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1. Summ~j~

1.1. Mathematical semantics is introduced as the Study of

mappings between configuration spaces and image algebras.

- 
1.2. An image algebra is synthesized using generators

that are relations . This will serve as the semantic counterpart

of a formal language. The image algebra is analyzed in terms of

its similarity group , bond r~ lations and connection type.

1.3. The semantic map is studied in terms of the morphisms

of a category , the term used in its algebraic sense.

1 . 4 .  We present strateg ies for constructing semantic maps

with special properties related to memory requirements.

1.5. Some examples are jiven , showing how the semantic

categories can be constructed . 

- .- -
~~~~~-
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2. Introducing mathematical semantics.

2.1.1. Can mathematics contribute anything to the study of

semantics .~nd to the study of how semantics is Learned (should

be learned) by man (machines)? The word semantics is of fairly

recent origin , dating back to the XIX century , but the subject

itself goes back to the beginnings of philosophy . Most of the

major figures in the history of philosophy devoted some of their

thinking to the relation between words, sentences, grammar , and

language , on the one hand , with phenomena in the real world on the other.

Such studies have traditionally been carried out by

informal means and involved no explicit use of mathematics.

2.1.2. More recently attempts have been made to formalize

semantic ideas, which can be seen in two disciplines, linguistics

and computer science. In formal linguistics this seems to have

been started at about the same time as when the study of syntax

was formalized during the 1960’s. The earliest reference that

we are aware of is Katz-Fodor (1963), where syntactic structures

were transformed into what has become know as K—F trees. The

K—F tre~~are formal constructs attributing meaning to linguistic

utterances.

Linguists have continued along this avenue of approach, which has

resulted in a large literature. An important idea in this

literature is the semantic net w”i.ch has been applied many times.

One has typically taken a subset of a natural language , usually

English , and tried to formalize its semantics by a computer

program . In this way one would hope that the logical discipline
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and precision required when writing the program would bring out

the basic difficulties clearl y. An i mportant contribution can

be found in Woods (1970). The interested reader will find an

up-to-date presentation of this approach in Simmons (1973).

2.1.3. These endeavors overlap to a considerable extent

with work done in artificial intefligence, although the emphasis

differs. In the latter the goal is often to build a question—

answer program for some sufficientl y narrow domain of discourse.

The celebrated work by Winoqrad (1972) belongs in this group .

The many attempts that have been made in this direction

aim at , not just a computer program , sometime s possibly of

utilitarian value , but  insight and understanding of semantic

structures. In spite of skeptical comments to the contrary we

believe that these efforts have indeed led to an increased

understanding .

2.1.4. As far as we know mathematical formalization has

not been employed except in a few publications. One is in

Landewall (1971), where the mathematical tool is predicate

calculus.

In 1977 the author together with p . Weqner organized a

seminar series in forma l semantics at Brown University . During

this series the voluminous literature was surveyed , most of it

from the linguistic and computer science journals. Formaliza-

tion in mathematical terms seems to have been attempted only

sporadically, and we came across little of mathematical content.
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One reason why mathematics has been used so little is

probably that no mathematical theory has been generally available

for the ana lysis of semantic structures. We believe that pattern

theory , as presented in GrenanJer (1976 , 1978), offers a tool

suitable for this purpose . The present paper is a continuation

of work begun in the latter reference , section 2.4.

In particular we shall attempt to show that mathematical

semantics can be expressed in terms of mappings of configuration

spaces and image algebras. Such mappings are fundamental to

pattern theory , just as morphisms are fundamental in algebra

in (leneral.

2.2.1. Our perspective is conforma l to that of the early

Wittgenstein in his Tractatus Loqico-Philos~phicus 1 except ,

of course , that we shall proceed in a mathematical formalized

manner. Let us remind the reader of Wittgenstein ’s view of

the issues that will concern us here . Some of his aphorisms

have been reproduced in an Appendix.

Wittgenstein is often as obscure as he is thought provoking ,

perhaps intentionally. When he speaks of “things ” for example,

it is not clear if these are material objects or , say , sensory

data.

The following interpretation is strongl y influenced by

Wedberg (1966), Chapter V , and von Wright (1957), pp.l34— 154.

2.2.2. The world consists of facts , Tl .1— 1.1 2 (this refers

to the numbered sections of Tractatus). A fact is a coflection

of things related to each other , T2 .O.~72 , 2 .031 . The thin., :~

make up the substance of the wor ld , T2.021.

~

— - -- ---- --~~~~~~~ --—~~--.- -~~- - ,- -
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Some fa c t s  can be seen to be made up from other facts ,

~ t her s  canno t  he sp I it - up .  The I a  t t or a z e  the  a tom i c f a c t s .

2 . 2 . . I.e t us denote  the  set of t h i  no s by T and cons i d~

a set 0 o t opera t ions  . The opera t i o n s  ac t  upon t h i  nos ant!

produce simple t r a c t  s . An operat i on can o p e r a t e  on lu s t  OT U ’

t h  i n o,  or two t h i n g s , and so on.  I t  i s  a funct ion wi th , sa ,

n places (or  .irquments~

When we .ipplv a l l  o per at o rs  to a l T  c o m b i n at i o n s  of t h i n g s

we get t he  set S of atomic f a c t s .  W i t t q e n s t e i n  probably  doe s

not as sume t h a t  an opera t or w i t h  n i~ 1 aces can be app lied to

any  comb i nation of n t h in o s  . I f  t h i s  is so t h e  o p er at i o n s  are

~‘. ir t  i a l  f u net  i ons .

A n o t h e r  set U of o p e ra t i o n s  acts upon a t o m i c  f a c t s , f rom 5 ,

and r e s u l ts  in c o m p osi t e  f a c t s .  The set F of a l l  such f a c ts

i s the  on t o I oq i cal  ha so f o r  und o  r stand i no the  world

2 . 2 . 4 . Of course W i t t o e n s t e i n  d i d  not  f o r m a li z e  h i s

t h i n k  i no in t h i s  w a y ,  perhaps he would  he opposed to any

forma i i  za t ion  a t  t empt  . I t  w ou l d  he too proc i so l o s i ng  the

‘mu i t  i - — d i m e n s i o n a l  amh i o u  i t  v

2 . 2 . 5 .  A p icture in T r a c t  a t - u s  i s  a model of the  w o r l d ,

oroup i no e l e m en t  t h a t  co r respond  to thin gs CT . 2 . 13 )  i n t o

structures. A pictur t ’ is also a fact , T. 2.141.

A proposition is made up of names.  It is a fact , its

elements are related to each other , T. 3 .14 , and it is a picture

of a possible gr ou p i n g  of t h i nq s .
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In some sense the structure of the picture should be

co no .~t ’n t  “ to t he  r ea l  Si  t u a t  i o n  i t r e p r e s e n t s .  “ C o ng r u e n t ”

s not mean iden t i ca l  , the cor respondence can be more

s r f l l c l i~~.~te(1.

T h i s cc r rescundence , i t i t cou ld  be a r t  i cu la t e d  exact  ly

w o i l J  a s s oc i a te  me~~u n o  ~o p rccosi  t i o n s .  I t  ~s likel y t h a t

W i t  t ~~e nS t  em d id  not h av e  ~~ d i  !Ln v n , t t u r a l  l a n g u age  in  m i n d  when he

i i  ~c~~ssos ropos i t i ons .  Pe rhaps  he mean t  “sc l e n t  i f i  c l an gu a g e ”

or languaoe as t ough t  to be.

2 . 2 . t l . A r e a der  f a m i l i a r  w i t h  p a t t e r n  theory  w i l l  r e cogn i ze

the s i m i l a r i t y  between some of i t s  bas ic  concepts w i t h  the

t h i n k i n i  i n  Tr a c t a t u s . The g e n e r a t o r s  correspond to t h i n q s

and ope ra to r s , T L 0 .  The opera tors  in  0 have an t ic s , the

number  of p lac e s .  C o n f i g u r a t i o n s  correspond to f a c t s  and the

connec tors  a l l o w e d  in  the  c o n f i g u r a t i o n  space correspond to the

operators in ii. The t o t a l i t y  F is  the c o n f iqu r a t i o n  space.

2 .2. 7. In Sections 3—7 a mathematical formalization of

semantics will be qiven expressed as mappings between two image

al gebras. The philosop hical view of Tractatus has influenced

our way of formalization .

In his later years Wittgenstein renounced Tractatus , t h e

work of his growth. We shall have something to learn also from

the later Wittgenstein , however , namely about learning semantics.

2.3.1. Our speaker/listener will be immersed in a world of

sensory impressions. Based on these sensory data and with the

aid of a p r i o r i  knowledge he , the observer , makes  s t a t e m e n t s

I 
--- -



7

or receives statements about the state of the world expressed, we assum~

i n sor~ie f o r m a l 1 a t i iu a q e  1.. Si coo our approach wi 1 1 be abstract ,

wo need not specif y whether these statements are  j u s t  d e c l ar a t iv ~-

a~~f i rm a t iv e , or whether they can  be questions , expressing doubt ,

or be i rine r a t  i ye , an d  so on

The f a c t  t h a t  we shall use examples where the statements

look l i k e  s i m p l e  E n g l i s h  sen t en c es  should  not be t a ke n  to mean

h a t  we a rc  mode 11 inq  t h e  somaut ics of 1~ni i i sh , not even a

subset of i t .  — u r  goal  is t o  u n d e r s t a n d  c e r ta i n  m a t h e m a t i ca l

uh enomena , not  l i ng u i s t i c  ones .  I f  t h i s  can be achieved we

hope t h a t  t h e  r e s u l t s  w i l l  i n  due  t i m e  h ave  app l i c a t i o n s  t o  l i n g u i s t i c s,

bu t  t h i s  would  be too e a r ly  to c l a i m  at p r e s e n t .

2 . 3 . 2 . The obs,~’rver ’s st a t e m e n t s  shou ld  be c o r r e l a t e d  to

h i s  v iew of the w o r l d .  This v iew w i l l  be ox or essed  formall y

as an image  a lgebra  to be e xa m i n e d  in s ec t ion  3. The image

a lg e b r a  should  he m a t h e m a t i c a l ly  consistent , as will be proved for the

one  we p ropose  , bu t i t need not  be a “ t rue ” desc i i pt ion  of the  wor ld

We a re  t he re  fore  o p e r a t in g  on th ree  l cy - I s~ The t r ue ”

wor ld , t he  fo rma l  d e s c r i p t i o n  ct t he  w ay the  observer  v iew s the

w o r l d , and  t he  l i n g u i s t i c  utteranc es prompted by the  v i e w . I t

i s  onl y the r e l a t i o n  between the two l a t t e r  levels t h a t  we sha l l

st ud y here .

2 . 4 . 1 .  A l l  n a t u r a l  l a n q ua q e s  can be am b i gu o u s .  t h i s  has

been po in ted  out so many t i m es  t h a t  we need not e l abo ra t e  t h i s  t r i t e

f a c t  a ny  ~u i t ht ’ r .  I n c o n t e x t  , an d  w i t h  access t o  l i ng u i s t  ic deep

St r u c tu r e , a m b i c u i t y  may p erhaps  he removed . W h e t h e r  t h i s  is so

- -



not , we s h a l l  sirn lv rc~~u i  r e  t h a t  t h e  gramma t ic a l  u t  t o t  ances

h av e  a un i gue seman i c c e n t  on ’

‘1 st of our  a t  t t n t  i on  W i  11 then be c a i  d to t he s tudv of

s u c h  s r a n t  ic :-~a~ ’s , he i r mat  t ic~~a t  ic.i 1 c o n s t r u c t i o n  and a n a l ys i s

Of  h~- i r : r:~,~rt i t s , esp t-c iallv t * tn ir memory r iui rcmtnt and

1imi ~~tt ions. Thi~ w i l l  be done i n  se c t i o n s  ~ and 7 and i n  the

t w o  c l o e rs  h a t  a r t ’ ~~1an ned  to o o nt  i n u e  t h e  cresen t  One .

1. 4 . 2 .  When mathematic s i s  a p p l i e d  to  an y  sub jec t  m a t t e r

one is  t o r c ed  to s i m p l i f ic a t i o n s , somet ime s d r a s t i c  ones.  T h i s

i s  ct ’ r t a i n l v  t r u e  here , a n a r r o w  i an q e  of s i t u a t i o n s  w i l l  be

,ln alv .fl-d ~n some d e p t h  a t  the  cost of si’ec ial i  zinq assumpt ions .

The a b st  root treatment i s  hoped to b r i n g  out  the l og ic a l  e s sence

~ I 
of t he  nrohlem as c l e a r ly  as poss ib le .  T h i s  w i l l  avoid  V~~O UC

ct ’nt ’ r , l j t i e s  and  b r i n g  i n t o  t h e  open h i d d e n  a s s u m p t i o n s , albeit

at the p r i c t ’ of r t ’ s t r i c t i n q  t h e  scope of t he  r e s u l t s .

1.4 . 1 . In  order t o  p i n p o i n t  t he  concepts needed for  the

m a t h e m a t i c a l  a n a l y s i s  our  r e a s on i ni  w i l l  be d i a l e c t ic , a r g u i n g

f or  an d  a g a i n s t  a d o p t i n g  c e r t a i n  n o t i o n s  and as s u m p t i o n s .  In

t h i s  w ay  we have a r r i v e d  at  a f o r m a l i z a t i o n  t h a t  we hope w i l l  be

useful f o r  our  l a t e r  w o r k .

2 . 5 . 1 .  The a b d u c t i o n  m a c h i n e  an a l y z e d  in Grenander (l971fl

C h a p t e r  7, creates svnt a c t  ic h vp ot  heses s e q u e n t i a lly  , t e s t s

them and a c c e p ts  or r e j e c t - s them . In a c e r t a i n  w e l l— d e f i n e d

l i n g u i s t i c  s i t u a t i o n  i t  was proved to y ie ld  u l t i m a t e ly a set of

co r r e . ’t hyp o t h e se s .  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 4
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In an old (unpublished) theorem the author once showed

how syntactic abduction can be achieved for languages of a

very general type . This theorem is , however , only of theoretical

i n t e r e s t  s ince the al g o r i t h m  wou ld  be very  slow due to the f ac t

that ~ t- i s  too g e n e r a l , i t  does not exp lo i t  any u n d e r l y ing s t r u c t u r e .

Another drawback i s that the learning would not be incremental.

Therefore it will not be used in the following .

2.5.2. Is it possible to build an abduction machine for

semantic hypotheses? This question will not be examined in

this paper but its results prepares the ground for an attack on

sem a n t i c  lea rn i n g in a later paper . Mathema ti ca l ly t h i s  amounts

to i d e n t i f y i n g  a r e l a t i o n  f rom a f i n i t e  set ( c o n s i s t i n g  of

productions for U) to the morphisms of a category . As far as we

know this mathema t ioal problem has never been st u d ied up till now.

2.6. The reader is assumed to be familiar with the elements

of pattern theory as described in section 1.1 , 2.1 , and 3.1 of

Grenander (1976). It L; not necessary to have read section 2.4

of Grenartder (1978) on which thi s paper builds , nor is it assumed

that the reader knows the results on syntactic abduction in

Chapter 7 (ibid).

_ _ _ _  
-S
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3. Forma l i zation through regular structures.

3 .1. Any coherent  view of the wor ld  mus t  be based on

some n o t i o n  of re~~~~~~~~t~~~r i t .  O t h e r w i s e  it would be without laws

and constancies , w i th  noth i n g permanen t to learn , no structure

to discover.

TL r e g u l a r i t y  need not be d e t e r m i n i s t i c .  On the contrary ,

many of the phenomena that we encounter in every day life are

ruled by sta tis tical_ laws only .  Statistical regularity should

ther e f ore be a l lowed . The mathema ti cal consequence of th is  is

tha t the state space becomes more sophis ticated .

3.2. To formalize a view of the world we need a precise

notion of regularity. We shall show in the following that

cornbinatory reqularit~ (p a t t e r n  theory)  is logica l ly conforma l

to the ideas of section 2.2.

3.3. Pattern theory is of a lgebra ic  natu r e and based on

the idea of an image al gebra

(3.1) 7 =

An image algebra is made up of a set G of generators, from which

configurations are formed following the rule of regularity, ,~
‘
.

The grou p S of t ra n s f o r m a t i ons of G onto C , the similarities,

expresses which generators are similar to each other. The set

of regular configurations r.(~~~, formed accordi ng to ‘4 , is

divid ed into equivalence classes , the images, by means of the

equivalence relation R: the identification rule. The images

form a partial universal algebra 1 with respect to certain

connection operat ions.

_ _ _ _  - - . - - -S~~~~~~~ — — -  —— - - - -~~ - —
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We now discuss the ohojco of each component in (3.1) for

the purpose of this study .

3 .4.1. The lt’n&’rators q C shall be thought of as relations

in a general sens~’ th at will become clearer as we go along .

In sect ion 6 we shall relate the image algebra to language.

Forma l linguistics is dominated by the finitistic attitude so

that it would seem natural to assume that C is finite .

On the other hand , we would like to let the generators

ca r r y  attributes such  as location , ori entatio n , f r equency ,

t i m e , etc. These are continuous in nature and we would be led

to allow C to be infinite.

For the time being we shall choose the first alternative ,

#(G ) < ‘ , reservin g the possib il ity of reversi ng our stand i f

later on this turns out to be necessary .

3.4.2. Generators shall car ry  two sorts of bonds, in-bonds

and out—bonds , leading us to directed regularity . The

out— arity shall be finite and , since G is finite , bounded over C

( 1 .2 )  ( g )  < - i ’out — m i x

We are less certain about the in—an tics ~~~(g). After

having examined a large number of cases it is clear that

generators should ho allowed to accept many in—bonds. Whether

this number should be bounded or not is not yet clear. We

choose for the moment to make it unbounded

( 3. 3) ~‘ (i ) ‘
~ , ~v’ i C
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Not that a 1 1 gene rat or have in— ~ tnt Is but  no t  necessarily

out-bonds.

The an tics as well as the values “in ” , “out ” , associa ted

with every bond belong to the bond structure . Sometimes the

different out—bonds have d i ffot en t functions so that it will

be necessary to indicate this by other bond structure parameters.

This will be done by markers “1” , “2” , e t c .  We rule out the

possibility that some markers are equal , at least for now .

For the in-bonds no such markers will be used at present ;

again this may have to be modified when we have learnt more about

the use of these iequla r structures.

3 . 4 . 3 .  To each bond is associated a bond_value v , taking

values in some set B. We SuSp ect  that i t would be convenient

o make t hese values subsets of  C

(3.4) V = 2G

hut in the present paper this question will be left open .

Per a i v* ~n tiene rotor the bond va I ues a ssoc i a ted with

out—bonds nay differ , expressin g their difference in function.

The in-bond va l ues , on the other hand , will be assumed to be

the same . The rationale beh i nd this assumption is that out—

bonds expr ess ac t i ve proper t ies of a genera tor (re la t ion ) t ha t

may vary from bond to bond. The in-bonds express passive

properties that are constant for all in—bonds of the generator .

We are aware of exampl es where th i s assumption will lead to

logical inconsistencies. A generator may accept two in—bonds



~~~~~~~~~-~~~-—~~~~~~~~~~~~~~ ~~~~~~~~~~

be long i ng to two gene r a t  ors , t hat , V i eWed as una ry r&’ I at ions

e x p r e s s  p roper  t i es t h a t  a it not compa t i bI e w i t h each other

Recalling the di scussion in sect ion 2 , howeve r , t h i s  w i l l  be

all owed the observer’ s view o t the WOrld flOt ‘d not be eons i st en t

w i t h  the ‘ t rut’” s t a t t ’  of  the w o r l d .

3 .4.4. To be able to  r e f e r  t o  t he bonds of a g i v en  generator

we need bond coordinates. Tb - t ‘ r t  ‘ we sha 11 enurne rat t he

out—bonds by 1 ,2 , , . . . (g ) , w i t h  the convent ion tha t i I

some of t hem h ive alread y ite o T i  m a r  ked  by the bond st r u ct  u re

p ar a m e t e r s  1 , 2 , . . . r • t hen  t h i  s r i u mb e  r i ng will be adhered t o fo r

the bond coord i n a t  t ’s . In con f i q i t  r~ i t  i on  d i • l t l  r a m s  bond coord i n a t  OS

w i  11 be pu t  i n s  ide parentheses.

Si nec all the i ri—bonds cat ry the same bond value , at least

f o r  now , we need n o t  ~l is t i n qu  i sit i - t i ’  t-ween t hem and slia Il not  U Se

any  bond (‘oordinates for them.

3 .4.5. Consider a generator q w i t h  ~~ = ~~ so tha t

i t s ( o u t  — ) bend coo m otes a r e  I . I e

( 3 .  ~ ) (1 ,? ,.. .  o)  ‘ H 1 , I , . . . i )

he a permu t a t  ion of the I r rs n a t  u ra  I numbers  . To each v

~, cor respond bond st r r i c  I U l t ’  p a r  aflli ’t ers BS ( g )  and bond

va l ues (ti ) . If

5 B~~(q) = ( q )

(3.6)

t~ 
( q )  F3Y (ci )

for a ll v , the rt ’r t u m b er i  nq ‘I I t o t ;  n o t  a f feet the connectivity

proper t I es I . The sot of r I I I ‘oh pe i r n i r  I at i on s ii t C 

—5— — -5 ,- - -  -
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a subgroup n(g) of the symmetric group over w objects: the

~y~itmetry group of g.

In the special case when all out-bonds of g carry distinct

markers 1 ,2,. ..~ the symmetry group consists of the identity

element.

Note that in order that two generators be considered

iden t ical it is necessary that their homologue bonds agree as

t ’ structu re and value . Bonds for g and g ’ ; BS ( g )  = B5 (g ’);

are homologue if they have the same bond coordinate .

( 2 )  

~~~~~~ 
(2)

Figure 3.1
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In Figure 3.1 the symmetry group r (g 1) consists of the

ident i ty if  A~ B , but r (g
2
) is of order 2 allowing (2) and (3)

to be exchanged without changing the connectivity properties

of g2.

3.4.6. Bonds shall take values in sets 
~~~ 

~~, v > 0. Any

generator shall have one and the same in-bond value for some
~~~

and then its out-bonds , if there are any , shall be in

The value of v expresses the level of abstraction of the

gcnerat or q, 9(g) = V .

We have one partition of C into sets C~ where k =

Another partition is induced by the level of abstraction into

sets

(3.7) ci
t = fg f 9 (g) = v}; v=0 ,1 

We shall refer to generators from these classes as follows:

g E. G~ as “objects ”

as “properties ”

(3.8) - 9 ,, .

g~ C2 
as second level relations

gE - G~ as “third level relations ”

To each g is associated a number , the level of abstraction ,

9. = 1(g) = v denoting the number of the set family~~~, to which

the in-bonds belong .

—— - -—--~~~ ..~~ —-5---~’--.-~~~~5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —— —- —— —— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
—



—

16

C o m b i n i ng  a l l  the  e l e m e nt s  w i t h  the  same o u t — a r i t y  we get

(3.9) ci = (g 
out ~~~~~~ 

=

Lemma 3. 1~ C~ = C~~; ob j e c t  , and or~~~~objects, have_ out~~Li~~~ 0.

Proof: It q i  C its in—bond v a l u e s  a r e  in 
~~~~~~

. Since has

no p r t de c e s s o r  to which the o u t — b o n d  values should belong , q

can have no out  —bonds , so t h a t  R (q) = 0 , q C ’ , and C ~ C
U1

.
out o o o

On the ether hand , i t~ q C , so t h a t  i t has no ou t—bonds

t h e n  it c a n n o t  h av e  tn—bond s wi th values from a n y  , V I

I ndeed , if it had then i t  m u st  have o u t — b o n d s  (w i t h  va lues  f rom

+ .~~~ I , see ~i l-ti -tv.’. l lenc i ’  g C wh i ch i m p l i e s  C ~ C0 0 0

Q . E . D .

