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Chapter 1

I N T R O D U C T I O N

Since ~ h n ~~~—~ I ~ showe4 t h a t  it  is t h e o r e t i c a l l y pos s ib le

t h r o u gh  cod ing  t0  a chic ye re 1 iable  C Or nr nun ic a  t ion a t  r a t e  S be low cha n —

ne I ca p a c i t y ,  m u c h  wo rk in the f ie ld  of coding t h e o r y  was c~~n t e  red  on

f i n d i n g  and app l ~ i r i g  v a r i o u s  s u i t a b le  cod ing  and  d e c o d i ng  t e c h n i ques

for  mem o r y le s s clia floe is .  One su ch  t e c h n i que is c o n v o l u t i o n a l  c o d i n g .

f i r s t  d i scussed  be E l i a s  r 2  1 in H E ’S and since shown to  be q u i t e  c o s t

e f f e c t i v e  in t e rms  of e r r o r  c o r r e c t i n g  c a p a b i l i t y  p rov ided  for  a g i v en

equ ipmen t  c oxup le~.i i t y  le ve l .  The space  s h u t t l e  c o m i nu n i c a t  ions  s ‘p’s I ( r n

3 ~ and c o m m e r c i a l  c on i rn u n i c a t i o n  s a t e l l i t e s  ç4 1 a r e  but  two of

m a n y  c u r r e n t  ex a mp les  of the  use  of c o n v o l u t i o n a l  cod ing  t o  o b t a i n

pe r f o r m a n ce  g a i n  in a p r a c t i c a l  di g i t a l  c o m m u n i c at i o n  l ink  h a v i ng

r e s t r i c t i o n s  on a v a i l a b l e  power .

~The c o n v o l u t i o n a l  e n c o d i n g  o p e r a t i o n  is d e ter m i n i s t i c  and thu s

qui te  eas i l y imp lem e n t e d .  The decod ing  of c o n v o l u t i o n a l  codes , on t h e

o t h e r  hand , mus t  provide  c o r r e c t i o n  of r andom e r r o r s  made  in t r a n s -

miss ion  and thus  is a d e s i g n  problem wi th  a n  u n d e r l y ing  s t a t i s t i c a l

n a t u r e .  To a p p r o a c h  such a problem one i d e a l ly  would  l ike  to app le

s t a t i s t i c a l  e s t i m a t i o n  t h e o r y  t echn i ques  d i r e c t l y  and t h u s  d e r i v e  an

op t ima l  e s t i m a t o r  (decoder) .  In p r a c t i c e  a f e a s i b l e  decode r  such as

t h a t  due to V i t e r b i  [5  1 m a y  be deve loped  f i r s t  and  o n ly  s u b se q u e n t ly

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,. ______
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shown to be an o p t i m a l  e s t i m a t o r , in t h i s  c a s e  th e  o p t i m a l  n i ax i n iu i i i

l ikel ihood d a t a  sequenc e e s t  inia t o m  ( Fo r i l e y  ~ ~ ) I loweve  r Ma s s~ y

[7 1 e f f e c t i v e l y looked a t  a M a x i m u m  A p o s t e r i o r i  P r o b a b i l i t y  ( M A P )

e r r o r  bit  e s  t i r n a  to r acid showed how fo r  t h e  e ’ r t l i og on a l  sub s t  t of ( o n  —

v o lu t  iona I codes  t h i s  could be s pe C ~ t 1 i ~ ed to  t h e  i m p 1 e t i e c  r i t a  bI ~ th  r ‘ s —

ho 1(1 dec 0(1 ing t e c h ni q ue .

In t h i s  w o r k  a n  at  t en i  pt is n i ;I de  to  f i r s t  c o n s i d e r  t h e  c o n v o l u t i o n a l

d e c o d i n g  p r o b l e m  f r om  an  o p t i i n a l  e s t  m i t  t i on  v i ew p o i n t  and t h e n

s pe c i a l iz e  to po ss ib i  v subopt  ima I bu t  in ip l en ie  nt  ab le  de od i ri g t c d i  —

ni que s. Whi le  m u c h  w o r k  on d a t a  e s t i m a t i o n  has  a p p e a re d s u b s equ e n t

to  t he \ ‘ i t er b i  a l g o r i t h c n , h e r e  e r r o r  e s t i m a t i o n  is s t r e s s e d  and  t h u s

is m o re  ak in  t o  t h e  o r i g in a l  w o r k  of M a s s ey  r~ 
-,

C h a p t e r  ~ p r o v i d e s  a b r i e f  r ev i ew  of c o n v o l u t i o n a l  cod ing  and

decoding  fo r  memo r y le s s c h a n n e l s  \V i t  ii en ip ha si s on o n ly  t h o s e  ci  e —

m e n t s  needed l a t e r  to d i s c u s s  e r r o r  e s t i m a t i o n  and  syn d r o m e  d e c i d  -

ing .  P rov ided  is a q u a l i t a t i v e  b r e a k o u t  of the  v a r i o u s  poss ib l e  decod-

ing a p p r o a c h e s  fo r  d a t a  and  e r r o r s  f r o m  a p r o b a b i l i s t i c  v i e w p o i n t .

C h a p t e r  3 d i sp l a y s  g e n e r a l  o p t i m a l  e r r o r  bi t  and  e r r o r  sequence

e s t i ni a t i o n  t e c h n i q u e s  both w i t h  and  w i t h o u t  th e  p r a c t i c a l  l e S t  r i c t  ion

on t i me  de l ay  a l l o w a b l e  b e f o r e  an  e r r o r  e s t im a t e  m u s t  be produced.

The comp l e m e n t a r y  r e l a t i o n s h i p b e t w e e n  M A P  e r r o r  de cod ing  and

MAP da ta  decod ing  is a l so  n o t e d .

2

~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~ . . ~~~~~~~~~~~~



Chapte r  4 then concent ra te s on one of the optimal decoding

approaches from Chapter 3, namel y Optimal Finite Delay MAP Error

Bit decoding. Two suboptimal approximations , ROMMAP and SUB-

MAP , are  der ived and their  implem enta t ion s discussed.

Chapter 5 illustrates how the actual performance of a ROMMA P

decoder may be computed and that of the SUBMAP decoder both upper

and lower bounded. Also indicated is the relationship between SUB-

MAP decoding and conventional feedback decoding. Lastly, simula tion

results of practical SUBMAP decoder implementations for several

convolutional code s are presented to quantitativel y illustrate and

confirm previou s theoretical predictions.

Chapte r 6 quali ta tively summa riz es the conclusio ns tha t may be

drawn from this invest igat ion and sugges t s  some cont inuat ions  tha t

may be worthwhile.

3 
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~~ Chapte r 2

- CONVOLUTIONA L CODES A N D  PROBABILISTIC
DECODING

In this chapter a brief introduction to convolutional coding and

~~ decoding is provided stressing onl y those areas necessary to later

- derivations and implementation . The basic communication system

problem model is first presented to provide motivation for the  use of

I-. c o n v o l u t i o n a l  coding .  Next , various decoding approaches for both

data  and e r r o r  e s t i m a t i o n  a r e  q u a l i t a t i v e l y reviewed f rom a prob-

.4
- 

abilistic standpoint to show the range of options t h a t  could be pu r sued

- 
- for  imp l e m e n t a t i o n  of the c r u c i a l  decod ing  s t ep .  Chapter 3 will further

cons ider  the e r r o r  e s t i m a t i o n  opt ions  and derive appropriate’ optimal

decoding t e c h n i ques.

2. 1 Basic C o m m u n i c a t i o n  S y s t e m  Mod e l

-
- The under l ying c o m m u n i c a t i o n  sy s t e m  problem can  be s impl y

s ta ted b y r e f e r r in g  to Figure 2. 1. He re a Data  Source g e ne ’r a t e s

- - 
di g i t a l  da ta  to be re l iab l y transferred to a Data Use r  t h r o u g h  a r ea l

communica t ion  channe l which is no i sy .  The outpu t of the  source  in

- this work  is a s sumed  to he a d a t a  sequence of symbols  f rom GF(q)

as is the  input  to  the u s e r .  The noiti v channe l  causes  e r r o r s  to  be ’

introduced into the d a t a  as presented to the u ser  w i t h  such a f r e q uen cy

(erro r r a t e )  so as to make the received data unacceptable. The noisy

_ _ _  
.
~~~~~~~~ 
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c h a n n e l  inc hide s a l l  the n i odu la t  ion . I r a  nsm is s ion , a nil de inoil t i l  a t  ion

of a real  conin iun i  ca t  ions s ys t en ) .

To reduce the ’ f r e q uen c y  of e r r o r s  p r e s en t e d  to  t h i e  u s er , a n en-

coder  and decode’ r a re ’ a ppe ’ ndcd to the ’ co c u n l un i c a  ( ion  s ys t e ’mn as

shown in Figu.  e ~~ . 2. To simp l i f y anal ysis , t h e  b i n a r y  ease ’  of C F ( q )

G F (2) is as suii ied ~n~l t lie cha fine I is n iode led as an  equiva le’nt Hi ila r y

S y m m e t r i c  C h a n n e l  (II SC) as shown in Fi g ure e  2. ~~. This  is bo th  a

simple and appropriate c h a n n e l  model fo r  a s y s tem  whi ch i  e ’nip l o y s

the commonl y used 180 deg ret ’ B i n a r y  Pha se Shi f t  K e y ing (1IP SK)

modula t ion  w i t h  h ar d  dec i s ions  in t ile r e c e i ver  and which  is c o r ru p t e d

b y’ A d d i t i v e ’  Whi t e  G a u s s i a n  Noise  ( A W G N ) .  The spec i f i c  r e l a t i o n s h i p

be tween  ti le BSC c r o s so v er  p r o b a b i l i t y  p and the  Si g n a l - t o - N o i s e

R a t i o  ( S N R )  e n c o u n t e r e d  at  the  r e c e i v e r  wi l l  be g i v e n  in S e c t i o n  5. 2.

The BSC is mn e m o r y h e s s  in t ha t  the symbol  o u t p u t  a t  each d i s c r e te

t ime i n s t a n t  is s t a t i s t i c a l l y dependen t  onl y ot i t h e  c o r re s p o n d i n g  i n —

put symbol and not on a n y  o ther  in pu t  or ou tpu t  symbol p r e c e d i n g

or fo l lowing .  Thus the  BSC is a l so  d e s c r i b e d  as a l)M C ( l ) i s c r e t e

Mern o ry less  C h a n n e l ) .

In th i s  work  i t  a l so  is a s s u med  ch a t  t h e  i n p u t  d a t a  r a t e  to  the

cha noel  is  so f a r  be low the (‘ha flfle 1 c a p a c i t y  t h a t  s u f f i e  it ’ n t  ba n d w i d t  ii

ex i s t s  to  enable  the  coding ga in s  p r e d i c t e d  in l a t e r  s e c t i o n s .  Th is  is

commonl y cal l ed  a n  i n f i n i t e  b a n d w i d t h  as surnp t  ion.

Included in the so lu t ion ’’ of Fi g u r e  2. 2 a re  as  ye t  u n sp e c i f i e d

6 
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encode r and decode r un i t s .  The funct ion  of the encoder  is to map

data source outpu t symbols  into code symbols  such that  BSC channe l

e r r o r s  made in t r a n s m i t t i n g  such code symbols can somet imes  be

cor rec ted  b y the decoder - thus d e c r e a s i ng  the data e r r o r  r a t e  pre-

sented to the use r .

In this  work convolu t iona l  encoding will  be assumed to implement

the encoder  uni t .  This is a r e l a t i v e l y s imple encoding method.  The

more d i f f i cu l t  problem of implement ing a cor responding  decoder wil l

be inves t igated us ing severa l  e s t ima t ion  approaches .

2. 2 Convolut iona l Encoding

A convolut ional  encoder  is def ined as a l inear  f i n i t e - s t a t e  ma-

chine emplo ying one or more ‘
~~ 

- s tage sh i f t  r e g i s t e r s  and having k

inputs at each d i s c r e t e  t ime ins t an t  with n outputs  de te rmined  b y n

linear al gebra ic  func t ion  g e n e r a t o r s  o p e r a t i n g  on the p r e s en t  and

possible ‘j pr io r  inputs .

The idea of a simple convo lu t iona l  encoder  is depicted in Fi gure

2. 4. where each block of k b i n a r y  bi ts  f rom the Data Source is en-

coded into an output  block of n ( n > k )  b i t s  to he t r a n s f e r red throug h

the BSC to the decoder. Howeve r , the outpu t n - t u p le depends not onl y

on the c u r r e n t  input  k - t u p le (I~
h )

, . .  • 1
1k) ) but a l so  is c o n s t r a i n e d  b y

ce r t a in  pr ior  k- tuples  whose e f f e c t  is s t i l l  p r e s e n t  in the encoder .

Thu s the c o n s t r a i n t  length K of the p a r t i c u l a r  encoder  is de f ined  as

the maximum number of n - t u p le outpu t bi ts  which can be i n f l u e n c e d

9



2
U

o~~0

‘—‘ 2

— ~-‘ . . •

$ .1. V

U

[.L~

— (U
(U

0
0~~~~’

0
4~~~~O o

0

0

V

V

O V

(Uo~~
V U

* .‘-‘

10

_______.— - - - - — - -----— .—--



__ - -~~~- - -  

b y an inpu t k - t u p le bit .  Each bit  of the n - t u p le is thus g e n e r a t e d  b y a

l inea r  combinat ion  of K or less data  b i t s .  The r a t e  R of the code can

be a p p r o x i m a t e d  b y R k / n .  That is , thoug h the channel  is t r a n s f e r -

ring n b i t s  per t ime period , the i n f o r m a t i o n  ra te  is onl y k b i ts  per

time period.  The p resence  of these  “excess ” n-k  bi t s  r e p r e s e n t s  a

fe a ture to be exp loited l a t e r  b y the decode r to c o r r e c t  BSC t r ans -

miss ion e r r o r s,

The l i nea r  f u n c t i o n  g e n e r a t o r  r e l a t i o n s h i p b e t w e e n  inpu t  k - tu p les

(1)  (k) (1 )  (n )  
I

t 
) and outpu t n~ tup les (c

~ 
,,.. , c~ ) can in g e n e r a l  be

expressed  in t e r m s  of c o e f f i c i e n t s  of g e n e r a t o r  pol y n o m i a l s  in arb i t -

r a ry  va r i ab le s  y and z (Be r l ekamp  r8 ] ) . U s i n g  no t a t i on  s i m i l a r  to

t ha t  of Ber l ekarnp ,  the g e n e r a t o r  pol ynomial  set for  k i n p u t s  and  n

ou tpu t s

(y ,  z)  = 

~~ 
G~ ~ , ~h 

(2. 1)

fo r 1 ~j ~~n

yields the n - tu p le ou tpu t  di g i t s  (code di g i t s )  computed b y

C~’~~ ~~ ~~ ~~~~~ ~~~~ for  1 ~~j  �n, (2. 2)
~~= l  h~ O

Here t is the c u r r e n t  t ime.  The v a r i a b l e  y is used to index t h r o u g h

the inpu t k -t u p le pos i t i ons .  The v a r i a b l e  z is used to  index t h r o u g h

i n f o r m a t i o n  b i t s  w i t h i n  the c o n s t r a i n t  l e n g t h  of the code. Since the ’

c u r r e n t  k -t u p le (I~
’
~, . • , , is a v a i l a b l e  a t  the encode r  input  but  not

~ . ~~ _ r 7~~~~~~~~~~ ~~~~ r, - - 
~~~~~~~~~~ Z.~~ —~~~~-
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yet  s to red , the m e m o r y  l e n g t h  v of the  encode r  spe ’c i f ie ’ s t h e  nlaxi-

mum number  of p r i o r  inpu t  k - t u p les w h i c h  m ay  au f e ’c t  a g i ven c~~
1

A l t h o u g h the above notation is s u f f i c i e n t l y gene ’ r a l  to  he used b y

a l l  r a t e  k / n  c o n v o l u t i o n a l  codes , i t  is w o r t h w h i l e  to  s pec i a l i z e  to th e

S yst ezna  t ic  r a t e  1 /n  code case ’ . Thus w i t h  k I and D s u b s t i t u t e d  fo r

z , (2 .  1) and  ( 2 . 2 )  become:

G~~” (D)  ~~~~ D
h 

for  1 �j  �~~ (2. 3)

and

c~~ 
~~~ 

G~~ I t -Ii fo r  1 � j �n. (2.  4)

As an example , consider the binar y , rate R k/n = sy s t e m a t i c

convo lu t iona l  encode r shown in Fi gure  2 , 5a in t e r m s  of b i n a r y  u n i t

de l ay  ( s t o r a g e )  devices  and pol y n o m i a l  c o e f f i c i e n t  wei g h t s .  The t e r m

s y s t e m a t i c  here  means  t h a t  one code bit , ~~~~ , is a l w a y s  i d e n t i c a l  to

The b i n a r y  log ic imp l e m e n t a t i o n  is shown in Fi g u r e  2. 5b. In

th i s  examp le K = 4 1 = S .

The set of g e n e r a t o r  pol ynomia l s  is t h u s :

G W (D) = 

1 0  
G~

1
~ D

ii 
(2 .5)

r. G~~~~+ (41) 
D -+ ~~~~ D

4 
(4

1)
D

3 
f

= 1 and

G~
2
~ D

II 

12 
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= G~
2
~ G~

2
~ D + (42) 1)2 

+ G~~
2

~ D
3 

+ (42) D
4 

( 2. 6)

1 ~ D 4 D
2 

+ 0 + D4
.

The outpu t code di g i t s  a r e  then :

(1) 
— ‘4) ( 1 )

C~ - 

~~ 
G
h ‘t-h

h= 0

( 1 )  
1 1

= G 1 + G~ ~ I + & ~ G~ ~
0 t 1 t- l 2 t-2 3 t-3

f G~
1
~~I4 t-4

4 

I ( 2 . 7 )

and

(2) ‘~ ( 1 )
= 

~~ 
G~ 1

t-h
h=0

= G~
2 1 1~ + (42) 1

k - i  ~ (42) 
~~~~ 

G 3 T t - 3

(2)
~ ~~4 ‘t - 4  (2, 8)

I
t 

+ I
t~~i 

1
t-2 

0 ‘t-4

In t e rms  of vec to r  n o t a t i o n  one would  have

= [C~
’1

1 
and L~ = [ IJ  . 

( 2 . 9 )
(2)

[-C
t

For this  e x a m p le cons ide r  the t r an s m i s s i o n  of the vector C

throug h the BSC. Each C~~1 wil l  be i n d ep e n d e n t l y a f f e c t e d  b y no i se
15
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in the fo rm of a d d i t iv e  binar y bit errors e~~~. Thu s at  he decoder

the received vector will he:

( 1 )  (1 )  ( 1)

- 

~~-t 
‘ 

~~t 

{C~~~ :
2 ) ]  

(2.  10)

Thu s F R - C R ~ C in t h i s  b i n a r y  case.— t — t  — t  — t  —

It is instructive at t h i s  p o i n t  to  ‘.e r y  briefl y mention the  concepts

of encode r s t a t e  and  the  e n c o d e r  s t a t e  t r a n s i t i o n  p r o b a b i l i t y .  The

state of the encoder at time t , j~, is d e f i n e d  for  a ra te  I/ r i  b y

~‘~-r ‘t-z ‘t-~~ 
(2 . 11)

s y s t e m a t i c  code. Thus the encode r  s t a t e  can be r ep r e s e n t e d  b y a

binary number composed of the value s r e s i d i n g  in each  of the ‘~ ph ysi-

cal s t o r a g e  e l e m e n t s  of the encode r a t  t ime t. The encode r  s t a t e

t r a n s i t i o n  p r o b a b i l i t y  at  time t is

the p robab i l i t y  tha t  the next  s t a t e  of the encoder  wil l  be 
~~+ l  

g i v e n  t ha t

the encoder  is now in s ta te  ~

With such d e f i n i t i o n s , the opera t ion  of the r a t e  1 ‘n encode r can

be considered in t e r ms  of a s t a te  d i a g r a m  of 2~~s t a te s .  The encode r

reside s in a current state 
~~ and wil l  t r a n s i t i o n  to one of two a l lowed

successor  s t a t e s  depending on the value of I~. For i l l u s t r a t i v e  pur-

16
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poses the s imple v = 2 , K = 3 rate ~ sys temat ic  encoder of Figure

2. 6a is considered from a state d iagram point of view in Figure 2 .6b.

The ou tpu t code dig its are  determinis t ic  funct ions of both the

current  s tate  and the input Since I~ becomes the f i r s t  e lement

the output dig its are equivalentl y de terminis t ic  functions of

the state pair 4, j~~~ . Thu s a condit ional  output probabilit y

= ~~~~~~~ ‘
1~ ’~~ ’ 

~~~~~ 
can be defined for any . Obviousl y for

the encoder this probabili ty is either 0 or 1. However in la ter  discuss-

ions it will be shown that for another linear f in i t e - s t a t e  machine,

namely the syndrome forme r port ion of a decoder , the output prob-

ability will be more a function of cer ta in  random inputs.  For now it is

onl y worth noting that the conditional probabil i ty P(C
~
/d

~
. 

~~ 
is inde-

pendent of all prior  encode r state s J. for j <t .  Therefore ,

~~~~~~~~~ 
d1

, . . . 
~~ 

= ~~~~~~~ ~~~~~~~~~~~~ 

(2. 12)

Thu s the encoder can be considered as a Markov source having

state s whose s ta te  t ransi t ions are determined b y the value of the inpu t

data I~ through state  t rans i t ion  probabil i t ies  r
~~~t +l  ‘4) and whose out-

puts are specified b y output probabilities P(C
t
/dt.dt+i

). This encoder

Markov p rope r ty  was used productivel y b y McAdam r 9 1  and Bahi et

al. t b ]  in anal yzing encoder operat ion.  It will be app lied and ex-

panded in later sections of this invest iga t ion  to anal yze a sli ghtl y more

complex decoder problem.

17 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ . - 
- 

-



~~D N I7 J I
t

Fi gure  2 , (‘ a S imp le ~ r 2 F’n c o d e r
C u r r e n t  S t a t e  a t

I t i r ne t

(~~~~ I I ~ 

t 

I t /c~
1) cV1

00

4 4 1
0/01 1 / 1 1

N e x t  S t a t e  a t

1 /10 t i m e  H I

10 01

0/00

0/01 1/ 1 1

11

1/ 10

1”i g . -:re 2 .6b l~’q u i v ~i l e n t  S t a t e  D i a g r a m

18

—. _ t , —~ --—. — ~~~~~~~~~~~~~ — — - 
~~~~~~~~~~~~~~ 

- . ,.,a s 4 1. ; isdn -pa4. , — ___ - ,~ - —
~~~~~

—‘—.-—- . ~~~—.——~A 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~



2. 3 Syndromes

For the  moment  recons ide r the g e n e r a l  k , n encode r  ca se,  In

a c c o r d a n c e  w i t h  M a sse y  171 (Theorem 9) and Be r l t ’kamp  18 1 One
can de fine  s y n d r o me  di g i t s  z as

k
r~”~ — ~~ h 

r~ for  k < j ~~n . (2 .  13)
£~:- 1 h o

Using  Eq. ( 2 . 10 )  t h i s  can be expanded to:

~~~~ f — ~ G~~
1 (C~~~ 4 

(2 )

£ ~ l h r O  £ , h t — h  t— li (2. 14)

and reduced b y Eq. (2 . 21 to

~~~~~ ~~~~~~~~ 
e~~~ fo r  k < j  ~ n. ( 2 .  i S )

In g e n e r a l  usage , synd romes  a re  q u a n t i t i e ’  s coinpu t e’cl f r o m  n o i sy

r ece ived  data but ar e  f u n c t i o n s  of e r r o r s  onl y. Thus  it is e v i d e n t  t h a t

the s y n d r o m e  di g i t s  above a r e  f u n c t i o ns  ~~~~ of the  e r r o r s  i n t r o d u ce d

b y the I3SC.

For the  b i n a r y  ra te ’  1 /n  sy s t e m at i c  code cas t ’  t h e  s y n d r o m e ’  di g i t s

are

o W ~~ ç,
1
W 

~~~~~~~~ fo r  k ~~i ~~n.

A v e c t o r  n o t a t i o n  common in l a t e r  se c t i o n s  fo r  i ’ate 1 /n  codes is

I -~l

L ~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . 4



z~
2
~

4 -~ 
.
t 

(2. 17)

For the p r e v i o usl y m e n ti o n e d  N S r a t e  ~ e x amp le of Fqs . (2 , 5)

and (2.6) and Figure 2. ~ there is only one 
synd rome d i g i t  equation:

7~j ) 
C~~~ > G~~ ~~~~ ( i . e .  j 2 onl y) .  (2.  18)

h- 0

Thus,

(2) (2) (2) (1) (2) (1) (2) (1) (2) (1)
= e - t C.0 e ~~ ° t - l  ~ C,

2 e’ 2 
1 C

3

(2 ) ( 1)
G4 

e4
~~ ,%

(2) ( 1 )  ( 1 )  ( 1 )  (1 )
e~ I e~ + e~ 1 ~ + e

~~4 (2. 19)

The actual computation of Eq. (2. 18) or Eq. (2 .19 )  is a c c o m pl i s h e d

b y a s yn d r o m e  f o rm e r  whose ph y s i c a l  i n p u t s  a r e  r e c e i v e d  di g i t s  r~~

1 j ~ n and whose o u t p u t s  a r e  s ynd rome d ig i t s  It ~ j n. I lowe ’ ye r .

s ince Eq. (2. 15) h a s  shown t h a t  the s ynd rome di g i t  s a r e  ~~~~pe_nde n t

of the a c t u a l  code b i t s  t r an smi l  t ed , the a n a l y s i s  of the s yn d r om e

fornie  r can  be’ s imp l i f i e d  b y cons ide  r i n g  i t s  i n p u t s  to be ~~~~ .‘ r ror

bits  e , 1 c j 
~, ii hit ro duce d  b y the BS C .  For ex a m p le ’ , F i g u re  2. 7a

shows the  a c t u a l  ph ys i e’a I s ynd rome fo rme ’ r in ip le m e r i t  .1 t ion fo r  t he
20
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K 5 r a t e  .~ code me r it  ioned p r e v i o u s l y. Fi g u r e  2. 7b on the ’ o t h e r  ha rid

shows the sy n d r o m e  for n i er  t h a t  w i l l  be’ a n a l yzed in lieu of that iii

Figure  2. 7a. One can  a l so  re fe r to Fi gu re  2. 8 w h i c h  i n d i c a t e s  j u s t

where  the s y n d r o m e  f o r m e  r is u sed  in r e l a t i o n  to  o the r c o m p o nen t s

of the c o n v o l u t i o n a l  code c on u t n un i c a t  ion s y s t ern .

Since Eq. (2 .16)  a pp l ies  i t a pa t ’t i cu la  r t ime ’  t a t  the decode’ r , one

(‘an w rite ’ ,i sy n d r o m e ’  equa t ion  ~et for  a n  code b y c o n s i d e r i n g  a l l

va lues  in some span , t � t ‘ t
2

. For  th e  e x a m p le’ K E
’ co de , if  one

c o n s i d e r s  t ime  v a l u e s  i n c l u d i n g  the  c u r r e n t  t i me  t and ~ prior time ’

i n s t a n t s , the  f o l l o w i n g  s ynd rome’ equa t ~~Ori se’ t is o b t a i n e d :

(2)  ( 1) ( 1 )  ( 1)  ( 1)
I. t ’ t e ’  I c  . I C  I 0 I e

t-5 t-~ t - ~ t - t  t - 7  t - ~
)

(2) (1) (1) (1) (1)Z e It ’  I t ’  t e  i 0
t —4 t—4 t — 4  t — ~ t — o  t — 8

~
‘t 3  

e~~~ I e~~~ I I C i 0

Z = e~
2~ + 0

t — 2  t - 2  t - 2  t - 3  t - 4 t- 6

(2 )  ( 1 )  ( 1)  ( 1)  ( 1)
1. e’ I e’ I e’ (‘ () 4

t — 1  t — l  t — 1  t — 2  t — ~~ t — 5

(2 )  I )  ( 11  1) 
0 e~

11
t t t t — I  1 — 2  t—4

Note  how a pa r t  i cu la  r er ro r dig i t  (e .  g.  ‘~ 
l 

ii f lue ’  Ut ’(’ ~ a pa ii

- - of s yndronie ’  d i g i t s  ( in  t h i s  case ‘1.. for  t •- l ~ I .. t — S ) .  Thi s  wi l l  be

s i g n i f i c a n t  in l a t e r  e lc ’c oding  steps t v l ’t ’r e  i t  w i l l  he c on v e n i e ’n t to ( l t ’t i l l ( ’

2 1
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a syndrome vec to r  Z as c o n s i s t i n g  of all  syndromes  on the l e f t  hand

side of the se t  of syndrome equa t ion s de l imi ted  b y a specif ied time’

span. Thus for  the above example the s y n d r o m e  v e c t o r  is

Z = (Z
5 . •L

t 4 ~~
. . . .  Z )  = Z

( t s  t) = ~~~~ (2. 21)

where  fou r equiva len t  n o t a t i o n s  which wi l l  appea r  l a t e r  a re  g iven.

The number  of b i t s  in a g iven s yndrome v e c t o r  Z wi l l  be deno ted  as

e i ther  ~Z or LSYN in fol lowing work.  N o t e  t h a t  a p a r t i c u l a r  span

of syndrome equa t ions  such as Eq. ( 2 . 2 O) s p e c i f i e s  a set  of e r r o r  di g i t s

on the rig ht hand side. It will be c o n v e n i e n t  to de f ine  an  o v e r a l l  e r r o r

vector,  F’ , as the to t a l  set of e r r o r  di g i t s  appea r ing  in such a spa n of

equat ions.  When later discussing sing le error bit estimation , the

e r r o r  v e c t o r ,  F , will be used to r e p r e s e n t  tile set  of such er r o r  di g i t s

less the particular bit to be e s t i m a t e d .  The number  of er r o r  b i t s  in

E wilI be ident i f ied  as LEN. Thus the number  of error b i t s  in F’ wi l l

be LEN -f 1.

While on the subject  of s y n d r o m e s , it  will prove u s e f u l to later

work to here  d e f i n e  the  synd rome  f o r m e r  s t a t e .  S~ , as being the bi-

na ry  vector  r e p r e s e n t e d  b y the  logical  value ’s  p r e s e n t  in the phys ical

s torage e l emen t s  of the syndrome f o r m e r  at  tin-i c t .  Thu s one could

represent  the ope r a t i o n  of the s ynd rome forme r iii Ic rms  of a s yn -

drome fo rmer  s t a t e  d i a g r a m  s i m il a r  to t h a t  de f i ned  fo r  the ’ encode r ,

For example the  K = 5 rate ~ synd rom e f o r mer  of Fi g u r e  2. 7 could 

- . - 
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be r e p r e s e n t e d  as a s t a t e  d iagram h a v i n g  2~’ = s t a t e s .  The s yn-

drome f o r m e r  s t at e  t r a n s i t i o n s  are  d e t e r m in e d  in t h i s  e x a m p le’ b y iie

value of Thus the s y n d ro m e  f o r m e r  s t a t e  t r a n s i t i o n  probability

P(S
~+ i

/S
e

) for  the two a l lowable  t r a n s i t io n s  is j u s t  equal  to  P(e~ 
1) 

0)

and P(e~~~ - 1) r e spec t i ve l y.

