
17 AD—A061 973 PC YORK UNIV N Y MAGICTO—PLUID DYNAMICS DIV F/S 20/3
RECOI*IECTION OF MAGNETIC LINES IN AN IDEAl. FLUID. (U)

p APR 70 H GRAD AFOSR—76—2U1
UNCLASSIFKD MF—92 AFOSR—TR—70—1~ 9S NI.

~ _tu 
_ _ _ _ _ _

_ _ _

NP!.! P!T..
_ _ _ _ _ _

l
~I



1.0 i~~
L: L

_____ 

I._ tti~~:U Itll~~L. I~~

I i  ‘
~

IIIII~Hill’ 25 III Vi~ 11111



_
,11 -I ~~~~~~~~ —~~---~- -~

— p I- -

APOSR TR - 7 8 14 9 8 COO-3O77-i52~~

Cou rant Institute of
Mathematical Sciences q iEVEI~~~~~rr~ Magneto-Fluid Dynamics Division

Reconnection of Magnetic Lines

in an ideal Fluid

Harold Grad o C

U.S. Department of Energy
and
Air Force Office of Scientific Research Report

Plasma Physics
April 1978

New York University 
*

Approved for p~ib1.1O r1 *ss ;
di5trtbuttofl un1t~tt.a. U



~~—-- -~-—~ _______________________________
——-——-—-- - 

-~~ -i-zr. :~r~ ~~~~ ~~~~~~

E R R A T U M

“Reconnection of Magnetic Lines in an Ideal Fluid” 
-
.

Harold Grad

p. 34

Acknowledgements

This work was partially supported by the U.S. Department

of Energy, Contract No. EY-76-C—02-3077-000 and the Air Force

Office of Scientific Research, Contract No. 76—2881.

April 1978
Report
Courant Institute of Mathematical Sciences
Magneto-Fluid Dynamics Division
New York University I j

,— . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

i,~ _
~~~~ J~~~~~~~ 

i i2



---— 
~~~~~~~~~

‘
~~~

- -
~~
---——--

UN CLASS IF I ED

New York University

Courartt Institute of Mathematical Sciences

Magneto-Fluid Dynamics Division

6 ,
. 

_ __
MF-9~~ . . Cdd—3p’77-j.52 I
RECONNECTION OF MAGNETIC LINES IN AN IDEAL FLUID~

~~ 
HaroldiGrad 

~
) -—

~~~~~ 

~~~~~ ~~~~

~>
)APr

~~~~~
978 —

A OflIC~ Of SCIE~TIPIC BESF).~ Cø (u SC )

IIOTICI OP .1J~S~~TtAL ro 
~~~~~ and iS - -~~ThiB te~hntO8L ~~~~~~~~~~~~~~ AIR j 9~)— 12 ( l b ) .

approved for pubi- - 
—

.

DLstrib t0
~ 

i~ ~~~~~~~~~ -

Off tooT /~~
) ~~~~~~~~~~~~~~~~~~~~~

U. S. Department of Energy ~~~~~~~~~~~~~~~
Contract No. E Y — 7 6 — c — Ø 2 — 3~~77~~ooo

and

Air Force Office o Research

Contract 
/

L (JNCLASSIFIED -~ .1 .~
— — ,~~~~ ~~~~ 

,.
~~~~ —‘



r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— 1--

Abstract

The rate of reconnection of magnetic lines at an

X—point , also growth of a “tearing ” configuration

have always been related to the presence of

resistivity or other dissipative mechanisms .

These phenomena , exhibiting nonconservation of

magnetic line topology , are shown to occur in an

ideal , nondissipative fluid , thereby violating

beliefs, theorems , and calculations of over a

century (including the mathematically equivalent

questions involving vortex lines in an ideal

fluid)
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I .  INTRODUCTION

There are two distinct ideal models which we consider

in describing magnetic line reconnection or tearing . ~~~~
one , the more important one practically, contains singular

surfaces (usually a separatrix) across which the fluid stdte

is connected by j ump conditions (analogous to discontinuities

at shock surfaces connected by the Hugoniot conditions , or

the more appropriate though less familiar analogy of a

throttling process across a porous plug) . Type two is a

strict solution of some form of the ideal equations of motion

which exhibits mass and flux flow across a separatrix. Type

one (previously described , both general theory1 and numerical

examples2) contradicts results of the kind which relate the

rate of line breaking or the tearing growth rate to the

magnitude of the plasma resistivity , but it does not contra-

dict the basic theoretical concept since (as in a shock)

there may be dissipation hidden in the discontinuity layer.

The significance of an example of type one is that it reverses

cause and effect; instead of the resistivity producing a

certain rate of flow across a separatrix , the rate of flow is

determined by external , globa l boundary conditions and other

constraints , and the resistivity and thickness of the layer

adjust to produce the required reconnection rate .

Type two examples , given in this paper , are at present

more limited ; but they ha ve the additional interest of directly

violating one of the oldest principles o f f luid dynamics and

-
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m~x~in et o f l ui d  dynamics . How could such a s i t ua t i o n  ar i s e~

The answer is very con~non: theorems which app ly  to phys i ca l

s i tua t ions  are ordinarily proved under restrictiv e conditions

which are almost inevitably ignored when the resu l t  is quoted ;

(for examp le , the thermodynamic model of two boxes connected

w i t h  a cap illa ry g ives rise to the s ta tement  that  “ the  e n t r o p y

of the universe is increasing ”]. A l t h ou gh  our exp l i c i t

counterexamples speak for  themselves , we s h a l l  ~iive  a sequence

of out l ined proofs of the invar iance  of t~a - i n et i c  l ines un~.~er

more and more general  condit ions to demons t ra te  the o r i q i n

of the l imit beyond which the resu l t  is no longer v a l i d ;  we

shal l  also give more qenera l c ou nt er e x am p l e s  which , t h ou gh

plausible , are not yet m a t h e m a t i ca l l y  proved .