L~~. l .  The s i m i l a r i t i es  w i l l  be chosen as the set S of

all permu t at i ens s : C C I en’ i r ig bonds , i . e . bond s t r u c t u r e

and bond va I no , unchanged

(Ll0) P. (sqi = 13(g I , Vq  C .

It is i mmed i at e I v c l e ar  that t he permut ions s satisfy i nq ( 3 .  10)

form a gr o u p ,  t h e  si lii i lan ty ororip .

Si  r i ce any  s le a v e s  the bond structure invariant , BS (sg)=B
S ( q )

i t  f o l  lows t h a t ou r  dt ’fini t i o n  o t  ~ j s  cor r e c t , see Grenand er (1976)

p.  9 , except  t h a t  ( i i )  ( i b i d )  cannot-  ye t  be verif i ed since the

generator index has n o t  i) ’Oti deli ned so far.

3 .5.2. S i n c e  the present S leaves invariant , not only the

bond st r ucture as all s i m i l a r i t  los do , hut also the bond values ,

it f ol lows that t h e  c assi t i c i t  i o n  ~ t ~ny g in terms of the set

- -~~~~~~~~~~~~~~
+ +

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - + -
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families ,4 is also S-invariant. A consequence is that the level

of abstraction is S—invariant

(3.11) 9.(g) = ~(sg); V gl C, ~ sES.

3.5.3. We now define a ~~~~~rator index class as the set

of all g’s wi th the same B ( g ) .

Lemma 3.2. This p~~ tition is the finest partition by a~y

qenerator index.

Proof: If g
1 

and q2 both belong to the same ct—class we have

B(g
1
) = B ( g 2 ) .  Appeal ing to ( 3 .10) we see that

B (sg
1) = B(sg~~), VsES , which imp lies that the ct—classes are

i nv a r i a n t , a (sg
1
) = ct(sg

2
) ,  and hence tha t  a is a legitimate

generator index corresponding to the similarity group, see

Grenander (1976), Chapter  1, Definition 1.1 , (ii).

On the other hand , if a ’ is some other generator index and

= ct (g2) then by d e f i n i t i o n  B ( g
1

) = B ( g
2). The permutation

of C that only permutes g1 with g2 is therefore a similarity
;

see (3.10). But all generator indices must be S—invariant so

that a ’ (g
1
) = a ’ (s~ g2) = a ’ (g2) and q1,g2 belong to the same

+i ’-class. This shows that a classes are contained in ci’-classes.

Q.E.D.

Note that generators with the same index are of the same

level of abstraction , since if two generators have the same

index ci, then they have the same in-bond values. These values

then belong to the same set fami ly ‘~~~~~ , which leads to the same

level of abstraction.
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3.5.4. Our choice of generator index could be criticized

i n  t h a t  i t  is too n a r r o w : i n  o rde r  t h a t  ~ (q 1) = o ( g 2
) hold we

must  have exac t  iv  the same bond s t r u c t u r e  and bond v a l u es  for

a nd (+1 2 .  When we exarnp lifv our  c o n s t r u c t i o n  by concrete image

a l q eb r a st h i s  w i l l  l ead  to  a classification of generators into

v e ry  s m a l l  c l as s es , p e r hap s  t oo  small to be natural. Some

mo dification may be needed as we go alonq .

3 . 6. 1 . We now come to t he r u l e s  ~~
‘ of c b i na tor ~~

r e g u l a r i ty

( 3 . 1 2 )  4’ —

with some bond r e l a t i o n  , local regularity , and connec t ion

t :’e ~, gl o b a l  r e g u l a r i t y . In accordance with the discussion

v; s e c ti o n  2 we w a n t  our  c o n f ig u r a t i o n s  to cons i s t  of r e l a t i o n s

combined toqether in~ o a “formul a ’ . In  order that the formula

be co~ put able we’ must choose • so that all the connections that

a r e  allowed by make sense.

3 .6.2. At first it seeme 1 r ea s o n a b l e  that the bond relation

ought to he chosen  i ;  I’~~!Y ~~lCN . I f  we th i n k  of th e genera tors

as log i ca l  or-to rat ons wi t h lena i u s  and r a nge s  we are led to

o per at o r  cort fiqu r a t ion s , see ~~ r l I n t l e r  ( 1~~7 6 ) ,  Chap te r  2 ,

Case .1 , w h e re  I ’JCI,US I ON Was the natural choice .

A f t - e r  ex a m i r i t no a numbe r - t ’  s p - ’o i a l  cases we have concluded ,

howe ver , t h at  t h e  more r e s t r i c t  I V t ’ r e l a t i o n  p = EQUAL suffices;

we choose t h i s  I ’ ’ u i n i t  ion tts ‘ r o i l y .

- —
-

~~~~~~~~~~~~~~ -5~~~~~~~~~~—~~~~~~~ - -



5— ~~~~~ - - -

19

3.6.3. It is clear that EQUAL is a legitimate bond relation

for the similarity group chosen. Indeed , if g1 connects to g2

via the bond—values and 
~2 ’  then must equal 

~~~
Apply ing the same similarity s to both g1 and g2 will not change

the bond values. Hence sg1 can connect to sg2 
via the same

bonds, which  shows that  EQUAL is legitima te ; see Grenander  ( 1976) ,

Chapter 2, p. 27.

3.6.4. This choice of p has implications for the levels of

abstractions of connected generators.
+ 

Lemma 3.3. If a generator g
1 is connected by an out-bond to

an in-bond of g
2 then

(3.13) 9(g
1
) = 9 ( g 2 ) + 1.

Proof: See Figure 3.2 where the (k)th out—bond of g
1 

is

connected to an in-bond of g2. The corresponding bond-values

Figure 3.2

_ _ _ _ _ _  _ _ _ _ _  ~ -5-5~~~ +_- 5 + +~~~~~~~~~~~_—--- -
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are denoted by 
~1k and 

~~~~

. respect ively .  If  g2 is of abs t rac t ion

level 9. = ‘~ (g 2 ) i t  f o l lows  t h a t  
~jn

E ~~~ But p requires , in

order  t ha t  the connec t ion  be r e g u l a r , tha t  
~lk = em 50 that

1k is also in -4 . Then the  in-bond value  of g1 must  be in the

set f a m i l y  
~~ +l  so tha t  1(g 1) = ~+l .

Q.E.D.

Lemma 3 . 4 .  The genera tors  in any  r egu la r  conf i gura t ion  c have

POSET _s t r u c t u r e.

P r o o f :  Cons ider  a connected component of c wi th generators

Al l  connect ions  go f rom some level 9- to some

level - i .  D e f i n i n g  g .  > g .  i f  there  is a connected chain

( 3 . 1 4)  g .  c~ . 
- g .  . . .  g .

+ 
1 1

~~ 
12

i t  is clear tha t

( 3 . 1 5 )  9 ( q ) = 2 ( g .  ) + l  = ~~~~~ )+2 =
1 1 12

so t h a t  loops c a n n o t  occur .  I t  fo l lows  easily tha t  “ >“

s a t i s f i e s  the  pos tu la t e s  of a p a r t i a l  order .

Q.E.D.

Genera to r s  belonging to two connected components tha t  are not

connected  to each other , are not -  ordered with respect to each other.

Generators belonging to a connected component are not ordered

w i t h  respect to each other if they are of the same level of

abstraction . Even if they are of different levels it can

haopen that they are not comparable via “ .< “ . 

- — _~~:+~~~ ----~~~~ ~~~~~~~~~~~ --5— - - - + -- ++ -- - -5—---++- + 55 -
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3. 7 . 1.  The c o n n e c tio n  t~pe Y has already been characterized

by symmetr ic r e t r u l a r i t y :  out—bonds can onl y connect to in—bonds.

In this c en t  e x t  o n l y  i t t  i t  e con Ii gurat ions wi 11 occur .  The m a i n

rest rict ion wil l he

(3. ib ) Y : a l l  out —bonds mus t be c an ne c tod .

The r e ason  fur adoptinq ( 3 . 1~~~) i s  t h at  we v i e w  the  o u t — b o n d s

as act i ye; the logic al - a ‘crater represented by a g e n e ra t o r

does n et  make sen se  an  less i t s  ar g u m e n t s  are given.

T h i s  defines t he  c o n f i r u r a t i o n  space in wh ich  we w i l l  be

c -orating f ro m  now on

(3. 17) c ( ,~ = - C , S ,

3. 7.2. It may be r e m a r k e d  t h~~t t h i s  con n e c t  i on  t y p e  is

n ot mono t on ic : if we open some of the b ond s  or de l e t e  some of

the generators (and their bonds) from a nt r u l a r  c on f iq u r a t l o n

he r e su l  t j u g  con I i qu r a t  ion is n ’  t a l w av s  t (an I a n .  The reason

t e r  t h i s  is t h a t  we may have  eoened uo an o u t — b o n d  be long ing  to

the subconfiquration , and this vio lates ( 3 . I t ) .

~“vertheless we shall have occasion to deal with such

subconfiq urations . To get this confi gura tion space we apply the

fr i n c t o r  ~ on to our confi qurat ion space

( 3 . 1 8 )  ~~~~ Ion r (-~~
)

see G r en a n der  ( 1 9 7 7 ) .  In  
~
. (+

~~ a l l  c losed bonds s a t i s f y ~

h u t  o u t — b o n d s  m ay be l e f t  open .

L + . + ~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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3.7 .3. Just as we need coordinates for a generator to be

+ able t i t  r - f r u n am b i au o u s l v  t o  its bonds , we must have some way

of n u m b e r i ng  the q e n e n a t o r n  H a configuration . A configuration

wLll t h e r e t  o r e  be L i e sc r i } )e c  as an ind exed  sot  ~g . ; i=l ,2 , . . .n}- 1

of a e ne r a t o r s  , e tch of  w h i c h  h a s out ~~ onds  w i t h  coordinates

( i , l l  , Ci , 2) , . . . ( i , 0.) , with = out (q. ) ; i=1 , 2, . . . n . The

i n — b o nds of g .  w i l l  have  t h e  co o rd i nat e s  ( i  , l )  , ( i , 2 )  , ( 1 ,3) 

When referrina to a bond ( i , k )  We’ must  also speci f y whe the r  i t

i S  an i n —  or  ou t  bo~’J

Such c - t n  f i q u r i t  ion c o o r d i n a t e s  a rt ’ d i scussed , but  in a

n neral setting, i n  Cr r i a n h ’ r  ( 1 - 17 7 )

S t r i c t ly  s p e a k i ng  a c o n f i g u r a t i o n  is not e n t i r e ly  spec i f i ed

unless exoressed via an unamb jquous confiquration c o o r d i n a te

sys t em.  T h e r e f o r e  two coafiuurations c , wi th generators ~~~

i l , 2 , . . . , n ;  and c ’ , with generators g.~ 1=1 , 2 , . . .  , n ’ ; and

with bonds denoted as described , a re iden t ical f rom the

f in c t i o r r i l p o i n t  of view i f  and only if

( I )  n = n ’

(3.19) (ii) q . =q . ;  i= l , 2 , . . . n

~ ( i j i )  bonds connec ted  in  c should  have the i r  homologues

in c ’ connected , and vice v e r s a .

Note t h a t  ( i i )  imp l ies  ‘-hat  8 (q ) = B ( q . )  w i t h  homologue bonds

g iven by the  c o o r d i n a t e  s y s tem .

More about  t h i s  in  s e c t i o n  3 .8 when i d e n t i f i c a t i o n  is

in t roduced  vi~ i R .  

- + —-— - -— ------ -5 5- ----
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3.7.4. The cardinality of ( - ( i ’) can never be more t han

denumerab l e , s ince we can enumera te  r~- (~~
’) by f i r st a f i n i t e

number of c o n f i g u r a t i o n s  in 
~~~~~~ 

monatomic ones , then a

f i n i t e  number in 
~~~~~~~ 

b i a t om i c  ones , and so on.

If we exclude the trivi al case when G~ = 4 : ,  as w i l l  a lways

be done , we can never have card [~~(~ ?)] < t . Indeed if g(

then

(3.20) c = 4 : ( g , g , .  . -g )

n t ime s

is r e g u l a r  fo r  any n .  In ( 3 . 2 0 )  ~ denotes the empty connector

tha t does not close any bonds.  That  c I ~~(~~‘) fo l lows from the +

fact that all out—bonds in c are connected (there are not any )

and p holds trivially since no bonds are closed . Hence

card [?(~
’)] = denumerabl y infinite .

3.7.5. The generators in G~ = G~~, the objects (see (3 .8)),

play a dominant role in regular configurations.

Lemma 3.5. A l l  regular_non-empty_c o n f i gur a t i o n s_cont ain~~~~~~~ts .

Proof: Consider an arbitrary q ( c and let I be its level of

abstraction . If 1=0 then g is an object and the assertion holds.

If I > 1 then it has out—bonds in 
~ ‘ l  and ~ requires that

they connect to some qenerat-or q ’ of level 1— 1 . Either Q-1 0

so that g ’ is an object , or we can repeat the argument ; eventually

we will arr ive at some object in the con figuratio n .

Q.E.D.
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l~et n . t i  k 1 - I n  t h e  n ion ot  t 1 1 j t ’ ext e l i S i o n  
~
- ( ~‘) any monat oinie

- t ‘n I p i t  • t t o r i  i ; - t -wt n I ‘ I vt I i I a a r a t  or  c i  n t hen be

to ;  t t i v. t h at  cot i  I i qu i t t  i or ~ t i c s  i at  i nq en t i t o  I v 0

r c : r e r i t o r ; ;  met  e i h a t  r i o t  I h a r t  oh Hot  a can  occu r  i n  
~~

. (~~~

Pei:: i r k .‘ . A w a r n  i rig i s  met  i v a t  e t l  . “eb loo t ’ need not  t - e })r esent

, t t i  oh ~ect  i n  sum. ’ m a t  ci  i a  w a t  I d .  As r i a r i t i  , ca u t  t o n  t a

+ 

~‘iu i ted w h e n  m a t  ht ’tna t 0.11 I ’T~~ i t  0’S .110 i i ’ 1 a t  e l  t o  con cep t s

used i n  common ; ‘r r s o

A d i  r o o t  0 ‘nae r r i en c e  et  I ,etuma . ‘ i s  t h a t  t h e  u n i v

r u e n a t  t i S i c  c o t i t  i i ’r i t . i t  j e l l ; ;  0 (~~i c o i o ;j ~~t 01 .111 01) le d

. 7 . 1 . The or  i nto c o i t t i  1 r i r i t  errs in 
~
- ( ~ ) a t  t ’ ‘asv t o

cliii t o t  01 i :~e -

l emma 1 . 1 . A cot r f i q L 1 r ~t t o t t  c i  ~ ( - , ~ i s  p r i m e  i f  . in ~1 on l y i t  i t

a c o n n e c t  e L

i’ t e o t :  I t  0 Ic; n ot  c o n n e c t  o t t  j I can  be vi c ’W ot l  .IS I he +: — c o n n i ’ct ion

at  t w o  n o t i — e m p t  V ~~r i d  t ou r l i t  con t I g u t  i t  i et a ;  c ’ and c ” I ~~- 1 , ~ ‘)

‘Ph I 1 It cW, 1111110 I i  •i I • I 
~ 

I 1 0111 1 hi ’ I I I h ,  i I I h I  n ‘ii nec I od

di ) tfl ~~t ) t 1 e~~ t 5 0 t a t ’ -  0 .110 t~et iti I a t  = I hey  sa t  i ~~t ~ , a i t re e  • i 1  1

c u t  — i :ond  5 .1 ri ’ c o t i t iec  t ‘ 1  , a ad ‘ ho I Is I i i V i i  1 1 v i n  I beta . t in

it c -
~~ 
(0 ’ , “ ) , c ’ an ti c “ c. ~~

. , )  t r o t  e tnp t  v , I h en  c I S L ’ofli1tuS I t I ’

n o t  pr i tue .

Ot t  t he ot i t ’  a Ii , itid i c i a ~‘ o t r i u ’ ’ t  e l  t I ca itt it ’t hi’ eXj~ l eSSt ’ti

+ is : ( — ‘ , c “ ) w i I l i  1 t  t Ii • t i t  I c ’ to  a t  ‘lap I y .1 nd t t ’~~~ ii 1 .11 • I t ideed

no i t h o t  c ‘ n o t  c o u r  h a v e  a ny  opt i t  ‘ u t  — hetr~ls (r hi a won Id V tel at  e

I he c o t i i i e c  I i i i i  t vpc  ‘ Y . l i i i  I t l i en  ‘ ‘ wir i o t t  t n ip I i es t h at  c an d

c ‘‘ . i i  t ’ it o  I c u r t  I ‘ ‘d t ‘ ich ‘1 bet  , i a n a t  I hi ’ t a s tt mp t j o l t

—— 55- —-- — rn- ~~~~+ S — +
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I t  i t ;  di fft ’r ’rtt len t t he  riot iou te d ticiblt’ 1~ r r e d t t c i } l o .

A c i t t i t  lo ca l • i t  t ot) i a te dutci b le i t i t  h . lS some t equl.i r piop t ’r

StI t )l ’ttt i f i~ i u t , i t  i t i n t ;  at  h er w i se it is i n i e d t i c i b l e

l emma 3 . 7 . A requt I a n  con f i out tat ion c i s ir r e d u cib l e  if and onl y

I it i a monatom i 0 and cons i sI  a of a s i ng le object

P t t  tat : ‘rho I I” t a r t  j s ol cv  j uris . On t lie o t her ha ad j f i t i s

not inst an i a e I , i t e d  oh 1ecI we can s’lect one of i t ;  cli lects ,

st  t t ce  J ,emm a l . ( ~ a s s r r n c ’a t h a t  it ha;; a t  l e ast  one . Take t he

sii b c o n t i q u r . t t  t o r t  c o n s i s t  i n~i ot  t h i s  o b j e c t  i i i  isolation. It is

r eqil  1 an , imp l y i n g  t h a t  c i t ;  r e~ilt c  i hi  e

Q.E.D.

3.7.7. Wha t a t e  t h e  “ s i m p l e s t ”  r e g u l a r  c o n f i q u r a t  i O f l S .’

Ft x i a q e n et  a t  et  t~~~ , l e t  us ~I~~n u . u n t 1  t h a t  t h e  c c i t t  i g u t a t  ion  c o n t ai n

q h ut  has t ie  (p i  opt ’t  ) t cour t at  strl ccott f t g i t t a t i o n  u l s o  c o n t  a t  a t  iiq

. Such •i c c i tt  i g l i t t I  i on w i I I he sa n i l  I o Pc ’ ,i si mj ~1 e

it— colt t i q u t  t a t  t ott

I ,emrt i ,i 1 .8. ,\ coat i q u r a t  ion c i - (  ~1 is a sinip le 1 i 
— c o n t t  t i U t  • i t i e n

+ 
if and o nl y i f a) it

1 
i t;  I l i e  t i i i i q i i e  ao l  ca t  lo ll  I r i  t • of

( 1 . 2 1 )  c )= max (ii) ~ (0)

0~ 
0

and , b )  i f  • u l  1 of her  q .  c s a t i s fy  q .  ~

Proo f : Assume t h at  c i a a si  mp l  c ’ ° 1 — c o n  tT u q n t r a t  ion w t  I ii ( c

and t h a t  i t -  h as  i t t o t  her -  t l e i i c ’ 1 , I t  01 ii , wi t h ~ (ti ,) . No

descend i rug cha I n C see I . . 2 ) i~ ,it t  I ead I 1-cm q
1 

t o q , , 5~) t h a t

we can cl i ’  l e t e  0., w i t  ti i t  a bonds I t i  Ott c w i t  b ou t  1 e.i~’ i nq any

011 t —honda open . lb ’t r ce a )  ho I ci’ ;

- + + - ~~~~~~~~~
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Now assume  that c has some tle’uu (’rat 01 q . which is n u t

u t  d i  rut ~ J t 0 q .is i a 1)) . Then W i ’  i ’afl remove q W I  I hi i t  - bonds

wit hon t I e.iv ~ no a n y  out —bonds opet i  : b) holds.

On t he ot he ’ r h a n d  , i t  c i s  .u r e q  u I a r con f i qu rat ion  t ‘t

w h i c h  a ) .1 r id b ) hoT  ci i t  c a n n o t  lo reduced , S t  i i I k ( ‘e}’ i t  i i  ‘1 1 n i t

To see t h a t  t h i s  is so , say t h - u t  t h e  reduced configur ation I e . i v e ’a

o u t  q from c . S i r i o t ’ t h e r e  t a . a d esc e nd in g  cha i n  f r o m  t o  q

some o u t  —bond wi  11 b . ’ l e f t op en , whe n  we d e l e te  q .  , u n l e s s  t he ’

ent ire cha in i a t i c ’ l t ’t  ed . But  t h e n  g is not  i n  t he reduced-o

con I i  g u r i t i o t t , so t l i t  t the ci aid i t i oti is both t i eces sa  ry and

a ti t t i c I Cli t
Q.E.D.

Lemma 1 .8 tel I s  its that the s i m p le q— confi qu ra t ior~ have the

t y p i c a l  ap p e a r a nc e  0! F i g u r e ’  3 . 3 , w h e t t ’  ( c )  = I ( g )  = 3 and

o coat  ,i i n s  t h i ’ t w o  objects q
~ 

and it 7 .

u’ 0 ~‘ =l ~- 2

Figure 1 . 3 

— - - - --5- S- -- —--”-.~~ -~~~~~~-- --S—---- - -
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how many simple q—confi ourations are there? With N = # ( G )

we qe t  t h e  c r u d e  upper bound

(3.22) N N m
~
tx 

- N m
~~~ . . .

If ni ~‘ 1 this gives us the bound

— l111.1 X

3 . 2 3) N~~~~
!X

+ The number is certainly finite ’ , but it can be extremely

large if the abstraction level is biq . This will have serious

con sequences for the abilit y to l e a r n  s eman t i c s  l a t e r  on .