However  the s yn d r o m e  f o r m e r  ou tpu t  p r o b a b i l i t y  is m o r e  corn-  
-

plex than in the encoder case since the  outPut .--V.~ depends  not  onl y on

( 1)  (2 )
the c u r r e n t  s t a t e  S~ and the itiput e~ but  also upon t’~ (see Figure-

2. 7b). This cornp1icat ~~ n will be cons idered  in deta i l  in Chap te r  3.

For now it is ~{ifficient to note that the conditional syndrome forme’r

output p~ o’babi l i ty ,  P(Z
~

/S
~

, ~ l~ 
is i ndependen t  of all  p r i o r  syndrome ’

forn ~~ r s t a t e s  S~ fo r  j < t .  T h e r e f o re .

P(Z /S
0
, S

1 ~
, S ~) P(Z

~
/ S

~ . S~ ~) (2. 22)

Thus the syndrome former also disp lays a Markov property

analogous to that of the encoder. This property will be exploited in

Chapter  3 to s implif y anal ys is  of o pt i m a l  decoding b y e r r o r  e s t im a t i o n

using a syndrome f o r m e r .

2 . 4  Decoding

Convolu t iona l  encoding  has  been shown in Sec t ion  2. 2 to be re-

lativel y simp le to implement. Decoding of convolutional codes is

somewhat more difficult. The goal of a decoder  is to p rov ide  to  the ’

data user an estimate of the da ta  source  ou tpu t  bi t  I~ or sequence

25
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Probabili stic decoding is a method of doing so b y p r o ce s s -
1’ 2

ing i n f o r ma t i o n  avai lable  at the decoder and ou t p u t i n g  as an e s t i m a te

that value (or I )  wi th  the highest probabilit y of o c c u r r e nc e  con-

dit ione d on the i n f o rm a t i o n  ava i lab le  to the decoder .

Since the noise is addit ive (i . e. R = .c, + the r e ’  a r e  two

compl e m e nt a r y  approaches  to such es t i m a t i o n .  In d i r e c t  da ta  e st i r n a-

tion the most  probable I~ (or I )  is determined conditioned on avai 1ab l~’

informat ion (e. g. a rece ived  vec to r  R ) .  An  equiva len t  form of data

e s t i m a t i on  f i r s t  p roduces  code dig it (or code sequence)  e s tim a te s

then d e t er min i st i ca l l y e s t ima te s  c or r e s p o n d in g  d a ta b i t s  (or sequence s)

b y solving Eq. (2 .4) . In e rr o r  e s t i ma t i o n  the  mos t  p robab le  a d d it i v e

t r a n s m i ss i o n  e r r o rs  are  est imated  cond i t ioned  on a v a i l ab l e  inforn-i a-

tion and then sub t r ac ted  f rom the a p p r o p r ia t e  received data  to p rov ide

code di g it C~ or code sequence C e s t i m a te s .  With  such e r ro r  es t i -

mates , Eq. (2 .4)  then provides  a means of d e t e rm i n i ng  a c t u a l  d a ta

bit or sequence e s t im a t e s .  Figure  2. 8 is an examp le of a ca se  in

which the avai lable  in f o r m a t i on  to the decoder  c o n s i s t s  of synd rome

bits  which a re  used to fo rm the e r r o r  e s t i m a t e  .

Several probabi l i s t ic  approaches to bit  and sequence decoding

are q u a l i ta t i v e l y d i scussed  in the next  two s e c t i o ns  to  show the ’ dis-

t inct ior i  between data e s t ima tion  and e rr o r  e s t i ma t i o n ,  E r r o r  approa-

ches exp lored in this  work are  noted.

26
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2. 4. 1 I)ata E s t i m a t i o n

A number of r e s e a r c h e r s  have  i n v e s t i ga t ed  op t ima l  app roaches

to decoding convolutional codes by data estimation. In (1) t h r o u g h ( 4 )

below t h e i r  goal  was to e s t i m a t e  the encoded i n f o r m a t i o n  ~~~~~ or

sequence 
~( 1 , N)  

b y p r o c e s s i n g  the e n t i r e  f i n i t e  r ec e ived  sequence

(1)  C o n v e n t i o n a l  V i t e r b i  Decoding s e l ec t s  the i n f o r m a t i o n  se’que ’nce

N )  to be ti -ic i n f o r m a t i o n  sequence which  m a x i m i z e s

N) / R (1 N I v )

where  eguilikel y input  sequences a r e  assumed.  C o n s e q u e n t l y ,  t h i s

approach is Max imum Likelihood Sequence Decoding .  ( V i t e r b i  t s  ~
(2 )  Map Sequence Decoding s e le c t s  the i n f o r m a t i o n  sequence

to be the i n f o r m a t i o n  sequence which m a x i m i z e s

P 1  / R  - 
~~~~~~, N ) , R (1 , N  I V ) )

N )  (1 , N + V ) )  
- 

P(R (l  N

where nonequil ike l y input  sequences  a re  cons ide red .  If the i npu t

sequences are equilikel y. c o n v e n t i o n a l  V i t e r b i  decoding  is ob t a ined

(McAdarn t 9 T )

(3)  ~‘j~ p Bit Decoding s e l e c t s  the i n f o r m a t i o n  bi t  to be t h a t  i n f o r m a  -

t ion bit  wh ich  maximizes

P(1
~ 

/ R (1 N 
P(I~. R (1 N C V )

( R ( 1 , N +\ ‘ ) ) 27
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(McA dani  ~~

(4)  M a x i m u m  Likel ihood (ML )  Bi t  Decod ing  is the  spec ia l  case of map

bit  decod ing  when  i n f o r m a t i o n  b i t s  a r e  equi l ike l y.

Since it may not be possible or d e s i r a b l e  in p r a c t i c e  to p r o c e s s

the en t i r e ’  r e c e i ved  sequence , as r e q u i r e d  fo r  the op t ima l  a p p r o a c h e s

(1)  t h r o u g h (4) above , some work  has  appeared  in which a f i n i t e  s tor-

~~~~ l e n g t h  of the  poss ibl y i n f i n i t e  l e ng t h  rece ived  sequence was  used

A
to e 5 t i m a t e  e i t h e r  an i n f o r m a t i o n  b~t I (o r  I ) or i n f o r m a t i o n  se-

t t~~~

quence 1
( 1 t)~ 

This “ real  t in-ic c o n s t r a i n t ” on the i n f o r m a t i o n  b i t / s e -

quence e s t i m a t i o n  has been cons idered  b y the  fo l lowing  two approaches .

(5) Real  Time V i t e r b i  Sequence ~~~~~~~~~ seeks that  i n f o r m a t i o n

sequence ‘(1 , f~~ ) 
which maximizes

~ 
I R~ 1 ~ 

) and se t s  = t - t h  bi t  of

sequence ‘( 1

This is a f in i t e  de lay  ve r s ion  of the conven t iona l  V i t e r b i  A l g o r i t h m

for equilikel y inpu t sources  (Lee E l l ’l

(6)  Real  Time Min imum Bit  E r r o r  (R T M B E P )  Decoding  seeks t h a t

i n fo rma t ion  bit  I which m a x i m i z e s

/ R (1 ~~~ 
)

This is a f i n i t e  d e l a y  ve r s ion  of N- l cA dam Map Bi t  Decod ing ,  special-

ized to equilikel y inpu t b i t s .  (Lee {l l l  )

28
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These six a p p r o a c h e s  soug ht a p a r t i c u l a r  type  of e s t i m a t e  of the

i n f o r m a t i o n  bi t  or sequence ‘(1 t )  d e r i ved  based on the rece i pt and

a v a i l a b i l i t y  of some rece ived  v e c t o r  or vec to r  s e g m e n t

( e . g .  R
~~ t {~~ )

2 . 4 .  2 E r r o r  E s t i m a t i o n

Ins tead  of e s t i m a t i n g  the i n f o r m a t i o n  b i t / s e q u e n c e  as above , one

mi g ht c o n s i d e r  e s t i m a t i n g  e r r o r  b i t s  or sequences  
~ ( 1 t )  

and ob-

ta in ing  an e s t i m a t e  of the i n f o r m a t i o n  b i t s  b y s u b t r ac t i n g  the e s t i m a t e d

e r r o r  b i t s  f r o m  the a p p r o p r i a t e  r ece ived  b i t s .  In such an a p p r o a c h ,

a Syndrome Forme r could be used to p roduce  s yndrome  b i t s  Z~ f rom

the received v e c t o r  , t h e r eb y making ava i lab le  to the decoder  a

vec to r  Z
(1 t )  

which is independent  of the  i n f o r m a t i o n  b i t s  or  sequences

a c t u a l l y sent and dependen t  onl y on the channel  e r r o r s  which have

occur red .  The n an opt imal  e s t i m a t e  of the  e r r o r  bi t  or  sequence

t) 
could be der ived analogous  to the app roaches  take n in the case

of i n f o r m a t i o n  bi t!  sequence e s t i m a t i o n .

One compl ica t ing  f a c t o r  in such an e r r o r  e s t i m a t i o n  a p p r o a c h  is

that channel  e r r o r s  are  not equililcel y (othe rwise  i t  would be s e n s e l e s s

to t r y  to t r a n s m i t  i n f o r m a t i o n  over such a c h a n n e l ) .  T h e r e f o r e , Maxi-

mum Likelihood (ML)  e s t i m a t i o n  mus t  not  be used,  R a t h e r ,  a Maxi-

mumA  Pos t e r i or i  P r o b a b i l i t y  (MA 19 e s t i m a t e  should  be imp l e m e n t e d

which takes  in to  account  the nonequ il ike l y a p r i o r i  p r o b a b i l i t i e s  of

channel  e r r o r  values  which  a r e  r e l a t ed  to the  F / N  leV( ’ I i i)  th~’
S ° 2q 
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app l icable  c h a n n e l .

A n o t i t e  r s ou rce  of c o n c e r n  in the  e r r o r  e s t i m a t i o n  a p p r o a c h

would be the  numb e r of e r r o r  i ) i t S  or s e q u e n c e s  to  ( p o t e n t i a l l y) be

e s t i r n I t e d .  For e x a m p le , in c o n v e n t i o n a l  i n f o r m a t i o n  b i t  d e c o d i n g

of a r a t e  1 / 3  c o n v o l u t i o n a l code , onl y an  ‘ s t ir n a t e  of a s ing le i n f o r m a  -

t ion  b i t  ( e . g .  is r e q u i r e d .  In e r r o r  e s t i m a t i o n  for  t h i s  code , on t he

s u r f a c e  i t  mig ht  seem n e c e s s a r y  to cons ide r e s t i m a t i n g  as  m a n y  as  3

e r r o r  b i t s .  It w i l l  i) e seen t ha t  i t  is not a l w a y s  n e c e s s a r y  t o  e s t i m a t e

a l l  e r r o r  b i t s .  Sp e c i f i c a l l y ,  in a r a t e  1/ 3  s y s t e m a t i c  code it  is obvi -

ous t h a t  onl y a s ing le e r r o r  b i t  e st in -~a I i ’  is r e q u i r e d .  The e r r o r  est i -

m a t i o n  a p p r o a c h e s  in th is  work  h a v e  been d e r i v e d  fo r  r a t e  1/ n  sy s  -

tema t ic  codes .  Howeve r , the e x t e n s i o n  of such p r o b a b i l i s t i c  decod ing

to n o n — s y s t e m a t i c  codes  is r e l a t i v e l y s t r a i g h t f o r w a r d  a l t h o u g h th i s

r e q u i r e s  e s t i m a t i o n  of more  tha n a s ing le e r r o r  b i t .

In this  i n v e s t i g a t i o n  the e rr o r  e s t i m a t i o n  a p p r o a c h  has  been pu r-

sued and the fo l l owing  four e s t i m a t e s  have been  d e r i v e d .

(1 )  ~~~ p E r r o r  Bit  E s t i m a t e  D e c o d i n g  which  s e l e c t s  a s  the  e r r o r  bi t

e s t i m a t e  
~ 

t h a t  e r r o r  bi t  va lue  which  m a x i m i z e s

P ( e /Z  ) .
t ( l , N - f ~~ )

This  d e c o d i n g  a p p r o a c h  is b a s i c a l l y an  a d a p t a t i o n  of tbc ’ a p p r o a c h  used

b y N i c A d am  ~~ 
‘ and B ahi  et  al  r b  I f o r  M A P  d a t a  b i t  e s t i m a t i o n .

30
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(2) ~yj~~p E r r o r  Sequence Decodin~ which se lec t s  tha t  e r r o r  sequence

~ N 
which m a x i m i z e s

P(e
( 1 N) / Z ( l , N + V )

This approach  can be viewed in g e n e r a l  as an a d a p t a t i o n  of Viter-

bi decoding to the nonequil ikel y e r r o r  sequence decoding case .  A l s o

pursued is a convers ion of a specific ra te 1/ 3  s y s t e m a t i c  code e r r o r

sequence decoding problem to a rate 1/2 n o n - s y s t e m a t i c  decoding

confi gu ra t i on  in which the minimum Hamming wei ght e r r o r  sequence

approach  of Schalkwijk  and Vinck [13 ‘]is use fu l .

A pproache s ( 1)  and (2) assume the ava i l ab i l i t y  of the e n t i r e

received seque nce R
(1 N + v )  

b y a s suming  the ava i l ab i l i t y  of the en-

t i re  syndrome ve c tor Z
( 1 N f \ J ) 

in (1) and of e s s e n t i a l l y i n f i n i t e  stor-

age in (2 ) .  These are  developed in deta i l  in C h a p t e r  3.

Approa ches (3) and (4) deal with the potentiall y more practical

case of f in i t e  d e l a y- f i n i t e  s to rage  (1. e. “ real  time ”) MAP e r r o r  de-

coding.

(3) Real Time M A P  E r r o r  Bit  Decoding which se l ec t s  tha t  e r r o r  bi t

value ~ which maximizes

P(e
~ 

/ Z ( 1 ~ + ~)

This is e s s e n t i a l l y an a d a p t a t i o n  fo r  er r o r  e s t i m a t i o n  of Lee ’ s

RTMBEP Decoding of information bits r u  ‘]

31
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(4 )  R e a l  Time V i t e r b i  M A P  E r r o r  Sequence l) ec o d i ng  which  s e l e c t s

tha t e r ro r se ’que 0cc whi ch i na x in l i ze  s
( I , t

1’(e (1 . t t ~) ( 1 , t f~~~~~ )

and s el e c t s  as  the  t — t h  h i t  of t h i s  sequenc e ’ . This  is b a s i c a l l y an

a d a p t a t i o n  f o r  i ’ror e s t ir n at i o n  of Lee ’ s R e a l  Time \ ‘ it e  rbi  D e c o d i n g

1] A p pr o a ch e ’  s ( 3 )  and  (4)  a Ce ’ de ye lop ’d  in d e t a i l  in C h a p t e r  3.

N o t e  ti - i a t a l l  of the ’ above e r r o r  ( ‘St  irna t ion  a p p r o a c h e s  have  bc’e n

MA P e s t i m a t e s .  This  is due t o  the  n o n e qu i l i k e  I y n a t u r e  of t he  cha nn , ’l

-~ I e r r o r s .

A f t e r  con side  r ing  I he above  ‘‘ opt m m  1’’ a ppr oa  cI te s  t o  MA P e r r o r

C st iron I iou , a sub opt  i t i t a l  me thod  of MA P e r ro r es t iron ( i o n  h a s  bee ’n

d e r i v e d  in C h a p ter  4 wh ich  e l int  m t  es roost a c t i v e  c onm put  a t  ions du r —

ing d e c o d i n g .  ‘t ’his R ON I  M A P  a p p r o a c h  st ’ l e c t  s as the  e r r o r  l ) it  e s t  i —

n-ia te ~~ t h a t  ~‘ r r o r  i) it  “a luc wh ich  ma xirn i ~‘ e s

P(t ’ / 7

~ ( t  — .~ , I )

( B a s i c a l l y ,  t h i s  is a f i n i t e  d e l a y  ( .\ ) - f i n i t e  s t o r a g e  ( L )  M A 1~ t ’st i-

m a t e ) .

The ROMM A P is a subopt iron I a t t e m p t  at  imp lente  nI ing f i n i t e  de —

l a y —  f i n i t e  s t o r a ge  (‘‘ r ea l  t ime ’’)  MA P Er  ror  Bit  l ) ecod in g  (see (3 )

above ’) s ince , to o b t a i n  a readi l y c o m p u t a b l e  R O M M A  P look — u p  t a h i , ’

tha t  po r t i on  of t h e  t o t a l  s ynd rome v e c t o r  Z ( j  , 
f r o m  m i t  in I i za  l i o n  to

_ _ _ _ _ _ _  _ _ _ _ _ _ _  —.---- _ _ _ _ _ _ _ _ _ _ _ _
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time t - L - 1 (i.e. Z
(1 ~ - L - 1) 

has been neg lected.  Consequent l y,

the R O M M A P  p e r f o r m a n c e  should be i n f e r i o r  to the opt imal  real

time.
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Chapter 3

OPTIMAL E R R O R  ESTIMATION

In th is  chapter optimal decoding of convolu t iona l  codes via

e r ror  es t ima t ion  is  explored in some depth. Several e s t i m a t i o n

techniques previously used only for data estimation arc adapted and

applied to the problem of error estimation based on syndromes.

First  a recurs ive  MAP e r r o r  bit  e s t i m a t i o n  t echn ique  is de veloped

for the case’ in which  the en t i r e  syndrome vec to r  ~~~ T )

available (i.e. no finite delay constrai nt exists). Next , a MAP

error  sequence es t imator  w i t h  some analogy to  the Vi terb i  m a x i m u m

likelihood sequence decoding  a lgor i thm is anal yzed . Then a some-

what more realistic case of optimal MAP e r r o r  bit decoding  w i t h

a f in i t e  delay constraint is derived in d e t a i l . For comp lete-

ness , a cor responding  f in i t e  delay Vi te rb i  MAP er r o r  sequence

technique is exl-iibited . Final ly , the re la t ionsh ip be tween  MAP e r r o r

bit decoding us ing  a syndrome ‘7 and MAP data bi t  decod ing  u s i n g

the received vector P. is locked at from a conceptua l viewpoint. This

chapter contains t h e  theore t ica l ly optimal approaches  to  er r o r

est imation which serve as the base f r o m  w h i c h  f e a s i b l e  suboptima l

implementa t ions  of e r r o r  decoders  are obtained in Chap te r  4,

3. 1 R e c u r s i v e  MAP Error Bit F,stjntat ion

To implement  a M A P  e s t im a t e  of an e r ro r  bi t  c~ given an

3’;

— -- —---—-—-• - -~—— ——--—--—-— — 
~~~~ .4
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available syndrome vector Z one would normally seek to select that

value of e
t so as to maximize

P ( Z / e
~

) P ( e t)
P (e

~
/ Z )  = — 

P ( Z)  
(3 . 1)

Suppose one attempt s to do th i s  via a r ecurs ive  est imate of ~~~ given

the tota l  syndrome ve ctor produced as a result  of syndrome bit

computation based on the total vec tor  of received bits R repre sent-

ing an input informat ion  s t r e a m  of length T followed b y v zeros to

drive the convolutional encoder back to the all zero slate. We can do

so by using the fact that the syndrome former is a linear sequential

circuit whose output ‘7~ depends only on the current syndrome

former physical state S~ and the incoming e r ro r  bits at time t,

namely Ft . Here T = T + v .

Unlike the encoder i t se l f , the syndrome fo rmer  does not

necessar i ly store all input e r ro r  b i t s  in Et . Therefore in genera l

one cannot say that the pair of states S~ , Sf 4 1  def ined by ac tua l

physical  storage elements de te rmine  an output ‘/,~~. For example , in

the rate 1/2 sys temat ic  code example the e r r o r  bi t  e~~~’ con t r ibu tes

to the syndrome output Z~ but does not  appear in any c omponent of

the phys ica l  state S~ r ep re sen t ed  by the actual  contents  of the

storage element s in the syndrome f o r m e r .

Both McAdarn £ 9 1  and Bahl et al. r iO ]  de r ived  MAP es t imates

of in format ion  b i t s  given the tota l  r ece ived  vector  R .  li-i the f o l l o w i n g ,
36
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the approach and notation of Bahi will  be’ app lied to the de r iva t ion  of

a MAP estimate of error bits ~~~ given  the t o t a l  computed syndrome

vector Z~~ . As usually done ( e .g.  Sch a lkwi jk  and V inck  £ 13 1 ) we

consider the syndrome former input s to be error bits only since’ the

syndrome former output is a funct ion of these  e r r o r s  onl y and not of

the code bits which also e n t e r  in R
~
.

For the sake of cla r ity we def ine  ti - c fo l lowing a s sump t i o n  and

later show how although it was true in Bahl’ s s i tuat ion i t  does not

have to be true for the syndrome case at critical steps.

Assumption 11 1 : The syndrome former has physical storage ele ments

(whose contents we call S
~
) which contain all components of R

t
. W i t h

thi s assumption we can tre ’at  the syndrome fo rmer  as a M a r k o v

source whose state pairs  S~, 
~~~~ 

de te rmine  and pr ocee d as in

- 
Bahl’s work . We will note if and whe n th i s  assumption is actual ly

required in the syndrome case.

The next f igure  shows a block d i a g r a m  compar ison be tween

Bahl’s problem and ours:

- 7 
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It

MAP data b i t  Markov  Source 
~

— X~ DMC
es t ima te  case (Encoder )

Goal: estimate I

~~~~~~~ S C  
E t~~~~~~~~~~

orm
~~~~ j~~~~~

Z

Goal: est imate E
~

Figure 3. 1 . Compar i son  of Data and E r r o r  E s t i m a t i o n
Approache s.

We now follow l3ahl ’ s nota t ion  and e s t i m a t e  the a po s ter ior i

probabi l i ty  of the s ta tes  and t r a n s i t i o n s  of a syndrome fo rmer .  In

the fol lowing ,m is one of the 2’
~
’ possible b ina ry  values of a s t a t e .

Source Trans i t ion  Probabi l i t ies

Syndrome fo rmer  state t r a n s i t i o n  p robab i l i t i e s  may be expr essed

as:

= Pr( S
~

=rn/ S
~~ 1=m ’t  ( 3  , Z)

Our syndrome former  s t a t e  t r a n s i t i o n  p r o b a b i l i t i ’s  are  go~-e rne ’d

by the statistics of the input n—tup le ,

( 1)

(2 )
E ( t )  = -

e~
n’)

_ _ _ _ _ _ _ _ _ _ _ _  ---~_-=~~. -
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TZTTJj
~~~~~~~

t h rough

Pr( St
. u n / S t l m ’) = 

‘

~~~

• 

Pr(S~-~m , E t /S
~~ i =m~

)

Et

= ‘5~ Pr(S~=m/E~, S
~~1 =m

t)i)r(E
t
/S

1=m
1)

( 3 4 )

Since Et 
is mit  a func t ion  of =m we have

Pr iS
t~~

1n/
~~~~i 

=m ’) = ~~~ 
Pr ( S

~=m / E
~

, St l =m t ) P r ( E
t

) 
( 3 .

Et

Since the cli ;, one l  is iot ’mory le s s , the individua l bits in E are  bi t  — t o —

bi t  indep en c l . - i t t  and one could let P r l E
~

) = Ii Pr (e~’~~). TI-ic f i r s t

factor  on t in ’  r i g ht is jus t  0 or 1 depending on whether  the t r a n s i t i o n

Is possible - , , t d  t h a t  t h e ’  p a r t i cu la r  E
t be ing  cons idered  in the sum is

that Et 
w h i c h  ause ’ s such a t r a n s i t i o n  (or  one of the severa l

which can c a , u i e ’  the same t r ans i t i on  in ti-i c case of some don u t

care ele nwnl a 
( .1) in

The do’, ’I c -a re  e lements  can be e l im ina t ed  f rom the above sum

by def in ing

E~ ~ (th o~~~’ t’~~~~ w h i c h  ac tua l l y en t e r  lot o phy s i c a l  syndrome
t state ’ s t o r a g e  e l e men t s )

yielding:

Pr(S
~~

ni /~, 
_
~ =m ’) ~~~ Pr( S ~~n 

~~~~ ~ - 
‘) pr (1-:

1
) 

( 3 6)

_ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  J
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Output  Probabi l i t ies

Syndrome fo rmer  output p rob ab i l i t i e s  may be w r i t t e n  as:

q~(Z/ rn ’, in) = P r ( Z t Z /S
~ 1= m ’, S~ m),  ( 3 . 7 )

Note that  q~(Z/ rn ’ , m ) = 0  or 1 whet-i As sumpt ion  #1 is t rue  s inc e Sf 1 ,

S~ together  conta in  exactl y those e r r o r  bits  needed to de t e rmine  Z~.

If Assumpt ion  f f 1  is not t r u e , then q~( Z/ i n ’ , m) would not n e c e s s a r i l y

be 0 or 1 but would be dependent  on o the r  e r r o r  bi ts  w h i c h  neve r  re-

side in the ph ys ica l  state.  However  in such  a case one can a v e r a g e

over these  othe r e r r o r  b i t s  to s t i l t  obta in:

q~( Z/ m ’ . m) = 
~~ 

P r ( Z t = Z/S
~ 1=x -n ’, S~= m , ~fl Pr( 5 e) (3. 8)

1St

where all those error bits in Et which affect the syndrome Z~ but

which are  not p r e s e n t  in the  a c tua l  p h y s i c a l  s t a t e  S~~ 1, S~.

Object ive  of the Decoder

The object ive of the decoder  is to examine and e s t i m a t e  the a

pos te r io r i  p robab i l i t y  of the  syndrome  f o r m e r  s t a t e s :

Pr(S
~ ~~ A X t (m)

Pr(S
~ 

rn/ Z i )  = ( 3 .  a)
P r ( Zr )  P r ( Z r )

and t r a n s i t i o n s

Pr (S 1 m ’, S = m , Z~
’ ) z~ (m ’, m)

Pr(S
~ 1 m , 51 m~~Z 1 ) = t •~ t t 

.
- 

Pr(Zr) P r (Z ’ )
(3. 10)

Now de r ive  the j o i n t  p r o b a b i l i t i e s  de f ined  above , namel y .

_______— - -. ——- 

40
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-

~ 
Pr(S~~m, Z

’
~ ) and (3 . 11 a)

= Pr(S
~~ 1

m t . S~
=m , Z )  ( 3 .h l b )

To simplif y notation , define

~ (m) Pr(S =m , Z~ )
t t 1 (3 . l2 a )

~ 
Pr(’7 +i

/S
t

m) (3 .l2b)

in) 
~ 

Pr(S
~~

m. Z~
/S
~~1

=m ’) (3 . 12c)

Now

= Pr(S t m , Z~~) = Pr (S
~~
m, 4,  

Z~~ 1)

= Pr(S
~~

m , Z
~~

) P r ( Z
~ +i /S

~~
m. 4) (3 , 13)

Note that the statistics of Z~~ 1 are not dependent on past syndrome

bit s when the condition on S~ is applied. For example Z~~ 1 is a

furc tion  of S~ and E
~+i 

but 
4 

doesn ’t provide any additional inform-

~Lov . Therefore ,

= Pr(S
~~

m, Z
~~

)Pr (Z
~ +i /St

m)

X~
(m) = a~

(m)
~~

(m) (3 . 14)

Similarly,

a
~

(m t , m) Pr(S
~~ i =m ’. S~

=m . Z~~) = Pr(St 1=m ’, S
~

=m
~ Zr ’, z~, ‘7

~~+i~

Pr (S
~..i mt . 4 ’ )Pr (S t m . Z~ /S~~~ =m ’, /

t~~l )

.P r (Z
~~~i /S~~ 1 m t , Z

1
, St m, Zt

) ( 3 . 15~

_ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. 
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He re use has been Ina(le of the  fac t  t hat :

(1) S~=i-n, i.~ are dependent on S
~—~ 

m ’ but not on Z~~~ (past

syn drome b i t s )  when c on d i t i o n e d  on St 1 ~~ and

(2)  ‘7 1 whe’n c o n d i t i o n e d  on =m is ,-iot s t a t i s t i c a l l y  de pendent

°~ ~~ = n-i ’ (past  s t a t e) . ( past  sy n d r o m e  b i t s ) ,  or

( imi ne ida te ly  past sv n d r om c ’ bi t s ) .

There fo re  we can w r i t e  the  j o i n t  pr obabi l it y as

O ( n t , in)  = Pr ( S
~~ i~~

m ’. ) r ( S
~~

m , ‘7 /S 1 m ’) P r ( / 1 n~

~t
(m ’. rn )  = °‘t — l  (m t t Y

t
(m ’ . m )

~~
(m )  (3 . 1 (~t

Forward R e c u r s i o n

Now for  t 1 , ~~~, 3 1’ a fo rward  r e c u r s i o n  can be de r ived  as

follows.

a~(m) = Pr(S
~= n-i , 4)  = Pr (S

~~ 1 m t . S~= n-i . 4)

all

~~~ P r ( St i
zr I t . St =m ,4 ’ . Zt

)

all S~~ 1 m ’

= ~~~ Pr (S
~~ 1 =m I , ‘7 

1
)P r ( S

t
m . H t - l ~~~~ ’ Z 1

)

all St l  (3 . 171

Us ing  fact  ( 1 )  above one ob ta ins :

4’)
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~1ff . I ~~~~~~**~~~ ~~~~~~~~~~~~~ :TT T~~ 
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~~
t x - i - i ) ~~~ 

Pr (S~ 1=m ’, 4 ’  )P r ( S
~

=m , ‘7~ ~~t - l  =r n ’)

all

a
~

(t - i ) = ~~~ 
a

~~ i (m t ) Y
~

(m t . in)  ( 3 , 18)

all S
~~ ,

At t = 0  we have b o un d a r y  c o n d i t i o n s :  
~ o

( 0 ) = 1 , a0
(m )  0 for

a ll mIO s i n ce  the syndrome f o r m e r  s t a t e  is known to be 0.

