
/ *o—Ao o s 651 NO*TH CAROLINA IMIV AT CHAPEl. nzu. ris ~nSAWUNS FROM THE MILTINOMIAt DISTRIBUTION ON A COWuTER. (U)OCT 76 S S FISHNAN NSSDIN 7 IC O 3 O2UNCLASSIFIrD YR—fl—S a

t~I.iiiiiir ~ _ _ _ _ _ _ _ _ _ _



I .0 ~II
_ _ _  

2 2

I .1 ~I20

_________________ I 8

II~H ‘ 25 ~f lfl I.4 ~iuJ~
V



OPERATIONS RESEARCH AND SYSTEMS ANALYSIS

p c-)

I I  
UNIVERSITY OF NORTH CAROLINA

AT CHAPEL HILL

nt~fl

I~I~ ~ll ~I ~I Iffil ~~~~~~~~

IDII~ DllI~l r1IHII IOU r . ’~ ~~
D i b ~tj~~ ~~~~~ ~~~~~

‘:8 •?~~ ) 3i
. TiML~~~. . ~~~~~~~~~~~~~~~~~~~~~~~~~~~



• ,• ,

‘1,

AIIPEI N C FROM THE MULT1NOMIAL DISTR I BUTTON

“~ .~~~George 5 ./F ishma n

(_) — \~.JY1 r~-~ — // J T e ch n i c al  ~
ep&? t

~~ o .)_Z~~ 5
.~
- l~ 78

I I I
“ 1: 

~~

~~ t~ 
•c

~

~i) NOV 29 ~

C u r r i c u l u m  In Op er at  ions  Re sear ch
‘ ••~ ~~~~~~~~~~~~ 

r( . S

and Systems Analy sis * •

~~~~~~

‘

~

Un iversi ty of Nor th Carolina a t Chape l Hill

Thi s rcsea~ cIi .wa~~~itppnr~~~I by the O f t  ice of Nava l Research under

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
Reproduction in whole or In part is permitted for any purpose of
the Uni ted States Government . ) ç 

~~7
(
\~~__I / s,

~
_/

~~~’



I ~~

~~
. 

~~..___ .___
j

Abstract 

1!1

This paper describes algorithms t o  & t t e c t mu ltinomia l samp ling on a

computer in ways that protect the samp ler against an excess computing cost

per sample. Section 2 presents the multinomial model together with an equiv-

alent representation in terms of a series of binomial sampling experiments.

The binomial representa t  ion is f u r t he r discussed in Sect ion 4. Section s 3

and 5 demonst ra te the  dange r of using too simp listic a samp ling scheme if

execu tion  t ime is a concern . Section 6 describes how a normal approximat ion

to the binomial distribution can make execution t ime virtually independent

ot  n .  A c r i t e r i o n  of a c c e p t a b i l i t y  is descr ibed .

Section 7 descr ibes  an accep tance—rejec t ion techn ique that , when used

w i t h  a Poisson samp le , a llows the  des i red  b inomia l  sampling exac tly. Using

a normal  a p p r o x i m a t i o n  to the  Poisson di s t  r i b u t i o n , one can aga in  gen er at e

m u l t i n o m i a l samp les v i r t u a l ly independent  ot n .  A c r i t e r i o n  of a c c e p t a b i l i t y

is descr ibed . The me t hod of Sect ion 7 may app i y w i t h  g iven accu racy  i n  cases

in wh ich  the normal approximat ion t o  the  b inomial d i s t r i b u t i o n  does not app l y .

Section 8 descr ibes  a procedure f o r  binomial sampling based on the inverse

t r an st o r m  method . A l t h o u g h  the  mean execu t ion  L imt’ is proport ional to n , t h e

procedure  is intended for small n. Section 9 describes the  o rder ing  of t h e

serial  binomial experiment s in response to a l t e r n a t i v e  objec t ives. Section 10

describes algorithm M3 which puts a ll  the suggest ions of ea r l i e r  sec t ions