In a theory of adiabatic processes in ideal MHD 1 , i t  is

natural to include flux conservation as a constraint since

this is a proper ty  of the equa t ions of  m o t ion .  In a complex

topology ( F i q .  1 ) ,  the f l u x  ins ide  each re¼l ion must  be

preserved ( i n  p a r t i c u l a r , no new i s lan d s  can app ear )  . This

cons tra in t  in a complex topology is found  t o  lead t o  the

unacceptable conclusion that  the e x t er n a l  p arameters  (such as

current  in a coil , position of a wal l , e t c .)  cannot be var i e d

at w i l l .  This defect was overcome by in t roduc ing  the ( t y p e

one ) concept of a genera l ized  a d i a bat i c  process 1 in which

the to ta l  f l u x  (sum of three r eqions in F iq .  1) is conserved

ra ther  than  each f l u x  i n d i v i d u a l l y .  The o r ig i na l  iu s t if i c at i on

provided was t ha t ,  upon v a r y i ng  an ex t e r na l  p a r a m e t e r , larot’

cur ren t  concent ra t ions  would appear near  tde sepa rat r ix , 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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violating the nondissipative assumption locally. As in the

theory of shock waves , jump conditions can be specified ,

allowing one to formulate and solve an inherently dissipative

problem without overt reference to the magnitude or even

presence of diss ipation , no less its mechanism (resistivity ,

viscosity, etc.) . This generalized adiabatic concept was

used successful ly  to construct s imulat ion codes 2 ( inc luding

adiabatic creation , growth , and shrinking of islands), and

was further confirmed by later resistive transport codes3

which were sufficiently efficient and accurate to be run with

small resistivity , confirming the localized current layer

(Fig. 2), and confirming that the rate of island growth

(line breaking) in this problem is nonzero in the limit of

small resis tivity.

From the beginning , there was one puzzling fea ture  of

the generalized adiabatic jump conditions as compared to the

Hugoniot conditions in a shock . The purpose of the relaxation

of strict adiabatic constraints was to take into account hidden

dissipation ; but there is a large class of problems in which

there is no net entropy increase , even w ith mixing of plasma

and magnetic flux from two regions into one (e.g. tearing)

or splitting of one region into two (e.g. Doublet). This

conceptual difficulty is resolved in the present paper by an

example ( type two) of a strict solution of the (linearized)

equations of motion of ideal MHD allowini mass and magnetic

flux transfer across a separatrix without intervention of

j ump conditions. In other words , in at least some cases , the

- . ...

.~~~~~~~~~~~~~
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generalized adiabatic solutions appear to be conventional

solutions of the ideal equations of motion (in addition , as

supported by numerical evidence , they are a va lid nonuniform

limit of resistive solutions)

The crucial point which allows transfer of plasma and

flux across a separatrix is that the plasma have an adiabatic

type singularity near the separatrix. Such a flow is not

possible with a conventional separatrix equilibrium . One of

the crucial features of the adiabatic formulation of plasma

equlibrium problems is that instead of giving a pressure

prof i le , p ( ~P ) ,  one specifies an adiabatic prof i le , ~ i ( ~~~~ ) ,  where

p = ~ (~~) [~~‘ (V ) )~ ( 1)

(V( ~~) is the plasma volume wi th in  a surface ~ = const., ~ (V)

is the inverse function). In a “ standard” equil ibrium (with

smooth current prof ile) where ~ ~ r
2 near a hyperbolic critical

poin t and V~ “ r, the volume between a flux surface and the

separatrix behaves like V ~ ~I log c which gives the adiabatically

unacceptable conclusion that ~~ ‘ (V) = 0 (p=O) at the separatrix.

In an adiabatically processed equi librium , the flux contours

will shif t sufficiently to make V ~ ~ and ~~~
‘ (V) nonzero.

This requires i,t’ ‘~v rm , 1 < m < 2, near the X-point , which , in

turn , requires a weak current singularity near the separatrix)

Without referring to adiabatic “processing ” one can see that

a standard separatrix, defined by finite pressure p and dp/d~

is incompatible with  an adiabat ic  separa t r ix  where ~ and d~ /d~p

are f i n i t e . 

~~~~~~~~~~~~~~~~~~~~~~ —~~~ --- ~ -- — — . . - -- .--.~~~~ . --- -
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A standard X-point does not allow transfer of plasma or

flux ; an adiabatic X—point does. This paper would be

logically complete if we merely disp layed the ideal flow

pattern across such an adiabatic type separatrix; but to be

psychologically satisfying we should also show that this

X—point behavior is not ad hoc but arises from a self—consistent,

successful , and exper imentally confirmed adiabatic theory

(and we will indicate how it might also arise , noriadiabatically,

in a nonlinear, noristeady flow).

P
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I I .  CONSERVATION OF FLUX

The classical equation describing conservation of flux is

+ curl (Bxu) 0 , div  B = 0 (2 )

which , for an open surface , S, moving with velocity u, implies

~ f B d S  = 0 ( 3 )

S(t)

Breaking field lines in a vacuum (where (2) is not normally

considered to hold) is trivial. For example , consider the

field between two parallel perfectly conducting plates

through which a perfectly conducting (field excluding) object

moves (Fig. 3) . The complementary example , a perfectly

conducting fluid between two plates through which a nonconducting

object moves (also Fig . 3) is a little more subtle; but some

thought shows that the magnetic line mapping from one plate to

the other is altered by motion of the object. Proofs that

t (2) does imply conservation of flux go back to Helmholtz4 and

Kelvin5 (in the vortex formulation); more recent, magnetically

oriented discussions are in Refs. 6 and 7.

The concept of conservation of flux and of field line

topology is inherently dependen t on the poss ibility of

unambiguously labeling a moving magnetic line (a possibility

which is almost irnbedded in the language used to talk about

magnetic fields) . To exhibit the full generality of these

concepts , independent of whether the equat ions of motion are

dissipative or ideal , macroscopic or mi~ ’ scopic , f lu id

-- . V -~~~- 
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dynamic or magnetic, we consider solenoidal fields B(x)

which are subject only to div B = 0. As a first example

take the s imple tubular domain, Fig . 4. We are given a

smooth field B with the property that through each interior

point of the tube there is a unique magne tic line which

intersects each end surface of the tube (B~ = 0 on S0.

B < 0 on S1, B~ > 0 on S2).

It is an easy matter to introduce coordinates ~~~~~ on

S such that da d6 = B
~ 

dS.8 Extending a and ~ along each

line as a constant, defines ct (x), ~(x) such that

B~~~ci = 0 , B •$  = 0 (4)

also

B = ‘ ( 5 )

and for any surface element,

BdS dadS (6)

First of all , a and 6 are coordinates (4); second they are

flux coordinates (6). The coordinates (a,~~) are not unique ;

any other pair satisfying (5) [which implies (4) and (6)1,

a’ a’ (a,B) , 6’ = B’ (cz ,8) ,  has Jacobian one,

~ 1.

Next consider a one—parameter smooth family of incom-

pressible vector fields B (x,t) (t need not be related to time).

Suppose for each t one chooses a(x) and 6(x) satisfying (5)

such that a(x,t), 8(x,t) are smooth in t. Introducina the 
4

.

two vector fields ~ and u,
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(7)

u = i
~. ( ~

a _ v s v a 1 . ( ~~~~
v a _