B a c k w a r d  R e c u r s i o n

In a s in - i l  la r m in n e  r th e  ha ckwa rd r e c u r s  ion may be ob t a ined

as fo l lows:

= P r ( /
~ +1 ~~~~~~~~~ = ~~~ 

P r ( 5 1 m ’, ~~T
1 /S ni l

ail St + l

= E Pr ( S
~~ i m ’. 

~~~~~~ 
Z~~~~/S~~ m)

all S~~ 1

= ~~~ Pr~S
1 ~~~~~ ~ t + 1 /St mhl  

~~
-
~~fz ’~~t + 1  

=~ -i~~’~ 
~ H

ail St + l
( 3 . i - ) 1

Again we can s ta te  that  7 ‘~ when c o n d i t i o n e d  on S =m ’ i s
t t Z  t + l

s t a t i s t i c a l ly  independen t  of ‘7t+ l  
(pas t  synd rome b i t s l  and of S~~

m

(pas t  s y n d r o me  f o r m e r  s t a t e) .

Therefore .

in) 
~~~~~ ~~~~~~~~ 

‘~~~‘~~~ 1 (in , m ’l

all S~~ 1 ( 3 .~~Ol /

43 
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wi t h  b o u n d a r y  c o n d i t i o n s  ~~ ( 0)  = 1 , ~~( r n )  = 0 for  all m~ 0 since we

have ’ a s sumed  tha t  we d r ive  the syndrome  forme r to  0 state once we’

r e a c h  t h e  po in t  in t i m e ~ lie n it is known that  only the ta i l  of ‘~ zero

bit s a re  b e i n g  encoded  at the t r a n s m i t t e r . Now

in) Pr(S
~=m , Z

~
/S

~~ i m t )

= Pr( S
t

r m/ St i m t ) P r ( Z
t /St i

zm t , S
~

=m )

Yt
(m t , m) = ~~~~~~~~~~~~~~~~~~~~~~ (3 .2 1)

Not e tha t  we do not have to average over any in t e rmed ia te  X s ince

in the syndrome case we have no X~ as was pr e sent in ~~~~~~ problem

si t u a t i o n .

9pcr at ion  of Decoder

The decoder  must compute the fol lowing.

X
~

(m)  = Pr(S t. =m , Z ” ) = a
~~

n (m)  Syndrome Forme r State
J oin t P r o b a b i l i t y  (3 . 22 1

in) = Pr (S
~ 1=m ’, St

r in , ‘7~i~ ~~~ 
a~~ 1 

(m ’ ( rn ’ . i )

S
~ _ i =m I 

-

State ‘f~ a n s itj on  Jo in t

~ ‘roba b i l i t y  (3 . 23 )

These computa t ions  may be acco mp l i shed  in t h e  fo l lowing  s teps:

Step I/ l :

a0
( m) ,  ~~ (m)  in = 0 , 1 M - l  a re  i n i t i a l i z e d  (M = 2 ’ ) .

44
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for all m~ 0
Assuming Initial and Final

~~ (0)=1 . ~~~(m)=0 for all m~ 0 States Known 
(3 .24)

Step #2:

As soon as each Z~ is obtained compute

(in ’, m) = ~~~~~~~~~~~~~~~~~ in) = Pr(S
~

=m , Zt / S~~1 mt )
(3 .25)

Next compute

a
~

(m) = a
~~ i (m t )y

~
(m t , m)

St 1 m, 
(3 .26)

Step #3:

Af te r  the comple te sequence Z~ has been received , recurs ively

compute

= ~t+i
(m T

~~~+l
(m , m t  (3 .27)

and multiply by the stored a
~

(m) to obtain

Xt (m) = a
~

(m)
~~

(m) (3 . 28)

and by y
~
(m’ ,m) and cL

~~ 1
(m ’) to obtain

in) = a
~~ 1(m ’)

~~
(m ’ , m)

~~
(m) .  (3 .29)

Error Bit Estimation

Having determined Xt (m) and cY
~

(m ’, in) for  all 0 � t ~ ~~, now

estimate the required e r r o r  bi ts  (e~~~) . Assume that the e r r o r

45
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bits required to appear explicitly in the syndrome former  physical

state .

Let ~~~~ be the set of syndrome forme r s tates  S~ such that

= 0 where s~~~ is the value of ~~~ afte r it is shifted into the

associa ted syndrome forme r s torage element.

The n s~~~ e~~ for e~~
1E E~ where E~ ~ [those ~~~ which

must be estimated and appear explicitly in syndrome forme r state] .

This implies

p~~(~~ 3) 
= 0 , Z~~~) = 

. 

X~~~(m)  (3 .30)
S

~
c A

~
3
~

Normalizing by

Pr (Z ) = X (0) , (3 .31)

the conditional probability,

Pr(e~~~=0/Z~~) = 
X (0)  . 

X~ (m), (3 .32)
‘T’ S E A W

t t

is obtained. Now decode the e r r o r  bit by the rule :

= 0 if Pr(e~~~= O/Z~~) � 0. 5 (3 .33)

= 1 otherwise .

Thus the MAP est imate of a des i r ed  e r r o r  bit e~~ given the

entire syndrome ve ctor has been obtained on a r e c u r s i v e  basis .

46
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It is seen that  Assumpt ion  111 i s  not needed for  t h i s  e r r o r  bit  est i  —

moat ion as long as the  e r r o r  b i t  to  be es t invi l& ’ d does appear in the

syndrome fo rmer  phys ica l  s t a te .

3.2 Syndrome  Decoding  of R a t e  1 / 3  Sy s t e m a t i c  Codes

In the case of ra te  i / n  s y s tem a t i c  e’onvoiu t ional  codes the

syndrome based decoder  does not have to e s t i m at e  all e r r o r  bits in

‘ ( 1)

( 2 )

= 

C
t

F
t . ( 3 . 34)

(n)
e

‘ri-ic o ther  e r r o r  b i t s  ~~~~ ~~~ , ...,e~~ can be viewed as n u i s a n c e

pa rame ter s  w h i c h  in MAP e s t i m a t i o n  should be averaged out in t u e

& o i i i pu t . e t i  on o~ ~ 1) ~ i’i~i S wa l ice  l)Pi O;i Cl ~ f~~ll~~’.ve ~i in thc  p r cv io u~

work on r e c u r s i ve  MAP e r r o r  bi t  e s t i m a t i o n .

A (lifferent approach to the decoding problem exists in wh i c h

estimation of tFtc most probable error sequ t -nce  is the  goal of the

decoder .  Reca l l  t h a t  c l a s s i c a l  V i te r b i  M a x i m u m  L i ke l i h o o d  data

sequence ’ t i e  cod ing  ass nines equi  l i ke l y input  dat a s e q uen c e s .  Since

errors are  v e r y  n o n e qu i l i k e l y ,  A pp e ’ndix A has been provided to show

it-i gem’ ra I how t h e  b a S i c  \n i t e  rb i  scque nec decod ing  m e t  r i cs would

have to be’ mod i fi ed t o  a ccount  for nonequi  l i k e l y input s such as e r r  or

scque ’n ( - ( ’s .
47
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Scha lkwijk and Vinck [1 3] have der ived  and demons t ra ted  a

recursive algorithm like Vjterbj’s which-i (for rate 1/2 non-systematic

codes) finds the error sequence of minimum Hamming weight which

could have caused the observed syndrome sequence . This minimum

weig ht error sequence is the most probable error sequence given

the observed syndrome sequence. Considering the work that has been

done [13] in obtaining minimum weight error sequences , the dis-

cussion that follows merely sl-iow s how a specifi c rate 1/ 3  sys temat ic

cod e er ror sequence decodi ng problem may be conver ted to a rat e

1/2 non-systemat ic  e r ror  sequence de cod ing problem suitable for

solution by the method of Schalkwijk and Vinck . The rate 1/ 3

systematic  code of this  example was selected f rom Bussgang ’s table

of optimum sub genera tors  of a canonical  subgenera to r  (Fi g. 7 in

[19]).

Conside r the syndrome fo rmer  for a rate 1 /3  sys temat ic  code

shown in Figure 3.Za. The goal here  is to es t imate  the e r ro r

( 1)  ( 1) (1)
sequence (e

0 , e 1 , . . . , e~~~ 1 ) based on the syndrome Sequences

5 (o , N—l )  and 
~~O~ N 1 )  where  N is the length of the entire output

sequence from the data source. Figure 3. 2a can be redrawn as in

Figure 3.2b to more clearly isolat e the “nu i san ce ” errors e~
2
~ and

~~~~ One can thus observe that the problem of estimating t he

desired er ror  sequen ce e~~ ~~~~ is equivalent to e s t i m a t i n g  the

“data ” input sequence to a rate 1/2 convolut ional  “e r r o r  encoder ’ of
48 
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Figure 3 . 2b . Although this appears to have reduced the rate 1 /3

problem to a possibly more manageable rate 1/2 one , normal  Viterbi

sequence decoding cannot be used to estimate the e r r o r  input . The

classical Viterbi algori thm is a maximum likelihood decoder for

equilikel y input sequences while here the input is a very non-

equil ikely sequence of e r r o r  bits ~~~~~

Now instead of pursuing a modified Viterbi a lgor i thm with  i ts

more complicated me t r i c  calculations for nonequilikely e r r o r  input

sequences (see Appendix A), suppose err or sequence decoding us ing

the method of Schalkwijk  and Vinck [13] is followed for the case

shown in Figure 3.2b.

To keep things s t ra ight , call the un i t s  of Fi g. 3. 2a and 3. 2b

the First Syndrome Former ( e r r o r  encoder ) .  For this e r r o r  encoder

there exists  a corresponding Second Syndrome  Forme r shown in

Fig. 3. 3a.

The operat ion of this Second Syndrome Former  on input

syndrome bits ~~2) 
and ~~3) 

can be viewed as the equi vale nt opera t ion

on e r ro r  bits e~
2
~ and e~

3
~ as shown in Fig. 3 . 3b . The rate 1 /3

problem has thus been converted to a rate 1/2  problem exac t l y

like that of Schalkwijk and Viack [13] . The m i n i m u m  weig ht

(e~
2
~ (x) .  e~

3
~ ( x ) )  sequence can be found b y t h e i r  t echn ique  and a non-

probabi l i s t ic  method used to obtain the e r r o r  sequence e s t i m a t e  for

e~~~ . The Schalkwij k and Vinck  method is not a f f e c t ed  by the equi-
50
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probable or nonequi probable nature of the encoder input e~~~ since

their method determines the mini mum Hamming weight noise sequence

input which due to our assumption of a BSC is the most probable

sequence .

The following parallels Schalkwijk and Vinck ’ s explanation of

their approach as modified for the rate 1/3 to rate 1/2 case s

The Second Syndrome Former Output is:

Z(x) = C
2
(x)e

13
~(x) + C3

(x)e~
2
~(x) (3 35)

where

C2(x) = l+x
2
+x

3
+x
4 

(3 ,36a)

C3
(x) l ’i-x+x

4 
(3. 36b)

Here x plays the role of the delay operator.

By Euclid’s algorithm there exists D2 (x) and D
3~~ ) such that

D2 (x) C2 (x) + D
3

(x)C 3 (x) 1 ( 3 . 3 7)

yieldin g

D2 (x) = X +  1 (3 .38a)

D
3

(x) = X. (3 .38b)

Re ceived are

= C2
(x)e~~~(x) + e ’

~
2
~(x) (3.39a)

= C3
(x )e~~~(x) + e

13
~(x) . (3.39b)
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The error sequence’ estimate is formed as

A ( 1  

~~(~~~ ) = D2 (x ) ( s~
2
~ (x)  + e~

2
~ (x ) )  + D 3(x) (s~

31
(xH ~~ 

31
(x)). (3 .40)

~(2 ) *(3)If the noise sequence es t imate  (e (x ) , e (x)) is correct t hen

“ (1) (1) (2 ) A ( 2 )
e (x)  = D

2
(x )(C

2
(x)e (x) -f e (x)  e ( x ) )

+ D3
(x) (C

3
(x) eW (x) 4 e~~~(x) +

= (D 2 (x)C 2 (x) + D 3
(x)C 3( x) )e~~~ (x)  = e~~~(~ 

~ (3  41)

Equation (3 .40) can be w r i t t e n  as

A (l ) (2) (3) .‘(2) ~(3)e (x) = (D  (x)s (x) + D (x)s (x))-1D ,~(x)e (x)+D (x)e (x)

W (x)
(3 .42)

where with

( 2 )  (3 )
W(x ) = D2(x)e (x) + D3(x)e ix) ( 3 . 4 3a)

Lu (x) = D
2

(x) e~
2 1

(x)  + D
3

(x)e~~
31

(x )  ( 3 4  3 1)

one obtains ti-ic fol lowing:

*(1 ) (2) (3)
e (x ) = (D 2

(x)s (x ) + D
3(x )s (xl) + W(x ) (3 .44)
- ~~~~~~~~~~~~~

Computed eas i ly  f rom the De termined  via
received s~

2
~(x) and s (3

~(x) Viterbi- l jke
a lgor i t  bin

Since w (x) can be de te rmined  based onl y on the m i n i m u m  h a m m i n g

wei ght noise  (e~
2
~ ( x ) , e~ ~( x ))  i nput s to the  Second Sy n d r o me  Forme r and

not the data i npu t s  to the Firs t  Syndrome  Former . t h i s  approach

does not have to be adjusted for  nonequiprobable ’  ~~~~~ input s . One-c 

- -
~~~~~~~~~~

- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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the [e’~ 
I
) Sequence ’ has  be’e’n deter m ined we onl y have to rood 2 add it

to the’ [r~ 
)

) sequence to  ( l et e rmi  mit ’ [I
~ )

It is i n t e re s t i n g  to note that  tim e rate 1/3 systematic code with

= 10000

G2 = 10111

G 3 = 11001

conver t s  by the  above ’ Second Syndrome Former  t e c h n i q u e  to t i e
1G 2 = 101111

rate 1/2 nonsystematic code 
~ = 11001] 

g iv e n  in  Schalkwijk and

Vinck Table HI , “Codes Realized .” (Ti-ic code is listed as code 4

[g 2 = 10011 ’•j : :

With~~g = 11101] 
). [ 13 1 .

From the d c sc u s s i on  in Sc ha lkw i ik  and \ ‘in c k  r e g a r d i n g  Table Ii

is appears that  had a rate 1/ 3 c-ode been used w i t h

[G , = 10000 C 1 = 10000

C 2 11001 or C2 = 11001

= 11101  C
3 = 11011

the decoding proble m -n could have “ c o n v e r t e d ”  to a ra te  1 / c~ code

(Codes 3 and 2 respectiv el y i n Table’ III [11] ) whose  decoding would

have required far less compl e x i ty  t h a n  the Code 4 obtained f r o m  t h e ’

rate 1/3 code of th i s  example .

‘O..th order left .

:.~~)_th ord er ri ght .
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3. 3 Opt imal  Real  Ti me N IA P E r r o r  Fl it  E s t i m a t i o n

In t h i s  s e c t i o n  a r e c u r s i v e  method for the computa t ion  of the

opt imum M A P  e r r o r bit  es ti mat e of e~
’
~ is derived assuming a f in i t e

delay ~,. The notation used th roug hout this  sec t ion  para l le ls  that of

F r i t c hm a n  and Mixs e l l  [20~ in the i r  work  on op t imal  real  t ime da ta

bi t  e s t i m a t i o n .

Consider a rate i/n systematic code . The t a s k  is t o  e s t i m a t e

one e r r o r  bi t  (e . g .  e~
’
~~) g iven  t i e  ou t p u t  of t l e  sy n d r o m e  f o r m e r

f rom t i-ic s t a r t  of the  r e c e p t i o n  ( i . e . t = l )  to  the  p r e s en t  t ime  t = t

allowing only a finite delay .\. That  is , f ind  the  m a x i m u m  a p o s t e r i o r i

es’imate of e’~~~~ g i v e n  
~~( 1 t~~ 

This  can be w r i t t e n  as ~~~~ w h e r e

e~~~ is t h a t  value of e~~~ t h a t p roduces  t h e

m a Xm m nu n i  ~
‘ I i i a,\ I t l l u l j I  Fe i. e , Z
I (1 )  t - .~ — (1 , t )

ove r all ~ Pr(e // 1 = ove r all
(1)  t~~~ ( 1~ t )  

( 1  
P r ( Z (1 t ) 1

e values e values
- - 

(3 .45)

wi-ic re’

(1 ) ~~~~ is  t he  e r r o r b it  to be e s t i m a t e d ;

(2 )  [e~~ 
)
) are e r r o r  b i t s  w h i c h  do e n t e r  t h e  sy n d ro n w  f o rm er

phy s i c a l  s t a e ;

(3)  
~~( 1 , t 

is the  s y n d r o m e  v e c t o r  f r o m  s’ a r t u p  t o  p r e s en t

( c o n t a i n i n g  all  the  i n f o r m a t  ion poss ib ly  a v a i l a b l e  to  a

s y n d r o m e  t y p e  d e c o d e r) ;  and

tIc-
’

- 

j . pi~ij ~~
, . , - .  

4



I

(4)  ~ is t he  ‘‘ de lay ’’ p & ’r mn i  t t e d  be fo r e  an e ’ r ro r b i t  dc c i  s l oe

mus t  be’ out put f r o m  the ’ d e c o d e r .

One should  note t ha t  in ( 3 .4 5)  t i-a’ t ’ s t i m n a t e ’  ~ ‘ iiI  b t ’ m ade ’ b a sed

on the’ entire Vt - t’t or 
~~( l  via a r e c u r s i v e ’  t cc u n  ique . This  is in

contrast to the R OM M A T ’  a p p r o ach  to  be d i s c m z s s c -d l a t er  in  Se c t i o n

4 . 1 , in w h i c h  t he  e s t i m a t e  wi l l  be based  on only  the  fi n i te  l e n g t h

syndrome segment 
~~~( t - ~ t )  

name ly,

- (1)  -m a Xim u m  ( 1 )  T f laxj murf l  Pr (e - ~. / 
~ — 

~~o\ er  all  
~~~~~~~~~~~~~~ t )

1 - ove r ~ 1l 

- 

Pr
~

Z
~ ~ . t ) ~e value s &

~ \
\ a lu e s

- 

( 3 . 4~~i

For now , the  problem p r e s e nt e d  by r- :q. ( 3 ,~~ 
c 1 w i l l  be

cons t d e - r e d .  t here e~ci st  s, ’~ -e r,iI m e t h o d s  of expres s i  n~ t he i - i u m n e r

a tor  j o i n t  p r o b a b i l i ty  P r ( t ’~ , i’ 1 wh i ch  have  b e en  used by
t — \  ~~ l , t i

v a r ious  a u t h o r s  11] . [20 ~ in e S t i m a t i n g  i n f o r m a t i o n  b i t s .

For examp le ,

Pr ( e~~
1
~~. 

~ (l  t )
1 = ... ~~~ P r ( t ’~~~ 

~ t ) ’  ~~ l , t ) 1
( 1 )  ( 1 )  (~~. 4 7 )t — ,~-, i 1

( 1 )  ( 11  ( 1 )  ( 1 )  ( 1 1wi t h C
(t ,~~~t )  = 

~~~~~~~~~~ ~~~~~~~ t — l ’  ~ t 1. Here  a~~e r ag cs  ‘ir e

taken ov e r  all pessible’ p a t h s  ( e r r or  b i t  seque n~’es 1 of 1emig ~ h i .~ a f t e r

t ime particular error b i t  to lit’ e s t i m a t e d .

fl y condi tie n i  n i~ t h e - tunic rater on t h e  s y ,mdrome ’ for mne ’  1’ s t a t e ’

S~ 4 1  and a v e r a g i n g  ove r a l l  1)OsSih ) ie ’  va lu e ’s °~ one o b t a i n s  an

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -. - - -:_ _  *mø



value s of ~~~~~ , one can also d e t e r m i n e  a measure  of d e c i s i o n

quality by summing  ( i n  the b i n a r y  ca se)  the two numerator terms

and using:

IDecision P r ( e ~~~~. Z ( 1  ~~
~ qua1i ty  on = “ ( 1 )  ~ 1) (3 . 50)

( 1)  Pr ( e
~~~~~

Z (l  t ) 1 + P r(e
~ .,A . .~~(l  t )~

Therefore ’ since eithe r approach can be useful in soft  d e c i s i o n

decod ing ,  one can somewha t arbitraril y use ( 1 ) above (s imi lar

to F r i t c h m a n  and Mixsell  [20] ) s ince thi s en ta i ls  slig htly less

computa ’ions and is somewhat eas ie r  to  der ive  ti-ian the approach ( 2 )

analogous to Lee t l l ] a n d  [J2 ~
.

In the  following, the  case of ~ >v  is considered.  This would

appear to be of most  appl icabi l ity  s ince one would typ ically use a

deia)  ~ gi- eat e r  tha o a ~~~~~ i-airi t 1~ ngth  (‘~ 1) in or d cr  to obtain as

much coding gain as possible w i t h  a par t icular  convolu t iona l  code.

For completeness , the case ~ ‘~t is consid ered in Append ix C

where  a decis ion d i r ec t ed  approach is also described based on

i nco rpo ra t i on  of p r io r  e s t imates  of ~~~~~~~ This is s imi l a r  to

Abend and F r i t chman  [21] equation Zlb.

Here let us consider the numerator of (3.3_ i)

Pr(e
~~~~.~~ (l~~ )) = ~~ Pr(e

~~~
,
~~ 1i~~ 1

, S
~4.i

s) 
(3 tI l )

St~fl =5

- 

:~~~~~~ -~ ., . -
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Since = ~~~~~~~~~~~~~~~ e~~~~) and S~~ 1 = ~~~~~~~~~~~

e
~~~~+i

) for th i s  ra t e -  i / n  s y s t e m a t i c  code ( w h e r e  ~~~~~~~~~~~~ are  those

e r r o r  b i t s  en t e r i n g  i n t o  the s y n d r o m e  f o r m - i - i c r  phy s i c a l  s t a t e - ) , we

can also w r it e :

( I ) (1 )  ( 1 )  (11
P r (e

~~~, . Z
( l ~~~)

) = . .. ~~~ 
P r ( e

~~~~.~~~( l  t ) ’ ~~~~~~~~~~ 
~~ 1

(1)  ( 1 )
e e

t ( 3 . cZ)

or

Pr (e~~~~~~ ( 1 t )
1 ... E P r R -~~~~ , 

~~( l , t ) ’ ~~~~~~ t )
1

(1 )  ( 1 )
e e

t -~ +1 t ( 3 53 1

( l i  - ( 1 )
Now cons ide r  the P r e

~~~,~ ‘L( l , I ) ’ ~~ L l  , t )
1 t e r m s  of t h e

n u m e r a t o r  s u m m a t i o n  c o n d it i o n e d  01-i ~~~~ and a ver a g e d  over ~~~~t - ’~i

( 1)  ( 1)  ~l )  (1 )
t ) ’ ~ t _ v + l  ~~ ~~~ 

Pr(e
~_~~L( l  t 1  ) ‘~~~~~~

‘ 
C

( t _ \  I ) ~

~~~~~

e ( l )
t~~V ( 3 54)

Since the  s t a t i s 1 i c s  of Z , when  , - o n d i l i o n e d  on • 
a r e -  no t  a

—t ( t — \ ~, t I

funct ion of p r io r  value s of 
~~~l , ~~ — ~~~~ si n ce t h e ’ s t a t i s t i c -s o

( 1 )
when  cond i t i one d on ‘- a r c  n et  a f u n c t  en of c • one’ can w r i t e( t — v , t )

= h’ r I
~~~

/ ’
~~~ \,~~~)

) .

5(4

—.-- .~ . ,  —‘ ~~~~~~~~~~~~~~~~~~~ -. ,. - -_______ - . .t~, n’ -



A l s o , due t o  the b i t - b y-b i t  independence of the e r r o r s , one can

wri te

( 1) ( 1)
P r (e

t ~ ~~~~ ( 1, t- I) ’ C (t .~~ ~~~~ 

=

Pr (e~~~) Pr (e
~~~A ,  L

( I , ~~
- 1)’ e(~ ~ 1) / c e 

) ( 3 . 56)

But the s t a t i s t i c s  of Z and of e are  not a f u n c t i o n— ( l , I- - l )  ( t -\ t , t - l )
of a “ f u t u r e ” 

( I )  
The re fo re

Pr( e~~~ Z~ 1 t-1) ’ e (~ t-)~ 
=Pr( e~~ ) Pr( eTA , 

~~~~ ( 1 , t- 1) ’ e( t-v , t - l )~

(3 . 57)

and one can thus write

(1 )  ( 1)Pr (e t A ,  ~~( 1 , t ) ’  e( t _ ~~+ 1 , t) =

Pr(e~~~) Pr(
~~ . /e (~~~~~~) Pr(e~~A , Z( 1 ~~l ) e(~~~~ f I )

) (3.SR)

( 1)
et-v

This  is a computable  r ecu r s ion  s ince :
( 1) ( 1)

( 1 )  Pr( e
~._ \ ~~Z ( l ~~..l) . e (~ _\ , ,~~_ l ) ) is the pr i  or n u m e r a t o r  t e r m  for

e s t ima t ing  e~
’
~~~ f rom Z ( 1 ~~

- l

(2) Pr (e~~ ) is known fo r  t he  b i n a r y  sym m e tr i c  channe l :  and

(3) Pr(Z f /e(~~~ ~ 
= P r(7

t /S
1 , 

S
~ ÷i ) s~mdrome fo r m e r  output

p r o b a b i l i t y .

S ince  the  synd rome fo r n - i c r  out put 
-
~~~ 

i s  a fu n c t  ion of bo th  t he ’

sta te pai r (S e, S
4 + i

) and  the ’  o t her  ‘don ’ ) care ’’ erro r h i t ( s )  ( i . e •

those  I hat  do not ent  c r m c )  t he  synd motil e ’ fo m u ’  r Ste r i g -  ci ( ‘mont  s)

60
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one can obtain the syndrome forme r out put p robab i l i t ies  by condi t ion-

ing on and averaging over where

All those error bits in which affect tim e syndrome

= output 
~~ 

but which are not p re sen t  in the actual  storage

elements r e p r e s e n t i n g  (S
i , S

~+i
) .

Therefore

Pr(
~~~

/e
~~~V t )

) = P r (
~~~

/S
~

, S
~~ i ) = ~~ 

P r ( Z
~

/S
t
, S
~~ i~~~t

)Pr(
~~t

).

t ( 3 50)

The expres s ion ( 3 . 53) for the numerator now becomes

~~~~~~~~~~~~~~~~ 
= ... 

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~
e~ 1)

~~~~~ 

...

~~~~~~ 

~~~~~ 
Pr(e )Pr(Z

~
/c
~~~,~~~)

).

e~ d’1 ( 1 )
t— V1-1 t e~ 1— 

( 1 )  ( 1 )
• P r(e

t A  ‘ ~~ ( l , t - l )  
e

(~~~~~~~~l )
) 

• ( 3 . (~0)

For notational conve nience in the  r e c u r s i o n  exp lana t ion  g. is

defined as

( 1)  - ( 1 )

( 3 . 61 )

B y the condi t ioning and ave rag ing  d i scussed  above . t h i s  is eq u i v a l e n t

to

6 i 



= E ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
e( l)
t... t~+ j _ ~~)

Pr(e .
~~~ 

t - A+ i - 1) ’ (t- A-v+ i  t-~~+ i - 1 ) ~ (3 . 62)

where

(1 )
g0 = Pr(e

~~~
.Z(l ~~~~ ~~~~ t..~~~ (3 .63)

=

since c is contained in et -~ (t- A-v + l , t -~~)

Now

Pr( e~
’
~~, Z( J t ~~~~~). 

e 
~V+ I +A t -~~+~ )

1

= Pr(e~~~ , Z ( l t ) .  e (~~ V+ l~~~)
) ( 3 . 64)

is exa ctly the term needed in the numerator summation ( 3 . 54 ) to

decid e on

Now following the modification of Fritchman and Mixsell [20]

to Lee ’s algorithm to use the minimum delay one can def ine

~~~~~~~~~

( 3 . 65)where

Q
0 = g

P r(7 ~~~ ) (3 .66)
1 , t -~ -4- .(,) ’ (t -~ , t-~ +~~)

and

62
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g~ Pr (e .
~~~~. ‘

~ ( l  t ) • e(~~~~F l  t ) ~ ~~

which  i s  cxa e- t l y time probab i l i t y  needed in ( 3 . 53 ) to  dec ide ’  ott

e’~
’ 

~. That i s  the ’ flume rat or ( 3.45 ) equals

Pr(e~~~~~i , Z
(1 ~~) = 

~~ ~~~~~~~~ 
~ ( l  t ) ~

C
(t~~~ 4 1 ,

( 1)
C t 1  

c

whit -h is express ib le  as

Pr ( e~~~~=j ,  
~~( 1 , t )~ 

= ‘ E ~~~~~~~~~~~ 

(3  .6o)
( 1)  ( 1)e e

for i = 0, 1 , i n th i s b i n a ry  case .

Ree’urs ion for  Q .

Given  Q
0 for ~~~~~~ = i .  j~~0 , 1 , i t  is p o s s i b l e  to  r ec u r s i v e l y

compute Q , Q Q as  show n be low . (In  t i m e  follow lug  the1

supersc r ip t  of e~
1 

wil l  be dropped to  ease  n o t a t i o n , i . e. e~ ~~

- l ’(t 
~~~~~~~ 

~ 1 , t -  \+ i -) \ , )  e (~ 
~~~~~

. t - i -h - i
C

t A ~~~~
i

= 

~~~~ 
~~t -A 1 i4 \ !~~1_ ~~~~~

’ Z ( 1 . 1 ) . e~~~~~~~~~~~~~~~)

.P ( e  =j  / e ’ 1t-~~~’ ‘ ( l , t - \ - I j h (’ - 1) ~ ( t - ~~-) i , t - ~~I i

= E P (/ .  /c )P (e ’ .
~~ 

‘/,t — ~~- Ii ’ 4 \ ( t — ~~-4- l . 1 — ~~- I i - I ~~ ) t ” . ,
~ 

-

e -t -

-
~~~ 

i . t - ,\ I i - I \ ’ )  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~~~~~~~~~~~~



Q.i — i
1~ -~~

= 

e~~~ . 

P(e
t~~~+~+~~

) P(c t~~~=i. 
~‘ (l , t -M i +~~ l ) 

C
( t - & l  i , t - - j + v - l ) 1

t -A + i

P (Z
t A + f

/e (~~~~
i t -~~+ i4~~) 1 ( 3 . 70)

The refore ,

- 

~~~~-~ +i +v~~~~t -~+i+J t~~~+ t -~~+~~ v~~~~~-I  IC (3 .7!) 
— — —— —  

Note that since both numerators (one for e =0 and one for e = 1)
t— ~ t — ,~

must  be computed , at each s t ep  in the recur s ion  the re are Iwo Q. ‘ s.

Dec i s ion

Once tim e two paralle l r e c u r s i o n s  a re  comp lete  (y i e ld ing  Q for

~~~~ 
0 and e~~~ = 1) one cat -i then dec ide  on b y c o m p a rin g  t ue

numerato r for c = 0

P(e
~_~~

O. 
~~( l , t ) 1 = .. .~~~~~~~ 1 ’ ~~~~=0 . /. ( l I ) . e

(l \ ,4 l~~~)
)

t

= . . .~~~ Q~~~ ( w i t h  e~~~~- O )

t ( 3 . T~~)

with the  numera l  or for e 
— 

1

(t t _ ~~~
l
~~

/ (1 t )
) = 

~~E l ’( t - 1~~~~I . ~~( l , t ) . e
( t _ \ , . l , ( l

C C
t .\I+ l

= V’ . . . V  Q (w i t h c - I )
,- ~~~~\i t -~ ( 3 , 7 4 )

C C’
t — ~,4 1  t 

- . -. ~1’T~ -‘ . --. -.- - -~~--— — ___



Determinatio n of Q
0

The two starting probabilities Qo
(e
~ A

01 and Q
O
(e

t A
= 11 arc

needed to in it ia te  the above Q-r e c u r s i o n .  These may he obtained

as follows:

Define

~ (e (~ _~ t -A + v ) 1 = Q
0 

P(Z~~ t -~~+~~) ’ C’ (t ~~~ t-~ 
~~~~~~

)
) (3 . 711

and in gener al

c(e (~_ V+~ t4 i ) 1 = P(7~(J t+i ) ’ C ( t_ v+ i  t- )- i ) 1 
(3 . 75)

This q function provides the necessary starting probabiliti es Q
0

in a manner similar  to Lee [i i]  in which  a denomina tor  r e c u rs i o n  was

used to provide the s ta r t  for each numera tor  r ecurs ion.

By using cond it ion ing  and averag ing one can b r e a k  up the  jo in t

probabil i ty for genera l  i and w r i t e ’

~ (e (~ _~ ÷~ t i - i ) 1 = 
~~~~~~~~~~~~~~~~~~~~ ~~)

) 

e - 

~ (e (~~~~ . 1  t 4 i - i ) ~

t — ~,-h i — l  ( 3 . 7 ’ )

Below is an i l lustrat ion of t i m e  c om p u t a t i o n  of a spe’ e-- m f ic  case ,

namely i = ~,-A , of the d e t e r m i n at i o n  of Q
0.