together. The section also describes procedures for reducing the expense ot

testing to see if cost—saving generat ion methods app ly.

~~~ ~J f
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1. In t roduc t ion

Multinomial sampling is an inherent feature of many computer

based simulations. The most notable types of simulation that rely

on this form of sampling have to do with population growth. For

exai~~le,given n individuals in an Initial state 1 one may wish to

determine the numbers that pass to new states 1 ,... ,k in a unit time

period . Here p11 the probability ~t passing to state i ,

may be constant for the tenure of the simulation run or may

change in each unit time period in response to environmental change.

Let X~ denote the number that pass to state 1. Then in a given

year with specified n and p11.. ,p~ , X l , . . ., Xk form a multinomial samp le .

Although this form of sampling is hardly rare , little if any discussion

has appeared in the published literature regarding how to perform this

sampling efficiently on a computer . This paper addresses the problem

of computational efficiency and describes algorithms to effect mult inom ial

sampling in ways that protect the sampler against an excess cost per

sample.

Section 2 presents the multinomial mode l together with an equival ent

representation in terms of a series of binomial sampling experiments.

The binomial representation Is further discussed in Section 4. Sections

3 and 5 demonstrate the danger of using too simpli stic a sampling scheme

if execution time is a concern . Section 6 descrIbes how a norma l approx-

imation to the binomial d i s t ribu t  ion can make execution t ime virtua l Iv

independent of n.  A c r i t e r ion  Is presented there for  d et e rm i n i i~g when

the approximation applies with a specified upper hound on absolu t e  e r r o r .

~ hht _ - ~~~~~~~~~~~~~~~~~ l —r r~~ n.a~~:-— yt-—-- - - 414
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The criterion is in terms of an inequality that easily can be built

into a computer program.

Section 7 describes an acceptance—rejection technique that, when

used with a Poisson sample, allows the desired binomial sampling exactly.

Using a normal approximation to the Poisson distribution , one can again

generate multinomial samples virtually independent of n. A criterion

of acceptability is described . The method of Section 7 may apply with

given accuracy in cases in which the direct approximation of the binomial

distribution does not apply .

Section 8 describes a procedure for binomial sampling based on the

inverse transform method . Although the mean execution time is pro-

portional to n , the procedure is intended for small n for which evidencr

in [ 4 1 indicates its appeal. Section 9 describes the ordering of

the serial binomial experiments in response to alternative objectives .

For example , if one samples in order of decreasing p
1, 

the odds that

the normal approximation in Section 6 applies are enhanced . Section 10

describes algorithm M3 which puts all the suggestions of earlier sections

together . The section also describes procedures for reducing the expense

of testing to see if cost—saving generation methods apply.

2. The Multinomial Model

Consider a series of n independent trials on each of which just

one of k mutually independent events E
1
1..., E

k occurs. The event

Ri occurs with probability p1. Let X1 denote the number of time tha t

occurs. Then the joint probability mass function (p.m.f. ’) of

X — (X 11..., Xk) is

_

~

V _ _

~ 
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k
( 1)  pr (X

1 
x
1 

; I — 1, . . . ,  k) — n!  ff (p
1/n i

:)
I- — ’

k k
O < p 1, O � x ~ i l ,..., k ~ p~~— l  ~ x~~— n .

1—1 1—1

Here X has the multinomlal distribution denoted by M(n, p1,..., ~k~
•

As an example, consider a population of immature female elephants of

the same age in a park preserve in Africa. During a given year each

elephant experiences one of k — 4 events:

E — dies.

E
2 survives and remains immature .

E
3 

— survives and matures.

E
4 

survives, matures and conceives.

Maturity means capable of conceiving. Since these categories are

exhaustive p
1 
+ p

2 
+ p

3 
+ p

4 
1.

Let denote the occurrence of an event other than and let

k
M1 ~ X

i—i j

j,~f

denote the number of trials on which occurs. Here has

probability l—p
~ 

and X
1 and have the joint p .m.f.

n x n—x( 2) pr(X
1 

— x , — n—x) — ~~ 
P~ (l—~~

) x — 0 ,... ,

But (2) indicates that X
1 has the binomial distribution B(n, Pt

).

Suppose that events E1,..., E
1 

occur x11... ~X
j  

times, respectively,

for j < k and def ine

-

~ 

- - —_ _.--~~- - ,~~- - . - - - ---~~~~ ~------- - - -_ - -  
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j
( 3 )  z —~~~ x .j  i—i

Then one can show that

( 4 )  P r (X j +i x I - z)_ ( ) 
~~~~ 

X 

- 

u-X 

~~ 0 , . . . ,  ~~~~~~~

z — x~ q 1 — q1 _1 + p
i— i J J

q0 0 
~~~~~

so that X~~1 
given Z~ — a is from 8(n_zi ~~~~~~~~~~~ 

. As we show

shortly these results play central roles in u*iltinomial sampling.

3. Simple Random Sampling

Let us now recast the problem in the more familiar terms encountered

in discrete event simulation. Suppose that a gives state has a pop-

ulation size n and that each member has a probability p4 of going

to state I for i — 1,..., k. The problem then becomes one of

determining X1, the number of individuals that move from the given

state to state i. More generally one wants to determine

X — (X
1
,... ,

Many methods come to mind for sampling X from M(n, p
1
,..., 

~~
on a computer. The simplest relies on independent random sampling of

the n events. Let U~ be a uniform deviate on (0,1) whose

distribution is denoted by U(O,l). Then algorithm Ml affects the

desired sampling. Here I , (U ) denotes
~q _1 1q ~ 

i
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the jULI i cat or I unction

~~~
•)~~ I ( U )  ~(q. • q ) I

ot herw I s t

A1 5’t ithnt MI

1. 0 1 = 1 k.

.~~. I ~ 1.

3. Sample l’
~ 

t roni U(0.i)

4.  m • 1 (1 ) .
(tl .

~_ i 
q~ 1 1

5. X ‘X  4- 1.
In m

6. I f  I — n del iver X (X 1,. . . , xv ).

7. 1 - - I  i - i .