~~~~
. vsJ  ( 8)

we verify that

E + u X B = 0 (9)

+ curl E = 0 (10)

+ curl (Bxu) = 0 (11)

÷ u Vct = 0 , ~~~~~ + u V 5  = 0 (12)

There seems to be a large amount of physics hidden in

the variation of an arbitrary incompressible field (which is

not even necessarily a magnetic fieldH 7 The “Maxwell”

equation (10) simply states that E is a vector potential of

the rate of change of B; if the full system of equations

contains Maxwell’ s equations , E differs from the electric

field by a gradient. The magnetic field line velocity, u ,

carries a and 5; we define a (x,t) = const., 5(x,t) = const.

to be a specific line. Since a and 5 are highly nonunique ,

u is also nonunique . If there are fluid equations in the full

system (i.e. in addition to div B = 0), the fluid velocity

will , in general, bear no relation to u in (8) which carrie..

the field lines unless “Ohm ’s law ” (9) governs the true

L 
. _
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Since (a ,B) for a given B are not unique , a and 5 can

depend on t even if B does not. The flow, u, follows the

arbitrary labels (a ,5) which are assigned to the lines (this

is a classical interchange).

The theorem just demonstrated (viz, that in a topologically

simple,moving, incompressible field one can find flux coordi-

nates (ct ,5) carried with a velocity u which satisfies (ll~~j

has the following converse: given two vector fields, u and B ,

which satisfy (11) (and div B = 0), then one can find

coordinates (ct ,5) which satisfy (5) and (12) .~~~

Next we take as our domain the inside of a torus and

assume that a smooth vector field B is given with the property

that a cross cut S can be found such that through each interior

point there is a unique field line which when extended in

either direction intersects the cut (Fig. 5 ) .  This reduces

the problem to the simple domain,Fig. 4,on identifying S1 and

S2 as the two side of S. There remains the question of the

continuation of a and B across the cut. This is not a serious

matter since we are used to multivalued potentials. The

properties of field lines when extended indefinitely in a

torus are usually examined in terms of iterations of the

m apping , a’ = a’ (c*,B), 5’ = 5’(a,B) across the cut, Fig. 5.

However , in a general time varying field (satisfying div B = 0

only), the mapping, a’ = a’ (cz,5,t), 5’ = 5’ ( a , 5 , t) will  also

be time dependent. This is a very unsatisfactory means of

assigning a name to a line . We define that a magnetic line

coordinate system is established when the mapping is independent
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of time . Int roducing the velocity f i e ld  u via ( 8 )  in the cut

domain , we see that  u ’ = u is necessary and s u f f i c i e n t  for

the (a , B )  map to be t ime—independent  ( t h i s  could be taken as
— an independent d e f i n i t i o n  that f ie ld  lines are not being

reconnected) . It is also easi ly shown that , if u is cont in—

uous across the cut, then an initially closed magnetic line

wil l  remain so; a closed magnet ic  su r face  w i l l  pers is t;  an

ergodic l ine wi l l  persist;  the rotat ion number of a magnet ic

line on a surface will be invariant in time .

It is not clear whether  there are physica l  examples of

a nonsingle—valued velocity u across the cut. If u is a

physical velocity [more precisely, if the perpendicular

component of the physical veloci ty  s a t i s f i e s  ( 11) ~~~, then i t

is usually continuous. Across a shock , where the physical

velocity u is discont inuous, the (ct ,5) mapping can be shown

to be t ime—independent  since f l u x  conse rva t ion  is one . 1  the

shock jum p conditions; (note tha t the shock r equ i r e s  a

generalization of the present formulation to allow disc ’ntin-

uous B).

Up to now we have taken smooth f i e l d s  B w i th  no sudden

shifts in direction or singularities (except for the aside

concerning shocks ) • * To continue , consider a two dimensional

field. It can be represented in terms of a sm ile flux

func tion ,

* There has been found an exact  s o lu t i o n  w i t h  i n t e r s e c t i n g

