+l)-dimensional function space. A block diagram of
2-3-25) is given in Figure 2-3-3.
In general, arbitrary inputs and nonzero initial conditions
must be considered. For simplicity, a relaxed system whose input is
a unit impulse is first discussed. For a system with impulse response

given by (2-3-1), the output is
S 4

Z Z Aij e el >0
yir).» {170 I (2-3-27)
0 y £50

Noti :e that y(t) is a linear combination of the n basis functions in




Input Output Initial Conditions

§(t)

x(t) I——‘A k(%)

5
o

Fig. 2-3-3. Block diagram of (2-3-25).

(2-1-1). Because the output is the impulse response, we are dealing
with the homogeneous case. Hence, it is necessary to treat only the
output signal. Any space-invariant linear operators which generate
a suitable function ge(t) may be used. The coefficients Dj can be

determined by using one of the techniques in Appendix A to construct

from the (r+l)-basis set

{yj(t;l)} =0, sy B
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a set of (r+1) homogeneous linear equations in the unknowns Dj' The
next step is to determine the value of n, as discussed earlier in
this section. The linear equations can then be reduced to n non-
homogeneous equations by selecting D° equal to unity. The coefficients
Dj are used to write the characteristic equation of the system from
which the poles are extracted. The resulting n complex exponential
time functions are then used to fit the output record y(t) to deter-
mine the residues Aij in (2-3-27). Knowledge of the residues and poles
is sufficient to determine the coefficients Ni'

Previous techniques described in the literature can be inter-
preted in this context. For example, the differential operator is
used in {23}, [24]. This procedure is usually applied to idealized
synthesis problems and is impractical for the identification case where
measured records are involved. References [25], [24/] make use of the
time-reverse integral operator given in (2-1-7). For finite records
truncation errors are incurred. This error can be reduced by using
a suitably long interval, as shown in Section 2.2.

A nonrelaxed system with a general input x(t) is now considered.

The time response is the inverse Laplace transform of (1-3-6). This

results in

k m St . kK m Syt
ye) = § Jreedtet 4 J xe-0[ ] [P A Ol Tl (2-3-29)
{=1 j:l j 0 {=1 j-l j

where the coefficients B1 are functions of the coefficients Cq’ which

3

are, in turn, functions of the initial conditions and the coefficients

DJ and Ni' From the point of view of (2-3-19), it is of interest to

|
|
|
|
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identify the 2n + m + 1 parameters

{Dj;Ni;Cq} :

O el

Lyoes
| e (2-3-29)
0,

The response in (2-3-28) can be interpreted as the sum of two responses.

Let
S t

m

zi B, tj—le 2 5 e =m0

i=1 j=1 13

hI(t) = (2-3-30)
0 3 £ < Qi

k

Hence, one of the responses is the response of a relaxed system with
impulse response hI(t) to a unit impulse. The second response is the
response of a relax:d system with impulse response h(t), as given in
(2-3-1), to the input x(t). This interpretation is illustrated in
Fig. 2-3-4. Notice that both hI(t) and h(t) utilize the same basis

functions given in (2-1-1).

' |
' |
§oy - — koo | o
; SR
| ("'/\ : Y@
: | !
x®o : NG r——wJ L
: |
|

!
|
1
[
|
1
1
!
t
|
s

Fig. 2-3-4, Interpretation of (2-3-28).




Identification of the system requires generation of the set of

functions

(4 (R
e P (2-3-31)
0

b e w Er

non

il s 5, . s 5\
{fg (t),yj(t,l),xi(t,ﬁ)} S

e
[}

The coefficients in (2-3-29) can be determined by using one of the
techniques in Appendix A to construct from the (3r+3)-basis set of
(2-3-31) a set of (3r + 3) homogeneous linear equations in the unknown
coefficients. The next step is to determine the value of n, as dis-
cussed earlier in this section. It is unnecessary to check the func-
tions ffq)(t) for linear independence because they are chosen to be
linearly independent, as explained in conjunction with (2-3-26). 1In
general, the coefficients Cq are not of interest because they depend
on initial conditions which are input dependent. If desirable, the
(3r + 3) equations can be reduced to a set of (2r + 2) equations by
means of a systematic elimination. The remaining equations can then
be solved for the coefficients Dj and Ni'

Thus far, the identification approach has utilized operators
which preserve the numerator and denominator polynomial coefficients
of the linear syste ' rational transfer function (i.e., the coefficients
Dj and Ni of the differential equation). This is not necessary. Opera-
tors which do not preserve these coefficients can be used proviied a
transformation can be determined which enables the original differen-
tial equation coefficients to be obtained from the new coefficients.

This results in a much larger class of operators than those previously

discussed.
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In analogy with Fig. 2-3-3, consider the block diagram of
Fig. 2-3-5. The impulse response of the filters in the filter banks of
Fig. 2-3-5 arc¢ no longer required to be successive derivatives of each
other as was the case in Fig. 2-3-3. 1In fact, it is not even required

that fk(t); k=0, ...,n be differentiable. The coefficients

A i B § =10 Lk, B
BN c) ey D S (2-3-32)
1 Shne 3 4=0, ..., n-1
are chosen to satisfy the constraint
m R
J D.F (S)Y(S) - ) N.F_ ($)X(S) - ] CF(s)=0 (2-3-33)
jo0 11 1=0 g=0 349

where Fk(S) is the Laplace transform of fk(t). The system identifica-
tion can be based upon (2-3-33) provided a transformation can be

developed between the "hatted" coefficients of (2-3-32) and the "unhatted"
coefficients of (2-3-29). Of course, the block diagram of Fig. 2-3-5
reduces to that in Fig. 2-3-3 when fk(t) = fék)(t).

For this purpose, consider the mapping of variables

k ; - k
F (§) = v where S-= Fkl(v ) (2-3-34)
and a unique inverse is assumed to exist. (Multiple-valued inverses
are permitted provided a meaningful unique inverse carn be defined.)

Use of (2-3-34) in (2-3-33) results in

n A = m A - n“l =
} Bovly lobhyy - NiviXIFil(vi)l - J chvi=o, (2-3-34)
j=0 j j i=0 q'O q




Fig. 2-3-5. Block diagram of (2-3-33) where Fk(S)

is the Laplace transform cof fk(t).

In general, the desired transformation between the coefficients is diffi-
cult to obtain. The situation is simplified for the particular class

of mappings
F(5) = [6(8)]" = V¢ where s =

Substitution of (2-3-35) .nto (2-3-33) yields

B A o £ 1 S
) nJVJY(<;‘1(~V)1 -} Nixe o< 3 =0,

j=0 i=0 qno
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Finally, define

X[¢~ v 1. (2-3-37).

Y6 (V)] and X(V)

§(v)

]

Equation (2-3-36) can then be writcten as
R ‘ ’ -1
5 DYV - I NVXW - T cvi=0, (2-3-38)

X(v) and Y(V) can be interpreted as the input and output, respectively,

of a system whose transfer function in the v-plane is

Hy) = = — ) (2-3-39)

(=)

Having determined ﬁ(v), the poles and zeros of H(S) can be obtained
from the poles and zeros of ﬁ(v) through the transformation
s = ¢ Levy. (2-3-40)

Knowledge of the poles and zeros of H(S) is, of course, sufficient
to construct the numerator and denominator polynomials and, therefore,
the coefficients Ni and Dj'

As a final point, the mapping of (2-3-35) suggests that the
block diagram realization of (2-3-33) is more efficiently realized

through the cascade connections shown in Fig. 2-3-6.
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Fig. 2-3-6. Preferred block diaEram of (2-3-33)
when Fk(S) = [G(S)]™.
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2.4 Comparison of the General Parametric Identification

Approach with Different Operators

As discussed in Section 2.3, a variety of operaturs cun be used
in the general parametric approach to system id:ntification. Since

the system impulse response is assumed to be a linear combination of

complex exponentials, as in (2-1-1), use is made of the property

that an exponential subspace is pr * wader repeated operations of
linear operators. Under idealized conditions, the results obtained
should be independent of the operator used. In practice the choice of

an operator can affect the solutions because different operators result
in different sensitivity to noise, different degrees of ill-conditioning
of the matrices involved, etc. Therefore, a suitable operator should be
chosen for a given situation. Also, a proper approximation scheme from
Appendix A should be chosen. Although a trade-off between '"quality' of
the identification and ease of implementation of the approximation
scheme usually exists, in general, an increase in computational complexity
does not guarantee an increase in quality.

We start by first introducing a nciseless ideal example where
the operations are performed analytically. The system is assumed to be
nonrelaxed (i.e., an unknown excitation is assumed to exist before the
identification procedure begins). In the initial problem the input is
assumed to be exponential. Later, an inpu® of a non-exponential type
is employed. Also, noise is introduced at which time the identifica-

tion is carried out entirely numerically.
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Example 2-4-1
The system to be identified is shown in Fig. 2-4-1. Let its

impulse response be given by

n — 144 e
2¢7" cos By v b 200 e( i + e( 1-3)¢

A
h(t) = = (2-4-1)
0 o 0 31 £ <P
The probing signal for the identification is chosen to be
e—Zt g e >0
x(t) = {
0 s E <0
If the system had been relaxed at t = 0, the output w
- P
e t(cos t +sint) - e - t
y (t) =
o 0 -
-1+ -1-4
% [(l-j)e( Bl 5 (1+j)e( 1761 - & %%
0 t
However, the system is assumed to be nr -relaxed at t = 0. Assume its
response due to the non-zero initial conditions resul s in
-t R
e (cos t = gint) ; £t >0
yp(t) =
? s <
b RS (2-4=4)
1 =1+j)t -1-j)t
FLa)e T 4 e 1D e 5 g
? O ARl

Hence, the overall output as a result of the response to x(t) and the
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initial conditions is given by

2¢t cos t - e

y(t) =y (£) + v (£)

LML | (F1-)e -2t

unknown input ?

for t<0

Probing signal for

fdentificatign
(3l ¥ Y=y Oy ©

N

Fig. 2-4-1. A non-relaxed system to be identified.

Several different operators are used to solve this example. In
each case the input and output are given as in (2-4-2) and (2-4-5),
respectively. With the information provided, the problem is to iden-
tify the system.
For purpose of illustration, we begin by taking advantage of
é the fact that x(t) is exponential. Hence, it can be included within ‘
a modified system which is excited by an impulse as presented in
Fig. 2-4-2. The object now is to determin: the modified impulse

5 response hm(t) from which h(t) can be developed. The solution is

| ; checked by noting tha:hm(t) should be identical to y(t).

:
i
&J
B
e




Fig. 2-4-2. The modified sys*em hm(t).

First we evaluate the signal at several points as given in
Table 2-4-1. This implies that a sampled version of the given data
is used. The sampling increment T has been chosen properly to omit
the occurrence of multiple Riemann surfaces. The sampled version of
the general linear combination of exponentials, as given in (2-1-2),

is

SiTq

k m
. o i L-1
Yo " Y0 121 QZI AL (M) e

k m
i -1 q
5 Z P A A
=1 g=1 1% i

q=0, 1, 2,

-1
Big = AgT
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- (T = .5)

1

.6966820193
.2621969375
.01821986209
.1309543389
.1382616922
.1010564004
.05746896525
.02427926367
-.004806869416
.003777201613

O 0 N o > W N = Ol e
|

-
o

Table 2-4-1

With reference to (2-3-33) and (2-3-35), a cascade of shift operators

in the sampled data is equivalent to the mapping

ST STyk _ k

G(S) = e and Fk(S) = [e z (2-4-8)

(the variable z is used in place of V, to conform with the usual
notation for this particular mapping.) The equivalent system of

Fig. 2-4-2 is then characterized by the homogeneous equation
n
5 p,e°Hy(s) = o. (2-4-9)
j=o0

However,

£ 4SBys)) = yee + 41) p

This results in the time-domain equation

\

n
j{o nj y(t + 3jT) = 0. (2-4-10)




f
|
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Let y(iT) =y For t=0, the above equation becomes

i

n
jz Dj e 0. (2-4-11)

Equation (2-4-11) may be rewritten as

n/\
1 B3, L ikl
j=1 i’ j= y0 where D0 I (2-4-12)
It is interesting to note that
n—lA ~
: s jZO Djyj where Dn =1 (2-4-13)

serves as an extrapolation scheme,
The first step is to determine the value of n. To start we set

r = 1 and check the singularity of

'yo Yy 1 .6966820193
M, = = (2-4-14)
Yy Yy . 6966820193 .?621969375J .
The computed value of .:.e determinant is
det. M, = T.2231688985. (2-4-15)
Since Ml is nonsingular, we set r = 2. The corresponding matrix is
Yo %' ¥y 1 .6966820193 .2621969375
|
- 1 y, !y = |.6966820193  .2621969375 .01821986209
Mz _L__Z, 3
Ya Y3 %, .2621969375  .01821986209 .1309543389
(2-4-16)

Checking the singularity of M_, it is found that

2)

det. Mz = ,004211290373. (2-4-17)
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E M2 is also non-singular. Hence M3 is checked for singularity. This J
i time

YO yl: y2: Y31

| | '

| G s T e
i det. M3 = det, : =0, (2-4-18)
| O B TR

B e B ¥

Having determined that M_ is singular, the order of the system is

3
established at n = 3. We now set 60 equal to unity and solve for D
62, 63 using the following set of equations:

i 1

O 51 o
. fyompetan i 1 = =iy 1. (2-4-19)
Ty crolat o8 IA’3 Y2
1
The solution to (2-4-19) is
D, 5. 612059902
D, | = |10.58438618 (2-4-20)
63 77.389056099 |

Knowledge of the coefficients is adequate to obtain the characteristic

equation of the difference equation in (2-4-11). In particular, the

characteristic equation is

. (2-4-21)

o>
+
=
N
+
o
N
+
o>
)

]
o




The roots of the characteristic equation in the z-phase are

2 3678794412 + 4.0
z, | = |.5322807302 + 3.2907862882
2, .5322807302 - §.2907862882|.

Using the inverse of the mapping in (2-4-8), we have

§ % & ¥(x) = % in .

Hence, the poles of the system in the S-plane are

P e
S1 z, 2+ 30
i |
= - | = - +
S2 T In z, 4 g
83 z, =1 = JEL .

(2-4-22)

(2-4-23)

(2-4-24)

The natural frequencies in (2-4-24) arec identical to those in

y(t) = hm(t) given by (Z-4-5). Observe that (2n+l) = 7 samples were

needed (i.e., Yo through y6) in order to establish the order of the

system at n = 3. On the other hand, 2n = 6 samples were needed (i.e.,

Y0

which the system poles were computed.

through ys) in order to determine the coefficients Dl’ DZ’ 3

A~

D, from

In connection with Prony's method, two questions arise: (1) What

should be the sampling rate?, (2) How long a data record is needed?