= q(e~~~~ 
~~~~~~~~~~~~~~~ 

= P(e
(~~~ t - \-)-~~~ 1

’ (1 , t-

= P ( Z  /7 , e ) i ’ ( Z  e’ I
t - ~~-t~ ( I , t -~~4 v- l )  i t - ~~~, t ’ ~+\) ) (1 , t -~ 1 \~~i 1  ) t - .’~• t - .\ H \ - ’

= P(Z IC )P(Z  c 1

t — ~~-I ’~ (t— ,~,t-A+v ) (l ,t— ,~4~,-l ) ( t - \ , t — .\4~~)
6 ~

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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= P(Z Ic )P(e )P(Z e k I
t A-h) ( t-~~~, t _ ~~+ij) t-A -het ( 1 , t -A +~~- 1)  ( t - A , t-A+ ’~-l)  t -A+v

= P(e )P (Z /e )P(Z  e
t - A +~ t — A + ~ (t - A ,  t -A -f ~~ ) (1 , t - A - f v - l ) ’  ( t -A ,  t -~ +v- 1)

= P (e t _ A ~~~
)P(Z

t A + ~
/e ( t _ A ,  t -A -f ~~~ 

~~~ P(Z~~ t - A 4~~- l ) ’ e(t A_ 1 t -~~~~l)
1

e
~ - A-~l

(3 . 77)

Thus it is feasible to obtain from the previous value of

One should note that P(et_~+,j 
in the above is

known for the binary symmetric channel. Ti-ic second probability,

~ 
~~~~~~~~ ) must be averaged over the “don ’t care ” error(s)

namely,

P(7  /e  )~~~~~~ P (7  /e‘t -A +~ ( t -A ,  t-A+ .j ~t - A + ~ ( t - A ,  t~~~~+’ei )  t ,~ i \

( 3 . 7~~

where 8
t-A+~ 

represents those error bits which affect tu e output of

the syndrome former at time t - A + ~, but do not appear in time syndrome

former phys i ca l  state (e.  g. e~
2
~~1 

in the rate ~ example). This

type of computation of the syndrome forme r output probab i l i t i e s  was

to be expected since thi s analysis is done for a mu l t i2~~ inpu t

syndrome former. Some inputs (e. g .  e~~~) needed for decoding m ust

be estimated while otite’r i npu ts  (e . g. e~
2
~ ) are nuisane’e input s which

must be averaged out.
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does not have to be adjusted for nonequiprobable’ - inputs . Once
53

~~~~~~~~~~~~~~~~~~~

It is best to note that Q = q(e ) is actually a set of
0 (t-A, t-A+v) —

t 2 numbers representing the joint probabilities P(Z
(1 t-A+v ’

e ). One can consider each of these numbers to be
(t-A. t-~ +v)

labeled by the associated binary valued vectors (et A . et A +  1’’” ’

e
t A +

). Thus ti-ic initial starting probabilities for the Q

r e c u r s i o n  to Q is a substantial set of 2’c)~~ numbers labeled
A-v

by v+l  binar  e r r o r  value s .

h oweve r in the al g o r i t h m  to follow , one never has to process

more titan ~~ ~ 1 numbers  s ince  in the Q recursion thie contribution

of a new error value is included while tha t  of an old e r r o r  value is

averaged out . Thus the necessary storage for 2 numbers is

m a i n t a i n e d  t h r o u g hout the recursion to (A -v steps). The final

v averaging steps following the Q recursion reduce tuie 2~
’
~~ numbers

down to two upon w h i c h  tile dec i s ion  on ct _ A  is made. One doe s ,

however , need to still retain the 2v~~1 value-s for Q
0 

unti l  subsequent

steps decide’ e~ A 
since these values are needed to compute the new

set of Q when t is increased by one to estimate e in the next
0

pass. Thus the maximum storage required is the sum 2v~~~~2’~ 1=

Z V+ 2

Algor i t hm for Real  Time MAP E r r o r  l4 it  E s t i m a t e

Below i s given ti-ic optimal real t ime  MAP e r r o r  bi t  e s t i m a t i o n

al goritiim assuming a delay of A . Time st a t e m e n t s  w h i c h  are boxed

repre se- nt the actual algorithm wit ii the r e ’n - i a in dc r  be ing  a d d i t i o n a l
6
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~

j4w

~ 

~~~ ~~‘~~‘ ~
- 
~~~~~~~~~~~~~~~~~~~~~~ ~-

clarifications .

Step 0: Set q(e (1 0)
) = 1 for t = 0.

For t = 1, 2 , . . .,  v+ l calculate

= Pr( e
~

)P r (Z
~
/e (l ~)

)~ (e (1~~~ J ) )

Note this is the case of Eq. ( 3.76 ) with i=0 and t �v+l . Thus

no summation is required until t is >‘~+l . That is

~ (e(~~~~ j t+i)
1 = Pr(et+~

)Pr(Z
t+~

/e
(t_V+~ t+i)~ 

~~~ ~(e(~~~,f~_ 1 t + i - l )~
e
~~~~. i

With i 0  one has

q(e ) = Pr(e )Pr(Z Ic ) q(e
t t (t— ~ , t )  ( t — v — l , t — l )

e
~~~~~i (3 79)

and for t � v+ 1 , ~ (e (~ _~~~~) ) = ~(e( 1~~ )
). Thus

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~ for t �v+l

Cons ider ing  the above , the value s of the initial start up q terms

can be tabulated as below :

i 0 ,t0: q(e (1 0)) = 
1 (one term)

i 0 ,t l :  q(e
(1 1)~ 

= P(e 1)P(Z 1 /e ( 1 1) )q( e( 1 0 )
) (two terins)

th is y ields:
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q(e
(1 1)

0) = P(e1 =0)P(Z1 
/e 1 =0) 

(1) = Pr(e 1 0, Z 1
)

q(e (1 11
=1 ) = P(e 1 1 )P ( Z 1 /e 1 l )  (1)  = Pr(e 1 l , Z 1 )

i 0 .t~ 2: q(e(1 Z)~ 
= P(e~2 ) P (/~~/e ( 1 2) )q (e

( 1 1)~ 
(four terms )

this yields:

q(e (1 2 ) 00) = P(e’2
=0)P(Z2/e (1 2 )=00)q(e(1 l)=°~

q(e
(1 2)

=0l)=PR’
2~
rl)P(Z

2/e (1 2)
0l)q(e

(1 1)
O)

~(e( 12 )
=l0 ) = P(e2

=0)P(Z2
/e (12 )

l0)~ (e(1 1)
l)

q(e
(1 2)

=ll) = P(e2
llP (72

/C
(1 2)

rll)q(e
(1 1)

1).

i 0 , t=~ ± l :  q(c  ) P(e )P(Z Ic )q(e 1 (~~
‘
~ 

tern-is)
( l , v-i- l )  v +’ \~-f l  ( l , v -4-1) ~~~~

(3 . 801

The above computations form a t ree  tha t  is ~ -i- 1 b ranche s long

having 2’
~’~~ terminal  nodes . Thi s “ in i t ia l  e r r o r  t ree ” is ske t c hed

in Figure 3.5 .

Step 1: Set P(e , Z , e ) = q(e
t—v (1 , t) (t—v- f ,t) (t—v, t)

If A~~v go to Step 4 (see Appendix C)

For illustration , consider the vase of t = \‘i I w h i c h  is the first

time Step 1 is followed. One thus has ,

P(el~~
Z( l v4l ).

C
(2 \,4l)

) = q(e
(1 4 l )~ 

=

2 terms = 2 t e rmS (3 . 81)
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and a v e r a g i n g  ove r a l l  p~i ss ib1 t ’  v a l u e ’s of Use o b t a i n s  an

56

- . -

4J
U ~~~~~

~ —

V)0--
‘ V U )

4- —
-

— ~ —+ 4-
‘4 -’--

+ 4)

— I-,
4) I.,

_  

71



58

— . 

- -  ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ -

Step 2: (The Q-recursion for  ~ > v case.) For i 1 , 2 A -v

calculate

P(e ,Z , , e -t—v (l ,t-4i ) (t—v +l+’e ,t+i)

= 
~~ 

P(c-~~. 
~~~~ 

/e t ± i ) 1

C -

•P(e 7 et —v ’ ( 1 , t + i —  1) ’ ( t — ’u+i , t-i- i— 1 )

Step 2 has cally inc r ement s by t he new e r r o r  bi t  and average s

over an old error bit. Specifically fo r t = ~~+l thi s becomes:

1=1 ,

P(e , Z ,e1 (l ,v-l-Z ) (3 ,v+2)

= 
~~~ 

P(e
v+Z

)P(Z
v+Z

/e (Z \,+2 ) ~~~~~l ~ (l v+ l) ’  e (2 v+ l ) 1

C
2

= ~~~~

e2 “
~~~~~~~~~~~~~~~~~~

“ ( 3 , 82)
v+l2 of these terms

It is instructive to consider j u s t  what the above Q 1 ca l c u l a t i o n

actually involves . Recall that q(e 1 ) is a set of n u m b e r s
,v ~

(probabi l i t ies)  each labeled b y va lue s of (e 1, e 2 e
+i

) as

ind ica ted  in the i n i t i a l  e r r o r  t r e e  of F igure  3~~5 . The s tep  2 for Q 1

requi res  ave rag ing  over e ,. There fo re  one se t s  e =0. Next  one
~~‘
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— - —1 . 
t — ~~~— (L ,t — t Y  (t— ’ - , t) —I ( t — v , t )  ‘ -

Sn

- -  
-i’, - -- - . - ~~~~~~~~~~~~~~~ - - - -

takes the pair of numbers q(e(1 0 3  

q(e
(1 e

2
=l , 3 ~~~~ 

and mul t i pl ies  each b y P(e 2
=O)’

3 v42= 0)~
’ and Pe~~2

=0)P(/
~~42

/c12_ 1 3 ,. .. ,~~ 2 0 ) ~
respectively and adds .

W hen all  pa i r s  of n u m b e r s  q(e ) have been so
1 v-fl)

processed  one- has Z~’ new probabi l i t i es  c o r r e s p o n d i n g  to e~~ 2 =0 .

Now the above process  is repeated wi th  e~~ 2 1 t o y ield 2’
~new

probabi l i t i es  inco rpora t ing  the influence ’  of e~~2 = 1 ,

Thus at the Q 1 step the re  mus t  be stored = 2”~~ numbe rs

to be used to compute Q
2
. The-se are of the fo rm:  P(e 1, 

~ ( 1 v+2 ’

e I. By “rncreme nt in g ’  b y ‘ and a v e r a g i n g  over e - the(3,v+Z ) v+2 2

requi red  s torage is ma in ta ined  at as it can be also for the rest

of ti’te Q recursion to Q . Howeve r  the old set of q e  ) must
A — v ( 1 , \~+ l )

be kept in s torage for use in Step 5 so the actua l s to rage  n e c e s s a ry

- ~~ 2is2

Cont inuing the Q - r e c u r s i o n  g ives at i = A-\ ’ , Q

P(e , Z , e I1 (l .1+A) (Z+A—v, l+A)

= ~~ P(e’ IP(Y /e )P~c , Z , e
14 ’\ 1 4-\ ( l - f A— \~ l 4A )  1 (1 , ,‘~ (l+A— \~ A )

e _________ __________‘-I A-v

( 3 .~~3I

Thus fo l lowing the Q step of t h e -  Q — r t ’ c i m r s i o , m , the’ decoder

has st ored p robab i l i t i e s  labeled by the b i n a r y  v e c t o r s

73
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(e 1, C’
A +2’ ... , ~~~~~ These probabilities are

p(e Z e ).1 (l ,l-FA ) (A-v +Z ,A +l )

Now Step 3 is en t e r ed  to average out e
A + Z  

th roug h e
A+ l

.

Step 3: (Final average and dec i s i on  for ~> v case .)  For i=0 , 1

calculate

A.  = . . . 
~~~~~~ 

P(e
t v

i
~~

Z
(1 t + A _ v ) ~

e
( t + A 2v11, t +A v)

)

e
t 2 i  t+A

If A >A de cide e =0, otherwise e =1 . Go to Step 5 to
0 1 t-~ t \)

“ in c r e m e n t ”  q.

For es t ima t ing  e1 with t = v+ l  these quan t i t i e s  are

A 0 
= 

e~~~ 

• ~~~~ P(e 1=0 , Z (1 A + l ) ’  e (A v ~ 2 ~+ 1) ~

A-vi-Z A+ 1 (3 . 84)

A i =~~~~~ .

~~~~~~

A-f1

Again it is instructive to state just what is being done here.

For A elect those  numbers  of the set  Q = tp (e , Z
0 1 (l , A +

e
(A ,,~~ + l ) ~~ 

labeled by e 1
=0. Call th is  s u b s e t  

~~~~A v 1 o
~

. It

contains Z~
’ numbers. At the first summation ove r e - se- led

those numbers in Q (e =0) whose labels match in all but ti -ic
A-v I

c - - position
74 
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P( e =0 7~ e ) ,
1 (l .A~ l ) ~A—v~ 2 -O . A -I l )

P(e ~0 , 7 e 11 ( l , A-i l) (A — v 4 2 -~l , ,..,~~-i l )

and add such pa i r s  eq ually we i g lited to obtain  2 ”~ 
1 

d c-me nt s in  t he

set of new p r o b a b i l i t i e s . Repe at this proc e ss a t o t a l  of v t i m e S

resulting in

A 0 = P(e1
=0.7( 1~~~~,)

)

A 1 P(e 1=l , 
~~ i l ) ~

If A 0 > 
~~ 

dec ide  
~~~~~ 

o t h e r w i s e

Step 5: ( In c r e m e n t  q. I Increase t by 1 and c a l c u la t e

q(e 
(I -~~~~ t)

1 = P(e
~

)P (Z
~ 
/e(t_v , t ) 1 ~~~ (t -~’- 1 , ~~

_

t-v-l

Go to Step 1 .

Here for example t ~,-I 1 would increase to I \r i Z to  g ive

q(c
( 2 2 )

) = P(e 4 2
)P(7 ) /C ) ~~

)
) E q ( e

( 1 1 )
)

‘~‘ 1

lie re for each of the  ~~~ 1 
numl)e  r s q e 1 in  the sc - i  f r o m  the( 1 , \l 1)

initial error Ire-c , fit-id the  p a i r  q l e  1 1

q(c
1
zl ,e2, ‘ ‘ ‘ .~,,-4- l~ 

~vhose idl)( 1s (lil f e - )’ onl y i n t he  e
1 p o s i t i o n  and

add. Ti-il s yle - Ids Z~
’ new fl t lmi)C r S . N e x t  pro d uce ~~ nu mmib e ’  rs by

7S

_ _ _ _ _ _ _ _  .—- - - -  - -~~
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mul t i ply i n g  e ach  b y 11(c~~ 2~ 0)P (Z  
2 /C

(~ 
~+ v 4 2 0)~ 

and  by

P(c’ =1 )P(7. Ic - ). This gives a new e f f c - c t i v e
vf z  (2 ,...,vi- l ,\,-i2 =l )

error t r e e  of ~~~ value’s of q(e- (2 ~~2)~ 
for use  in  d e c i d i n g  e2 d u r i n g

the next pass. Now go to Ste-p 1 to  process for e , - e t c .

Thus the  comp lete  al g o r i t h m  for  e s t i n m a t  ing  t h e  error b it

at tin -ic t has b e e n  s t a t e d .  ‘fbi s a lgor i hi t n  r e p r e s e n t s  the o p t i m a l

ap p r o ac h  Si n e c  the  -otiip let c’ h i s t o r y  of s y n d r o m e S , na me’ ~ /~

has been used to  m ake ti-ic ’ M AP  c- rror bit c-st in ate- witi m a finitc -

delay A . This approach  should  p rov ide  pe rfortiiatice the’ satiu’ as

that of a M Ai~ e’ st i ma l i o n  of in f o rm a t  t on  h i t s . I lowe ye r ( l ie  a c t  wi I

imp l emen t at  i on  i s  co m np l i cated  by tiie’ n o n — e q u i l i  ke ’l~- n a t u r e  of t u e

error bits . This r e q u i r e s  use of actua l p r o b a b i l i t i e s  or loga r i t i t n i s

of p robabi l i t ies  in the e r r o r  bi t  case as opposed to  th e  s i m p ler

l la tnming  d is tance ’  m e t r i c  u seahlc  in a \~i I e r b i  d e c o d e r  fo r  in f o rm -

at ion bit  s equences . W i t h  suc a d r a w b a c k  due to  the  a s s o c i a t e d

comput :at i ou over l ie -ad , otie’ is te mp l ed to i l ive ’ si i gat  e poss iii Ic

subopt i rrmal a l te r i -m at i  vc - s to ( lie ’ above u s i n g  a f i n i t e  len gth syt i d  rot i le

vector such  a-s 7 . Timi s w i l l  be cl ot - ic in  C i m a p t e - r  4 .
(t-A, Ii

The a l g o r i t  i i i  g i v e n  ab o v e - is  cot~~p ic It ’ f o r  t i-ic ’ case ~ > 
~~~
. T- ’or

the-  c a s e ’ ~ ~. -~ t he ’ r e ad er  is re fc ’rr t ’d t o  A p p en d ix  C w h i c h  g i i , s  t h e -

m i s s i n g  S t e - p  4 needed if  \ ‘ -~~y

“C 

— ------ --- ‘-—---- - - . - —- 
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‘1

.4 R e ’aI ‘ I ’ i t rm e V i t e r h i  M A I ’  E r r o r  Seque ’n ce ’ f l e ’ co d in g

Conve ’nt i  onal Vi l e  r bj  d a t a  se’que mmcc de cod ing  e) f e- o n v o l t m t  i orm a I

co d es has b e e - t i  shown b y \‘i Ic  rb i  r t -fl and lie lle’ r and ,t a cobs ~ 1 71

to be a very  a t t r a c t i v e ’ appt’oa -h for  t h e  e q ui l ik e l v  d a t a  s t t t m a t i o t .

it s u c h  a c.t Sc ’ , t h e ’  \T tt d rbi  a l g o r i t  h im h as  bee ti s lm owt i  l iy V i l e -  rI) t ~ I - i i

to  choose’ 1( 1 N )  t o  be ( 1w i t  f o r  m a t  i on  ~dat  a ) sc’qut -  m i c e ’ xviii cli t m a  xi —

miz e s t i -ic  c o n d i t i o n a l  prob al) i  l i t  v Pr  (1 /R  1. \V hen a l lN )  ( 1 , N - t y )

input  d a t a  se’que nt -es I ( 1 N ) a r e  e ’qu i l i k e l y ,  s i g n i f i c a n t  Si n ip i i f t  c i t  - elt i

of t ime t ime ’ t i~i c e-ot i ip t i t a t  i ons  i s  p o s s i b l e  . it ide ’ -d \1 Al C a t d  h\ t a x i  i nu t t i

Like’ l i i ioo t l  e s t i m a t o r s  h a v e ’ t i m e ’  sarni ’ f o r m

As at - m ot i l e ’  r e x~e nip le of i-ic~v c ouve ’ tit t o n a l  d c  oel I l eg  al g on I limits

adapt to  ci• r or de cod i ci g , ( lie ’ c o n v e n t i o n a l  \ ‘ite’ rb i ~e pproa cii w i l l  flow

be e’ xl ended  to er r on  s e’que t i c - c’ ‘st m m a t  i on .  F l e e s  w i l l  re ’qut  re m t - i c  or —

p orat  j ot -i of t he’ t ion — e ’qui like ’ l y n at  ure  of t he ’ er n o r  inpu t s t o  t i m e

s vnd rome fo rme  r and w i l l  ass ut i l e ’ a de ’ e’odi ng dc’ ii v r’ -qu i  mO e’ t i l e’ m e t

of 
~~
. R e c a l l  t ha t  for a P~SC , h i g her  \Ve i g ht er  re -i t - seque ’flce 5 a r e  much

less p r o l) a i) l e  h i a t t  low weig ht e r r ot .  s e - q L m c ’ t t c - e’s . - \uot  h er  cot i ip l i ca  —

ion is t h a t , un l i k e ’ t he’ i n f o r m i t a t i o n  s e q u e n c e - c , m e ’ , not a l l  e - r r e i r  b i t s

c-nt  e r it - i t o ( l i e ’ sy t id  l’ e C l m m e’ f o r  t i ie - t’ p hi\ ’  s i c  a I s t a t e . Some’ e’ . g. -
~~ 

~~ t tm

tim e r i t e -  ~ s~ ’~~t t t i i , l t i e’ c i s c )  n m o d i t v  (lie ’ sy t e d r o n u -  f o r t u e r  o u t pu t  /~ b i t t

ne’ye’ r a c t u a l ly  res id eme - in  ,m si tiel t~ ot l i e  fo r  m i l e ’ r s(~ ’ t’ .e t~ ’ e ’l c ’ t oe’  t i t

M a k i n g  t l m e’se t w o  ad in s  t t n c ’ f l t H , t h ~- R ea l  — l i t u e ’  \‘it c r1) l)e c o d i n g

Al gor it i t t i t  of Lee ’ ~
‘ 1 1] is  re’de r i v e ’ei  hc ’low for  e’ r ro r ~ e’( lUt ’ f l e  e 5

1 t

_________________________ _______ 
-.-- - - --—_ .----.-- .— -------- -- ‘-—---



‘U,

For a syndrome ’ decode r  w i t h  delay A .  t he  V i t c ’ r h t  D c c o d i t m g  Ru le

for F~ r re in  St ’qmte ’ t i e -C’ S would he’:

Choose’ e~ as the f i r s t  b i t  of t h e  s y n d r o m e  fort - i - i t -n s t a t e

S i t -i t ime s t a t e  seque tice  S wh ich  n-maximizes
t + l  ( I , t4- A - 1 l )

the ’ condi t iona l  p r o b a b i l i t y

Pr(S  1
Pr (S  /7 ) = 

( l , t - t ~~- f 1 )  ( l . t -f ft~) ( 3 . 86)
(1 , t 4 - A-t - 1 1 ‘(1 . t - t ’ \ )  P r ( Z (1 ~~~~

As in p r e v i o u s  w o r k  the ’ d e n o m i n a t o r  is the same for all

candida te  s t a t e’ Sequ et i ct ’  s. Thus t h e’ nccc’ssa ry m a x i m iz a t i o n

can be dlot i e ’ on (l i e ’ j oi mit p robab i l i t y in t h e  emume r ato r .

‘I’he sy mid rotm ’ fo rme r de coth’ r for the ’ N = S code w i t  It f i n i t e

delay is shown aga in  it pant in Figure ’  3. (i to clarify slate and

e r ro r  bi t  r e l a t i o n - s i -m i p s .

R ’ cu r s i o n  f o r  ,l o i t t  P r o b a b i l i t y

The f lume r a tor  j o i n t  p r e b a b i l i t y t m-m ay be coi t ~ ’e’ rte’d t o  a re’ cimrs eve

form as follows:

Pr(S
( ,~~~~

- l ’  (1  , t ) 1 = P r (S 
1 , 1)’ 1’ (1 , t 1 ) ’

= i’ r ( S
( 1 1) ’ / ( l  t l  

r S
~ . 1 .  

~ t ’~~(i , l ) ’~
’( I ( - l )

P r ( S (1 . 1) ’  ~~~~ 1- 1  )
)l r(5

1 -~ 1’ ~ t ~~~

Pr ( S ( ,  . 1 - I I Y  ( 1 , l ) ~ 
= P r ( S (1 I ) ’  ~~( 1  , t - l  1

) Pn ( 5
1 ~~~~ ~~~~~~ ~~~~~~~~~~~ - I I ~

—~~ 
-‘,--——.-“,‘—

- 
~ -

New _ I o int  I ‘roba b i l i t  y Old , l oi~~Tj ’ rob  — Stat ’ I r a n s  — Svndru eme ’
a b i l i t y  i l i on  P n o b —  F’orme’r

ab i lit y Out put
P rob al -m il l I ‘~-

(3 .5,’) 7t~
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In the above, the fact that the joint probability of S~~ 1 and Z~ , when

conditioned on S , is not a function of either Z 1 1 or S 1t ( , t — ) ( , t—

has been applied.

The Syndrome Forme r Output Probabil i ty  may be computed by

using:

P r (Z
~

/S
~
, St+i

) 
~~~ 

P r (Z
t ,c

~t
/St , St+ i

)

~~~~~~~~~~~~~~~~~~~~~~~~ (3 .88)

where = (th ose er ror  bits in which affe ct the syndrome Z~ but

which do not appear in the syndrome former physical state (e .g.

e~
2
~ in K=5 examplet .)

The Syndrome Former Trans i t ion  Probability may be computed

by using:

Pr(S
t+i

/St ) = 
~~~ 

Pr(S
~+i . E

~
’/ S

t
)

E~’

= 
~~~ 

Pr ( St +j /F
~~

, St
)P r (E

~~
) (3 .89)

where = (those e r ro r  b i t s  in which  actual ly enter  in to  ti -me

syndrome fo rmer physical state (e.g. e~
’’
~ in the K=5 example),

Note that ,unlike the convent ional  Vite rb i  data decod ing  case ,

syndrome former  t ransi tio n probabiliti es ar e not l i m i t e d  to  0 or ~~ .

80



Rath er they are determ -n ined  by the  channe l e r r o r  probabi l i ty  as

represented l)y F
t

.

Initial Conditions

If it is assumed that ti -me s y n d r o m e  forme r phys ica l  state at t 1

is 0 , ti -men the i n i t i a l  cond i t ions  for the above r e c u r s i o n  are :

(1 )  Pr (S
2 / 0 )P r ( 7 1 /O , S2

)

= i f 0 e ~~S2) and

0 if 0~~~ (S 2
) (3 .90)

Here

Pr(S 2 /0)  = ~~~ Pr(S 2 /E~~. 0 ) P r ( F ~~) , (3 .9 1)
F

the allowed predecessor states which  could

transition to S,

and

P r ( Z 1 10 , S 2 ) ~~~ Pr (Z
1

/0 ,S2, ~~~~
J r (

~~~ 
. 

( 3 . °2)

t

TI-me best sequence S( 1~ ( 1 1 )  for m a x i m i z i ng  Pr(S ( 1 , t 4  1)’  “ ( 1  ,

at time ti- i with S = s must be the ’ e x ten s i o n  of one of the best
i -i-i

sequences 
~ ( l  ~ 

found at  t ime  I w i th  S~ being one of l i-ic 1)re-decc’SSorS

of s (i.e. S
t 
Q(s~ in t h i s  e r r o r  sequ ence d e c o d i n g  e a s t ’  e a c h  st , i t e ’  s

may have a number  of p r e d e c e s s o r s . This  c o n d i t  ion g i v e - s r e s t -  t o

the more complex s y n d r o m e  f o r m e r  s ta te  at-id t r e l l i s  d i a g r a m s  as

noted in S eh i l k w i j k  and Vin ck 
~ 

l3’l , Thus in a Vile’rbi I rre’r Se’que’nce
81 
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A l g o r i t h m  at t im -n e  Li-i . e a c h - i  s ynd rome  fo rmer  s t a t e  s mus t  h a v e -

c o r r e s p o n d i n g  s t o r age  for  only  t uie b e s t  s e q u e n c e -  t o  s t a t e -  s and  t ime

a s s o c i a t e d  jo i t i t  p robab i l i t y P r ( S (1 t + l ) ’ Z ( 1  ~~).

The above adap t a t i o n  has  c o n s i d e red  ti -me ’ e n t i r e  s t a t e  s e q u e t cc

S
(1 

~

. For real time i . e. f i n i t e  dc- l ay = ~~ ) \ ‘ i t e -  rh i  e’r ro r  sequence-

decodi t - ig ,  onl y ~ elements of the bes t  s e q u e n c e -  for  each  s ta te  must

be stored along w i t h  P r (S ( 1 t ) ’  ~~( 1 , -

A d a p t a t i o n  of Lee ’s Vi terb i Al g o r i t i m t u

W i t h  t }tc  above c l a r i f i c a t i o n s , Lee ’s Rea l  Time \ ‘it c ’rb i

I) ecoding Alg o r i t h m  can be easily modified into the  Rea l  T ime

Vi te rb i  E r r o r  Sequence De c oding Al g o r i t h m .  Following ti -te’ n o t a t i o n

of Lee ~Ii 1. t i-ic’ n e c e s s a ry  m e - t r i e s  and sequences  can be d e f in e d  as :

h( s ) = F’r (S~-
1 , ~~~ ~ , ~~

1 for  all s y n d r o m e  fo rn e’ n s t a t e s  w h e r e

S
~ l t + l )  

is the best  pa th  S( 1 L i - i )  
with  S

~ i- 1 
= s at - id B~ ( s )  f i r s t

~ ( l )
digit of stale 5t + l — j ’ im i the  p a t h  S~~ t + l Y  

No te  tha t 14 t s )  e •

in the  example case ’ of a r a t e  i / n  s y s t e m a t i c  code .

Thus the f o l l o w i n g  a l g o r i t h m  can be g i v e - ti .

Real ‘i ’i me V i t t -  rb i  E r r o r  Seque’ ii c c  Di ’ c o d  i f l t~ ,-\ I e~ ~er i t  b i n  ~

S tep  0: Set t = i . Set h s l  = i’r ( S~ 1 ~~ 
~~~~ ~ _~) = P r ( s / 0 ( i ’ r ( 7 1 ‘0 , s )

for  all s t a t e - s  h a v i n g  0 as a p r e - d e - c e s s o r .  S . -t  h i ( s )  (1

o t h e r w i s e . Set B ( s )  0 for  1 -
~ i ~ ~ and fo r  ~e Il  1 t t e 5  S .

Step 1: If  t ~ \ go t o  St c’p .~ . Othe rwise ’  set  the  en r o r  e’ st ttn.t it’

( 1 
~~~ (s) whe-re s is the ’ s t a t e  for  w h i c h  i i i  s )  is  a m a x i m um .