shocks (type one) which reconnects lines; r .  Uam e i r i ,

~~~ private comii~unication.

-4
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B n “ (1 3 )

wher e
4
, + u y 0 (14)

I f  U is required to be finit e , then ~~~~~~~ 0 at every

critical point , vç 0. This means t ha t  the maxima , minim a ,

and separat r ix  va lues  ot  t4, are fixed in time . No islands

can appear , d i sappear , ~row or s h r i n k .  This is t.he tra~1 i —

tional conclusion. 
.

• I t  is possible to a l low u to be unbounded t o  some ex t e n t

and still be physically acceptable. tf ~ is a smooth f u n c t  i on ,

then in the neighborhood of a c r i t  Lo a l  p o i n t , \ ç  = 0 , we have

— ‘
~~ r , V~ ‘ r .  Taking ~~~~~ s 0 at  such .i c r i ti c a l

0

point implies that u ‘ l/ r  wh ich  is not s~iuare inteqral~le. It

we take f i n i t e  k ine t i c  enerqy  to be a v a l i d  r e s t ri ct ~~on on u ,

then , again , we conclude that t i u x  and topoloqy are  s t ri c t 1 ’~

conserved , even when there are critical points , \‘
~~‘ = 0.

For ideal MUD stability , the Laqranq ian virtual displace-

ment, ~~~~, satisfies the same equation as u , v i. . (1.fl . Since

this is a seif—adjoint . formulation with I ,~~~~~~~ dV as norm ,

for  ~ to be an admissible displacement implies that y not he

varied at a critical, point (this is a precaut ion that should be

observed when constructing numerical stability oodes)  -

However , if we allow nonstandard behavior near a cx it i. ’.xl

point , e , g . 4, — ~ ~~ , 1 ‘. m ‘. 2 , V -~~. r m 1 
, t hen ~ / ‘

~ t $ 0

is allowable while still m a i n t a i n i n q  I~~f lj t t ’ k i ne t i c  t ’n er~~y .

We shall return to this p o t ut

-- .-~~~-- . V -~~~~~~~~~ —- V ,-~ -~~~~~
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III. EQUATIONS Oi~ MOTION AND ADIABATIC FORM U LATION

The complete  n o n d iss i pat i v e  f o r m u la t i on  is

+ div (Pu ) — 0

+ u ’ V u )  + Vp J~~B , J = ~~
‘ - cur l  B

• ( 15)

+ u ’V p + ‘)p div U 0

+ cur l  (B~~u )  - 0 , d i v  B 0
S t

The ad iab at  ic sy s t em  has been dot m e d
1 a~. the ahove w th

inertia , ~‘ du , d t  p ( 3u , ‘ .~ t + u V u )  removed :

3 P + dlv (Pu) 0

V p — J”B , 3 -i’—- cur l B

( 16)

+ u . V p + ~ p div u — 0

+‘ cu r l  (B’u) 0 , dir B 0

Th •i s can be obtained hy a fo rma l , “ s low scaling x u which

‘~~: 
.~~t and u ar e  m u lt i p i  t ed  by a s ma l l  paramete r , e n te r s

honioqeneously in  a l l  but  the  momentum t ’~~ua t i on  ( t i  s i s the

• nond ss t pa t ir e  t o r m  of the di a d — l ( o ~j a i i  t t ’ a n s p o rt  t o r m u l a t  ion  )

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,—-- —
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One might expect solutions of (15) to converge t o  those

of (16 )  if , fo r ex aixip le , t he in i t ia l sta te is s t a t i c  and

the constraints 5tre varied slowly. This seems plausible in

a simple topology but  seems to 01 lou an i m m e d i a t e  contra-

dict ion when there is a separatrix — these st at e m e n t s  w i l l

be made more precise.

The or uc i a 1 ana ly t i ca I a ti~ i nume r x ca 1 ~ eat ores e t~ the

adiaba t i c  sys tem (1 6 )  is tha t  u does n ot  “ :~ia i ’oh ” . The

veloc i ty must  so a d j u s t  t h a t  at  ev er y  i n s t a n t  the p ressure ,

• magne t i c  t i e  1.d , and c u r r e n t  (w h i c h  do march )  are  in  s tat i c

pressure  balance , Vp — J~ B.

The or i q in a l  theore t ica l  at t a c k  on ( l t ~i ( more p r ec i s e l y

on a similar r e s i s t ive  mod el)  was to ob t a in  an equat ion for

the ve loc i ty t’ie ld  by d i f f e r e n t i a t i ng  the s t a t i c  e q u i l i b r i u m

w i t h  respect t o  time , then rep lac ing  3p • 
~lt , 3B ,‘~t, ,I J / , d  by

us ing  the r ema in ing  equat ions (descr ibed  in R e t s .  ‘1 and 10

wi th more general  t r anspor t  in R e t .  11) .  A qr e at ly  p r e t e x a h i e

procedure (bo th a n a l y t i c a l l y  and numerica lly) was found t o  be

to e l imina t e  the veloci ty  f i e l d  t r o m  the p r ob l e m . 1’ Our

present  task w i l l  be to r e i n s e r t  the v e l o c i t y  f i e l d ;  i .e .

after solving for the adiabatic evolution of thermodynamic

and magnet ic  f i e ld  q u a n t i t i e s,  to re t race  the steps by w h i c h

u was eliminated .

Assuming that  thore is a f a m i l y  of I l u x  s u r fa c e s  i d e n t i —

f led by a f l u x  f u n c t i o n , ~ , we lot reduce I he volume , V (~~
)

w i t h i n  a s u rt a c e  ~‘ and the i oveust’ funct ion ~ 
( V )  , also p ( V )  ,

p (V) ( i t  is assumed tha t  p — p (ç) is ¼’U U S t  ant en 5i flux st i r  fact ’ ) 



-~~~~~~~~~

—l

— 1 5 —

We also introduce the microcanonical  vo lume average ,

restr ic ted to a f l u x  sur face : for a general func t ion  ,“ ( x ) ,

• 
• ‘4,> 4, dS/~ V V I ,  dS/ ) VV~ 1 ( 17)

I f  ~p ( x , t )  F ( V , t ) is constant on t’ lux surfaces , we f i nd tha t

3F/ 3t  ~~~ / 3 t ’  . (18)

Averaging the mass and energy equations yields

+ ~~~~ = 0 ( 19)

P t + Up ’ 4’ y p U ’ = 0 ( 2 0 )

where

U = ud S  = - u V V ~ 
$ 3 ~V . (2 1)