The following observations are pertinent:

a) Closely spaced samples give rise to highly dependent sets

of linear equations. A measure of the dependence is the magnitude of

the determinant of the set of equations. For this example, the




magnitudes of the determinants corresponding to r = 1 and 2 are plotted
in Fig. 2-4-3 as a function of the sampling interval T. Note the small
magnitudes which occur for small values of T . This is reasonable
because the variation in the signal is small for closely spaced samples.
A column dependence occurs even if one is willing to use (n+l)2

different samples in the form

yn e
n

b) Widely spaced samples also give rise to highly ill-conditiored
sets of linear equations. Note the small magnitudes which occur for
large values of T in Fig. 2-4-3. This arises when dealing with transient
waveforms due to the large dynamic range associated wi th the initial
and final samples of the signal. Hence, the final rows and columns are
numerically small with the result that the magnitude of the determinant
is also small.

c) An optimum sampling interval exists. For example, the
curves in Fig. 2-4-3 peak for T = 0.7. By maximiz{ 2 |det. Mll with
respect to T, an estimate of the optimum value of the sampling interval
can be obtained. Knowledge of this value can also be used to obtain

a rough estimate of the system order n. From Section 2.2 it is known




r=|
=2 (x40)

-

(@]

o

.00 5.00 10.00 15.00 20.00 25.00
(X10-1)

Fig. 2-4-3. Magnitude of the determinants corresponding to
r =1 and 2 as a function of the sampling interval
T. The scale for |det M | is 40 times that for

i Idet. M1|.

R e

2




that the length of the observation interval,A, should be chosen such
that

Y = Aol Sy (2-4-25)
In general, for a known value of n, 2n samples are needed to determine
the system poles. This requires an observation interval of length
A= (2n - 1)T. Substituting for A in (2-4-25), there results

2
[= EIT + 1]. (2-4-26)

N =

n >

The inequality in (2-4-26) can be used to obtain 8, a first guess for
the value of n. This is done in the following way. The value of T

equals

is chosen to be that which maximizes [det. M1|. The value of 0,

the largest real part of the system poles (recall oy < 0) and is not
known. However, for transient waveforms, the over-all rate of decay
is governed by the slowest significant decaying component, Hence, a
guess of 0, can be obtained from the rate of decay of the response
envelope. For our example, with T = 0.7 and ol = -1, n is estimated
to equal 2. This is close to the true value of 3. Having made an
estimate of n, it is »Jossible to estimate a suitable value for A.

Since (2n+l) samples are needed to determine system order, an interval

of length 2nT should be used. Therefore, a suitable value of A is

A = 2nT. (2-4-27)

For our example, 2 = 2.8.
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Case 2 — The Overdetermined Prony Method

The basic difference between the overdetermined Prony method
[16], [17], [18] and the original Prony method [13] is in the type of
approximation scheme utilirzed. While the former utilizes a pseudo-
inverse technique, which is equivalent to the least-square technique,
the latter uses an interpolation scheme. (See Appendix A). Let n,

be greater than n, the order of the system. With reference to (2-4-11j,

an overdetermined set of equations is given by

LSS R SRRt R T A
Y, Yy Yq Yotl D, 0
D,
: = (2-4-28)
: LDn ] 2
y y ¥ cee ¥
! By n1+1 n1+2 n1+n ) LG ]

where (n1 + n + 1) different samples are used. To solve for the Di's,

we premultiply (2-4-28) by the transpose of the rectangular matrix.

This yields
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n n n n
3.2 1 ik 1 S F o
g vy 1Ty sand o ¥a¥ 0
je=0 1 yop 17i¥l jo2p 1732 {=p 1 itm 60
i Q
n n n n A
1 1 2 1 1 D
g T R O i SO SR o 2 0
(AR o i g a2 Sotaetiinid Tedie
: ) (2-4-29)
o %
Ely y tzlly y §1y y IZII y2 0
20 Ll WAL 2 T 14 S L
Equation (2-4-29) can be rewritten as
nl n I
X X YsuTiagDy = 0 3 k=0,1,2, ...,n, (2-4-30)
i=0 2=0
With ﬁo arbitrarily set to unity, (2-4-30) can be rewritten as
nl-l E 21 nlgl
: V., You:Dp = = Vi k=0,1,2,..., n-1. (2-4-31)
S i+k? A4+
1=0 %=1 i+k v 120 i+k’ i

This is of the same form as the least-squares equation (A-1-7). As
with the original Prony method, the square matrix in (2-4-29) has a very

small determinant for closely spaced samples (i.e., a highly linearly

dependent set of equations results). For instance, a record of y(t)
of length 5 with T = .05 (i.e., 101 samples) yields the following

determinant for r = 2:

T T T y———




{
|
{
|
3y
!
]
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- 98 2 %8 gs ]
2
Y ¥s¥is A
1:0 i =0 145+ i=0 17142
98 98 98
det. | Jy. ..y, } y§+1 ) Ti017 142
j=0 1171 29 j=g 1+l it+2
98 93 98
! Yi+2Y4 ! Yi+2¥i+1 ! y§+2
[ i=0 i=0 i=0 |

11.49921692  10.97923768  10.42420972

det. 10.97923768  10.4992277 9.984006238

10.42420972 9.984006238  9.508731645

2.029682836 - 10—6. (2-4-32)

[}

This is an extremely small value. In general, oversampling results in
small determinant values.

Oversampling does not offer any advantage even with more widely
spaced samples. In the original Prony method, previously discussed,
it was pointed out that a sampling interval of T = 0.7 is desirable.
For a modest oversampling ratio of R = nll(r +.1) = 5, n, = 15 when

r = 2. The corresponding record length is A = 2n1T = 21. As pointed out

in Section 2.2, a record length of 2 is adequate for 01 = -1, Hence,
the record length of 5 used in conjunction with (2-4-32) already repre-
sented a very long record. The record length of 21 offers negligibly
more information than was contained in the record lergth of 5 due to

2101 501
the exponential nature of the signal (i.e., e << e << e ). Hence,
negligible improvement results from overdetermining the problem in

this way. Since the lower rows in the rectangular matrix of (2-4-28)




are extremely small, they cont.ibute negligibly to the inner products

in (2-4-29). Thus, the inner products obtained for the oversampled

ase are approximately the same as those obtained by using the least-

quares technique with the square matrix of the original Prony method.
¢itect, the usual overdetermined Prony does not offer any advantage

wer the original Prony method.

By introducing a delay, it is possible to achieve an advantage

over the original Prony method. This newly proposed approach is dis-

cussed next.

Case 3 — The Delay Operator Method

Once again, .et ny be greater than the system order n. Consider
the overdetermined set of equations in (2-4-33).

o "Tr A B r—

. Y24 Yo Do 0]
D

Y1 Y4 T Y g+l Al 0

y y y DZ

2 j+2 “23¥2 . ynj+2 : = . (2-4-33)

" .
; |
n

y y y .y L 0 ]

] nl j+n1 2j+-n1 nj+n1 .

Observe that the original data record must be of length A = (n1 + nj)Td

where T Each column of the rectangular

d

matrix is composed of (nl + 1) cousecutive time samples.

denotes the sampling interval.
However, the
significant difference from (2-4-28) is that consecutive columns in

(2-4-33) are advancedby j time samples. When j = 1, (2-4-33) reduces

The

to (2-4-28).

Each column can be interpreted as a basis function.
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matrix equations can then be viewed as a linear combination of the
basis functions. Whereas the basis functions in (2-4-28) do not change
very much from one to the next, they are drastically different in
(2-4-33). 1In this approach, Td is chosen to be as small as desired.
The value of j is then determined from the relation

e (2-4-34)

where T is the preferred sampling interval of the original Prony method.

Note that n, = (A/Td) - nj.

1

As before, the ﬁi's are obtained by premultiplying (2-4-33) by
the transpose of the rectangular matrix. With D = 1, we obtain the n
Syuarions 0

{
NS e
y y... D = = y y sy k=0,1,2, ...,n-1,(2-4-35)
| 9 ? ’
1=0 =1 i+k” Li+1i i=0 e 5l A |

We now illustrate the advantage of this approach. As in cases 1 and

2, let the record length be A = 5. Let the sampling interval T, equal

d
.05 (this was also the sampling interval used in Case 2). Hence, 101

samples are available as in "ase 2. From Case 1 it is known that the

preferred value of T is 0.7. Hence, j = 14 and nl = 58. For r = 2, the

following determinant is obtained when checking for the system order:

?8 " gs §8
g & sap 3 14t PR L
58 58 58
Lani i§0y14+1y1 izoy14+1 i£0y1a+1y28+1 ;
§8y28+1y1 § Y28+1Y1441 §8"§8+1
=0 1=0 =0 ) (2-3-36)
11.40028809  3.418188405 ~1.116650923 |
det. | 3.418188405 1.731065907 .1945935105| = .06549016746
[71.116650923  .1945935105 5143890218




From Fig., 2-4-3, the value of the determinant for the original

Prony method (r = 2) is calculated Lo be approximately .0059. From

(2-4-32), the value for the overdetermined Prony method (r = 2) is

appvoximately .000002. These values are one order of magnitude and
four orders of magnitude smaller, respectively, than the value in
(.=4-36). A definite improvement is noted for this case without having
expended any more computational effort than in Case 2. A plot of the
continuous basis functions (i.e., y(t), y(t + 0.7), y(t + 1.4), and

y(t + 2.10) is given in Fig. 2-4-4 for t > 0. Note that these basis
functions correspond to successive columns of the square matrix in
(2-4-33) where ykj+i = y(t + (kj+1)Td) is evaluated at t = 0. These

basis functions involve the advance operator exp [ST] of (2-4-8).

Solution of (2-4-35) for the coefficients yields

131 77.135606018
D, |= | 16.54686248 (2-4-37)
D, T16.44464677

The characteristic equation of the corresponding difference equation is

D +D.z+D D z° =
D0 Dlz Dzz + D3z 0.

Solving for the roots in the z-plane, performing the transformation

to the S-plane results in

: 51 z, =2 + jo

1 -1

ﬁ 82 = (de) n z, = -1+ j1 (2-4-38)
; 53 z, -1 - j1 .

Once again, the poles of H(S) have been found.
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A Fig. 2-4-4. Continuous basis functions structured through the delay operator.




Prony's method, and variations thereof, deal with samples of the
observed waveform. One could just as well work with the continuous
time response, as appears in (2-4-10). In addition, it is not necessary
to utilize advances (i.e., negative delays) to generate a set of basis
functions.. For variety, consider the delay operator

elE) =& %, (2-4-39)

The corresponding time-domain equation, anelogous to (2-4-10), is
n A
) Djy(t - §T) = 0. (2-4-40)
j=0
The set of basis functions generated from the delay »perator is also
shown in Fig. 2-4-4 where it is understood that y(t - iT) equals zero
for t < jT. With reference to the integrated-squared-error approach

in Appendix A (see (A-1-11)), the n equations for the coefiicients are

given by
B A A
Z [ J y(t—kT)y(t-iT)dt;]ﬁi = - j y(t-kT)y(t)dt; k = 9,1,2,...,n=1
i=1 T
Ti nT (2__“_41)

where the kth basis function is

gk(t) = y(t - KT). (2-4-42)

Since the largest delay is nT and because we do not want to use the
zero port.ion of a basis fuuction in the inner products, the integration

is over the inteval (nT,A).




Case 4 - The Reverse Time Integral Operator

The parameters of hm(t) are now identified using the reverse
time integral operator introduced in (2-1~7) to generate a set of basis
functions. This operator was first utilized by Cerr (25] and then by
Jain [26] who developed their approaches from different points of
view. The results of this dissertation, however, make clear that the
two approaches are essentially the same.

The simplest development of the identification scheme with the
reverse time integral operator proceeds from the time-domain version
of (2-3-21). Let the operator fl{.} consist of an n-fold reverse
time integration from « to t. In particular,

£

t tl L,
fl{.} = [ I oooi {o} q dt

=1"q

© oo

t 2=1

=/ 1—’—(,';:{), {+} dr

Carrying out an 2-fold integration, where 22n, the time-domain version

of (2-3-21) is then given by

' g 15;111'1 1) ¢ T e
Z Dj [ (1_1)?_- (tr)dr - Z Ni ! %E:T%T__ X (t)dr
=() = 1.0

3 (2-4-44)

n-1

t =1
% {t=1) ~ () s
C, f DT 8 (dr =0
q=0
(q) th
where § (t) is the singularity function which is the q¢— derivative of

the unit impulse, 6(t). Since the singularity functions occur at the

origin, they are not within the interval of integration and each term
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in the summation over the index q is identically zero. Let the &-fold

-L
integrations of y(j)(t) and x(i)(t) from « to t be deonted by y(j )(t)

and x(i_z%threspectively. Equation (2-4-44) can then be written as
n m
1o, v9Pw - 1w P -0, (2-4m45)
f =0 i=0

Making a change of variables involving the indices, (2-4-45) becomes

t~ 2

m
(n~&-3) (m-R-1) " i
DY ey~ I N = (t) = 0. (2-4-46)
0 i=0

j

For €=n, (2-4-46) yields

n m
1o, - Ia x"" P -0 (2-4-47)
j=0 i=0
Hence, under the reverse time integral operation the coefficients of
the differential equation description of the system are preserved in
reversed order. Notice that, for a case where only exponential signals
are involved, one could arrive at the same conclusion directly from
properties (c) and (d) of (2-1-13).
For variety, the generalized integrated-squared-error approach is
¢ utilized as the approximation scheme for generating the simultaneous
; equations involving the cozfficients (see Appendix A, (A=1-34)). The
; values of L and K are chosen to be 2 and 1 respecrively (i.e., the

coefficients D, are computed such as to minimize the sum of integrated-

3

squarcd-errors between the signal and its approximation and the first
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time reverse integral of the signal and its approximation), Assuming

a systen of order r, we may write

0 E €k
Ll aT e

©) (£yae ] D, ;=03 k=0,1,2,...,r. (2-4-48)
1=-1 j=0 &

3

In matrix notation, (2-4-48) yields for r=1

(-1) (-1) (-1) (-1) (0) ) (0) (0) [ !
<yo(t), yo(t)> <y0(t), y,(£)>] Dy <¥o(t)s Yo(t)> <y, (t), yl(t)> D, 0
+ =
(-1) (-1) (-1) (-1) (0) (0) (0) (0)
_<y1(t)’ yo(t)> <y1(t), yl(t): _PQ _fy1(‘)’ yo(t)> <yl(t), yl(t): LDq _o_
(2=4-49)
where t
), 9% = {2 P P e
e
and
t k=2-1
yf)(:) -y @Ry - f%’-ﬁ‘fﬁ_ 5 (yar
(v) J