A

- - .---- ‘=, ~~ ~~~~~~~~~~~~ — .-.--- -~~--- ~~~~~~~ ~~~~---.~~~~ - — -~ - —



Ste~~~~: Increase ’  ( b y 1 , R e p lace B 
l+ l

( 5 ) 4 - B
A 

• ( s )  for  i 1 , 2 , . . . ,

A- 1 for each  s t a t e  s~

Step i: For e ’very s make the re-placement i-i(s) 4- P n s / s t ) P r ( Z
t/s

, s ’) ~

h ( s )  where s is the ’ s tate  max in-iiz ing t h e  q u a n t i t y  on the ’ ri g h t .

Set B 1 ( s )  lst digit of s ’ for each s~ R e ’t u r n  to  Step 1 .

It has not been d i f f i c u l t  it princi ple to adapt a f i n i t e  de lay  Vite rb i

data sequence decoding a l g o r i t h m  to the d e c o d i n g  of e r r o r  s e q u e n c e s .

In p r ac t i c e , imp lem em i ta t iom i  of a V i t e r b i  e r r o r  sequence decoder

would be more complex than a c o n v en t i o n a l  Vite ’ rbi d at a  sequence

decoder . Unl ike  da ta  sequences , wh ich  can be assumed equ i l ike ly,

e r r o r  sequences  are  v e r y  non-equi probable . Thus ti-me m e t r i c s

involved in a Vi t enb i  approach  must  be a c t u a l  p r ob a b i l i t i e s  or

l o g a r i t h m s  of p r o b a b i l i t i e s)  not i-i-me rel y s imple functions of I lamrn i i-m g

d i s t a n c e s  b e t w e e n  rece ived  and c a n d i d a t e  t r a n s m i t t e d  sequences .

Appendix A , u Vi te rb i  A l g o r i t h m  for  MAP E s t i m a t i o n , “ has a d d i t i o t -e a l

d e t a i l s  of ti e’ a d a p t a t i o n  of t u e  V i t e rb i  A lgor i t im i  n ec e s s a r y  w i t h

n o n — e qu i l i k e l y input s .

3. 5 Relation of Synch rot ime ’ Dc’ cod i n L ’  t~~ ~\L\1  - D a t a  B i t  D ecod e  eee ~

In any ki m - md of M A I ’  de’ cod ing  t i m e ’ goal is to  e ’s t  m m 0 m 1  e’ so Ot ’ ’

q u a n t i t y  A g ive n sonic ’ othe r q u a n t i t i -  B b y f i n d i n g  t i - mat  value ’ of A

dc-noted i-my A which ma x imm ii ?c ’ s P ( A  /B),

Sin c t  

- ~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~ —— ~~~~~~~~~~
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P(A/B) — 
P ( A , 13) 

— 
P ( B / A ) P ( A )  ( l , Q 3 )

— 
P113 ) 

— 
l’( i3 )

one can e i ther

( 1)  d e t e r m i n e  a computable  fo rm of ti me e x p re s s i o n  fo r  1 ’( A / B )

d i rec t ly  and ti -ten f ind  the A which  causes P ( A / B )  to  be

max imum : or

(2) determine a computable form of the expression P(B/A)P (A)/P(B)

and determine ’ A w h i c h  causes P(B/A)P(A)/P (BI to be maximum.

W i t h  ei the r approach  one b a s i c  assumpt i o n  is that ti -me q u a n t i t i e s

A and B are related by some , usually p r o b a b i l i st i c , r e l a t ion  or

func t ion .

Suppose we now app ly the above to  the problem of d e c o d i n g

convolutional c odes , Here the fundamenta l  proble m is g iv en  a

received vec tor  R d et e r m i n e  ti -me b e s t  e s t ima te  of a p a r t i c u l a r

i n f o r m a t i o n  b i t  If we desire to use a MAP es t in ia te  then 3 . Q 3

becomes:
P ( R/ I  ) P ( I  1

/R ) — 
— 

~ t (3 04)
t —  P I R )

and one t r i e s  to d e t e r m i n e  t h a t  value of I~ (call  it  I )  which causes

eithe r side of ( 3 , 14 I to be maximum.  For exa mple , t h i s  is  the

approa ch taken by N i c A d a m  ~ 1 in den ivit -eg the ’ N I - N P e st im a t e  of I t

g iven R by e x pr e s s i n g  the r i g ht i-mand side ’ of ( 3 . Q4  ) in t e r n -m s  of

the encoder  state’ scquc ’nces .



U s e f u l n e s s  of Sy n d r o me ’s

Now suppose’ one want s to inves t iga te’  the e s t i m a t i o n  of I~ u s i n g

a computed syndrome  ( 7 ) .  One is  t empted to w r i t e  ( 3 , q 3 ) as

P ( Z/ I
~~~

1P(I
t

)

P(I
t

/ Z )  = 
~~~~ 

(3 .95)

and t r y  to d e t e r m i n e  t h a t  value of I~ which - i  m a x i m i z e s  e i the r side of

3~95 ), However  t i - mis  would be’ w r o n g  s ince  t i -ic ’ b a s i c  assumpt ion

that is son -mel -mow re -la ted  to 7 is t o t  t r ue . Since the Syndrome  7

is onl y related to  the e r r o r  b i t s  (e~~~1 am-id is independent  of no

mat te r  how i n t r i c a t e ly  one expands  3 ,95  ) eveti in  te ’rms of averag-

ing ove r  r e c e i v e d  vec to r s  R , the f inal  resul t  i s  equiva len t  to

P ( I~ / Z )  = ( 3 J t c ~ )

The refore  we c a n n o t  e s t i m a t e  I g i v e n  / onl y.

Actually t r y i n g  to  e s t ima te  give - n 7 is the Data P r o c e s s i ng

The orem at i ts  wors t . By tl~ie Data Processing The ore’m , We ’ can do

no better than e s t i m a t i n g  1~ bas ed on P ( I
~

/ R )  s ince  R i s  our  r e c e i v e d

‘‘ raw ’’ data.  An\ -  ‘data p r o ce ss o r  (c’ . g. s v i id r on i e  f o r m e r )  ope ’rat  b i g

on the C raw data ’ R t o  y ield son -me output (e . g. 7) will Ic -nd t o  cause

soirm e i n f o r n m at i o n  loss . In our sy t i d r o m e ’  case , ti - m i s loss  is all t he

i n f o r t n a t i ou  r e g a r d i n g  I~. Sit -ice’ ( lie ’ e r r o r s  (e
r

) a re  i n d e p e n d en t  of t he ’

dat a ) and t he’ sy n d r o m n e ’  fo rrn e r out put Z ita s no i r e f o r m a t  iot - i  re ga r d  —

ing  I~, 7 s t i l l  ima s  al l  time i n f o rm a t  ion r e ’g a r d i t m g  the  c ’r r o m ’ s

85
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Conseque’nt ly, we can ju s t  as wel l  e s t i m i - m a t e  e ’~ u s imig  L b~- m a x i n i t z  —

4 ing P(c
~
/Z) as  we can e s t i m a t e’ e’~ u s i n g  R b y m a x i m i z i n g  P e

1 /~~~~~
)

If we ob ta in  an e s t i m a t e  e~ b y e i t h e r  m m - m e t h o d  we i-i -must s t i l l  go b a c k

to  ti -me raw data R to e s t i m a t e  t he- d c - s i r e d

Since finite delay A and a discrete’ m n e m i - m o r y l c s s  A \ \ G N  c h a n n e l

ha ve been  assu t i ied , the  e r r o r  c ’ s t im i i a t e  e~~
1 can be su b t r a c t e d  f r o tu

the a p p r o p r i a t e - r
\ 

to  y ie ld

“ ( it  ( i )  “ ( i )
C = r - e

t -~ t -~ 
( 3 , ) I

k n o w n  e’s t in i a t e d

With  C~~
1 
estimated a v a ii abh - , one can compu te  I t 

det e r mi n i s t i c —

ally. For the b i n a ry  sy s t e m at ic  ra te  1 /2 c i  Se’ s ke t c h e d  in F igu re

3.7  , th is  is e sp e c ia l l y si mp le’ s i n c e  C~ =

In the b ina ry  e s t ima te  case’ s hown

4 ( 1 )  1 )  ( 1 )
— C~ = r1 ~

A MAP e s t i m a t o r  for  I t 
would USc time rule :

Rule 1: d e c i d e ’

0

= 0 / In  
~~ 

P ( I
~~

= l / R )

decide ’
A

I = 1

If t i - m i s  rule  is re’~ - r i t t e n  u s i n g  t h e  f e e t  t h a t  i = r t 1 
~ e’ ami d

th ie f ac t  t ima t  r~~ 
~~~ one’ ob t a i t i s

Si”

- _ —  __ __ ,i____ __
~~
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decide
A

P(r~~~~ e~~~= O / R )  P(r~~~ ee~ ’c1/R)  • (3 . 100)

decide

f t =

The binary (mod 2) sums can be split into the following:
decide

=0

P(r =0 , e~~~= 0 / R )  + P(r =l , e~
1
~ = 1/ R )  ~ P(r =0 , e~~~= l/ R )

decide

(3 . 101)

+ P(r l , e~~~~ 0/R )

Consider the only two possible situations: (1) r~~~=0; or

r~~~=1. In these two situations, Rule I is equivalent to

Rule l .a decide

= 0

r~
’
~ = 0: P(e~~ =0 / R )  > P(e~

1
~=lfR) (3 102)

decide

=0

Rule l .b decide
A

r~~~= 1: P(e~~~~ 1/ R )  P(e~~~=0/R ) (3 .103)
decide

~t
=1
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Instead of the above rule , one could employ the following erro r-

based rule:

RULE 2:
decide

0

P(e~
1
~ = 0/ R )  > P(e~’~ 1/ R )  (3 .104)

¶ 
- L -

decide
A( 1)e =1

A ( 1) A ( l )and set r~ ~ 
e~

It is easil y seen that for  all possible cases , Rule 1 (as imple-

mented by ei ther  Rules  l .a or l .b) will  give the same estimate

as will Rule 2 . Thus both methods of es t imating I~ a re  equall y val id

in the sys temat ic  code case conside red. That is , select ing to be

that value of I~ which maximizes P(It
/R) is equivalent to setting I~

equal to the value ~~~ ~ where is that valu e of e~’~ which

maximizes P(e~~~/R) .

Basical ly the prac t ica l  reason for  t ry ing to use a syndrome

based decoder instead of ~ MAP data bit decode r using R is that the

implementation might be eas ier .  The syndrome-based est imato r

portion est imates e r ro r s  with a sing le syndrome Z containing info r-

mation on errors  onl y followed by a mod 2 addi t ion  t o  obtain

the systematic  case.  On the other hand the MAP Data bit  e s t i m a t o r

must work with R which contains info rmation on both dat- a and e r ro r s .

The following chapter  will  pursue MAP erro r bit decoding based

on syndromes under the dual r e s t r i c t ions  of f in i t e  decoding delay and

fini te  synd rome vecto r length .
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Cha pter  4

SUB OPTI MAL E R R O R  ESTIMATiON

In this chapter certain subopt i nial e r ro r  es t ima t ion  technique s

are der ived which may be more easily implemented than the optimal

technique s of Chapter 3. Specificall y, ROM MA P ans SUBMAP , two

suboptinial approximations to the  op t imal  real  time (fini’e delay)

MAP e r r o r  bit e s t imator  of Sect ion ~. 3 w ill be cons ide red .  Both use

a precomput ed  look-up table of e r ro r  bit  es t imates  addressed by

syndrome ve ctor value s . It is felt that  such a f i n i t e  delay e st i m a t i o n

proble m best r epresen t s  the case to be encountered in p r a c t i c e .  In

the fol lowing,  the r e s t r i c t i o ns  on the  R O M M A P / S U B M A P  t echnique

will be:

(1)  only a specif ied f inite  de la y ~ is p er m i t t e d  before  an e r r o r  b i t

dec is ion  must be made; and

(2)  only a f in i te  length syndrome vector  Z (or  rece ived  vector R )

is available to the decoder.

The ROMMA 1~ t echnique  will be f i r s t  shown to be a pa r t i cu la r

average of the opt imal  f in i te  delay e st i ma t o r .  Next the ac tua l

method s of computing MAP error bit  e s t i m a t es  given e i the r R or Z

will be derived .  Lastly . SUB MAP , a comput at ion al ly  conven ien t

approximation to the suboptimal  R O M M A I ’  approach wil l  be

discussed .
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4. 1 R O M M A P  Derived from Optimal Fin i te  Delay E r ro r  Decoding

First consider the optimal fini te delay MAP e r ror  bit  decoding

of Section 3. 3, and compare it to the suboptimal ROMMAP e r ror

decoding approach mentioned in Section 2 .4.2, The optimal f in i te

delay decoding attempts to make a MAP estimate of an e r ror  bit

e
t A  

using the computed syndrome bits  up to the current time t but

allowing only a finite storage of syndrome bits in such a decision.

Howeve r it incorporates the influence of syndrome bit s prior to t -L

in making this MAP decision. ROMMAP decoding, on the othe r

hand , essentially ignores the syndrome bits prior to t-L. In other

words , compare

maximum maximum
over all over all

eP (e  /z ) I versus  .~P(e /z 1
value s of ( t — A  (1 , t )  j values of ( t— ~ ( t — ~~, t)
e et- A t -t ,~

OPTIMAL ROMMAP (4. 1)

where for now we have taken the delay ~ from the cur re nt t ime t

to be equal to the storage delay length L.

Note f irst  tha t the required probabilit y for the ROMMAP and the

optimal can (vi a Bayes rule ) be w r i t t e n  as follows.

ROMMAP:

P(e , z
P( /z ) — 

t A  ( t — ~~, t )
e t ...A ( t -A ,  t )  — P(z

~t.. A t ) 1 ( 4. 2)
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OPTIMAL:

( P(e
P(e

t A
/z (l~~~)

) =

= 

P(e
~~~ . z (l t - A - l ) ’  

z ( t _ ~~, t)~~

t - A - l ) ’ Z ( t A  t )~

- 

P(z (t~~~~~) /e~~~ . z (1 1~
)P(e . Z

( I t  - l ) ~ (4. 3)
- 

P (z
( t A  t 1 /Z

i l , t - A - l  ) )P(z
( 1 t -~~- l ) ~

Now conside r P(e t_ ~~
z

(l , t _ A _ l ) ). Since 
~~~~ 

a ffects z
~ _ A and 

~
subsequent syndrome bit s Z

t A+ 1~~~~~ ? Z t ‘ 
statistically

indepe ndent o f z ( l t A l )  (the past syndromesl. Therefore,

= P(e
~ _~

)P(z (l~~~~~_ l ) ) (4. 4)

and the Optimal case probabilit y of interest  can be expressed as:

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(e
~~ A 

Z
(l t )  

- P(z ( t_ A ,  t )  ( l , t~~A_ l ) ~~~
Z (l , t - A - l ) 1 (4.

Cance lling equa l terms of numera tor  and denominator in the

optima l case yields the following.

OPTIMAL:

P(e t _ A )P(z (t~~~ t1 /e
~ 
. z~~ 

~~~ - l ) ~
P(z ( t A  t ) /Z ( l , t - A - l ) ~ 

(4. 6)

ROMMAP:

P(e /z — 

P(et_A )P(zt A , t)
/ e
~ ..~,

l 
(4.7)

t -A  (t - A, t )  - P(z (( A t )~
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Note that ( 4 . 6 )  and ( 4.7) are similar in form. The basic

d i f fe rence  is that the optimal quantit ies are conditioned on the Rast

syndrome bi t s  Z ( l t A l )  which are not available to the R OMMAP

approach.

Equations (4 .6 )  and ( 4 . 7 )  can simply be rearranged to give the

following forms .

OPTIMAL:

P(e
t A

/z (1~~~)
) = (4. 8)

ROMMAP:

P(e
t A

/z (t~~ t )~ 
= ~~~ t -A ’~~~t .,~~ t )~ (4. 9)

Now by taking the formal  average of the Optima l Eq. ( 4 . 8 )  or Eq.

(4.3) ove r Z ( l t...~~ .l ) ~ 
one obtains the ROMMAP equation (4 .9 ) .  That

is

l ” ~~~~t -A - l  

P(e
~ ..A/z (1 , t ) 1 = 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

P( z z )

Average of OPTIMAL ‘lu
t)

= P(et.,A
/z (~ ..~~ t)

) ROMMAP (4.10)

Equation (4. 10) shows that the ROMMAP technique is actually
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just what  one would ob ta in  f rom the opt i mal approach  i f  one Was

required to average over all “ pa s t”  ( i . e. t i m e s  less tha n t - .~

syndrome bit s.

4.2 MAP Es t ima te  of e~~~ ~~yen /
~~i -A

In the ROMMAP approach to syndrome d e c o d in g  of the  example

K-5 rate 1/2 systematic code , an estimate is obtained based on

the computed finite syndrome vector  Z . It is assumed that  sucess-

sive syndrome bits  CZ~
t)

1 are computed and stored in associa ted

shift r eg i s t e r s  of length  L bits . The syndrome vector  avai lable  in

this example is thus :

=

This vector  would appear in s torage element s as follows.

~~~~~~~~~ 
~~~~~~~~~ ... 

~

~ L stages of s torage

0— Z vector

It is useful to wri te  out part of the syndrome equat ion  set for  th is

example us ing  the convent ion  of Eq. (2. 18) of Sec t ion  2. 3.

= 
(2 )  

+ 

~~~ 

G~~~e~~~ t - L �i ~~t , \‘~~4 (4 11)
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This is done below in Eq. (4 .  12 1 for L > ~ and can be used to

gauge the complexi ty  of a part icular  choice of L and the effect  of

feedback on this same set of equations. Shown is the particular

set for decoding delay l u =  5 (i. e. es t imate  er ror  b i t  e~
’
~~). The

dotted line des igna te s  the uppe r “t r iang le ” of e r ro r  b i t s  which would

have been previously estimated and fed back if e r ro r  est imate

feedback were employed .

(2)  (2 )  1 ( 2 )  1)  (2 )  (1 )  (2 )  ( 1 )  
~

) (1)
Zt L  

e
~~ L +G 0 

e
t L +G l e

~~ L l +G Z e
~~ L Z +G 3 e

~~ L 3 +G4 e
t I ~~4

(2)  (2 )  ( 1 )  d2~ 
( 1 )  (2 )  ( 1 )  d2~ 

( 1) ,..~2) ( 1)
‘~t -L + l  et _ L + l ~~~O e

t- L+ l + I Ct~ L~~~2 Ct L 1 + 3 el L Z ~
ftJ 4 et_ L - 3

Z e + G e + G e + 
(2) ( I )  (2 ) ( 1 )  

+ G~
2 )

e~~~

L Z t 4  ~~~~ + G~~~e~
’
~ + G~

2) e + G ~
2 )

e~~~ + ~~~~~~~~ + G~
2)

e~~~

Z
t 3  

= e~
2
~ + G~

2)
e~’~ + G~

2l e~~~ + G~
2 

~e + G ~
2)

e~~~, +

= e~
2
~ ~ G~

2)
e~~~ + G~

2) e~~~ + G~
2 l e~~~ + ~~~~~~~~~~~~~~~~~~~

(2 )  (2)  ( 1 )  (2)  ( 1 )  (2 )  ( 1 )  ~, ( 2 )  ( 1 )  (2 )  ( 1 )z~~1 = e~~ 1 + G0 
e
~~ i + G 1 e

~ _ 2 + G 2 et _ 3  + L2
3 

C
~~_4 + G4 e

~~ 5

= e~
2) 

+ ~~~~~~~~ + G~
2 1e~

’
~ + c4

2 )
e~~~ + ~~~~~~~~ +

(4. 12)

Given an Z vec tor  we want to find the maximum a poster ior i

probabili t y es t imate  of e~
’
~~which  in the systemat ic  code example

can then be mod 2 added to r
~~ lu 

to give T
t -A ’ the e s t ima ted  ( t - l u ) t h

information bi t .
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a ( 1 )  ( 1 )
is thus set equal to that value of e

~~ lu 
which maximizes  the

following probability:

max ove r all  1 2 2
v of {Pr e~~

1 = v / Z )  = Pr(e~ v / ( Z~~~~. .. • , Z~ 
)
) } (4. 13)

But thi s can be expressed as:

max max ( p r ( Z / e ~
’ =v) Pr (e~

’
~~~v ) 1

over {Pr(e t _ A  v/ Z) }  = ove r P r ( Z )  
- lu

= 
max 

~P r (Z / e~~~~ v) P r(e ’
~ =v) }  (4. 14)

This decis ion rule requires  the computation of P r ( Z / e~
’
~ = v).

In the b ina ry  case the rule simpli fies to the followi ng:
dec ide

( I )  ( I )  
t_ •::~ ( I )  ( I )

P r (Z/ e
~~ lu

= l ) P r (e
~~ A

= l )  < P r ( Z/ e
~~ A

=0 )Pr ( e
t A

O) (4. 15)
decide

For example , if the le f t  side of Eq. (4.15)  is g r e a t e r  than the rig ht side ,

then decide 1; if the le f t  side is less  than the ri ght  side , t h en

decide e
t A

O.

Since no assumption has been made of an orthogona l code ,

for example can be expanded in t e rms  of each of the

condit ional  probabilities of the othe r e r ror  bi ts  and averaged  over

the probabilit y of occurrence  of each e r ro r  bit  value for the
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memoryless  channel.  For the BSC.the Pr(e
k

l )  = p and Pr (e k = O) =

q = i - p  where  p is the BSC crossover probability. That is ,the first

step in the expansion would be :

P r ( Z/ e ~~~ = l )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

4 P r ( Z /e~ ’~~= l , e~~~~ 1 0)Pr (e ~~~~~1 0) (4. 16)

This expansion would be cont inued for both sides of the dec i s ion

rule unt i l  all c o n d i t i o n a l  probabil i t ie s for all error  b i t s  appearing

in syndrome bit equation set for the specif ied I Z ~ we re cons idered .

An e r r o r  vector  can be def ined  as in Section 2 , 3 as fol lows.

~ (2 )  ( 1 )  ( 1 )  ( 1)  (2 )  ( 1 )
E (e

~~ L. e~~ L. . . . , ~~~~~~~ t A + l ’  . . . , 
e~ , e~ ) (4. 17)

2 ( L 4 1 ) - l  e r r o r  bits m E

(Note : e~~~ is not included in E . I

The Maxi m um A p o s t er i o r i  E r r o r  Bit Dec i s ion  Rule then is

deci d e
* ( l )  1

~~~ ~~~~~~~~~~~~~~~~~~~~~~ q ~~ p
W(~~)q

Z(L+l )~ l~~~(~~)

decide all Eall E
— *(l) satisfying

satisfying e
~~A

O 
thi s Zfor

this / for 
(1) (4  18)

e~
’
~ =l 

e
t A

O
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For examp le , if  the  l e f t  s ide  o f Eq. ( 4 . 18) is g re a t e r  t han  the  ri ght

si d e, d e c i de  e
~t
’
~A 

1; if  the  l e f t  s ide  is less tha n  the ri g ht  s ide , de-

ci de ~~~~~~~t - A
For a g iven  Eb /% ( an d  t h e r e f o r e  a g iven  I3 SC c r o s s o v e r  proba-

b i l i t y  (P r ( eL t )z 1) )  t he  above compu ta t i on  can be c a r r i e d  out fo r  eac 1~

~
( + 1)  L S\ Npossible  I v e c t o r  in the  set  [ L )  of = 2 syndrome vectors.

The r e s u l t a n t  d e c i s io n s  e~’~~( Z) can be s to r ed  in a ROM addres sed  by

i ts  a s s o c i a t e d  1. A l s o  s to red  could be the  a c t u a l  dec i s ion  con f idence

p 1( Z )  w h e r e

p 1
(~~) p qW(~~)

q
Z ( L + I ) ~~l~~W(~~) 

. (4. 1°)
a l l  E s a t i s f y ing

t h i s  Z w ith  e~~~~~1

Th is  sto rage  of t h e s e t  r~
) each w i t h  i t s  e~’~~( Z )  i s  the  R O M M ~\P  -

the Read Onl y Memory  Map f r o m  a computed  sy n d r o m e  v e c t o r  Z to

its c o r r e s p o n d i n g  Maximum A p o s t e r i o r i  E r r o r  Bit  Es t ima te

Such a l ook_ up  table i n c o r p o r a t e d  in a decoder  enab les  e r r o r  correc-

ti on w it h e s s e n t i a l ly no decode r  c o m p u t a t i o n s .

4. 3 MAP Es t ima te  of e~~~ G i v en  R

It is i n s t r u c t i v e  to now tempo r a r i l y exa mine  j u s t  what  it  would

take to make a R O M N I A P - l i k e  ( i .  e . ,  a look-up  tab le )  e r r o r  e s t i m a t o r

us ing  the ac tua l  r ece ived  vecto r II ins tead  of a computed sy n d r o m e

vecto r 1. ‘T his  d i v e r s i o n  wi l l  d e m o ns t r a t e  wh y t he s y n d r o m e  based

approach of Sec t ion  4. ~ is so a t t r a c t i v e .

In basic MAP data bit  decod ing  of a s y s t e m a t i c  c o n v o l u t i o n a l c o d e ,
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a d e c i s i o n  or es t ima te  of the m~~~t probable i n f o r m a t i o n  bit  I~ ~5

made by f i n d i n g  tha t  value of such that

P r ( I
~

/ R )  ove r all {P r ( I / R) }  (4. 20)
value s of

Here R is some selected segment of received bit s (a finite number)

e .g. ,

( 1) ( 1)  ( 1 )  ( 2 )  ( 2 )R = (r  r ... r r r )— t — L  t — L + l ’  t t — L  t

4 in our s t a n d a r d  b ina ry  s yst e m a t i c  c o n v o l u t i o n a l  code example .

McAdam ~ 
9 ~ found a fo rward  and b a ck w a r d  r e c u r s i o n  method

for de t e rmin ing  I~ g i v en  the to ta l  r ece ived  vector .  It m i g ht be

useful  to see what a R ON 1 M A 1~ a p p r o a c h  to f i n d i n g  the most  l i k e  lv

given a f ini te  segment  R would give for a b i n ar y  r a t e  i / n  Sy s tem at i c

code when equi l ikel y data input s are assume d. Th at i s, a s s u me a

f in i te  decoding  delay  \ and s to rage  for a f i n i t e  s egment  R of the

received vector .

Reca l l  that  = r~~~-e~~~ = r~~~ ® e~~~ (over G F ( 2 ) ) .  The n

f rom Section 3 . 5

(most  probab le I t /g iven r~~~ ) = r~~~~-( mo s t  probable e~
’
~~/g i ven r ~ ’\.

(4 .22 )
( 1 )  A ( 1 )

No te  that r
~ 

is avai lable and known while  e
~ 

mus t  be e s t i m a t e d .

Also ~~~ is one component of R .  Therefore
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that I 
. {Pr(I /R)

’
!~= ~~~ — that e~

’
~t maximizing t — ,  t . t . . t —maximiz ing

(4. 23)

Since in the systematic code case r~
’
~ is known , f inding the

maximum a poster ior i  est imate of 1t given B. can be accomplished

by finding the maximum a poster ior i  estimate of e~~~ given R and

subtracting e
~ 

f rom r
~

Now concentrate on finding that value of e~
’
~ which maximizes

Pr(e~~~/R ) .  Howe ver ,

(1) 
Pr(R/e~~~=v)Pr(e~~~=v)

Pr(e
~ 

v/R ) = P r ( R )  (4. 24)

where Pr(e~~~ = 1) = p and Pr(e~~~=O) I -p  = q for the BSC. R is

given as received and P r (R/ e~~~ ) must be computed . Thi s can be

done using the same approach as for the case of P r ( Z/ e~’~ )

discus sed in the ROMMAP determination by noting that

~~~ = ~~~ +e~~
’
~ 1 �j �n (4. 25)

where

if l �j ~~~k

--

- 

~~~l 
~~~ 

G2h It h  if k j � n 
(4. 26)

Or ,in the spec i f i c  case of k l  (onl y one info  bit per block ) , ~~~~ rate

1/2 systematic code of the example this becomes:

( 1 )  ( 1 )  ( 1 )  ( 1 )
= C . + e . = I. + e .

1 1 1 1 1
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r . = c~ + e . = G I . + e1 , t -L �i �t
i l h  i -h  (4 ,27)

h=O

If we have L bi ts  of s torage for the ( j )  r ., 1 � j ~~2 , received

bit s treams , our available R is:

L s t ages  of st or a ge~~

~~~~ ~~~~~~ ... r~
’
~ ~~ -

~~~

e (2 )

r
~

2L r~
2 )

l ... ~~~~ r (2L~ ~~~o

To show a comparison between the set of syndrome equat i on s of

the R O M M AP  approach (Eq . 4. 12) w i t h  the c o r r e s pon d i n g  set of

equat ions  for es t ima t ing  e r r o r  b i t s  from an R vector , t l~ com parable

rece ived  bit  equations for the example rate  1/ 2  code is  give n below

(Eq. ( 4. 28 ) for a r b i t r a r y  L.

(1)  ( 1)
r
~~ L = C

t L  
+ 1t-L

( 2) (2 )  (2 )  ( 2 )  ( 2 )  ( 2 )  (2~r
~~ L C

t L  
+ G0 

I~~~ .
~~ 01 1

t - L - 1  ~ 0, It~~L~ Z +G 3 ~~~~3+G 4~~l~~

( 1)  ( 1 )
r 1 5  = t

t - 5  + T
t - 5

r~
2
~ e~~~ + G~

2
~I~~ 5 + G~~

2
~~T 6 ~ 4 f G

~
2 1

It 0

( 1 )  (1 )
r
~~ 4 = ~~~~4 

+ 1
t 4

r~
2
~ = ~~~~ + 

~~~~~~~~~~ 
-1 G

~
2 ’1It S G

~
2 ’ I

~ ~ ~~~~~~~~ + G~~ r 1 8
(R eq u a t i o n s  cont inued  on nex t  pa g e)  101 
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( 1 )  (1 )
r
~~ 3 = 

~~t 3  ~ 
1t - 3

r~
2
~ = e~~~ + c

~
2
~
i
~~3 4. G~~~I~~~ G

~
2 1

I
~~ s + G

~
2 1It 6 + G

~
2 1

It 7

( 1)  ( 1~r 2 e~~ 2 +

= e~
2
~ + G~

2 1
I~ ~ 

4 (42 h I~~~ 1 G
~

2 ’ I
~~4 + c42~i~ ~ 

+ G
~

2
~

I
~~ 6

( 1) ( 1 )
r
~ 1 = e 1 ~ 1t - l

r~
2
~ = c~~~ + G~~

2
~~1

1 
+ G

~
2 1It 2 + G~

2
~ I 1 3  G

~
2 1I t 4  +

( 1) ( 1)
r
~ 

= e ~ ~
- I

~

r~
2
~ = e~

2
~ + G~~

2
~~1 + G~~

2 1
I

1 1 
+ G

~
2
~

I
~~ 2 + G

~~

2

~~
I
~~~~ 3 ~ 4

(4. 28)

A total of n (L-l 1) b i t s  arc rece ive d and held in R where  n =Z in  tFi S

part icu lar  example. As in the R O M M A P  computa t ions  we can expa nd

P r (R Ie~’~~) in t e rms  of the condi t iona l  probabi l it ies  for all available

error  and in format ion  bits . That is we wan t  that value of e which

maximizes  equa t ion  (4. 24) .  But  th is  is equivalent  lo f i nd ing  tha t

~~~~ value which  produces the

max ove r 1 1
all value s ~P r ( R / v  Pr( e~~~ )~ 29)

This value can be comp it e d  f r o m  equa t ion  ( 4 .  24) by e x p a n d i n g

P r ( R  /e~,~~~) r ep ea ted l y u n t i l  all c o n d i t i o n a l  p robab i l i t i e s  for both e r r o r

and i n f o r m at i o n  b i t s  have been inco rpo ra t ed .  The f i r s t  s tep would be:
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P r ( R/ e~ ’~ =v )  = P r ( R / e
~

’
~ =v , xk = 1)P r ( x k = l )

+ P r (R /e
~
’
~ =v , xk= 0)Pr (x

k =0) (4. 30)

where X
k 

is some particula r info or e r ro r  b i t .  At each s tep in the

expans ion  t he new bit i nt r oduced (xk ) takes  on anothe r iden t i ty  -

eithe r some in fo rma t ion  bit (e .g .  1t ...L+k~ 
or some e r ror  bit

(e .g.  e
~~ L+k

) . Whe n w o r k i ng  wi th  B. i t  is here that  the presence

of in fo rmat ion  b i t s  must be accounted for in the computat ion ; while

in the syndrome ROMMAP case , all dependence upon i n fo rma t ion

bits was removed when  syndrome bits were computed.