1 .7.8. Consider a c o n f i g u r a t i o n  c ~~(~~
‘) with a subconfiqura—

t i o f l  c
1~ r (~~~. Amon g t h e  ou t-bonds  of c 1 th ere may be some tha t

are open. Close ’ these bonds by adding the appropriate generators

ct c , close the new o u t — b o n d s  left open , and continue like this.

S ince c i s f i n i te the process w i l l  end wi t h some r egul a r sub—

c o n f iq u r a t i o n  c1. In extreme cases c1 
= c

1 
on c itself. We

sha l l  call c~ the minima l extension of c i 
in c. The process can

be shown to lead  to a un ique  r e s u l t .

Lema 3.9. For a regular confi guration containi ng the ~~~nera tor  q

the mi ni mal_extension g * of the monatomic  subcort f i gu ra tion

{q } ~ (~ ‘) i s a _ simp le q - co n fi gu r a t ion .

Proof: The regular configuration q * ca n have no (proper) regular

s u b c o n f i g u r a t i o n  c o n t a i n i n g  g since i f  c ’ were one a l l  the out—

bonds of g must be closed , iu st as the out-bond from generators

connected to the out-bond s of q, and so on.  But then the above

proc edure gives c ’ = q*, which p r o v e s  the a s s e r t  ion .

Q . E .D .
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As an examp le , with c as i n  F i gu r e  3.3 , we qe’~ a s in

Figure 3.4 (a) and g , as in (h)

(a) (b)
F i g u r e ’ ~ . 4

Remark I . it is clear that the minima l extension is a cloaure

op e r a t i o n  i n the abs I r .ict  sense (for .i ~ i x.’d c)

*

1+
. 
~~~

( l .2 4 ~ I * *
~ (c i

)

where the inclusion relation denotes the relation confi guration—

sub con figuration , not j u s t  i nc lu s i on of se ’ts of qenera tors. For

f I xed c the m i n i  ma I e xt  ens i on maps a subset of 
~~ - (‘4’) into r- (~4~

Rema rk 2. The op.’r~i tion i s ,l15t ) monotonic in the sense that, for

Ii xed c r -( 4’b c
1 c c c imp I i es c

1 c , - c.

3. 7 . 9. As in tuctst pat tern t heory t h e  homc-umor 1-,h i sms be tween

con f i c-,~i r a t  I o n  Sp icc ’s p i t y  an i m p o r ta n t  role , see Grenander  ( 1 97 7 )

_ _ _ _ _ _ _ _
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In the presen t case this is certa inly true for ~~~~ spaces.

For z~(-~ ’) they are less interesting since all its regular

c o n f i g u r a t i o n s  lack open out—bonds .  Therefore  they can only be

connected by the empty connector  o~~q ,  mean ing  j u s t  d i s j o i n t  union .

Cons ider  now two c on f i g u r a t i o n  spaces of the type studied

above w i t h

[ <G 1, S1,

(3.25) 
— <G S i;~t >

L ~2 2’ 2’ -

and w i t h  a s u r j e c ti v e  gene ra to r  map i ’ :G 1 G 2 p reserv ing  bonds

B L g )  = B ( g )  and where and G 2 have the “ same ” set f a m i l i e s ,
- 1 2in the sense that A~ =

E x t e n d  the  d e f i n i t i o n  of i n to h :~~1 ~ 2 by p u t t i n g  hc ,

c c 
~~

, equal to the c o n f i g u r a t i o n  w i t h  same connect ion but  where

each g .  in c is replaced by ~g 1. We then have

Lemma 3.10.  The conf i gura t ion  map h :~~~ ~ “~2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~

in the sense of Grenander  ( 1 9 7 7 )

Proof: F i r s t  recall  how ~i sets up a correspondence between the

two similarity groups S
1 and S2 .  Each s imi l a r i ty  group consists

of permutations leaving bonds invariant. But p preserves bonds ,

so t h a t  the two groups are isomorphic , S1 S2 ,  although p need

nr~t be b i j e c t ive . A c t u a l ly, both of them are the (full)

symmetr ic group of th e generator  index classes in G1 and G2
respectivel y and these are bijec tivel y related since ~i is

surject ive .

To prove Lemma 3.10 let c and consider sc , sES1.
To calculate h(sc) we first have to permute the generators

appearing in c according to the similarity c , and then replace

~

-— - +  
—~~~~~~~ 

~~~—-- ~~~~~~~~~~~T~~~_r____ 
— - -~~~~~~~~~~~ - -~~—- --~~ 

_~~~ _ ___ _ _ i ~~~~ 
---

~-~~~~
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each generator q by :~~~. But this leads to the same result as if

we t i r s t  rep laced ‘aoh g e n e rat o r  by its — m a p  value and then

pe rmu t t ’d them by t he’ i somo rph Ic permu tat ion in S 2 : the two

o;’.’rat ions commute ’. Recall that the similarities just permute

i n d e x  c la ss es  that a r e  d o t  m e d  i n  t & ‘rms  of egu a l  b o n d s,  and

t h a t  bonds  a no p r e s e r v e d  by our map.

Finall y i f  c = a (c 1, c 2 ) , with c ,c1,c2~ ~~i’ 
calcu late he1

a n d  ho , and combine them by t h e  sante connector u as before .

This is possible since bond values are preserved and is EQUAL;

the connection type offers no restriction in the presen t  case

since a is not c han g e d . But ~‘ (hc 1 , hc 2 ) will then have exactly

t h e  c o n n e c t i o n  of a (c 1, c 2 ) . Its generators have been exchanged

accord i nq to the ’  ge n e r a t o r  map . h ence a (he , hc~ ) hc .is

t e ’~ IU i ne ’d f or  h t e he ’ a homomo rph  i sm

Q . E . D .

Remark i. In order  t h a t  the c o nclu sio n s o f  Lemma 3.10 hold it

i s  n o t  necessary to r e q u i r e  t h a t  B ( p q )  = B (q) . I t  s u f f i c e s  to

ask that a) the bond s t r u c t u r e  i emains the same ,

B3 
( t ~ u 1 ) B

S ( g )  , and b) that if ~ (q~ 
) 

~~ 
(g 2 ) then

1+ ~ 

( : g ~~) = ( pq 2 )

+ Remark 2. Also the bond value ’s just mentioned need of course not

be ’ e x a c t ly  the  same it is enough i f t h e r e  ox i st  a a map ~

between the two bond value se t s  fo r  G 1 and ~2 respect i ve l y  such
I I

t h a t  t h e  r e l a t i o n  11.~ ~
i~~~~

2 
lmp l i c ’s 

~ I 
H er e  and  !~~, r e f e r  to

q 1 
and  q , , w h i l e and ~ t e l i ’  to  I he hionto I ogue bonds o t

and  1 1 1 1
2

Tb i s  I t o t  w i I I be lis t’ fu l 1,1 t e’t o t t .

“-

~

- - +- —- -- -

~~~~~~~~~

+ -

~~~~

-. -
~~~~~~

—
~~~~~~~~ ~~~~~~~~~

+ -
~~~~~~

- -- - -
~~~~~~~~~~

-
~~~-



31

One particular case ’ of some i n ter e s t  l a t e r  on is  when i n

each i n d e x  class of C
1 WO Si nqle out one e lement  g~ , a

prototvj)e , arid d e f i n e  as q q if q belongs to C .  I t  i s

easy t o  show that thu o o r R h j  t i o n t s  of Lemma 3. 10 are sa t i  s f i e d

and hence t h i s  urenc rator map leads to a homomorphism between

th e  t w o  c e n t  l u t t i r a t i t u r t  sp~n- es .

1 . 8 . 1 .  We a t e  now t oad y to introduce the image algebra .

‘rhe o o nf  lcui r+i t i o n s  ul~iv t he ’ r o l e ’ of “ f o r m u l a s , ” here s a t i s f y i n g

he r i r ~ i c u l a t  rules ~ of comb i n a t o r y  r e g u l a r i t y  t h a t  we have

- i i  5( ’ t I s S c ’ d  i n  sect  ion  I . I . The In~lqc ’s , on the  o t h e r  hand

e ~: i~~ ‘S S t h e ’ “ 11110 t 1 o t t ” I hose t 0 r l~’u l as

ho 1 r e s c n t  i ’ise t h e  i d e n t  i f  t o t t  ion r u l e  R (see

i~~~~e n c r 1l(’ r ( 1  i ) 7 ( , ) , Set -I ion 1 . 1 )  w i l l  be ’ chose ’n t o  make t h e ’

f u n ’ t ~ ions coond m a t  e ’  t ree — t h e  cho ice  of c o o r d i nat e  system f o r

th escrj h i  r i g  con f  i q u r a t  ions  should  be i r r e l e v a n t .

‘I’o f o r m a i i ’ t ’ t h i s , c o n s i d e r  two r e g u l a r  con f i gu r a t i o n s  c

~itt d c ’ w i t h  n g e n e rat o r s  q 1,q 2 , . .  .q 1 i n  c and n ’ genera to r s

in  c ’ respect ive ly .  The bond coordinates  w i l l  be

( i I ’ n o t  ed by

~~(k i j ) .  j = l , 2 , . . . n k f o r  ~~~ k= 1 , 2 , . . . n
( 3 . 2 6)  

~~ I I

~), j=l ,2,...nk for ~~~ k = 1 , 2 , . . . n ’

We s ha l l  l e t  R i d e n t i f y  c and c ’ i f  and on l y i f  ( a )  n :n ’

(b ) there exis t s a permutation ( 1 , 2 , . .  . n )  i~~) such

t ha t  = q. , k= l ,2 ,.. .n , (c) for each k we have n k n1~ ,

(d ) for each k t h e r e  ex i st s  a p ermutation 
~‘‘ 2 ’~~~~~~k~

such t h a t  the  1, t h  bo n d of 
~~ eq~t t l s  in structure and value the 

--- - — ~~~~~~~~~~~-~~~~~~ -~~-~~ -
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th bond of g.  , and (e) bonds corresponding to each other are
k

connected/not connected in the same way.

Lemma 3.11. This R is an identification rule for 
~~~~~~~~~~ 

and for

C (tf~).

Proof: That R is an equivalence is obvious . Also , if c and c ’

are regu la r , and if they are R—equivalent , cRc ’ , then c and C ’

have the same unconnected bonds , related by a permuta t ion . These

are the external bonds , same for c and c ’. We shall then in

the following assume that the coordinates have been permuted ,

i f necessary, so tha t the external bonds are the same for each

coordina te. Further , if again cRc ’ , then if we appl y the same

sim i l a r i ty s to c and to c ’ we can relate sc and its bonds to

sc ’ and its bonds by the same permutation as for c and c ’ .

Hence (s c)R (sc ’). Finall y, i f  c
1
Rc1 and c2Rc;, where all four

conf igu ra tion s are regu la r , then c1 and C1 have the same

ex ter nal bonds , related by some permutation , and similarl y for

and c2. Connect c
1 

and c2 into some regular confi guration

c = o (c 1, c2 ). We now connect c1 and c2 by the same o expressed

in the coordinate system mentioned above. It follows that

= c(c 1,c2 ) is also regular , since bonds connected in C

correspo nd to bonds connected in c ’ , and vice versa. The bond

r e l a t i o n  is  t h e r e f o r e  s a t i s f i e d  for  a l l  closed bonds in C ’ . The

connec t ion of c ’ is also in ~~~ . But the new c ’ , now known to be

regular , consists of the same generators as c , and with the same

connec t ions , related by permutations as described . Hence cRc ’

which shows that R has all t he proper ties of an identification

rule. Q.E .D 

- - —_----- — - _ - ---_ ~~~~ _____ i ___ 
— - - - —--- — -- -+ - -_— -~~ -_ _ — - - —- - -  - -
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Combinin g Le’mma 3.11 with the properties shown for p and ~

We have proved

Theorem 3 . 1.  W i t h  C ( ~~’) and R as g i v e n  above / = ‘(k ’)  , R)

is an image  al gebra  and so is ,‘ = - 

~ H )  , R +

In  t he  f o l l o w i n g  a l l  p e r c e p t i on s  I I t th w r  I w i l l  be e X i t l e S S e d

i n  i m age ’ a l g e br a s  of t h i s  form.

3.8.2. Any s— invariant class of ima’;,-s for: ’~ a h i t  ‘ l i t .

‘fl~~ ae a t e  those gene ’ r a t  ed by i t a ’s  + + I
C)

( 3 . 2 7 ) 1 ( 1  ) = si v s  S~0 0

: t t t e r - ~s P ( 1 1
) an d  N I 2

) o t  t h t ~ t o r m  in (3.27) d i e  e I t h e r

m m ’ i ’ - tl or dis jo iri ~

l w ~ ti i S t j t t c t  l mm l + t a e S in a i t t e t f l  cie~~ot  i be’ different

r ~~~~ + ‘ 11 gis o t he - ,~~ a 1( 1 , si r io . ’ ot  he’rw i se ’  t h e y  would be

i dent  i i t ’J h’ . n , t n t  t he ’,- h c’ - t t i e  same l og i c a l  s t r uc t u r e .  Tha t

t h i s  is so toliows from t 1 - n  t h a t  they are made up of

~n t ne  i t t  ors , a’’,- g t I l t  1
~ 

, and  hen a l l  fo r  12 , t ha t  have the

s~i:ne k nerator 1 nd~’x a r i d  p l a y  t h e  same logical , but not

su b s ta nt  i a 1  , r~O 1 e ’ .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~
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4 .  I w o  ~~e t o i a 1  i rn a ee  a l g e b ra s

4 .1. ‘I’he canst r u c t  i on  of the image a lg e b ra  in the last section

is based on sisip le pattern t heore’t mc ideas. Nevertheless , it takes

5 5- it  t’X~~l O I 1 i iCe ’ e m  m a m m t m t i i l a t  i ng  configuration spaces and their

i ri. n m ~’ a 1- . ‘ 0 i t ’ one k I t  ‘C t  fle ‘a anit i I i at  
- w i t h soc h s t  r II(’ t It c ’S . To

m i c i l i t a t e  i t i i~~ t o ’  t h e  r e a c l e ’t  WI  now It rt ’ie’ti t two  f a i r l y  simp le

1 t e s  , t h e  f i t a t  comp I e tc  I v ti e s t nac t , the second wi th  an

i m i t m i t  i V e ’ inter m ’n et a t ion.

They w i l l  t ; ’p t ’ar  g u i t i ’ d i f f e ’ r t ’n t  f rom each o t h e r  b u t , is we

s h al l  s t iow itt section 4 . -I , t h ey  ar e  c l o s e ly  r e ’ l t t t ’d to each other.

4 . 2 . 1 .  Let C
1 

cons i st o f t he 1 2  abstract generators in

T i t t l o  4 . 1 . As i den t  i liens we h av e  c h o se t i  s i m p ly  t he letters of

t h ’ ‘ ~t I :e t i i l~t ’t and  as bond v a l u e s  Roman nume n i  Is

I’he out — ar it i es of these generators v a ry  between 0 and 5

he ole ~‘cta wi th ‘ = ~‘ = 0 t -ori5 j5t ing of the two qeneritorSou t

k and

The levels of abstraction vary between ~=0 , for the two

o b j e c ts , to 3 ton a and h. The two p att it ions {C~~ and

a I t ’ 1 i y en  i n Tab I es 4 . 3 a rid 4 . 4

The bond ~‘ i i It e ’5 a it ’ t rom t h e ’  at ’ t a 
~ 

as eIe ’s~ r j b e ’d t n

sco t ion 3 .4.6 t t t c l  t a b u  lat e d  i t t  T i le  le 4 . 2 . On e need tto t S t ’ e ’ c ’ i ty

t he i n  — bond va h i t ’s of  h~’ ‘ i t ’ t i e  t a t e ’ r a of max i ntunit I t ’ c C ’ I 0 t

ah s t r ac t ion sinc e’ tio out —bond c a r t  e - tti t rt e ’ct i t ’  t h e m .  Thi a is why

t he ce l l s fun 
~ in 

a r e  empty Ion t he two f i rat ne ’~ a of Table 4 . 1

_ _  —----- _ - -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -
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TA I3 I P 4 . 1

~~~
7\I RAI R~ b R  

-

~~

i5~5lte i ~i . - m m  if ~ e ’ n I t ’\ ’ t ’ I 
i t t  ‘out ~ou t 1 ~ou t  2 ‘‘out  3 ~out 4 

1 out 5

1 a 3 — 2 1 I — — —
+ ‘ ft 3 — 1 1 — — — —

c 2 I 1 Il — — - —
4 d 2 I I I  I i i  — — — —

t ’  2 I I !  I T I  — — — —

6 1 1 I ‘ e ‘2 \‘ V V V

7 a I 1 !  3 V V VI — —

+ 
-
~ h I I I  I VI — — — —

C) j I II 2 \‘ I V I V V —

10 j 1 V I I  I vi - - - -
I I  k 0 V ~1 — - — — —

j
12 1 0 \ ‘ I  0 - - - - -

TABlE 4 . 2

~m ( ’ r  ~-‘A~i I I V  T’ (~ R 1 
- - - 

I

- 
- \ ‘ , \ [~

i r , 1 \ ’ , V I I

+ ,
~, I , I I I ~



- 
~~~~~~~~~~~~~~~

r Ab3I !: 4 .  3 3~ t

o {k ,~~
}

1 m t  , n , h , L , ] ~

TAB h}-’ -1. 4

Ii (-; + 

I

0 ‘~~~~~ , .

- .2 ~a
_

~~~~~~~~ r~~~~~~~

-1

Di (~~ i
_~~~~~~~~~~~~~ 

-

-
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V 1t t ~~ t he ’ out - in it v ~xc~’e bs o t t . ’ we riced gette ’r it or c o or d i t t a t  cc;

o k’ ‘t I e  t u  end  a i~~e i t t  , a t id t h j cm lii c m i e e e ’  ; ilotto by n rimbe rs 1 , 2 ,

i t  k i i  1 1  t l i t ’ out — i t  t i l t  i i ;  . i t t —  ht ‘rid ;; ir e ’  t n eat t~~l ic ; i den t  i c  t I , I or

i _ t v  i i  Yc ’t~ t ; e ’n e ’ r i t o r , ar i d  t here ! re ne ed ri o (‘oordi n i t o s .

T h i s  i s  ot ot ’ii t Se 1 l i i i t e  slit ; I I  t e ’ r t , ’ r i t  o t  m } t i t ’ (’ . Act  n i l  lv ,

We ’ C i  I cmi  I i t  e t l ie ’ r ile t a t  on  c I~i Sa t ’ ; ;  , c u t  t I t i l l  t l i e ’  qt  ‘r i o  n i t  or

i i i e ’X t ’tIlI l I t C )  1 t ’t tI i~~~t , i f l t  , W e See ’ I I I  i t  e .ichi ge ’tterat or o o t i s t  it u t  us

I tWn It t ic ’ ri t o n  c l i  55 , w 1 t li I h i ’ t ‘ xce’pt ion t hat d and e he’ I o t t e l

I o ti e ’ ; ;  i n  + t ‘ I ~t cc; ; , i (c i ) t i  ( t ’ )

k i l l  t h i s l e ’, i S O Il  We ’ l i t ’ ,  a po tr i l O i i ~~ of s i u t i I m t i t  i t ’5 , o n l y

+ I I l i l t  - 1 pe limit i t 1 t j 5  0 I I i  arid e . ‘I’ht i j S t i l t  I a t y ~i c i  1

s i t  t i l t  ion , but ocou t i e ’cj mm j l i v e  We t ’l tO St ’ 1 V e t  V s i tt i p i t ’ e x i n u p l e .

1 . -
‘ . . . We ’ C a r t  t i C  ‘w ‘ c i ii e i n t o  t lie ’ gene r , i t  t e l  a i , , 

1 I low i ng t l i t ’ r u l e ’;; o f c’otith i t i i t o t v  I e t I m i l t n i  I .  We ’ c 1 et , Ion

t ’ X , l f l l t ’ I e ’  the i t ’t t m i l , i I  t ’t eti l j g u t t t  i t C H  ( i )  t ’o t i ~~~i~~~t I f l ~~ ( i f  t h e ’ t i e ~ n t e r a t t t n ; m

k , t ) t ’c ’ lt r r  i nq t w i c e , t j ,  , and  j . It cent i i  t i c ;  the obleot a , of

y e, I k a t i d  , 1ttid i S o ii i I r i ot  i t  111 1 OVe ’ I O t t O  (I l l ( ~ t o  t lie

0( ’ O U t t  011cc (ii the t l e n e r i t  0 1 5  arid . 
r~• Q pi  i )Ve t h a t  ( a )  s i t  i s t  i ’ s

+ e , ~~~‘, ‘ j n—~; t h o t  e I norn Tab I t ’ 2 . 1 t b i t t  I t (k  ) t t t ( ) (1
out oi l  I

m e ’ t h~~t k a r i d  ;‘ hive’ no otn l —bonds. Al no I b i t  g b ias I l i t e ’e ’ o m i t  — I c o i t c I c ;

a 1 1 ni ~I i c i  t ott it t  I he ’ ( I i  i g l i l t i , l i l t  I i lii;; ot~l e ’ o u t  — iio tiil , a I c -co shtowti

S t l i t  • e 1 ~t O —ce tin t o i l  — 1 x c n t d ; c  ,i r e ~ 0 it )5t’d i i i  I l i t ’ d i , i t l  1 l iii I l i t  - :1

t t  ‘ t i t i t o t  i t) lt t M I’ ’ ~: is c i t  i m c i  j  e n i  . Now 100k it I l i e ’ t o u r  c l o c ;t ’d bonds  
1

i t t  the c l i  i g t  i t i l , t i e r  e ’X l t t l } l l e  I l i t ’  one I rout q t o  I he l i b e l - e e l  k . l-’rom

1 — I wi ‘ t i i t t  I t ft i I I l i e ’ t i ml on I — I l i t !  n i l  t e t C l  l i i ; ;  L oitd v.t I m i ’  V , i

hi i t  I ho i i t — l i t  md v i  I tie ’ nt k i c c  V . t ‘qmi i 1 it v i to I ci t rid p i a

_ _ __ _  -~~~~~~~~~-~~-- -~~- ~~~~~~~~~~~~~~~~~~~~~~~~ 1~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ *~~~~~~ ~~~~~~~~~ -



e ’i~ N j  I C I J P \ ’ l ’ I ( t N  I ) I A C E A M ~ OV I-~l~ 
‘,

l - ’ i ’ t i i i  t ’ 2 . 1

t~~~~~~~~~~~~~~~~~~~~~ ) \ ¼ )  ~D~~~1)

~~ 

- 

1

- 

- +

~~~~ k )