The average pressure  balance can be pu t  in the t e r m  ot a

second order ordina rv d i f f e r e n ti a l  e q u a t i o n  t e r  ~~\ ‘)  i t i r e  t v i n q

the two p r o f i l e s  p (~~) and I ( . )  (po lo idal  currert w i t h i n  ~ ) and

a 2 ’~2 inductance m a t r i x  L~~1 (V)  wh ich  depends on the qe o m et r i c a l

shape of the f l u x  sur faces  only ( R e t .  1, Appe n d i x )  . A p a r t i a l

consequence of the averaged magne t i c  f i e l d  e qu a t i on  is

• 
~~~~~ 

+ ‘2 L’ ’ c ( t )  . ( 2 2 1

Special iz ing  to two d imensions  (V — a r e a )  , w i t h  no t h i r d

f i e ld  component (B
~ 

= 0 ) ,  leaves (19) and ( 2 0 )  unchanged ;

I: ~ - -—- -~~~~~~~ V - — -V -~~~~~~~~ . ’ ,  -- V
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+ u V tp — c ( t )  ( 2 3 )

becomes the total content of the magnetic field equation ,

and the pressure balance

= — p ’/ tP ’ = — p ( ~’) , = ( 2 4 )

has as i ts average

(K u ’ ’ )  $ = — p ’~~~ ’ ( 2 5 )

where

K ( V )  = VV~~
2
~ = VV~ dS ( 2 6 )

is the on ly relevant  inductance coef f ic ien t  in this  special

case . In t roduc ing  the total mass ,

M — f ~‘ dV , M ’ = ( 2 7 )

and i n t e g r a t i n g  (19 )  , we have

Mt + UM ’ = a ( t )  . ( 2 8 )

The in tegra t ion  constants a ( t )  and c ( t )  are usually set

equa l to zero . Their choice depends on where we f i .x  the

physical ly i r re levant  reference points ~ — 0 and M 0 ( in

the resist ive problem , f i x i n g  ~‘ 0 at a convenient location

usual ly gives a nonzero c ( t ) J .  The choice a = c 0 has the

impor tant conceptual consequence tha t, in virtue of (22) and

(28), M (~p) becomes a time-independent protile (adiabatic

i n v a r i a n t) . By m a n i p u l a t i n g  w i t h  c ( t ) , the f l u x  at  a

s epa rat r i x  can be made to vary  at  w i l l .  Of course , t h i s  does
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not imply line breaking or reconnection . The crucial point

is to change the total flux within a bounded separatrix or

to observe mass flow across the separatrix.

Similarly, from (19) and

+ ( U t P ’ ) ’  = 0 (29)

we observe that

T ( I P )  = d~4/d lP (30)

is an ivariant profile.  Also
It

p/ (~~’) 1 
~(*) (3 1)

E c(~p) = l.1/T
’
~
’ ( 3 2 )

are invariants of the adiabatic equations of motion ; [including

the third field component, B~~i gives rise to the rotat ional

transform as an additional invariant p r o f i l e ] .

El iminating p in favor of ~ in ( 2 4 )  g ives a single

equation which governs the adiabatic evolution of i~ (x ,y , t)

= - ~(~,$ ) r 
- 

~~~
(
~~

I) h l  
~~~ , = d/d~ (33)

This is an unusual equation which has been studied intensively.1’
12 ’13

Just as the nonlinear elliptic PDE ( 2 4 )  allows ~ (x , y )

to be determined , given p (t~) and suitable (elliptic) boundary

data and constraints (e.g. coils), the GDE (33) allows ~(x,y)

to be determined given ~‘(~~) and appropriate (nonelliptic)

da ta) ’ 12 Time variation in an adiabatic fo rmula tion  consists

~
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of successive snapshots taken with the varied boundary data

or constraints ; i.i (iP ) is fixed.

Given a family of adiabatic solutions ~i (x,y,t) and tp (V,t)

depending on the parameter t ,  U is then obtained from

U = 

~~~~~ ‘ (34)

the normal component of u from

= (C — ~~/~ t) / I V t P I (35)

and the parallel component (within an added constant on each
It

l ine) using (31) and

div u = - + u~ V p) (36 )

It is interesting to note that in the Grad—Hogan resistive

theory , from which velocity is eliminated as in the adiabatic

theory, the reinserted velocity field is square integrable

near a separatrix, whereas in the Pf i rsch— Schlüter  resistive

theory it is not .

-ø

V -. 
V V -. V

~’
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IV. CORNER EQUILIBRIA

Consider the two-dimensional equation

— , — l < n < 0 . ( 3 7 )

The parameter \ can be scaled out;  it is s i g n i f i c a n t

primarily through its sign. We look for  a solution in the

sector 0 < 8 < 8 0 with  tjj = O a t  U = 0 and a t U  = U and

adopt the form •

= rm g ( e )  . (38 )
It

For the present, take g > 0 , t4 0 in the sector. Substi-

tution of (38) into (37) yields

2m = i— , 1 m 2 ( j 9 )  
V

g ” + m 2g = \g fl (4 0)

This equation can be integrated ,

= J dg, ’v ( 4 1)

where

v
2 

V~ — m
2
~~
2 

+ .~g
l+n ~ = 2\/(1+n) . (42)

The sector angle is given by

= 2 j dg,’v ( 4 3 )

0

where

L. _ _ _ _ _ _ _ _ _ _ _ _ _  ____________________________ 

V

V 
~~~~~~~~~~~~~~~ 

V 
~~~~~~~~~ A
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2 2 2  1+n
v0 — m g 1

+ ctg
1 

0 (44)

In terms of x = g/g 1,

= m2(g~-g
2) — ~ (g l+fl 

- g l+fl )

2 2  2 
_ _ _ _  

1+n
= in g1[( l- x ) - 

~ 1—n (1 
- X ) ]

m g 1

= ~ I (l -x 2 )~~~
’2 [ l - 8  

l_x l~~~1
h/ 2  

dx , ~ = 
2
~ 2 1-n (45)

1-x (l+n)m g1

The second factor  in the integrand is bounded in 0 < x < 1
It

if ~ < 1, and it is evident tha t is monotone in ~~~. For

3 = 0 ,

= 0
vac 

= iV/m ( 4 6 )

where 0 ac is the sector angle 
for ~~ = 0,  t4~ = r~ sin mt3 .