8. ( o  t~ 3.

l e t 1(B) denote the mean exec ut ion time of alg orithm B. Then

the mean time to samp le X t rom Ml has the form

~(~~l ) a~ + n f ( k  ,p)i where .i
1 

and a , depend on computer and

preg r imming cons ide rat ions and f (k .p ) depends on k and

p = (p
1 

. . p~~) t hrough t he  al gorithm selected I or execut I ng step ~

Procedures T3 and T4 in Fishman 1 5 , Sec. ~.l8 descr the tab 1in ~

alger it hms based on ~a rs ag I ia 9 1 t hat make t k  p ) I ud ependen t ol k

These procedures are high lv efficient t imew i Si’ hut  r e q u i r e  more space

tha n search algorithms such as procedures Ti and T2 in 5. Sec . Q .181

do. Since all these al gorithms fo r  e x e c u t in g  s tep  4 have their greatest

appeal when Is f i x e d  t h r o u g hout  a s i m u l a t i o n , a q u e s tion  r e m a i n s

r e g ar d i ng  t he’! r sul tab i l l  tv for a s !m u i l a t  ion  in  which s tat e  t r a n s i t  ion

prohab t i l t  les change as t i m e  e l ap s e s .  More i m p or t  an t  lv the l i n e a r

~rowt Ii ot I ( M l )  w i t h  n makes MI prohi b it I V&~ lv expensIve I or la r g e
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4. Sequential Binomial Sampling

Among the alternatives to simple random sampling, most rely on

some form of binomial sampling . Algorithm M2 offers a prototype .

Let T(M2, B) denote the mean execut ion t ime for M2 using

Algorithm M2 (n ,~)

1. Z 4 — 0.

2 .  X
1

4 - 0  for  i 1 , . . . , k.

3. 1 ÷ 1.

4. Sample X
1 from 8(n—Z, p1/(i—q 1 1 )).

5. If = n—Z, del iver X
1
,..., X~ .

6. Z •~ Z + X~~.

7. If I = k— i , X.
K 

~- n — Z and deliver X1,..., X~.

8. I ~ 1+1.

9. Go to 4.

Algorithm B (to be described) for sampling from B(N, p). Then

k-i

( 6 )  T(M2 , B) = a1 + a,k + aç E[D(n—Z
1 1

, p .  B)1.
i=l

0 - p11(1 q1_1) I = 1 , . . . ,  k-i

where E[D(N, p, B)] is the mean sampling t ime for algorithm B given

N and p , 21_i is defined in ( 3 ) ,  E is the expectation operator

and a3, a4 and a5 depend on computer and programming considerations.

~ .
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5. Be rnou l l i  T ria l s

Not i ce  tha t  ( s)  a lways has a t e rm p r o p o r t i o n a l  to  k .

However , the f o r m  of dependence on n depend on t h e  se lec ted  b i n o m i a l

samp l i n g  a l g o r i t h m .  Ahrens and D ie t e r  [1 ,2] and Fishman

S , Sec. 9.14 1 desc r ibe  several  a l t e r n a t i v e  a lgor i thms . I f  one uses

independent  Bernou l l i  t r i a l s  to sample X f r o m  8(N , p) as in

a lgo r i t hm BE , one has

( 7~ D(N , p, BE) h
1 

+ b 2 N m m (p .  l -p )  + h
3

N .

A l g o r i t h m  BE (N , p)

1. X~~- 0.

2.  p 4 - p .

3 .  I f  p > 0.5 p ~- i—p .

4. i * 1.

5. Sample U f rom 11(0 , 1).

6 .  I f  U — p. X ~
- X+l .

7. If  I < n , 1 1+1 and go to 6 .

8. If  p < 0.5 deliver X.

9. X • n—X .

10. Deliver X .

The quantities b1, b2 and b
3 

depend on comp ut er and programm in g

considerations. The quantity h
3 

denotes the time spent executing a

trial , regardless of its ou tcome , whereas b
2 

denotes the time spent

incrementing X when a success occurs. Generally h
3 

‘ ‘  h9. Steps

2, 3. 8 and 9 also require explanation . One can e a s i l y  show t h a t  I f

-~~~ ~~~~~~~~~~~~~~~~~ - 
-
— - - - — —-~~~~~~~~~~ — - — - -~~- . - ~~ -— -- -~~~~~~~
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X is from 5(N, p) then N-X is from 8(N , i — p ) .  By u s ing

— m in ( p , l— p ) , the mean number of a d d i t i o n s  in step S is

Np ~- N p .  For example . p = 0.99 g ives  Np = N 0.1 versus

Np — N 0.99.  A l t h o u g h  the  cost of addition is small , nevertheless

the  saving is w o r t h  making .

If  one fo l lows  M2 then the mean t ime to  sample X 1 is

( 8~ E [D ( n — 1 1 1.  p ;,  B E ) 1  b
1

( 1—q ~~~1
) + b

2
n min (p

1
, l—q

1
) + h

3
n(l—q .

1
) .

The poss ib i l i t y  of not execut ing step 4 because n c o n t r i b u t e s

the coefficient l—q~~1 
to b

1
. One now can show tha t

(9) T(M2 , BE) = a 3 - a 5 b 1 f (a , + h
1

)k - a
5 

b
1 ~

+ n a 5 [b 2 ~ min(p1, 1—q 1
) + h

3
( k_ l )p

k 
+ b

3 ~ I p 1 1 .
1=1 i — I

Since the term in n dominates , the Bernoul l i  method also loses appeal

as n increases .

6. Norma l Approx ima t ion

Provided that n is sufficiently large for a given p , one can

tu rn  the large n to a v i r tue  In mul t inomial  sampling.  I t  is a wel l

known result  In s t a t i s t i c s  t h a t  if  X is f r o m  L~(N , p) then

Y — (X—N p ) / i14 p( l—p)  has a d i s t r i b u t i o n  that  converges to the norma l

d i st r i b u t  ion N(0 , l) as N increases. L~’t Y he f rom N ( O , 1~ .

one computes X as~

( 10) X — max Lo , mln(N , ‘~Y/Np( 1-p)  + Np + 0. S~~ ) ]

Algori t hm ~~ describes how to effect this sam pling .

tihe quantity <0> denotes the largest integer in 0.

