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Abstr act

Consider an autoregressive—moving average (ARMA) discrete—time

sequence {x
k
} with covariance sequence {R

k
). Equ-irions are given

for the sol ution of the AR coefficients 
~
a
k
}
~ 

in terms of the covariance

2n—1 - nand s u b s e qu c r i t  s olu t i on  fo r  t he  MA cod Ilcients f b k
)
i ~~

terms of the AR ~oe ff icic TtS and the covariances 
~
R
k
}
~~

1 . The results

are der i ved and pre sentei somewha t differentl y than usual to comp lement

the resul ts of (i~ for the synthesis of covariance—in variant dig ital

filters, in the context of spectrum analysis , the results provide a

means of perfo rming ARMA spectrun analysis on data that arise as

samp led data from a rational continuous—time process ( ? ]  . An important

result , orig in al l y derIved in [~~
} , shows t h u t  the •\~~ A s~;ectrum can ~e

obtained without actuall y solving the nonlineor ~actori zat ion ~rrt’lem

for the MA coefficients.
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I. Introduction

Consider a zero—mean wide—sense stationary process x(t) generated

as the output of an nth- order continuous—time filter H (s) excited by

white noise and with covarlance function R ( i ) .  A discrete—time
c

sequence {x
k
}
~ 

wi th covariance sequence {R.K
} is said tO be covariance—

invariant with x(t) if R.K 
= R (t”kT) for k ~

- 0, ±1, ±2 The

sequence {x
k

) may be obtained as the output of an ARMA (n ,n—l) discrete—

tine filter H(z). H(z) is thus said to he covar lan ce-i nvarian t with

}1
~
(s) 111 ,

Covarjar }co—invarjaflt filters arise in a number of contexts , i~ c1uding

signal processin g applications [ii , ARNA spectrum estimation [2~ , and

speech analysis. The problem is to synthesize the discrete—time filter

2n—l11(z) from knowLedge only of the (R
1(IQ 

. When synthesizrng covariance—

invar iant digital filters , the {R,~}~~~
1 ar e chara cte rized by

= R (‘r=kT) with R ( T )  obtained from a given transfer function H (s)
K C C C

as ou t l i ned in ~i] , 121 , or ~1O1 . In s p e c t r u m  and speech a n a l y s i s

applications , the (R
k

n l  are re~ laced by estimate d covariances 2s

discussed in [2~

11 . Some basic_Results for D i s c r e t e — T i m e  Syst enm

Every nth—ord er continu ous—time filt er H (s) has a covariance—

invarIant 11(z) that is AR~ A (n,1— 1 ) [ iJ  , 121 . Therefore , it suffices

to consider transfer functions of the form

- — — - .  ---- 
- —
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b z~~+b z 2
±. . .+b z~~

H(s) ; a~ = 1 (1)
a+a z +.,.+aZ0 1  n

This is the transfer function of an ARNA (n,n—l) discrete—time filter.

It is termed strictly proper because un  11(z) = 0. The filter zH(z)

has the same spectrum as 11(z), but is only proper ; i.e., lim zH(z~ <~~~.z-,~
Considera tion of stric tly proper transfer functions simp lifies the

state—space model of interest to us, so that we assume a transfer function

of the form (1) throughout.

The difference eq uation corresponding to (1) is

n n
X
k 

+ E  a
~
x
k~~ 

= ~~~~ Uk i  
(2)

where {U
k

} and (x
k

} are , respec tively, input and output sequences . The

unit pulse response of 11(z) is (h
k
) where:

0, kcO

b, — S a h 1 k>0
r.. i r~~~t ,

The comp anion form state model for (2) is [4] 
- 

-

x.~ = ‘ V X
k 

; l~~=(1 O... 0)

= 

[~~
ai

_ a
~~

. ._a
nl 

h ’= (h
1
.. .h) (4)

o an (n—l )xl vector of zeros and I an (n—l)x(n—i) identif y ma trix.
In1t 1~~1 cond itions follow from (3) and prime deno tes transpose.

1 ’  •
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The charac teris tic eq uation fo r  ~ is

X + a 0 (5)
1 n—I n

The Cayley—l!amil ton theorem says ~ satisfies its own characteristic

equatio n:

n
S ~~~~ = 0  ; a

0
= 1  (6)

III. Covar iance Results

Now assume {u
k
) is a unit—variance , zero—mean white sequence.