The function y, “(t) is, of course, identical to y(t) of (2-4-5),

0
For r=1, the basis set needed is given by

0 - -2
{y( )(t). y( 1)(t). y( )(t)}. (2-4=50)
Hence, applying a time reverse integral operator successively to
y(t) in (2-4~5) yields the basis functions

| 2e-tcost-072t' t20
vy = y(o) -{

? 3 t<0

t
Vi) = [ 3 Prrar = e C(cost-sint)+ke 2%; t20

(2-4-51)
? s t<0

Bl e e e = - e A - gt
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t

92 e i g e sint - 1/4e7°%; 20

? 3. B0,

Let the approximation interval [Tl’ T2] be [0,5]. Substituting

(2-4-51) into (2-4-49) yields

1 D1 .1126700914  -.03122914547 .5499617419 —.1251736779. D1 0
,' M 1 = + =
4 D0 .03122914547  .1905598834 -.1251736779 .1126700914 DO 0 |.
(2-4-52)
Computing the deteminant of Ml results in
det. Ml = .1764679909. (2-4-53)
Hence, M. is nonsingular. For r=2, it is determined from (2-4-48) that

y
the basis needed is given by

{y(O), y(-l)’ y(—z), y(‘3)}. (2-4=54)
The new basis function is
t g 1 -2t
y(-3)(t)=[ y(—Z)(T)dT= 7e (cest + sint) + e 5 t20
3 ? ; t<0. (2-4-55)

For r=2, the dﬁterminant of MZ is

-1
[y &1

(-1)

det, M. = det.
<y1

2

<

(-1)

(-1)
’yo

(=1)
:yo

(-1)

> <yé-] )

s D

(-1)

tyz Yo

e

MO

5 ©

><y

2

’Yé0)>

(0)> <

'Y

'Y

=1)

>|<
|
I

=1

-1)
>|<y1

—— — —— — — — —— ———

-1)

9yO

1

(0) y

<Yé0)’Y{0)

(0)

g

(0)

>|<y0

)

’y2

NON

oy Spay
D00
(-1),

<y§-1).y§-1)

>

i

>:<yf0).y§°)>

5

(0)

(0)

"o

> <y2

y(0)

O

NOR

-
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[ 1126700914 -.03122914547 -.03453295368 ]
= det. -.03122914547 .1905598834 -.1952578315
-.03453295368  -.1952578315 241469618 | (2-4-56)
[ 5499617419 -.1251736779 -.2374113928 |
4+  [-.1251736779 .1126700914 -.03122914547 =,0005575168764.
-.2374113928 -.03122914547 .1905598834 |
Hence, Mz is nonsingular. For r=3, y(-a) has to be added to the
basis set. Applying the time reverse operator to y('3) yields
t -1t COBE = = & Pty 1ol
y e - [y P e { 7 =
- (2-4-57)
? t<0.

The determinant of M3 is computed to be det. M =0, Hence, the system order

is established at m=3. The basis functions utilized for the GISE approxim-
ation are shown in Fig. 2-4-5 over the time interval [0,5].

It is of interest to compare the magnitudes of the determinants which
arise in the three separate cases of 1) an ISE approximation to y(t), 2) an

(

ISE approximation to y -1)(t), and 3) a GISE approximation to both y(t)

and y(-l)(t). In the context of the GISE formulation, these cases arise
with 1) L=1, K=0, 2) L=1, K=1, and 3) L=2, K=1, respectively. The magnitudes
of the determinants for r=1 and 2 are tabulated in Table 2-4-2 for these

three cases. Note that case 3 results in larger values of the determinants

for the nonsingular matrices and is, therefore, superior to cases 1 and 2.
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-4.00
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Fig. 2-4-5.
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Table 2-4~2

GISE

case 1 | case 2 |, case 3 | ﬁ
]
{

L=1, K=1 L=2, K=1

T L=1, K=0 L_

: 1 |det. Mll 0463 3 0205 1765

2 |det. nzl .0000791 .00000494 | ,000558

Both Carr's method [25] and Jain's method [26] employ the
reverse time integrator to generate the basis functions and ISE approx-
imation to generate the simultaneous equations for the coefficients.
However, different solution methods are used on the equations.
Consequently, the poles converge to their true values along different
trajectories as the value of r is increased from 1 to 3. By way
of illustration, the equations resulting for Case 3 (i.e., L=2,
K=1) are solved using the two solution methods ¢ Carr and Jain.

Equation (2-4-48) may be rewritten as

0 r 5 0 5
2=-13=10 k 3 =3 =10 ok K 0
s k=0,2,.¢.,r=1
where Dr has arbitrarily been set equal to unity. With Carr s method, (2-4-58)
is solved directly for the coefficients. The results for r' ., 2, 3 are shown

in Table 2-4-3.

Table 2-4-3
D
= Dr Dr-l Dr-2 r-3
3 1 4.236699946
2 1 1.496951865 1.633885061
3 1 4 6 4

e e
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Solution of the corresponding equations for r=1,2,3, respectively yields the

poles presented in Table 2-4-4,

In Jain's method the r+l coefficients for the characteristic equations are

given by the square roots of the r+l diagonal co-factors of Mr'

where Ajj is the determinant of Mr after removing the jth yow and column.

Table 2-4-4
r real imaginary
1 -4 .236699946 0
2 -.7484759325 1.036179926
-.7484759325 -1.036179926
3 -1 1
-1 -1
=2 0

D = 1A

r-j

(2-4-59)

For a specified value of r, the characteristic equation in terms of the

diagonal co-factors is given by

j = 0 L

r
s
jzo uAjj 3

In particular,

(2-4-60)
The resulting coefficients for r=1,2,3 are found in Table 2-4-5.
Table 2~4-5
5 D, = %o 1 “yin2 Dr-2 ™ P22 Pra3. "y 33
1 +5506632136 .8140220103
2 .2823259534 .460784953 .4200809338
3 .00590294882 .02361179528 .03541769292 .02361179528

Solution of the corresponding characteristic equations for r=1,2,3 respectively

yields the poles presented in Table 2-4-6.

s

e ————

2
i
t
2
3
i
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Table 2-4-4
r real imaginary
1 -1.47825473 0
2 -.8160513533 .9066361161
-.8160513533 -.9066361161
3 = 1
-1 -1
=2 0
Figure 2-4-6 presents the S—-plane poles obtained for the two methods with
r=1,2,3. The value of r for which the two different sets of trajectories
converge to the same poles provides another way for determining system
order.
imaginary [S]
¢, T >
3,43 @@ T
I
+ +—+ + S : -
s cl l‘ -% C))]) I‘ -1 real [S]
C3J]1<:)C2- +1
C
Fig. 2-4-6. Poles of Carr's and Jain's methods for r=1,2,3. The poles for

a specified value of r are denoted by Cr and Jr’ respectively.
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Case 5 - The Simple Integral Operator

A representation of h(t) through hm(t) is possible, in the identi-
fication process, only for exponential inputs. In general, it is not
required, and in this case the identification will be carried out directly
on the system as represented in Fig. 2-4-1. This will serve as an intro-
duction to the case of arbitrary (i.e., nonexponential) inputs.

The integral operator was utilized by [31] and introduced in (2-1-14).

In particular

t rt t
£} = { il g g de_

o % o a=1

(2-4-61)
A e O
t  (2-1)!
o
Substitution of (2-4-61) in (2-3-23) for >n yields
f-3-1 2-i-1
t _(t-1) o t-T x(1) dt
z Dj f (a=3-D)! y(T) dT iZO N ft (T=1-D!
(2-4-62)
n-1

¢ @9l 4rao

o 2 c
q=0 q to (2=q-1)!

From (2-4-62) it is understood that the simple integral operator preserves

the coefficients. Let

O —
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(4-2) S
y (t)™ ft (3-3-1)1 y(t) dt
ol e (eptit (2-4-63)
X (x) = f (f:I%ITT_ x(1) dt
L-q
o o s (t-t,)
ft (t-1) frgd d.r_ftto .‘ﬁ'_q._}. du=——-——-—°
) (2-q-1)! 0 (2=q-1)! et
Substituting (2-4-63) into (2-4-62) yields
f~q
m n-1 (t-t,)
Z D yj 9‘)(:) 2‘ N x(i_z)(t) z c biealis. RN, =0 , (2-4-64)
=0 1 =0 1 (@-q)!
With a change of variables involving the indices, (2-4-64) becomes
1
SAq+1l-n
(t-t,)
-1 0
-z-j) (m-2-1) e =0
2 p . y® at BN % i - .
§=0 n—-j 120 m-i (t) q=0 n-q-1 (+q+l-m)!
(2-4-65)
For £ = n and to = 0, (2-4-65) yields
-1
(-j) S (m-n-1) _n q+l
ZoD (t) - Eo L (t) §0 ST = 0. (2-4-66)
q (q+1)!

Equation (2-4-66) suggests that the coefficients of the differential equation
are preserved in reversed order. While the block diagram representing
(2-4-62) is given in Fig. 2-3-3, the block diagram representing (2-4-66) is

~ ~ ~
given in Fig. 2-3-6, where D __ =D, and N =N, ad Cocy = 6
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From (2-4-66), the basis functions involved are

5w, ¥V, 0ay™ ), ™, @Dy, D gy,
2 n
E ik =3
Phe - apacess ol .

For r =n =2 and m = 1, (2-4-67) becomes

5 Pw, ¥, ¥, Ve, Do, ¢,

Then, the basis functions are computed to be

20 Ceogn i gt

v e = yce) = {

?

1
t -
y(-l)(t) = y(o)(f)dr & ( )
0 L?
1
o N (3
y (t) vt (J) y( 1)(T)dT = ‘l
?
[1 L =2¢
t = - e
XV = [ x@D) ar = \t Fe X
0 L0
1 1
t {- t -+
XDy = [ 2V (ryar = \2 .
0 0
2
along with the polynomial components t and 52—
P ——

i e e e g et s ey S e e e i A

1 -t
t+4—e Sint-l‘e

t
T’

1

- e—t(Cost - Sint) +

-2t

N| =

e

(2-4-67)

(2-4-68)

2t

(2-4-69)




The ISE approximation scheme yields the following set of linear

equations:

1
, y(-z),Ly(o)_ (1, (O (-2)

x > <y > X >

o _(0) 0)

P g g y('1)>

<y(°), e % y(o), tT >

i |
D, yO, (D CD, D y(-z),‘<y(-1). O 0 Ry ‘<y(-1). i g T

<y

D, O, (D (D, D) FDs D, (D, DD, B, D, %;,
QD @, D e, LT e T en) en :(:5,—’(:(:5__:: ey g: :
al D, O, (B (0, e e e en, (e, e L en %;,
______________________ Lgatoat mieds oF iR oeRl o
<t, y(O) > <, y(-l) > <t, y(-Z) > | <t, <D, <t, x2 >l <, t> 3 ::, :2——2-_> %
<%2- , y(0)> <=, y(-l) > <'Tz . y('2)>: <t72- 1, (‘Tz x(°2)>l <‘_2. t> <%z- . tz—z>

Fquation (2-4-70) can be solved directly by Jain's method.
method after setting D2

of the equation, and removing the last row.

In general this is an insensitive operator.
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Or, by Carr's

= 1, moving the first column to the right hand side

As was pointed out in

gection 2.1, and as is evident from (2-4-69), an additional _~lynomial

space is structured via the simple integral operator.
are ever-growing functions, even over short records they become the
dominant contributors to the set of basis functionms.

is further magnified if the input is a decaying exponential.

Since polynomials

This contribution

Thus, the

main contribution of the basis functions of (2-4-69) to the inner products

of (2-4-70) will be obtained from the polynomial part of the basis functions.
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Since these particular basis functions include only a constant and a
linear term, one should expect that the set (2-4-70) will be highly ill-
conditioned. Hence, as in Case 2, the simple integral operator is another

operator that generates a highly linearly dependent set of basis functions.

Next we consider an example where a nonexponential input is applied

to the system and additive noise is present at the output.

Example 2-4-2
The system to be identified is shown in Fig. 2-4-7. Let its impulse

response be given by

t A
(e 2m sint + 2e Trcos.St H
h(t) =
0 ;
1 1 1 1
(l e(—2—"+j)t: o e(-2—7,-;1)t 2 e(— FARERL: : e(— 3= 55t :
- 5 2 5
0 :
(2-4-
n(t)

— - 3 — U(})+
) h) m y(Hent)

Fig. 2-4-7. A system to be identified.

t>0

)

t <0

71)

t
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From (2-4-71), the system's transfer function is

A 1 o e 1 = 1 = 1

1
S CRYS ) N B CIY Y T DY I I C-R 1)) I CRTGIE SN TTY

3 T 2 o2 1 5 1 e ek
S +(§+?)S +(l+?+iﬂ2)s+(§+?+ﬁ2+ l.—l;ra)
1 1 1

=2.
1
(B+5 -~ NE+Z + 3} §+5 - 53 (84 T+ .53

- 2 (S + .4411) (S + .3478 - j1.0086) (S + .3478 + j1.0086)

1 1 1 1
(S+2_n_-j) (S+2-‘;I' +j)(S+'T;-.5j) (S+F+.5j) .
(2-4-72)
The probing signal for the identification is chosen to be
E&;—t— 3 t Z 0
x(t) = (2-4-73)
0 1 £ <0 3
The system is assumed to be relaxed at t=0. The output
t
y(t) = [ x(Dh(t - 1)dT (2-4-74)
0

was calculated numerically over the time interval [0,6m] using 601 samples
spaced .0im seconds apart for each of x(t) and h(t). Figure 2-4-8 presents
the input, the output, and the system's impulse response over the time in-

terval [0,67].
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0o

3.

2.5¢C

2.00

UTRUT
Y@

.50

IMPULSE RESPONSE
h®

.00

0.50

INPUT
x(t)

0.00

-0.50

-1.00

.50

=

t
.90 2.0 .08 6.00 9,00 10,08 12.00 14,00 16.00 i8.00 20,00

«2.00
|

Fig. 2-4-8. Input x(t), impulse response h(t), and the resulting output y(t).




The noise n(t) is pseudo-randc: and uniformly distributed between

-A and A. A noise sample function of 101 samples over the interval [0,6T]
is plotted in Fig. 2-4-9. The value of A is chosen such that the signal to

noise ratio for the noise corrupted output is given by

101 2
s 121 1 de
/y = 10 log,, | 10 ’ (2-4-75)
n
i=1 4
where 101 samples of each of y(t) and n(t) were considered over the interval !

[0,67]. The samples are .06m seconds apart. Figure 2-2-10 shows the noise
corrupted output, y(t) + n(t), for %N = 10dB.
; The system is first identified for n(t) =0. The operator generating J
the set of basis functions is chosen to be the advance operator discussed

earlier.

Case 1 - Zero Additive Noise (n(t) =0)

The input and output basis functions generated for an advance of 10
time samples (i.e., .6T seconds) are plotted in Figures 2-4-11 and 2-4-12
respectively.

When a least-squares approximation scheme is used, the homogeneous

set of equations is represented in matrix form by

r A r
D, | o |
5 A
[M]T[MI -~ = —-=- (2-4-76)
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-0.00 -
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e —
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.50

-3.00
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4 -1
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: ¢
] o
i ;3 i
! e + 4 } 4 ' —— - + +
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|

Fig. 2-4-9. Pseudo-random uniformly distributed noise sample, n(t).