We have

0 < 0  ,o vac
( 4 7 )

0 > 0  , 3 > 0o vac

Also, 0 0 for large negative ~ and U~ 
can be made arbi t rar i ly

large with ~ positive (~ < 1)

This result is surprisingly general. It can be shown

that in an arbitrary simp le bounded domain (with or withour

corners , Fig. 6) the nonlinear equation (37) subject to ‘4, 0

on the boundary has a unique solution, t4,(x,y ), with sign

opposite to X everywhere in the interior . This seems to 

.T. T . .:: 
~~~~~~ .. r . 1TT~~~~~

- - r.~. • -•
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contradic t the second corner solution above with 00 > 0vac

(~~~~ 
has the same sign as \ ) .  There is no strict  contradiction

since the standard elliptic existence theorem referred to

does not apply to an unbounded sector. To consider just the

relation of the sign of t4, to the sign of A , we employ the

• Green ’s function of the sector (always negative ),

A J G~ !4,~~ dx dy

This implies that the sign of ~ is opposite to that of .\

except that a simple estimate shows that the integral ceases It

to converge for r -
~ when > 0vac thus there is no

contradiction in the unbounded sector.

We see that the large angle solution , ~o > 0vac ’ is not

val id for the neighborhood of a corner in side an island

(cf. Fig . 1). However , there is no reason to discard it in

a nons imple region (e.g. outside the figure-eight in

Fig. 1). The reader can verify that the sign of i~’ can

change in an annulus .

A similar argument gives a somewhat di fferent conclus ion

for bounded current, say toP = 1. It is easy to construct

separatrix solutions of toP = 1 as in Fig. 1. Suppose ip = 0

at the separatrix. The same arguments as above shows that

< 0 inside the figure—eight and clearly ~‘ ‘ 0 outside .

Near the separatrix, the representation

~ ax 2 + ~.(l — a ) y 2 (a < 0 or a > 1)



~-1

—22—

shows that ~P > 0 on the obtuse side . We conclude that the

inner angle of the figure-eight is always acute (for finite

current).

The similar s tatement for the singular current, (37),

is that an inter ior corner of an island is smaller than 0vac
( for the given m or n ) ,  but the exterior angle can be either

V larger or smaller . To make this statement meaning ful , we
V must match the corner solution, 0 < S < to one in the

supplementary corner , 00 < 8 < ~r (using symmetry to obtain

a ful l  neighborhood of the orig in , Fig. 7 ) .

We demand that the vector V~ be continuous , i.e. that

i~ (automatic) and ~~/~n be continuous across a ray on which

= 0. Suppose the solution in 0 < 0 < 00 is fixed. Since

r ’~~~g ’ = rm~~v0 we must take the same exponent m

(and n) in the two sectors; g ’ v0 must have the same magnitude

but change sign (i4 changes sign) and X in the second region

i.iust be adjusted to obtain a sector angle 
~~~~ 

= - To

verify this, we first remark that carrying out the prev ious

calculation with g < 0 is equivalent to changing the sign of

A , i.e. it gives the same formulas ( 4 4 )  and ( 4 5 ) ,  but with g1
replaced by 

~~ 
and j

a = - 2 X / ( l + n )
(48)

= &/m2 j~~1j~~~
’
~ = - 2X/(l+n)m

2
I~~1j~~~

Equation (45) determines a unique value ~ to produce e 0 = 
~~~~~~~~~~

Equation (44) can be rewritten

V

5~
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2 2—2 — — l+n 2—2 —v0 = m g 1 
— 

~ lg 1~ 
= in g1 (1 — 0) (-~9)

which determines 
~~~~~

, since v~ is unchanged. Thus we have

extended the corner solution to include an entire neighbor-

hood of the or igin , Fig. 7, with ~ = 0 at two intersecting

straight lines and ~~~
s continuous .

We have already established that an interior corner

has 0 < S . Since 1 < in < 2, 8 is obtuse. But ,o vac vac
depending on whether is smaller or larger than the supple-

ment of 0vac ~~~~ 
= — can be either larger or smaller

than 5vac~ 
Also, can be acute or obtuse. If > 

~vac ’

the current (too ) reverses across the separatrix; if 5 < 0vac ’

the current has the same sign on both sides. If 0 = — S
0 vac

then the current in the exterior corner is zero (or it can

be finite and nonzero by fitting to 2~4 = 1 instead of E~ i 0;

this requires adding a higher oVcder correction since ~ “ r~

is small compared to V~~ r~ rn) .

To summarize, from the corner analys is , two parameters ,

and n can be given arbitrarily [subject to -1 < n < 0 and

00 
< (l-n)rr/2J, and an appropriate solution can be found in

an entire neighborhood of the origin. The current reverses

or not depending on whether < ~~~~~~~~~~ or not.

Next we turn to a boundary layer analysis of the entire

separatrix and of a smooth closed curve (Fig. 6), each with

the singularity given in (37) . We have already seen that a

global ana1ys~ s restricts the class of valid corner solutions .

Near the separa trix (or smooth boundary curve ’ , away from the
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corner , the solution is approximately one-dimensional.

Consider first the smooth curve . Taking y as the (inward

pointing) normal coordinate , and assuming that ip > 0, we have

• = (50)

which integrates to

(51)

where - 
V

= U
2 ÷ ~l+n , a = 2X/ (l+n) . (52)
0

The volume (oriented inward so that i~~
’ > 0) is

~~~~~~~~~~~~~~~~~~~~~~~~~ (53 )

0

Therefore ,

~~r 

~~~ 

(54)

In this integral , u0(s) (~~ /~y at the boundary
) is assumed

to be given.