Using the definitions ,

-, A (2)  ( 1 )  (1 )  ( 1 )  (2 )  ( 1 )Er r or v e c t o r = E = r et L , et L , . . . , et l . e ( l . . .. , e
t , e

~ 1

and (4 .31)

Informat ion  vec tor  I
~~~f I t L 4 , . . . , I~~ (4. 32)

provides a notat ional l y s i m p ler form for the expans ion .  Note  tha t

e~
’
~ is not included as a component of the E v e c t o r .  Also if x k is an

error  bi t  then Pr (x k = l )  = p and Pr(x k
z O )  = 1 -p ,while if X

k 
is an

i n f o r m a t i o n  b i t  then  Pr ( x k = l )  = P r (x k
O ) = ~ ( i C .,  assuming  equi-

like ly source inputs) .

The quan t i ty  P r ( R / e~ = 1)P r e~
1
~ = l )  for example can now be

w r i t t e n  as
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Pr( f l/~~
1
~~l ) 1~ r(e~~~~l)  ~~~~~ w( E) 2( L+ 1 )- 1~ w( 1 ~w (D~~ L o ) ~ 

L+5 -w(I ) )

al l  El
s a t i s f y i n g  t h i s  (4 33)
R wi th  et

But wi th  e qu i l ik e l y i npu t s  P( 1- - 1) P(I~~0) = ~ and s ince  e~ ’~~ is I or 0 ,

the  new f o r m  of the dec i s ion  rule  is:

Pr( 11/e~~~~ 1 )P r ( e~’~~ 1)

~
, pW(.i~)q 2 ( L f  1) - I  _w(±~) ( ~)w(!)~~ ) ( L+5) -W ( .L)

a l l  El
sa t i s f y ing th i s

R w i t h et - A  decide
A( l )e1 - A

>

~ 
0

q pw(.~~)q Z( L+ 1) - i  _ W ( ..~~)
( ~~) WW ( ~) ( L4 5) -w ( j)

a l l  El
sat i sf y i ng t h is

H wi th  e~ ’~ =

= P r ( R / e  ~~ O) P r ( e Y ~~~~O) . (4. ~4)

Fo i equ i t i ke l y in pu t s  the  cont  r i bu t ion  of t he i n f o  r u i a  t ion h t t  s to  c . tc  ii

side o f the  above ru le  is t h e  same , so they can he ~I roppeci t roin t i l e

rule to ob ta in
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_ _ _ _ _  ~~
,.-—

decide
-

p ~~~~ pW(!~)
q

Z ( L f l ) _ I ~ W(~~) >  q ~~~~ pW(!~)
q

Z (L~t l ) _ l _ W ( .!~)

all  EL decide al l  El
sa t i s f y ing t h i s  A( I )  

= 0 
sa t i s f y ing  th i s

H wi th  ~~~~~ I R w i t h  e~~~~= 0

(4. 35)

Compar ing  the above ru le  Eq. (4 . 35) w i th  tha t  for  the ROMMA P

est i m a t e  of ~~~~ ( E q. (4.  18)),  one observes  tha t  the q u a n t i t i e s  being

summed a r e  the  same but the condit ions  over  which  the sum is taken

a re not i d e n t i c a l .  In t h e  R O M MA P case , t he sum is over  E r r o r  Vec-

t o rs  E s a t i s f y ing the c u r r e n t  Z.  In Eq. (4. 35) above , the sum is

over  E r r o r  and In fo  v e c t o r s  El sa t i s f y ing t he c u r r e n t  H. A ga in  t h e

problem of c o n s i d e r i n g  t i le  i n f or m a t i o n  b i t s  exis ts  w h e n  one e s t i m a te s

based on the  set of received bits  H .

This  dec i s ion  ru le  can a l so  be w r i t t e n  as

decide
1) 

=

p N~~1P~~~~~q~~ ’~~ 
I ) - l -w(~~) >  q N1 ) p~~~~~q~~~~~~ 

)~~l-w !~
)

a l l E < a R E
decide

= 0 (4. 3(. )

where  N F~l = numb e i~ of I v e c t o r s  such  tha t  El s a t i s f y c ur  r en t

H w it h  e~~~ = I

and N EO = n u m b e r of ! v e c t o r s  such tha t El s a t i s f y c u r r e n t

H wi th  e~~~ = 0-A  
1o~

~ 

~~——— —. . -.



At each step in the computation of the above sum ove r all E , the

following app lies:

( 1)  H is known from the received bit s t reams .

(2) F is known for thi s par t icular  step, and

(3) we need to compute the number  of L vectors (oct of a

total  of ~~~~~ possible I v e c t o r s)  which when subst i tu ted

along with th is  part icula r F in to  the “R equations ” wi l l

sat isf y the m for the c u r r e n t  H .

Since H is given and F is known for th i s  par t icular  step, H-F

eithe r equals a code word or it doe s not . It is assumed here that  L

(the number of stages of s torage for each received bit s t ream)  is

greater tha n L . where  L . is  a cons t r a in t  l e n g t h - d e t e r m i ne dmm mmn

numbe r suff ic ient  to guarantee that each possible input bit s t r eam is

encoded into a unique “codeword . ” Wi th  this  assumpt ion , if  H - F

is not a codeword then N E1 (or N EO as the case may be )  is equal

to zero. If H-F  is a codeword the n it is a unique codeword and onl y

one of the possible I vectors sa t i s f i e s  the R equa t ions  for th is

part icula r F.

To simplif y the fo l lowing make the d e f i n i t i o n :

f (F )  ~ pWU: )
q

zl L+l ) — l  _ w (j ) , (4. 37)

The decision rule then can be wr i t t en  as:
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decide “ 1”

q f(~~) (4. 38)

all El decide “0” all El
satisfy ing thi s satisf y in~ this
R with e~~~ =1 R with e~~~~~0

Again to simplif y notat ion let us define the set of “codewords ”

[C kI to be those 2 (L+ l ) - t uples which are output by the encoder in

rssponse to the z 1
~

+5 possible input data streams under consider-

ation. Also , for those F which are considered by the decision rule

sums ( i .e . the F whose NE1 or N EO equa l one ) we can apply

F = R~~ Ck 
for some C kE [C k I . (4. 39)

The decision rule then can be wri t ten as:
decide
~ ( 1)

~~ 

> q

all E=C OR decide all E=C OR
for ali

~~kEf C k1 A(1) o for al1 c
~kE[C k ) . (4 . 40)

( 1) t — A  (1 )
with e

~~ A
l with e

~ 
=0

Eq. (4. 40 ) above then equivalently directs  the decoder to

consider all possible error  patterns F which could have mapped ~~~~

codeword into the actual received ve ctor H and weigh the m

proportionately by their  probability of occurrence f (E)  to make the

maximum a posteriori  decision on this particula r e r ro r  bit ~~~~

Thus the additional complexity that arises by attempting to est imate

error bit s e1 
from the received vector R w ithout using syndromes
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has been demonstra ted . Consequent ly, the bulk of this  work  con-

siders  e r r o r  b i t  e s t i m a t i o n  on syndrome s only.

4 .4 SI TP ~M A P  Approx ima t ion  to R OM M A P

In Sect ion 4 .2  the R O M M A P  dec is ion  rule for  e s t i m a t i n g  the

e r r o r  b i t  e~~~•~ for K =5 rate ~ sys t ema t i c  code examp le wi th  f in i te

delay .~ and only a f in i te  syndrome vector  Z was shown to be:

R O M N 1 A I ’  I)eci si~ n Rule

deci de
.~( l

p p
W~~~)

q Z ( l A l ) ~~l~~W(~~) >  
q 

~~~~ p
W(~~)

qZ ( L + l~~l~~~~ )

all F decide all F
satisf ying th i s  ~~‘ ~~0 sa t i s f ying t h is
Z with e~~~=1 

t••~ Z w i t h e~~~ =0
( 4 . 4 1 )  -:

Thi s R O M M A I~ dec is ion  rule can be imp lemented b y a read only

memory addressed by Z and con ta in ing  the s ingle  e r ro r  bit e s t ima te

for each 7. given by the  rule . To create such a look-up table would

require  cons ide r ing  all e r ro r  pa t te rns  fE ’l  where F’ ~ (E . ~~~~ 
(thus

~~ conta ins  all er ro r  bits i n c l u d in g  the one to be e s t i m a t e d) .  In such

a b ina ry  case th i s  means c o n s i d e r i ng  2 sepa rate er r o r  p a t t e r n s

where ~~~,
‘ ~ the numbe r of e r r o r  bits in t h i s  overal l  er ro r  v e c t o r .

Such an exponential  g r o w t h  in compu ta t iona l  complexity is a bas ic

drawback to  any look-up t ab le  decoding  approach .

This d rawback  can be m it i g a t e d  somewhat b y t a k i n g  advantage  of

the n o n - e q u i l i k e l y na ture  of the e r r o r  bit values . On a p r a c t i c a l
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binary s y m m e t r i c  channel , the Pr ( e~~~= l )  <<Pr ( e~
t )

= Ø ) •  Thus onl y

“l i g h tweig ht”  e r r o r  vectors  ( those  h a v i n g  few l ’ s)  have a si g n i f i ca nt

probabi l i ty  of o c c u r r i n g .  Therefore , if instead of c o n s i d e r i n g  all

possible e r ro r  vectors [E’i  as d ic ta ted  b y the R O M M A P  decis ion  rule ,

one was to conside r onl y a l i g h t w e i g h t  subset of [E l i  , the  comput a-

t ional  complexity of c r e a t i n g  the look-up table could be reduced . The

resul tant  SUB MAP look-up table  would not be si g n i f i c a n t l y d i f f e ren t

tha n that of the full R OM M A P  s ince  the neglec ted  c o n t r i b u t i o n s  to

the sums due to  “heavy ’’ F in 4. 41 would be ex t remely  smal l .  Thus

the dec i s ions  found for e i t h e r  table would be almost the  same .

To see the complex i ty  r e d u c t i o n  in look-up table computa t ion

consider  the K = 5  rate ~ code . If a syndrome vec tor  of I , S Y N  15

syndrome bits  is cons idered , the look-up table in e i t h e r  case would

- 15 LSYN -conta in  2 = 2 loca tions . The R OM M A P  computa tion  would

require  cons ide r ing  = = 17 , 17 9 ,  86(1 , 2 10 e r ror  vec to rs

If instead one only includes e r ro r  ve ctors of weig ht S or less , then

34 34 34 “the SUI3MAP computa t ion  requ i re s co n s id e r i n g  ( 
A ~‘ + ( 1 4 ( +

( 3
) + ( )  3 3 1 . 212 e r ro r  vectors  for a complexi ty  r e d u c t i o n  by a

factor of approx ima te ly  51 , $7Ø •

For comple t enes s  the S U B MA P  comput at  ion rule for the previous

rate  ~ b ina ry  example may be wr it ten as:

__________________________- - - 
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SUBMA P f lec is ion  Ru l e

decide
e~~~ = i

p
W(.~~)q

Z(L+I)~~l~ W(.~~) >  q pW(.~~)q
Z ( L + l ) _ l _ W ( ~~)~

all F . s a t i s t y ing thisdecidesat is f y ing  th i s  ‘1) Z such that
Z such that w( E)~~~4 e~ = 0  w(E)~~~5

wi th  e~ ’~~ 
-
~

• ( 4. 42)

Due to the  rapid exponen t i a l  g rowth  in computa t ion , in th is  work

the ful l  ROMMA P computa t ion  was c a r r i e d  out onl y for  a K = S rate ~

code for  the case I Z I  = 6 = LSYN syndrome  bi ts .  A l l  subsequen t

work for  longer  c o n s t r a i n t  l eng th  codes or more  syndrome  bits  con-

cen t r a t ed  on the SUBMA P approsch .  It is shown in Chapter  5 th at

there  is avai lable  a v e r y  ti g ht upper  bound on pe r fo rmance  us ing

the SUBM.A P approach which  enables  the a c c u r a t e  p r e d i c t i o n  of per-

fo rmance  s imu l t aneous l y wi th  the c reat ion  of the SUBMA P look-up

table.

A spec i f i c  comment  is in o r d e r  on the re la t ionsh ip  between

ROMMA P, SUBM.A P, a nd conven t iona l  feedback decoder  approaches .

The convent iona l feedback decoder  as descr ibed b y I le l l e r  [16] uses

as the e r r o r  bit  e s t ima te  that  va lue  of ~~~~ appear ing  in the min imum

weight e r r o r  vector  that  could have caused the g i v e n  synd rome

vector  Z. This means tha t  the  m a n y - t o - o n e  mapping  of [E) v e c t o r s
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into syndrome vectors  [~3 is approximated b y a one -to-one mapping

us ing  onl y one of the l ig htest  weig ht e r ro r  vectors  F .  This  is con-

t ras ted  with  the R OM M A P  approach in which  the e n t i r e  many- to-one
I

mapping is considered in making  the e r ro r  bit est imat e and w i t h  the

SUBMAP approach in which a s i g n i f i c a n t  p~ rtion of the many- to-one

mapping is used .

Thus the three  approaches can be ranked by how close the y

approximate the true fi nite de lay- f in i te  syndrome MAP es t imate :

Approach Mapping Considered is:

ROMMAP Ent i re  MAP estimate

SUBMAP Subset of en t i re  Approximate MAP
estimate

Convent iona l  Single F Grosser  approximation
Feedback to MAP estimate

Note that in all three approaches the size of the decoder look-up

1z~ • • .table is the same ( 2 —  in the b mn ary  case) .  Thus one is logically led

to assume that , given a speci f ica t ion on the maximum Z~ (a nd

conseque ntly the maximum size of the look-up table) ,  it would be

advisable to use look-up table en t r i e s  computed by cons ide r ing  as

large a subset of [El ve ctors as possible thus approaching the

ROMMAP or true Finite Delay-Finite Syndrome MAP e r r o r  bi t

estimate .

Chapter 5 demonst ra te s that  this  is indeed the case since both

~~~ 111
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co mputed pe r fo rmance  and s imula t ion  results show that  the SUJIMAP

decoders  outper form c o n v e n t i o n a l  feedback ( i . e . m i n i m um  weig ht F )

decoders . In many cases a SUB MAP decoder  even  w i t h o u t  f eedback

wil l  pe r form b e t t e r  tha n a conven t iona l  feedback  d e c o d e r .
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Chapter  5

P E R F O R M A N C E  P R E D I C T I O N  AND S I M U L A T I O N  R E S U L T S

In Chapter  3 s eve ra l  theore t i ca l ly op t imal  e r r o r  bi t  decod ing

approache s were  de r ive d . Chapter  4 took one of these , opt imal  f in i te

de lay e r r o r  b i t  decoding,  an d exhibi ted two subopt imal  app rox ima t ions ,

the R OM M A P  and SUBMAP decode r s .  In t h i s  chapter  decoder

pe r fo rmance  p r e d i c t i o n  is ana lyzed  for these two decoders  when

implemented  for  t yp ica l  codes .  It is shown that  an actua l p r o b a b i l i t y

of bi t  e r r o r  can be computed for  the R O MM A P  decoder  whi le a t i g ht

uppe r bound on per formance  of the SUBMAP de c o d e r  can be ob ta ined

as the look-up table is c rea t ed .  A lower bound based on an ideal ized

f i r s t  e r ror  probabi l i t y is developed and shown to give  a lowe r l imi t

t o cont i n ued per formance  improvement  for a given code and decoding

delay. Also the pe r fo rmance  improvement  possible  both by chang ing

to a longe r cons t ra in t  l eng th  code and b y inc reas ing  I~z j  for a g iven

code is disp layed . Las t l y, Monte C a r l o  SUBMAP s imula t ion  resu l t s

for two codes us ing  var ious  I
~j~j  value s with and wi thout  feedback

are presented  and compared wi th  c onven t iona l  feedback  decoder

performance.

5. 1 R O M M A P  C r e a t i o n  and P red i c t ed  P e r f o r m a n c e

In thi s sect ion the actual computat ion of a R O M M A P  look-up

table to implement a b i n a r y  MAP f i n i t e  de lay- f in i t e  syndrome e r r o r

• 113



decoding rule is qualitatively described along wi th  the manner of

computing the actual probability of bit e r ro r  for the ROMMAP

decoder. This look-up table is addressed by the current syndrome

vector value Z. Defining LSYN ~ = the number of syndrome bits

in the syndrome vector means that the size of the ROMMAP table

LSYNmust be 2 . Each addressed storage location in the table must

contain e ithe r a 0 or 1 value corresponding to the MAP er ror  bit

estimate determined by the rule . This value will sometimes be

denoted as ( Z )  in the following exp lanation for a binary rate ~

systematic code.

5. 1. 1 ROMMAP Creation

-- - It should be specifically noted that the two entities of in terest  to

our decoder for a rate ~~
- systematic code are:

( 1) Z = (Z~
2
~, ~~~~~ .. . ,  (provided in real time by the

syndrome former and syndrome bit shift r eg i s t e r ) ;  and

(2) (the e r ror  bit to be estimated by reference to the

ROMMAP look-up tab le).

Here L is the “syndrome bit delay parameter” indicating that L+l

consecutive syndrome bits comprise the syndrome vector Z . It is

always assumed that Z~
2
~ is the latest syndrome bit  output by the

syndrome former .  Als o A is the “er ror  bit delay parameter”

indicating that A+ l noisy information bits ~~~~ j = t , t-1 , ... , t-~ , are

delayed and available to be corrected.  This means that at t ime t ,
114
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whe n r~
’1 an d become ava i l ab le  to the decoder , the R O M M AP

A ( l )  ~ ( I )
decoder will  produce e by “ look ing  up ” the value e ( 7 )  in the

t -A  t - A
( 1 )

R O M M A I ~ ta bli and mod 2 idd it  to rt~~ 
to  give th ~ in f o r m a t i o n  b it

est i m a t e

A (1 )  A ( l )
= r

~~ A + e
~~~~

( Z )

Consequent ly  the  “dec oding de lay ” is .~~~.

The d i s t i n c t i o n  b etween ~ and L is w o r t h  m a k i n g  c lear  sin c e ,

although syndrome decoding schemes such as conven t iona l  feedback

decodin g usua l l y imp lement  L ~~~, the re is  no i n h e ren t  reason wh y

the decod ing  dela y .~~ must equal  the syndrome l) it  de lay  L. In the

work tha t  f o1Jo i v.~ L � ~~

For Convef l i ence , t h e  ac tua l  imp le mentat ions  d i s c u ss e d  in thi s

- • and later  sec t ions  were r e s t r i c t e d  to  b i n a r y  sv s t cn i a t i c  codes . For

such codes the total  R O M N I A P  table  approach may be mechanized

f in a hardwired  device which only has to det e r m i n e  if the cu r r en t

syndrome vec tor  7 b elongs to the subset  of syndromes  such tha t

~ ( 1)  ( 7 )  = 1 . That is , the c o n t en t s  of a R O M M A P  table ac tua l ly

map the 2 LSYN syndrome vec to rs  in to  Iwo points . (0 , 1) ,  A st udy

of the redundancy  in t he syndrome s — t o — d e c i s i o n  ma pp ing  was not

pursued in the work  but would seem to be a possible means of

speeding dec i s ions when compared  t o  a slow look—up  t ab l e  se a r c h .

For la te r  r e f e rence , the  R O M N I A P  dec i s ion  rule  for a sy s t e m a t i c

ra te code i s :
I l s  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .• , - ~~ - - -
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decide
A ( I )

• et - A
w ( E )  L E N — w ( E )  > W(E) LEN -w(l 1p p — ( l - p )  — 

< 
( l - p ) p -( l -p~ 

—

all F decide all F
sa t i s f y in g  thi s A ( l  s a t i s f y i n g  t h i s
Z w i t h  ~~~~~~~ .1 e

t A  Z w i t h  ~.( l  )=~~
— t - A  — t -~~

(5 .2)

where:  F is the ve ctor of all e r r o r  b i t s  en t e r i n g  int o t h e  set of

LSYN syndrome equat ions  othe r than  the b it e~ ~ to be e s t i m a t e d ;

LEN is  th e  l eng th  of F; 7 is  t he  c u r r e n t  synd rome  v e c t o r  of l e n g t h

= LSYN ; and p is the BSC c ros sove r  p r o b a b i l i t y .  Note t h a t

Eq. (5 . 2 ) is merely the  d e c i S i O n  rule r e su l t i ng  f r o m  cons ide r ing

only the numera to r  of the R OM M A ) ’  p robab i l i ty  in Lq. 4 .14 and

spec ia l i z ing  to a ra te  ~ bi n a r y  caSe •

For the re la t ive ly  shor t  c o n s t r a i n t  l e n g t h  b i n a r y  examp les of

R O M M AP  and SUBMAP decoders  cons idered  here , the f i r s t  step

in imp le me n t a t i o n  is the c r e a t i o n  of the  look —up ta l) le , i . e~ the

mapping f rom syndrome vectors  Z t o  a p ar t  i cu l a  r e r r o r  b i t  e s t i m a t e

In the R O M M A P  case t h i s  mapping  is  done  b~- ( l e t e r m i n i s t i c a h l y

gene ra t ing  all 2 LLN e r r o r  pa t t e  rri s , subs t i t u t i n g  each  m u  t lie r i g ht

hand s ide  of the a p p r o p r i a t e  set of synd  rome e q u a t i o n s  W i t  ii t he  e r r o r

• , LEN
b~t to be estimated set t o  0 and t lien t o  I . For each of the

e r r o r  p a t t e rn s  t h i s  g ive s two s y n d r o m es (equ iva lent  t o  each of t h e
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2 T~~~N 4 I 
overa ll er r o r  patte m s  mapp ing  to  one s y n d r o m e) .  A da t a

s t r u c t u r e  c o n si s t i n g  of a double v e c t o r  of prob ab i  ic s  indexed  by

LSYN
the 2 possible  syndrome ~‘a lue s was  used t o  a c c un m ia t  e

c o n t r i b u t i o n s  to  1~ ( Z/ e~~~~~1 I and l ’ ( 7 / e  ~~ O ) as a ll er r o r  p a t t e r n s

were  proces sed . Once all  error patterns had been proce ssed . the

da ta  s t r u c t u r e  e n t r ie s  are m u l t i pl ied  by p and  1 —p r e s p e ct I v e l y t o

y ield t he t e r m s  of t h e  de c i s i o n  rule (5 . 2 ) , for ea c h  7. By cy c l in g

throug h .tll  / l o c a t i o n s  in t h e  d a t a  St ru c t u r e  t h e  MA I ’  er r or b it

d e c i s i o n  c~~~~ Z )  at each  V can be made based on t liese te r mu s  and

reco rded  in a t h i r d  Ic ‘~ e 1 of I he dat a s t r uc t u r e  to  g ive  a t r i ple v e c t o r .

This  t h i r d  level  is t h e  R O M M A P  l o o k — u p  t ab le  as shown i n  P ig ur e  ~~. 1.

5. 1 . 2 Si gna l  t o  N o i s e  R a t i o

One should note he re  tha t  s ince  t h e  c omi t r ibut  i o n s  t o  t he

P(e~ = I /~~ ) and I ‘(e (1 
~~0 / 7 1 nume r at o r s  are  ha sed on t h e  eros  sover

p r o b a b i l i t y  p of t he  b i n a r y  sy m met r i c  c h a n ne l , it is  n e c e s s a r y  to

cons ider  how t h i s  p s r e l a ted  to  the  s i g n a l  t o  f l O i s e  ( SN R  1 le ve l of t h e

r e c e i v e d  s i g n a l .  For a p a r t i c u l a r 1’, v ect o r  of wel  g u t  ~v ( E )  for  example .

the  c o n t r i b u t i o n  would be

w (E  ) LEN - t i  — w ( l - ’) I I )
p — 1 — p 1 — for  ti m e ’  s ynd rome ~‘iie n = 0 and S — .1

w ( E ) 4  I L E N — w ( E )  ( I )
p — ( 1  —p 1 — for t i m e  s y n d r o m e  when  e

1 — 1 — ~~i i  I

The cross  ~we r p r o h m a i m  i l i l y  ii can he r e l a t e d  h a c k  t o  a si  gn ;m I t o

no i se  r a t i o  a s s u m i n g  add it i ye wh it  e Ga us s i a n  f b i  ~;e ,i mid .i par t  i c mil . m r
I I

~

••

~

-

~

- -

~

-- -
~~~ 

-
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• . . .
• . • . •

L 

~~ 
Pz / c t~~~~

0 j 
~~~

1
~t~~~

1

Address  1st level 2nd le ve l 3rd level
(dcci si on)

• S S .
• S I S

• . p

Figure 5. 1. Trip le Level Data S t ruc ture  fo r  R OM MA P
Creat ion.

118 

j--- •T— 
—--~~~~~~~ - . - - - -—----‘-~~~—------ — ‘- -



_ _ _ _ _ _  - —-~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • - • - - -
~~~~~~~

- - - - •
~~~~~

-
~~~~~~

- - - — - - --—-•-

modulat ion.  Thus any R O M M A P  look-up table has associated wi th  it

a “SNR des ign  value ” c o r r e s p o n d i n g  to the p used in the p robabi l i ty

contr ibut ion computations .

In the case of 180 degree  b i n ar y  phase shi f t  key ing (BPSK)

modula t ion  assumed throughout  th i s work , one can easily re la te

the BSC crossove r probabi l i t y p to SNR level. The addi t ive  white

Gaussian noise causes the r eceived channel symbol level v to have

the conditional d i st r i b u t i o n s  shown in Figure 5. 2 assuming prope r

receive r gain ad jus tment  to provide unit var iance  as noted by

McAdam ~ ~ 1. Note that  in Fig. 5. 2 the mean of the condi t ional

d i s t r i b u t i o n s  is ±~/2E /N * and the c ross-ha tched  area can be used tos O

compute the BSC crossover  probability p.

Thus

2
p $ P(v/0)dv r ~~~~ exp~~~~~~~~~~~~~ O~ dv .

v 0  v 0
(5. 4)

With  x v + ~J2E IN ‘ one hass o

-4-cs

p = $ ~~~ 
exp~~~

i 
dx

x=-FJ2E /N 0

and with  ii x/ \12’on e obt ai n s

p = 
~~~ $ exp~~~~du = 

~ (
~~~

. r~ e~~~~du=~ e r fc (~~~~~~~u= ,JE /i~r “ ~u= .jE /N S 0

(5. 5)

where
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e r f c ( x)  = 

~~~ 
exp~~ dt .

This can also be expressed as

p = ~~ 1-er f(E 5/N 0fl where  e r f ( x )  
~~$ ~~~~~ dt (5. 6)

as noted in Wu ~ i •~ . In the above it should be emphas i zed  that

E ~ average s igna l  ene rgy  per t r ansmi t t ed  bit  ( symbol  ene rgy )

and
N

0 
noise’ power d e n s i t y.

If one des i r e s  p for  BPSK to be expressed  in t e r m s  of the more

conventional E,0 , the uncoded s igna l  ene rgy  per bit for a ra te  R

cod e , the n , using E / N 0 = (E
b

/N
O

IR . the BSC c rossover  probabi l i ty

becomes :

= ?~
t l_ er f ( E

b R / N O )1 ( 5 . 7 )

where R the code rate.