_ _  
-

-~~~~ - - - --- 
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A~g~rit hrn tIN (~.. p)

1. a Np.

2 . b • • a (I

a • a + 0.05.

4. Sample V from ~(0 ,l ) .

S . x max[0. miu (.’ ,’- Yb + a > ) ] .

h. Deliver X .

~-or iV i n p t lie e r r o r  in t reat i t i ~~ A 55 I i l Io f l h Lt  d ec r ea s es  dS

;~ in c  rca St  S A s  • 
~~s n i t n t I Ii is ~ r r eF ~~~~~~~ • s I u k - s s

~ I i  ] . tie re wi use a re sult iii Makabe [1] that pr~~v I t i cs  a t I gh t 1

s u n  d than V spen  sk v does. Let

(11) x — 1 = y[~~~ + N p — 0 . 5  q 1—p , p < q .

FI , en fo r  Npq -~ 25

(12 )  pr (x x — l )  — pr (Y s y ) j

where

= 
g-p — + 

0 .053 ± 0 . 02 7 ( p - g )  + 0.054 (p-a)~~ + e~~
”5 Npq

6V~~~~~~ 
Npq

Table 1 shows the minimal N r equ i red  to s a t iSfy  (13)

t s r  .~ 0. 01 and 0. 02 . F b i ’ r e s u l t  s were ob t a i n e d  by app l  I cat  I O U  01

he N ew t o n — R i i p hson m e t h o d .  We d i s cu s s  t he  use of ( I  1) in  p r • i t 1 i i i  I i i  h i t  I

10 .

F r  an X g e n e r a t e d  by a l c gr  I t hm  hN , one can sh w that

he mean cx e cu t  ion t ime 01 BN is

(14) D ( N ,p, BN) = b 4 .

if BN is used in step 4 of M2 , one has

( 15) F ( M 2 , BN) a 3 + a4 k + •t ,~h , ( k— l ) .

-- ._._- --  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
—---

~~ t~~~~~~
-- 

- -- 
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TABLE 1.

Minimal N for Satisfying Absolute Error

for Normal Approximation in (13)

= 0.01 = 0.02

0.001 68271 23640
0.002 34056 11801
0.003 22651 7855
0.004 16948 5882
0.005 13527 4698
0. 006 11246 3909
0.007 9616 3345
0.008 8395 2922
0. 009 7444 2594
0.010 6684 2331
0.020 3263 1147
0.030 2123 753
0.040 1554 556
0. 050 

- 
1212 438

0.060 985 360
0.070 823 304
0.080 701 262
0.090 607 230
0.100 532 204
0.150 309 127
0.200 201 100
0.250 140 100
0.300 103 100
0.350 100 100
0.400 100 100
0.450 100 100
0.500 100 100



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Since a l i t t le  work shows tha t

( t b )  u r n  T(M2 ,BN ) \ a
3 

+ + ~~4 ) .
U

ci earl v one can e f I cc t mu It I nomi a I samp ling re I at i v&~ Iv I udependen t i ii

n , provided t h a t  ii is  s u f f i c i e n t  lv l a r ge . The key component  s of

this result are twofold. First lv • t lie conve rgence  of  t h e  b I nom I a I to

the norma l d i st r i h u t  ion i s  a necessary ingr edient. Secondly , t -e

) rid t ’pendence of the cost of norma l sarup i i  ng of the h L ‘oml a I pit rank’ I

in step 4 of RN i s  c r i t i c a l .

If one uses !IN exclus i ve iv in M2 , a set I otis ~‘ rror can in se

in p r a c tic e .  Sinc e successive c a l l s  to R N use a , i i — ~~~ * 
f l — .~ 