( e

- --— -~~~~~ -- ~~~~- - + -
~~~

+ —~~~- -  — - ~~~~~~~— —- -~~~-— .-+——



i t )

5~I I i s  I i ’ 11 I nt t ht a tiort ~l . tt t l ie ’ ; c , l n t t e ’  w ay  we ’ chock  I he tit h ot

l e o t t e l ; ;  i t i e l  e ’t e t m~’ I u d e ’ t hat holds : (i l  is a t et~m i l u  c t e n i l i e i m i r i t  I Oh

I I i ; l i t  C I a mfe t o  ‘1— ~~~ I i ti n i i t  i t  i~~~ m c i  n e t ’  c a t  be d top~ ecd

w i t  h o ot  dust to\ j liii I Ito 1 t’qml l i r i t ’ , ’. l i o w e ’v t ’ t  , w i t  It del t’ t ed

I l ie ’ t e ’ c ; i i  i t  i r i g  ;;t iha t ’oit I j e l l) t at on i c c j i — ; ;  i tti 1~ ii . ’

A rt ot hi t n e \ i i i i } t I t ’  i s  g i v e mi i t t  (Ic ) w i t h  in (o) 7 . It o o t i s i  at

0 I lie ~I t ’ t t e ’ i .1 t c i !  m ; k , t’oc or - t j ii p t t-.’ i t  ‘e , e ’  , t w i cc’ , a tid c i  , hi , .1 t i e  I

I i t  i ;; t e !  t h a t  t it ’t j~~’ti I e ’’,, e ’ l  twt e , t i t t e ’ to t lie t ’ t ’e ’ l i t n o t i c e ’ s  e e l

0 . I I 
~c t  ‘ Jc~ I t ’ I i’ t lie ’ I ’ t e t  I e+ ifli e ’ .1 t i e !  Ii I c e ’ d c ’ I ~t t i

- cc i mc ’ I ’  ; t jk c c ‘c- e l i I ft ~u rat j e e r  i

- 1 . . I . 1 t ’t t n t ;  r i t 1 i ,  l ook  i t  ~i t i t e r e ’ j lit 01 e ’~~~t I t i i ~ e ’X . l h i l l ’ l  e ’ w i t  h i

l i e  I I  h i t  i t ’ ! i t i e r  - c I t c c l  c c l  i i i  ‘I ’ I  e i t ’ 1 ~ I c i c l e ’ t l i e ’ i w i t It t h i t ’ i i 1 t ’ c’ t ‘ I cc

c - e m i t  — i t  i I n e c ; , ,  i t i d lstti (l v i  I lit’S

i n  add i t i t  e t C  I l ie ’ t t i e  I e’ en  ‘ t i  I i l  I t ; ;  I t !  e ’ ! t  I i I i i ’ 1 ‘;  , l e i t  I h i t  C’,~’ i t t

l i e ’ I e t ut t ’t 1 nt t r I i ; c  li We e 1(3 ( S ) , j i l t  t ’lt dt ’d t 0 t~~ 
i \ e ‘ I l i t ’  I ( itt t ’ t

e • t ‘l i t ’ tot e ’ i de ’,i , e f  t he ’ ~it1 I 1 e 1 5e ’ t e l  I I t  i a t e ’t i i i I , t  t ~ ; I r t ic t U t  0 ‘I’lit’

i de ’,i 1 I 0 I o t u i m I i ;‘ t ’ h i t i e t  met i t ’ nic c ot  t w o  i t i e !  i V t  d t i a  I a t~ ’t k i n~i

m~’ i t 1’ a I t ’ w I l i t  r i g s  n1 i e ! e ~ t e l  hilt ’ t a I . ‘l’li 1 5 alioti 1 ci l’e ’ (‘tilt t1ea t e d  t o

lie ci scmi s~m i ott i n  cm en ‘I t on I . 7 ot  Ot  c r i t i c  li’ n ( I g 7 ~ ) on mo t t Ot t

c m l  t i d i t ’; ; , t i nt I 0 (‘,15e ’ I . (‘ .4 (.ttii t  otit h cal I’at t o t  n t ; )  , t b i d

A I e ’W t e ‘lil t I k ; ;  w j 1 I iii ’ j t t  t u t l e ’ n . ‘I’hie i i i —  bend v i  I tI t ’;~ 1” tOe! P ’

t t c ’ V e h ( i e ’O t I t  l i l t o h t t i  e~~ l t  — i c e e t i d  V i  l i l t ’;; . Tb I ; ;  ~trip 1 t o ; ;  I h a t  t h e ’

1 1101 i l  e e l S  R I hi . i t t e t  , ‘ ( — .‘ i e  ! i e \ ’ e ’ t  i e ’Oe ’ i e I  o u t  —i )e )l1d;~ I t  tint c i t  h ie ’i

e t e ’ t i t ’ h , i t  o t  m c .

We t i i ~~ e~ two ~~ ‘tt ~~ t . 1 1  e e l ; i i ’ i h t t  i n t l  r i e i h i t  t h a t  ; ; e ’ e ’I i i  to j’1 i~

I h i ’ - ;  - I i t , ’ t + ‘I c ’ , i  i t c I  i r i i  l e e, H ‘II: ; I v I or  It ’ I I i r i d  I e ’ I I ‘ . ‘l’ht ‘ I ‘ tt t .~ t ‘;(e

- __+
~~~~~~~~~~~_ 
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howe’ye ’r . The t i e ’ r i e ’r at o r  q = ri t i ht - connect S t o q arm , but not

t t i  h a n d .  The tierte ’r~it or ii ei ht ‘ , Ott the’ other hand , c o n n e c t s  to

ha ni d , b u t  r i o t  t t i a t n t . We h i v e ’ t b o ugh t  01 an a r m  is be i rig macbe

up o t v a r  i otis p a r  t s , one ue l t heiit l ii i n i  a h~ir ~ 1 . I t~ is then tint

a p m e e ’a [ i n t l  t o  a I Ie c~, f lit ’ c-canto un ity n-el it ion ( b I l o p e r t v )  t o  be

app h i o i h l e  t o  bot h , ott v a t iou s  l ev e ’l s  ol  1ilist r i c t  i o n .

The vaque t iess of every d i’,’ I t n q m l ~ ige  t ends  to (‘once’,i 1 such

- 
+ s tib t  I c ’ sen ian t  ic d i  st i i t c t i o r i s , b u t  one (if t he ’  i t l v i n t ie;e ’s ot  the

i l - e a t  r i t ’t ~ a p p r o a c h  i s  t h a t  i t  to t oec~ t e t e ’ci SiOfi upon us.

‘Ph i a is of i f l c i i e’ p e n n ’  n i  I s i  t i n  j f i (‘,i !t( ’ e ’ t ban  may be i mnied i a t e  ly

olivio tis. I f  we dec i d e d , a g a i n s t  t h e ’ rvison inq lu st  q i v e n , t h a t

a ~m e f l e r  a t i - e r , fo r  example’ r i ~ht , shomi I d  lie ’ 1 1 lowed to connect  to

t tt ’hiorat or;; t e f  cli f f e re n t  l evels  of a hs t  r ict  ion we w o u l d  have to

m t c d  i I v t t ie  i s s u m p t  i ot is  i n  3 . 4 . ft . ‘Phi s can cot  t i  i n  l y he’ done

i t i d  w i t h  l i t  t i e  e f t  ort .  , but  f o r  t he  t i m e ’  bei nq t h i s  (1005 not

; ;e ’ e ‘nt t o  ho mot i vat e’d

I t t qc ’rie ’ri t o r q rasp, of omit —ar i ty three , should be read as

“ i t asp  onte ’t hi nq hi ‘tween f i nqen 1 irid finger : , The ma rkets

- : t I c ’ t he heint ~I coeerd i nat es. The generator Iere~ss , of omit —a r it four

s t i t e u l d be’ r e i d  “press somethinq 1 
against somethinq , u s i ng I i n q e ’r

and f i nqc’r4 
. The re’ma i n i nq qenerators need no expi an ,t t i o n .

2 .3 . 2 . The ’ set  fami lies +
~~~ 

are  q iven  i n  Table 4. Ii , and the

pi rt it ions ,iccordi nti to l e ’ve’ I arid o m i t — a t i t y  i n  Tables 4 .7—8

r I s l e t  ‘et i v i ’  l v .

‘I’ Iic i i t~ I e ’ x  el i c m m c e ’ c ; , l r t  e ’ ,i m ;  i I’,’ c i i  o ui l 1 i t  i ’d; c cc ’ , ’ I l ie ’  e l i  ;;~~‘ t l , ~~;; t e ’ i t

i t t  sect i ~~~~ 3. . ~~~~~~ ~~
, a r e  e~ e e f  I bent d i i  Von  i i i  T,iiil ~ 4 

C) 

- --~~~~---~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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TAh3 I~h I 4 . 5

(~FNERJ\’I’ORS F’OR

n ic it t i be ’ r - ident it Ic ’ I 
- 

l eVO 1 
~ ~ 

l t
t ~~~t l  ~~~t2 ~out 3 ~ou t 4 hout5

I i r id i v idu1 i  I I I — 2 II H — —
-‘ i ntel iv  i du a l 2 3 — 2 Il II — — —

I e t t  I — I Il — — — —
-1 r i g h t  I — I II  — — — —

hon ~Io ri ,i 1 1 — I II — — — —
H v e r t i c a l  3 — 1 H — — — —

-‘ ar m  2 II  1 G — — — —
c-i I d l e ’ 3 F ’ 1 C — — — —

a t  nor n i l y 2 1’’ 1 C — — —
10 w e a k l y 2 F ’ 1 C — — — —
1 1  t ’ I ee’kw i s~ ’ 2 1’ ‘ 1 D — — — —

~‘t e l i r i  t e no I ockw i c-me .‘ P ‘ 1 D — — — —
I i  l~~ t t ’ .~ I- ’’ I C — — — —
14 r i i t t t  ‘ 

-
‘ I” ’ I C — — —

I ’ e h o t  i , ot )  t a I h -’ ‘ I — — — —
I I  ~ e t t e ~’+ t 1 +. ’ 2 1’’ 1+ t -’

~ — — — —
1 7 c lown 2 I- ’’ 1 F — — — —

l i } t  2 h- ’’ 1 F — — — —

I t ) h ind I C 5 13 13 hi 13 Il

t i i , l Sl~ I C 3 13 B A — —

$1 rotate ’ I I) I A — — — —
2. ’ p t n ’c -m 5 1 1-1 -1 A A B II —

2 1 b r a s s  I F I A — — —

24 s t e e l  1 F’ I A — — — —
l i t t l e  I F I A — — — —
h i  p 1 1- ’ 1 A — — — —

$ 7 thumb 0 13 0 — — — — —
28 i n d e x  l i ng e r  0 Ii 0 — — — — —
‘ci m iddle ’ Iitiqt ’r 0 13 0 — — — — —
30 rinq finqer 0 13 0 — — — — —
3 1 l I t t l e ’ I i i i i i e r  0 13 0 — — — — —
1$ b o l t  C) A 0 — — — — —

t i n t  I) A 0 — —
1-1 i ’v I i  i idc ’r C) A I) — — — — —

_ _ _ _ _ _ _ _ _ _ _ _  -+
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Table  4 . 6

SET FAMILY FOR ‘2

~~~~0

{C,D,E ,F,G}

~H ,F ’

Table 4.7

0 27 , 28 , 29 , 30 , 31 , 32 , 33 , 34

1 19 , 20 , 2 1 , 22 , 23 , 24 , 25 , 26

2 7 ,8,9,10 ,11,12 ,13 ,14 ,15 ,16 ,17 ,18

3 1, 2 , 3 , 4 , 5 , 6

Tabh ’ 4 . 8

C
1+ 1

0 27 ,28 ,29 ,10 , 31 ,32 , 3 3 , 34

1 3 ,4,5,6,7,8,9,10 ,ll ,12 ,l~ ,~~4,15 ,16 , l7 ,18 ,21 ,23 ,

24 , 25 , 26

2 1,2

3 20

4 22

5 19

- +~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~+
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TABLE 4.9

C # (C ° )

1 [1 ,21 2

2 ~3 ,4,5 ,61 4

3 j7 1 1

4 , 81 1

5 {13 , 14 , 15 , 16 1 4
ft {9 , l O }  2
7 1l 1 ,12} 2

8 [ 17 , 18)  2
[191 1

10 1 2 0 1  1

11 1 2 1 )  1

12 1

l 1 {23 ,24 ,2~~,26~ 4

14 127 ,28 ,29 ,30 ,311 5

15 132 , 3 1 ,34) 3
34

‘r he’ r e a d e r  ntav be i n te r e s t e d  i n  r e c o g n i z i n g  the common cha rac te r—

is t i c s  , I n e’ve nv—d ay 1 an g u aq e  , of ge n e rat o r s  w i t h  the same

index ~~~. I t  is a l s o  of i n t e r e s t  to compare ’ the  index classes w i t h

he’ m gi ii i n Table ’ 1 .9 and t he  r e l a t i o n  -I ~‘ in Table  4 . 1 1 .

The similariti es are now many more than in the first example.

The ’ gr o u p  S of s i m i l a r i t i e s  is the d i rec t  product of f u l l  symmetr ic

~;t oups of order 7 4 ,1 ,1 ,4 see the last  t ab l e .  Hence

(4.1) ‘- 214!... 1.6.108

_ _ _ _ _ _ _ _  — _ _~~---— — —~~~~ + - -. - I -~~~~-- -~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4 . ~~. I . C o m b i n i ng  the  ge n e r a t o r s  thumb ,  index f i n g e r , gra~ p,

b o l t  , !t t + i c ; s  Wt  t e ’I the ’ re+ ’t nul ,ir c o n f iqu r a t i o n  in  F i g u r e  4 . 2 ( a ) .

+ \ ; i c - e I  b et  t t t t t  i s  shown i n  ( b )  . A more ’ comp l i ca t ed  case is g iven

in ( c )  ~. i  t h  ni ( c )  = 13. The s u b — c e e n f i q u r a t i o n  c ’ i n s i d e  the

d~ ’ ’ t e l  or ’ , e ’u is t c ’t r t i l , ir , and can he ’ t h o u q h t  of as a macro—

t e ’ f l e t I I I  , S t e  C r c ’:;, m i c ~i c ’i ( l t l 7 c )  , p.  32 .  The whole  c o n f i g u r a t i o n

is of ibs t r i o t  io n  l e v e l  t h r e e .

I’ w t -e ;it,ic ro— ~;ene’ra t ors c ” and c ”’ appear  in  ( d )  , where  two

i ; i , i iv ic j ti il s f l e ’ a t  work top i ’th e’r. T h i s  c o n f ig u r a t i o n  is also

of + i h s t  r i o t  i on  le ’ve ’l 3 .

‘rh~ con fj c a u r a  I ion c1 in t he’ f igu r e , in  ( e )  , i s s i m p ly

r e l a t e d  t e  t h e  o S e  i n  ( i ) :  t h ey a r e  s i m i l a r , 0 1 = sc 2 ,~~-~ S.

Re’gn, iI t n co”~ i t r ; i t - a t  ions as above , and the  r e s u l t i n g  images

~~ ‘2 ’  describe ’ hand m o t i o n s  of one or two i n d i v i d u a l s .  I t

wool  d he ’ rc is 1 e1id i r i g ,  however , to say tha t  such images mean

c e r t a i n  m o t i o n s  i n  t h e  phy s i c a l  w o r l d .  To do t h i s  we would need

a n o t h e r  f o r m a l i z a t i o n  of the physical worlds since in our way of

t h i n k i n g  s e m a n t i c s  means a correspondence between two regu la r

structures: it is hierarchically organized .

As pointed out in section 2 we do not necessarily assume that

the perception of the world of our observer is logicall y consist ent .

As a matter of fict the term “logicall y cons i ste n t ”  requi res tha t

second regular structure just menl i oned , wh ich may be absent.

Wit hout i t tt n o d m i c ’in iq it we should not worry too much it we

e n c ou n t e r  i mages i n  .

~ 

with individuals with five thumbs , or two

i n e l i v  n d u a l s  ; l i i r  11(1 . i n i  a r m .

_ _ _  —.- -‘--_—‘ - — -—— -—- + - + - - - --~~~~~~ + -— - - _ ---~~~ - = T :~~~ .
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~~\ C O N F I G U RATION DIAGRAMS OVE R C 2
t l i m i c ’ i l ’ F i e ; t , i re  4.2

- 

~~~~~~~rasp 3~~~~~~~(~~~~~

~ ci r a sp 3

m ‘

~~~~~~~~ 

-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (b~~~~~~

(b )

(o
rk

‘\ J ~thumb ) -
‘ J

I 
-+ 

.~~~~~~ x J

çflfd 

_

i .,  ~~ -~~~~~~~~ —_ -~~~~~~~~~~~~ -~~~~~~~~~
‘
— - -  -~~~~ —— - ~~~~~~~~~~~~~~~~~~~~~ ____



~~~~~~~~~~~~~~~~~~~~~~~~

“ - -

~~~

~~~~
d
~~

rit ltial 1 ri:ht 

ND— 
~~~~~~~ ~~

( d )

- arm

(individual 2 
riqh t

2

arm --*~~~~~~~

__ 
C ’”

( e )

thumb —

I 
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(~~ct r a sp  ) ~).(j) n u t  b ig

- 9  
-

+

9

thumb

:

t5

~~~~~~~~~~~ 

~~~~inid ~~r ®~~~~~~~~~~tl~~
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If we want to remove such itc ’ iqe,’s from the algebra it can

be done’ by labelling in—bonds by markers; at the present stage

t h i s  does not  scent n c ce c s s c r v .

The l a s t  c o n f i g u r a t i o n s  ( f )  , (q) , ( h )  are  s i m i l a r  and

belong to the same p a t t e r n  as t h e  one in ( a )  . This  can be

checked u s i n g  Table  4.10 s p e c i fy i n g  the  s i m i l a r i t y  g roup  S.