Since all codes actual ly  implemented and compared in th is  work

were rate R = ~~~, both predicted and s imulated data for p robab i l i ty  of

bit e r ror  are plotted in terms of E
5

/N
0 

in db , the t ransmi t ted  symbol

signal to noise rat io .  This is consis tent  w i t h  the approach of othe r

authors (e. g. Helle r ~ l6~ , Schalkwijk and Vin ck  r I  31) who tend to

plot “P versus P . .“ However some cau t ion  must be used in
out in

comparing r esul ts  of othe r work  (e .g .  Helle r and lacobs t I 1 )

where P (equivalent to P he re in)  is plotted in  t e r m s  of E IN
out e b 0
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5. 1. 3 R O M M A P  Probabi l i ty  of Bit  E r r o r

Once the ROMMAP look-up table has been computed , suff ic ient

informat ion 5 available in the aforementioned data s t ructure  to

actually compute a pr obability of e r ro r  for the e r ro r  decis ion . The

set of addresses  [Z ~ of the ROMMAP table can be divided into two

disjoint  subsets:

Z 0 = [the set of all syndrome vectors for which look-up
table ent r ies  

~t A
(Z)=0 1 (5 , 8)

and

= [the set of all syndrome vectors  for which look-up
table entr ies  e~~gZ ) = l l

Thus Z = Z
0 

U Z
1 

and Z
0 r = 0. The ROMMAP decoder operates

by dec id ing:

~~~and (5 ,9 )
= 1 if Z~~Z 1

To determine the probability of making a wrong e r ro r  bit  decis ion

P , it is convenient to def ine :e

~ [probabilit y of making  a wrong  e r ro r  bit dec is ion  when et A Ol

= 
~~ 

P (Z/ e t O) ( 5. 10)

.~~.
E Z 1

and
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~probabi 1ity of making  a wrong  e r r o r  bit d e c i s i o n  when e
t A

ll

= 
~~~ 

P (Z I e t~~~~
l )  ( 5. 11)

Z E Z

Averag ing  ove r both possible value s of e
~~ A 

gives the average

er ror  p robab i l i ty  P :

= P(e t _ A =O)P e , 0 + 

~~~~~~~~~~~ 1 (5 , l 2 t

The quant i t i es  P ( Z/ e t A
01 and P ( Z /e t A 1 appear ing  in (5 . 10)

and (5 . 11) are the same as the quant i t i e s computed in c r e a t i n g  the

ROMMAP look-up table , Thus (5.  10) and (5. 11) can be evaluated for

the par t icular  code and p ar t i cu la r LSYN value by summing ~ ‘er

those data s t ruc ture  addresses  V for wh ich  
~t~~~

Z)
~~

l and e~~~~Z) = O

respectively. Which  Z is in which  subset is a lread y flagged b~ the

0, 1 entrie s at each address  7. Thi s implie s that , for a pa rt icula r

s y s t e m a t i c  b inary  code , the computat ion n e c e s s a r y  for the c rea t ion

of a R O M M A P  table also provides  a theo re t i ca l  value for p robab i l i ty

of decoding e r r o r  P at the des ign  SNR.  For example F i gure  5.4

shows R O M M A P  1’ as computed for  a I’Z=5 code versus d e s i g n  SNR

(lowe r curve).

Since the actual R O M M A P  per fo rmance  can be calculated . the

use of any Chernoff  or Simple’ Bound approach as used in Galla gher

4 t 181 for per formance  pred ic t ion  i s  not w a r r a n t e d .  Indeed whe n one

pursue s eithe r approach it is found that  the same quant i t ies
123 
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P ( Z / e
t A = O)  and P ( Z I e t A~~~ 

are needed for e i the r bound evaluat ion

so one mig ht just  as well compute P direct ly  as desc r ibed  above .

Thus is has been shown tha t  if a look-up table is created for a

ROMMAP decode r , an actual probabi l i t y of bit decoding e r r o r  is

readil y available . However , as noted in Section 4 .4 . the number of

e r ror  vectors  E that  must be considered for the full ROMMAP grows

exponentially with syndrome vector length, LSYN. Thus one is led —

to consider  the SUBMAP look-up table approach and a method of

predict ing or bounding P for SUBMAP decoding.  This bound is

considered in the following sec t ion .

5. 2 SUBMAP Crea t ion  and  p e r f o r m a n c e

Due to the exponential  growth in computa t iona l  complexity w i t h

syndrome ve ctor length for the R O M I \ IA P  decoder , i t  is fea sib le to

use the full R O MM A P  approach only for quite short cons t r a in t  lengths.

Consequently it is worthwhile  to cons ider  c rea t ing  a SUBMAP look-

up table decoder  as discussed in Section 4 .4 . Thi s will be done in

the following sect ions  along wi th  c o n s i d e r a t i o n  of per formance

predic t ion and the re la t ionsh ip  to conventional  feedback decoding .

5. 2 . 1 SUBMA P C r ea t i o n

In computing a SUB MAP look-up table , the same three level

data s t ruc tu re  descr ibed  above for the ROMM AT ’  approach is used.

It is loaded with probabili t y con t r ibu t ions  as before but onl y a

lig htweig ht subset of all possible F’ vectors  is  cons ide red .  Thus
124 
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con t r ibu tions  f rom the subset of E’ vectors have been entered , the

data s t ruc tu re  en t r i e s  at each V address  are P ( Z / e
~ A

1’ P
~

(ZIe
~~~ .

and D ( Z )  = ~~~~~~( Z ) .  The “ : “  is use d to d i f f e r e n t i a t e  these  quan t i t i e s

f rom the co r respond ing  R O M M A P  qua n t i t i e s  s i nce  they  wi l l  be ~“lV

approximately the same. The SUBMAP en t r i e s  wil l  be less than or

equal to the R O M M A P  en t r i e s . That is P ( Z / e
~~ A

) P ( Z I e
t A

) -
~ ~~

where  5 is the d i f f e r ence  due to the neg lected “heavyweig ht” v e c t o r s

If the maximum weig ht of e r r o r  v e c t o r s  (MAX ) in the l ig h tweig ht

subset is increased  toward LEN +l  the SUB MAP and R O M M A P

table s will become iden t i ca l .  Just  how s imila r the p e r f o r m a n c e s

of the two approache s will  be is explained in the fol lowing sec t ion .

For re ference  purposes  the three level SUB MAP da ta  s t r u c t u r e  can

be visua lized as depicted in Figure 5. 3 .

5. 2 .2 A Ti g ht Upper Bound On St T BM AP P e r f o r m a n c e

Since the SUBMAP approach c rea tes  a look-up table by consider-

ing onl y a l ig htwei ght subset of the t otal set of pos s ib le  e r r o r  vec tors ,

the effect on p e r f o r m an c e  of the excluded e r ro r  v e c t o r s  mus t  be

measured or bounded .

Consider  e x p r e s s i n g  the average  e r ro r  p r o b a b i l i t y  
~~e for the

SUBMAP case as follows:
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I
S S I

• Subrnap
Address • : Dec i s ion

L P’
~

( Z/ e t o =O) P
~

( Z / e
t A

= l )  D(Z ) 1
I I l st  level 2nd level 3rd le vel

Fi gure 5.3. Tri ple -level Data Structure for SUB MAP
creation.
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= P ( er r o r/ E ’)P (E ’ 1 = P( e r r o r/E ’)P ( E ’ )

all E ’ a l l  ~“ v e c t o r s
vec to r s  cons ide red  in

SUB MAP

+ P(error!E’)P (E 1)  (5 , 13)

all F’ v e c t o r s
excluded f r o m
SUB MAP

In the second s u m m a t i o n  above , the quant i t y P(e r r o r / R ’ )  � 1 . To

uppe r bound P , set P ( er r o r / E ’ )  1 o~~y in the second t e r m . In

ot her  words  assume a decodir .g  er r o r  is made w i t h  p r o b a b i l i t y  equa l

to one w h e n e v e r  an exc luded  E’ o cc ur s . Thi s yie lds the bound :

P ( e r r o r /P )P (F ? 1 + ( 1)P (E ’)  ( 5. 14)

all E ’ ve ctors  all E ’ vectors
conside red in excluded f r o m
SUBMAP SUB MAP

Now for  n o t a t i o n a l  conven ience  def ine :

( 1 )  D ( Z )  = e
~~~~

Z)  = the SUB M A P  tab le 0 . 1 d e c i s io n  a d d r e s s e d  by Z:

( 2 )  Z ( F~) the syndrome  v e c t o r  w h i c h  co r re sponds  t o  a p a r t i c u l a r

error vector ~~

(3)  ~~
‘ = P (er r or /E’ )P( 1L~) : and (4 )  k ’ = ( 1

all E’ vectors  all Ek ’ectors
considered in excluded f rom
SUBMAP SUB MAP

(5.  15)

Thus
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p � P + p  ( 5 . 16)e skip

Now consider  P. A decis ion mistake can be made in the follow-

ing two ways when an F’ vector  contained in the subset  cons idered  in

der iv ing  the SUBMAP table is present :

( 1)  the er ro r  vector E ’is such that e
~~~~~

l but D ( Z ( E ) )  = 0; or

(2)  the e r ro r  vector E’is Such that e
~ A ° but D ( Z ( E ) )  = 1.

In case ‘1) the contr ibut ion to the sum due to such an E ’h aving

e lj s
t -A

P(error lE ’)P(ET) = P ( D ( Z ( E ’ )) =O ) p ( E ’ )

= ~1-D ( Z (E’))P (E ’) . (5 , 17)

In case ( 2 )  the contribution to the sum due to such an E ’having

e O i s
t -A

P(error/E ’)P(E ’) = P ( D ( Z (E ’ )) = l ) P (E’)

= D(Z(E ’))P(E ’) ( 5 . 18 )

By the previ ously descr ibed method of loading the look-up table

data s tructure:

P~~ Z/e~~~ = l )  = P (E)  and P
~~

( Z/ e
~~ A

= O) = P (F)

al l E ’  in SUB MAP a l l E ’  in SUBMAP
(wi th  e~ _ =l) mapping ( wi t h  et _ ~= O )
to this mapping to thi s Z

(5, 19)
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Therefore ,

~~~ 
(1 ~ D( Z ) ) P 1 -( Z / e ~ 1)  + D( Z) 1’ (Z/ e~~~~ O) ( 5. 20)

alI Z all Z

and P can be e a s i l y  ca lcula ted  f rom the  t h r ee  l evel  SUI~ M A I  ‘ da ta

s t r u c t u r e  e n t r i e s .

Now cons ide r  1 ski p~ 
r h i s is mere l y the probabi l i ty  t ha t  an

e r ro r  vector E ’ occurs  w h i c h  has not been  conside red in c r e a t i n g  ( lie ’

SUBMAP.  Such an e r r o r  vec to r  must  have  weig ht g r e a t e r  t h a n  MAX ,

the m a x i m u m  ~vci  g bt of e r r o r  v e c t o rs  cons ide  red in the SUB MAP.

For n o t a t i o n al  c o n v e n i e n c e  let LNER LEN+ 1 = the  n u m b e r  of b i t s

3 in the overa l l  er r o r  v e c t o r  I - ’  ( i n c l u d i n g  the  bit  to be es t ima ted) .

Also no te  tha t  t h e  p r o l ) ab i l i iV  of h a v in g  p resen t  an e r r o r  v e c t o r

wei ght w of leng th LNER is

( LN E R)  \\ ( 1 ) LN I R  (5 .~~l )

Since all E’ ye’ ci o rs  h a v i n g  ino rc than  MAX ones h av e  been

exc luded ,

LNER MAX
P P(l ’~’) — p. = 1 — p ~c . Z~~)

sk ip  —
all F ’ i MAX 4- 1 I
excluded
f rom SUB M A P

Thus it is a s t r a i g ht f o r w a r d  m a tt e r  to  c ompute hot  h i 5 . 2 0 )  and

(5 • 22)  t ~) y it ’ ld an  uppe r hound on he’ ac tua l P u s in g  t he q u a n t i t i e s

12”
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alread y available f rom the SU B M AP  look-up table computa t ion.

This bound wi l l  be qui te  t i g ht esp ecia l l y at h ig her SNR levels

where  p is small thus  r e d u c i n g  th e  magni tude  of ~~~~~~ Figure 5. 4

shows the t ig ht ness of th i s  uppe r bound as MAX is inc reased  f rom 1

to 5. For the N =5 , LSYN= 6 decoder  case shown , one not ices  that

the bound is looser at low SNR and t i g h te r  at hig h SNR.  Also for

MAX -‘ d - = 4 there  is l i t t le  d i f f e r ence ’  ( 0. 1 db) b etween  them in

theore t ica l  R OM M A I ’  pe r f o r m a n c e  and the uppe r bound on SUB MAP

per fo rmance . However s i n ce  the SUBMAP c r e a t i o n  t a k e s  s i g n i f i c a n t l y

less computat ions than the R O M M A P  approach , i t r ep resen t s  a much

more feasible  way to  gauge pe r fo rmance . Wi th  the proper choice

of a MAX we ig ht c o n s i d e r i n g  the available ’ m in imum dis tance  d of
n-li n

the code , one can closely approach ROMMAI ’  p e r f o r m a n c e  w i t h  a

SUBMAP decoder . The p r ed ic ted  p e r f o r m a n c e  shown by the bounds

in F i g u r e  5. 4 wi l l  be conf i r me d b y s i m u l a t i o n  in Sect ion  5. 5.

5. 2 . 3 Pt ’ r f o rm an c e  Compa ri  son w i t h  C o n v e n t i o n a l  Feedback

The SUB MA I~ look-up table is c rea ted  by c o n s i der i n g  a l ig h t w e i g ht

subset of E’ v e c tor s  s pe c i f i e d  by M A X .  Included in  th is  subset  is  at

least one nii n i m u m  weig ht I’’ y e ’ ct or mapp i n g  to ea cli s ynd rome 7.

Such a s ing le E’ v c c t o r  is  common ly used t o  make the  look-up t ab le

for conven t i ona l  feedback decoders  (see Belie r t l 6 i ) .  Thus , for

comparison purposes , as the t h ree  leve l da ta  s t r u c t u r e  is  loaded to

gene rate the SUB M A P  table • one  can also gene’ ra t e ’  a four th  level  
1 30
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Figure 5.4 Upper Bound on S U B M A P  Per fo rmance
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conta in ing  a “m i n i m u m  wei ght” look-up table obtained by a s s o c i a t i n g

( with each V the e r ro r  b i t  ~~~ found in  a m i n i m u m  weig ht E’ mapping

t o th i s  V. This  was  done in the c rea t ion  of l ook-up  table s for  the

code and LSYN combina t ions  s imula ted  in Sect ion 5. 5 to enable  a

side by side compar i son  of ac tual  SUBMAP v e r s u s  actua l c o n v e n t i o n a l

feedback pe r fo rmance .

The same uppe r bounding a rgumen t s d e s c r i b e d  in Section 5.2 . 2

for the SUBMAP table can be applit ’ d to the m i n i m u m  w e i g ht error

vec tor table ( c o n ven t i o n a l  feedback)  to g i v e  an uppe r bound on the

p er formance  of a decoder u s i n g  t h e  conven t iona l  feedback tab le

without  feedback . Figure ’  5. 5 shows the predicted pe r fo rmance

bound s for both the SUBMAP and convent iona l  m i n i m u m  weight table s

for LSYN = 13 wi th  a N 11 code at a constant SNR level of 2 db

(F /N 0 ). As expe cted , the SUBMAP uppe r bound r e m a i n s  lower

than the m i n i m u m  wei ght I w i th o u t  f e edback)  uppe r bound as MAX is

increased to cons ider  a l a rge r  subset  of l ig h t w e i g ht e r ro r  vec to r s .

Both predic ted  SU B M A P  and m i n i m u m  w e i g ht bounds do not

account for the potential effect of feeding back error e s t i m a t e s  to

cor rec t  syndrome s . These predicted performance bounds give

an uppe r l im i t  on e r r o r  p r o b a b i l i t y  when the resul t s of pr i o r

dec i s i ons  are not cons ider ed .  One thu s  is led to  hope that  employ ing

feedback n-lay improve’ S UB MA P  p e r f o r m a n c e  as it is known f o

improve m i n i m u m  we i g ht p e r f o r m a n c e . The extent to  which  t h i s  is
1 32
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true is shown in Section 5, 5 s imulat ion.

5. 3 P er f o r ma n c e  Imp rov ement  wi th  I n c r ea s i n g  Syndrome Length

In order to demonstrate  the bene f ic ia l  e f f ec t  of us ing  syndrome

lengths greater than one constraint length , predicted SUBMAP

pe r formance  for code s of cons t ra in t  length K = 5 , 7 , and 1 1 were

computed for several  LSYN value s . These predic t ions  are g iven

in Figures 5.6, 5.7, and 5.8 respectively and show how performance

should improve  as the number  of syndrome bi t s  used is increased.

From these  p red ic t ions  one can also observe that , for  a given

LSYN , subs t i tu t ing  a code w i t h  a longe r cons t r a in t  length and mini-

mum dis tance  for a shor ter  cons t r a in t  lengt h code should provide

better per formance . LSYN is the par ameter  that de termine s the size

of the SUBMAP look-up table and thus e f fec t ive l y the complexity of

the decoder.  Thus in a pract ical  des ign  one is led to allow the

permit ted leve l of complexity ( look-up table s ize )  de t e rmine  a

corresponding LSYN value and use a code having a cons t ra in t  length

as near  to th i s  LSYN as possible .

Speci f ica l l y, us ing  a longer  cons t r a in t  length  code (e .  g. N l  1)

provides bet ter  pe r formance than u s i n g  a shor te r  cons t ra in t  lengt h

code (e .g. K = 5)  for the same number of syndrome b i t s  (e .g .  LSYN- 11) .

This is to be expe cted due to the g rea te r  m i n i m u m  d is tance  (d • = 7 )nun

of the N = l l  code’ ve r sus  d , =4 for  the K= 5 code .mi n
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Also plot ted  in F igures  5. 6 and 5 . 7 a re  ext r~~cted Vi t e rb i

decoding result s as published by hle l le r and •lacob s ~l71 for K 5

and K =7 respe ct ive l y. The s ide-b y- s ide  c o m p a r i s o n  of V i t e rb i

decoding wit h SUBMAP decod ing  i n d i c a t e s  the g rea te r  range  of

coding gain achievable  b y th e more com plex Vi terbi  approach.  This

point wi l l  be touched on a g a i n  in Sec t i o n  5.4 whe re a loose lower

bound on SUBMA 1~ pe r fo rmance  i f o r  a f ixed decod ing  delay ~ ) wi ll be

seen to lie above the published V i t erb i  pe r fo rmance .

5.4 A Loose Lower Bound on P r o b a b i l i ty  of Ur r o r

The previ ous sec t ions  have shown that for a give n code and

delay ~ one can achieve improved S U B M A P  p e r f o r m a n c e  by u s i n g

longer syndrome vectors  as shown in Figures  5. 6 t hroug h 5 .8.

It would be useful , when compar ing the subop t imal  SUB MAP decoder

performance with  other decoder approache s to have some lowe r

bound on SUBMAP p r ob a b i l i ty  of e r r o r.  This  would enable one to

state a per formance  improveme nt l imi t  which  even cont inued

effort  at i n c r e a s i n g  the SUB MA 1~ look-up table size would not

ach ieve . A computationa l method of specif y ing  such a lowe r bound

for a give n dela y and code’ can be obtained by examin ing  the

syndrome equa t ion  set . If one hy p o t h e s i z e s  t hat no p r i o r  i n c o r r e c t

e r ro r  est imate s have been made and tha t all p r io r  e s t i m a t e s  have

been fedback , one can examine  t h e  r e s u l t a n t  f i r s t  er r o r  p r o b a b i l i t y

to obtain a bound .
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As an i l l u s t r a t i o n , cons ide r the p rev ious ly  d i s c u s s e d  K = 5 , r ate

sys temat ic  code’ for w h i c h  the f i r s t  six s y n d r o m e  equa t ions  a re :

(2 )  ( 1 )  ( 1)  ( i t  ( 1 )
e 5 + e

~~ 5 + e
~~ ( + t 7  ~ 0 + e

~~ 9

(2)  (1 )  ( 1 )  ( 1 )  ( 1 )
Z~~ 4 e~~ 4 + e 4 e 5 + e

~~ 6 4 0 +

(2)  ( 1 )  ( 1 )  ( 1 )  (1 )
= e

~~ 3 4 e~~~3 
+ e

~~ 4 + e
~~ 5 + 0 +

(2)  (1)  ( 1 )  ( 1)  ( 1 )
e~~ 2 + e

~~ 2 + e
~~ 3 + t’

t 4  
4 0 + e~~ 6

= ~~~~ + e ~~~ + e ~
’
~ + e ~~~ # 0  + e ~~~

(2)  ( 1 )  ( 1)  ( 1 )  (1 )
= e~ + e

~ + e
~~ i 4 e

~ _ 2 + 0 1 e
~ _4 ~~. 2 3 )

Here with  ~ = 5 t he decoder  is now to e s t i m a t e

I f one now cons ide r s  the condi t iona l  p r o b a b i l i t y  of the decoder

making a mis take  in e s t i m a t i n g  e~
’
~ condi t ione d on all p r io r  e st i m a t e s

being bo th c o r r e c t  and c o r r e c t l y  fedback . the  fo l lowing set of

modif ied syndrome equat ions app ly.

(2 )  ( 1 )
+ e

~~ 5

(2)  ( 1 )  ( 1)
Z~~4 

= ~~~~ + e
~~ 4 +

(2.) ( 1 )  ( 1 )  ( 1 )
= ~~~~ + e

~~ 3 + e
~~ 4 + e

~~ 5

(2)  ( 1) ( 1)  ( 1 )
Z~~2 

= e
~~ 2 + e

~~~) + e
~~~ 

+ e
~~ 4 + 0

(2)  ( 1 )  ( 1)  ( 1 )  ( 1 )
Z~~ 1 e~~ 1 + e~~~i 

.
~ c~~ 2 4 e~~ 3 + 0 + e

~~ 5

= e~
Z I  

+ ~~~ 4- ~~~~ + ~~~~ + 0 4 ~~~~ (5 . 24)

I 3 )
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Here the uppe r r i g ht t r i a n g le of e r r o r  b i t s  in (5 . 2 3)  has been re-

moved and the  a s s o c i a te d  s y n d r o me  b i t s  modif ied to cor rec ted  value s

to r e f l e c t  t he  e r r o r  bit r emova l  t h r o u g h feedback .

Faced wi th  the m o d i f i e d  set of syndrome  equa t ions  for  th is

idea lized ond i t i ona l  case , one can comput e a ROMN1 AP or SUBMAP

look-up table ’  as p r ev ious ly  d i s c u s s e d .  Then the c o n d i t i o n a l  prob-

abil i t y of i nco r r ec t l y  e s t i m a t i n g  ~~~~ can be computed exact l y in t he

ROMMA }’ case or bo unded in the SUBMAP case as explained in

Sections 5. l~ 3 and 5. 2 , 2 r e spec t i ve ly . In the R OM MA P  case thi s

ideal ize d p robab i l i t y  of e r r o r  will be a lower bound on R O M N I A P

p e rf o r m a n c e  no matter  how many  a d d i t i o n a l  s y n d r o m e  bi ts  m ig ht be

used.  In the SUBMA P case the idea l i zed  p r o b a b i l i ty  will  be a t i g ht

uppe r bound on the P and b e i n g  a t i g ht upper bound for such an

idea l ized case ~vi 11 be usefu l  as a loose lower b ound to ac tua l

pe r fo rmance.

This SUB MAP lowe r bound has been computed  for  the K = F ’

(A ~5) and N l l  ( A l 0 )  decoder s  and a l so  plotted on Figure  5. 6 and

5. 8 r e spec t ive ly. Since the a s s u mp t i o n  of no p r e vi o us  i n c o r r e c t

e r ro r  es t imates  is qui te  i dea l i z ed , this first error probabilit y lower

bo und is r e l a t i v e ly  loose. Indeed as s h o w n  in l a t e r  simulation

resul t s for  the  K = 5 code in  F igure  5. Q , c o n t i nue d i n c r e a s e s  in

syndrome leng t h with a f ixed  de lay  causes p e r f o r m a n c e  to  t end
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toward  an i m p r o v e m e n t  l i m i t  � I db above the  loose ’ lower h o u n d .

5. 5 S i m u l a t i o n  R e s u l t s

In th i s  s e c t ion  p e r f o r m a n c e  cu rves  f rom M o n t e  C a r l o  simula-

t i o n  for  a n u m b e r  of S U B M A P  de c o d e r  imp l e m e n t a t i o n s  a re  pre-

sen ted .  Fol lowing some p r e l i m i n a r y  exp lana t ion  r e g a r d i n g  sin iula-

t ion method s , ac tu al SUBMAP per fo rmance  r e s u l t s  for  two  s y s tem

atic codes l i s t ed  b y B u s s g a n g  ~l0~ for  c o n s t r a i n t  l eng ths  of K = 5

an d K= l  1 are  g iven .  A l thoug h pr i ma r y  emphas i s  is pl ace d on

SUBMAP decoder  p e r f o r m a n c e , some cases w e r e  s imula ted  in

which the conven t iona l  f eedback  decoding approach (using m i n i m u m

weig ht error  v e c t o r s) as well as the SUBMAP decoder were run

with the same e r r o r  inpu t s  t o  enable a s i d e - b y - s i d e  compar ison  of

the two methods .  The pe r fo rmance  curves  show the improvemen t

possible not  only by us ing  longer c o n s t r a i n t  l ength  codes but also

that  by us ing  more  syndrome bi t s  in the SI T B \ I A P  d e c o d i n g

of a pa r t i cu la r code . Also d i s p la yed is t h e  e x t e n t  of per fo rmance

im provement  ach ievab le  w i t h  no comp lex i ty  i nc r ea se  b y m e r ely

s u b s t i t u t i n g  the S U BN I A P  table for  the c o n v e n t i o n a l  f eedback  l e ok - u p

tables .

5. 5, 1 Method of S i m u l a t i o n

The s i m u l a t i o n  d e s c r i b e d  in the fo l lowing sec t ion  was done in

FO R TRAN on a D i g i t a l  E q u i p m e n t  Corpora t ion  EL 10 t i m e - s h a r i n g
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sys tem ( in  b a t c h  mode)  located at the U n i v e r s i t y of Southern

California . All codes cons ide red  were opt imum ra te  ~ sy st ema t i c

code’s g iven in f lu s s gang  r 191 . Two un i fo rm pseudo- random number

genera tors  (PRN) were  used i n t e r c ha n g e a b l y at  c r i t i c a l  po in ts  to

check the quali t y of the e r r o r  g e n e r a t i o n  process . Appendix B gives

add i t iona l det a i l s  on these  PRN genera tors . To i n s u r e  the s t a t i s t i c a l

va lidi ty of s imu la t i on  result s , e r ro r  bi t  inputs  to the  two syndrome

forme r input po r t s  were :

( 1 ) inde penden t ly genera ted  t h r o u g h  separa te  calls to the PRN

generato r  us ing seeds selected to gua ran tee  no r epe t i t ion

dur ing  10x10
6 

calls to the PRN gene~r at o r ;  an d

(2)  simulated for at least io 6 
e r ro r  b i t s  i~~~ syndrome f o r m e r

input except at higher SNR le vels were  up to 5x10 6 
e r ro r b i t s

per inp~t were simulated . All P po in t s  plo t ted  herein are

based on at least 100 decoding e r r o r s .

The general  opera t ion  of the simulation program consisted

of reading in and s t o r i n g  the ’ appropr ia te  look-up table p rev ious l y

gene ra ted  in accordance  w i t h  S e c t i o n  5 .2- . This look-up  tab le  would

have been created as e i t h e r  a SU h M A P  table or as a min imum

weig ht t ab le  co r re spond ing  t o  th e ’  decoder  type b e i n g  s i m u l a t e d .  The

PRN g e n e r a t o r  then s upp lie d two P RN s  uniforml y dis t r i b u ted  b etween

0 and 1. These were  used t o  c r e a t e  and e~~
’1 e r ro r  b i t  i npu t s
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based on the u S C  c rossover  p r o b a b i l i t y  g iven by the symbol SNR

(F /N 0 ) as spec i f i ed  in  Section 5. 1 .2. The syndrome forme r then

comput ed  the  syndrome bit Z . for input to the  syndrome vector  w h i l e

er r o r  b i tS  were ’ s h i f t e d  along each clock period in an F vec to r ,

These’ t w o  e rr o r  b i t s  were ac tua l ly  inpu t  t o  two pa rallel decoders ,

one decoding  based st r i c t l y on the -’ c u r r e n t  7 with no feedback  of

e r ro r  e s t i m a t e s  and a second us ing  feedback of e r r o r  d e c i s io n s  to

update t h e  syndrome vee ’t or .  Thus actual  pe r fo rmance  for a

part i cu la r look - up table could be s in i u l a t e - d  in  one pass  b o t h  w i t h

and without  feedba ck . T he act  u~i I P for bot Ii decoders  was
C

com puted by c o u n t i n g  the number  of t i m es  d u r i n g  t h e  s i m ul a t i o n  t h a t

I 

-
A ( 1 )  1the e s t i m a t e d  e r r o r  e • did not equal the a c t u a l  e r r o r  b i t

i - A  1 - A

and d i v i d i n g  b y t h e ’  number  of e r r o r  b i t s  p rocessed  ( l u r in g  the

s imulat - i on t h roug h one inpu t  t o  ( l i e  syndrome fo rme’ r.

Since the  opera t ion  of the syndrome  forme’- is  i ndepend en t  of

t he actua l data  t h a t  mi ght  hav - been input t o  t h e  en.~oder , the

above s imula t ion  e-ffe e-t ive lv as Sumes all ze ro  da t a  and t h u s  only

e r ro r  input s e n t e r i n g  the  syndrome f o r mer .

The PRN gen era to r s  use-d we ’r e  s u c h  that , give n a s t a r t i n g

T I  se-e ’d ’’ nu inbe ’ r , the genera to r  would output ( l i e - ’  ide-nt i - i  I st rca m of

PRN s . ‘rh~is it was possible t o  r un  simulations of v a r i o u s  SITB MAP

and convent iona l  feedb ae -k s chei’iie s u s i ng  the  ide ’ n t  ical  i n p u t  er r o r  h i t

st r eams . Th i s  g ive s a more ’ reasonable  co m p a r is o n  of t e c h n i q u e s
14 3
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tha n n o n — i d e n t i c a l  input  s t r e-am s .

5. 5.2 Decoder  P e r f o r ma n c e  for N~~5 Code

The decod ing  of the K~’5 b i n a r y  s y s t e m a ti c  r a t e  -
~ code (Cl

10000 , GZ 11101)  used in previous pe r fo rmance  p r e d i c t i o n  dis-

cus Siofls  was s i ii mlated for both  the SUB M A P  and t h e  conve n ( i o n a l

feedback approaches .  As desc r ibed  in Sec t ion  5 .5 . 1, the  pe r form-

ance of each decoder table was simulated bo th  wi th  and wi thout

feedback . The decoding dela y was fixed at A = ~‘ ( i .e .  es t imate

e~
’
~~) with MAX = 5 in the  table c rea t ion  s tep .  The des ign  SNR was

always 2 db (F /N
0

).

Figure 5~~0 show s s imulat ion resul t s for the  K~ 5 code S U BMAP

decode r w i t h  and wi t h ou t  fe e dback for  LSYN 6 and LSYN = 11 .

Also s i m u l a te d  but not shown was LSYN 15 . Figure ’ ~~• 
‘~ a lso give ’s

computed uppe r bounds and the loose lower  bound for A =5 . It can

be seen t hat the s imula ted  pe r fo rmance  fal ls  ext reme ly close to  the

predic ted  t i g ht uppe r bounds and ~vel l abo~’e th e  loose lower bound .

The’ f u t i l i t y  of i n c r e a s i n g  LS\’ N much be ’yond t w o  c o n s t r a i n t  Ic ngt  ii s

is ac tual ly in d i c a t e d  by what is not plotted s i n c e  both p red i c t ed

pe r fo rmance  and s imulat ion  resu l t s for  LS’i’N 15 fell  so c- lose ’ t o

LSYN 11 bound and r e s u l t s  so as to  make p l o t t i n g  th e m i n f e a s i b l e .

Also e v ide u t  i s  t lie’ ni i  ni ma I improve  inc ut a chic vab Ic 1) V u s i n g

fee-db ac k wi th  t lie SUB MAP decoder. Indeed using feedba c-k in  the

LS YN 11 caSe prod nec d S oniewha t poore r Si niulat ‘d performance .
144 
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Figure 5. 10 shows simula t ion  resu lts for a m i n i m u m  weig ht

look-up table decoder wi th  and without  feedback for the same K=5

code for LSYN~r 6 and LSY N= 11 . Th e improvement due to feedback

is seen to be’ more subs t an t i a l  for the m i n i m u m  wei ght case than for

the SUBMAP case at LSYN=6 . Howeve r at LSYN = 11 feedback appears

to be counterproductive since feedback results for the minimum

wei ght approach pract ical l y coincid e for both LSYN = 6 and LSYN l1 .

Figure 5. 11 combines selected SUB MAP and conventional

feedback r esul ts  on one grap h to show the relative super ior i ty  of the

SUBMAP approach over the minimum wei ght approach . A carefu l

comparison indicates  that the SUBMAP approach eve n without feed-

back slightly outperforms conventional feedback decoding .  However

the absolute pe r fo rmance improvement for the short (K=5) constraint

length code- and LSYN combinat ions considered was roughly u. 2 dii

at lowe r SNR levels.