it is ent irel y conceivable tha t  (n , 
~~~ 

, ( n —z 1 . . . . . , (u—i 1 . . ~ 
) I or

i < k—i  s a t i s f y  ( 1 2 )  for  a g iven A hu t  (n_z
j+1 , P j +2~~’ 

. . . , (n—i ~1
’ 2

ito not . When t lie constraint on u — z  is not met • i ’I i t ’  need s an a I (  e i n a
1

samp i ing procedure to  d e t e r inin t’ x . The re f O t t ’ • OUt ’ cann ot  r~’ I v Oil

BN to  solve al l  needs. We desc r ibe  a lt e r n at  ives in Sect toni- i  i’ arid

7. Poisson Method

1 i e prob lem one now faces is to f i n d  an e f f i c i e n t  way of sanip i ing

from 8(N * p) when N does not sat is iv a spec if - led A 1 iii (I 2) I or .t

given p. Ahre ’n s and I) Let  e r ~ I J and 1 2 1 and F I shmaii ‘
~ • See . I - - in tl

I -
~ 1 describe a It ‘m at I ye method s ~~t binomial samp ling. Among t hese

the Pot sson met hod in 4 1 and [ I scorns most appeal i ng (or large

N when RN dt es lot  ap p ly .  I t’ t X be a i’ol sson d 1st r I hut ed random

- ~~- ---
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variable with p.m.f.

C — i i  x
J t ’ I ’  0 , 1. .

( I l )  p r (X = x)

I) ot lie nw I i;~’

denoted by P( 1i) . Let U he f r o m  ( 1 ( 0 , 1 ) .  I f

S
1

: X . ~~ N

s2 N ) !  
~N _ X _ .~\~. \ i i ( l — p ) / p

then X is from L~ N , p ) .  Since

p r ( S
2~
S
1
) = I ’ !  / N ! e t’ (1~~~~)

N
\ 

1-N

thc mean number of X ’s from (17) need to f ind an X f rom ~ (N , p)

is

( I 8~ C
N
(b , p) - I / p r ( S 2 J S 1

)p r ( 5 1
) - N!

T h i s  expression Is m i n i m i z e d  b y

( N — N ( l — p )  N(l—p )—--~N(l—p ) ‘

( 19) —

N ( l — p )  + l ) / ( l - - p ’) o t h e r w i se .

See [5 
* 

Sec. 9 .14 1  or [ 
~ 

j .

Now the  proper t i es  of ( 18) a re of semina l Importance. Firstl y ,

1/2(20) u r n  11 ( p ,  p) — l / ( l — p )N

-~ — 
-~~_ ~‘~~~~*L.* L. ~~~~~ - ~~~~~~~~~~~~~~ :— - —
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1 1

Secondly,  Table 2 shows cN (I I *, p)  X (1 — i ) ~~
” f or se l ected  N

and p. The results reveals a virtual insensit ivity of

1 / ”cN (u, p) to N and that cN (lI I p) l / ( l — p )  . T h i r d l y ,  i f

one makes use of the observa t ion  t hat  N — X I s  from L~(N , l- p)

when X is from 5(N , p) , then  one can r ep lace i~ h~

in in (p, l— p ) everywhere in th is  section and use X if p 0.5

and N — X if p 0.5. This third property allows

(2 1) C
N

(IA *, ~
) 1/(l ~~ )~~/2 /7 1.41 ,

where p replaces p in (18).

Now the remaining cost of the Poisson method resides in the

a l g o r i t h m  se lec ted  for Poisson sampling . Ahrens and Dieter L i 1~
and [ 2  1 and Fishman [ 4  1 and [ 5 , Sec. 9.13J describe algorithms

1/2
whose mean execution times are proportional to ( i i *) . Since

1.1* = N — <N ( 1— p ) >  — Np fo r  large N , one can at least reduce

the cost of b inomia l  samp l ing and consequent l y of mu l tinomia l

samp l ing to a fac tor  proport ional  to N h 1’2 . This clearl y improves

on the linear dependence on N in random and Bernoul l i  samp l ing.

In practice , one also can improve on these square roo t me thods

considerab ly by exploiting the limiting behavior  of P ( p ) .  I f  N is

from P(ii), then (X—1~)/vT has a d i s t r i b u t i o n  tha t converges to

PtJ (0,l) as p increases, The er ror  or approximat ion has been st ud ied

by a numbe r of wr i t e r s , including Cheng ti)  and Hakabe ’ and M or i m u ra

[8]. Here we use the result  of Makabe and Mor imura , who give the tighter

bound . Let x be an in teger and let y s a t i s f y

(22) x = y T~’ + ~
- 0 . 5.

Let Y be f rom ~4(0 ,l)~ Then f or P . 1
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TABLE 2

cN (lJ *,p) /l —

0.0 1 0.10 0.20 0. 10 0.4 0 0.11)

5 0.995 0 .976 0.996 0.976 0.989 0. 98b
10 0.995 0.999 0.998 0. 996 0.99 4 0. 992
15 0.996 0.991 0.999 0.991 0.996 0.995
20 0.996 1.000 0.999 0.998 0 .997 0. 9%
25 0. 996 0.995 0.999 0 .995 0.998 0. 997
30 0.997 1.000 0.999 0.999 0.998 0. 997
35 0.997 0.996 0.999 0.996 0.998 0. 998
40 0.997 1.000 0.999 0.999 0.999 0.998
45 0.997 0.997 1.000 0.997 0.999 0.998
50 0.998 1.000 1.000 0.999 0.999 0 .998
55 0.998 0.998 1.000 0.998 0.999 0.999
60 0.998 1.000 1.000 0.999 0.999 0. 999
65 0.998 0.998 1.000 0.998 0.999 0.999
70 0.999 1.000 1.000 0.999 0.999 0.999
75 0.999 0.998 1.000 0.998 0.999 0.999
80 0 .999 1.000 1.000 1.000 0 . 9 9 9  0 . 9 9 9
85 0.999 0.998 1.000 0.998 0.999 0.999
90 1.000 1 .000 1.000 1 . 0 0 0  0. 999 0.999
95 1.000 0.999 1.000 0.999 0.999 0.99’4

[00 1.000 1.000 1.000 1.000 0.999 0.999
200 1.000 1.000 1.000 1.000 1.000 1.000
300 1.000 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
500 1.000 1.000 1.000 1.000 1 .000  1.000
600 1.000 1.000 1.000 1.000 1 .000  1 . 0 0 0
700 1 .000  1.000 1.000 1.000 1.000 1 . 0 0 0
800 1.000 1.000 1.000 1.000 1.000 1 .000
900 1.000 1.000 1.000 1.000 1.000 1.000
1000 1.000 1.000 1.000 1.000 1.000 1.00(1

-~
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1 i

( 2 1)  Ipr(X . x-l) - pr(Y

( 2  ‘ i \ ., - - - 
I 

- + 0.0544/(1 4 0.1)108/ -
, 

+ 0.2/4 .1/p -
,

+ O .0O65/p + ( 1 + O . S/
~ ~ ~~ 

a

~ ret urn t o  t Ii I i s sue  ol S () t ~~ i t  V lug nut Lppe Is’uu id t i u  t t  i or

o Sect ion 10, when b r i n g i n g  the  a lt er n a t  lye binomial a l g o r i t h m s  t oget her

i~ an omn ibu s imi i t  i nt im i al  samp l i n g  a l g o r i t h m .

A l g o r i t h m  BPN doscribes how t o  effect binomial samp i Lug v i a

the I’o isson met hod u s i n g  th e  norma l approximation . Here i-it Cj ) 19 t e s t s

S and needs explanat Ion. B y w o r k i n g  wi t .  h V — In U , wh i th

is an exponen t ia l  devia te , one t rans forms  S2 to

(23) V — — i n  1! ~ ( ‘ k -  — N + X) in 1 + in [(N—X)~~ — In ( ‘- h - ’ :)

I rom w h i c h  s tep 19 f o l l o w s . Al s o , by using a table of i + 1 en1ree~;

fo r  in ( i ~~) b r  - I t i n t  i ulu l i r ovt ’s e f  I i i t - t f l - v .  l iii ’ t f l o i t  e of  1 i i - . ( f t . - II ’* - i

Steps 10 arnl 16 accoun t f o r  s i t u a t i o n s  iii w h i c h  the  t a b  I vs ar e I u . i dequ .nt  e by

using St i r  1 ing ‘C approx h a t  ion f o r  large factorials. Apart f rom t he t l int ’

spent e xecut ing steps 10 and 16 when their cond it Ions ar c  t r u e , a I got it hm

BPN has mean cxecnition t ime

—- f l-~~~~~ - - - - -— — - - —~~~~~~~~~
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Al gorithm BPN (N, p)

Table : f
1 

0, 
~~~ 