<
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! 8 e

i 7 o

Y S/N = 10dB i

j : 16 2 |

; I vy = 139.7

Y i=1 ;

' 2l 101
] 0 =13.97 4
i=1

Mean of y=.2243

|
Mean of n =—.0439I
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0.00

-0.80

-1.60

-2.40

.00 2.00 .50 6.00 8.00 10.00 12.00 14.00 16.00 18.00 20,00

&3-20
!

Fig. 2-4-10. System’s output y(t), corrupted by additive noise n(t).
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10.50

x(t+.67)

1.50

-0.00

/<L(t +1.8%)

o
e
T--

&

L x(t+t.27)

=8 : t
‘0,00 1.20 2.40 3.60 4.80 6.00 7.20 8.40 9.60 10.80 12.00

Fig. 2-4-11. Basis set for the input.
. SR SN
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2.50

2.00

Y (t+.67)

0.50

‘a(uz.w)
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y(t+120)

%(t‘l.lt)

t

Fig. 2-4-12.

Basis set for the output.

10.30

12.00
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The first n+l columns of [M] represent the y(.) basis functions, and the last
m+l columns of [M] represent the x(.) basis functionms.

The poles and zeros resulting from the identification are presented in
Table 2-4-7 along with the exact poles and zeros. Clearly the discrepancy
between the exact and identified values is due to the numerical convolution that

generated y(t).

Table 2-4-7
Poles Zeros

Exact ““ia;ntified Exact Identified
-ﬁ}eal imaginary real imaginaryj| real imaginary|)| real | imaginary
-.3183 D -.3173 | .5027 -.4411 0 -.4305 0
-.3183 -5 -.3173 | -.5027 -.3478 1.0086 -.3816 1.013
-.1592 1 -.1602 | 1.001 -.3478 |-1.0086 -.3816 -1.013
-.1592 -1 -.1602 | -1.001 — — = e

Case 2 - Nonzero Additive Noise

When the output is corrupted by additive noise the set of basis functions

generated by the advance operator of Case 1 is given by

{y(t + .6Tk) + n(t + .67k)}; k=0,1,2,3,4, (2-4-77)

The set of basis functions of (2-4-77) is plotted in Figure 2-4-13. Since the
output y(t) is a decaying signal and the noise n(t) is uniformly distributed,
the %N is time dependent. The S/N associated with each basis function is

presented in Figure 2-4-13.




%(t) + )

g (Sh=R.18)
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Fig. 2-4-13. Output basis set corrupted by noise.
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It is clear that in practice the output y(t) +n(t) cannot be separated
into y(t) and n(t). But, for the given synthesized example we will define
their contribution through separate matrices in order to gain insight into the
noise effect. Define the noise matrix [N] such that its first n+l columns
are the advanced versions of the noise sample n(t), and the last m+l columns

are zero entries (i.e., no noise associated with the input). In particular

J : T

: | ' e b
| l i3 P
6w Pty Toli s &% ekt b ki, ' # (2-4-78)
i | i : | i I .l 1
! l \ | .: :.
L ' - [ ' 4 o) ,
e B L e . i p A
n+l \“—EH_'—J
For the noisy case, (2-4-76) becomes
§ . /l;o 1 P
o T 5 .
M]© + [N]" )} {[M] + [N] } — = -— (2-4-79)
N 0
0 .
; 5
L & ] L& d

From (2-4-79) it is found out that the noise contribution is manifested by

[NL] defined by

v = (TN + w1 + Ty, (2-4-80)




e
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Carrying out the matrix operations in (2-4-80) results in
nt+l m+l
it S — . i e
- ' 3
]
o+l 2<n(.), Y(-» + <n(-):n(-)> l <n(.),x(.)>
[NL] = ________~_~__T_____ © (2-4-81)
w1 <n(.), x(.)> ' 0 J
L .
The inner product matrix for Case 1 (without noise) is given by
130.3 21.08 ~720.95 1.418 26.43 18.46 6.4 N .
21.08 99.16 T12.12 ~52.55 21.19 24,78 :.4;: "';..g:: ; ;;3
=70.95 T12.12 43.87 “1.225 T19.04 “9.61 4.498 1.59 '3.251
ki 4 1.418 “52.55 “1.,223 32.77 “7.307 “13.42 “4.95 4.001 0:4383
[M] [M] = | 26.43 21.19 ~19.04 =7.307 12.62 6.506 1,087 ~1.902 1.542
18.6 24.78 “9.61 T13.42 4.504 8.553 1.254 T1.963 0.5025
:;.:;; _:-;;a: 4,498 T4,95 ~1.087 1,254 1:.248 ‘0:4067 '0:4057
2 . 1,59 4.001 “1.902 T1.963 “0.4067 0.5829 T0.09747
4.992 0.734 ~3.251 0.4388 1.542 0.504S '0:4057 “0.09747 0.2655
(2-4-82)
For YN = 10dB, the contribution due to the noise is
13.72 “8.078 “5,345 . -
8.078 13.13 ~2.664 -5.829 44 - T Lo o 0.1642 0.2172
5,345 S5k Fi S _4.804 _0.1295 0.368 ~0.2664 ~0.09355
P 5. a0¢ o L8 e 12,59 70,5919 0.4912 0.2192  ~0.3401
N,] = 3719 i oot g 4.261 1,015 ~0.8522 0.4182 0.1588
L -0.3761 O 1998 ©ogimety oy are ‘-5;':: 1.516 0.2575  ~0.4491 0.07427
0.4894 0.368 0.4912 “0.6522 0."‘75 g o o °
0.1847  -0.2664 0.2192 0.4182  -0.44%1 ° ° ° °
0.2172 0.09355 ~0.3601 0.1588 0.07427 ] o 8 g
(2-4-83)
Then, solving the equation
P& T -01
0
. .
. .
° .
A
Dn 0
‘r - - —— -y -
(RTINS P L
N 0
0
. .
. .
. .
N 0
o 3 R b
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yields the hatted coefficients for the characteristic equation, whose roots,
after the proper transformation result in the identified poles given by
-.0464 + jO.689

(2-4-85)
* -.165 + j1.24 ,

From Figure 2-4-13, it is clear that there exists a trade-off between
the amount of advance used and the given SVN . In this respect, the present
example does not represent any effort to optimize the advance used.

To improve the solution obtained in (2-4-85), one should 1) increase

the number of samples used over the given record (the basis functions of the
example utilized just 61 samples), 2) properly choose a usable portion of the
record, and 3) choose a 'good' value for the amount of advance. In addition,
the approximation scheme can be improved by taking advantage of the noise
properties. For instance, in a least-squares scheme we premultiply the
equation by the.transpose of the rectangular matrix representing the noisy
basis functions (see(2-4-79)). Define the matrix operation O as first
reversing the order of the matrix rows, and then taking the transpose.
Utilizing this operator in (2-4-79) instead of the regular transpose might
reduce the effect -of noise. This operation takes advantage of the small
correlation between noise samples separated by large time intervals. 1In
particular, one contributer to [NL] in (2-4-80) is [N]T[N]. Concentrating

on the nonzero submatrix of [N]T[N] of Case 2, we have

[3.266 “1.566 ~1.832 2.401 0.6318
T ~4,13 3.327 1.45 2436 0.5546
[N]'IN] = |-4,924 ~1.989 4,062 ~0.06135 ~2,535
3,778 ~5,078 ~1.714 3,675 ~0.3168
2,959 6,018 “1.159 ~3.034 1.264

(2-4-86)




The same matrix with a O operation results in

=0.2258

o 0.1271
[N]"[N] = 0.1849
~0.1706

1.824

Notice that 21 out of 25 entries of (2-4

the corresponding entries in (2-4-86).

0.1271

0.4922
T0.8318

0.9663
1,309

0.1849
T0.8318
T0.2702
T2,058

002348

T0.1706
0.9663

—2.058
0.7081

TOL2852
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1.824
T1.309

0.02368
T0.2852
T0,1529

(2-4-87)

-87) are smaller in magnitude than

This reduces the effect of the noise.




Chapter 3

USEFUL SUPPLEMENTAL TOOLS

Two supplemental tools are discussed in this chapter. The first
is the concept of the '"growing tree." The "growing tree" describes
the movement of poles in the S-plane as the order of the approximation
is increased. The tree behaves in a distinct, but highly structured
manner for each signal. Consequently, the tree is useful for extra-
polating the poles of a lower-order approximation to those of higher
order. Also, the tree is useful in separating signal poles from
extraneous poles in a noisy problem.

The second topic deals with the problem of obtaining a "good"
first guess for iterative schemes which utilize highly nonlinear

equations,

3.1 The Growing Tree

Assume an rth-ordet approximation is to be used to approximate a
function which is composed of a sum of n exponentials. If the order
of approximation is increased from r=1 to r=n, a trajectory of the pole
locations can be drawn in the S-plane (see Fig. 2-4-6). Clearly, for
r>n, the set of equations for determining the coefficients becomes
singular. Hence, once the exact solution has been reached, corre-
sponding to r=n, the “growth" of the trajectory is stopped.

Now assume that a nonexponential function is to be approximated
by a sum of exponentials. From Chapter 1, it is known that an infinite

set of exponential basis functions spans the space szo,wﬂ. Hence, if

““"“i“
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the nonexponential function belongs to LZ[O,w], the function can be
approximated arbitrarily closely by the exponential basis. Since it

is impractical to use an infinite set as a representation, an approx-
imation of order r is utilized. A trajectory of the pole locations is
structured in the S-plane as r is increased successively from unity.
This "growing" trajectory is called a "growing" tree. Clearly, the

tree of a nonexponential function continues to grow with ever-increasing
E.

When discussing the behavior of the growing tree, it is convenient
to divide the nonexponential functions into two subgroups. A natural
division consists of 1) functions which have a faster than exponential
decay, and 2) functions which have a slower than exponential decay. The
first group is counsidered to be composed of time-limited functions
(in some wide sense) while the second group is considered to be com-
posed of nontime-limited functions.

On the basis of many worked examples, it is noticed that the
growth of a tree belonging to a time-limited function expands in the
general direction of the negative real axis of the S-plane. Also, if

r >r_, the poles representing r

- are positioned on a contour of

2

greater extent than the contour of poles representing r The two

1"
contours do not intersect. For real time signals, the tree is symmet-
rical about the negative real axis. As r is increased, the tree
spreads out in the positive and negative directions of the imaginary
axis as it grows along the negative real axis.

For nontime-limited functions, the base of the tree is localized

in a narrow region of the negative real axis with the branches extending

towards the imaginary axis. Since the functions being approximated
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are assumed to decay with increasing time, the poles do not cross over
into the right-half plane as r is increased in value. Instead the
branches stop growing just short of the imaginary axis. For real
signals the tree is again symmetrical about the negative real axis.
However, because nontime-limited functions are bandlimited, the tree
branches are confined within a finite region of the imaginary axis.
For r2>rl, the contour formed for r, grows inside that for r1 by

interleaving with all of the contours corresponding to r<r Hence,

9"
] the branches of the tree tend to bend inwards (as though they were
heavily laden with fruit).

Some examples are now presented to illustrate the behavior ot the

two types of growing trees.

Example 3-1-1

Consider a strictly time-limited sine pulse, denoted by SINP, which

is given by

) _ sinmt ; 05ts<1
§ SINP = (3-1-1)

0 ; elsewhere.

The SINP tree with r =1, 2, , ., ,, 8 is presented in Fig. 3-1-1. The

SINP function and its approximations for odd and even values of r,
respectively, are presented in Figures 3-1-5 and 3-1-6. The integrated

squared error, as a function of r, is plotted in Fig. 3-1-11.




Example 3-1-2

i i

Consider a strictly time-limited square pulse, denoted by SQP, which is

given by

1; 0<t<l (3_1-2)

0; elsewhere ,

SQP =

The SQP tree withr =1, 2, . . ., 8 is presented in Fig. 3-1-2. The

SQP function and its approximations for odd and even values of r,

respectively, are presented in Figures 3-1-7 and 3-1-8. The integrated

squared error, as a function of r, is plotted in Fig. 3-1-11.

Example 3-1-3

Consider a wide sense time-limited gaussian pulse, denoted by GP, which

is given by

2
-[4(t=1/2)]
N t20 N
| s (3-1-3)
1; 0 M t<0 o

; The GP tree withr =1, 2, . . ., 8 is presented in Fig. 3-1-3. The

i GP function and its approximations for odd and even values of r,

§ respectively, are presented in Figures 3-1-9 and 3-1-10. The integrated
]

squared error, as a function of r, is plotted in Fig. 3-1-11.

In carrying out the approximations for the above three examples,
the reverse time integral operator (see (2-4-43) ) was used along with

: the ISE approximation scheme (see (A-1-11) ). For the final example
i ,.:‘1 [z
‘ i; scheme.

R I il . O

the differential operator is utilized along with the ISE approximation

.l
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Example 3-1-4

Consider the nontime-limited function, denoted by SINC, which is given by

sin_t
€ ; t20 :
SINC = (3‘1‘4)
i 0 sE<O” o

TEXT CONTINUED FOR THIS EXAMPLE ON PAGE 3~13.
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Although this function exists for all positive time, only that portion
over the interval [0, 4%] was approximated (i.e., the integrations in
the inner products extended from O to 4%). The SINC tree with

r=1, 2, . . ., 8 is presented in Fig. 3-1-4., The SINC function and
its approximations for odd and even values of r, respectively, are
presented in Figures 3-1-12 and 3-1-13. The integrated squared error,

as a function of r, is plotted in Fig. 3-1-14.

Notice that the "time-limited" trees in Figures 3-1-1 through
3-1-3 grow to the left whereas the '"montime-limited" tree in Fig. 3-1-4
grows to the right. The trees demonstrate that a priority exists for
! the manner in which a waveform is approximated as the number of poles i
is increased. Given a small value of r, the poles are chosen so as
to give a "best" fit to that portion of the waveform where most of the
‘1 energy is concentrated. Additional poles are then used to refine the
approximation to the remaining portion of the signal. For a time-
limited signal the additional poles add terms to the approximation
which have successively larger rates of decay in an effort to account
for the faster-than-exponential decay of the signal at later instants
| ; of time. Conversely, for a nontime-iimited signal the additional

poles add terms to the approximation which have successively slower

rates of decay in an effort to account for the slower-than-exponential

decay of the signal at later instants of time.
For smooth time functions the tree branches consist of relatively
smooth contours which are U-shaped about the real axis. The faster the

rate of growth along the real axis, the faster is the decrease in the

!‘-Il_-u g=_555 SL“‘ 2 agen
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ISE. On the other hand, piecewise-continuous functions have tree
branches which tend to wiggle to the right and left during the growth
of the tree. Since these branches do not progress very rapidly along
the real axis, their ISE decreases more slowly. This is illustrated
by the ISEcurves of Figures 3-1-11 and 3-1-14. This behavior is
manifested in the time waveform approximations as a Gibb's phenomenon
(see Figures 3-1-5 through 3-1-8).