In summary, althoug h these si mulation result s conf i rm the

accur acy of the predicted SUBMAP performance bound s, they reveal

only a min imal  improvement ove r conven t iona l  feedback decoder

pe r formance . Therefore the following section deals with  SU BMAP

performance for a longer constraint lengt h (Kl 1) code-’.

5. 5 . 3 Decoder Performance for K = l l  Code

The SUBMAP decoding of the K= 1 1 sys t ema t i c  rate -
~ code

specified by
148
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Gi = 10000000000

( 5 .  2 5 )
GZ = 1 1 0 1 1 1 0 0 1 0 0

was simulated both with and without feedback for LSYN = 11 arid

LSYN = 13. A design SNR of 2 db (F /N 0 ) was used wi th  MAX 5

for look-up table creation. The dc-co ding delay was fixed at A = 10

( i . e .  es t im ate e~~~ 0
). Also simulated was decoding us ing  a mini-

mum wei ght approach as used in conventional  feedback .

Figure 5. 12 show s SUBMAP si mulation result s for the K = l  1

code for LSYN = 11 and LSYN = 13. Evident is a sli ght pe rform-

ance improvement  obtained by us ing fe’edback with the SUB MAP

table at both LSYN value s . Shown as solid lines are  the predicted

upper bounds and the loose-’ lowe r bound . Again the accu racy  of

the upper bounds is confirmed.

Fi gure 5. 13 shows simulation r esu l t s  us ing a min imum we ig ht

look-up tab le to demonstrate conventional  feedback per formance  for

the K = 11 code at LSYN = 1 1  and 13. Shown as solid line s are the ’

predicted upper bounds and the loose lowe r bound.  Ev iden t  is the

performance improvement  obtained b y u s ing  feedback .

Figure 5. 14 combine s SUBMAP and convent ional  feedback

result s for LSY N = 11  on one grap h to  show the re-la t ive  super ior i ty

of the SUB MAP approach . Th us is evident the pe r fo rman ce

improvement possible wi th  no d e c o d i n g  comple ’xity increase  by

14Q
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me rely subst i tut ing a SUBMAP look-up table for the minimum

weight table’ in a convent ional  feedback decoder.

The statement was made in Section 5. 3 tha t  i t  is b&-tte ’ r to uSe’

a longer const raint length code rather  than merely inc reasing LSYN

for a shorter  cons t ra in t  length code . Thi s fact is shown to be tru e ’

in Figu re 5. 15 where s imula t ion  results for K = 5  ( LSYN 11) and

K = 11 ( LSY N = 1 1)  have been c ompared. It is e v i d -~nt that the K = l l

code is preferable if hardware complexit y equival~- co a size

LSYN 11 • - ‘ -2 = 2 is feasible. The improvement is to be- expected since

the minimum distance of the K=5 c ode was 4 while ’ tha t  of the K 1  1

code was 7. The addi t ional  e r ro r  correct ion capabil i ty exhibits

itself in the steeper slope to the K=l 1 curve of P .
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C h a p t e r  6

C O N CL U S I O N S  A N D  R E C O M M E N D A T I O N S

This investi gation developed in Chapter 3 s e v e r a l  o p t i m a l  M A P

e r r o r  b i t  e s t i m a t i o n  al g o r i t h n l s  f o r  d e c o d i n g  c o n v o l u t i o na l  codes

t r a n s m i t t e d  ove r a b i n a r y  s y m m e t r i c  c h a n n e l .  T h e s e  r ep r e s e n t  a

set of error decoding approaches complementa r v  to  s i mi l a r  tech-

ni que s p r e v i o u s l y used  for  d a t a  e s t i m at i o n .  One a d v a n t a g e  of such

e r r o r  bi t  e s t i m a t i o n  us ing sv ~~d r om e s  is t h a t  the  r e s u l t i n g  pe r form-

ance is i n d e p e n d e n t  of a p r i o r i  d a t a  p r o b a b i l i t ~- . Th us an a rbit ra i- -v

a ctual data source output can be col-u rn un ic a  t e d  re l i ab i  c w i t h o u t

ha ving to p r e p r o c e s s  the d at a  p r io r  to encodi:n ~ iu s t  t o  i n s u re

equ il i ke l y inpu t b i t s .  This  is in c o n t r a s t  to  s t a n d a r d  V i t e r b i  m a x i  -

mum 1ike 1iho~~d sequence  d e c o d i ng  w h i c h  r e q u i r e s  equ i l i k e l y i n p u t

p r o b a b i l i t i e s .  A l s o  in Chapter 3 c o r r e s p o n d i n g  o p t i m a l  M A P  e r r o r

al g o r it h m s  h av e  been d e r i v e d  to  h an d l e  the  more  r e a l i s t i c  ca se  of

e r r o r  decod ing  u n d e r  a r ea l  t ime  or f i n i t e  d e l ay  r e s t r i c t i o n .

D u r i n g  the C h a p te r  4 inv e ’~ti g a t i o n  of imp lementable- R O \ I \ IA P

and SU BMA  P s u b o p t im a l  d e c o d e rs  u s i ng  MA P e r r o r  b i t  C St in~a t i o n

wi th  f i n i t e  d e l a y ,  it  w a s  seen t h a t  c o nv e nt i o n a l  fe e d b a c k  d e c o d i ng  i - ~

a roug h a p p r ox i m a t i o n  to MA P e- r ro r h i t  s t i n l a t i o n .  The r e s u l t s

of s i m u l a t i o n  d i s c u s s e d  in C h ap t e r  5 showed tha t a SU BNL-\ P decode - ’  r

ba sed  on M A P  e s t i m a t i o n  ou tpe r f o r m s  c o n v e n t i o n a l  f ee d b a c k  d e c o d in g
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for  the same comp lexi ty .  Noted also was the f ac t  tha t  feeding  bac k

e r r o r  dec isions in the SUBMA P case does provide addi t iona l improve-

ment.

The complex i ty  pa ramete r for  R O M M A P , S U B MA P , an d con-

- - . LSYN
ventio nal feedback is bas ica l l y the look-up table  s ize (2 ) .  Thus .

based on the s imu lat ion r esu l ts of Cha pt e r  5 , for  a g iven complex i t y

one is inclined to favor  use of a SUBMA P look-up table  ins tead  of a

minimum wei g ht look-up table as used in conventional  feedback

decoders .  One othe r point wor th  ment ioning in thi s connect ion i s

the compara t ive  weights  of the look-up tables , tha t  is the number

of l !s in the table en t r i e s .  In all cases cons idered  he re , the SUBMAP

table a lways  had sig n i f i c a n t l y less  l ’ s than did the minimum wei ght

LSYN -tab le of the same 2 size. For examp le Table 6. 1 show s

c o m p a r a t i v e  wei gh t s  for  the K = 11 s y s t e m a t i c  code a t  LSYN = 11

and 13. This inves t iga t ion  assumed and s imulated read onl y memory

(ROM ) look-up tables  in which the s yndrome vec to r  Z was  conve r t ed

to an a d d r e s s  in a 2 L5Y1’~_ size table where  each a d d r e s s  l oca t i on

conta ins  eithe r a 1 or 0. IVioweve r if an a l t e r n a t i v e  device  such as

one base d on an a s s o c ia t ive memor y were  u sed , the S U B M A P  table

imp lemen ta t ion  would be much simp le r  than tha t  of the m i n i m u m

wei g ht  t ab le .  This is due to the s m a l l er  number  of 1 - a s s o c i a t e d

syndromes  Z ( i . e .  the li gh t e r - w e i g ht t a b l e )  of the SU I 3 M A P  approach

which would r equ i r e  a si g n i f i c a n t l y s m al l e r  a s s o c i a t i v e  m e m o ry
156
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• Desi gn  SNR (F IN in db
Look U ~ r~1l) I(- s o

I S Y N  T a b le  Si~ -e Type 0 1 2 3 4 5 6

S UB M M ~ 117 14-1 14’) 15 1 152 152 152
Ii 204 8 r~ible

M m .  \V t .  61 8 6 18 618 f ’ l S  6 18 o18  1, 18
Table’

St I B M A I  o I~ n 7t  7 Z 4 ~ 724 724~~~~4
1 ~ ~~~ ) ‘  

r~l1)l(-’

~~0O ~~ 0 O 2  ~~~~) 2 ~0 0 2  ~~O ~~~~ 2 100
Table  I L_ L_~~

‘r~ll) le  t , . - Look -up  T a b l e  Wei g h t  ~ f o r  K - 1 1  C ede-  Ex am p le .

d c v i e - e’ . This a ppe ’ar~ to  be an a r e a  w o r t h y of some a d d i t i o n a l  in~-r s t i —

ga t ion  in li g ht  of c o n t i n u i n g  id v a n c e  s in 1 ~S1 c ap a b i l  i t  v .

The s i m ul a t i o n  r e- st i l t g  of  C h ap t e r  5 a l so  d e m o ns t  r a t e d  t h e  a c cu  —

rae y of t h e  ti ght iippe ’ r bound s on ~x’ r f or m a  nec  dc r i v ed  in S e c t  i on  “ . ~~~. ~ .

he i e  b y imp l y ing  t ha t t li e ’ s e- h oun d s  N’ p r e s en t  a ~-a i t ia  hi c (Ic i g ii t oo l

fo r  p r e d i c t  j og a c t  na I decode i pe r fo r m a  nc c - S e c t  ion ~ - con f i r  med

he e xpe-’ Ct  e (I I IU p rove  mc nt  i n  511 l~ NI A P ch’ code r per fo r i n a  iic t - w i t h

i n c re a s i n g  s vn d r o n u ’  v e c t o r  l e n g t h .  Th i s  s e c t  icti  a l so  ~- a l i d i t e d  t h e

r u l e  of t h u m b  t h a t , w i t h  a co inp l e x i t  v limit on SVIi (I 1- t ) l ne  \ - ~~ or  l e n I Z t l i ,

the  SU l N l .-\ l’ d e si g n - r  s h o u l d  SVl ( ’ c t  a c- -ade hiving i s  l ong  a c on st  r a i n t

l e n g t h  IS  po5s ib l~’ w i t h i n  t h i s  sy  n d r o i n e  l e n g t h  or  t i c - s t  S 1 1 1 P \ I \ P

pe r f o r I i I I n c I - .

1~~7



The p r a c t i c a l  ha r d w a r e  l i m i t s  to inc r e a s i n g  look—up t a b l e -  S i ze

is obv ienis l y a m a j o r  lirn i~a t i on  on c on t  inuec i SU I3NI A P pt r f o rm a n c e ’

i m p r o vem e n t .  Thu s  it  is f e l t  th a t f u r t h e r  d e v e l o p m e n t  of the  ( c c l i —

niques  (IC r iv ed  in C hap t e r  3 f or  op t im a l  ( ‘r i -or  bi t  e s t im a t i o n  could

lead to  a n  imp l e m e n t a t io n  s cheme t h a t  would b r id ge the g ap  be (wee  n

the pe rfornianc - of the ’ look_ up t a b l e  a p p r o a c h  of Sli 1INIA I ~(a nd j u d eed

of c o n v e n t  iOna I f e e d b a c k )  and t h a t  of V i t e  rbi  n i ax i r i i un i  I ik e l  ihood

sequence d e c o d i n g .  Brid g ing t h i s  gap  w i t h  such a MA I y r  i-or b i t

e s t i m a t i o n  app roac h based  On 5 vnd r o in e s  would  e - n a b l e  (l(’ c-od( ’ r

pe n o rma  flee to  be in i p t -o v e d  ~-e t s t i l l  m a i n t a i n  pe r f o i- ina nec  in d -p e n d  —

cot  of a pr i o r i inpu t  d a t a  p r o b a h i l i t  t,’ .
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APPENDIX A

V I T E R B I  DECODING WIT h

NONE QUILIKELY I N P U T  SEQUENCES

As s t a t e d  b y V i t e r b i  [14],

for  comp lete l y gene ra l  channel s .  . . if a l l  input  data
are  equa ll y l ikel y, toe decoder  wh i c h  m i n i m iz e s  the
e r r o r  p robab i l i t y  is one which compares  the condi t ion-
al pr o b a b i l i t i e s , a lso ca t t ed  l ikel ihood  func t ions ,
P(1/x~~~) w h e r e  ,~~ is the o v e r a l l  r ece ived  sequence  and
x is one of the ix s s i b l e  t r a n s m i t t e d  sequences , and
decides in favor  of the  max imum.  This is ca l led  a
maximum l ikel ihood decoder .  1 he l ikel ihood f u n c t i o n s
are  g iven or computed f rom the specifications of the
channe l . Genera ll y i t  is more  c o n v e n i e n t  to compare
the q u a n t i t i e s  log P(~~/x~~ 

) ) , ca l led log li kel ihood func-
tions and the r e su l t  is una l t e r ed  s ince the l o g a r i t h m  is
a monotonic  f u n c t i o n  of i ts ( a lways  pos i t ive )  a r g u m e n t .

The impor tan t  point  fo r  the reader  to bear  in mind is tha t V i t e r b i ’ s

exce l len t  d e s c r i p t i o n  of his now famous al g o r i t h m  a pp l ies  onl y to t h e

case of equall y l ikel y input  Se q u e n c e s .

To ana l yze  the case w h e r e  the inpu t  data s equences  a r c  not  equi-

Like l y, a maximum a p o s t e r i o r i  decode r  shou ld  be cons ide r ed .  Ib i s

is one which  c o m p a r e s  the  c o n d i t i o n al  p r o b a b i l i t i es

( m ) ( m)
(rn ) 

P(1/x )P(x
P (x  ‘x ~ P(~~) 

(A .  1)

for  c and ida t e  sequences  fX
(m) ) and dec ides  in f a v o r  of the m a x i m u m .

Now cons ide r  the s p e c i f i c  case of Section 3 . 2 where  a ra te  1 /3

decoding prob lem has been c o n v e r t e d  to a ra te  I /~~ 
encode r and
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channeL wi th  e r r o r  b i t  sequenc e i n p u t s .  This  p rov ides  a good cx-

amp le of what  a d a p t a t i o n  is n e c e s s a ry  for  a V i t e r b i  al g o r i t h m  f o r  a

n o n e q u i l i k eL y i n p u t  case. Thus F i g u r e’  3. 3.b is the  ‘‘ er r o r  encoder ’’

t ha t  w i l t  now be ana l yzed .  Here  d e f i n e  P(e~~ 1) = p and p ( ,~ t )  0)

( l — p )  s ince  t h e  b i n a r y  s y m m e t r i c  c h a n n e l  s t i l l  app lies.  In t h i s  case

Eq. A.  I beco mes

- P ( Z / c ( E ) P ( c ( E ) )
maXLmtze 

{1
c( E ) / Z )  P (Z)  

—

~~~~~~ J (A . 2)

w h e r e  to ob ta in  A. ?. t h e  f o l l o w i ng  s u b s t i tu t i o n s  h a v e  been made:

( 1 )  .i b e c o mes  7 the vector of rec e ’ived s y n d r o m e  b i t s ;

( 2 )  ~
(m) becomes c(E)  one of t he p o s s i b l e  “ t r a n s r n i t t e d ’ ’

sequences ;  and

A(3)  E (e 0, C
1

~~ C~~~~ ) = i npu t  e r r o r  v e c t o r .

Note tha t eac h pos sible  inpu t  e r r o r  v e c t o  i E co r r e sp o n d s  to onl y

one c(E )  j u s t  as  a data  encode- i’ ou tpu t  maps  di i - e c t l y bac k to  one- ’ da ta

input  sequence  in the  more  c o n v e n t i o n a l da ta  en c o d i n g .  Due to  the

b i t — t o — b it  i ndependence  of a l l  e r r o r  b i t s , A.  2 can be r e w r i t t e n  as :

max imize  ove r 
{1 ~lIZ - fl P (z

i
/ c

i
( E ) ) I ’ (c

i ( E ) ) J  ( A .  ~

i he  e l e m e n t s  in Eq. A.  3 a re :
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2)

(1)  Z. “received” syndrome bits at time i;

~~~~~

( 2 )  c . ( E )  = “t r a n s m i t ted”  b i t s  at time i; and

C~~~~~~

( 3) N = l eng th  of the  inpu t  e r r o r  sequence .

Taking l oga r i t hms  y ie lds :

maxim 

{
loe P ( c ( F ) / z )~~~~~~~lo~ ( P(z / c ( P ) ) P ( c ( v ) ) ) j  ( A . 4 )

where  the  sum is ove r  a l t  b r anches  in the  e r ro r en coder -  t r e l l is  p a t h

cor res ponding  to th i s  p a r t i c u l a r  E v e c t o r .

Now define H(a,b) 4 h a m m i n g  d i s t a n c e  be tween  v e c t o r s  a and b.

A L s o  no t e  tha t the P ( c . ( E ) ) is j u s t  the  a p r i o r i  p r o b a b i l i t y  of the  i n p u t

e r r o r  bit fo r  the  c (E)  in q u e s t i o n  ( e i t h e r  p or  i — p  s i n c e  the ‘‘in-

puts ” a r e  cha r a c t e r i z e d  b y the b i n a r y  s y m m e t r i c  channe l  c rosso ’  er

p robab i l i t y  acid t h e r e  is a one - to -one  mapping  f r o m  i n pu t s  to o u t p u t s) .

Hence ,

log P ( c ( E )  / 7 )

N- i  H( Z~, c . ( E) )  no - l I (  7 ., c.( E ) )  ( 1 )  1
~~ log(p ( l -p )  P(e. ) ) I
1= 0  1 (A .S )

7•.,c .(E)) logp f(n
0
-II( 7~~c(~~) )b 0~ ( 1 - p ) 4  to~~P(e~~~)] }

( A .~~ 161
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where n0 = the numbe r of bits in acid c . (E)  (n 0 2 in this specif ic

case) .

Rea r r ang ing y ields:

constant

{ ~ -j  -H( Z~, c~( E)) Log + n0 l o g ( i - p )

+ log P(e
~

)] . (A. 6)

It should be noted that the th i rd  ter m of the summat ion  wi l l  equal

log(p) or L og ( 1-p )  depending on the value of e~~ specif ied by the er-

ror input  vec tor  E being cons idered .  Also , if P(e~~ = 1) = P(e~~ = O)

~ (as would be t r u e  
~~~~ 

if the e r r o r  inputs  were equ i l ikeL y ) ,  Eq.

A. 6 would reduce to the convent iona l  Vi t e rb i  decoding rule:

m a x i m L e

{
~~~~~[ H (z c ( E ) )K + K 1 )  (A . 7)

with K 1 log(-~-~~ ) and K 2 = n 0 log( 1 -p) + log(~t ) .

This would d i r e c t  the  decoder  to select  the  path c (E)  m i n i m i z i n g  the

Hamming d i s t ance  between 7 and c (E) .

On the c o n t r a r y ,  for  the n o n e q u i l i k e t y input  case  u n d er  cons ider-

at ion h e r e , P(eY~ = 1) � P( J.~~ z O ) .  Thus log P(e~~~) mus t  be included

in all computa t ions  aid a modi f i ed  m e t r i c  m u st  be used.  G e n e r a l l y

A. 6 requires  that  for  a maxinnim , the  t r e l t i s  p at t i  wou ld be se lec ted

which  both:

(1)  min imiz es  H ( Z , c ( E ) )  wei g h ted b y tog(~~L2 ); and
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N - i
(2) maximizes log P(E) = ~~ Log P(e~ 

1) ),
1=0

The q u a n t i t y  log P(e ) is e i t he r  tog(p)  or l o g ( l - p ) .  Since 0 ~~~

1 and 0 ~ i -p  ~ 1, this  logar i thm is nonposi t ive .  The least  n e g a t i v e

logar i thm corresponds to e~~~= 0. Thus the max imiza t ion  in A. ~ im-

plies that in select ing E one should “lean ” towa rd an input  sequence

with  min imum weight  whose output  sequence c(E) is c loses t  to the

actual  received syndrome sequence 7.

With the def in i t ion  H(E , 0) h -lamming d is tance  between a candi-

date E and the a l l -zeros  vec to r , A. 6 can be expressed en t i re t y in

te rms of Hamming dis tances .  Neglec t ing  cons tan t  t e rms , the A. 6

rule can be wr i t t en  in an equ iva len t  form as:

/ H(Z , c (E) )  H(E 0)maximize lo ( ~~ — — — P — — (A ‘)
over all c(E) 1 ) H(Z~.E(E))( 1 )

H(E,0)

maximize log I(J.Z2 ‘-~.[H( Z , c ( E ) ) + H ( E , O )]
ove r all c (E)  

~

c ( E ) ) + I I ( E, O) ] log(~~~~~)

cons tan

- . - Opt imum decoding a
I E) [11(7 , c ( E ) )  + FILE , 0)] rule for nonequilikel y l

I — —  i n p u t s .
(A .8 )~
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Thus the decoding rule  for  e r ro r  sequences in this case requires

the se lec t ion  of ~
‘as tha t input e r r o r  sequence which  min imizes  the

Hamming d i s tance  sum g iven  b y A . 8.

Since the Hamming d i s tance  1-l(E , O) is the  same as the H a m m i n g

wei ght of the e r r o r  vec to r  E, the decoding rule for  none nui l ike l y in-

put sequences  can also be w r i t t e n  as:

where  W(E ) is t l~ we ig ht of the e r r o r  vec to r  E.
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A P P E N D I X  13

COMPU ‘rER PROG RA MN4ING CONSIDERATIONS

The ROMMA P and SUBMA P c rea t i on  p rog rams  fo r  the  K 5 and

K 7 codes d i s c u s s e d  in Sec t ion  5 . 1 and 5. 2 were  i n i t i a l l y pro-

gramined  on an  HIM 360 /44  s y s t e m  in F O R T R A N  IV . ihe  n e c e s s a r y

c o n v e r s i o n  f r o m  SNR (E 8 / N 0) to BSC c r o s s o v e r  p robab i l i t y  p was

done as exp la ined  in Sect ion 5. 1. 2 u s i n g  the double  p r e c i s i o n  mathe-

mat ical  f u n c t i o n  D E R F C (x )  [ 30] -

Due to 360 core  l i m i t a t i on s  and o p e r a t i n g  s ys t e m  r e l i a b i l i t y ,  the

maximum syndrome length for which SUBMA P look-up tables could

be crea ted  u s i n g  the 360 was approx imate l y L S Y N =  13 ( r e q u i r i n g

about 2 hou r s  of CPU t ime).  Consequen t l y the  SUBMVA P c r e a t i o n  and

pe r fo rmance  bounding p rograms  were  conve r t ed  to the  K L - l O  1)i ~.~i-

tat Equi p m e n t  C o r p o r a t i o n  s y s t e m  u s i n g  F O R T R A N - 1 0  [31] .  Since

F O R T R A N - b  p r o v i d e s  a v e r y  l imi ted  s e l ec t i on  of m a t h e m a t i c a l

f u n c t ions , the  S NR - t o -p  conve r s ion  was imp l e men t e d  u s i n g  a c a l l e d

s u b r o u t i n e  MERFC f r o m  the IMSL l i b r a r y  of s u b r o u t i n e s  [32]. A

compar i son  of both ERFC f u n c t i o n s  was made to v e r i f y t h a t  no s igni-

f i c a n t  d i f f e r e n c e s  ex is ted  over  the  range of SNR i n v e s t i g a t e d  in t h i s

work.

The s i m u l a t i o n  p r o g r a m s  d e s c r i b e d  in S e c t i on  5. 5 w e r e  a l l  r u n

on the K L - b O  s y s t e m  w h i c h  could  p r a c t i c a L l y su p p o r t  s~’n d r o m c

L e n g t h s  of LYSN 17 ( e q u i v a l e n t  to roug hl y 4 h o u r s  ot CPU t i me~.
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Since s i m u l a t i o n  r e s u l t s  could be s e n s i t i v e  to the  q u a l i t y  of the

pseudo- random n u m b e r  ( P R N )  g e n e r a t o r  used , two d i f f e r e n t  genera-

t o r s  w e r e  imp lemented  and compared.  These were :

( 1 )  GGUB , a sta ndard  s u b r o u t i n e  f r o m  the IMSL l i b r a r y  [ 3 2 ]

and (2 )  REGOL , a PRN s u b r o u t i n e  coded at USC.

It was found tha t  for  the SNR range inves t i ga t ed  (0 to 5 db),  no appre-

ciable d i f f e r e n c e  in s i m u l a t i o n  r e su l t s  was obta ined.  Fi g u r e  B. 1

shows compar i son  r e s u l t s  f o r  REGOL and GGUB for  a typ i cal  ra t e

1 /2  s i m u l a t i o n  wit l i  io 6 ca lls  f o r  each of the two e r r o r  i npu t s .  It can

be seen that  the  s imula t ion  r e su l t s  for  both PRN ’ s co inc ide  except at

the hig her  SNR leve l  of 5 db E / N 0. Thus  in p r a c t i c e. hi g h e r  SNR

level s  (e.  g. , 4 and 5 db) w e r e  s imu la t ed  us ing  g r e a t e r  than 10 6 ca l l s

per input  a lways  i n s u r i n g  100 or more  ac tua ’ e r r o r s  w e r e  c r ea t ed .

For r e f e r e n c e  pu rposes  a b r i e f  d e s c r i p t i o n  of  the  REGOL sub-

r o u t i n e  as imp lemented  b y G. G. Finn and J. M. Smith of USC fo llows .
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F U N C T I O N  REGOL
A U TI 10 R S

G.G. FINN , I M A G E  PROCESS . INST .
J. M. SMITH , I)EPT . ELEC. ENG.
U N I V . SO. CA LIF.

PU RPOSE
G E N E RA ’rES A S T A N D A R D  U N I F O R M L Y  D I S T R I B U T E U
R A N D O M  N U M B E R  ( U N I F O R M  ON (0, 1)).

USAG E
X = R E G O L ( I R )

DESCRIPTIO N OF PA R A M E T E R S
IR - J N P U T .  FOR THE FIRST E N 1 R V Y  THIS VARIA BLE

MUST BE I N I T I A L I Z E D  TO A N Y  ODD I N T E G E R  IN
THE EXCLUSIVE R A N G E  (0 , 34359738368 ) .  UPO N
R E T U R N  IT WILL CONTAIN A NEW ODD I N T E G E R
TO BE USED ON THE NEX T E N T R Y  TO THE SUB-
PROGRA M. T H I S  VAR IA BLE MUST NEVER BE
RE D E F I N E D  BY THE CALLING P R O G R A M ;
OTHERWISE THE SEQUENCE OF R A N D O M  N U M B E R S
WILL BE DISTURBED ,

REGOL - O U T P U T . S T A N D A R D  U N I F O R M L Y  D I S T R I B U T E D
REA L R A N D O M  N U M B E R .

REMA RKS
THIS S U B P R O G R A M  IS SPECIFIC TO THE D E C S Y S TE N I - 1 0
A N D  DECSYSTEM-20  SERIES OF COMPUTERS .

METHOD
THIS SUBPROG RA M REA LIZES THE M U L T I P L I C A T I V E
C O N G R U E N T I A L METHOL (PERIOD 2 *33) USING A MULTI-
PLIER CHOSEN ACCORDING TO THE R E C O M M E N D A TION OF
R E F E R E N C E  1.

R E F E R E N C E
[1] J. H. AHRENS, U. DIETER , A N D  A . GRUBE, COMPUTING ,

VOL. 6, PP. 121 - 138 , 1970.

_  _  
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A P P E N D I X  C

O P T I M A L  F I N I T E  DELA Y DECO DING WI1I- ~N ~ ~ v

In the  o p t i m a l  d e c o d i n g  al g o r i t h m  w hen  A ~ ~ as noted in Chapter

3 Section 3. 3,there is a b r a n c h  f rom Step 1 to Step 4 g i v e n  be low.

Step 4: ( F i n a l  a v e r a g e  and d e c i s i o n )

Fo r  i = 0, 1 calc ul a t e

. . .  ~~~~

t— ~~f l  t

If \ >  A 1. 
‘

~~~~
_

~~~~~~~~~
‘ 
otherwise e

~ 
1.

C o n t i n u e  wi t h Step 5.

For i l l u s t r a t i o n , c o n s i d e r  t = ‘~ + 1. Step 4 y ie ld s

— = = 
sum of al t paths in e r r o r

A
0 

- - 

e 
q(e 1 

O.(2 
~ ~~~ t r e e  wi th e 1 

0, i. e . ,  the
2 lower half tree.

- , 
sum of a l l  pa ths  iii e r r o r

A
1 

- 

~~ 

q ( t 1
- l~ C ( 2 , ~ + l ) 1 - t r e e  w i t h  e 1 1 , i . e . ,  the

2 \ )+l  up per h a l f  Lre e ,

But t h e r e  is a n u m b e r  fo r  each q( c ( 1 ~ +1 )~ 
pat h in  the  e r r o r  t r ee .

Thus Step 4 mere l y r e q u i r e s  the  a d d i n g  t o g e t h e r  o f  t he  q (e ( 1  ~~~) ‘ s

at the end of t h e  a p p r o p r i a t e  h a l f  t r e e s  to make t h e  d e c i s i o n  on

( in  t h i s  case

L. - - 
- 

- - 
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For comp lete ness , Step 5 fo l lowing  Step 4 is g iven below.

Step 5: ( fo l l o w i n g  Step 4 for  case of A

In c rease  t by 1.

Ca lcu la t e

q(e (~ t)~ 
P(e

~
)P( Z

L /e
( L ~~~ t)~ ~~ q(e

( 1 1  t - i)~e1 ~

R e t u r n  to Step 1.

Step 5 would cause  t = ~,+ 1 to beco me t = ‘~~+2 and

q(e (2  ~~+2)~ 
P(e

~~+Z )P( Z \, +Z /e ( Z  ~ +2) ’ ! q(e (1 ~ + i ) ~e,1
-v +12 va lues (average  over e )in th is  set 1

P(e
V ÷Z

)P( Z
~~÷2 /e (Z V +Z )) ~ (e 1 O~~e( 2 ~~~~ 1) ) P(e 1= O ) +

q(e 1 1~ e(2  ~ + l ) ) 1D(e
l 1)

Here  one b ranch  in the  upper  half t r e e  has been added to t h e  cor res-

pond ing  path in the lower  half  t r e e  wi th  each path  w e i g h t e d  by P(e
1

0)

or P(e 1 1). This  r e s u l t s  in a new t r e e  as shown in Fi g u r e  C. 1.

Step 1: ( f o l l o w i n g  Step 5 w h e n  A ~

Set P(e t_ ~~ 
Z ( 1 t) ’ e ( L ~~~ +i t)~ 

= ~ (e (~ _~~, t)~

Go to Step 4 to c o n t i n u e .
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h e r e , w i t h  t v 1- 2 flow, one wou ld  li~~vt - :

P(e2, “( t ,-~~l2)’ 
((3 , ~ 

.4=:

\ ‘l 1
2 v~tlues 2 va l ue s

and t h e  al g~) t - i t I l r n  w ou l d  c o n t i n u e  b~ g o in g  t o  S tep  4 again.
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