For ~ a stab ili ty ma t r i x , the stead y—s tate covariance of {x
k
)
~ 

is

simply

= (~
kV )  , k = 0 , 1, 2, ... (7)

where (M) denotes the (1,1) element of N. The matrix 
~d 

is the

steady—s tate covariance of the state 4 : V
d 

=

For k > n, we may wri te

E a = (~ k_n ~ a V ) , k > n (8)
m -m mu d l i  —

m=0 ni=O

But from the Cay ley—llamilton theorem , the RI-IS of (8) Is zero.

Therefore ,

n
S a R, = 0  , k > n  (9)m K—rn —

m=0

That is, for covariance lags greater than or equal to n , an ARN1\

(n ,n—l) system “looks pure l y autoregressive .” [2], [51 1 61 , 17] .

LL~~_ _ _  - - -
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An al ternative expression for the covariance sequence {R .K
}
~ 

is

= R_k = Z h h
~~ k k = 0 , 1, 2 , ... (10)

Subst i tu t ion of ( 3) fo r h +k and a modest amount of algebra leads to

the following result:

n n-k
S a R., = ~. h b , k 0, 1, 2 , ... (i i)i mm 1

Fo r k > n this gives the same resul t  as (9 ) .  Note also that  when

b = 0 fo r m > 1 (an AR system), the RHS of (11) is b~~. Thus (11) is

a general set of normal equat ions  tha t  includes the AR normal equat ions

as a special case.

IV . The Moving Ave rage Coef f i c i en t s

To obtain an expression for the MA coefficients (b
k
}
~ 

in terms of

the AR coe f f i c i en ts {a~~}g and the covariances {R
k
1
~~~

1
, m-:e wri te  out

(11) for k = n— i , n—2 , ..., 1, 0, use the result of (3) for hk ,  and

subst i tu te  f rom top to bo t tom . We thus obtai n the f o l l o w i n g  sys te m of

nonlInear equat ions  in the MA c o e f f i c i e n t s  {b k 1~~
:

n-k
S b

z
b
~~ k 

= r
k , k = 0 , 1 , . .. ,  n—I

1=1

n -k— i n
r
k 

= S a S a~ ~~~~~~ (12)
m=O

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -
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The expression for the 
~
r
k
} may alternatively be written

n n
r
k ~ am ~ a

~ ~~~~ 
(13) 1

ui=0 i=0

This is the expression one obtains for the RHS of (12) by proceeding
n-k

directly from (2) to derive an expression for S b ibi+k
. Equations

9.= 1
(12) and (13) are entirely equivalent . The extra terms in (13) vanish

by virtue of the linear dependence established in (9).

There Is a spectral factorization problem imbedded in the

equations of (12). Write

S b~b~÷~ 
— r

k , k = 0, ±1, ±2, ... (14)

with b
~ 

= 0 for ~. < 0 and i > n+1, rk 
= 0 for ki > n , and r

k 
r
k.

n
Note {r

k
} is simp ly the covariance of the residual sequence { S a, Xk .  ~

z=0 
&

Z—transform (14) to obtain

B(z)B(z ’) = S(z) (15)

with
n n

-k -n n-kB( s) = bk z = z S b
k
z

k=l k= 1
( 16)

S(z) 
k=- (n-l) k 

= r
~ 

r
k 

(z~~ + zk)

When the spectrum S(z) is factored for B(z), a polynomial of the

following form Is obtafn’~d

n-i
3 (z) = Kz 11 (z_z

k
) (17)

k= 1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Bu t ( B ( z ) B ( z ’
~~) is a mirror Image polynomial , as the result S(z) = S(z

’1)

shows. Therefore, one may as well use for B(z) the expression of (17)

with 

:1

ar trary number of the Z
k 

rep laced by Z
k
1
~ 

Thus there are

M = 2 different solutions for B(z) and , corr espondingly,  2 differen t

sets of MA coefficients one may choose. The uni que set for which B(s) has

all its zeros inside the unit circle is the minimum phase set. There  may

be other sets, such as the set with all zeros outside the unit circle , that

have more des irable “phase proper ties.”

V. Applica tion to Covariance—Invariant p~ g~ tal Fil ter Desi gfl

The preced ing results are applied to the synthesis of covariance—

invar ian t di gital filters as follows:

(1) Begin with a stable continuous—time transfer function li (s)

and solve for the corresponding covariance function R (r).

See [11 , [2], and ho ] for useful expressions . Set R.K 
R (T=kT).

(2) Write out (9) for k=n , n+l , ..., 2n—l and solve the resulting

Toep litz set of linear equations for the AR parameters [a
k}?.

See [7] and [8] for references to related equ :~t ions and

sof tware for  e f f ic ien tly solving such equations. See [7] for

a more gen era l  d isc ussio n of the r e l a ted “normal equations ’

that arise in autoregressive or l inear prediction of speech .

(3) Solve either (12) or (15) for the MA coefficients {hk? . ii

(12) is solved , then a pol ynom ial 11(z) may be :ormed frc :~ the

{b
k
)
~ 

and factored for it~ roots. Roots lying outside the

unit circle may be refle cted inside to obtain a varie ty of

phase functions , rang in g f rom min imum to maximum phase.

- -
~~~~~~~~~ n - - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ___~~~~~~~~~~~~~ _i_
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r~~ 11~~iS