The growth of the trees is seen to be highly structured. Thereforg,
given a tree up to order r, it is possible to obtain a reasonably good
guess of the (r + l)th trajectory by simply extrapolating each tree
branch. In Fig. 3-1-~2 for the SQP tree, the extrapolated pole positions
for r = 9 are shown along with the actual approximation.

It is interesting to observe that the rth order trajectory for
both time-limited and nontime-limited functions is U-shaped to the
right about the real axis. The only difference is that, for time-
limited functions, the dominant poles are at the tips of the U while,
for nontime-limited functions, the dominant poles are at the base of
the U. It is also interesting to note that, although the trees in
Figures 3-1-1, 3-1-2, and 3-1-3 are for three different pulses having
approximately the same pulse width, the trees span roughly the same
region of the S-plane.

The growing tree is a useful tool for discriminating against noise.
For a signal composed of n exponentials the tree stops growing at r = n.
When noise is present, the tree continues to grow beyond r = n. However,
the actual poles tend to be perturbed only slightly while the additional
poles, due to the noise, move significantly. This behavior can be used

to determine both the system order and system poles under noisy conditions.




3.2 Iterative Optimization Techniques

The approximation/identification technique discussed previously are

linear in the sense that a linear set of equations are solved for the
numerator and denominator coefficients of the transfer function. These
equations are generated by selecting the ccefficients to minimize an
error criterion such as least squares, integrated squared-error, etc
The system poles and zeros are nonlinearly related to the denominator and
numerator coefficients, respectively, by means of polynomial equations.
Some approximation/identification techniques solve directly for the poles
and residues. The equations are now generated by selecting the poles and
residues to minimize some suitable error criterion. These equations are
highly nonlinear and are usually solved through some iterative scheme.
Different iterative methods, mainly designed for the synthesis problem,
are presented in [19], [20], [21], [22], [27], [28]. A good initial
guess is highly desirable in order to minimize the number of iterations.
In some cases, a good initial guess is required if the correct solution
is to be achieved due to the presence of multiple local minima (i.e., the
iteration should begin near the correct local minimum). It should be
noted that minimizing an error criterion with respect to the transfer
function coefficients is not equivalent to minimizing an error criterion
with respect to the poles and residues. However, both approaches tend
to be equivalent when the errors are small.

Although any one of the identification techniques discussed in
chapter 2 could be used to provide the initial guess, not all of the
operators and approximation techniques perform the same for a given pro-

blem. Hence, the identification technique chosen for a specific problem
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should be selected with care. This is illustrated by the example dis-
cussed next.
Example 3-2-1

This example is one of the problems given at the RADC Spectral Es-
timation Workshop held May 24-26, 1978. It is interesting because it
involves an FM signal which can be interpreted in terms of a slowly
varying linear single-tuned circuit.

This problem concerns identifying emitters by their signal character-
istics.

Problem: Determine the instantaneous frequency of the largest am-
plitude sinusoid within the portion of the spectrum of interest. The
instantaneous frequency is defined as

1 do
2T dt
where ¢ = argument of the sinusoid.
It is required to determine the instantaneous frequency every 0.04 sec.

from tl through t16 where

0.04 sec.

[
v

t, = 0.08 sec.

t16 = 0.64 sec.

The data model is

P

x(t) '121 A, cos (¢,) + n(t) (where P < 5)

i

The summation consists of a single large-amplitude sinusoid (the '"signal'')

aiia : — B~




plus a number of smaller—amplitude sinusoids (the "interference'). There
are "P" sinusoids in all.

The '"noise" waveform is n(t). The resulting data waveform, x(t),
has been sampled at an 800 samples/sec. rate, and the total duration of
the data waveform is 0.64 sec. The sampled noise waveform is actually
a sequence of pseudo-uniformly distributed random numbers.

The spectrum of interest is from 130 to 270 Hertz. The sampling
rate was chosen to be at least four (4) times greater than the instan-
taneous frequency of any sinusoid in the summation above.

Some statistics concerning the data are:

1. The rate of frequency drift of any sinusoid is not greater than
190 Hertz/sec.

2. An estimate of the signal-to-noise ratio is:

10 log,, N 2 < 204dB

where N = 512 = the total number of data samples,

Si denotes the sampled value of the largest amplitude sinusoid,

without noise, at the time point ti

n, denotes the sampled value, at time point t

n(t).

T of the noise waveform,

3. An estimate of the signal-to-noise-plus-interference ratio is

pet . —" g = . b PR CAravanatd Lo it =S
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N 2
] 8
10 log, =1 s 2 17 4B
N P-1 2
n, +
izl ( 5 Kzl xKi)

where Si and ny have already been defined in (2) and where

P-1
2 XK denotes the sum of the sampled values, at time point t
K=1 i

i of all

of the P-1 weaker sinusoids, the "interference'.

The first thing to be noted in this problem is the low sampling
rate which may produce as few as four samples per cycle. In addition,
the frequency drift causes the problem to be time variant. If the pro-
blem is to be interpreted in terms of a sequence of time-invariant sys-
tems, only a limited number of samples can be used to estimate the fre-
quency drift rate of 190 Hz/sec., the maximum frequency drift in .04
seconds in 7.6 Hz. Since this is less than 6% of the lowest frequency
in the spectrum of interest (i.e., 130 Hz), the instantaneous frequency
is assumed to be approximately constant over this interval. Hence, 32
samples, spaced about the data point, were used to determine the instan-
taneous frequency at each instant ti' The slow sampling rate dictates
the use of a discrete time operator for the identification procedure
(i.e., it is difficult to visualize the time waveform from the data).
In addition, the small number of samples which can be used at a time,
discourages the use of a delay operator. Consequently, it was decided
to use an overdetermined Prony approach. Because no exponential decays

are involved in this problem, ill conditioning due to extremely small

sample values is not a concern.

WRRI—
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Since complex poles in a real system appear in conjugate pairs, the
overdetermined Prony method was used to solve for two poles. (The inter-
ference and noise were assumed to be negligible since the signal-to-noise-
plus-interference ratio was given to be approximately 17 dB). These
poles provided the initial guess for a least squares direct search
iterative scheme which varied the poles and residues in a systematic
manner in order to minimize the error between the approximation and the
sample values in the .04 second interval being considered.

The exact solution to the synthesized problem, as provided by RADC,
is presented in Appendix B. The initial guess by means of the Prony
technique and the solution obtained via the direct search iteration are
shown in Figure 3-2-1 along with the exact solution (solid line). Fig.
3-2-2 is a plot of the instantaneous error for both the initial guess
and the direct search. The initial guesses are seen to be quite good.
However, the iteration scheme does result in an improvement at 13 of the
16 points. This solution was the best of all those submitted at the
workshop and was considerably better than those obtained by conventional
spectral estimation techniques such as Burg's maximum entropy, FFT, and
ARMA (autoregressive moving average filter) approaches. A technique,
based upon zero-crossing FM demodulation [33], provided a solution which

was practically as good. Results for this approach are also plotted on

Fig. 3-2-1 and compared in Fig. 3-2-3 where the zero-crossing method is seen

provide closeranswe.s in 6 of the 16 points. The sum of squared errors
for the iterative approach is 2.34 vhereas that for the zero-crossing

approach is 4.19.

to
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Chapter 4
IDENTIFICATION OF WEAKLY NONLINEAR SYSTEMS

4.1 Introduction

The Volterra series representation for a weakly nonlinear system was
introduced in Chapter 1. The series is most useful in applications where
a finite number of terms N is adequate for modeling the system response
(see(1-1-6)). It has been shown [34] that the nth—order impulse response
hn(:l....,th) is a sum of exponentials when the linear impulse response
hl(t) is a sum of exponentials. Also, the natural frequencies of the
higher order transfer functions can be determined a priori from the natural
frequencies of hl(t).

In particular, if the linear impulse response is given by

hl(t) = (4-1-1)
0 s & <. B,

then the second-order impulse response is

M K ak tl + ak t2
kzllzc 1‘\"1"2e A g st 25
hz(tl.tz) =/"1 2 (4-1-2)
g K Ak eakltz + akzt1
k=l k=l 12 &2 .

&

m—sqw‘ e
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The terms for the third-order impulse response are of the same form as in
(4-1-2). However, now a triple summation is involved over the indices
kl, k2, and k, and the exponents of each term are of the form

. + . + . =
(aki £ akj tz akl t3) where i, j, £ =1,2, or 3, 1 # j # 2, and there
are six terms, one for each condition t, > t 3.t2 (See (7-5) of [34)).

. isgal¥:

The relation between the natural frequencies of (4-1-2) and those of

(4-1-1) is given by

Xi 3 e N T
ak € (4-1-3)
A=) 0 (SAE_ SIS
1 Ly ]

v Bk £=1,...,K }
s {i :

In addition, the parameter M in (4-1-2) is

e (4=1-4)

Hence, given hl(t), the only unknowns in (4-1-2) are the residues Aklkz.
These are determined using an appropriate sum of exponentials for the
input to the weakly nonlinear system. The response is a sum of exponentials.
This response is assumed to be the output of an equivalent linear system.
The unknowns Aklk2 are uniquely related to the residues of the equivalent
linear impulse response. Hence, by applving one of the approximation
schemes to the equivalent impulse response, a set of linear equations can
be written from which the coefficients Aklkz can be determined.

The procedure begins by first determining hl(t). For this purpose,

the input amplitude is maintained small enough such that nonlinear effects

are negligible. The next step is to determine hz(tl.tz). The input
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amplitude is now chosen such that second—-order effects are noticeable

but third-and higher-order effects are still negligible. The response due
to the second-order portion of the system can be isolated by subtracting
out a suitably weighted replica of the linear response. The procedure
continues for h3(t1,t2,t3) and so on. To determine the appropriate signal
amplitude at each step, a single sinusoid is used as the input and the
harmonic content of the output is checked.

4.2 1Identification of a Transistor Amplifier

The identification approach discussed above was applied in [34] to
identification of a transistor amplifier. The example is repeated here
where the results of this dissertation are utilized to give additional
insight into the problem. The amplifier, with the transistor replaced by

its nonlinear incremental equivalent circuit, is shown in Fig. 4-2-1.

—— 425V
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:: f'ﬁ-n-——--——— _—- Tﬁ;r-——'li:'”m
I o A0
' O/ )
2 ¥ l 1010 a 100 kA2 51 "J"’l" s

I’ ""‘f "A'A‘ I r
1
| |
| &“»

00 3 I

9 1 |
' ' 2N2950 %: s0n |
| MODEL
I

v'q,.,) ilh.l‘ ‘ Telvg
i
|
+

Fig. 4~2-1. Transistor Amplifier
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F
The circuit and model parameters are given in [34] and are not repeated
here. From [34] it is known that the system behaves linearly for input
amplitudes less than 10_3 volts. With an input amplitude of 10_2 volts,

a second-order response is noted while higher-order responses remain

negligible.

In [34] the first-order impulse response was identified using as an
input
o001« TOE ¥ S
vin(t) = . (4-2-1)

0 3 e %0

Identification of the second-order impulse response utilized the input

7
01 e 10t 5 £>0
v, (©) = (4-2-2)

0 § £ €O

The second-order portion of the response was separated from the total

! response (i.e., the sum of first—and second-order) by subtracting from the
total response 10 times the linear response.

The identification procedure used in [34] is Jain's pencil of functions
technique [31]. The operator in this approach is the simple integral
3 operator, f: (*) dt. In order to obtain meaningful results with this
operator, it was necessary to use 2400 samples closely spaced at intervals

§ ‘ of 10-9 seconds. The system order was established to be n = 2. (This
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value is correct, as is obvious by inspection of Fig. 4-2-1). The poles

and residues found in [34] for hl(t) are given in Table 4-2-1.

Table 4-2-1
Pole residue
> A = -.011551 (2 10%m) .2807(10")
A, = -10.6169(2-10°%m) 273.684 (10%)

2

As pointed out in case 5 of example 2-4-1, the simple integral operator
is a poor choice because it results in a highly linearly dependent set of
basis functions. Consequently, the example was repeated using the advance
(negative delay) operator of (2-4-39). Only 151 samples spaced at intervals
of 10-8 seconds were used (i.e., many fewer samples and a slightly shorter

data record than in [34]). The advance T was set equal to 10'-7 seconds

(i.e., every 10 samples). The poles and residues determined in this

manner are presented in Table 4-2-2.

Table 4-2-2
pole residue
J A = =-011454(2:10°m) .27502(10%)
.
x = -10.8071 (2-10%m) 279.107(10%)

Figure 4-2-2 presents the true output and the two responses generated by

the poles and residues of Tables 4-2-1 and 4-2-2.

From (4-1-2) notice that hz(tl.tz), evaluated for tl = t_. = t, becones |

2

K (a

z + ak b i 4
e
o Aki“a

K
1 2 (4=2-3)

M
= = 2

From (4-1-4) and table 4-2-1, it follows that

M=k’+1=2"41=5, (4-2-K)
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Hence, the natural frequenciss of (4-2-3) are tabulated in Table 4-2-3.

Table 4-2-3

it M K Natural frequency in terms of \,,) Camments
of (4-2-3) "

1 1 1 a, + a, 2A1

2 2 1 a, o+ a AZ & Al

3 3 1 a, + a, 2A1 - AZ Not allowed|
4 4 1 éﬁ,+ a AZ

5 5 1 §§7+ a, Xl

6 1 2 a + a, 1 = AZ Same as 2

7 2 2 a, + a, 2A2

8 3 2 al,+ a, Al Same as 5

9 4 2 a4 + a2 2X2 - Al Not allowed
10 5 2 a5 + a, \2 Same as 4

Therefore, the allowable natural frequencies of (4-2-3) are given by

ey Xy 2K

i) Z g ZAZ’ :

g * Az} ’ (4-2-5)

A procedure for determining the coefficients Aklkz is outlined in [34].

It should be mentioned that the set of equations for Ak K becomes
;-
highly linearly dependent when the dynamic range in the natural frequencies

of the linear response is large. For example, if XZ >> Al, then
A, + X 2 A_.. The natural frequencies of (4-2-5) then give rise to an

& 1 2

almost linearly dependent set of basis functions. In our example,

2 410 (4=2-6)
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Consequently, the equations in [34] for Ak K were extremely difficult
12
to solve. A remedy for this situation is to consider XZ + Al to be the

same natural frequency as Az. As a result, the set of (4-2-5) is reduced

to

{Al, AZ’ 2Al, 2A2} (4-2-7)

Removal of the natural frequency (Xl * kz) eliminates the ill-conditioned

nature of the equations without severely affecting the identification.
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Chapter 5

SUMMARY

5.1 Discussion of Results and Conclusions i

A general parametric model for the black box identification of

linear time invariant systems, in terms of rational transfer functioms,
I was developed. The parameters obtained from the identification

procedure are, in general, the coefficients of the numerator and

denominator polynomials of the transfer function transformed to a
V-plane. A transform associated with each operator used was defined
such that the transfer function can be transformed back from the
V-plane to the S-plane. From the general class of operators used, two
subgroups of operators were emphasized. One group is represented by
all the operators preserving the S-plane coefficients. The other is
the group of operators defined in the discrete z-domain.