- in j for I - 1 ,..., 1.

~~~~~~~
1. 

~~~~~~~~~~

2. If p > 0.5, ~ # 1—p

3. r ~ - N ( 1  — p).

4. si- <r> .

5. p ** N—s.

6. If r—s > p, 14* + ~(s+1)/(14).

7. 1 ÷ (1/p — 1)14*.

8. •÷ lnl .

9. m ÷<1>

10. If m ~‘ 1—1 , q+ c — m + (m + 0.5) In in and go to 12.

[1 c ’÷ f

12. a*-

13. Sample Y from M(0,1).

14. x ÷ imax( O , <Ya + 14* + 0.5>).

15. W~~- N - X .

16. If W ‘ I — 1, h ÷ c — W + (W + 0.5) . in W and go to 18.

17. h ÷

18. Sample V from E ( 1) .

19. If V ~ (in — W) • — g + h, go to 13.

20. If p ~ 0.5 leliver X.

21. Delive r W. 

. .~~~ . .~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(24) E [D ( N , p, BPN) 1  — b
5 
+ b

6 cN ( f i *, p) — b
5 + b6

/ / m ax (p ,  l— p).

The n M2 w i th  n , p 1, .. .,  
~k and using BPN has mean t ime

(25)  T(M2 , BPN) — a3 
+ a4k + a5 [b 5 

~~: 

( 1 -

+ b6 
~ 

[(1 - q 1 1
) /m ax(p 1 , 1 - q f l h/2]

~ a3 
+ a

4
k + a

5 
(b
5 
+ v~~ b6

)(k-1)

8. Inverse Transform Method

There remains the issue of how to sample from the binomial

dist r ibut ion when nei ther  the norma l approximation of Section 6 nor

the Pois son method of Section 7 applies. Timing experiments in 4 1

revealed that the inverse transform sampling method deserved serious

H cons idera t ion  when N~ < 15. in fac t , i t  was the least t ime consuming

fo r most (N , p) combina t ions  examined when compared w i t h  th ree

a l te r n a t i ve  a l g or i t h m s . A l t h o u g h one may j u s t i f i a b l y  consider u s i n g

the best al gorithm for each (N, p) co m h in .i t i on ,  choosing t h e  inverse’

t r a n s f o r m  method for  a l l  N ~ < 15 a l lows  for  a simp l i c i ty  of use fo r

what L 4 ,  Table 2 J  shows to be a r e l a t i v e ly modest increase in com—

putlnp time .

Let X be a discrete random variable with

pr (X = x) 8 t. — t + sx x x—l x

0 ‘- s ‘z j — 0 = 0,1 
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Let l be a random variable from (1(0 ,1) .  Since

pr(t 1 
I’ t )  — x — 0 , 1 . . . ,

one can determine X as

-N — mm (x I ‘- = 0,1,...)

Fo r N f rom 8(N , p) one has

• — 
.~N — 

N -  x 
______

‘ 
~x+i ’5 x ~ + i i —

Algor i thm B1 [4] describe s the steps need to sample X from

8(N , p) using the inverse transfo rm method . Here mean execution t ime

A1gor it t~~ 61 ( N p )

A , B , C , D are double precisi on .

1. q ÷ p.

2 .  I f  p > 0.5 q ÷ I — p.

3. s ÷ 1  — q.