4.4. To e s t a b l i s h  a coritactondon :” between our two con-

f igu r a t i o n  spaces (as well as the related image algebras) we

c o n s i d e r  the f o l l o w i ng  g e n e r a t o r  map c i : G 2 
C,

1 t o g e t h e r  w i t h

Table  4 . 10
____ _____ -

~~~~~~~ 

- ‘
~ 

-____

g ~q Ci t~ q I
_ _ _  _ _  _ _ _  --

1 a 13 (‘ 2 5  j

2 a 14 e’ 2 t e  j
3 b 15 e 27 k

4 b 16 e 28 k

5 b 17 e 29 k
6 b H 18 e k

7 c : 19 f 31 k
8 d 1 20 q 32

9 e 21 h 33 2.

10 e 22 i 34

11 e 23 i j
24 

-

the t ab le  of the  a s soc ia t ed  bond va lue  map ~ (‘~~
‘

; see Tables

4 . 1 0 — 1 1 .
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Tahic - 2 . ii

C

A \ ‘I  I - : I I

Il V 1” I V

C I I  F ’ I I I

I) I I  C I I

11 I

ert j t~ .r o Rt ’n i , t  rk 2 in 1 . 7 . we can  v o n  I v t h a t  t t e ’iie ’r,t t es

‘mo I l l  am h . - us t h a v e ’ t o check t h a t  , ( a )  ,

:‘t 0 1 , ’ 1 vt ’S b o n d — s t  r c i c t  ore , 13c-’ p ) 13S i n~ T a b l e  I . 9

- ‘pet  h - w i t  h I’ i~ ) los  4 . 5 atid .1 . I , and  I. h i t  , ( b )  , t h e’ hoti l

va I ues bc ’h , i e e ’ is  l e a n  I t ’ e ’d i t t  t he ~iu~ot ed Ren iark  2

‘c c l -  lv i ~c :  t hi a h~-e irit -emot ’~ l i i  sm t ’ l  t ’x rn t p  le  t o ( a )  i n  F i cure  4 . 2

‘c’ t e t  lt~’ (1
_ O t il I t t u n a  t ion (a i n  1’ i tiure ’ 4 . 1 . I n t he  Sante ’ W11\’

lie ~
‘
, — c ’ i  i °‘ - i i ciii ( i c )  i n  F’ i t n  r~’ 4 . 2 i a c i  t r i e d  c -e vc ’ r iii t o (b)

i n  F~~~l~ i t e ’ L i .

As , i l l  hom~-emo r~’hi ama , h Ic -eSt ’S n t o t ’ n i i t  i o n :  a 
1 

— c e n t  i t i u r t —

i on ( o c  ~~ 1 i s less i t t  erma I i y e ’ , a I t  hooch topo 1 oct  1 ca l  iv  t h e

S rn’ , o o m n a r e ’ i  to ,i -~~ — c~- e n f j p u t  i t  i o n  ( o t  on t o  m t

I
_ _ _ _ _ _ _ _ _ _  —~~~~- ---_——- ‘ ‘~~~~~~~ ‘ —-—--
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S . The cho j cc ’ of 1 a tic j,i i - t n t  or t h e  a t  n d v

5 . 1 . 1 .  i n  ac ’o t d , i n c e ’ w i t h  t h e  d i s c u s s io n  i t t  section 2 ,

a n i  w i  h t h e  s t a t e d  t ~‘a~’r \ ’ a t  m o n s  , we sh a l l  o ’ h o e a e  t h e ’ t vo e of

I c e  o h, i i S e ’ C I  by t h ~ a~ n~~~k e r/ i  j S t ~~~M c ’ S  as f i n i t e  s t a t e .

‘in be ’ ciii t e ’ b ri~~t wh ’ ’ t  ~l i s c u a a i i t ~t t h e s e  l a n q t i i t e s , t h e ’’ , ’

at ‘ so we ’ 1 1 k u  ‘w -

5 . 1 . 2 .  Th e ’ at ,imm ,tc ‘
~ W i l l  l ’e ’ i t i s e d  on a v oc ,t b u l ar v

J ~~ , .  - 

~ T s • h~’ terminal vocal-en lam cons i St 1 n iP

0 ‘ ‘ h e ’ ’,’, - e ’, I s  ‘0  l e  u s e d .  l’~’ ’ , mh a l I sot’ ie ’t  lu t e s  Use  G r eek  or

k - e nt , i r t  l e t  e r s  to ie ’ llt ’ t c ’ t h e ’ ‘le ’n i etct s o f VT C and o c c a s i o n a l ly

:-‘nc ’ tm ‘, c - ’ i J s in  E ti: lish. hi t I l e ’ L i t  t e r  case we h iv e  to w i t c h  ou t

so t h a t  ‘,ce ’ do n o t  f o r - n o t t h a t  t h ey  s h o u l d  ht ’ t r e a t e d  a b s t r a c t  l v ,

no r e : cr  a~ ri j  Il l 0 suba€’ of r e a l  E t i p  1 i sh

T h e ’  t m o r i — t m ’ i :” i n J i  V o o i i ’I I l  1 ~ V V cons  i St of  sy n t ie ’t  i c

\‘,l ri am ’les , or s t a t e s .  They  w i l l  be’ c i e ’n o t e d  by n u m b e r s  1 ,2 , 1 ,.. .F ,

w h e r e ’ F i iidic ,it c ’s t h e ’ I int l a t , t ’ e’ . in shall use the convention

ha t 1 i ,s the ’ st ,irt state’.

5 . 1 . 3 .  The t t m c e d n e ’t io ’ts itt  can  , i l w a v s  be e l l ’c’e’fl ill

c an o n i c a l  f o r m  as

( 3 . 1 )  i i, x c  V~~, i 1 ~

i’’ -  c a r t  r ’  i l  ( 5 . 1 )  ac -i “ t b ’  a t  , i t e ’ I Poe’s t n t  o ~ct l  i le  w r i t  t a r  t h e

‘ m u  n i l  s v i ’ I ’  1 x ” . ~~ c e t ” e ‘ I  i t t ,  ‘s I wi 1 I i’ e ’ o ’ n n y c ’ tm i e a t  to 1 et x

i t  ( S . 1 ) i ntel i cat ‘ a i n  i t e ’  c - m t  r I t i~~ t i a  t t O d  , x V T~ 
b u t t h i s ~c i 11

Ito t - If ee’ I t he ten ’ ’ - 
- t t Y e ’  t ’c ec n t he  r i  , imn i, i  r .

- — — - —— — —— ~~~~— ‘-‘--- 
~~~~~~~~~~~---- --- - -—-.-

~~~~~~~~~ 
- ----‘-. —-—--  -—~~~~~ ——-- -
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c c I

‘ e~~ 1 . 1 .  , t i i ;t , ir ; i t t  i i i e ’ t t , i t i d e ’ t  ( l I t  1i~ ) , (‘Ii , 1 1 i 1 C ’ ,  H , ice ’ a l t , i i  I

I h a l  ( l i e ’ c i i  i t n i t n i n t  l t , i r ;  l e e ’e ’ n i  t e ’c l u ( ’e r ij  ( t c  c l o t  ~‘ni t t t i t  t I  Ic I o i ’ n n

i i , ’ 1 l i n t  an i v  ~ ‘ t  o I t i t ’ t  i t t n t r; I I t  ‘ c c l  t h e ’ t o t ’ i t t

I i
C’ . ‘1 ,)

e c a ’ I  O c e l l t c ’ i d e ’ , k . ‘l i i i i t  n tiak c ’t ; le a  I t~~n i e 1  o l  ite ’ n i t  ‘ t t c ’ e ’ c i  m i n t , i n n t l - e i e i m n o n i c ; ,

Sc ’ I Ii,it x x ,x , . .  .x  i s  e~~i , i t t u t t a I i c i t  i t  lt ,is , i  t i t t i c h i l e  h e ~i I c ; j n i e h
I . t t

i n it ~ i -~

( t , ~) I i 1 e 1- ’

‘ I ~~ ‘ 1 n

i t t  ( “ . I l  i~’e l t , i ’ c ’ c ’ ! e ~ i t 5 e ’ l  I l i e ’ t e ’ t i l  e ’nt o e ’ i n t l  o ; t t O e c ’ l i l ;  I v~’ 1 e t c , c h t e ’l  t e n t s

t , i 1 1 I I ’ .I I - n t —  1

I . . The ao l  I ,  c \‘ ol  i i i  I I e ’ S t  t I t i p  a ‘ n  od I R ’  ‘~l I i k t ’ ( I i i  i t

- - i - ;t I t i t  , ‘ I l i e ’ I a n i p  a, n e t , ’ qe ‘ t i e ’ n i t  e ‘cI 1ev I h t ’  I a n i~ t tn a ’i e ’ , I I ,  I’,

I h i  I In’ S itU ’ ’ ~~ t c ’o t ’ d i i t  e I o n  i~~i 0 c l i I c ’ i  nt q i t t  i i t ip s , hi n t net

‘ ‘p i t  I n t a r  I h i  I I l i e ’ r I  , t I c ’ I c c i  j 1” , we ‘I  n n n i n i n t t . i  I I ’  , i  1 ‘it n~ i t ; e ’ :
c c ti

I I I ,I n tx \ \ XI ‘ i n

‘. e ‘\  t i e ’ e ‘~I ‘ t e l  l)~~ 1 ( i t t c I  I c c I l i e ’ I ‘ i t n ~~ t i l d e ’ , l e n t  I w i  I I l ie ’ c c l  I i t i e ~ i t l i t  j e ’

: 1 1 1 1  i I e~~, i t t e ’e , i i t \ ’ \ c ’ , i \ ’

L1ti I i’ i l e n t  I I v I l i e ’ I , 1 t i ~~l i  1 , 1  • n e  c i i i  l i e ’ t o p t  c ‘ t I e  ‘ n i t  eel I ‘v •

i n t i to .inI on n t ,n t e l i  I h i t  w’ ’ ali t I I o t t  i ’f l  p i  e ’ t ; e ’ t i t  i t t  e l i a p t  , in un tn i , i t i c ’

l e t  itt . ‘1’ , e I i n  t I ‘~
‘ I l i e ’ a ‘ t ,i I I e ’n  c ’e ‘ i t t  I c  l e t  I l i e ’ I l i t I t o  i i i  I t  itfl.~ I e~~li

• i i  \• e ’ n i  h ey I I t ’ ’ r i  n tt ~ e h e ’ ic I I i t p c l i  , t ’ t  i , i t ’ i  i t )  I” t e i t t i  e ’ ‘ C . I

- -~~~‘-— --“  - . - - -
~~~~~~~~~~~~~
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~~~~~~~~~~~~~~~

-
~~~~~~~~~~~~~~~
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5 )

0

“ 1

‘Flit ’ O c e r t  e ’ ’ I i c h i i c l i t t c l  - I t  ,i i itI’t,i t liii ;

I “

,i~ t , I ‘h e  ‘ ‘ c ’ I i i c ’I j~~’t t s  i i i  I l i e ’ t c l l ’ l e ’

T , i t ’e l , ’ S .

1 2 -

1 - I • I
h h

2 e -b • I- ’

—

It is ‘ l v i o t i ~t I v  d~~t en  m i n i  c-’~ i c . II • J e ’ n t e ’l it  c i i  t o t  c ’X~it1t } ’l e ’ sen tences

p i t a e ’ - I  is

( 1 2 ‘

a ‘ c Ii

I 3 4 3 .2 Fii o 1) I- ’ C i

I I I 1
b o

— -- - - -- - ‘ - --~---- - —
~~~~ --‘—

— —- - -  - -  — —- -‘ -- -- .----- -—- .-
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ari l r e h i  I S e ’S I i k e ’

-, -e

0 t ’

( 5 . 7)
3 4 3 4c b c

5.3. Another e’q’1iivalent wan of representitic finite state

language’s is via ruqular expressions from forma l logic. Such

express ions ~t “e built from concatenation , fin n t o  r c ’p et  i t  i o n

( i n d i c a te d  by ,t s t a r)  , union , and parentheses to  i n d i c a t e ’  o r d e r

of e x e c u t i o n .

The” I ancuu ,iqc ’ t l e ’tle m a t eel I-en the ’ wi r inc d iaa t a m  in F i g u r e  5 . 1

for c ’x 1inn l - e  1 c ’ nm th e n  be’ w r i t  t ‘n as

( 5 . 8) I, ( i c ~~~~ ) I~,J ( l ) c ’ ( I t o ) * a )

I t  is c ’ l e ,’ t r  U ( I , )  = ‘- if and only if the regular expression

cont,i i ni s i t  b , ,  o t t o  s L i t  . This is the only case of interest

Ion  i ts  m d  W i l l  be , i ’ -msmin i € ’ d  t hm c i t c t h o u t  t.h is paper.

5 . 4 . 1 .  P t  the Ic ’tl lo winc .t it is of paranto tint importance that

i nite ’ S - i t o  l a t i p m i a ;e ’s , i s  we l l  as maniv othte ” r fo rma l l a n g u a g e s ,

can be vlvw c ’d as comb i n a t , o m v  i e ’ t~ t, il1it structures See Grenander

( ‘ t 7 ( )  , S e c t i o n s  2 .4 and 3 .2 .

T h e ’  c l e ’ m t c ’ r C  ‘i s wi I I I h e i t  he ’ n e ’ m c r e c m e ’n t  ed by the product  i ons  of

‘
~ (no ’ h \- wot dtm ! ) Tho~

- h ,ivo c . ,t 1 , w i t h  th e  i n — b o n d
i t )  O t I t

n i l  U(’ ~ n y e n  b y t he ’  s t i l e ’  i I e l  l ’ e ’ ewr it I (‘II i i i  ( S . l ) and  t h e

OU~ — h e a d  value ’ mc ; j , I ho u , ’ i ;i il I i t i c ~ s t a l e ’ . 1 - i t t  t h o t  e E( ’~V A I , ’

,i nd ~: = I~TNEAR .
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The i d e n t i f i c a t i o n  r u l e ’  R to be used then i d e n t i f i e s  two

nc ’ou la r  c o n f i g u r a t  ions  ( g r a m m a t i ca l  p h r a s e s)  i f  th ey consis t

of t he  same s t r i n g  of t e r m i n a l  symbo l s  and have  t he  same ‘‘xternal

i n - b o n d  no l i t e ’ i ad t he same exte rnal o u t  —bond v a l u e ’ . R emember  t h a t

the ’ f i n i te  au t o m a t o n  was  assumed to be d e t e r m i n i s t i c ;  then each

m op e ’ consists of a s i n g l e  c o n f i g u r a t i o n .

3 .4.2. St rictl y a r ’ e a k i n q ,  this image algebra represents

t o t  j u s t  L , but •ill criamm atical phr ases i n L. When we wan t

t o  l i m i t  ourselves to jurt L , we need two more gene ra to r s, one

,n ’ w i t h  ~~~~~~~~~~~~~~ 0 , ~
&c

t
(q ’) = 1 with out—bond value 1 , and

i n - ~~t h ’ r  one , qF , with tI j~~(q
F) = 1 (~~~) 0 w i t h  the in—b ond

v i i ’ ’ -  I’ . W ’ -  s h al l  t h e n  le t  ‘2 be the  ima g e al gebra  c o n s i s t  m g

- cl ~ t n - c t  S it t  -~‘m th o t i t — u i i t y  sort). w i l l  reapl elar ~~ t h e

r i e x  section is the se-cond ,mrv image al gebra in semantic relations.

I t  We ’ apply the function Ion , the  m o n o t o n ic  ex t ens ion

c’nctor , to the -’ above ~‘ and  
~2 we get new imaqes consisting of

q r - i m nr n m t j c a l  p h ra s e s  and U n i o n s  of unconnected grammat ical  phrases.

—- - - - r n -- - “ -- -~~~~~ - -~~~~-- - - - .  - ‘ --
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6. Semantic_maps

6.1.1. We shall now try to formalize in algebraic form the

ide’as or~ semantics from section 2. To begin with we shall do

t h i s  in  a f a i r l y  gene ra l  s e t t i n q , a t t e m p t i n q  to bring out clearly

t h e ’ m a j o r  p rob lems  t h a t  c o n f r o n t  us in our task. Graduall y we

shall sp e ’ci t li se b” bri ng ing in rc ’strictions on the semantic

maps , and in section 7 we can examine the detailed structure

of some semantic schemes.

6.1.2. In our view semantics is relative : it relates two

or more regular structures to each other. Consider therefore

two image a l g e b r a s

I ‘i 
=

(e 1) ~

~ 
‘2 

=

- want to “explain ” ‘2 in terms of “I by relatin g images from

2 
to some’ t ri ‘~~ . To distingu ish b e t we e n  b e n t , ] e t  us e;pe ’1ik of

1 as I h e ’ ~ r irna r’y in t1 i c-je al gebra  and  of “: I S  I t i e ’ ~c ’ t, ’c i n d a  rv  one.

Th i s  se m a nt j c  m a p ,  sem: “ 2 • defined on some subset

‘2~ ‘2’ 
sh,ill be’ un i quel y d e f i n e d . O t h e r w i s e  our “ exp l a n a t i o n ”

w o u l d  be a m b i g u o u s .  This is something we h a v e ’ decided to avoid;

Sc” ’  s e c t i o n  2 . 4 . We shall then say that sem is ~ide ’quate for ‘j~~

r i ’ , m t i e t o  ‘I

‘Flie’ inverse of sent nced not be uni que. A given primary image I

‘iii correspond to a sot ( w i t h  severa l  e l e m e n t s)

( - c . 2 )  sent 1’(I)C ‘2

~ 

,,,~~~~
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Sometimes it is better to stam l t he’ analysis o~ - m s e m a n t i c

-l  ‘- - c
scheme via this inverse map sern : ‘I ~~~ . W I e t  t h e  secondary

t a p e ’ a l qe ’bra is a l a ngu a q e ’ , scm ’ ( 1 )  cc ) f l S i  ~~~ t s 01 i i i  g r a m m a t i c a l

u t  t e r ances  t ha t “ m ean ” I , and sern I e>~ mc ’s Sc ’s t hi’ 1 i n r a  i St  1C

at t , m t e q v  ( C I  t he  speake r .

6 .2 . 1 .  In t h i s  paper we s h a l l  1 i lw a y a  l e t  the p r i m a r y

i m a r e  algebra be a relation intaqe ’ a lp eb r i , 11s d iscussed  in

s e c t i o n  3. The secondary ima g e algebra shall consist of a

f in i t e  s ta t e ’  l an c u 1 ig e  L (  ~ ) , viewed as a r e g u l a r  s t r u c t u r e ;

see S~~4 .

S i n c e  we ’ have  c a r d  ) = ‘mm d  ( ‘~~) , hot  h b e i ng  d e n iu m e r ab l y

i n f i n i te ’ , t h e m e  is of course no pnob lem with the e x i s t e n c e  of

se ’m an ’ ic maps a l e ’ r t r , l  c - t ot 2 r e l i t  ive  to . I n deed , t h e ’ m e ’

a l wav c  exist- b i  jt’ct ~~V e ” maps 
1~~ 

‘2’ and infinitel y mati of

t hen .

6.2.2. The trouble is that a semantic map, even though

, m d e ’5 t c t ~~t e ’ , even bijective , is of little interest unless it has

additional structure. If it  is q iven  j u s t  as a list of pairs

(I n , I i ). I2~ ‘2’ ~~~ “1’ and with no more a prioristic knowledge ,

j I  could  not  poss ib l y be learnt  f r o m  f i n i t e ’  e x p e r i e n c e , nor could

it he re ’memhered using a finite ’ memory .

To su ppl y this missi ,ic4 structure we shall exp loi t the

c o m b i n a t o r y  r e g u l a r i t y  of the two image a l geb ra s .

6.3. Let us approach this top ic from a t r i v i a l  examp le.

Say tha t G 1 cons i s ts en ti r ely of objects. Then an-in imaqe in 

—~~~~~~~- - ~~~~~~~~~~~~~~~~~ - ----- -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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is j u s t  a set of g e n e r a tor s  each of which has out-an t’ ,’ iv ro ,

so that t h ey  cannot be connec ted  to each o t h e r .

To desc r ibe such pr ima ry images it suffices to i t ; tm t t luce

the finite state language with VT = G l~ V r,~ 
= ( l , F } and  a l l

pm )ductions of the form 1 F or 1 1, g t G1. This language
g

has the re’ctular expression G1.

If 12 
= g 1, g 2 , .  ~~~~ 

with n(g) occurrences of the word g,

g~ G1, then the semantic map

(6.3) sem (1
2
) = image with n(g) generators g, g~

i s obviously adequa te. The inve rse sem~~~(I 1
) gives us all

strin gs over C1 o~ length n with n(g) occurrences of g , in

arbitrary order; it is not unique .

6.3.2. A reader is certainl y e n t i t l e d  to ob ject to t h i s

examp le being too s i m p l e — m i n d e d : real  semant ics  is infinitel y

more comp l icated . And t h i s  is j u s t  wh y we picked the exam ple.

As soon as ~e a l low connect ions  in the p r i m a ry  image a 1o-,~bra ,

synta ctic constraints will be forced upon us in order to make

t he  s e m a n t i c s  a d e q u a t e .

Consider another example , st i l l  qu i t e  simp le , with the

generators in C
1 given in Table 6.1. An arbitrary image in

the n cons i s t s  of , say , r n-mt— generators , to m 11, m 12 ,. ..  
~
m l r  of

which  a ‘y’— g e n e rat o r  connects  r e spec t ive ly ,  in a d d i t i o n  to s

- —generators , to m21,m 22 ,...m 25 of wh ich 
tS—generators are

a t t ached ; see F igure  6 .1  where r = 3 , m 11=l , m 12 =0 , m 13 2 and

s=2 ,m 21=3 ,m 22=0. 

- ‘---- ._: — —‘-— ----~~~~~~~- ---~~~~--- ---~~~~ - - — -— -------- - -- ‘- — ---- ‘- — - —.-‘--

-

—
-- -—---- - --- - ---
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ii umbe t ~ ele ‘a n a l oV e ’ 1 - -i n  ou out
1 - 0 A 0 —

2 .- 0 B 0 —

3 1 — 1 A

4 ~ — i B

‘F~dc 1e  b . 1

A language suitable to describe such image’s is easy to

c o n s t r u c t  arid We ’ exhibit one in t e r m s  of the  w i r i n g  diagram of

its f i n i t e’ automaton in Figure (c .2.

This language will now he supplied with a semantic map as

f o l l o w s .  G i v e n  a g r a m m a t i c a l  sentence , fo r  each t ime we pass

the branch 2 3 we add a g e n e r a t o r  to the configuration

d i a c t r a m .  For each time we pass the branch 3 3 we add and

c-)nnect a generator y to the last it i n t roduced . Each t i m e  we

riass the  b r an c h  4 5 we add a g e n e r a t o r  V to the confi guration ,

and for each pass through 5 5 we add and connect  a generator ‘

t o  the last S . For other branches in the figure we do not

m o d i f y the  c o n f i g u r a t i o n .

T h i s  d e f i n e s  s e m ( I 2 ) , u n i q u e l y on -‘2~ 
I t  is a lso c lear  tha t

son i~ sur~~ect i v e . G i v e n  a p r i ma r y  image 1
~ 

let us enumera t e  i t s

e n e n e t i t o m r o [  l eve l  0, f i r s t  the i ’ s and then  the  V ’ s. A f t e r  any

occurrert (’e ’ of mn we put  the y ’ s a t t a c h e d  to i t;  s i m i l a r ly f o r

the  V ’ s and ‘- ‘ s. W i t h  t h i s  a r r a n g e m e n t  pass t h r o u g h  the d i a g r a m

1 
i n  F i t i t m r e ’  6.2 writ ing t e r m i n , i I  symbol s  success ii ’e ’l y .  I f  no i

is present in 
~l’ 

we go I i )  4 , w r i t  t u g  ,i y; otherwise t o  2 writing

clf l  x , and t h e n  to  w r i t i n g  1-mn a . If the a has one or several 

—‘--—— ‘-- ~~~~~~~~~~~~~~~~~
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0 ~~
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~
® - -~-C

~v~0

Figure’ h . 1



—~~~ 

60 

—

Fj c i u t ’ c ’ h . 2 I

He ’ t -
~~ 

VT 
= e 

~ , d , c , x , y } , \‘,~ = { 1 , , , 4 , ‘~ , F’ I i nd I h’ - t - -cdt ~ct  1 OtiS

i t  e the , ‘~~~‘ ~ j t  i r i :  r u l e ’s 1 2 , - i ! ; c  i so on , - i I on p t he b e t  ,i - ‘he ’ -x
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a ~i t - v’h e  ‘d , 1 cop I hroue i  h ; 3 I he ’ same number  of t i m e s . I f

in ’ . ’ m o r e  e i S t ’me ’settt qo t ’ i - ’k ‘ o 2 and  so on ;  else go to 4 and

he -ha :~ - j  a t I c e  s i ne ’ w i n

‘Ph is w i l l  p r o d u c e  a ct ramnia t i i’l l sentence 12 , 2 ~ sem 
1 (1 

l~
l o t  I”i~:nir ~ t e . 1 , 1cm ~‘x , itir ’ 1 c ’ , ~ ‘c ’ ~t c ’t the sentence

( e S . 4 )  
~2 

— x , m , : v , i ’ , ’ , m p c r x b d d t l v h x

4 . 1 . ii  t h~’ se n t  once  ( 6 .  1 ) 1 he words  a , b , q , d i n d i c a t e ,

a t- P ’ w v we ~a~’ e ’ d e s c r i b e d  , t h e  o c c u r r e n c e  of the “related”

- r e no m a ’ - -e a , ~ , , . ‘Phi’ 0th ’ r w -e md a x , v p 1 an a d i f ferent role

h en  r c t b j c i t  o wh , i 1 o c i n t i e c t i o t i s  a t e  e,’stabiished between the’

r~’ ~~~ i C t ) 5  ( t _ e r e ’ r ie ’rat ems)

O f t en w’’ shall let V
T 

consist of t w o  disioint sets V

-m a d V . Wh ’ ’ r i  We ’ do t h i s , e t c h  ct n- shall correspond to a

se~ tl ,i t ’ ie ’ (a  V . The j ny e m s e  n itric 1 t e l  Is c ia  w h i c h  p e ’n c ’r a t o r
ni a:’ce’

i a ra e V m ’r ’n e ’ a e t ts  . The w o t d s  in V , the conn ‘ct ives
i t - m m ’ ’ - con-in ——- ~~~~~~~ ————

i S e ’e! i t  a I i  fvre ’nt scflSC I m t m oi ’ ti i n i a n v  s y n ta x )  , are f l e e  led

- 01 i()l ( ‘10 i c i l  in -i I t-ma t i on  .

. 4 . 2 .  J e  s h o u l d  be innltie ’(’c ’ssarv to w a r n - i  t h e ’  reader -  ha t  t h i s

1 ‘ u rue -e t l e ’ ] ti , i t  ii  1 1 , m n ’ i q n l , i c l e ’ , c~’ ! t e ’ t e  no such c l e a t —

1 5 1  1 h O t  i 0 t e e ’ ’ W e ’ e ’ f l  t l , t r t e ’S , i t i e l  C o t c r i c ’t ’’  j \ ‘ e ’S c a n t  be ’ niade’ . Our

- I ‘ ‘ - ‘ ‘e’k’ o b e s e t a’’ , ,it H ; r e e ’ o i i l a l j \ ’ e ’ n , m l h e m  t h a n  emp irical.

e . , 3 . ‘t h e ’  I i ; ’ e ’X.l t t p l l ’  l e n i n - t a  onj t whit is the essential

e l i  ‘ i c i i l ’ v in e a i t d  t i~~~~~~ l~~~~~ se mm n i t jo r i a t ’~~. Finite state language ,

c ’ o f l a i c b c ’ i e ’- t, i a a t , ’e R i ! j r  a t t i c ” U l e ’ , h i s  e ’onn e ’e ’t i on  ty p e  ~ lIN EA R;

3 . 4 . 1  . ()t,it t e ’ l  ‘i ’ i on  j r ’  t i c ’ i i  re ’ l c n  , t  on t h e ’ o t h e r  h ,it id has  a

I e’ X i i d  e ’ ccc i  t i ’c I i i-en 1 v c c c ’

111L - 
— 

____ 

__ ,.~~
__ r’ ’
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Although w c ’ shall stan with finite state languages we

c i r i r i O t  avoid r e m i n d i n g  th e ’ re ’,idor that with conte th f r ee  l a n g u a g e s

we p et  a more t o wc ’r f u l  topology , namely ~ = T R E E ;  see Grenander

( l ~~7 a )  , se’e’tjofl 2 . (e . Still more p o w e r f u l  is the connection type

for c o r it ex t - se ns l t i v L’ lanquzmeTes which allows cycles , j u s t as

in our  : ‘r i m t i r y  i n ~acc ’ a l g e b ra . This  should  be looked in to  more

c a r e f u l ly  in  our f u t u r e  worP .