It was demonstrated that parametric techniques from the published
literature, are special cases of the general model associated with a
particular approximation technique., It is emphasized in this disser-
tation that there are two separate stages at which the identification
is carried out. One is the generation of the basis set via the
chosen linear operator. The other is the choice of an approximation
scheme.

The use of different operators and different approximation schemes
was demonstrated through a variety of examples. It was pointed out
that some operators might perform batter than others in a given problem.
In general, the performance of an operator is dependent upon the data

provided, although some operators are shown to be inherently '"bad

ST - il '“""“""‘”*=EEHEBEEEE==========!“
e ’ .




performers '".

Having in mind line models of spectral estimates, there is a
tendency to require very long records of data such that high fre-
quency "resolution" be obtained. This is true for line spectra and is
attributed to the Sinc function behavior of the correlation coefficient
between two sinusoids (i.e., the correlation function decays as t-l).
For decaying signals like exponentials, this conclusion is false. It
was shown that for exponentials the correlation coefficient asymptotes
to a value defined by the exponentials' parameters. Hence, the magni~-
tude of the correlation coefficient cannot be made arbitrarily small
by increasing the record length. A "long-record" was developed based
upon the decaying signal parameters. This "long-record" is of finite
length and any increase of that record will add negligible improve-
ment to the identification. Also, on the basis of the "long record" a
rough estimate for the system's order was developed.

The "growing tree'" was introduced as another aid in determining
the system's order. The potential benefit of the '"growing tree'" when
applied to time domain synthesis problems was also pointed out.

Application of the identification model to slowly time-variant
systems and weakly nonlinear systems was discussed and demuns:irated

through numerical examples.

5.2 Areas for Future Researech

The vast bank of operators should be investigated and classified
on the basis of their performance when applied to different types of

identification problems.

The applicability of the identification model to the extended class




of slowly time-variant systems and weakly nonlinear systems should be

further investigated.

The '""growing tree" concept appears to be a promising tool. Its

behavior should be analyzed on firmer mathematical grounds. From
the different examples worked out, it seems that a signal's rate of

decay and its bandwidth are strongly related to the region in the

S-plane occupied by the tree. This relation should be examined.




Appendix A

AN INTRODUCTION TO SOME KNOWN APPROXIMATION TECHNIQUES

A-1. Methods Involving a Known Set of Basis Functions

Let {gi(t)}, i=1,2, ...,N, denote a given set of basis functions.
Assume that the real time function x(t) is to be approximated over the
closed time interval [Tl’TZ] by the finite sum

e N
x(t) = ) K;g,(t). (A-1-1)
i=1
The problem is to determine the N coefficients Ki’ 1 o= L X eey Ny 8O
as to obtain a reasonable approximation. Different approaches to the
approximation will, of course, result in different sets of coefficients.

Basically, what is needed is a set of N linearly independent
equations involving the N unknown expansion coefficients. One approach
is to require the approximation to equal x(t) at N different instants

of time tj, j=1,2,...,N, where Tl <. <3 The resulting approxi-

: Bt 8

mation is written as
& N
= A—1—2
x (t) 121 D8, (t) (A-1-2)

where the coefficients are determined from the N linear equations
xI(tj) = x(tj) 3 3= 1,2500e4N (A-1-3)

The subscript I in (A-1-2) is used to indicate that the approximation
can be intevpreted as an interpolation scheme for obtaining approximate
values of x(t) at instants different from tj. This approach has the

serious disadvantage that all time funct.ons having the same sample




ik

values at the N instants of time result in the same approximation. There-
fore, there is no control over the interpolation error at the nonsampling
instants.

The approximation may be improved by utilizing M sample points
where M > N. We can no longer require zero error at the sampling in-
stants. Nevertheless, a "better" overall fit can be obtained according

to some specified criterion. Using a least-square approach, we write

the approximation as

A~
X

N
s®) = 1 Lig (®) (A-1-4)

i=1

where the coefficients Li’ i=1,2,...,N are found by minimizing the sum

of the squared errors.

M

A ~
eLS = Z [x(tj) b st(tj)]zo (A-l-S)
j=1

Carrying out the minimization with respect to the coefficients results

in the N linear equations

aeLs M N
— = ) - = =
9L, jzl [x(ty) izl Ligi(tj)]gk(tj) 0, k= 1.3, 0000k
(A~1-6)
Rearranging terms, we obtain
M N M
321 L, BBy (e = j§1 B (E)X(E), k= 1,2, N (A-1-7)

When M = N, (A-1-7) reduces to (A-1-3),




The sampling ratio is defined to be

M
= — A-1-
R - (A-1-8)

When this ratio is greater than unity, the problem is said to be over-
deterniined. Clearly, the average distance between the sampling instants
is reduced by a factor of R in the overdetermined case. In this sense,
better control of the interpolated values is obtained due to the
higher density of sampling points. However, as before, all time func-
tions having the same sample values at the M time instant result in the
same approximation. Ideally, the larger the value of R, the better.
On the other hand, the computation becomes excessive when R is made
too large. Also, the equations become linearly dependent due to
numerical roundoff as the sampling instants become too close.

Instead of restricting attention to discrete instants of time,
we now generate approximations by considering the continuous interval

[Tl’TZ]' The integrated-squared-error is defined to be

s
e ® | k@ - % (1%t (A-1-9)
ISE 1SE
1
where
& N
x;gp(t) = 1 Ayg, (t) (A-1-10)
i=1
The coefficients Ai, i=1,2,...,N, are obtained by minimizing €ISE
The minimization results in
» T Ty
I [ g (t)g, (t)dt]A, = ( g (t)x(t)dt, k=1,2,...,N (A-1-11)
ss k i i ' . .
T =




In general, it is not possible to solve for each coefficient indi- 1

vidually because (A-1-11) represents N simultaneous linear equationms.

The situation is greatly simplified when the basis functions are
orthonormal.
For emphasis, we denote a set of basis functions which are ortho-

normal over the interval [Tl’TZ] by {wi} and write th: approximation as

N
() = } oy (). (A-1-12)

X
OISE i

To simplify matters, the basis functions are assumed to be real, The

orthonormal relationship is then written as
b

b L ¢ fz ¥y (£); (E)de = 6§y, (A-1-13)
|
where
1 i=3
844 = ; b (A-1-14)

Minimizing the integrated-squared~error for the orthonormal basis
representation, the equation for the coefficients ui become
i 4
&
a, = j wi(t)x(t)dt, 1= 1.2 el (A-1-15)

L

The solutions for the coefficients are seen to be uncoupled for this
special case.
As with the previous methods, several different time functions

can result in the same approximation. For example, let n(t) be




orthogonal to {gi} over the interval [Tl,T2]. It then follows that
the integrated-squared-error approximations of x(t) and y(t) = x(t) + n(t)

are identical. However, the integrated-squared-errors € (x) and

ISE
EISE(y) will be different for the two waveforms.
Another approach to the approximation problem involves considera-

tion of the derivatives and/or integrals of x(t). Let the nth derivative

of x(t) be denoted by

n
<™ (p) = 4x() (A-1-16)
n
dt

where n is a nonnegative integer. The first N terms of a Taylor series
expansion about the point t = T results in the approximation

xp(t) = Z x® @ LD T) (A-1-17)
250

where the subscript p indicates that the basis functions consist of

polynomials in t, the error is given by the remainder
t
o) N- N
R(t) = =(e) = & (x) = e j(t-r) L™ (t)ar . (A-1-18)
T

(N-1)!
Proof of this follows directly by evaluating the integral in (A-1-18)
through N successive integrations by parts.
To obtain an accurate approximation of x(t) in the vicinity about
t = T when using a general set of basis functions {gi}, we require that
the approximation and its first N-1 derivatives equal the function and

its first N-1 derivatives, respectively, at t = T. Denote the approxi-

mation by




A-6
3 N
xpp (€)= ) E 8, (t) (A-1-19)
i=1
where the subscript ED represents equality of derivatives at time T.
Hence, the N coefficients Ei‘ i=1,2,...,N, are determined from the
following set of N linear equations:
UM = 1My, L= 0,1,...,81 (A-1-20)
It follows tha’ A=1-17) may be expressed as
7] a 0
! - e
% (¢ B gy (£ -T) (A-1-21)

. L 3 )
| ¥ 1=0 ED !

which is recognized as the first N terms in the Taylor series expan-

sion for ;FD(U. By analogy with (A-1-18),
E
) ' ~ e _ A N-12(N) s
Xpp(t) - xp(t) -1 f(t )7 Txgp” (DT | (A-1-22)
i §

Subtraction of (A-1-22) from (A-1-18) yields the instantaneous error

expression

L
S ® = x(©) - 5 © = gy | @0 @ -2 P |
$ (A-1-23)

Let the interval [T3,T4] be contained within the interval [TI’TZ]'
An approximation to x(t) can also be obtained by requiring that the
approximation and its first (N-1) integrals equal the function and
its first (N-1) integrals, respectively, over [T3,T4]. The ntk-order

integral of x(t) ig¢ given by




e

A
3

E XZ
(-n) o
X (t) J Sl J l x(Xl)dkldAZ s dAm
T T
L5

(A-1-24)
t

=J =

1) x(t)dT.

T

The approximation is denoted by

N
Xup(t) = ) F,g,(t) (A-1-25)
{i=

i
where the subscript EI indicates equality of integrals over [T3,T4].
The coefficients Fi’ i=1,2,...,N, are determined from the N linear
equations
QE;Q)(T4) =x™V@y,  L=o01,..81 (A-1-26)

The two previous approximations may be combined to yield yet
another approximation. This is accomplished by requiring the first K
integrals from (A-1-26) and the first N-K derivatives from (A-1-20) to
be equal. The approximation is now denoted by

N

Xprp(t) = 1 Hg, (t) (A-1-27)
i=1

where the subscript EID indicates equality of both integrals and deriva-

tives. For simplicity we set T, = T. The coefficients H,, 1 = 1,2,...,N,

4 i
are then determined from the N linear equations
Qéig(r) - x®m, Loeagy o001, 008 001 (h-1-28)




T

The approximation in (A-1-27) can be further generalized by over-
determining the problem. Assume the number of sampling points is
given by M and that a total of L derivatives and/or integrals of x(t)
are to be considered. Let the approximation be expressed as

N
%ot} = | Que, (e (A-1-29)
i=1

where the subscript GLS indicates that the coefficients Qi are to be
determined from a generalized least-square approach. Taking into con-
sideration the first K integrals and the first L-K derivatives of
x(t) (including the zero-order derivative), the sum of the squared
errors becomes

E=C=1 M

) (L) )
G * 1 3 3Ry s xfe)) (A-1-30)
S R j cLs 't

where the product of L and M is chosen to be greater than or equal to N.
Notice that (A-1-30) reduces to (A-1-5) when L = 1 and K = 0. Also,

for L = N and M = 1, the problem is no longer overdetermined and determi-
nation of the coefficiencs by the generalized least-squares approach
reduces to (A-1-28) with the result that the error €6LS is identically
zero. Minimization of the error in (A-1-30) with respect to the coeffi-

cients Qi' i = 1,2,...,N, results in the N linear equations

L-K-1 M N L-K-1 M
S e® e eye, = 3T e®e)x®), x=1,2,...,N,
gk gul dep ® 03 U ey RS j

(A-1-31)

For L=1, K= 0 and M = N, the problem becomes the interpolation prob-

lem considered in (A-1-2) and (A-1-31) reduces to (A-1-3).




Similarly, the integrated squared error approach can be generalized
by involving the first K integrals and L-K derivatives of x(t). The

approximation is now denoted by

N
Fevaalt) = } Bg (£ (A-1-32)
GISE o1 s it

where the subscript GISE stands for generalized integrated-squared-error.

The generalized integrated-squared-error is defined to be

T
L-K-1
EGISE 5 QFEK J [X(Q)(t) = ;(2)(t)]2dt . (A-1-33)
Tl

Performing the minimization of (A-i-33) with respect to the coefficients

B i=1,2,...,N, yields the N linear equations

i)
ekt Bl s @) %) L-K-1 2 ) @)
oG j 8, (t)gi (t)dt]B, = J f grieyns e )dt s k= TR
5 k
ar A 0 B o A
1 1 (A-1-34)

The derivatives and/or integrals of x(t) are no longer involved when
L =1, K= 0 and (A-1-34) becomes (A-1-11).

As a final remark, we point out that the sampling instants
appearing in the set of N equations of (A-1-20) can be allowed to vary
from one equation to another. The same statement applies to the sets
of N linear equations appearing in (A-1-26), (A-1-28), and (A-1-31).
This allows for greater flexibility in generating the approximations.

At this point we illustrate the previous discussion with a simple
example. The objective is to demonstrate the varying amounts of compu-

tational effort required and the different waveforms which result using




the various methods of approximation. Following the example, we discuss
how the different approximations are related and show that a natural

criteria for their comparison is the integrated square error.

Example A-1-1

Given the finite set of basis functions

(8} = {1,t,6% (A-1-35)

approximate the function

x(t) = cos 27t (A-1-36)

over the interval [Tl,TZ] = [0.4].

Case 1 (interpolation scheme)

The approximation is given by (A-1-2) where the coefficients are
obtained from (A-1-3). The sampling instants, which are equal in
number to the number of coefficients to be determi.ned, are arbitrarily
chesen to be tj =0, 1/2, 1. Sample values of both x(t) and the basis

functions are given in Table A-1-1. In matrix form, (A-1-3) becomes

Table A-1-1

tj x(tj) g, g, g,

0 1 1 0 0

1/2 -1 1 112 1/4

1 1 1 1 1
Lo ]

1 0 0 D, [ 1
1 1/2 1/4||D, | =|-1 (A-1-57)
1 1 1 D, i 1
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Solution of (A-1-37) for the coefficients yields the approxima*ion

A 2
xI(t) =1 - 8t + 8t (A-1-38)

x(t) and ﬁl(t) are shown in Fig. A-1-1.

!

t —~

10.00

C.00
(X10-1)

Fig. A-1-1. The function x(t) and its approximation ;I(t).

Case 2 (least-squares approach)

The approximation is given by (A-1-4) where the coefficients are
determined from (A-1-7). We arbitrarily choose a sampling ratio of

3 so that M = 9 and N = 3. The 9 sampling instants and the corresponding

sample values of both x(t) and the basis functions are shown in




Table A-1-2. Let the 9x3 matrix formed from the columns 84 in Table
A-1-2 be denoted by [G]. In terms of matrices, (A-1-7)may be expressed

as

Ll ‘x(tl)
T i
[G] [G] L, |= [G] . (A-1-39)
L3 x(tg) :
Table A-1-2

Y x{ks) 8 &) 8,
0 ) 1 0 0
1/6 1/2 1 1/6 1/36
1/4 0 3 1/4 1/16
1/3 -1/2 1 1/3 1/9
1/2 -1 1 1/2 1/4
2/3 -1/2 1 2/3 4/9
3/4 0 1 3/4 9/16
5/6 1/2 1 5/6 25/36
1 1 1 1 1

Solution of (A-1-39) for the coefficients results in the approximation

xLS(t) = 1.1668 - 7.0524¢ + 7.0524t2_ (A-1-40)

x(t) and ;Ls(t) are shown in Fig. A-1-2.