For a smooth curve

(~~
TJ = — A i p ’ ~~~~~~~~ 

(55)

(th is formu la cannot be used near a corner where u becomes

zero). The most important conclusion that. we draw is that ~4,” V

has the same s ingular i ty  ( v i z .  ~j
fl

) as &~~~ , and even has the

same sign , 4,”/X~~ = (~~$) 3 ds/u 3. This is not surprising 

I
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V. LINE BREAKING FLOWS

We start with the explicit equilibrium solution of a

corner equilibrium as given in the last section. Ignor ing

the fact that this type of solution was suggested by adiabatic

considerations , we construct from it a solution of the full

equations of motion (15) - To be more precise , we construct

a solution of the full equations of motion linearized about

the specified static equilibrium . It is well known that there

are enormous subtleties in relating a linearized solution to

the solution of the original nonlinear system. However ,

exactly this linearization is very widely used; for example ,

more than 95% of the literature of MI-ID stability is based on

these equations . To be still more precise , we do somewhat

better than the usual linearization . Assuming that the flow

velocity , u, is small, we drop pu ’Vu from the momentum

equation (this yields the adiabatic system (16) with 3u/~ t

reinserted) . But no other approximation is made; e.g. we

do not replace p by p0 + p ’ where is the or ig ina l  equ i l ib r ium

quant i ty  and p ’ its per turbat ion.  This allows us to d i s t i n g u i s h

between the Euler ian ~/~ t and Lagrangian ~/~it + u •V which

are normally identified in a linearization . For example , the

explicit solution wi ll have p(x) unchanging in time , ~p/~ t = 0 ,

but the entropy and density are carried with the fluid , e.g.

~n/~ t + u V ~ = 0. This makes the solution believable for

longer periods of time than a conventional linearization.

To start take Cç ~ .,t = 1. This is not a trivial relabeling

of magnetic lines because it will be coupled with a mass flow

V V V V _~~~~~ 
V . .
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across the separatrix , the mass flow t~ 1lowing the magnetic

f l u x  f low implied by ~~~~~~ ~ 0. In par t i cu l a r , a s p e c i f ic

magnet ic  l ine  carry ing wi th  i t  mass at a ce r t ain  dens i ty

will split in two as it crosses the separatrix; another pair

of symmetric lines will touch as it reaches the separatrix ,

then leave in two different quadrants with the halves of the

individual lines reconnected differently. To be a solution

of the equations of motion it is clear tha t the configuration

must be symmetric; more precisely, lines which merge must

carry the same thermodynamic state; a line which splits

leaves two lines carrying the same state . ~e shall return to

the question of generalized adiabatic solutions which do not

have this restriction .

Specif i c a l l y ,  take

+ t (57)

where is the corner equilibrium solut i-en . The magnetic

f i eld

B — n ~ (58)

is unchanged in time as are .3 — curl B and p. The velocity
V 

component normal to B is

U V ’ ~ ~i 4 / a t  — — 1 ( 5 9 )

The vector no rmal component is

UI 
— V4t /~~V i4 I

2 ( 6 0 )

- 
~~~~~~~~~~~~~~~~ 

V
~~~~~~~~~~~~ __V V~~~~~~~~~ V r
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This component is singular only at the X-point and it is

easily seen to be square integrable for -l — n < 0.

Next we evaluate div u from the combined entropy/mass

equation for p.  Since ~p/~ t = 0

u~ Vp + y p div u = 0

or

div u = - ~/yp , 
• 

= d/d~p (61)

Also we recall that

- = - , p = p0 
- (6 2 )

(n+ 1)

Writing

u u
1

+ u ~ u 11 a8 (63)

we obtain

div u11 = B V ~ = div (~’i~/ } V ~~~
2 ) - \ 1~~~n/~~ ( 6 4 )

which determines a within an added constant on each flux

contour .

The velocity c tmponent u 11 is s ingular  not only at the

X-point, r = 0, but along the entire boundary of the sector ,

= 0. Near the corner , u 11 is square integrable for m < 2 ,

in other words , always . Near the edges , u~ is square integrable

for m > , ti > - ~~ . , which restrictions we adopt.

The momentum equation is satisfied since u is steady and

3u/~tt = 0. The only equations left to examine are mass and

entropy (the combination of the two , which involves ~~~~~ ~~~
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has already been used):

= — u~ Vp — p div u = — p~~/yp  = p [ l og (p / p l~”Y’ )~ (6 5)

= — u Vri =

The initial density or entropy profile , 
~~~~~~~~~~~ or r~(~~) is

arbitrary [the equilibrium equation relates only to p(ip)].

If r~ = const. initially, then this persists , ~~/3t = ~ip/
’
~~t = 0.

V 
More generally, the convection of 

~ 
and ~ gives rise to the

indicated time variation of ~ and r-~. The reason for the

non t r iv i a l  convection is that p is invariar.t in Eulerian

V 
and r~ in Lagrangian (moving ) coordinates.

A constant field component , B
~
, can be superposed on

the solution Just given provided that an app r op r ia te  f l ow

velocity u~ is also supplied. The condition curl E = 0

determines u~ within a constant on each k -contour . Although

u~ is singular , it is square integrable i f  n > - as before .

Consider next the more complex problem of a time-varying

adiabatic Doublet (Fig . 1). Assuming that the numerica l

evidence implies the mathematical existence of these solutions ,

we can rein troduce u
1 

and then div u and u 11 in the adiabatic

formulation (16). In the case of two symmetric islands,

mixing (shrinking islands) makes contact between two identical

states and there is no obvious entropy increase - this is what

is confirmed by use of the appropriate jump conditions. The

velocities that go with this equilibrium have the same form

• as t und in the exact solution of the corner , indicating that V

V 