~ .5 . 1.  The l a s t  example  c o n t a i n- i s  a c lue  fOr  the u n d e r —

s t a n d i n g  of semantic maps more qenerally .  To make th i s  clear

let us return to the wiring d i a g r a m  in Figure 6.2. For a g iven

u r a m n a t i c a l  sentence 12 we start with the empty configuration

at sta~~e 1. I f  the  f i r s t  word in 
~2 

is x we go to 2, keep ing

the e.m~~ty configuration. If the next word in 12 is a, 
then we

so to state 3 and add -i to the empty configuration . If the next

word in 12 is g then we connect the generator to the genera tor

in our monatomic confiqur it ion. We now have a b i a tomic  conf igura-

t i o n , t h i s  is nrocessed , and we continue until we have reached

: tnd use d “h e  l a s t  word iti I2~ 
Then we have a configuration c

from c’~~: the corresponding irna re R1
( c )  = sem(1

2
) .

This is a s e q u e n t i a l  process , mapp ing c o n f i g u r a t i o n s  in 1 1

into others in the same space . Wh ich  c o n f i gura t ion map

w i l l  be app li ed during en t ’Ii step of the process depends upon what

branch we are passing through in the wiring diagram.

6.5.2. This leads us  to a concept  t hat  is f u n d am e n t a l  for

the following anal ysi s .

Definition 6.1. By .m semantic (ti nit c ’—st ate ) processor from

to c’,~ we sh a l l  mean a collect i on  of sets C~~c 
~~i ’  w i t h

~

--

~

- “ -  - - —~~~- ----- -“-‘-‘— — — —-
~~ ‘.—‘--‘.- 11, 

~~~~~~~~~~~~~~~~~~~~~~~~
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C = , w i t h  some co r lfl e - ’ ’  es a , , (x) :C - C . ;  x V , (whe’re a
1 1 - --

~~~
- --  -- - 1 1  i j T

s t , i n t l s  t i  a -, ‘ O i ( i l c ’ e ’~ t ’m I ha t  !i t , IV c t  m m  not cent m m  new generators)

a n d  ‘ he ’ c~~~çi~~~ e ’ s r ;  m r  rim Ic ’S

a )  ;‘ .
‘
~~~ s t i r  I ad st a t ~’ 1 with c

P A Se ’ t i t i ’ f l Ce ’ x 1 
x L ( e~ ) is proces Se ’d l e f t — t o — r i  ph t

c)  A t ”  n t r an s i t i o n  back to s t a te  1 c i s made eau a l  t o

as tin

Alt Pouch we ’ shall stud’’ tei b n  f i n i t e ’ a t  i t  c ’ l a r i t t u a g e s  i n  t h ~ s

he di’ f i n  it io n-i has been formul ,i t ccl i n  scroli a w,tv I h - n t  it

shc -i Id be’ n ’o s s i b l e  to a d a p t  i t~ fo r  more newer  lu l  1 , e c , r I , i q e ’s

6 . 5 . 3 .  To g a i n  soctie ’ i n t u i t iy e ’ u n d e rs t a n d i n g  of the role’ of

t h i s  d e f i n i t i o n , l e t  us m e t u r n  t o  t h e ’ e x o t i c ’  b e ’ in  Se ’Ct ion 6 .  1 .

I n t r o d u c e  f l-ic ’ subse t s  of

( C~ =

C 2 = c o n f i t c i r a t i t - e t i s  w i t h  r C ’ s , r ‘- 0 , fom each of

w h i c h  ma’, ’ be’ it t ache ’] ,m t t um b c ’ t of ‘ a

5)  
- 

C = same as C c ’ y v e ’ - I t h a t m ~‘ 1

C 4 = H
C 5 

= sonte ’  as 
~2 

hut fe - e l lew d by at least on-ic 5 ,

a l l  the  V ’ s no v have t S’ s attached

~ C~, =
r n  t h i s  rx arln e le ’ a l l  the C .— cl iases consist of reetular

f i c ar at  ions  , hut t h  i s r iced r i o t  - ii w in s be I rue. More about t h i s

later.

The ’ assoc i ,i t ‘ t b  c o at  i q u m a t  iou - i  n i taps  g i v e n  i- e n c ’o n t t e ’c tor s

1 , - (x) i r e -  clot i nod if i j i t ;  a l e t  a n i ch  iii the d i,mcl ram
i i  x-

A



4

= ~t 1 3 ( y )  = h 2 1 (x) t 1
2 2 ( \ )  = ~~~~~~ = r

4~~( n )  =

0 5 4  k’) = (F ” ) i d e ’ n t i t n

(a) add u n c o t i t i e ’e’ t eel to con i q u r it i ie t t

( t ; )  cu r t n c e , ’~’ t fle’W t 0 1-aS t C

( Ic . Ce

(b) = add  c r r i ~’o t i t i e ’~’t e ’d V to ~‘o t t f  i t l u r a t  j on

- ‘ 
~~~ 

( d )  = ~ on n e c I  new -~ to last V

Be ’:t ,i rk l . S i n - n ’  - ,~ ‘ n t c t e m n e r e - t  h n , i n c ’h i t ip  h a c k  to  s t a t e  1 as

m e a n ;  t ic  “be gin ~t flew ( u n c ’ o r n ’ c e o t  ‘ ‘~b )  c c - e m n ) o f l e n n t  o f  the c e nf i  e tu r a t i o n

to Pc’ c a l c u l  i t e ’d”  , ~‘e,’ co u ld h a v e ’ let , fo r  e ’X rf lplc ’  , t h e  b r anch

3 4 so to 1 i n s t e a d .  Reme ’mber that to d e s c r i be ,’ u n i o n - i s of
x

u t i c c n n e c  cccl s u b — c e n t  f i tti m i t  jot-is we,’ n~’e,’~ t ie  a ’ - n c  t~ ic t i c in format ion

in  ad]  i t  ion - i  to who  t is a l r e ’,idv con t a  i t c e d  in t h e ’ Se ’fl t e,’ri~’c’ to

ic ’a c rj f ’ c ’ the’ a t c i — c t e n f i c r u m a t i o n s .

Re, :ti , ir k V . In t h~’ S U e ’ci’5S~~’,’O t ”’t ) l u t  ic-en of the c’ ‘a we ’ m ay  have ’ to

r e f e r  t o  s e r c c ’r ,i t ’~ r s  and h u n d~ , w h i c h  will be’ clon e’ in - i  t e r m s  of

h~’ ‘ - e t c  f jair rat ion coot’d~~r c , itc ’s

R er n a t -k  3 . The pr c- e cc’aaor i S c  t I Sc ’e ’t’lS t e e  i C c ’ t e l , i t  ed t e - e  t h e ’ ~‘e ’ntcept ot

t r u e  au t o m a t - a .

te . t e  .1 . Gi c’en a sentant  i c p l o t  t Ssor we ’ can  ox t end

t h e ,’ c o n i f i s u r a t  i on  mar es a ( x )  t o  bee ’ de f i n ed t em p h r a s e s u (in
i J

l.( ~O) by c c n - itt intl ~~~~, ,  ( t i )  = u n d e f i n e d  if u is n -to t  i t  mnu tt a t i c , m l

a n d  i f  a t a the  e l m , i j t i f l i i t l O , i l  ph r a s e ’ (5 . 4 )  w i t h  i
0 = i ~ l

fl 
=

( s - c • 7 )  c e , , (t i )  = p ,  , (x ) ~~~~~~~ c , ~~~~ )c e . - ( x l
i t a i i  2 i i  1n— l n-u 1 o o I

F l u e ’ t o  as S i C ’ i a t  i vi I c (t’ . 7 1 t 5 ,O ‘ — tIC ’’ i tt , ‘tI , ,1 flel Si ace ’ ‘— i S

d’’ I e ’ r at i n  i at i c I he ’ a t  t i n i q i , i , u is a n t  i clue and  hence  a I so 

-~~~~~~~~~~~ ~~~~ :_ _~~~_ _~ 
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7 ) . ‘Pe e I h e ’ e ’n ’ cp I c ;;  t n ’ i 115 ii W e t at t C e ’ i ~i I e ’ C C  ( u )  = i ele ’n t  t t t c

I ’ . I c  ,‘ - W i I it t ime c ‘ X I t i l d e ’ , - a ‘ i t t ,  m i t t  i 0 t i t ,  ip  , I l i e ’ ‘c ii f i g u m  a t  i c e  a

iliac ’ e
1 ~~

, n e ’[~ t e ’ H e ’ttt 5 0111 5e ’I i i , i ~ i ’ i ‘ r n n 1 i p  I o u ’  C e e i i t  i i i i i ’~ i t  j o lt ’; . i t t  /

0 ‘ t c  I n qi n . m  i ~~~~ c c ;  a ad t int ,, - ~o ; ‘ a - t , l  c ‘ i - e U t t i i i  c c  i a t i  i i i  ia I I ~
‘ n i e

I h~ ’ nt e - i t t  - í . 3’ c ’ nc - I t O  ‘ i c  - i n n  l ’ i e ’ .i I p e ’ l u  a c ;  a I I or —

i b e ’ t i t i ‘ i ’ d  ‘t i  h i s  i c e elt c i t  n ‘ ‘ci eatO i n

o’ . 8)  “, “

~~ 

Se ’ t h l  ( I  , ) - l~ c~~ 

~H ) 1

- . i c  . 3 , P’c ’ h ,i ’ ’ t ’ c C l ’  I m m n i e ’ei t i n e ’ s~ ’n t i , i i t  t j ’  tin , ic e  t e n  Se ‘
~~ 

t i c ’ i ,  t I - I I 1 ~~
‘

ci n w  mi t ’ r  -e i f l e e  I he ’ nt ~ ‘ i t t i  l i d  c C l  I l i e ’ c c i  ‘‘‘a Sc n t  t ’u tce ’ . ‘Pit I S S ite ‘U I c i  leo

‘c ct tt ~ e , i  I c ’- b  w i t  It I h ~’ W , i\ ’  We ’c l l i e ’ t  ( 1  e ) 1 ~~’3 ) vi ~ wa exec ’ii t ~ Me t  ,i 
I

‘ c c  t ’ e t t ~~, i t i l  , I c : I i t t ’ c f l R’ c ’ e ’ i i t ; j \ ’ c ’ I i  , m i i s t  e e n i n n , i t  i c e d  01 j U !  c O  n t t . u t  j c t i

51 t t i e ’ I  cit (‘5. I nc t ifl’ 
~~‘t  c ’ S e ’tdl O , t 5 e ’ I t i e ’ t i t t e t c c i t t  i c u t  at  m n r c ’ t  t t t ’ e ’S , i t  e ’

cc ni i n i t - i l  ot i s  t cm - - . A t  e,i ‘h c c l  o I ci l i e - e r i c  I t ;  nimo y be ’ c I e e ; ; e ’ej

i t t  I t ; ,  ‘w c e ’t ( ‘ m l  I o m c ;  be e ’ ,i c b e be a l  . ‘l’he ’ c e l l  I — I ‘end ; o f  I h, ’ n t c ’w cc ’ t i e ’ ma t e a  m c ;

c l i v  i - e e’ I e ’f t o}~ ’nt or i c e  t ’ I e ’ s e ’d I t t tnt ne ’d i , it c ’ I y  . l i t  t l u ~ e ’N i i t t j ’ l e ’ I l i e ’

I , i !  I ‘i w i t ;  I he ’ 0 , 1 ;; ’ .

‘ li me ’ se ’ i i t , m n t t  i e ’ t ’ n e e c ’e ’ c t r t e e m  n t  i 1 1  t i \ ’ c e I \ ’ e ’~~ t e } e e ’r~ it n onc ; of  I c~~c ’1 C

c t , ’ t U ’ t  i i  , t  c i t  t i m e ’ . I t t  t i l e ’ nie ’NI Se ’ c ’t  n e efi We ’ c d i i i  I ti , im n ou ~’ (l0\sil I h~’

I
c i i  I P ‘ n  .

Bc ’ ! c - e r o dc c i it s  l i t  is we ’ nn i~’ti  I t e c h  I t i e ’ I c e I low i n t e l  s i ntt p 1 e i n t e l  - i
‘ S i t  I c u ’ li o’h Sc ’ I \‘ e ‘ i t  I cc  l e t  I l t d  , ‘ t i t  trio m ’  c ’ I c’a m I v I lie

, i l p e ’ i c t , i i v  S 1 I  i I c ’~ l i n e ’  n -e l  I ito ~‘n , e l c l e ’ i n t  e e l  it t a t I ie ’i t i , i t i t ’ l l  Sc ’ f l t , i t t t  i t ’ S .

‘i ’ti c ’e e n e Sti Ic . I . ‘Pit , ’ e ’~~~ t ot t , l e ’ei s~’ m n m , i tit e ’ oot ’ s t t o l  t e e n  nt tt 1 c ’ t t  o c l e c i  \ ‘

m c c c i !  : l it? c e b t i c ’ ’
, 

~~~~ o t e t , ’c ’I a (in t ime ’ te ’tnii j i t c ’ I o c n ~ ’ lc e ’I o c c c n i n i e l  to

c,i t ‘ ‘ n c ,  n I on ; 1 ~
‘ ,i ctcl  I I - e ’ 0 1 t - - tte ’’ • ,1 c ’; a i I i  1 ~~

‘ e ‘n i l - e l  V , 0 I nt e ’ n ‘h i 5th  c t

- I,’

- - - -

~

- _ _ _  ——- -‘- ---~~~~~~ ‘ -“- - -- - - - - -
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C 
, ( i i )  l i e

I ’  c t  e, ’ l e ’ e t  ‘~~ ;, i i  - ‘, n t t , i j t i c t  l ii i ’ t c l e ’ r t t  t t c ’  ttt ~if ) ( ‘
. I ’ , : i e l ,

t n  
- i i ( .

‘W e ’ h i v e ’ e x t  c ’ n c c i e ’c j  (lie ’ d e n  i t t  I 1 1 , 1 1  c ;e i n l , m i t t  m c ’ n t , m j c  i i i

Pc ’ I ~~i t ‘ d o c t  t , 1 I o \‘~;~ n I Io l 1 o w s  d i n ‘ ‘c t l v  I !i , i

I I ’ . I d l  ‘ (t i ) “ - ‘ 

k ’  
( c )  

~ 
(nic e ) K

e ’ i v  a t  , i t i d ~~ I
_

c e  I I i~~’ ‘oti - ,it e’ni~t t l O t - i  01 t l ie ’ at I l i d s u , i t t d t  \‘ .

l ! e ’ n m e ’e ’ b -i c ’ Se ’ i h d , I t i t  I c  I t ’ ’~~’c ;5 e t  I t - e l  l i d S  0 c i t  e 5 t i e e m t ’ .

I . ~
-
‘ .1 . t’t ’ d d S l c l e ’l I e’0!c f I t i U t  t t  ioni c c  C .  w i t h  c ’ o at  e ’ nm t ( ca l

e l 
, n  , , . , .  c i ) , s u b s c mj ; - e t s  i r e ’ t i e ’ ‘ o o n e , l i n i l t e ’ c ;  of  t h e ’  d l e ’ne ’l s t u n  cc ,

i c i l Pt md c; 
k ,- k — I , , ‘ , . . .  n ,  ~- 1 1 

+ I . The’ i ti—i ’ ,en id

o! . i  cv  
k h a s  i’ e ’ e ’ t i  t en ’ use ‘nit eel 1 c’, 0 S I n e t  1 o c’ 1 l t t ’ ’ ol  “ , S I l t c  ‘e ’

I 110 V.i I t i e ’s ,it i tt 5 1 t d i e ’ t t i n  , i  i e , i  r ’ , i t ; , ’ I 01 5 ( C  I i t t  l C d  )flel c; ( t o n  t ‘tie ’ , i !  tel

I 1 c c ’ s ian , ’ c con e ’ r~i I c c l  ) it , ic’ , ’ 1 ee c ‘ c c  a ;; s nitc t n ’~i t o be ’ t ho a i tn te’

I t ’ I U h, ’ itt m r  I c  i t  n ’ , m c c p n , m  atili , t I j d ’ , i  I - h r  a :  ; e ’ ct I a i i n l e t  ~i t I l i e ’

- i I e ’ t eit b i n i t  a 1 
~ 
, ,i nid u~e i t  ii I i t  - c c t mic l e t o I a t n I t - ii c I i nt 1 1 e ’

l e n t i l  i t x
1 x ,... , ~~~~~~~ W i t ’ l i  we ’ ,t ~ cp l n  I i t t ’  c o m n  e ’ct flon iel i n i e l  e ’ of l t n ’ c ’t  n - e l

- ( x x , . . . t cc ‘ cc  ed i c t ’ of c ‘ n-c l e t ’ i t s  w j 1 1 Pc ’ ‘c u t  l ie ’,’ t c ’,,l i nte l t lie

c ’;; t w i I I r i o t  . [1, ’ i t o l  e len ‘I’ ( ‘ )  ~ ‘ I tb It’ c 1  I he’ Pt en d s  ice ’ 1 ’  i t  c t i  n t e n

t o  ‘ t h i t  t ’ , i t t  be n ’ o n m n e ’ ’ t n ’d t t e t  S n e d t d c ’ c l i  ,intnta t i c , il 1’ hn in:, ’ ci n - n t , m r t  i r i p

~i t  t .

i - , i t ’ i t  o t t  t n c e~ ‘I’ ( c )  w t I I ‘ c c i t t ;  i c t  I e -e I I l i t  ‘‘ ‘ p i t ’  I c ;  . One ’  i n ;  t he ’

F c o n e 1  c ’c e o t c l j nm , i l , ’, , t n i o t  i t e m  e ’cc t i t ; l  ; ; t S c~~ I i c o n t i ’  t I  m u d  t u n e  l e , i m , m l i t t s t  O h s ,

, l h i e l  l ine  t h i n !  I t ;  t l i e ’ h o t e l ~‘,i I t i c ’ , P u n  i i t  t h e ’ c ;e ’c l lit ’ n n t n a I 
~
e

we ’ n i , ’ e ’ei  t c n n lv k e ’ , ’ t e  ni  t t t otl tc e t\ ’ c ’ ’IIt enc ’ (i ’ )  i n n !  ‘I’ . (cal

~~~~~~~~~~~~~~~~~~~~~~~~~~



__
__ -— - —-.‘

1e7

I ,  ~ . l C i e  - d t i e ’ d t l e c i \ ’  t c l i i i t oflt t’ n i l t~
’ i Ii th~’t~ ’ c )re ’ c P ’ } e ’ f l CJ  u})OIt

ble W 1~ ct d l , ’ I t u e  t i b b e ; ;  t ’ c ’ t l t & ’ u t l  ( c ’ )  i c c t l ‘P . ( c )  m m e ’ , ‘Ph, ’ h , ’ t i , i v j n - e n

I rt I cccii t ,‘n tt (ci j n-c e n  i a v te e  I i nil

lce ” i i r d , i  I ’ . I .  Pc ’ ii,t~~’c ’ I t m  c ’ a .  - (
i l

) ~
‘ ~1

I I )  c ’ e ‘t i t oat (,‘ ‘ ) - c ’e ’ t i t ‘ ‘t i t ~ ( c )  U coat  e at  I t e~~ I

The ’ ‘r out I c ;  i nnmecl i t t c ~ , Si l iCe ’ c t c n u i e ’ e ’ t o mn - c c’ m n i  e n i l  c acid , n o t

i t t ~ I *,‘ I e ’ ‘te ’! tc ’ t it O t S

‘I’lie ’ n ’ l t t  i c n t  ( C c . 1 1 )  j l i i ! c l l e ’S t l i ~ m t

( “ . I . ’)  ~ C ” )  4 ( c )  4 L’ , ( c ~i~~ ) 1 .
I ]

‘l’iu’ ! ‘ c ’ i ts  v i t  m I t h e  c c i  f i t ’ c u t  ‘P (c) do l e a  niels On I he ’  ca r t  i cu Lii

cc , ’t t u i t t t  n t ’ n t a c c  m t i c j  c a n t  di t I e r  d n , i c t t  i n ’ul , ln I moiti case t o  c a S e ’ . i ;t

w i I I Ic e ’ ‘te ’ ,’n i t t  t h e ’  t u ’ ’x t  s e c t  i o n .  