Case 3 (integrated squared error approach)

The set of basis functions {gi}, given by (A-1-35), does not con-
stitute an orthonormal set. To simplify evaluation of the coefficients,

the Gram-Schmidt orthonormalization procedure was applied to {81}
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Fig. A-1-2. The function x(t) and its approximation QLS(t).
resulting in the orthonormal set {wi} where
Y(e) =1
¥p(e) = /3 (2t - 1) (A-1-41)

Uy(6) = /5 (6t” - 6t + 1),

The approximation to x(t) is given by (A-1-12) where the coefficients

are obtained from (A-1-15). It is found that al = az = 0 and a3 =

3/3/#2. Hence,

375

15 2
(t) = ovl(c) + sz(t) + "2 w3(t) = ;5 (6t - 6t + 1). (A-1-42)

*0iSE
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x(t) and X)pgp(t) are shown in Fig. A-1-3,

{o
(e
.
.t

— =

50

4

0

-0.00

=0, 50

o €=,0380308
o
'T # T + t -»
0.00 2ol S.00 7.50 10.00
(X10-1)
Fig. A-1-3. The function x(t) and its approximation ;OISE(t)'
Case 4 (equality of derivatives approach) '

The approximation is given by (A-1-19) where the coefficients are
obtained from (A-1-20). As is apparent from (A-1-20), the basis func-
tions and their derivatives are needed for evaluation of the coeffi-
cients. Since three basis functions are included in {81}’ N=3.

Therefore, (A-1-20) consists of three simultaneous equations for which

%2 = 0,1,2. The corresponding basis functions are given in Table A-1-3.




e —

Table A-1-3

L) %) (R)
L 8, g, 8,

In addition, the signal to be approximated and its first two derivatives

are

(0)
x

1)
x

(t) = cos 27t
(t) = =21 sin 2Tt (A-1-43)

x(z)(t) = -4ﬂ2 cos 2Tt.

Applying (A-1-20) at the time instant t = T = 1/2, solving for the co-

efficients Ei’ and substituting into (A-1-19) results in

2
3 LA 2 2.2
= - + A-1-44
xED(t) 3 2t + 2mt, ( )

x(t) and QED(t) are shown in Fig. A-1-4. Note the close fit of xED(t)

to x(t) around t = 1/2.

Case 5 (equality of integrals approach)

The approximation is now given by (A-1-25) where the coeffi ients
Fi are determined from (A-1-26). As in Case 4, three simultaneot s equa--
tions are needed since N = 3. Integrating over the interval [1,-], the

basis functions corresponding to £ = 0,1,2 are shown in Table A- 1-4.

s Rohiadlode o Dot e o 2 W T2 SEOSTES S e s serre e an e AR o
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'0. 00 2.50 5.0 7.50 10.00
(X10-1)

Fig. A-1-4. The function x(t) and its approximation ;ED(t).

o |

Table A-1-4
-1 -2 -2
2 gi ) g2( ) g_'§ )
0 1 t e?
¢ s (t-1) (£+1) (t=1) (t2+t+1)
2 3 ,
2 2 2.2 i
;| D (e1)” (e42) (e ety |

Also, the function being approximated and its first two integrals over
the interval (1,t) are:
x(o)(t) = cos 2Tt

x(-l)(t) = f% sin 27t (A-1-45)

¢ x(—z)(t) - —li [1 - cos 2mt] |

4m
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Solving (A-1-26) with T3 = 1 and TA = 0, the approximation becomes

QEI(c) “lw e det, (A-1-46)

x(t) and ;EI(t) are shown in Fig. A-1-5.

{

i3
L=
o X
s A
= X
EI
o
(=,
o
]
o \-
l.r-’.
4
o €=.09207
\:3 t —
'0. 00 2.50 5. 00 7.50 10.00

(X10-1)

Fig. A-1-5. The function x(t) and its approximation ; GE X

EIL"

Case 6 (equality of integrals and derivatives approach)

For this case the approximation is given by (A-1-27) where the co-
efficients are evaluated from (A-1-28). Once again, N = 3. To obtain
these three simultaneous equations, we let K = 1 in (A-1-28). Choosing

T = 1/2 and evaluating the integral over the interval (1,1/2), the
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basis functions evaluated at T = 1/2 are given in Table A-1-5.
Table A-1-5
0

v e [ sPamy | «Pam
-1 -1/2 -3/8 -7/24
0 1 1/2 1/4
lL 0 1 2

Similarly,

D apy =0, Pz --1, Pam2-=-0. (A-1-47)

This results in the approximation

xgrp(t) = 2 = 12¢ + 1262, (A-1-48)
x(t) and QEID(t) are shown in Fig.‘A—1—6.
} - T
o X |
i A {
D'r XE |
ID
o
(o
S
I
(7= )
wn
ol
|
o e=,08415
[an]
4 i i t -
'0.00 2.50 5. 00 7.50 10.00

(X10-1)

Fig. A-1-6. The function x(t) and its approximation X . (t).

EID




Case 7 (generalized least-square approach)

The approximation to x(t) is given by (A-1-29) where the coefficients
Q1 are obtained from (A-1-31). We present two different illustrations.
In the first a single sampling point (M= 1) is utilized whereas 9 dif-
ferent sampling points (M= 9) are used in the second. In both illus-
trations, we consider the function and 4 of its integrals over the

interval (1,t).

Part A: In this illustration, N =3, M =1, K= 4, and L = 5. The basis

)

" for £ = 0,~-1,-2 and 1 = 1,2,3 are given in Table A-1-4.

functions g
The functions corresponding to £ = -3,-4 are listed in Table A-1-6. The

function being approximated and its first two integrals are given in

Table A-1-6
% 2
e E
- -1> | @03+ | -3 cH3ere)
3 2 60
L ¢-0* | D4 | eDieiano
24 120 360

) (-4

f
(A-1-45). 1In addition, x' 3(t) and x (t) are

x(_a)(t) = —13 (t=1) - L sin 2wt

3
4 8t (A-1-49)
x(-b)(t) - -lf (t—l)2 - 14 (1 - cos 2mt) ,
8m 16m
The sampling instant and the corresponding sample values of x(l)(t)

and giz)(t) are shown in Table A-1-7.
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For a specific value of f, let the 1x3 matrices formed from the columns

2 2
gi) *)

be dencted by [G ]. In terms of matrices, (A-1-31) may be ex~

pressed as

-Ql

0 0
(1] €% nle,| - I 1w, @10
L==4 N =4
3

Solution of (A-1-50) for the coefficients results in the approximation
Xy () = 1.00013 - 6.12286¢ + 6.18055¢ (A-1-51)

X Fig. A-1-7.
x(t) and xGLS(t) are shown in Fig. A-1-7

o
=
& 4=
M1
fan}
2] :
- 6LS
O
o
) S Ny iy i AT I |
I
=
wn
L
o €=,08628
=
g = : t —
'0. 00 2.50 5. 00 7.50 10.00

(X10-1)

Fig. A-1-7. The function x(t) and its approximation xGLS(t),( =1).
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Part B:

we sample at 9 different time instants.

)

corresponding sample values of x

A-1-8.
columns gii)

becomes

0
{ } e
L==4

L) .7

be denoted by

1Ty

Once.again, N=3,K=4, and L = 5.

nO)

However, now M= 9 since
The sampling instants and the

(t) and ggz)(t) are shown in Table

For a specific value of ¢ , let the 9x3 matrices formed from the

1.

In terms of matrices, (A-1-31)

JE

0 .
JoipehEbilai o
= @)

(t)
(A-1-52)

Solution of (A-1-52) for the coefficients results in the approximation

XgLs (t)

x(t) and X

GLS

Fig. A~1-8. The function x(t)

= 1.17 - 7.1014t + 7.1089t:2 3 (A-1-53)
(t) are shown in Fig, A-1-8.
=Ty
\
M9
AQ4_ P
o X
GLS
(=
o
S. S S S i
o
wn
ol
|
® €=.06060
C? ) t —-
'0. 00 2.50 5.00 7.50 10. 00
(X10-1)

and its approximation QGLS(t). (M=9),
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Case 8 (generalized integrated-squared-error approach)

The approximation to x(t) ig given by (A-1-32) where the coeffi-
cients Bi are obtained from (A-1-34). Since the coefficients in the
GISE approach are determined by minimizing the sum of errors indicated
by (A-1-33), it is of interest to investigate the magnitude of the
individual errors in the sum. The values of the coefficients Bi are
most influenced by the need to minimize the larger errors.

For this case the approximation is generated by considering the
original function, its derivative, and its integral (i.e., L = 3, K = 1).
To assess the size of the errors likely to be encountered in (A-1-33),

(=
we first carry out ISE approximations to (1) x 1)((:) in terms of

5 ‘ l)(t)} (2) x(t) in terms of (g, (t)}, and (3) i

(t) in terms of
(t)}. As pointed out earlier, the GISE approach can be specialized

to the ISE approach with the proper choice of L and K in (A-1-34).

(1) approximation of x(-l)(t) in ferms of Igg.l)(t)} (=1, K=1)

The inner product for this case is defined to be

A [
8

<yy 2> = | y(t)z(c)dt | (A-1-54)
0
Hence, the inner products required by (A-1-34) are:
CB Gy EH D (1)()"&_5_31
<g1 81 <810 ’gz P T [y >| I3 2% 20
! 5 & 21
,(1) (it ) JC 0 R ) e ) 10 ((1)(1) et 2 el g (V7 5 o e
(<g '8 1 =<8, 7.8y By 2By B, 185 ' ‘24 15 72'
| ' {
P e N ) 8 (1) -1, |3 7 1
Loy f s Ty T8, Tl e TR Ry
i<g§'12x(‘1)> ] TR (A-1-55)
SHIC VR B VIV PN WA B
[<5‘§k ] l 2 » X — (— 472) : 9
: 2
(~1) (=3} J I 4n”-
o M b 0
[ S i 127r2 .
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In terms of the matrices of (A-1-55), (A-1-34) becomes

B
1

[<g( D.sf gec i Byl ™ [<g( e b (A-1-56)
e

The approximation is given by

£=1)

- 1.2 "
X{gE (t) = 1.787(t-1) - 10.332[2(t -1)] + 10.211[3 (t7-1)]
= -,02427 + 1.787t - 5.166t2 + 3.404t3, (A-1-57)
x(—l) and xISEzt) are shown in Fig. A-1-9.

: ‘r
(-1) :
2 T Q(—l) {
ISE !

4
T

0.00 2.50 5. .50 1
(X10-1)

(x@™™
.60 -P SC
T B i

Fig. A-1-9. The function x 1)(t) and its approximation x{sé)(t)
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2) approximation of x(t) in terms of {gi(t)} (=1, K=0)

The inner products required by (A-1-34) are now given by:

’ 1 17
<gl!g1> <gl!82> <81983> 1 3 3
= |2 i} g
[<gk’gi>] - <82:gl> <829g2> <829g3> 5 = %
1 1 1
<g3sgl> <33igz> <g3’g3> '3' 'Z g
5§ © (A-1-57)
[ <g x> 0
_ .
[<g ,x>] = By rX> = =5 1 0
2w
<g3,x> 1
The matrix equation for the coefficients Bi is similar in form to
(A-1-56) and results in the approximation
Xpgp(t) = l%'- 2% e 2% £
~ tr X (A-1-58)

= 1.51982 - 9.11891t + 9.1189lt2.

This is identical to the approximation that resulted in Case 3. (See

Fig. A-1-3).

(1) (

D1 amre-

3) approximation of x (t) in terms of {g

The inner products required by (A-1-34) are now given by




@D, gD

.sgl)> <gfl).s§1)>w

(1), ) (), (1) (1)

1
<g§ ),sl 8y 18 <8, 185 >

), @ 1)

i 1
<83 »81 <83 189 > <8§) (1)

»83 >

~

1 @,

[<8§1),x(1)>] >

The matrix equation for the coefficients Bi is similar in form to (A-1-56)

and results in the approximation

=(1) = 5
xISE(t) c{0) - 6CE) + 6(2t) (A-1-60)
i i 20 L
(1) ~(1)

where ¢ is an arbitrary constant. > (t) and xISE(t) are shown in

4
i ;

Fig. A-1-10. §.:

oY)
X

e e o e e S i

»

S A +
0.00 2.50 5.00 7.50
{(X10-1)

Fig. A-1-10. The function x(l)(t) and its approximation Q(l)

ISE(t)_




Having obtained these three approximations, note that the error becomes

progressively larger as one proceeds from ;ggé)(t) to ;iéé(t).

We now approximate x(t) by means of the GISE approach. However,
to emphasize the importance of the various terms in (A-1-33), we first

consider the situation for which L = 2, K = 1. With these values of

(=1}

L and K only x(t) and x (t) are involved in the approximation. We

then repeat the procedure for L = 3, K = 1. Then x(t), x(_l)(t), and
(1)

x (t) are all involved.

Equation (A-1-34) may be expressed in matrix form as

L-K-1 =
7 s 3| - ® O,

(A-1-61)

For L = ., K = 1, the approximation is

~ 2
xCISE(t) = 1.522113 - 9.132479t + 9.132466t (A-1-62)

Note that the coefficients in (A-1-62) fall between those in (A-1-57)

and (A-1-58). However, since the error associated with x

(-1)
ISE

to those in (A-1-58). For L = 3, K =1, the approximation is

rsg®) 1is

greater than that associated with X (t), the coefficients fall closer

- 2
xCISE(t) = 1.022 - 6.0523t + 6.0525t" (A-1-63)

The coefficients in (A-1-63) now fall between those in (A-1-57) and

(A-1-60). However, since the error associated with ;§é%(t) is much

q A(—l) A
larger than either of the errors sssociated with X1gE (t) and xISE(t),

the coefficients fall very close to those in (A-1-60). Plots of x(t),

xGISE(t)lL-Z,K-l’ and xGISE(t)|L=3,K-1 are shown in Fig. A-1-11.
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Fig. A-1-11. The function x(t) and its approximations

%o1sE(®) |22 k=1 * ¥erse(®) 13 g=1°

The relationships between the various approximations are indicated
by the block diagram presented in Fig. A-1-12. The equation used
to solve for the coefficients is refer.ed to in each block. The directed
paths between the blocks serve to indicat. how one approach may be
transfoimed into another.