~~~~~~~~~~~~~~~~~~~~~~~ 
-~~~~~~~ 

~~~~~~~~
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the adiabatic solution is a true solution of the full

(linearized ) equations of motion - with line-reconnection .

With asymmetric islands , the jump conditions give an

entropy increase (p1 and p 2 mix to form p~ ) - The jump in

entropy is exactly the entropy of mixing and no more.

Consistent with this nontrivial mixing , the adiabatic velocity

V component u 11 turns out to have a ó-funct ion at the separa t r ix .

This is truly an adiabatic limiting solution only , not an

exact solution of the equations of motion .

In the case of asymmetric sp l i t t ing  (growing islands in

Fig . 1), the jump conditions show that p2 in the newly

created regions , so that this case can be expected to be an

actual solution of the equations of motion .

A maximum or minimum of i~ (e.g. the center of an island)

is also a critical point , ~ iLs = 0. There is no adiabatic

evidence (theoretical or numerical) that the current is not

smooth, but we may investigate the consequences of postulating

~ r~~, ~ z m . - 2, at an extremum of ~~~. Allowing V~~~~
V

V/ V .t  � 0

at this  c r i t ica l  point yields  a veloci ty  f i e ld  wi th f i n i t e

k ine t ic  energy . It must , nevertheless, be rejected on phys ica l

grounds , because ~~/~~t ~ 0 implies the presence of a mass

source or sink; this is r~ot allowable. We conclude that only

at a hyperbolic cr i t ical  point is this  type of s ingu la r i t y

re levan t .  V

We o f f e r  now a conjec ture  as to the possible behavior at

an X—point  of the f u l l  non l inear  t ime-dependent ideal V

equations (15) . At a two-dimensional x—point the velocity of

- ~~~~~~~~~~~~~
V — - V V V
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an Alfvén wave is zero ; ( the projected signal  speed in the

plane remains zero with a nonzero third component , Br). In

the “normal ” case with bounded current  and i~i 
•
~~ r , the time

required for a signal to reach the critical point is infinite .

• There will therefore be a buildup of irregularities (large

derivatives) near this point .  A very similar argument is

used to show the instability of a compressive transonic

nozzle flow in fluid dynamics (with subsequent development

of a shock); a similar argument can also be given as the V

qualitative reason for dissipationless Alfvén wave heating

at a resonance , k.B  = 0 (the propagation speed normal to

the resonant surface approaches zero) . We conjecture that

“in general” , a s ingular i ty  of the type ~ ~~. rm , 1 ~ m < 2 ,

• will develop after a finite period of time . This seems to

be a d i f f i c u l t  ana ly t ica l  question to resolve . A good two-

dimensional numerical code could probably detect such a

phenomenon . For a certain period of time the value of ~ at

a separatr ix (in the presence of waves) would be observed to

remain approxima tely cons tant ,  but a f t e r  a precise time , ~

should be seen to vary in a manner insensi t ive to choice of

mesh size , etc . There wil l  be an automat ic  problem with

numerical accuracy near the X-point since the solution wil l

become irregular whether or not the conjec tured singular ity

arises. However , it should not be difficult to find that

the globa l behavior ( e .g .  changing ‘P at the X-point or a

bui ldup  of c u r r e n t)  is reproducible.
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The s ignif icance of the square-integrabili ty  condition

for velocity is not simple . It is relatively clear that

one should discard solutions or , at least , examine them very

careful ly  if the kinetic energy is i n f i n i t e. On the other

hand , opening the doors to arbitrary square—integrable

perturbations leads to a Pandora ’s box of disturbing possi-

bilities. Consider , for examp le , the linearized equations

of motion and a flux function

‘P 
= + t’P1 ( 6 7 )

where is smooth , ~ 0, and has a cusp at which

is unbounded . Since u•~ ’P0 
= - P]~ u~1 is not only square

integrable , it is bounded (u 1 
is square- in tegrable  if V. ,•~ i s )  . 

V

But for arbitrarily small t , the per turbat ion 
~~ 

changes

the topology of the f l u x  surface .

This is not particularly disturbing with regard to

solutions of the equations of motion , but it is quite dis turb-

ing for variational (SW ) s tab i l i ty  where one is presumably

working in a Hu bert space in which the displacement

( E ~•V ’P 0 — ‘Pr ) can easily alter the topology. Presumably,

such nontopology—preserving displacements will usually increase

the potential energy , in which case they are innocuous . First

of all , rio such theorem has been proved (or ment ioned) .

Secondly, it is easy to construct  counterexamples of ideal

(nonresis t ive) tear ing .1 Thi r d l y ,  s t a b i l i t y  of a “ standard ’

separatrix is entirely different from that of an adiabatic

separa t r ix)  These c ’uest ions w i l l  be broached elsewhere . V
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The explicit corner , line reconnection solution presented

here and its relat ion to ear l ier  adiabatic examples were

presented and fully discussed at a Gordon Conference in

Wolfeboro , New Hampshire , June , 1977 , also at the Sherwood

Theoretical Meeting in San Diego , May, 1977 , at the Plasma

Physics Division meeting of the APS in Atlanta , November ,

1977 , and at a number of in tervenin.~i seminars and colloquia

at various univers i t ies .

L ___________________J
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VI . CONCLUSION

We have shown by plausible arguments that a previously

described class of adiabatic time—dependen t solutions (type

one) with complex topology has a subset (no mixing of regions

with d i f f e r e n t  density) in which reinsertion of the ( small)

ve locity field probably gives a legitimate solution (type two)

of the equations of motion in the limit of slow motion. We

have also exhibited an explicit  exact solution ( type two ) of

the linearized ideal equations in a special separatrix

configuration with flow across the separatrix. The role

played by dissipation in magnetic line reconnection is, to

a large extent , unknown .
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Figure Captions

Fig . 1: Comp lex Topology

Fig. 2: Resistive evolution from Belt Pinch to

Doublet as external coil pinches the

“waist” . Current layer develops and

moves with separatrix.

Fig. 3: Moving Object Breaking Magnetic Lines .

Fig. 4:  Tubular Domain.

Fig. 5: Toroidal. Domain , Magnetic Line Map .

Fig. 6: Interior Domain , With and Without Corner.

Fig . 7: Corner Solution.
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(a) Initial State

_  

:

(b) Before Isletion I
4

(C ) Pul ly  D.v.loped Istands
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