-~—--—-~~~
—,

~~~~~~ - -. - -- ‘- -. - ‘- - .-_- - _ -



7. t~~t e e ’ e ’ i a 1 s e m a n t i c  n s m p c c

7 . 1 .  I .  P o t  1 n i v e n  lem in io r y jni c , it fl ’ a lg e b r a  i t  iS O J S V  t o

e ’t ) t i S t  I i i c ’ t  a ; c c b u e ’ f l c c ’ th at ma les , m t l V  i’eeiular n,’ O f l l l e t i i t i t  j e j f l  i u t t o  U

f i n m i  I C ’ a t  m i t - i t t  o v u m  a I m i t e ’ ve~’~~b u I , i u v , i n  s u c h  ~~t way  t h a t  t h i s

a t  r i n c ~ t cicuiq u e t dett ’m n titi ~’s the c’e tit ’i ’nur ,it j c c t i .

Pe ’ sh , ’m i i  n 11 un -n t r i t o  ho’,5’ I hi n-n 1 c~ ( e n u ’  ‘ v 1 a t he ’ 1 nt i ,’iqe ’ a l  qe ’bra

i n n  t ’ . i . .  Citeo ,-n e ’ ‘i ’,~ ,ic -; coast  SI ~ne of  th e ’ n-; \’Ittbc)l a 1 , t~ , ‘
~ 
, cS ,1 ,l1

I n  o t t ’ ie ’ r wo n c i  ~
‘ , ~~~~~ un - ce ’ t he’ e ’ 1 entei’i t a itt C

1 
I ope ’ t he’ i w i t h two

~lc ’ni,i n e ,’, t t l oll c ;c ,’ iudl ’ c c e I S  ‘ i i  l e d  I m u d  ri

t f  c c - e a t  e~ t (c ’)  = ( e ~ ,p  , , . . . e t ~~~) we a L i  r t  t he’  ~ t r i  t ic; i’y

I ~ .~ t 1 I  . If the ’ f 1 t a t  c ) i i t  — b O n n !  o t  e]
1 

qo(:’n- ; t o  c i .  We ’

e ’( ’ t d c ’ , t  t ’ en a  I € ‘ t h e ’  at’ i’ t t i p  q 
1
(1 
~
, . . . q [ . I f t l e ’ next out —bond  qoe ’s

t i c  e,
~ 

t ( t c , l t  e n a t  e c~ 1 P ) . . . ci I , m t - i d  So O f l .  Af t o r t h e  1,m s I

o l i t  — b o nd i- e l ~ W e ’ l i S t ’ t h e ’ c z ’~’ic iieo 1 [.1 a p i  i i i , t l ’m e i i  e ’i ’n c t j t ’ cu e ’ wi  t i t

t i- ie,~ cent—bo nds in p .,, u nit n-no o t i , unit i I I l- ic ’ e at  i re’ c e - e a t  i t i u r i t  io n - i

has he ‘‘m eXl’i ,in , i ; - c t e~l . When  r i c e  n - e l i  t —hc ’tit d 5 e ’X i n-c I no c;\’t t ii e e e I i S U S C ’ cl

b e t  ‘ s’ e ’ e ’t i  ot ’ t ’ t m r m , ’n i t ’, ’c :  t e l  ~3 . Pe ’ do n o t cisc ” I at  t h e ’ one 1 of  t he ’

l e e c i ,  n ’ , t  c l e n e m I I  c m .

‘(‘I ie ’ coal  i~~ a c at ion in n 1- ’ i c~ u i  i~~’ . I , I Or t ’ x a u u l } - e  le ’ , w i 1 1 ice ’ ituappt ’el

j t l  cC ‘ he ’  a t  n I ltd

(7. 1 1  t~~ 1~~~~~ 1~~~~
t
~~e’ c i . E1 f ’7 c f l ’l f l , n \ e n ~~ l e i - e - ’ r ! r J i e  , - i l ~~~~E)

I I ~~~ - , e I ~~ , r i  
~~~ ~~~~~~~~~~

‘Phe ’ de ’ce’ci i n i p  i s  e ’ ,icc ’~’. The’ S l i l ) e t t  i i  n ig l e t ’! t t t e ’ I he’ I i n s t  e ce ’e ’ntri( ’uiC e’

e e l I I c t l  v~ ‘ n --n its c on t  c S d  1 ( c  1 ‘I’Iic ’ ccii! Ca t n - i n t e i  S Ice t Wee’ a c c i  n c ’e ’e’ 5 Si  VO

Oe ’ di nt - n e ‘t l e ’e ’ 5 (~~ I 1 p 1 Vt’ us t t i c ’ ou t  — ! e e  t~~ I c ‘e e f l t e ’C I i o n i c ;  c c t e n i t ’ I t

____________ 
________ ---- --~-—~~-- -—-- ~~ —---~~~~~-~~ ~~~~~~~~~~~~~
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tc ’ne ’ra f e e t  . Ree’a 11 h i t  t he  out  — , i  m i t i e s  are ’  kno wu f r o m  C , so

the  re’ f ot ’ t ’n i cos  w i l l  be u n a m b isu -eus

7 . 1 . 2 . T h i s  w i l l  c h i v e  us v e ry  long strinqs , even for simple

c c - e r t f i p u r a t  i o n s , such as i n  Figure 6.1.

We have’ not  s!’ee ’c’j lied the  c :” n t ax  of t h e  l a n g u a g e . The ’

l a n g u a g e’ is c e r t a i n l y not the  c ’ t t t i r e  V T . s ince  most of the

t l c ’t tic ’t l t S  of t h i s  set ar e  not coded r e p r e sen t a t i o n s  of e l emen t s

~~~~~ . I n s t e a d  t h e  combiutitory regular i tv 
~~~~ 

i nduc’c’s a v n t  , i i ’t  ic

c o t i n - c t r m c n t s  f o r  the  coded s t r i np a .

P, ment iot i p ’mre’nthet iciflv t h e  reason wh y we hid I C t o t  e e l

to tn e ’c i e ’mators by s t r i n g s  q 1q - . . . p. , r a t h e r  t h e l U j u s t  icy  ci

I f  t h e ’ c oat  iguration to  be t a l k e d  about  contains two id e ’nt i cni l

‘ n e ’ n t e ’r a t o r ’ cc e qual  to  ca , so , the li t  t er  Wa y ee l n e ’fe ’r ’rt n e i to the ’m

-,e ’ec , n l d be ’ a m h i ’ e n e i c s .  In  F i q n t r e  7 . 1  the  I n u , i e l e ’ in ( i )  c le ar l y

ci i  I fors from t h e” one, ’ in  (b )  , c i i t h 0t ie , l h b o t h  i t - c ’ b u i l t  on the n-c i t r i c ’

c e ’n e r , m t  t - e t  a nd  w i t h  c e t i t t c ’ct i o n  e ,t , b a .  To S})(’c’t lv that b

bc l e o n i , l e ’ t b  ‘ 0 a in - ; amP t q u c’~t i a  Si l ice  I here  , m r e ’ two a ’ s, .

( - i )  (i -i )

F’ i c ; n m n ’ e ’  7 .

~~~~~~
- 

~~~i
’ 7T — — - - —- ___
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This  is not ~lways the case , see F i g u r e  -‘ ‘
~~~. Here i t  does

not ‘c it t e ’ r  to  w h ich  a — g e n e r a t o r  we connect  t h e  ou t -bond  of b ,

s ince w i l l  i d e n t i fy  the two r e s u l t i n g  c o n f i g u r a t i o n s .

I t ’ we could exclude situations like the one in Figure 7.1 ,

‘~‘c ’ would  make our t a s k  to cons t ruc t  adequate  semant ics  e a s i e r .

T h a t  would be to ovoid a_diffi culty_that seems to be i n t r in s i c

to the  whole topic,  so tha t  we have to face  up to the p rob l ’am

in  some w a y .

®-® > C

O—
~

Figure  7 . 2

7 . 2 . 1 .  R a t h e r  than  p u r s u i n g  ad hoc schemes as in  (7 . 1) ,

i t  is more a t t r a c t i v e  to s t a r t  f r o m  the o the r  end , wi t-h a g i v e n

semant ic  map ,  consider i ts  memory r equ i r emen t  and r e l a t e  t h i s

to ~~~~~~~~ We sha l l  also in t roduce semant ic  maps w i t h  special

s t r u c t u r e.

Defini tion 7.1. A semant ic  map is cal led  backward looking if  any

- 1 , . ( x )  connects new out—bonds (if any at all) to generators

already in c , c P C,.
- - - - ‘- ‘ -“ 1

- . . — -,

~

-- 
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~~i m i l a m I v  We ’ con i c ! s i e e ~ak  of forward looking semantic maps ,

i c c i  t I h i lice I j o t - i  ‘,~‘j I I not be’ ni or t ’ t h an  meat  ioned i a t h i s  pape r .

7. 2 . 2 .  As ~m n ex a m p l e  of , i  b a ckward  look in q  semant ic  map

- C .  the’ c n n - c ’ a e~ . .~ Cj t i  i c c ’ nten t i one’d . The only connectors ci - (x
13

I h,it i r e mo~1uce new p e ’r c e r , i t  e ar s  in  Figure 6.2 are

23 ( i f  , t~ , -~ (p1 , ‘ (i f  , ‘ (il l and they  a l l  connect  the ne~

~lc ’n i e , ’ m i t c j r S  10 e c l d  C n e ’ S.

Len cu cia 7 . 1. 1 t he se - c i t  ic ttiaj-e iS backward l o o k i n g  we have

scm ( i n 1 ) e ‘ I ui  an y  p n ’ a m m i t i c a  I ph r a s e  s t a r t  inn  a t  s t a t e  1.

P m o o t  Any semcca nt u c m a p ,  in - i  t h e  set se we usc’ the term ,

automaticaLl y l eads  to loca l  r e g u l a r i t y  fo r  aern ( 1u 1) .  I ndeed ,

a ‘m ( ~~m ) e C . hu t  the  cot-i I i  gu r a t  j o t - i s  i n

C be’lonq to so t h a t  cil 1 closed bonds s a t i s fy  u~~. Th e me’—

f o m e ’ i t  i s  on]  v n eceasa r \ -’ Icc  vc ’ri f y g lobal  rc ’qu l m r i  ty  . B u t  each

c’orme ’c’tor i n  the  s e m a n t i c  unwroppintp of 1u 1 
e~ i t i-icr does not

co n t a i n  a ny  q en e r a t o m , or i f  i t  does , a l l  t h e i r  o u t — b o n d s  a re

i ic u n n e c  ted immediately. T h e r e ’ lore’ a l  1 the ou t—bonds  ot  scm ( u

i r e ’ c losed  and h o l d s .

Q.F,.D.

7. 2 . 3 .  Any p rantnina t i c’,m I ph m ,m so l~ now means  , m r e e l l I  1,1 m

c ’ t~ f i t t  n r a  t ion , , t  t i  i nnpc-e rt in ’ml I a ct  t h , m t w j I I t i c — i  1 i t a t  e ’ 1 lie

1 ‘i  t ‘ i t  np of t h e  sen i ,m n i t  i c’s . The ’ n e  ‘a sort le e r lb i s i s I h a t  , ci I yen

m n - ; e ’t i t e ’ ne ’e ’ x 1 x . .  .x 1 , We ’ i’ ,W c o t t s i d e ’r e’,ie ’h i n i t i a l  ph r a s e ’

X X k s t at  t I n t e l  Wi t h sma 1 1 ~‘a 1 ue’s ee l  k , and at te’mpt I cc

I t ’ a u ’ c c  I l i e ’ me ’ani ne ; ol each new hr m itc h in I he ’ w i n  u i c l  di  t e n — a m .

_ _ _  -
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This :cc,m k~’s Se n se ’ on~~ ’ i f , as he r e ’ , c ’ac’li ‘u~ is meaning f u l  i n

us t ~~ ‘ w l t c ’ i e ’ t i l e ’ e~i ) I i  ~ i p u m a  I i otis do not  a l w a y s  make  sense’

t o  I I c e ’ ehn -c e ’m \” ‘r

.1. To i c c :  t 1 nip a Se ’t t d m n t  i t ’ c u t  ‘ n o ’  v , Sc ’,’ The’ore’m 6 . 1 .

w e ’  ‘ ; n - i~~~! ‘,-ec n - s t r — ’ d c t  I :-e~ e ’ c c;ni t c e ’C c - e r a  c ’ , , (xl , b u t  sic far we have
c i

t r n - 1 - e ’ S’’e ’  a :cc’:’ce ’ s inn ’ Ic , ‘ x - i d i - e r e l  e ’ ;i o ’ ; c c ~’ t h  i s  c,’an i c e ’ done .

i’ , :‘ e ’ c c c ’ t  r’ . t n -  e o u r  ; e r t 1 ’ c l e ’ d’c t I c ’ c ’~~~e ’ !’ w e ’ s h a l l  u se the’ concep t of

i e - e t i~~, j  ne~ fran c I i  et c  n-~’ l i i e ’h rtiaj e s n - ; ’ ’ n n -  t ,tct Ic in  f o r m a t  ion  ( f r o m  t he

Se ’t i t t 7 f l t ’e ’ i n  C ) i n t o  t opc - e i  op i i’ll I t forntation (for the perceived

cen t  j i u r a t  i o n  i n  ~‘~~ ) . We b e l i e v e ’  t h a t  t h i s  concept  w i l l  he of

I n-u nn - d am ent ,i 1 j cc c 1e o m t  ance ’ u r n -  f u t ’the ’ m work on m a t h e m a t i c a l  semant  ic’s.

We ’ f i r - s t  g i v e ’ the I’e’emn c ,t l definition of a hondinq function ,

and t h o r n -  i i  l u s t  m i t ,  i t s  u Sc’ by  c ’x ~~n ip i eS.

7.3.2. W i t h  B = Pe ,~~ = the se’t of bond va l ue s ( f o r C 1
)

i at  m ’ 1 u ~’,’ t h e  n- c , ’ t

( 7 . 2 f p = h I ( B -  Ii ) L - ( I - i \ I n - ’  i i )  U . . . D1 U D ‘P

,i ;n - iI a Se ’ t - of fun -ic’ t i o ns  ~‘ di ’ f c neil ~~n- subset s of  P .  P e nc e t  0 by

D (  
~
-) the iI~c d ;d ,m j n c c l  such  a b o n d i r a r  f un c t : i o n  -~ , D (c ’) c P.

A b o n i i i t t p  I d t cn , t l e n t  W 1  11 always be” associ,ite ’ei w i t h  ,i i’e ’ t i e I

B , m d  we’ sh a l l  , m c n a u m e ”  t h , i t  I c- e m ~ = (P  , I , . . .1” 1 I ’1 i-i u- i
t h e ’ b o n d i n o  f u nd  i c e r l  take ’s ~‘, ul li en -c i t t  t h e  n - c o t

(7 . ~) ‘n- n ~‘ ‘~ ~ I b ~

The purpose ccl  t he  I n c u n i  i rig f u n i ’ t ion i s I cc st’ 1 e ’ct one of the bonds

ccl t he g e ner a l  c ’er s  m t  r odt icecl  t h a t  hav e ’  the ’ in—bond value !~ . The

St ’ t ‘ ( ~~ 
) ci t i  c ’t ctn - S i n - c t cc - i 1 1 t he’ i n t  on e ’ n- s I Ii . We ’ shall

-, -—~~~~ - - ‘--- - -‘ ‘~~~
. ‘~~~~~~~~ - - -  ~~~— -- ‘- -‘ -~~ ‘-- — -“- - - — -- -- --~~~~- - -
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make sure  that no problem ar i se’s  f r o m  the  p o s s i b i l i t y

= ~ by restricting the domain D(~’) appropriatel y.

7.3,3. Recall that the t op o l ogy  of r- 1
— confiqurations

t y ; - e i c a l l \ ’  l ooks  ,is F i n u r e ’ 3 .3 with the generators arranged in

l ay e r s  of i ncr e a s i n q  level of  ab s t r a c t i o n .  T h i s  makes i t

n a t u ra l  to a t t e m p t  to o rg a n i ze ’  the’ syntax ~ and t he  sy n t a c t i c

m , i r e  scm i n-i a s i m i l a r  w ay .  l” a ss i n ~r t hi’ough the’ wi n c - n d i a g r a m

we’ w o u l d  I i mst .  h a n d l e ’ t h e 01 - e l ec t  5 , l oy e,’l 0 , t hen  the  1-eropert ies

1 c’Ve 1 1 , a n d  co rn -  nec t t hem to  t h e  oP ~ e’c t a , a t id so on . The

c- ’e e nn e ’ct iou - is will be,’ e’s ta b l  i shed by bc-ending function -is a t t a ched

t o  ‘n- he ’ b r a n n -che ’s of r he’ wit ’i n’m q d i a i r a m .

S~~v t h a t we have a b r a t r e ’h I i t h a t  whose’ connector funct ions
x

on level  , 1 . To this bi-autch We ’ 0 S S Oc ’ jot c a t  most On e ’

etc ’n e m , i t o r , say ic C~ and with n, ( c - i )  - , , t h e  ou t — b o n d  v a l u e s
e o u t

b e i ng  , , , . . ,i , as w e l l  is ,e i,)onej  i nn  funct ic -en 
~ ~~~

‘ 
~ 2 

Her e’ should  be ’ assoc i cit c ’eI W i  t h the’ he c t ic! ‘c c i  l u e ” , . We ’ a l l  ccW the
1~

dec -i e’r n - e ’t a te  (,‘,tSe ’S when a bm ,iu ecli is aSSec c’ jal e’d W i t h  rice e ie ,’nc’ r at or ,

on l v  lccc n c,i I r m n c ’t i o n s , cci w i t i n -  no ~t ’t n - t ’~ . 1  t , ‘ c ,m n - i i t ie  bone ! I u r i c -’ t ic - e t c -‘

The ’n the” c’orir I c’c- ’ t c-er ~ - , (x  I ahc u i c - I  l ee ’ t on— ted i’e’~’ i’t c n n - n e’c’t i ni p  t he’

r th  oiit - ’hce r;d of c - i t o  c i e ’’ie ’i~~~t e t  n u t e t l- e e ’r 
~ 

~~ in t he ’ p m d ’ V i O U s  i e ’\’ e’l

e’ — 1 . Ti- i t ’ ve ’c ’ tn - cc t ‘~ 
- - 

-
- 

‘ , . . . -

~ 

li’ sc t I l - e es  the’ m i —  1-iotmci ~‘a 1 l I e ’ S

of the sumi c cn ’-en j r ur al i t e n -  colt s  i n - c t l i i  e e l  t i - i c’ qe ’u e’t- a I 01’S 01 1 eve’ 1 ‘ — 1

e ’fldmme u - m t  ccl in - i I l i e ’ t e n e h ’ r  I hey h , i y e ’ t- et ’eni c l t ’t t t ’t  , i t  cc_ I

I n en  I t ’ I t It o I t Iii s rn,m ke’ n e  ‘t ic n - c ’ We ’ 11111 n - c t  Ott al t I e ’ t Ii ,t t e~ I) ( -~

wit i cli wi I I he demo ni ~~~~~ 
t , -e l 1 ow t r i o  i c y  mc cc l t ‘ i i n - c t  the ’ so! t~e t  i c- en - i

o t  m c n v  l cc c t c - I i n t e l  I t i l t c ’~ ton h\’ w h e t i - e n  , utic ’h~~s ~~ t , ‘co le t t i e  e ’ m u m m c ’ n n - t

bra rich in - i I he W i t  i t i e r  c - I t  i i  n ui’ .

- 
~~~~~~~~~~~~~~~~~~~~~~~
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‘.4.1. To make ’ the above more intuitive consider the image

ci~ ’cc ’ler~i in 4.2 restricted to ec e ’nerators of levels 0 an-id 1.

Ch oo se ’ L wi th VT ~~~~~~~~~~~~~~~~~~ , and VN 
= ( l ,2 ,...lO ,ll ,Fl with

h ’ w i r i n g  d i a g r a m  iru  Fiqure ’ 7.3.

To c re’a t e’ a sem an i  t Ic map we sPa 11 n -use t h e  b o n d i n g  func  t ions

o c von in Table 7 . 2 ~i nn - c - l  iri t e’mpre ’t the cnranim a t i c al  product  ions

ac~’ o n c - i u c n - -.r t c -e Table 7.1.

c_,’ c- ,c r l s  i dc t he  sen tence

( 7 .4) T_ , =

w i t h  t h e  ;‘ , i r s i n q

(7 5) 1

I is ;r,i :’cni,i ti cml 

--“- “‘~~~~~~~~-- -
~~~~~~~~~~~~

-
~~~~~-- ‘

-‘~~~~~
- ‘ - 

“ --- -- - - - -
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Ta b l e ’ 7 .1

b m a i -t ch  connector
i ni , (x)

X 1]

1 —
-e 
, 2 2 , 2 3

i ., ’ 
‘1

3 4 , 4 4~ 4 ~n-e I
V

“ c
‘ t-e , r ‘ 7 , 7 “ 8 -

-n -  ‘1

R ‘C 9 ‘F- ‘ 2

i c  -
- 

£ t )  

-

- - -

~~
- --‘-

~~
--±------- ~~~~~~~ - ‘ -~~~~~~-

3 _i t)
~l l  

t i:, 

- - -

I l

,i i i  othc ’m s  no ch c i n ’c e  

- - ‘ - - ‘

-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table 7.2

b o n d i r n - e r  d e t i n i  t r o t c  of
fu n c t  ion -~~

add U ric ’Ofl nec t c ‘ci n-

2 add unconnected k

-~ - , i~~3 ,4 ,5 ,6 ,7 add f and c’ont n - e ’ct b -1 out,i—2
t n -o (i-2) n- of last k

~~~ 
i=8 ,9 ,10 add g ‘ d 1 ~~~’c- ’t  b

00~~~~7
to ( i — 7 )  eel ’ last I’

add h ari d c o r n - r n - o c t  to las t

‘t l2  add j  and c o n t n - c’ct to  l a s t

~~~
, i l 3 ,14 ,15 ,16 add i ar-id connec’t b~~~~1 and

b , to last two c’ s at-idou t,~n-
a nd houm t 4 t o  las t  two

k ’ s

_
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To u r n w r n - :  ‘n- c’ c - n o n - r u  c m o  of  1 2 we’ - c ot by succ’e ’ssive1~’ JL )fll\ ’jflq

t h e ’  c o r c r c c ’ ’ t o r s  I O r ’ ’ i  1’’ . n - iS  i m c o  I l i e ’ bandi t-ri f u n c t i o n s  i n  the ’

able’s:

i i

1 2 3  [ o o ~1 2
~~

3
~~

4

I o o ® ® 1
1 2 3  4 5 10 - -

~~~

= ‘1

The ’ lost t c i r n - s i t i o n  10 F does not Ch c i r i p e’ the  i i ’n -a o e .

New a more contpl ic,tted examp le is

( 7 . c c )  12 = \~~‘ - n -~~~~e n - n - t n -~

mc’ sed i n t o

-, 1 2 , 3 4 5 l l ’)
~~~~4~~~~6 7 8 t i i- ’( 7 . )  cc , -, ~e ‘n- n- ‘c -

A ; ’c l v i n r  n- he’ same u n w r a p ’ i r n - u  r e m n - c e ’e~t i n ,une ’ We ’ SO t ’ that s em ( 1 2 1 = ‘1

i j ’ -. e ’ c i  in F ’ i c i u n c ’ 7 . 4 .
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1

~~/C’ 
= ‘1

1
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T

0
P i pu r e  7 .  4

Remark 1. The connec to r s  us e-’d in the- c~~~: - e c ’ ’1 it ’ h - m v . ’ ~~~~~
; -r n i c e r  $ ics

that We’ will meet under more ( ;c ’ l i c ’ r  , a I  c ond i  I n n t a .  b;. In - b t c c i i c n - c - r

“ u n c t i o n  connec t s  a l l  o u t — b o n d s  ( i f  an c \ ~mt i l l )  Ot n w  g e n e ra t o r S  4

t t  in—bonds of old generators; t h e  resulting semantic map is back—

w a r c - n - s  l o o k i n g .

R e m a r k  2 .  A n y  b o n d i n g  f u n c t i o n  in Table 7.2 is d e f i n e d  in

terms 01 t h e ’ 1st 2nd of the last in—bonds with a qiven

v a l u e .  This may not be immediat el y obvious since Table 7.2

opp~-tr s to mention c’ertai n g e n e rat o r s  r a t h e r  t h a n  t h e i r  i n — b o n d s .

Referring to ThicLe -1 .1 , th e las t two rows , we see however t h a t

t ii i ’~ amounts to the ‘- otno thing in the present example . In

ot h er , more ’ t l e n e ’ r , n !  eases , this distinction must be ke’pt i n  mind .

Such bond inq  f u nc t i o n s , d e p e n d i n g  o n l y  upon t h e  omc ier  in w h i c h

general c - ems and bonds have been i n t r o d u c e d  w i l l  be, ’ s a i d  to

emp loy c rde ’recl m e ’ f e ’ r c - i r c e ’ .