4. A ÷ 1.

5. B ,- q/s.

6. Ci- (N + l)B.

7. D ÷A .

8. X ÷ 0 .

9. Sample U from U(0, 1).

10. V I. u,5N.

11. If V A go to 16.

12. X +  X + l .
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13. 11 *- D ( C / X  — B ) .

14. A i  A + D .

15. I f  X N go to i i .

16. if p -
~
. 0.5 go to 1+3 .

17. Deliver X.

18. Del iver  N — X .

has the form

( 2 h)  D (N , p ,  H i )  h , + h
8 N m m (p, 1 — p).

Then M2 w i t h  ii . p~ . . . p~ and u s i n g  g j . has meaii execution  t i m e ’

T(M2 , Bl) a
3 + a,k + 8~ {b7 

~ 
(i-q

1~~1
) + h~ n 

~ 

into (n
i .

9 . Order ‘°.& the Sta tes  fo r  Execut  ton

As the previous sect ions show , viewing m u l t i nom i a l  sampl ing  as a

sequence o f b i nomia l  samp ling experimen ts enables one to take advant  i~~e

ol u s  , when it  applies , then BPN When it  a p p l i e s  and f i na l iv Bf

when N mm (p. 1 — p) is r e 1.1 t lye 1 
~‘ s m a l l  . In  p rae t I C e ’ , one’ w a n t  t .‘ i ui i t ~~~t ’

add i t  to n a l e’ t Ile I ency by t houg li  t l u l l  v clioos log  t h e ’ order  in wii I cli st ~ i t  es

i — 1 ,..., k are sampled. Let

— i ’’~~’ 
0 k I • I k

I.

_  
~~~- - - - - ~~~~~
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denote a vector of Integers such that j . 
~ 

j
~ 

for I ~ t and

1 , t — 1 ,..., k. Here each j1 
can assume values 1 through k hut

no two j ‘ s can be’ equa l  . ‘rh ’ oh ~~ t i ye now is ( c i  p ick 1 in an o~ 1 i i n i . i  I

way wi th  regard to a specified norm.

Let us f i r s t  concen t ra te  on ( 13) . Clear l y ,  the’ large r ~pq is ,

the more likely one is to satisfy a specified .\. Prior to generating

the sample X ,X ,. ..,X • X has variance N p, (I—p4 ) . One inune’-

~i 
i 2 ik -~i ~~ ii

Jiately desirable objective is to choose J so that

(28) NP~~(l—P j ) � N P~~~~ (l_P~~~~ ) i = I,. ..,k — 1.

This follows from the assignment

(29) p
1 

p. i 1 k — I .
i -l i+1

The choice in ( 29) is also compat ib le  w i t h  maximiz ing  the  odds ot

sat i s f y i n g  ( 22) fo r  a specified A .

I f nei ther  RN or BPN app ly,  then one needs to reconsider the ’

arrangement J. Clearly the rule

-

~ 
p1

(30)

p ‘ p 
~ 

p i • l ,..., k — 2

~i+l

improves on (29) by assigning the potent ial [y most costly samp l ing t t i

kth sampling position . Using the juentity ~~~~ — — X
1 

— X — .. . — X
- 1 1 2

avoids this cost. 

- -  - -  - .--—-
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lO. P u t t i ~JL l t A  11 T ge t h t’ r

Since a l t e rna t ive forms of binomial sampling appear at t ractive b r

d i t f e r e n t  (N , p) pairs , one would like a multinomia l sampling p r oce d u r e

for each (N, p) combination encountered. Algorithm M3 does this.

Here \ ‘ and \ “ are er ror  uppe r bounds on (13) and (.~ .‘ r cspt ’c—

t ivelv. The reader should no te  that BN , BNP and BI are called separate’1~’

rather t han  a~ components of one omn ibus binomia l procedure . This torn

is intent iona 1. It reduce’s the amount of test log for choosing among pro—

ce ’d ti res

Al gorithm M3 (N , p, .\ ‘ ,

( .iven c = 1/6 • 2 n

1. Determine  j~ such t h a t  p
1 

� p .  f o r
- i  ~1 1+ 1

I = 1 ,..., k — 1.

2. X
1 ’ O  for i = l  k.

1. j • 1.

4. q ‘ 0.

~: :
7. A 8.

8. m’- ~‘Np ( l  —~~L~
~~~. If m ‘~ S go to 12.

10. If .\ 
~ 

sat isfies cond it ion .\ ‘ , sample f rom

BN (N, p) and go to 21.

11. A ‘ 11.

12 .  rn ‘ •t~ip.

- 
- 

—----- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - -

~~

-

~~~

-—— —  - -

~~~~~
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13. If in 5 go to 15.

14. if A 2 sa t i s f i es  A ” , samp le X,~ f rom BNP(N, p) and

go to 21.

15. A i- 19.

16. r i - j 1.

17. j
~ 

j
~ ÷j, 

for 2. = 1,..., k—I .

18.

19. p i- p
1 

/ (1 - q ) .
i

20. Sample X .  f r om B 1(N , p ) .
J i

21. N~~- N — X 4J i
22. If N = 0, delive r X.

23. If I = k — 1, X. ~ N and deliver K.

24. q ~
- q + p4

d i

25. j i -  1+ 1 .

26. p 4 - p I (l — q) .
i i

27.  Go to A .

The reader will note the less than complete specificat ion of

tests (13) and t21) in steps 10 and 14 respectively. This is

deliberate . One can use these tests or slightly more conservat ive tests

that are considerably more computationally efficient.