Note that the block diagram in Fig. A-1-12 subdivides the various
approximations into those that process continuous waveforms versus
numerical data. In general, as the number of sampling instants is
increased (i.e., R » ®), the solution for the discrete case converges

to that of the continuous case. This is illustrated in Fig. A-1-13
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where Li(R) denotes the it“ least-squares coefficient of (A-1-7) for

a specified value of R and Ai denotes the ith integrated-squared-error
coefficient of (A-1-11). In our example, as R was increased with a
fixed value of N = 3, the smallest magnitudes of the coefficients Ll,
L2, and L3 all occurred for M = 4. As a result, Li(R) was normalized

by Li(4/3) in order to compress the plot. The LSE coefficients nicely
asymptote to the ISE coefficients. The convergence is even more
dramatically illustrated by examining the errors. Because the wave-

form being approximated is known in our example, it is possible to
compute the integrated-squared error for both the discrete and continuous
cases. These are shown in Fig. A-1-14. The asymptote is determined

from EISE’ the integrated-squared error for the continuous case. The

integrated-squared error for the discrete case, for a specified value

(R)
ISE’

by that occurring for the interpolation case (i.e., M = N = 3). Note

of R, is denoted by € For convenience, all errors are normalized
the abrupt convergence. The plot reveals that a value of R equal to 10
is more than adequate for the discrete case to approximate the continuous
case.

A summary of the waveforms resulting from the various approximations
is given in Fig. A-1-15. The associated integrated-squared error is in-
dicated on each plot. By examination of Case 4, it is obvious that an

"interval type" of error criterion, such as € is inappropriate for

ISE’
"Taylor type'" of approximation.
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Fig. A-1-13. Normalized approximation coefficients Vs. sampling
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Summary of waveforms resulting from example 2-1-1 and
their respective Integrated Squared errors (g).
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A.2 Convergence as R + « with a known exponential basis.

As a second example, the rate of convergence of the coefficients
and error in the discrete problem to those of the continuous problem
is investigated when the chosen basis is of an exponential type. For
simplicity, the coefficients are restricted to be real. This con-

straint is met by combining complex exponentials with their conjugates

in order to obtain decaying sinusoids.

Example A-2-1

Given the finite set of basis functions
{gi} 4 {e—(l—jn)t.e-(lﬁn)t,e—(z—j 3m)t ’e-(2+j 3Tr)t,e- (3=j5m)t ’e-—(3+j 5T)t
(A-2-1)

where, j 4 /-1, approximate the function

Lig o<t s L
x(t) =

0 otherwise

’

over the interval [Tl, T2] = 10,214

Since the coefficients Li in (A-1-7) are constrained to have a
zero imaginary part and since x(t) is real, the complex conjugate basis

functions represented in (A-2-1) can be combined into a new set of real

basis functions composed of decaying sinusoids. Consequently an equi-

valent set of basis functions is given by

2t 3t

(g 1= {etcos mt, e tsin mt, e “tcos 3ﬂt,e—2tsin Imt,e - cos 5mt}
S

i (A-2-3)

where e-3tsin 57t has been intentionally omitted in order to increase
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the approximation error.

As in example A-1-1, the waveform being approximated is known.
Hence, computation of eISE(R) is possible for the discrete case. The
normalized least-square coefficients Li(R)’ i=1,2,3,4,5 are plotted
in Figures A-2-1 through A-2-5, along with the asymptotes which are

given by the integrated-squared-error coefficients A The integrated-

i
squared error for the discrete case, as a function of the sampling
ratio, is shown in Fig. A-2-6 where the asymptote is the ISE of the
continuous case. As in example A-1-1, notice that R = 10 is more than
adequate for the discrete case to approximate the continuous case.
Plots of x(t) and its integrated-squared-error approximation are shown
in Fig. A-2-7.

To provide additional insight into the convergence of the least-
squares approximation of x(t), as given in (A-2-2), the approximation
is repeated five times as the number of basis functions is gradually
increased from one to five. In particular, the following sets of basis

functions were used:

(a) {gsl}

(b) {gsl,gsz}

(e) {gg)+8,7:8,5] s
() {gsl’852'883’gs4}

(e) {gsi} ; 1=1,2,3,4,5,

The corresponding integrated-squared errors versus the sampling ratio

are plotted in Fig. A-2-8. Note that the knee occurs for values of R
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between 3 and 5 and is insensitive to the number of basis functions used

(i.e., insensitive to the quality of the approximation).

A.3 General Discussion of Numerical Examples

From the theory of band-limited signals, it is well-known that one
has to sample a given signal at least at the Nyquist rate in order to
achieve a meaningful reconstruction. If a signal is sampled below this
rate, an aliasing error occurs. This type of error can be interpreted
in terms of Riemannsurfaces. It is clear that a phase variation of
larger than T radians between consecutive time samples for any of the
complex exponential waveform components will locate the phase of that
component on a Riemannsurface different from the first. If no informa-

tion is supplied about the true Riemanmnsurface on which the phase is
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located, then an error will occur in determination of that component’s
argument. In practise, an aliasing error always occurs since physical
signals can never be strictly band limited. For such signals the
Nyquist rate is usually determined by specifying a frequency above which
the energy content is assumed to be negligible, The aliasing error
is thien a function of the energy ratio between the in-band and out-of-
band components.

Hence, having chosen a suitable set of basis functions, one must
assure in the interpolation case that the sampling rate is chosen to be
at least the Nyquist rate if a meaningful reconstruction is to be ob-
tained. In the preceding examples, it was shown that a sampling ratio
of about 10 yields discrete approximations having an approximation error
almost as small as that of the continuous MISE approximation. In the
interpolation problem the minimum number of samples required equals
the number of known basis functions. For a band-limited signal, the
Nyquist rate determines the minimum number.of samples over a given
interval. This implies that, in general, the minimum number of basis
functions for a band-limited signal should equal the Nyquist rate times
the length of the sampling interval if a meaningful reconstruction is
to be obtained in the interpolation problem. To obtain an ISE(R) error
which is close to the MISE with such a set of basis functions, the
waveform should be oversampled at 10 times the Nyquist rate. Hence,

20 samples per cycle of the highest frequency component of significance,
speaking energywise, are required. If the ratio of highest to lowest

frequency is 100 and the approximation is carried over a full cycle of

the lowest frequency, 2000 samples are needed. Although this is =

A-41
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extremely large number of samples, one should remember that such a
ratio of frequencies describes a wide band signal. Also, the value
of 10 is a conservative choice for R. For such wide~band signals, it

may be desirable to pick R as low as 3 to 5 (i.e. 600 to 1000 samples).
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Appendix B [32]

Exact solution to the synthesized problem of Example 3-2-1.




ANSWERS TO INSTANTANEQUS FREQUENCY PROBLEM

DATA: x(1)=1000 cos(6,) + 100cos (¢,) + n(t)

SIGNAL INTERFERENCE NOISE

SIGNAL: 6,=34071-24 cos (Y t-I)+2

INSTANTANEOUS FREQUENCY ,L,,c%:' =170+30 sin (271-7 ) ( GRAPHED )

INTERFERENCE: 6:=32071-40 cos (271).2

INSTANTANEOUS FREQUENCY ,l,,‘%"" =160+40 sin (:7) ( GRAPHED )

3 NOISE: PSEUDO-UNIFORMLY DESTRIBUTED SEGUENCE OF NUMBERS
My, M2, ... Msiz WITH RANGE -100<n;< 100, THE MULTIPLICATIVE
LINEAR CONGRUENTIAL METHOD WAS USED TO GENERATE THE n;
n;,,=200 F;,, -100; (i:0,1,2,....511)
WHERE F;, =FRACTIONAL PART OF (997 1 Fj)
AND F,=0.5284163
1 48 INSTANTANEOUS FREQUENCY OF SIGNAL & INTERFERENCE
27 dt
’200
el /
1/ N SIGNLL
1” /l "¥ \
\ \
180 y / \\
170 / / \ \
(Hz) / / p’ \
! 160
INTERFEREN ce\
- \\
130
008 016 024 032 040 048 056 064 - TIME
(SECONDS)
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TIME (SEC)
04
08

-
~N

2B BRE S

INSTANTANEQUS FREQ (H2)
14914
145.73
152.37
160.73
170.00
179.27
187.63
194.27
198.53
200.00
198.53
194.27
187.63
179.27
170.00
160.73




(1]

(2]

(31

[4]

(5]

(6]

(71

(8]

(9]

(10]

(11]

(12]

[13]

References

C.T. Chen, Introduction to Linear System Theory.
N.Y.: Holt, Rinehart and Winston, Inc., 1970.

V. Volterra, Theory of Functionals of Integral and
Integro-differential Equations. N.Y.: Dover, 1959.

N. Wiener, "Response of a Nonlinear Device to Noise,"
MIT Radiation Laboratory, Report 129, April 1942.

J.W. Graham and L. Ehrman, "Nonlinear System Modeling and
Analysis with Applications to Communication Receivers,"
Signatron, Inc., AD-766278, June 1973.

R.E.A.C. Paley and N. Wiener, "Fourier Transforms in the

Complex Domain," Am. Math. Soc. Colloquium Pubs., Vol. XIX,
Am. Math. Society, N.Y., N.Y., 1934.

C.A. Desoer, and M. Vidyasagar, Feedback Systems: Input—-output
Properties. N.Y.: Academic Press, 1975.

L.A. Zadeh, and C.A. Desoer, Linear System Theory.
N.Y.: McGraw-Hill, 1963.

K.J. Astrom, and P. Eykhoff, "“System Identification - A Survey,"
Automatica, Vol. 7, pp. 123-162. Pergamon Press, 1971. Great Britain.

L. Kendall Su, Time-Domain Synthesis of Linear Networks.
N.J.: Prentice-Hall, Inc., 1971.

William H. Kautz, "Transient Synthesis in the Time Domain,"
IRE Transactions on Circuit Theory, CT-1, 3, September 1954,
ppo 29-39-

W.H. Huggins, "Representation and Analysis of Signals-- Part I.

The Use of Orthogonalized Exponentials," Department of Electrical
Engineering, The Johns Hopkins University (AFCRC Report TR-57-357),
September 30, 1957.

Tzay Y. Young, "Signal Theory and Electrocardiography,"
Dr. Eng. dissertation, The Johns Hopkins University, 1962.

R. Prony, "Essai experimental et analytique sur les lois de la
dilatabilite des fluides elastiques et sur celles de la force

expansive de la vapeur de l'eau et de la vapeur de 1l'alkoal, a
differentes temperatures,” Journal de 1'Ecole Polytechnique (Paris).
Vol. 1, Cahier 2, Floreal et Prairial, An. III 117955, PP. 24-76.

e




&
f
g

(14]

(15]

[16]

[(17]

[18]

(19]

(20]

(21]

[22]

[23]

[24]

[25]

(26]

[27]

F.B. Hildebrand, Introduction to Numerical Analysis.
N.Y.: McGraw-Hill, 1956.

J.D. Markel and A.H. Gray, Linear Prediction of Speech.
Berlin: Springer-Verlog, 1975.

M.L. Van Blaricum and R. Mittra, "Techniques for Extracting the
Complex Resonances of a System Directly from its Transient Response,"
Electromagnetics Laboratory Scientific Report No. 75-6, University

of Illinois at Urbana, December 1975.

L.W. Pearson, M.L. VanBlaricum, and R. Mittra, "A New Method for
Radar Target Recognition based on the Singularity Expansion for
the Target,'" Electromagnetics Laboratory, University of

Illinois at Urbana.

Lawrence Livermore Laboratory, Livermore, CA 94550, User's Manual
for SEMPEX: A Computer Code for Extracting Complex Exponentials
from a Time Waveform. Air Force Weapons Laboratory, Kirtland AFB,
NM 87117. Report AFWL-TR-76-200, March 1977.

R.N. McDonough, "Representation and Analysis of Signals, Part XV.
Matched Exponents for the Representation of Signals,' Johns
Hopkins University, Baltimore, Maryland, April 30, 1963.

G. Miller, "Representation and Analysis of Signals Part XXVI.
Least-Squares Approximation of Functions by Exponentials,"
Johns Hopkins University, Baltimore, Maryland, June 1969.

R.N, McDonough, and W.H. Huggins, "Best Least-Squares Representa-
tion of Signals by Exponentials," IEEE Trans. on Automatic Control,
Vol. AC-13, No. 4, August 1968.

A.G. Evans, and R. Fischl, "Optimal Least-Squares Time-Domain
Synthesis of Recursive Digital Filters," IEEE Trans. on Audio
and Electroacoustics, Vol. AU-21, No. 1, February 1973,

D.F, Tuttle, Jr., "Network Synthesis for Prescribed Transient
Response," D. Sc. dissertation, M.I.T., 1948,

W.H. Kautz, "Approximation over a Semi-infinite Interval,"
M.S. Thesis, M.I.T., 1949.

J.W. Carr,III, "An Analytic Investigation of Transient Synthesis
by Exponentials," M.S. Thesis, M.I,T., 1949.

V.K. Jain, "Decoupled Method for Approximation of Signals by

Exponentials," IEEE Trans. on Systems Science and Cvbernetics,
July 1970.

K, Steiglitz, and L.E. McBride, "A Technique for the Identification
of Linear Systems," IEEE Trans. on Automatic Control, October 1965.

s e T T — *

o

TP T —




g Y

[28]

[29]

[30]

(31}

[32]

(33]

[34]

R-3

L.E. McBride, H.W. Schaefgen, and K. Steiglitz, "Time Domain
Approximation by Iterative Methods," IEEE Trans. on Circuit
Theory, Vol. CT-13, No. 4, December 1966.

V.K. Jain, "On System Identification and Approximation," Engineering
Research Report No. SS-II, Florida State University, 1970.

V.K. Jain, "Filter Analysis by Grammian Method," IEEE Trans. on
Audio and Electroacoustics, April 1973,

V.K. Jain, "Filter Analysis by Use of Pencil of Functions:
Part I," IEEE Trans. on Circuits and Systems, Vol. CAS-21,
No. 5, September 1974.

Problems & Solutions to the RADC Spectrum

Estimation Workshop, May 1978.

W.R. Carmichael and R.G. Wiley, "Instantaneous Frequency
Estimation From sampled Data," Proceedings of the RADC Spectrum
Estimation Workshop, pp. 287-300, May 1978.

E.J. Ewen, "Black Box Identification of Nonlinear Volterra
Systems," Ph.D. Dissertation, Syracuse University, Syracuse, NY,
December 1975.

%U.S. GOVERNMENT PRINTING OFFICE: 1978-614-023/9




CA I A I I I I 90 0 9L LA I X 9

RADC plans and conducts research, exploratory and advanced
development programs in command, control, and communications
(c3) activities, and in the ¢? areas of informatior sciences
and intelligence. The principal technical mission areas
are communications, electromagnetic guidance and control,
survelllance of ground and aerospace objects, intelligence
data collection and handling, information system technology,
donospheric propagation, solid state sciences, microwave
pPhysics and electronic reliability, maintainability .
compatibility.

MISSION
of
Rome Air Development Center

)

*o\,U"O~

g B>
: )"‘m;m?'#

% 78101

R G RO s R