7.1.2. Ne’cW ret u r n  t o  I he wi t ’j  t i e ~ c l i , t c n u  ant i n  l ” i q t u u c_ ’ 7 . i • A

a ’ ite’ ~,irt i c e’ i t l , ’ t n - t  i h e’d w i t h  t l i e ’ Set of St r i n g s  
1u~ l e a d i r , :
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rt -e rc c I t o  i . Ae ,’t u ui I ‘c ’ , N e t  o l e ’’ n - c I l i e ’o n e ’nt t e ’l is Un--; tin - a t if We ’

U : ; e ’ - i s stat e ’ n - ;  t h e ’ Cc e~ c 1 t  iu t ’Iict ’ C I , i e n - a ’~ i e V e ~~t V
T 

We! clot  t i t e ’

ccl nun - i cm i I w i r i nt c -~ c- I i .ug ram.

-\ Se,’ntci ti I i C n u aj ’ , c-~ i ye ’ t r  ni  t e ’ u nti e cc l  n - cuc ’h l e t n t el i n c - i fu r- i ’ t i O nS

I i , n - I t  \~~c ’ i t ’ rn-lt ’tn -t i~~- e t - i e c - l  i n  the last t wt a re ’ru amks , c - le ’ l e e ’ t i c l S  e ’ m i u e ’i a l l y

cm : ‘ ‘n - i t l n - e ’ nun tttb e ’ r c-c

1 N (~~) ntt i n  - ‘ a i n t  i c c c l d l e ,’e ’c - I  i n -v ,t ti ’c ’ n-s’ i t h  
~ 

~~1) r~

-
- c i’ , i ~ ‘N

n i (7 . t~) t in - c ’ lit inn - i u t tun t i  i n ; t ,t ke ’ti on - c ’ i ~ i 1 ‘h m aSe ’n-c St 0 rt i rig n 1

,mcc , l enc -i i r i t t  I in-

It t t n - I l  t ’x~tni i- e ic ’ n-c’ ’  h i v e ’

I N 1 
( 2 )  0 , , m i  I -

N ., I )  N , ( 1 1 )  - N 2 ( I  N , ( I V I N , ( \ - ‘i  0 . N ,-e (\i 1 1

N ( 1 )  - - N , ( 1 1 )  - -  N , ( I I I )  N , (IV ) N , ( V )  0 , N :  ( V i )  2

.mn -; c m  he ’ Vt ’ i  i I i t ” ! pie i t i c ~ b.ic’k t me T,tlc l e -1 . 1 , I e u i i ’ I I - i  e ’ee l u i tiitt

‘rho niunihe ’ t-s N .  ( (~ ) t 01 1 n - u n - ;  l i t  “~~
- r c t i u ~ ’h I 01e0 b e n  i c i  I m l  o rma t ion

we h a v e ’ b u i  I t  up  at  s t a t e ’ i e xj ’e T t ’ c ; n - c e ’c- ! i t t  I e ’t ’ iiiS ~“ I
’ a l owt ’t ’ let ’e n - tt id

I - e u  I l i e ’ n u m u u i t ’ e ’ m  of  P c -t e ’ t t l  j a b j t i — l ’ c e l i e I ~~~.

1 .4. . A m c ’I ,i t e ’el n - n e t e e l inc u n t lec ’ns , t r e ’ t h e ’ l , i ic ; \ , (‘) of a
n - c

i c c  ‘ n e !  ~ t t l  hu tti e ’ I i Ott  t’uctp I e ’\ ’  i t ( l  01 t I e ’ n c ’et mc’ I o mt ’n c’en-c . I t  me’,m u c ,

(7.10) \~ ( : -  1 niiax m i iu n rtl ’ e ’r c c l  n - c t  e’}’S in -ae’kwatc-Is c- c t  u c ’ e’i e ’tn - ct ’s

t c ~ — \ ‘ _ i  1 n - I e ’ c n I c c i

I t t t he e ’x . im l ”  I t ’ w e ’ h a v e

- - - —- - —‘-~~~~~~~~~~ .- -— - — —- -~~~~~~~~— ---‘—-“ - - - - ~~~~~ -‘--‘--- ‘--— —~~~~~~~~~~~~~~~ ——=
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I ‘~~ 1~ 
= 

~ ‘2 ~ 
=

= i-2 , \ ,H- ,) = 0; t = 3 , 4 , h , (’ , 7

( 7 . 1 1 1  
~~

- 1 ‘ , \ , ( t . )  0 , m l  1 c - c t  he , ~ 8, ~

- I 

~~
, 

~ io~ ‘ “ i 0~ 
0 , ill c - c t Pe t ’

The I m p t e ’l is us how f , t r  i- e , ick  we have ,’ t o  remember  p o t e n t i a l

i n — b o n d s  01- e i c ’t i e ’r ,i I t - e i S t h a t  h a v e ’ ml r e ’, i c l y  been u n w r a p p e d

7. ~c . ic  ‘ i v  in c t in -c’ e ’Xatl i p I c ’ , e c t t n -c u de’r now the c o n n e c t o r s

, ‘c e c n - s t  r u c t  e’d is above . Does i t  1 e ’,tc - l to , u s e ’mant t  i e ’ ca t  eqot- ’~’ ,is

i n  ‘I ’ lr e ’ c)r’eni fe . 1? An answer i s  p i \ ’ e ’ n i  i n - ’,’

‘Fhe ’cc r c ni’n - 7 , 1 . C olt s  dc - i’ ci bac’k w c im t l  l ook i t c )  c - c t i - a t  c ’gv and  a s sume

I h at  t ed ’ ,un-v in - r a nch i j itt tn- he,’ w ir ’ i n t c i  e l i  i gr a t t t  a n t ’ , ’  , i s s ec i a  t eel

bonding funct ion w i t h  bond v alu e  2 sat’ 1sf ic’s

(7.17) (~~ ) N .  ( 2 ) .

Th ‘n I he’ c ’e d l i S  I n” nj c_ ’ t i e t t  I coi ls  t’ec , t  se ’tii,uni t ic c- ’ ,i t c’qOt’ v n - m id l Ot-d c’

(Se ll) -

P 1 c c - c l :  Re ’ t ’c - c n i s t  r u c t  t i n - c ’ (‘ i - e n n e ’i ’t  c - e m s  e (x) di t’e ’c- ’t I n - ’ by & ‘x e ’c’i, i t i n q

th e’ ‘ o r ’ i n c c , m r n - i ! s  j f l  the ’ bc-end irt~t f u r — c t  i o t n - s  ,
~ h e’l i c n n - e~ n - n p  t i c  t h e  b r a n c h

~ 
j . ~ - u - ’h ‘ r e ’ w ’ h a v e ’ ;‘- e , ’i’o cam 01-c ’ c - e’nerator whose

c - n - n u t  — i - ec n - n i - ; c. Ve ’ t o  i c e  - 
~ti T ie ‘c l , ’ !  . Tile’ l c c ct ii l i u e i  fune t j ott c-n c_ in t hi 5

W i  ‘ li c ii ’ .i rc c i  I q u u i  ty at fl e’e e’e n l y  ee r i e ’ n c _ m e r i t  on - i n - c  c- ’o r n - c _’e ’t ’ t n - t,’e_l as fa t ’

as cc -n ’ —be’ nc

in-’ ‘ n - i  ‘ ‘ - ‘ - in ’ ‘ 

1 
‘ ~~~4 ’ ~m i t ~’t ‘ t c - c n ’ c ; n-,’ ‘ c- ’a n t i e - e n - c’ i c c _ i  i 1 c- I c_ t 1 c

‘ t e  ‘ C 1~ in ; s’’ ‘- n- - ‘ n~ i i  ¶ n II ’ n wi I t h e ’  e ‘cc l n-’ ce,itt f j gut r,i t i t  en a t st at e 1

_ _ _  
—~~~~-~-- - —-~-f—
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, t u i c - I  c- ’or mi e’c’t c_ tic - I nnio t e’ c-i c’ne rat c - c u r-c on c los  j i t t  b c _ e r i c - i s  as commanded by

he,’ - ‘ - - (x ) . We ” h a v e ’ to make suti ’e,’ I h a t  t h c ’se e’ iasse’s al - c’ subsets

of n-’ See’ De l  m t t  ion 6.1.

‘~h i a i s so; i n  t i - i c’ p r e sen t  c isc ’  we’ ca n e’Ve ’tn- 05Cc’ r t  t h a t

C c- n- : cii 1 t I - ic’ c_ ’oni f i g c _ u i ’ , t t  I e l l i S  t h a t  we ’ u n w r a p  sc ’qc _ ue ’n t i a  1 ly

arc rc ’c - ; u i l c i i’ . As f c ’m  q l i c l - e ,t l r c’ g m t l a r j  t v  t h i s  follows from win-at

n--.,m S s a i d  i n  I l ie pi’oof 01’ Lem ma 7 . 1 .

I , c - c c _’ , i l  i c ’ qu l , i t ’ t t v d e n - c ’s n o t  hollow c]uIte’ as di i’ e ’c ’t 1’’ . l n’m d e ”ed , i t

cc- n - n - n - I c - i  ln -~ip iee ’nt wh e t i  n-~’~’ bc _ u i i c _ I  n - p c  t h e ’ c i  i e e e ’s C I h i t  bite ’ v i  i u t c _ ’ of a

c- ’Otl fle’c-’ t (c~ , wlte ’it p ‘j ’l i eel t e-e t h c _ ’ c- ’ n - u i ’  n c- ’n t cot’i I i  c - i c _ t r c i  t i ott  , i a not

b j n ’ie ’d . B u t such a c o r i t t e’c- ’t or i a t iiade c_ up by bccndi n-ic _ i I u n c t  jot-is

e ’, i e ’i’i ~
‘ c - c l~ n-~’h j c ’l’i or~ I ’, ’  r ’e’bc ’m s  l e i c_ ’k w n - m t’ il~~ a cor t  a i n  n u m b e r  of steps

i n  t h e  i’n- t e l e ’u of t ’c’ f e ’i’ e ’ r n - c _’c’. I I I  t’ c- ’n - c’ e , ’ i  qe ’ut c’tators with tin -c r ’olt ’vant

i c r — b c t ’uicl hail  I e c _ ’ e ’ r i  m i t  t t c c - bn - t e’e ’n-l so I _ it ’ t h e  I - e t c c c _’e ’e b u r c _ ’ would fa i 1

c,’ e n b  i t  I c _ - e l i  ( 7 .  12) i u sut’e’s t i n - a t  bit i n - ;  c a u i t t o ’ i’i appe ”n : \c’c’ have , i c ’cc ’SS

t e e  t~ he’ re  ‘ c-~~uIi rc’d nn-iniibe’ r of mc - ’ I c_ ’-i, ’ , ur n - I j ut — be - er c is i n  on - i t ’  1 i St 01

P c -ct c_ ’n t  i a] ~cr n -es . TIn-e’re fOt ’e’ n-~ 
j a , m I wa ’’ s tie’ i t t ,  cl , t i n -c’ bond can  be’

~ I ~c~~e ’c-l n-c’ I ho n -u I v i~~c l  ,i t i t I c ~ , ,i t i c - I  ( i ’ie ’ n i t  ‘n-i’ ccitt  I i c i i i  r a t  i c _ eli W ii 1 ice ’

t e ’’ t t J  1 , 1 1

7 . ‘ . I t  is ob ey  ii )iuS heiw a t’o’m’w,ird 1 c _ c e - e k  i t i c _ n -  St  i’ate ’’~j~ WOU i c - I  be

n - c r ~; , m n t  n ;mt ’d . This n-~’i 1 1 not Ice ’ dc- n - t i e ,’, i c c - u t  n-- qe ’ s i n - a l l  have ’ occast on to

sI u~I~ ’ st  r a t  e ’c l  i c_ se b c - - e R  j tip b o t h  I c - c r ’w , i t ’ ej , f e - e r - some boric_I i n g  fuun - ct je ctiS

- until bae’kw,i rd for ot he ’ m a . Thec’e t e ’nt 7 . 1 wi 1 1 t he’n h an - c” t i c  be

mod i I’ u c’e l

- ~~ ‘ ~~~~- “~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Since laci s cann -  then be both positive and negative we also

ne ed a function g i v e n  as t he  m a x i m u m  of the  absolu te  va lue  of

t h e ’ n eqa t i v e  lac i s involved ; we ’ w i l l  use both A~~( t ~ ) as before

and the ’ new \ , ( n - : )

We also need an ana logue  of the numbers N .(B) in (7.8) at-id

introduce

(7.13) M .  (
~~ ) = mm ~ f q ’ i n t r o d u c e d  by a n y  1

~~
F wi t h

vi
n-~~

( q )  = V } ;  V e  B , j e V
N

There will now be two conditions

~ 
\~~ ( 

~ ) < N. (2)
( 7 . 1-1 ) J — 1

< M.(~~)

inn - order that our construction yield a semantic catc-’c_ iory .

Note that we can no longer assert that ~~~~~~~~~ 

~~ 
on ly  t h a t

C i ~~ c- 1 •

7 .7 .  What  w” have l e a r n t  so far abou t mathematical semantics

will etiable us to approach the mathematical s t u d y  of 1earni ,~~~

seman tic ’s; t h i s  w i l l  be reported in a following pa I-ee’r.

I t is c l ea r , however , tha t we should also r e t u r n  to the

q u e s t i o n s  d i scussed  in sec t ions  6 and 7 and probe deeper , in

order to qot ,t  fc_ ulier underst anding of how semantic maps work.

In p a r t i c u l a r  we’ should  exam i t-ic’ un i l c ’r what  c o n d i t i o n s  scm i s

adequate  f o r  t h e  en t ’ i r e  pe rce ived  image ’ a l q e ’bi ,i : whet -i i s

range (sern) (
1? We do not y e t ’  have any met hod f(cm answering

this important cIc_t (’Stion . 

~~~~~~~~——‘-- ‘~~- —--- -
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8 . Con c lus ion s.

8. 1 .1 . Mat hemat ica 1 sc- ’ r c n , i r r  t ics in the sense we’ understand it

i s  r e l a t i v e : it refers on-ic algebraic structure “2’ which may

‘ c - , but need not lee ’, a fo rma l T a n c - iuu , i c ie’ , t n -  ,mnot her structure

8 . 1 .2 .  These ’ st m i i c t u m e e  c i t  e ’ e ’x p r e ’se t ’c -I  in  tern-is of comb i natory

: c ’ - n . i l a m i  t v  i n  the patt i’m thc’ec rc ’t i c c e r n - s c ’ . W e,’ h a v e  c o n s t r u c t e d

-in i n n - t n - c~’ ,i lt r c ’bra ‘1~ for tin - is pum p ti se ’ n-~’i bit t c l o t  ions as qe ’nera to r s

8 .1.3 . A n--ccmami t i c map ‘ i t  I , iches  to t ’ac _ ’h c c mann -ma  I i c a l  ph rase

(or n o m c - ’ c - i e ’ r i e ’ m ~~m 1  ly i tita c_le i n  a n iorp h i s n u  I t ’c_ in t a c c m t ’ ’c -r o r v  ( i n

th e  a 1 qe ’bra ii’ se ’n s e,’ ) , whose ’ ob j cc ’ I C Ore’ cc c n n - f  i ‘t  u r i  I ic - i t - i  s c _ t b — s p a c e’s
-

‘ 
i n - n -

8.1.  4. ‘rhe m o rp h i sms reprc ’sc’nt c- ’c c r l i i c c ’ I cars tin -at are in - i von

in  t e r m s  of b o n d i ng  fun c t  ion-s  t n - a t  connect bonds of ge n e r a t o r s

be’lonqinq to respective connectors.

8 . 1 .5 .  We have  g i v e n  suf I i i ’ i c -ott con’udi t i ot i s  i fl ot’ile ’r that a

f i n  it c ’ state language can bc ” ~~‘N~ I ci ned ” 1ev a seman t u e ’ cat c’c-i o t ’v

re’lation to c-/
i .

8. 2.1. We are now ready to ie i’oce ’e’d to the tn-ext phase of this

stu d y in which we will be done in thr c’c’ S to i c s .

8 . 2 . 2 .  F i r s t , we,’ s h a l l  imp l cmc ’nt some more ’ s u b s t a n t ia l

i n s t a n c e s  of s e man t i c  ca t egor i e s  or-i t i - it ’ c o t c i b e n - t t c~m . The p u rp o s e

i s  not  to deve lop  l a r g e ” s o f t w a r e ’ sys t  ems fom any  p ract  i ca l  n-Is o ,

b u t  to increase’  our  i n t u  i t i v e ’  u n d er s t  an - id  in - ee l of tin -i’ mathematical

const ructs that we have introduced in the ic mc ~sent paper. Hand

s i m u l a t i o n  is impr ac t ical , if at ,tIl possible , of the ’ regular

at ruc’ u mc ’s we hope’ te e  deal wi t h, ice rause ’  of l i i i ’ i r comp lex it n-

_ _ _ _  ~~~-~~~-- - -
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The r e s u l t i n g  proqrams w i l l  also be used l a t e r  for  s tud y i n g  t h e

le ,irnitn - c-c of semantics.

8 . 2 .3. Second , we sha l l  i n v e s t i g a t e  how semantic categories

can be l e a r n t , and t r y  to c o n s t r u c t  i n c r e m e n t a l  l e a r n i n g  scheme s

inìvolving only moderate computational effort.

8.2 .4. We shall examine in greater detail the mathematical

p r o p e r t i e s  of seman t i c  ca t eqor i e s  and t he i r  maps.  In p a r t i c u l a r

we want to dete rmi ne the ra nge of sem and f i n d  cond i t i ons  fo r

it to be the whole ~ij . We s h a l l  also s tud y the  prob abilis t ic

aspects of ‘Y~~, which  has not yet been done ; t h i s  is neede- c- fo r

8 . 2 . 1 , in add i t ion  to i t s  i n t r i n s i c  i n t e r e s t .  Functors  on

semant ic  categories  also r e q u i r e  s tud y ,  fo r  examp le , those

tha t  correspond to gene ra to r  maps .

_ _ _ _  ~~ ---‘—-~~~~~~~~~~~ - -
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Appendix

For the reader ’s convenience a selection of Wittgenstein ’s

,uohor isn-’-ia is e i iv e n  f r o m  T r a c t a t u s  and w i t h  the ori g i n a l

nu :n-nbc -’r m ntcr .

1. The w o r l d  is everything that is the case.

1.1 The world is the totality of facts , not of things.

1.11 The world is determined by the facts , and by these

being a l l  the f a c t s .

1.1 2 For the tota l ity of f acts  de te r m i n es both wha t is

the case , and also all that is not the case.

1 . 2  The wor ld  d iv ides  i n t o  f a c t s .

2.01 An atomic fact is ,i combination of c -e lc~ ects

( e ’n t i t i e s , t h i n g s)

2 .021 Obje’cts form the ’ sub st  ,ince  of the’ w o r l d .  Therefore

they  c a n u n - o t  be c- ’c~n-pon -ind

2 . 0 2 7 2  The c o n b i q u r a t  ion  of  t he’ o b je c t s  forms the atomic fact .

2 . 0 3  Tn the a t o m ic  f , i c t  oi’e j e ’ c t s  hang one in another , like

the  l i n k s  of a c h a i n .

2.032 The way i n  w h i c h  oi n - i ec t s hang together in the atomic

fact is the structure ’ of  the atomic fact.

2 . 1 2  The p i c t u r e  is a model of reality.

2 . 1 3  To t he  01 -ej ec t s  cormc ’spon’ m d in  the ’ p i c t u r e  the  e l e m e nt s

of the p i c t u r e .

I l i ‘rite ’ ~ C’ t LI  me ’ j S ,i f , i c ’  I

2 . I r ‘rho t t lie e’ 1 omen t s ci t I he’ p i c tn -i me a n’e conib I nod w t t h

(cf l( ’  ar -t o t ho r  i n  a dc ’fi n i l e W ay , m e ’pt ’e ’Si - l ’ it s  t h a t  t h e ’

L 

t h i n g s  a t o  so comb i t i ed  W i  t h  one ann - o t  he r . —
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2 . 21 The p i ct u r e  mc - r r c -’c’s w i t h  rc’a l i t v  or no t ;  i t  is r i q h t

or W r e n - n d  , I r n - ne ’ - m I

2 . 22 The ’ p i  , ‘t Ule : ‘ u  ‘cents w h a t  is represents ,

in de ’pt ’c n - c - ! e ’ tct iv 01 i t s  t r u t h  or fa lsehood , t h r o u g h  the

I c- n - ’ n - f l  01 r- , ‘ t ’ t  c ’S e ’ t i  I a t  i O t t

2 . 22 1  What  th e ’ p i c t u r e  re l ’t e ’sc’nts is its sense.

2 . 2 2 2  Iu’i the’ , t q  r e ’c ’nirc - ’n t  c - - e m  el~ S- t c n  mc ’ t,’mer i t  of i t s  sense wi th

reality , its t r c - n t h  ca m f a l s i ty  c o n s i s t s .

2 . 2 2 4  I t  c a n n o t  be discov- ’recl from the picture alone

whether it is true’ c- e n false.

3 . 14 The p ropos i t i ona l  s ign  cons i s t s  i n  the  f act tha t  i ts

eleme n ts , the words , ,ir c,’ combined in i t  in a

d e f i n i t e way .

The propositional sign is a fact.

3.2 In proposition -is thoughts can be so expressed that to

the  ob jec t s  of the t h o u g h t s  correspond the e l e m e n t s

of the p r o p o s i t i o n a l  si g n .

3.201 These elements I ca l l  “simp le s ign s ” and the  p r o p o s i t i o n- i

“ comple te ly an a l y z e d ” .

3 . 2 0 2  The s imp le’ s ign s  emp loyed in n -  p r o p o s i t i o n s  are” called

n,itt tt ’s.

3. 20 1 ‘rhc ’ name’ mi’ans the ole i ect . The obj  c’c t is it s nte,’an in - i c - i . —

3.21 To the configuration of t h e  s i m p le si~ in s  i n  t h e

proposition -ia 1 sign corresponu~ the con f iou m a t  i c _ c ri of tin-c’

objects i n  t h e  s t a t e of affairs. 
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3.22 In the proposition the name represents the object.

3 . 2 5  The re is one and onl y one comp le te analysis of the

propos i t i on .

4.021 The proposition is a picture of reality , for I

know the state of affairs presented by it , if I

unde r s t and  the proposi t ion , w i t h o u t  i t s  sense hav ing

been exp lained to me.

4 . 02 6 The meani ngs of the simp le si gns (the  words)  mus t be

exp lained to us , if  we are to unders tand them . —

4.0311 One name s tands  for  one t h i n g ,  and another  for

another  t h i n g ,  and they are connected together.

And so the whole , like a living picture , presents

the atomic fa ct .



8

c- Re Ie~n o n r i ’e’s

1 ’ . O t c ’t~~ 1f l c _ l c ’~~’ ( l n - 7 t ) : P a t  t c’rn 2”c- -mn -tlte s i s. 1 c ’ctur e’c in

P at  t c- ’n i n -  Thee’ m~ ’ , V o l u me  I , ~ p m j r n - u n -’ m — V i ’ r Lien - , Nc ’w York

~~
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