For the normality criterion in (13), let

c1 = (q — p)/6/~7

(31)

• 0.053 + 0.027(q — p) + 0.054(q — p)2 c3 = l.i 

—----- ~“ 
-, — — ~~— - — - - -—~~~ 

- .~~~~~..._ ..HH ~‘ -~~~ ~~~~~~
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e
_
~~
.Sm
. In sununary, one can avoid exponentiat ion and square root t ransfor-

mations as follows for A ’ � 0.005913:

a. If Npq < 25 , BN does not app ly.

b. If Npq � 25 and (37) holds , use BN.

A more conservat ive, but more computat ionally e f f ic ien t, test than

the criterion (22) implies is also possible for  approx imating the

Poisson distribution by the normal. Let

h y(h)  = 
(1 

+ ~~)e
21
~

g1 g
2 = 0.0544 g3 

= 0.0108
6~~~

= 0.2743 g5 = 0.0065

For spe cified A” one can write the criterion of interest as

(39) A” � A 2 = L+~~~~+~~~~+~~~.+~~~~÷ y(h)
h h2 h3 h4 h5

If one adopts the lower bound A’ � 0.005913 in (34) for  A” as well ,

then h � 12.1, or equ ivalent ly p � (12.1) 2 = 146.71, guarantees (39).

Consider

(40) h* = min [h: A” � + + y(h)] .

For A” � 0.05913 h* ~~ 3.8. When h � h* one can write (39) equiva— 

- - ‘ -
~~~~~~~~~~~~~~~~~~
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lently as

(41) \Hh4 - ~~~~ im 2 
- g~ - (h) 

2 

-‘

+ g3
h + s. 

- - 

Ii ’

S 111cc 00,,’ m ’aIi show that ‘
~ 
(Ii) ~~ fli000t on i t a  I I v  d o  I- eases t o t  Ii 14 * ,

.m s l i ght ly nb re c o t l se r va t  lye cr i le r  ion than (4 1) is

/ + g.~lt + g
(3 2)  p ( —_ -

— 
~~~ 

— g
4 

— 0.1181

where ‘y ( h ) h 4 = 0. 1181  b r  h = 3 .8

For h ~ h* One’ has (39) e q u i v a l e n t  I v  as

( 3)  ~\ h — g 2 lm — g4 
— y ( h ) b

+ g 3
1m 2 

+ g
5 

1m

5 1 1 1 C C ’

s,  g~(~~~
) \ “ ‘

~ 
-
~~ 

+ - -
~~ + ‘,(l1)

h ’ i~
’-
~

Then ., more c’eimlse rV a  I I ye cr  i t  er I oti ( 11.111 (4 3) I s

~ 
(g~~~~ 

+ g
J

j I  + -
,

— g j  —

- — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 
__

~~~~_ ~~~~~~~~~~~~~~~~~~~ ~ -
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Not icc’ t h a t  (42) and (4’,) do away wit Ii t Ime Ile’ed (I) compti t e’ 5911.1 I t ’

ro ot s and t o  exponent  l a t e .

In sunu~ma ry , one can avoid eXpeimie ’n (I .mt iou and squa re’ root t rai l t o r —

mat ions as fo l lows f o r  3” ‘ 0. 00~9 I 3:

a. if p 146.71 use BPN

b. if (3.8)
2 

= 14.44 p 146.71 and (42) holds , use B1’N .

c. if p 14.44 and (4S) holds , use BPN .

— - -S- - -~ -— ~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -~ _________________ , _
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Acceptance—Rejection Method Normal Approximation
Bernoulli -Sampling Poisson Distribution
Binomial Distribution Sampling
Muj.tjnomial Distribution

20. A BS~~RA CT (Conlfnu. on r•v•r•• aid. If n.c..wy mid ldentf fy by block numb. ,)

This paper describes algorithms to effect multinomial sampling on a
computer in ways that protect the sampler against an excess computing
cost per sample. Section 2 presents the multinomial model togethe r with
an equ ivalen t representat ion in terms of a series of b inomial sampl ing
expe r iments. The binomial representation is f u r t h e r  discussed in Section
4. Sections 3 and 5 demonstrate the danger of using too simplistic a
sampl ing scheme if execution t ime is a concern. Section 6 describes how a
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~~ I~Oflfliu 1 app roximation to the ii inomia I d 1st r thu t ion can make execution t ime
virtually independent of n. A criterion of acceptability is described .

Section 7 describes an acceptance—rejection techn ique that , when used
with a Poisson sample, allows the desired binomial sampling exactly. Using
a normal approximation to the Poisson distribu tion, one can again generate
multinomial samples virtually independent of n. 

- 
A criterion of accept a-

bility is described . The method of Section 7 may apply with given accuracy
in cases in which the norma l approximation to the binomial eli str il iu t ion
does not apply.

-
~~ Section 8 describes a procedure for binomial sampling based on the
inverse transform me thod . Although the mean execution time is pr opor tion al
to n, the procedure is intended for small n. s Section 9 describes the
ordering of the serial binomial experiments in response to alternative
objectives. Section 10 describes algorithm M3 which puts all the sug-
gestions of earlier sections together. The section also describes proce-
dures for reducing the expense of test~~g to see if cost—saving generat ion
methods apply.
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