Consider the power spectrum S
d
(f) corresponding to the filter 11(z):

S
d

( f )  = H(z=e3
2hTfT

)H(z =e~ l 2~~
T
) 

-

E E b b y ej 2
~~~~~

l
~~~

T

= k=l ~~~~ 
k

n j 2 i t ( i — k ) f T  (18)
S S a a ~e
k=0 9.=0

The double sums in the n u m e r a t o r  and d e n o m i n at Or  may he e v a l u a t e d  on

upper and lower triang ular grids to write

ft n—i n—i
S b

k 
+ 2 5 5 b

k
bk+~ 

cos 2~~ fT

s (~) = 
k 1  i 1  k 1  

-

~~ -- ( 19)d n n n n~~
S a2 + 2 5 a cos 2-~k f T  + 2 5 5 a a 

+ 
cos 2 IT

k=0 k 
k=l 

k 
i=1 k=l 

k k

From (12) we may wr ite
n—i

r
0 
+ 2 5 r

~ 
COS 2 r ~~fT

S
d

( f )  = 

2 
n n— i 

— ----—
~~~~~~~~

— (2 0)

S ak + 2 a
k 

cos 2--kIT + 2 S S a
k

a k+ cos 2~~~f T
k~ 0 k=l £=1 k=l  -

This result shows that the ARt-IA spectrum may be found in t e rms  of t h e  A1~
n . ~n—1 -parameters  {a 2 ) 0, and the  r e s i d u a l  c o v a ri a n c e  & r ç~~0 , ~ithout cvcr sHv ng

for the MA coefficients. Thus , a non l inear spectral factori rati on prohle:~:

is solved .

— ------- - -~~ - -- ~~~~~~~~~~~~~ -
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VII. Concl uding Remarks

When the resu l t s  discussed here are used for  spectrum analysis , then

the covariance are replaced everywhere ~.y estimated variables

{~~~}
2n—l 

Gersch [6] has shown that when th.~ order n is known , and cc—

variances are estimated as R
k 

= N ’ S x X
i+k , then the AR coefficients

found from the normal equations are unbiased and consistent. It does not

follow , however , tha t for finite N the AR coefficients will correspond to

a stable filter 11(z). That is, the eq uations of (9) do no t enjoy the n ice

stability property associated with the normal equations

n
S a R = 0  k 1 , 2, ..., n

~~m k-rn
m=O

This defect may not be critical from the point of view of spectren analysis.

If a stable filter is desired , unstable poles of 11(z) may be reflected inside

the unit circle . A more substantial defect is that the estimated residual

seq uence 
~
r
k
} m a y not be a true covar iance  sequence.  This means the

numerator of (20) may be negative for some f. Thus , care must be takc:i

when using (20) to en~;ure that a negative spectrum is not estimated. T h i s

consideration is but a subset  of the more general problem of order det~~rm~ n~~t~ om

in AR and ARMA spectrum e s t i m a t i o n .  A t ho rough  s t u d y of o rde r  d e t e r m i n a t i o n  im

ARMA (n ,n — l )  s p e c t ru m  anal ysis  is r equ i red  b e f o r e  such a n a l ysis  becomes a

wel l  developed  t o o l .  N o n e t h e l e s s , we f ee l  ARMA (n , n — l )  s p e c t r u m  a na l y s i s

is the natural approach when deal ing  w i t h  da ta  tha t  a r i se  as samp l e d  d i t ~i fr

a r a t i o n a l  c o n t i n u o u s — t i m e  p rocess .  The c a l c u l a t i o n s  are  not  m a r k e d l y  more

complicated than for AR (n) spectrum analysis.

See [6] for  a more comp lete list of r e fe rences  to the s t a t i s t i c s

l i t e r a t u r e  dea l ing  w i t h  A RMA t ime s e r i e s .

1
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